N

N

Explicit bounds for the high-frequency time-harmonic
Maxwell equations in heterogeneous media
Théophile Chaumont-Frelet, Andrea Moiola, Euan A. Spence

» To cite this version:

Théophile Chaumont-Frelet, Andrea Moiola, Fuan A. Spence. Explicit bounds for the high-frequency
time-harmonic Maxwell equations in heterogeneous media. 2023. hal-04001866

HAL Id: hal-04001866
https://inria.hal.science/hal-04001866

Preprint submitted on 23 Feb 2023

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/hal-04001866
https://hal.archives-ouvertes.fr

Explicit bounds for the high-frequency time-harmonic
Maxwell equations in heterogeneous media

Théophile Chaumont-Frelet* Andrea Moiola! Euan A. Spence!

24th January 2023

Abstract

We consider the time-harmonic Maxwell equations posed in R®. We prove a priori bounds
on the solution for L™ coefficients ¢ and p satisfying certain monotonicity properties, with
these bounds valid for arbitrarily-large frequency, and explicit in the frequency and properties
of e and p. The class of coefficients covered includes (i) certain € and u for which well-posedness
of the time-harmonic Maxwell equations had not previously been proved, and (ii) scattering
by a penetrable C° star-shaped obstacle where € and p are smaller inside the obstacle than
outside. In this latter setting, the bounds are uniform across all such obstacles, and the first
sharp frequency-explicit bounds for this problem at high-frequency.

AMS subject classification: 35Q61 78A45.

Keywords: Maxwell, high frequency, transmission problem, heterogeneous media, wellposed-
ness.

1 Introduction

1.1 The Maxwell transmission problem

We consider the time-harmonic Maxwell equations (in first-order form) posed in R?; i.e., find
E,H € Hy.(curl; R?) satisfying

iweE+V xH=1J, —iwpH+V X E =K (1.1)

where the frequency w > 0, the sources J,K € Lfomp(RS), and the coefficients € and p are 3 x 3

real, symmetric, positive-definite matrices (with the set of these matrices denoted by SPD) such
that € = ¢ol and p = pgl outside a compact set, with €g, 19 > 0. The fields E(x), H(x) additionally
satisfy the Silver—Miiller radiation condition

Ve E(x) — roH(x) x X| = O(r~2) or |/umoH(x) + Ve E(x) x X| = O(r™?) asr:= |x| — oo)
(1.2
uniformly in X := x/r.

The PDEs in (1.1) are understood in a distributional sense, and thus are well defined for €, u €
L. We are particularly interested in the case when € and p are discontinuous. Recall that when e
and u have a single jump on a common interface, (1.1) corresponds to transmission by a penetrable
obstacle (see the examples in §1.2 below) with the conditions that the tangential jumps across the
interface of both E and H are zero (coming from the condition that E, H € Hj,.(curl; R?)).

1.2 Statement of the main results

The main results of this paper give bounds on the solution of (1.1)—(1.2) that are explicit in both
w and properties of the coefficients € and p, and valid for arbitrarily-large w.
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Notation. Given My, My € SPD we write M; < M5 to denote inequality in the sense of quadratic
forms, namely M;v - ¥ < Myv - ¥ for all v € C3. For a positive scalar m and M € SPD we write
m <M (M =< m) if ml =M (M =< ml, respectively), where | is the identity matrix. For a matrix
field M € L*°(D,SPD) defined over a given domain D, we define essinfycp M as the largest non-
negative number m’ such that m’ < M(x) for almost every x € D; esssup,cp M is defined similarly.
For M € SPD, let

IVIZ2 ooy = (MV, V) p2(p)  for all v € CP. (1.3)

Let 0 < €min < €max < 00 and 0 < fimin < fmax < 00 be such that
€min = €(X) = €max, Pmin = (%) = fmax for almost every x € R, (1.4)
and let R > 0 be such that
supp(e — eol) Usupp(p — pol) € B and  supp JUsupp K C Bg, (1.5)
where Br denotes the ball of radius R centred at the origin.

Theorem 1.1. (Bound on transmission problem with certain W1 coefficients.) Suppose
that, in addition to the set up in §1.1, e, € WH°°(R3,SPD) with

Ye = essinfyeps (14 ((x- V)e)e ') >0, Yy 1= essinfyeps (14 ((x- V)p)p™") > 0.  (L.6)
Then the solution B, H € Hyo(curl; R?) of (1.1)—(1.2) ewists, is unique, and satisfies

2 2 6max/meax 6O,U/O Ye 2
e B )+ D < 2 {2 (St O0) DXy,

Y Ve
elnax max €
+2maX{8R2< Howax 4 Ou0>,7§}Kli2<BR;;L—1) (1.7)
Ve T w

where each instance of 8 on the right-hand side reduces to 4 if either K=0 orJ = 0.

Note that 7¢,7, < 1, and that 7. = 1 when ¢ is radially non-decreasing (and similarly for v,,).
The conditions in (1.6) can be rewritten as

0 _ 0 _ .
o (re)e L~ and I (ru),u Ly Yy, a.e.in R3,
suggesting that the most general € and p for which we can prove a bound are

e(x) = €l + H:Ex)’ and  p(x) = p*l+ H“T(X)

for €*, u* > 0, where ﬁe,ﬁu € L*(R3,SPD), are monotonically non-decreasing, in the sense of
quadratic forms, in the radial direction. To avoid technicalities arising from the singularity of 1/r
at the origin, we prove a bound under the following slightly-more-restrictive conditions.

Theorem 1.2. (Bound on transmission problem with radially non-decreasing L coef-
ficients.) Suppose that, in addition to the set up in §1.1, €, € L°>°(R3;SPD) are such that

€(x) = €minl +Ie(x)  and  p(x) = piminl + (%) for almost every x € R?, (1.8)

where 11,11, € L>(R3;SPD) are monotonically non-decreasing, in the sense of quadratic forms,
in the radial direction, i.e., for all h > 0,

essinfycps [Ie((1 + h)x) — He(x)} = 0. essinfyeps [nu(u + h)x) — Hu(x)} 0. (L9)
Then the solution of (1.1)~(1.2) exists, is unique, and satisfies the bound (1.7) with ve =, =1,
€max = €0 and fhmax = W5 T.€.,

||EH2L2(BR;5) + ||H||i2(BR;M) < 2max {16R%eop0, w2 }( ||J||2L2(BR;(1) + ||K||2L2(BR;,rl))
(with 16 reducing to 8 if either K=0 orJ =0).

The Helmholtz analogues of Theorems 1.1 and 1.2 are [26, Theorem 2.5] and [26, Theorem 2.7],
respectively (with the analogous Helmholtz result about transmission through a penetrable obstacle
[52, Theorem 3.1]).



(a) A 2-d cross section of an admissible (b) A 2-d cross section of the subdo- (c¢) A 2-d cross section of the subdo-
Q_ in Example 1.3 mains on which € and p are constant mains on which € and p are constant
in Example 1.4. in Example 1.5.

Figure 1: 2-d cross sections of domains on which € and p are constant in Examples 1.3-1.5; in all
three, the black dot marks the origin.

1.3 Examples of ¢ and p satisfying (1.8)

Example 1.3. (Transmission by a penetrable C° star-shaped obstacle.) Q_ is a C°
bounded open set that is star-shaped with respect to the origin (i.e., the segment [0,x] C Q_ for all
xeQ_),

e(x):(6_197(x)+601w\9—7(x))| and u(x):(u_197(x)+ﬂ01m9—7(x))|

where €_, €y, —, o are positive real numbers satisfying

e <e and pu_ <o (1.10)
Observe that the condition (1.10) implies that e_ju_ < €gpug, which implies that (eoug) /% <
(e,,u,)_l/Q; i.e., the wave speed outside {)_ is smaller than the wave speed inside.

Rotating the 2-d domain in Figure la around the vertical axis through the origin gives a 3-d
domain 2_ satisfying the conditions in Example 1.3. This example therefore includes domains
with inner and outer cusps.

A key feature of Theorem 1.2 for €, y as in Example 1.3 is that the bound (1.7) is then uniform
across all such penetrable obstacles; §1.4.3 below discusses one important application of this feature
in the theory of uncertainty quantification for the time-harmonic Maxwell equations.

Example 1.4. (Transmission by a penetrable obstacle with self-intersecting surface.)
Q1, Q, and Q3 are the 2-d domains in Figure 1b rotated around the vertical axis through the origin,
and €|o; = €l for j € {1,2,3}, where 0 < e; < €2 < €3 = €o, and similarly for .

Example 1.5. (Transmission by a penetrable obstacle with infinitely many components

accumulating towards a bounded limit surface.) €|B_7‘/(j+1)\B(7‘—1)/j =¢; for j € N and

6|R3\B1 =¢g where e; < ... <€ < €41 < ... Zeg, and similarly for .

Figure 1c plots a 2-d cross section of the domains on which € and p are constant in Example
1.5.

1.4 Discussion of Theorems 1.1 and 1.2 and their novelty

1.4.1 The w-dependence of the bounds

The w-dependence of the bound (1.7) is the same as in the sharp bound on the solution to (1.1)—
(1.2) when p = gl and € = €gl. A simple way to see this sharpness is to let E = yE! and H = yH!
where x € C,,,(Br) and E' and H' are the plane-wave solutions

El(x) = JmpAe@Veorod= and  H! = /epd x Ael@Veorodx (1.11)



with |[A| =|d| =1 and A-d = 0. Then (E, H) is solution of the Maxwell problem (1.1)—(1.2) with
J =VxxH! and K = Vy x E, and the L? norms of the solutions and sources are all independent
of w:

#o ™ 1Bl e = €02 Hll aeo) = Ixll ey
||J||L2(R3) = 601/2 ||VX(X) X (d X A)||L2(R3) s HK||L2(R3) = N01/2 ||VX(X) X A||L2(]R3) :

These plane-wave solutions also show that the dependence on R in the bound (1.7) is sharp
and that this bound cannot be improved, in general, by a factor larger than 3272 ~ 316; indeed,
fix R > 0 and define y € C%Y(R3) by x(x) := Rsin(n|x|/R)(n|x|)~! if |x| < R and x(x) := 0
otherwise. x is the first Laplace-Dirichlet eigenfunction of the ball (the spherical Bessel function
Jo(&Ix[): Ax + Zx = 0in B and x = 0 on dBg, so [|Vx|3, = (7/R)?[|x|[3,. Choosing
E,H as the cut-off plane waves above, we obtain a solution of the constant-coefficient problem
(1.1)—(1.2) with

2
3260/},0R2 (1.7) ||E||L2(BR;€) + ”HH%Q(BR;N)

— KL sty F 12 e
2
2e0tt0 (X172 () - €olto XI5, _ €opoR?

= 2 2 2 =
[Vx x (d x A)l|725,) + IVX X All72(5,, 1Vxls, m?

It is well-known that the behaviour of solutions of the time-harmonic Maxwell equations in the
limit w — oo is dictated by the behaviour of the geometric optic rays, and the conditions on € and
& in (1.6) ensure that all the rays starting in a neighbourhood of supp(e—epl) Usupp(u — iol) escape
from that neighbourhood in a uniform time — see, e.g, [26, §7] — i.e., the problem is nontrapping.
When € and p correspond to transmission through a penetrable obstacle (as in Example 1.3),
the conditions (1.10) imply that the wave speed inside the obstacle is larger than the wave speed
outside the obstacle, ruling out total internal reflection, and thus ruling out trapped rays.

Obtaining w-explicit bounds on solutions of the Helmholtz equation

V- (AVu) + w’nu = — f (1.12)

under the nontrapping hypothesis is a classic topic. These bounds then imply results about the
location of resonances and the local-energy decay of solutions of the corresponding wave equation;
see the overview in [21, §4.6]. For certain nontrapping geometries and coefficients, such w-explicit
bounds can be obtained by multiplying the PDE by a carefully-chosen test function and integrat-
ing by parts [55,56]; this is the method we use in the Maxwell case — see the discussion in §1.4.5
below. For smooth geometries and coefficients, the propagation-of-singularities results of [45, 46]
and the parametrix argument of [68] prove the sharp bound on the solution under the general
nontrapping hypothesis (see the recent presentation in [21, Theorem 4.43]). For Helmholtz trans-
mission problems, i.e., (1.12) with discontinuous A and n, the propagation-of-singularities results
are much more complicated, and w-explicit bounds on the Helmholtz transmission problem proved
using propagation of singularities only exist for smooth obstacles with strictly positive curvature;
see [12].

For the Maxwell equations, the propagation-of-singularities results analogous to [45,46] were
proved in [70] for the constant-coefficient Maxwell equations in the exterior of a perfectly-conducting
obstacle. To the best of our knowledge, there do not yet exist corresponding results for the Maxwell
transmission problem.

As stated above, the bounds in the present paper are proved by multiplying the PDE by a
carefully-chosen test function and integrating by parts (see the discussion in §1.4.5 below). Perhaps
surprisingly, the present paper appears to be the first time this technique has been applied to the
time-harmonic Maxwell transmission problem, and Theorem 1.2 therefore contains the first w-
explicit bounds on the solution of this problem.

We highlight that if the monotonicity conditions (1.6) or (1.10) on € and p are violated then
the Maxwell solution operator can grow exponentially through a sequence of ws; this is proved for
the Helmholtz solution operator in [65] (for smooth coefficients) and [11,64], [1, Chapter 5] (for
discontinuous coefficients such that the wave speed outside is higher than the wave speed inside).



1.4.2 The novelty of the well-posedness result in Theorem 1.2

The class of coefficients for which existence and uniqueness of the Maxwell solution is proved in
Theorem 1.2 contains configurations for which existence and uniqueness of the Maxwell solution
had not yet been established. Indeed, the general arguments of [63] prove existence of a solution to
(1.1)~(1.2) for J,K € LZ,,,,(R?) once uniqueness is established; see [63, Theorem 2.10]. The Baire-
category argument of [5] uses the fact that a UCP is known for the time-harmonic Maxwell system
with Lipschitz coefficients [59] to prove uniqueness of the solution of the time-harmonic Maxwell
problem posed in R3 with piecewise-Lipschitz coefficients, provided that the subdomains on which
the coefficients are defined satisfy [5, Assumption 1]/[39, (i)—(iii) in statement of Proposition 2.11].
This assumption allows a large class of subdomains (including any bounded finite collection), but
does not allow the subdomain boundaries to concentrate “from below” on a bounded surface in
R3, and thus the subdomains corresponding to Example 1.5 are ruled out; see [5, Figure 1] (in the
notation of [39, Proposition 2.13], B1(0) C C and thus R\ C is not connected). Theorem 1.2 is
therefore the first time existence and uniqueness of the Maxwell solution with €, 4 as in Example
1.5 has been proved.

1.4.3 Uniformity of the bounds with respect to the penetrable obstacle and implic-
ations for uncertainty quantification

In a PDE context, uncertainty quantification consists of theory and algorithms for computing
statistics of quantities of interest involving PDEs either posed on a random domain or having
random coefficients. The bounds in the present paper are relevant for UQ of the time-harmonic
Maxwell equations in two ways.

First, when € and p are as in Example 1.3, i.e., correspond to the transmission problem by a
penetrable C? obstacle, the coefficients in the bound (1.7) are uniform across all such obstacles. The
result analogous to this for the Helmholtz equation was proved in [52, Theorem 3.1]/ [26, Theorem
2.7], and is used in [33] as the basis of a frequency-explicit analysis of UQ algorithms for the
high-frequency Helmholtz transmission problem (following the analysis at fixed frequency in [32]).
Theorem 1.2 can therefore form the basis of the Maxwell analogue of [33].

Second, the bounds on the Helmholtz equation in [26] that are explicit in properties of the
coefficients were used in [62] to prove the first well-posedness results about the Helmholtz equa-
tion with random coefficients (see [62, §1.1]). Inputting the bounds from Theorem 1.2 into the
general framework of [62, §2], one can obtain the analogous results for the time-harmonic Maxwell
equations.

1.4.4 Application to the time-harmonic Maxwell scattering problem
Given €, 1 as in §1.1 and EY, H! satisfying
iweoE! +VxH =0 and —iwpH' +VXE/ =0 inR?,
such as the plane-wave solutions (1.11), the scattering problem is: find ET (the total field) satisfying
iweBT +VxHT' =0 and —iwpHT +VxET =0

and such that the scattered fields E¥ := ET — E/, HY := H” — H! satisfy the Silver-Miiller
radiation condition (1.2). Theorems 1.1 and 1.2 imply the follow result about the scattering
problem.

Corollary 1.6. (Bound on the total field in the scattering problem.) Suppose that € and
w satisfy the assumptions of either Theorem 1.1 or Theorem 1.2. Then the solution BT, HT of the
scattering problem exists and is unique. Let Rgcar := min{R : supp(e — epl) Usupp(p — pol) C Br}.
Given R > Rgcat,

“Ye||ETH2L2(BR;e) +7“||HTH2LZ(BR;#)

< 29l B ey + 20l [ 2



4 2 [ €maxMmax €O Ve 12
* (R - Rscat)2 (max {SR ( i * Ve 7E HH ||L2(BR\BRSC'“;671)

2 €maxMUmax €00 ’Y/A 1112 .
+max{8R ( e, O ),wQ}HE HL2<BR\BRWM)’ (1.13)

i.e., the total fields are bounded (uniformly in w) in terms of the incident fields.

1.4.5 Overview of how Theorems 1.1 and 1.2 are proved

The basic ingredient of the proofs of Theorems 1.1 and 1.2 is the identity
20{(V x E ~ iwyH) - (¢B x x + AH) + (V x H + iweE) - (uH x x — 4E) }
~V. [m{(E -x)eE + (H - x)uH + fE x ﬁ} ~ (¢E-E)x — (uH - ﬁ)x]
—20{(E %)V - [¢B] + (H-x)V - [H] + V3 E x H}
+ (e+(x-V)e)E-E+ (u+ (x-V)u)H- H, (1.14)

for a suitable scalar function 8. The bound in Theorem 1.1 arises from integrating this identity
over Bpg, ensuring that the non-divergence terms on the right-hand side control the appropriate
weighted H (curl; Br) norm of E (observe from the right-hand side of (1.15) how the conditions
e+ (x-V)e>0and (u+ (x-V)u) > 0 then arise), and show that the term on OBpg has the
appropriate sign using the fact that E satisfies the Silver-Miiller radiation condition (1.2). The
bound in Theorem 1.2 is then obtained from Theorem 1.1 using approximation arguments similar
to those in [26], which in turn were inspired by analogous arguments in the setting of rough-surface
scattering in [67] (with this thesis recently made available as [4]).

To connect (1.14) with other identities in the literature, it is convenient to consider the case
when iwgH =V X E (i.e., K=0in (1.1)) and (1.14) then becomes

2 {(w2V x (47'V x E) - ¢B) - (1 'V x E) x x — w}pE) |
=V [2R{(E-x)E+w *((17'V x E) - x)V x E+iw  BE x (u'V x B)}
~ (B-E)x-w *(VxE)- (4"'V x E)]
~2R{(B-x)V-[B] +iw V8 -Ex (17'V xE) |
+(e+(x-V)OE-E+w?((u+ (x-V)p)p 'V XE) 'V x E. (1.15)

Observe that the left-hand side of (1.15) involves the second-order form of the time-harmonic
Maxwell equations multiplied by a linear combination of (1~'V x E) x x and E. For the Helmholtz
equation, Morawetz pioneered the use of multipliers that are a linear combination of a derivative
of u and w itself [55,56], with the key insight being that this linear combination could deal with
the contribution “at infinity” — in our case on dBp — using the radiation condition (for more on
this, see the more-recent presentation and discussion in [66, Remark 2.3 and Lemma 2.4]).

For the Maxwell equations in the time domain, Morawetz herself used a linear combination of
multipliers [54], with similar multipliers used in control theory by [36,37,60], and in general relativ-
ity by [3,8,41]. For the second-order form of the time-harmonic Maxwell equations, multipliers
involving (V x E) x Z for a vector field Z have been well-used; see, e.g., [27, 38,47, 50, 58]

However, the time-harmonic Maxwell equations posed in R® with the Silver-Miiller radiation
condition seem not to have been studied using the multiplier technique before, and, correspondingly,
we have not been able to find in the literature the identity (1.15)/(1.14), involving the linear
combination of multipliers needed to deal with the radiation condition.

1.4.6 Bounds in unweighted norms

The L? norms on the left- and right-hand sides of the bound (1.7) are weighted with the coefficients
€, 1. Alternatively, one can repeat the arguments leading to (1.7) and work in unweighted norms.



The analogue of (1.7) is then

2
2 2 Hmax €max €O0M0 €Emax €x 2
Ex HEHL?(BR) + ||H||L2(BR) < 2max {SRQ( + >’ 2 2 } HJ||L2(BR)

Hx  €min €x  €min min

2
2 [ €max Hmax €00 Hmax s 2
- 2max {8R ( Gj Hmin + M+ Hmin )7 M?ninwz} ||KHL2(BR) ’
(1.16)

where now
€, i=essinfyeps (€ + (x- V)e), f i= essinfyeps (1 + (x- V)p) (1.17)

with both assumed > 0. Remark 3.5 below discusses in more detail how to obtain (1.16).

1.4.7 The analogous results for the interior impedance problem

In §4, we prove results analogous to Theorems 1.1 and 1.2 for the Maxwell interior impedance
problem in Lipschitz domains that are star-shaped with respect to a ball. This problem is: given
a bounded Lipschitz open set ) that is star-shaped with respect to a ball (i.e., star-shaped with
respect to each point in a ball of non-zero radius) and has outward-pointing unit vector n, €, u €
Whee(Q; SPD), ¥ € L*°(09Q) uniformly positive, J,K € L*(Q), and g € L2.(09), find

E,H € Hipp(curl; Q) := {v € H(cwl; Q) : vy € L7.(0Q)}

such that
iweE+VxH=J and —iwpH+VXxE=K 1inQ, (1.18)

and
Hxn—9Er =g onodf, (1.19)

where Er denotes the tangential trace of E, defined for smooth vector fields by v := (i X v) x i
These bounds, in Theorems 4.1 and 4.2 below, generalise the bounds for e = = | in [30, §3] and
are the Maxwell analogues of the Helmholtz results in [6, Theorem 1], [26, Theorem A.6].

There are two reasons we prove these results. First, the interior impedance problem is a
ubiquitous model problem in the numerical analysis of the time-harmonic Maxwell equations; see,
e.g., [63, Chapter 7], [15,23,24,31,40,44,61,69]. Second, domain-decomposition methods for time-
harmonic wave problems (including the Helmholtz and Maxwell equations) often use impedance
boundary conditions on the subdomains, following the work of [7,18] in the Helmholtz context;
see, e.g., [9,10]. Such impedance boundary conditions are then the starting point for so-called
optimised Schwarz methods; see, e.g., [2,19,20]. Just as results about the Helmholtz interior
impedance problem can be used to analyse these methods in the Helmholtz context (see, e.g.,
the heterogeneous analysis in [25]), we expect the bounds in §4 to play the analogous role in the
analysis of Maxwell domain-decomposition methods.

The proofs of Theorems 4.1 and 4.2 below are very similar to those of Theorems 1.1 and 1.2.
In particular, recall from §1.4.5 that, for the problem in R3, multiplying the PDE by a linear
combination of (1~!V x E) x x and E allows one to deal with the contribution on dBp using
the Silver—Miiller radiation condition; for the interior impedance problem, this linear combination
allows one to deal with the contribution on 92 using the impedance boundary condition.

In fact, the results about the interior impedance problem are actually harder to prove that the
results about the problem in R?. The difficulty comes in integrating the Morawetz-type identity
over the domain. For the problem in R3, we integrate the identity over Bgr, and E has sufficient
regularity for this integration when e, u € W because of interior regularity of solutions of the
Maxwell equations. In contrast, for the interior impedance problem, we integrate the identity over
Q, and the regularity of the solution of the interior impedance problem when 2 is only Lipschitz
is more delicate. This exactly parallels the Helmholtz case, where, at least for constant-coefficient
problems, justifying integrating Morawetz identities over Lipschitz domains follows from the density
result [16, Theorem 1], which uses the harmonic-analysis results of [34,35]. In Theorem A.1 we
generalise [16, Theorem 1] to €, u # | using the harmonic-analysis results of [48,49]. This result
is used to justify integrating the Morawetz-type identity over Lipschitz domains in Part (i) of
Lemma 2.4.



2 Morawetz-type identities

2.1 The identities in pointwise form
In this section, Sym denotes the set of 3 x 3 real, symmetric matrices.

Lemma 2.1. (First Morawetz-type identity.) Let D C R® be open and let E, H € C?(D)3.
Let e,u € CY(D,Sym) and 3 € C*(D,R). Then the identity (1.14) holds in D.

We write (1.14) as
Rg =V - Qg+ Pg;

i.e., Qg is defined by
Qs = 28‘%{(E -x)¢E + (H - x)uH + fE x ﬁ} — (¢E-E)x — (uH - H)x, (2.1)

and Rg and Pg are defined analogously. Observe that, when E and H satisfy (1.1) the term Rpg
depends linearly on the data J.

The following lemma describes a special case of (1.14) with € and p constant and scalar, and
B = r\/ep; in this case Pg is the sum of (i) terms that vanish when V- [¢€E] =0 and V - [uH] = 0,
and (ii) terms that are non-negative.

Lemma 2.2. (Second Morawetz-type identity.) Let D C R? and let E, H € C?(D)3. Let
€0, o be real-valued constants and recall that r := |X|. Then

2§R{ (VXE —iwpoH) - (E x x + ry/eopoH) + (VxH + iweE) - (uoH x x — r\/m@)}
=V |:2§R{60(E -x)E + po(H - x)H + r\/eopioE ¥ ﬁ} — ¢ |E[*x — ,u0|H|2x}
—2R{(E-x)V - [«E] + (H-x)V - [uoH] } + T ([E* — [E x %) + 22 (H? - [H x %)
+ﬁ]uoHxi—\/mm%r%koﬁxE—\/mHﬁ (2.2)

To prove the bound (1.7) on the solution of the transmission problem, the plan is to use the
identity (1.14) in Br and then the identity (2.2) in R?\ Bg to deal with the contribution from
infinity.

Proof of Lemma 2.1. The identity (1.14) is the sum of the identity for the “Rellich multipliers”,
i.e. the test fields eE x x and pH X x,

28%{(v x B —iwpH) - (B x x) + (V x H + iweE) - (uH x x)} (2.3)
V. [m{(E -x)eE + (H - x)ﬂﬁ} ~(¢E-E)x— (uH- ﬁ)x]
—2R{ (B %)V - [B] + (H- %)V - [uH]} + (e + (x- V)e)B- B+ (u+ (x- V)u)H-H
and the identity for the parts of the multipliers containing 3
zm{(v « B — iwyH) - (BH) — (V x H+ iweE) - (5E)} - 2m{v. [BE x H] - V3 -E x ﬁ} (2.4)
Since yH - H and ¢E - E are real, the left-hand side of (2.4) equals
2%{6(VxEoﬁ—VxH~E)}:2%{6(VXE-ﬁ—Vxﬁ~E)}
—2{pV - [E x H]}

which equals the right-hand side of (2.4), and thus we only need to prove (2.3).
The left-hand side of (2.3) equals

28?{(V x E —iwpH) - (€E x x) + (V x H+ iweE) - (uH x x)}



= 2R{(V X B) - (B x x) + (V x H) - (uH x %) + iw( — pH - € x x + ¢E - iH x x) }
= 20{(V x B) - (B x x) + (V x H) - ({F x x) }.
We now claim that for all v € C2(D)? and all a € C(D, SPD),
23%{(v X v) - (a¥ x x)}
=V [2R{(v-x)a¥} — (av - ¥)x] = 20{ (v - x)V - [a¥]} + (a + (x - V)a)v ¥, (2.5)

Summing (2.5) with v = E and o = € to the same expression with v = H and a = p, we arrive
at (2.3). Therefore, we only need to show that (2.5) holds. Proceeding in a similar way to that in
the proof of [50, Lemma 5.3.1], we find that standard vector calculus identities give

2%{(va avxx}
x

:2%{V~v><( X )}+v Vx(oﬁxx)}
= 25}%{V : [ x)av — (av - v)x] +v- (aVV x—xV - [aV] + (x - V)(aV) — (aV - V)x)}
:2%{V~ x)av — (av - V)x] —v-xV-[o¥]+ V- (X-V)(oﬁ)} +4av -V
= ZER{V . x)av — (av - V)X] —v-xV-[av]+av-(x- V)V} +4av -v+2((x-V)a)v-v
(2.6)
The identity
2§R{av S(x- V)V} =V. [(av . V)x} —3(av-v)— ((x-V)a)v-Vv (2.7)

can be proved by expanding in components the divergence on its right-hand side. Using (2.7) in
(2.6) we find (2.5), and the proof is complete. O

Proof of Lemma 2.2. The identity (2.2) will follow from (1.14) with g = \/eouor, € = €, and
1 = po if we can show that

—2y/eopo R{x - E x H} :2%0|M0H x X — /e E|* + 2%0|60>A< x E — eouo H|
— S(IBP + B x =) - B2 (1P + [H x %), (2.8)
Using —2R{b -a} = |a — b|> — |a|* — |b|* with a = yoH x X and b = ,/€0E, we have
L2 /amR{R B x H) = —2, /g R{E - H x %)

:i‘MOHxﬁ—ME’z—uoleﬁlz—eo‘Ef. (2.9)
Similarly
—2/eopo R{X-E x H} = —2\/eorio R{H -x x E}
:%|60;<fomm%eomm%uomﬁ (2.10)
Adding (2.9) and (2.10) and dividing by two, we find (2.8) and the proof is complete. O

To separate tangential and normal traces on boundaries we use the following identity.
Lemma 2.3. Given v € C3, o € SPD and fi € R?® with |a| =1,
2§R{(v - x)(av - ﬁ)} —(av-V)x-n
= (avy VN —avy - Vp)x -0+ 2R{(vr - x7)(av - n)}, (2.11)

where vy = (v-D)h and vy := vV — Vy.



Proof. By the symmetry of a and the decomposition v = vy + vy,
2R{(v -x)(av-n)} — (av-¥)(x - n)
:2§R{(VT X+ vy -xXy)(aVr -+ avy - ﬁ)} —a(vr+vy) - (Vr+Vy)(x- 1)

=2R{(vr - x7)(a¥ - 0) + (vy - xy)(a¥V7 - 0) + (Vi - xXn) (VN - D) }

=(v-n)(x-n)(avy-n) =(v-n)(x-n)(avy-n)
=(x-n)(avVr-vN) =(x-n)(aVN-VN)

— (ONT Vr+avy -V + 2R{avy oVT}) (x-n),

and the result follows. O

2.2 The identities in integrated form

Our next result is an integrated version of the identity (1.14). To state this result it is convenient
to define the space

V(D,A) := {v € H(curl; D) : V- [Av] € L*(D), Av-n € L*(9D), vr € LQT(aD)} (2.12)

where D is a bounded Lipschitz open set with outward-pointing unit normal vector n and A €
Wi (D,SPD). We make three remarks about this space.

e In Appendix A we prove that C°°(D)? is dense in V(D,A) when A € C'(D,SPD); this
extends the density result of [16, Theorem 1] to €, u # I.

e At least in the case A = |, either the condition Av-a € L?*(dD) or the condition vo € L2(9D)
can be removed from the definition of V(D,A) by [16, Theorem 1].

o If A satisfies Apin < A(X) = Amax for scalar 0 < Apin < Amax and almost every x € 9D, then

the normal trace of v € V(D,A) is bounded in L?(9D). Indeed

vehl = [va] < Avy -V _ A(v—vr) VN |Av-n| |Avy - Vy| - AV - 0| Amax|vT]
- >\min|VN| >\min|VN| - )\min >\min|VN| - )\min >\min

b
and thus [[v-n|,, < )\;iln |Av -4, + )\;iln/\max [vrllop < oo

Lemma 2.4. (Integrated form of the Morawetz identity (1.14).) Let D be a bounded
Lipschitz open set with outward-pointing unit normal vector i, If B € CY(D) and either

(i) E€ V(D,e), He V(D,p), ¢,u € C*(D,SPD), or

(ii) E,H € HY(D)3, e, € WH>(D,SPD), then

2/ %{(VxE—iw,uH)~(eExx+Bﬁ)+(VxH+iweE)'(uﬁxx—ﬁﬁ)}
D
+/2%{(E-X)V-[6E]+(H-X)V-[Mﬁ]+Vﬁ~EXﬁ}
D
—(e+(x-V)e)E-E— (p+ (x-V)p)H-H

:/8 (GEN~EN76ET'ET+,U,HN'ﬁN7,uHT~ﬁT)(X-fl)
D
+ 2%{(ET . XT)(GE- fl) + (HT . XT)(/J,ﬁ- fl) + ﬂET 'ﬁT X fl} (213)

Proof. Recall that the divergence theorem [,V -F = [, F-n is valid when F € C'(D)? [42,
Theorem 3.34], and thus for F € H!(D)3 by the density of C1(D)? in H'(D)? [42, Theorem 3.29]
and the continuity of trace operator from H' (D) to HY/?(8D) [42, Theorem 3.37]. We first assume
that e, 4, and § are as in the statement of the theorem, but E,H € C>~(D)?

Recall that the product of an H(D) function and a W1°°(D) function is in H!(D), and the
usual product rule for differentiation holds for such functions. This result implies that Qg (2.1) is
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in H*(D)? and then (1.14) implies that V - Qg is given by the integrand on the left-hand side of
(2.13). The divergence theorem then implies that (2.13) holds, where the fact that Qg - i equals
the integrand on the right-hand side of (2.13) follows from the identity (2.11) and the identity
ExH -h=E-Hxn=Ez-(Hr x n).

For (i), when €, u € C1(D,SPD), C*°(D)3 is dense in V (D, ¢) and V(D, u) by Lemma A.1; the
result then follows since (2.13) is continuous in E and H with respect to the topologies of V(D ¢)

and V(D,p).
For (ii), C*°(D)? is dense in H'(D)? and the result then follows since (2.13) is continuous in
E and H with respect to the topology of H!(D)3. O

Part (i) of Lemma A.1 also completes the proof of [69, Lemma 6.1], where this density was
assumed.

2.3 Dealing with the contribution from infinity using the Silver—Miiller
radiation condition

The next result (Lemma 2.5) uses the Silver—Miiller radiation condition (1.2) to deal with the term
on 0BR when the Morawetz-type identity is integrated over Bg and E, H satisfy the homogeneous
Maxwell equations outside Bg.

Lemma 2.5. (Inequality on 0Br used to deal with the contribution from infinity in
the transmission problem.) Let ¢y and po be positive constants, and let E,H be a solution of
the homogeneous Maxwell equations

iweeE+V xH =0, —iwpH+V xE=0 (2.14)

in RY\ Bg,, for some Ry > 0 satisfying the Silver-Miiller radiation condition (1.2). Let Qg be
defined by (2.1). Then, for R > Ry,

Qryem - X > 0. (2.15)
OBRr

Proof. Since Qg /ems = Qrems on OBR, the plan is to integrate (2.2) over Bg, \ Bg, use the
divergence theorem and let Ry — co. Note that using the divergence theorem is allowed since both
E and H are C* in R?\ B R, by elliptic regularity.

When E and H satisfy (2.14), the identity (2.2) becomes

0=V Qryam + Fryam,

where

P, e =5 (IBP = [Bx %) + 22 (IH? - [H < %)
1 1
+ ﬂhldoH X X — \/E(),LL()E|2 + ¥|60§ xE— \/eo,uoH|2 > 0.
0 0

Integrating (2.2) over Bgr, \ Br and using the divergence theorem, we obtain

0=— Qrmﬁ—F/ QT\/WQ—F/ PT\/W'
OBRr 8BR1 BRl \BR
If we can establish that faBR Qe X — 0 as Ry — oo, the result follows since then

8BR R1—00 8BR1 R1—00 BR1 \BiR

We therefore only need to prove that |Q, /s - X| = 0Rroo(R ™) uniformly in X so that
lmpoo | [5p, Qryem X = 0. On 0B, i = X, and therefore Ey = (E-X)X and Er = (XXE) xX.
By the definition of Q, /gzg (2.1) and the identity (2.11),

Q- i - X =reo|En|* + rpuo[Hy|[* — reo|Ex|* — rpo[Hr|* + 27“\/60M0§R{ﬁ X X- E} (2.16)
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=reo|En|* 4 o/ Hy|* — r(eo|ET|2 + polHr|* — 2,/60u0%{ﬁzp X X - ET}>
<12
:7“60|EN‘2 + ’I“/J0|HN|2 — 7"|\/5ET — /Mo HT X X’ .

Taking the tangential and normal components of the Silver-Miiller radiation conditions (1.2),
we have |/ Er — /g Hr X X| = 0500 (r72), [En| = Orf00(r72), and [Hy| = Opoo(r™2)
(uniformly in X). Therefore, |Q, /&5 - X| = Or—s00(R™?) uniformly in X and the proof is complete.

O

The Helmholtz analogue of Lemma 2.5 first appeared implicitly in [55,56], and first appeared
explicitly in [14, Lemma 2.1].

3 Proofs of Theorems 1.1 and 1.2 and Corollary 1.6

3.1 Proof of Theorem 1.1
Lemma 3.1. Let Q C R? be a bounded Lipschitz domain, M; € L>(Q;SPD), v;,w; € L?(Q;C™),
i=1,2, Z€R, and my,me > 0. If

my Hv1||i2(Q;M1) + ma ||V2||i2(Q:M2) < §R/Q Miwy - vy + R . Mows - Vo + &,

then

2 2 - 2 . 2 -
my ||V1||L2(Q;M1) +ma ||V2HL2(Q;M2) < my ! ||W1||L2(Q;M1) +my ! HW2||L2(Q;M2) + 25, (3.1)

Proof. Since M; € SPD, j = 1,2, one can define M;/Q € SPD which satisfies M; = M;/ZM;/z.

Then, by the Cauchy-Schwarz inequality and the inequality 2ab < e~'a? + £b? for all a,b,e > 0,

%/ Mjo "V = ?R/ Mjl-/2Wj . M;/QVJ‘
Q Q

IN

H Mal'/2wj HLz(Q) H Mal‘/2vj HLz(Q)

IN

1 2 m; 2
%"M;/ij||L2(Q) + 7]||M31'/2Vj||L2(Q)'

The result (3.1) then follows from the definition of the weighted norms (1.3). O

We now prove an intermediate result, bounding the solution of the first-order system with
right-hand sides in H(div; Br)
Lemma 3.2. (Bound on first-order system with W1 coefficients and right-hand sides
in H(div; Bg).) Suppose that, in addition to the set up in §1.1, e, € WH°(R3,SPD) and the
conditions (1.6) hold. Suppose J,K € H(div; Br) with compact support and fix R > 0 such that

supp (e — pol) Usupp (e — eol) Uess suppJ Uess suppK C Br. Then the solution E, H € Hyo.(curl; R3)
of (1.1)~(1.2) satisfies

2 2
Ve lEl 28Ry + Y0 HI 2255000

2
1 1
<A4R? L (IIKIIL:’(BR;E) +v/eoro Il 2 pie-y + —7z IV - JIIBR>
€ we

min

2
1 1

+ 5 (”JHL?(BR;H) + Veoro [|Kll 2,1y + THV : K||BR> } (3.2)
w Whmin

Proof. The Maxwell equations (1.1) and the conditions J, K € H(div;R?) give V - [¢E],V - [uH] €
L?(R3). We now show that E,H € H'(Bg)? (aiming to apply the integrated Morawetz identity
(2.13) with D = Bp using Part (ii) of Lemma 2.4). Indeed by the regular decomposition lemma for
functions in H(curl; Bag) (see, e.g., [29, Lemma 2.4]) there exist z € H!(Bag)? and ¢ € H'(Bag)
such that E = z + V¢. The condition V - [eE] € L*(R?) implies that

V- [eVg] =V - [eE] — V - [ez]

12



is in L2(Bag) (since z € H'(Bag)? and e € W1>°(R3 SPD)). By interior regularity of the operator
(V-[eV])~! (see, e.g., [42, Theorem 4.16]), and using that e € W1°°(Byg,SPD) = C%!(Byg, SPD),
we have ¢ € H? (Bag) and so in particular in H?(Bg); therefore E € H'(Bg)?. Identical argu-
ments show that H € H!(Bg)3.

Applying the integrated Morawetz identity (2.13) with D = Bpg is justified by Part (ii) of
Lemma 2.4, and then substituting in V - [eE] = (iw)™'V -J, V- [uH] = (—iw) "'V - K and (1.1),
and recalling that € = ¢yl and 1 = pgl on Bgr, we obtain that, for all 3 € C1(Bg),

2 2

Ve BN L2 (5pe) + v L2 (3510

< / (e+ (- V)E-E+ (u+ (x V)u)H-H
Br

:2/ m{K.(eExH@H)H.(MHxx5E)+(E-x)v."] (H-x)vi;}KJrVB-ExH}
Br

1w

~ [ (eolenl = ofBrf+ po[Ha | — o) (x-)

OBRr

— /8 2%{(ET . XT)(E()E . fl) + (HT . XT)(M0ﬁ~ fl) + BET - ﬁT X fl} (33)
Br

The choice 8 = R./€gpg implies both that V3 = 0 and that the terms integrated over 0Bg on the
right-hand side of (3.3) equal —Qpg, /e (2-16), thanks to (2.11); therefore, using the inequality
(2.15), (3.3) becomes

Ve ||E||i2(BR;e) + Y ||H||i2(BR;u) = /B (6 + (x- V)G)E ‘E+ (,LL +(x- V)N)H -H

R

_ _ _ _ _ I K
§2/ ?R{K'(GEXX-I—R\/EO'U/()H)—FJ-(ﬂHXX—R«/GoﬂoE)+(E-X)Viw —(H-x)viw }
Br
-1 S VI =
=21 el xxK—Ryeuoe J+e¢ x— | -E
Br 1w
-1 1 V- K\ =
+ 2R w{xxJ+ Ryeouop K —pu~"x " -H ;. (3.4)
Br

By Lemma 3.1 with vi = E,vo = H, M; = ¢,M2 = p, m1 = 7, ma =7, and Z= 0,
-1 L V-J ’
x X K — Ry/equoe "I + € "x—

1w

4

2 2

Ve BN 250 + Ve Bl 1250 < —
Ve L2(Brg;e)

V-K|?

4
+ — ||lx x I+ Ry/eopop 'K — =t "

Tu

L2(Br;p)
and the result (3.2) follows. O
Theorem 1.1 follows from combining Lemma 3.2 with the following lemma.

Lemma 3.3. (Bound with right-hand side in H(div; Bg) implies bound with right-hand
side in L?(Bg).) Suppose that e, u are such that the solution of (1.1)—~(1.2) with J,K € H(div; Br)
exists, is unique, and satisfies the bound (3.2). Then the solution to (1.1)—(1.2) with J,K € L?(Bg)
exists, is unique, and satisfies (1.7).

Proof. Let J,K € L*(Bg). Let p,q € H}(Bg) be the unique solutions of the variational problems
iw(eVp, Vu)r2(gr) = (3, V)28, and  iw(uVq, V) r2gy) = (K, V) 2By (3.5)

for all v € H(BR); i.e., iwVp is the orthogonal projection of e ~1J in the (e-, *)L2(BR) inner product,
so that

2 . 2 2 _ . 2
w? VP72 (o) + 19 —1weVD| 7251y = w? VP72 + e 1T — lvaHLQ(BR;e)
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= HE 1‘]HL2(BR;5) = [ 22(Bpe1) (3.6)
and similarly
2 . 2 2
WP IVl p2(pryp + 1K = 108Vl 2 1) = K22 (rp - (3.7)

Extend p and ¢ to functions on R? via extension by zero. Then Vp,Vq € H(curl; Bg) and
Vp,Vq € Hye(curl; R3 \ Bg). By the definition of the weak derivative and integration by parts,
a piecewise H (curl) function is in H(curl) if and only if its tangential trace is continuous across
the relevant interface. Since (Vp)r is the surface gradient of the trace of p (which is zero),
Vp € Hipe(curl,R?), and similarly for Vgq.

Therefore E — Vp, H — Vq € Hjoc(curl; R?) and satisfy the Silver—Miiller radiation condition
(1.2). Furthermore,

iwe(E—Vp)+Vx (H-Vq)=J—iweVp

and
—iwu(H—-Vq)+V x (E—-Vp) =K —iwuVyg.

By (3.5), V- [J —iweVp] = V - [K — iwuVq] = 0; therefore (3.2) applies to (E — Vp, H — V¢) and
Ve ||E - Vp”iQ(BR;e) + VH ||H - VQHiQ(BR;u)

4R? . . ’
< ( |IK — 1wqu||L2(BR;€) + Veopo |[J — WﬁvPHL?(BR;e—l) >

€

4R?
+ -

2
(HJ - iWEVPHLZ(BR;M) + Veoro | K — inVQHB(BR;ul)) :
I

Combining this with

2 2 2
Y IEN 2 ey < 20 (1B = V013200 + VP28 )

(and the analogous inequality for H), we obtain

2 2 8R2 . . 2
T IENG 2+ 0 12 5y < = (1K = 0tV all o 50y + V0T 1 = 10 VDl ey )
S8R? . . 2
+ B ( [ — IWEVPHL?(BR;;L) + Veoro | K — WNV‘JHLz(BR;Wl))
I
2 2
+ 276 ||Vp||L2(BR;e) + 27#« ||VqHL2(BR§H) . (38)

We now use the inequalities (a + b)? < 2(a® + b?) for a,b > 0,

||v||i2(BR;e) < €maxMmax ||v||i2(BR;H_1) for all v € (CS’

and the analogous inequality with ¢ and u swapped, to find
2 2
Ve lEl 72 () + 7 HI 2255

€maxMmax €00 7, .
< 2ma (s (oo D0 ) Db (IR Ve [0 )
e i

€maxMmax €00 Ve .
+ 2 max {SR2 ( p + m ) ’wQ} (||J — IW'EVPH;(BR;C*I) + w? ||Vp||iz(BR;€)>. (3.9)
m €

The result (1.7) then follows by using (3.6) and (3.7).

If K = 0, then ¢ = 0, and we don’t need to use the inequality (a + b)? < 2(a? + b?) for a,b > 0
in (3.8). The 8 in the term involving J in both (3.9) and (1.7) then reduces to 4. Similarly if
J = 0, then the 8 in the term involving K in both (3.9) and (1.7) reduces to 4. O
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3.2 Proof of Theorem 1.2
We first note that when e and p are as in the assumption (1.8), €y = €max and g = fimax-

Lemma 3.4. (Approximation of ¢ and p by 5, us € C®.) Suppose e, € L>®(R3 SPD)
are as in Theorem 1.2; i.e., they are defined by (1.8), with 11,11, € L°°(R3,SPD) monotonically
non-decreasing in the radial direction in the sense of (1.9).
Then there exists 5o > 0 such that for all 0 < § < &y there exists €5, us € C°(R3,SPD) such
that
€min = €5(X) = €max  and  fmin = fs(X) X fimax  Jor all x € R, (3.10)

for any R > 0,
es—€eand ps = as 6 —0 both a.e. in R® and in LQ(BR)7 (3.11)
and €5 and us satisfy
I+ ((x-V)es)eg ' =1 and 1+ ((x-V)us)py ' = 1. (3.12)

Proof. The plan is to mollify 4 and ¢; the key point, however, is that standard mollification in R?
is not guaranteed to preserve monotonicity in the radial direction, and thus we need to mollify
along spherical coordinates. To avoid issues with the singularities of the spherical coordinates at
the origin and along the x3 axis we treat separately these regions.

To see that standard mollification does not preserve radial monotonicity, consider € = €y/2 in
the half sphere {||x|| < 1, 1 > 0} and € = ¢ elsewhere. Then the convolution € * b5 between e
and a standard mollifier 195 € C*°(R3) with supp(ts) = Bs and 0 < § < 1/2 satisfies (€ *15)(0) >
€0/2 = (€ +05)(1/2,0,0).

We use classical spherical coordinates x = (pcossin g, psinfsin ¢, pcos ), and we define the
“candy-shaped” domain 5 by

5= {p<S}U{p<R, o <6}U{p< R, p>nm—5} CR 0 < <min{1/2, R/2}, (3.13)

with R > 0 as in (1.5); see Figure 2. The set s has volume | <5 | = O(62) as § — 0.

Figure 2: The shaded region represents the set <isC Bpr defined in (3.13). The parameter 0 < 6 <
min{1/2, R/2} is both the radius of the inner ball and the opening of the two cones.

We first consider the approximation of a scalar f € L°(R?). To mollify f along the three
spherical coordinates, we define (almost everywhere) a transformed function f* € L>(R?) as

F*:{(p.0,9), pER, 0ER, p €R} + R,

f(pcosBsinp, psin@sinp,pcosyp) if p > 24, 20 < p <7 —24, 0 <0 < 27,
*(0,0,0) = { fumin := essinf f if p<2§orp¢ (26,7 —20),
extended 2m-periodically in 6.

Let 0 < ¢! € C*(R?3), be supported in B; and have integral fR3 P! = 1. Let f(;k € C*(R?) be
the convolution of f* with ¢%(e) := §=3¢'(8/d), which is supported in Bs. Then fX = fuin in
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{p <} U{p <d}U{p > m—d}, is 2m-periodic in 6, and lims_,o f(;k = f* both in L?

IOC(RS)
and almost everywhere; see, e.g., [22, §4.2, Theorem 1]. Moreover fpin < fg\' < || fll ;e by the
properties of the mollification.

Finally, fs : R® — R defined by f5(pcos@sinp, psinfsing, pcosp) := f(;*(p,Q,(p) is smooth,
takes values in the interval [fmin, ||f]l ], satisfies fs = fmin on s, and approximates f both

almost everywhere and in L?(Bg):
19 = lamm = [ 1£ =SP4 [ 1r- b
D5 Br\p<s

R r2m T—4
:/ |f = fmin]? +/ / / |f* — fg"|2 sin p dp dfp? dp
Dl 5 0 1

2
2 6—0
< dlos 117 + B2 || 1% - | =

L2((6,R) % (0,27) x (8,7—8))

Moreover, if f is radially monotonic in the sense that essinfyegrs[f((1 + h)x) — f(x)] > 0 for all
h > 0, then essinf(, 5 ,)ers [f*(p+h,0,0)—f*(p,0,¢0)] >0, f(;k is monotonic in p by the definition
of convolution, and fs is radially monotonic in pointwise sense: fs5((1+h)x) > f5(x) for all x € R,
h > 0.

The arguments extends to matrix-valued fields e satisfying the assumptions in the assertion.
The field e* : R3 — SPD is defined similarly to f * with diagonal value €yl in place of fii,. The
smooth field e;' is obtained by componentwise mollification of ¥, and the pullback €5 is defined
as fs. Then e¢5 — € with the same argument for the scalar case and each component of €5 is in
C°°(R?). The monotonicity follows: for all x € R®, v € C?, h > 0,

e((1+h)x)v-V—e(x)v-v= 6;((1 +h)p,0,0)v -V — eX(p,0,0)v-¥
= / (e*((l + )0, Q)T — X (0, ) .v) V(p—p0—0,0—¢)dep' do' dp’ >0
R3

>0 a.e.

where the term in the integral is non-negative because €((1 + h)x) > €(X) a.e., € = €min a.e. (since
. € L>(R3 SPD)) and because of the shape of the region where e¥X = €yi,l. In particular es is
positive definite and €pin = €5 =X €max- Since €5 is smooth and radially monotonic, (x - V)es = 0
and (3.12) follows. O

The proof of Lemma 3.4 also corrects the proof of [26, Theorem 2.7], where it was assumed
that standard mollification in Cartesian coordinates preserves radial monotonicity.

We now prove Theorem 1.2. In this proof, we use the weighted norm on L?(Bg) x L?(Bg)
corresponding to the left-hand side of (1.7), i.e.,

2
|||(Ea H)|||3,u = 76||E||%2(BR;5) + T ||HHL2(BR;[L) .

Proof of Theorem 1.2. By [63, Theorem 2.10] it is sufficient to show that the bound (1.7) holds
under the assumption that the solution of (1.1) exists.

Without loss of generality, we assume that J and K are compactly supported in Bg. Indeed,
once the bound (1.7) is proved for such J and K, since compactly-supported functions are dense
in L?(Bg) and the bound is independent of the supports of J and K, the bound (1.7) holds for all
J,K € L?(Bg).

By the density of C°°(Q)3 in H(curl; Bg) (see, e.g., [53, Theorem 3.26]), given n > 0, €, u, E,
and H, there exists E,, H,, € C*°(Q)3 such that supp(E — E,)) Usupp(H — H,)) € By and

IV % (B =Byl 5, + IV % (H = F) s + D2, = [[1(By, H)I2,| < /4.
(3.14)

Indeed, let x € C*°(Bg) be such that xy = 1 on supp J Usupp K Usupp(e — egl) Usupp(u — pol) and
X = 0 in a neighbourhood of dBg. Since € = ¢yl and p = gl on supp(1 — x), by elliptic regularity,
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(1 —x)E and (1 — x)H are both C*°. We can then take E, to be (1 — x)E plus a mollified xE,
and similarly for H,; this ensures that E — E,, and H — H,, are supported near supp x.
With €5 and ps as in Lemma 3.4, observe that

1(Eg, H)IIZ 0 — 11y B, =%/B (G—Es)En‘En+7u/]3 (1= ps)Hy - Hy,  (3.15)
R R

and thus, combining (3.14) and (3.15), we obtain

B2, < 1y, I, iy +1/4

eu — €555

(e Bl 3 e = €l gy 0 N 2 5, = 153y ) (3:16)

By (1.1),
iwesE, +V x Hy, =J +iw(es — €)E,, +iwe(E,, —E) +V x (H, — H) (3.17)

and
iwpsHy =V x E,;, = K +iw(us — p)H, +iwp(H, — H) -V x (E, — E), (3.18)

and the right-hand sides of these PDEs are supported in Bg. By Lemma 3.4, €5 and us satisfy the
conditions of Theorem 1.1, and thus, by (1.7),

Iy, B2 s < Cr 1T +iw(es — €)Ey +iwe(E, — E) +V x (H, — H)||2L2(BR;eg1)
+ Co | K + iw(ps — p)H,, + iwp(H, —H) =V x (E, — E)Hi?(BR;Mgl)
(3.19)

where we have abbreviated the constants on the right-hand side of (1.7) to C; and Cs to keep the
notation concise. The crucial point is that the C; and Cs corresponding to €5 and ps can be taken
to be the C; and Cy corresponding to € and p by (3.10) and (3.12); thus, in particular, Cy and Cs
are independent of 9.

We now claim that the approximation properties (3.11) and (3.19) imply that given ¢, 4, E, H
(and associated J,K), w > 0, and ¢ > 0 one can choose n = n(¢) > 0 and § = §(¢,n) > 0 such

that the difference between the right-hand side of (3.19) and C ||J||2L2(BR;E;1) + CzHK||i2(BR;u;1)
is < (/4, so that
N I,y € CoT sy + Cal K2y 1)+ /o (3.20)

Once this claim is established, without loss of generality, we can further assume that n < (,
and reduce ¢ (if necessary) so that the last term on the right-hand side of (3.16) is < (/4. Then
combining (3.16) and (3.20), and using that n < (, we obtain that

B DR, < oIy + CollK oy +CA+ A+ (321)

Asd — 0,

2 -1 T — T 2
||J||L2(BR;€(;1):/ &3 T [ 3T = 13
Br Br

(and similarly for ||KH22( BR,HJ—I)) by the dominated convergence theorem (since €5 — € and u — ps

pointwise almost everywhere by Lemma 3.4). We can therefore decrease § again (if necessary) so
that

Tty + CollK I ) < CollT ey + ColE iy + €/ (322
and combining (3.21) and (3.22) we obtain that
2 2
1B, < C1 25,001 + C2 K72

Bpr;p~1) +¢

Since ¢ > 0 was arbitrary, the bound (1.7) follows.
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We now complete the proof by establishing the claim above. First observe that
1J + iw(es — €)B, + iwe(E, — E) + V x (H, — H)H;(BR;E;)

<2 ||J||L2(BR;€(;1) (w lles — €||L2(BR;e;1) ||E17||Loo(BR) + [[iwe(E, —E) + V x (H; — H)”Lz(BR;egl))
2 2 2 . 2
+ ||J||L2(BR;€571) +2w? ||es — €||L2(BR;65—1) ||En||LDO(BR) + 2|jiwe(E, —E)+V x (H,, — H)HLQ(BR;E?) ,
(3.23)

and, similarly,

. . 2
1K +iw(ps — p)Hy + iwp(Hy — H) =V x (E, - E)||L2(BR;M5_1)
<2 ||K||L2(BR;pg1) (W s — #HLZ‘(BR;#;) ||Hn||Loo(BR) + [[iwe(H, —H) = V x (Ey — E)HL2(BR;#;1))
2 2 2 . 2
+ ||KHL2(BR;,L5*1) + 207 || s — M||L2(BR;,L;1) ||Hn||Loo(BR) + 2 |[liwe(H, — H) = V x (E, — E)HLz(BR;#;l) :
(3.24)

We now need to make the terms on the right-hand sides of (3.23) and (3.24) that are not
||J||2L2 ~,, and ||K|?, _1,, respectively, small. We first deal with the terms that involve
(BR;€5 ) L (BRH"(; )

E - E, and H — H,, (and thus will be made small by choosing  small). By (3.10),

. . 2
213 (e iw0e(By = B) 4V x (Hy = H)|| a1, + 2 iwe(By — B) + ¥ x (H, — H) |},

(Bries (Brie; 1)

< 262 (132 lie(By — B) + 7 ¢ (B, ~ B s 5 + (B — B) + ¥ x (H, ~ F) 205,
and

21Kl 2y liwp(Hy = H) + V < (By = B)l 2,1 + 2 liwp(Hy = H) = V % (By = E) 725,
< 2#;;( 1Kl 2 liwp(Hy — H) + V x (Ey = E)|[ 25,y + liwp(H,; —H) =V x (E, — E)||2L2(BR) )

Therefore, by (3.14) and the bounds (1.4) on € and u, given ¢ > 0, we can choose 1 > 0 such that

213 2 (pierty liwe(Ey = E) + V x (Hy = H)|[ 25,01
+2e(By —B)+ V% (B~ )l S g (329)
and
2 ||KHL2(BRW;1) liwp(H,; —H) +V x (E, — E)HLZ(BR;Hgl)
+ 2 |liwp(H, — H) = V x (E, — E)||2LQ(BW5_1) < % (3.26)

We now deal with the remaining terms on the right-hand sides of (3.23) and (3.24), which will
be made small by making ¢ small. By (3.11) (and arguing similarly to above using (3.10) to deal
with the norms weighted by egl and ugl), given ¢ and 7, we can choose § > 0 such that

2 2 C
2w (€5 = O)ll72(mpsesty IBallzoe () + 210l L2 (presty @l (es = Ol e (priey Byl o () < 8¢,
(3.27)
and
2 2 2 ¢
2w || (s — M)||L2(Bg;ugl) ||H77||L°°(BR)+2 HK||L2(BR;M(;1)W | (15 — M)HL2(BR§M;1) ||H77HLoo(BR) < 8701
(3.28)

Combining (3.23)—(3.28), we obtain that

CL 1T +iw(es — OB, + iwe(E, — E) + V x (H, — H)||2LQ(BR65,1) <G ||J||§2(BR;66_1) +¢/4
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and
Cs K +iw(ps — p)Hy +iwp(H, — H) =V x (E, )HL?(BR iy Y < Oy HKHLZ(BR;Mgl) +¢/4,

and the claim (and hence also the result) is proved. O

Remark 3.5. (Obtaining the bound (1.16) in unweighted norms.) The proof of the
unweighted-norm bound (1.16) diverges from the proof of (1.7) at (3.4), which is equivalent to

/B (e+(x-V)O)E-E+ (p+ (x-V)u)H-H

— Vv-J — V-K
< 2/ §R{E (ex x K — R+/eopod +Xiw> +H- (u(x x J) + R/uoec K — x ” >}
Br
The conditions (1.17) on € and p and Lemma 3.1 with vi = E, vo = H, my = €., ma = s, and
M; =1, 7 =1,2, imply that

2 2
& BN 2p,) + pe [[H| 725,

2 2

V- K
iw

4
4+ =
L2(BR) o

e(xx K) —

w(x x J) 4+ Ry/peo K — x

Ho€o

€4 iw

L2(BgR)

| /\

2
(R| €l oo () 1Kl 255y T BV I 125, + = ||V J||L2(BR)>

2
+(R||u|Lw<BR 905250y + BV (K 25+ 19 Kl )

where ||€]| L (py) = €SSSUDxep,, [€(X)|2 = €SSSUDyc g, SUDgLyera(|€(X)V|2/|V]2), and similarly for
1l Lo (BR)- Since the 2-norm of a matriz A is the mazimum eigenvalue of A*A, ||pl| Lo (Br) < Hmax

and ||€|| L (Br) < €max-
The proof of (1.16) then continues as in the weighted case. The additional factors of €max/€min
and fmax/Pmin 0 (1.16) compared to (1.7) come from using (3.6) and (3.7) to obtain the bounds

Emax |

Hmax
|J— W5VP||L2(BR) g |JHL2(BR) and |K — 1wqu||L2(BR) < a ||KHL2(BR)'

The ratios €max/€min aNd fimax/bmin d0 Mot appear in the second arguments of the maxima on the
right-hand side of (1.7) since coercivity implies that

1
wlIVpllpzp,) < ||J||L2(BR) and  w|[Vqllpzp,) < T 1Kl L2 (5y) -

3.3 Proof of Corollary 1.6

Let x(x) := max{0,min{1, 5 R ‘x‘t

X[l (5, =1 and \|Vx||L(X,(BR) T R . Furthermore, since the tangential components of Vi

1 (1 e., x is piecewise-linear in the radial direction); then

are continuous on the boundary of the support of Vx (Whlch isa spherlcal shell) Vx € H(curl;R?).
Let E := YE! +ES = ET — (1—x)E!, and similarly for H. Since E = ES and H = H" for |x| > R,
E, H satisfy the Silver—Miiller condition (1.2). Furthermore E, H € Hi,(curl; R3) and satisfy (1.1)
with J := Vx x H! and K := Vyx x E!. Applying (1.7) to E and ﬁ, we obtain

Yl B2 ey + Wl B2

2 2 [ €maxMmax €00 Ye 2
I 2 {2 (st 000} By,

2 €maxMmax €oHO T 2
+2max{8R ( s, SO ),w2}HE HLZ(BR\BRW#I)),
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where we have used the fact that e and p are scalar-valued on Bg\ Br
from the weighted norms of H' and E’ on the right-hand side. B

The bound (1.13) then follows using the inequality HET||%2(BR;6) < 2HE||%2(BR;5) + 2[|(1 —
X)E’HQLQ(B,R;E)7 its analogue with E replaced by H, and the bounds on y above.

to “pull out” ||Vx|| Lo (By)

scat

Remark 3.6. (Small contrast limit.) The bound (1.13) is sharp in its w dependence, but
does not show that the scattered fields BS and HS vanish in the small-contrast limit, i.e., for
max{|le — €olfl oo (rsy» [ — Holll oo (rsy} — 0. One can easily bound the scattered fields E° and
H?® observing that they solve the Mazwell problem (1.1)~(1.2) with J = iw(egl — €)E! and K =
iw(p — pol)HY, however the resulting bound is suboptimal in its w dependence. We note that [52,
Cor. 3.1] obtained a bound for the Helmholtz scattering problem in this latter way; its wavenumber
dependence can easily be improved by adapting the proof of Corollary 1.6 to the Helmholtz setting.

4 Results for the interior impedance problem

4.1 Statement of the results

Theorem 4.1. (Bound on impedance problem with certain C! coefficients.) Suppose that
Q is a bounded Lipschitz open set that is star-shaped with respect to a ball centred at the origin
with radius pRg, where Rq := sup{|x| : x € Q}. Suppose that €, u € C*(£;SPD) satisfy (1.4) and
that 9 € L>(09) is uniformly positive. Let

My :=(3+p") Hmax{ﬂilkh19|H|}||L°°(BQ) ’ (4.1)

where |€| and |u| denote the point values of the matriz norms (induced by the Fuclidean vector
norm). Then, given J,K € L*(Q) and g € L*(0Q), the solution E,H € H,_(curl; Q) of (1.18)-
(1.19) ezists, is unique, and satisfies

2 2 1/2 1/2
Ve BN 200y + % 112 () + 2Re|| 1l Brll32 00y + 2Ral| lul/* Hell32 o0,

2 [ €maxMmax Mg Ve 2
S 2maX{8RQ(’7N+’y€ 7? HJHL?(Q;e_l)

€max Mmax M2 v — 2
+ 2max {SR% ( + ,}/19> 5 w;} ||K||i2(Q;/L*1) + 4RQM19||19 1/2g||L2(89)’ (42)

Ve "

where the instances of 8 on the right-hand side reduce to 4 if K = 0.

In (4.2), the norm on 92 on the left-hand side can be replaced by the more natural, smaller

quantity H61/2ET||22 = fan ¢Er - E7 involving the square-root matrix of € (which is SPD).

(69)

Theorem 4.2. (Bound on interior impedance problem with rough coefficients.) Suppose
that ) is a bounded Lipschitz open set that is star-shaped with respect to a ball centred at the origin
with radius pRgq, where Rq = sup{|x|,x € Q}. Let e, € L>(Q,SPD) be such that (1.8) holds,
where 11,11, € L*(2,SPD) are monotonically non-decreasing, in the sense of quadratic forms,
in the radial direction. Let 9 € L*(0N) be uniformly positive and define My by (4.1). Then,
given J,K € L?(Q) and g € L%(99), the solution E,H € H, (curl; Q) of (1.18)~(1.19) eaists, is

unique, and satisfies (4.2) with |e| and |p| replaced by €min and pimin, respectively.

4.2 Proof of Theorem 4.1

Lemma 4.3. (Bound for C! coefficients and right-hand sides in H(div;Q).) Suppose that
Q is a bounded Lipschitz open set that is star-shaped with respect to a ball centred at the origin
with radius pRg, where Rq := sup{|x|,x € Q}. Suppose that €, u € C*(Q;SPD) satisfy (1.4) and
¥ € L>®(09) is uniformly positive. Let My be defined by (4.1). Then, given J,K € H(div;Q), the
solution B, H € H,_(curl; Q) of (1.18)~(1.19) ewists, is unique, and satisfies the bound

2 2 1/2 1/2
Ve IBlZ2 0u0) + e B L2 (00 + 2Rel| le] / Er|72(a0) + 2Ral |4l / Hy[|7: 90
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AR2, 1 ?
< - 1K 2 ie) + Mo 1Tl 201y + 2 IV - Il 20
4R?2 ]. 2 71/2 2
(9l + Mo 1K 2ty + —7 IV - Klliagay ) +2RaMo][97 28] 12 50,
0

min

(4.3)
Theorem 4.1 follows by combining Lemma 4.3 and the following analogue of Lemma 3.3.

Lemma 4.4. (Bound with right-hand side in H(div;{2) implies bound with right-hand
side in L?(2).) Suppose that €, i are such that the solution of (1.18)—(1.19) with J, K € H(div;Q)
and g € LZ(09Q) exists, is unique, and satisfies the bound (4.3). Then the solution to (1.18)—(1.19)
with J,K € L*(Q) and g € L2(99Q) exists, is unique, and satisfies (4.2).

Proof. This is almost identical to the proof of Lemma 3.3. The main new ingredient is the fact
that (Vp)r = (V¢)r = 0, which holds since (Vp)r and (V¢)r are the surface gradients of the
traces of p and ¢, respectively, and these traces are zero, since p,q € Hg(£). This fact shows that
E — Vp and H — Vg satisfy the impedance boundary condition (1.19) (since H x i = Hp x i),
and also means that the correct norms on 9 appear in the analogue of (3.8). O

The rest of this subsection is therefore dedicated to the proof of Lemma 4.3.

Lemma 4.5. (i) If the domain D C R3 is Lipschitz, then it is star-shaped with respect to Xq if
and only if (x —xg) - 0(x) > 0 for all x € OD for which the outward-pointing unit normal n(x) is
defined.

(i1) D is star-shaped with respect to the ball B, if and only if it is Lipschitz and x - 1i(x) > a for
all x € D for which 1(x) is defined;

Proof. See [50, Lemma 5.4.1] or [30, Lemma 3.1]. O

In the following two lemmas, |e| and || denote the point values of the matrix norms (induced
by the Euclidean vector norm).

Lemma 4.6. Let Q be a bounded Lipschitz open set with outward-pointing unit normal vector 1.
Let Rgq := sup{|x|,x € Q} and assume that  is star-shaped with respect to a ball of radius pRq,
i.e. x-n > pRg >0 a.e. on 90. Let E € V(Q,e), He V(Q,u) and 8 € C(). Then

Iag = /69()( . fl) (EET ~ET — EEN 'EN + uHT 'ﬁT - ,LLHN ﬁN> (4.4)
—2§R{(ET-XT)(EE-ﬁH—(HT-xT)(uﬁ-le—ﬁE xﬁ.ﬁ}

;(am) - /m 2%{5ﬁ X i - E}

Proof. We follow similar steps to [50, Lemma 5.4.3], but note that this earlier result did not use
B and considered constant scalar €, u. First note that, for all v € C3, a € SPD, and i € R? with
ln| =1,

2

‘€|1/2 ET‘

< RQ(2+p1)< = |

L2(89

—2R{(vr - xr)(av D)} = _Qm{(VT -x7)(a¥r - 0) + (vp - XT)M}
Vy -1

< 2lx7||al |[vr|* + 2|xr||vr|V]a|Vavy - vy

2
X ~ _
< 2l la] el + 275 o jvrf? + (x- 8) (0¥ - va)
|XT|2 2 AN
= (2berl + X1 o] jva ? + (¢ 8)(@%n - va)

where we used the Young inequality with weight (x-n) and where || = supg_syecs |aw|/|w|. This
allows to control the integral on 92 with the tangential traces of the fields only:

IaQS/ (X'fl)(EET-ET—EEN'EN+MHT'ﬁT—uHN~ﬁN)
o0
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[xz?

n

+ (2] + ) (el [Erf? + |l [Hrf?) + (x ) (€Ey - By + pHy - Hy)

X -
—2§R{BExﬁ }

g/ (x n+ 2|xr
o0

The identity (x - f) + |xr|?/(x - 1) = (|xn]? + [x7]?)/xy = |x|?/xny < Rq/p then implies the
assertion. O

)(l [[Br ? + |l [ ) — 20 5B < H- 4 ).

This next lemma plays the analogous role for the interior impedance problem as Lemma 2.5
does for the transmission problem. The Helmholtz analogue of this result appeared implicitly
in [43, §8.1], [17], and [28], and explicitly as [26, Lemma A.11].

Lemma 4.7. (Inequality on 0f) used to deal with the impedance boundary condition.)
Let Q) be a bounded Lipschitz open set with outward-pointing unit normal vector n. Let Rq :=
sup{|x|,x € Q} and assume that Q) is star-shaped with respect to a ball of radius pRg, i.e. x -0 >
pRao >0 a.e. on 00. Let E € V(Q,¢), H € V(Q, u) satisfy the impedance boundary condition

Hxn-0Er =g (4.5)

for g € L2.(09) and for a uniformly positive 9 € L>=(9Q). If 3 € CY(Q) satisfies

52RQ(3+p_1)maX{|g,19|u\} (4.6)
pointwise almost everywhere on 98), then, with Isq as in (4.4),
B\ 1/2

2
< [(5)"e],.,

_RQH|M|1/2HT‘ ’ (4.7)

L2(89)

ET‘

L2(8Q)

Note that when E and H are in C*(Q2), the left-hand side Isq of (4.4) and (4.7) is — [,, Qg -1
Proof. The impedance boundary condition (4.5) implies that
2R{Hxn-E} =R{Hxn-Er+Hxn- Er}
=R{IEr>+8 Er+9 'Hy> -9 '"Hxn- g}
=9 Er?+ 9 ' Hr> +R{g  (Er —9 'Hx n)}
= J|Er|* + 97 Hr[* — 07 g%,

0 (4.4) becomes

I()Q < RQ(Q + pil) <|| ‘€|1/2 ETHiQ(@Q) + H |NJ‘1/2 HT||i2(aQ)>
- H(ﬁﬂ)l/QETWL?(aQ) - H(ﬂﬁ_1>l/2HTH2L?(8Q) + H(ﬁﬁ I/QgHm CION
Then condition (4.6) implies that

Toq — ||(B04)/2 < —Bo||e]* x|} p0) — Roll l6l* B[} 50,

g||L2(aQ) C)
and the result (4.7) follows. O

Proof of Lemma 4.3. Using Part (i) of Lemma 2.4, we apply the integrated Morawetz identity
(2.13) with D = Q and use the Maxwell equations (1.18) (which imply V - [eE] = V - [uH] = 0) to

arrive at

/Q(e—i—(x-v)e)E-E—i—(u+(x-V)u)H-ﬁ

22



B _ _ _ v . VK
:2/Q§R{K«(eE><x+ﬂH)+J-(,uH><x76E)+VB'E><H+(E-x) I

7/ (GEN~EN7€ET~ET+,U,HN~ﬁN7MHT'ﬁT)(X-fl)

on

—/ 2%{(ETXT)(EEfl>+(HTXT)(,U,Hfl)+/BETHTXfl},
o0

(compare to (3.3)). If § = RqMy (which satisfies the condition (4.6)) then Lemma 4.7 implies
that the integrals over 02 are bounded above by
- _ 2
== RQM19||19 1/2g||L2

*RQH|€‘1/2ET”iz — Rq| |#\1/2HT||22

(09) (09) (09)°

Proceeding as in the proof of Lemma 3.2 and using Lemma 3.1 with this value of =, one obtains
the assertion (4.3). O

Remark 4.8. (Generalised impedance boundary conditions.) The bound (4.7) holds if
the impedance condition (4.5) is replaced by a more general condition H x n — TE; = g, where
T L3(0Q) — L7.(09Q) is a continuous, bijective, linear operator satisfying [, éR{,?:V'V} > c|v|3g,
Jo0 R{T v - v} > ¢|v|2, and Joo R{v - Tlw) = Joa R{T v - w} for all v,w € L2.(99) and
some ¢ > 0. The bound (4.7) then holds for sufficiently large B, proportional to ¢c='. Under these
assumptions, the bound (4.3) on the solution of the (generalised) impedance problem also holds.

4.3 Proof of Theorem 4.2

By [53, §4.5] it is sufficient to show that the bound (1.7) holds under the assumption that the
solution of (1.18) exists. Let

2 2
E B2 2 imp = e I 2 000 + 70 B 2 (00) + 2R0€min[E7 (172 (50) + 2Roptmin|[HT (72 (50)-

By the density of C*°(Q)3 in Himp (curl; Q) (see, e.g., [53, Theorem 3.54]), given n > 0, €, 1, E, and
H, there exists E,, H, € C*>(Q)? such that

IV % (B = Ey) 3200 + IV % (B = Hy)[ 20 + [ BIE g — 11 (B, Hy)|

€,/4,imp

|§,,u,imp‘ < 77/2

Exactly as in the proof of Theorem 1.2, E, and H,, satisfy the PDEs (3.17) and (3.18), and
furthermore

(Hy,) xn—9(E,)r = (Hy)r xn—9(Ey)r =g — (H-Hy)r xn+J(E - Ey)r.
By Lemma 3.4, €5 and us satisfy the conditions of Theorem 4.1, and thus, by the bound (4.2),

[||(E,, H,) <C1 | I +iw(es — €)E, + iwe(E, —E) + V x (H, — H)||2LQ(Q;€_1)

2
|Hes,ua,imp -
+ C2 |K +iw(pus — p)Hy + iwp(H, — H) =V x (E, — E)||2Lz(g;ﬂ—1)

+ Ca|072(g — (H = Hy)r x 0+ 9(E = Ey)7) [} 50, (4.8)
where we have abbreviated the constants on the right-hand side of (1.7) to Cy,Cs, and C3 to
keep the notation concise. As in the proof of Theorem 1.2, the crucial point is that the Cy,Cy, C3
corresponding to €5 and ps can be taken to be the Cy,Cy,Cs corresponding to e and p by (3.10)
and (3.12).

We now claim that the approximation properties (3.11) and (4.8) imply that given e, u, E;H
(and associated J, K, g), w > 0, and ¢ > 0 one can choose n = n(¢) > 0 and § = 6(¢,n) > 0 such
that the difference between the right-hand side of (3.19) and Cl||J||2L2(Q;6,1) + C’QHK\@Q(Q;M,l) +

C’3||19*1/2g||2L2(39) is < ¢/4. The proof of this claim is almost exactly the same as the proof of the
analogous claim in the proof of Theorem 1.2, except now the first step of choosing n depending on
¢ also involves the terms on 0 arising from (H — H,))7 and (E — E,)7 as well as the terms in
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Q in (3.25) and (3.26). Once this claim is established, without loss of generality, we can further
assume that 7 < ¢ (also exactly as in the proof of Theorem 1.2).

The proof then proceeds exactly as in the proof of Theorem 1.2, in particular using (3.15) with
Bp, replaced by 2. The end result is that

2 2 —
(8, H)]]2 < O30 + Co 1K 2y + Call9 ™ 28l1Z2(00) + ¢

€,p,imp —

and since ¢ > 0 was arbitrary, the result follows.

A Density of C*(D)? in the space V(D,A)

Throughout this appendix D € R? d > 2is a bounded Lipschitz open set. We are mainly interested
in the case d = 3, but some results hold for general d > 2, and thus we specify the values of d
explicitly in the statements. In this appendix only, we use v to denote the standard Dirichlet trace
operator v : HY(D) — H=(dD).

The goal of this appendix is to prove the following density result.
Theorem A.1. Let A € CY(D,SPD) with d = 3. Then C*°(D)? := {U|p : U € C*(R%)3} is
dense in the space V(D,A) defined by (2.12).

Let Vical(D; A) (subscript “scal” for scalar) be defined by
Vial(D; A) = {v € H'(D): V- [AVv] € L3(D), dpav € L2(AD), v € Hl(aD)}, (A1)

where A € C%1(D,SPD) = W1>°(D,SPD) and 9, av is the conormal derivative defined such that
Op.aw =1 - (AVw) for w € H(D).

The following theorem of Necas says that either of the conditions on dD in (A.1) can be
removed.

Theorem A.2. ([57, §5.1.2, §5.2.1], [42, Theorem 4.24].) Letd > 2 and u € H*(D) with
V - [AVu] € L?3(D), where A € W1°°(D,SPD). Then

(i) if Op au € L*(OD) then yu € H'(dD), and

(ii) if yu € HY(OD) then O, au € L*(0D).

Lemma A.3. (Density for V(D,A) follows from density for Vica(D;A).) Ifd =3, A €
Whee(D,SPD) and C*(D) is dense in Vscal(D;A), then C°°(D)3 is dense in V(D;A).

Proof. Given v € V(D;A), by the regular decomposition lemma for functions in H(curl; D) (see,
e.g., [29, Lemma 2.4]) there exist z € H*(D)? and ¢ € H(D) such that v = z + V¢. Now

V. [AVY] = V- [Az] + V - [Av],
which is in L?(D) (since A € WH*(D,SPD) and v € V(D,A)). Since (Av)-n € L?(0D),

Ona¢ € L?(OD), and thus the Necas result (Theorem A.2) implies that ¢ € Viea(D;A). Define
the norms on V(D;A) and Viea1(D, A) by

IVllvp,a) = IVl g cur;py + IV - [AV]I L2 oy + AV - ][ 2oy + IV ll 22, o)
and
I

These definitions and the boundedness of v : H'(D) — H'Y?(dD) imply that if v = z + V¢ then

Vical(D,A) “— ||U||H1(D) +V- [AVU]”L?(D) + Han,AU”m(aD) + ”'WHHl(aD) . (A.2)

||V||V(D,A) <ll¢ Veea(D,A) T C( HAHWLOO(D) + 1) ||Z||H1(D)3

for some C' > 0 (independent of v, z, ¢, and A). Therefore, the density of C*(D) in Vyea(D; A)
and of C*°(D)? in H'(D)? implies the density of C°(D)3 in V (D, A). O
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The result of Theorem A.1 therefore follows if we can prove that C>°(D) is dense in Vica(D; A)
(Theorem A.10 below). To do this, we first need to recall some facts about Lipschitz domains and
nontangential approach sets.

The definition of a Lipschitz open set (see, e.g., [42, Definition 3.28], [13, Definition A.2]) implies
that there exist finite families {W;}, {D;}, {f:}, and {M;}, such that

(i) the family {W; C R} is a finite open cover of dD,
(ii) the family {D; C R?} is such that D N W; = D; N W; for all 4,
(iii) each f; : R9~1 — R is Lipschitz continuous with Lipschitz constant M; > 0, and
)

(iv) for each i there exists a rigid motion (i.e. a composition of a rotation and translation) r; :
R? — R? such that r;(D;) = {(2/,24) € R x R: 24 < fi(2')}, the hypograph of f;.

Without loss of generality we take the rigid motions {r;} to be a family of pure rotations. Let {x;}
be a partition of unity subordinate to {W;}, i.e.

Xi € Coomp(Wi), xi >0, and in(x) =1 forallx € dD.

For x € supp x; N D and € > 0, we define the segment
U o(x) = {x — tBi; 0<t< 6},

where Bl is the unit vector that satisfies Ei = ri_l(ed); observe that ¢; .(x) C D for all x € W;n90D
and sufficiently small € > 0.

Definition A.4. (Non-tangential approach set.) Given x € 9D, let
O(x) := {y €D:|x—y| <min {c,Cdist(x,@D)}}

for C > 1 sufficiently large (depending on the Lipschitz character of D) and ¢ > 0 sufficiently small
such that ©(x) C D and ©(x) N 9D = {x}.

Observe that this definition implies that there exists €* (independent of ¢) such that
lio(x) CO(x) forall xesuppyx;NID and 0 <e <e™. (A.3)

Definition A.5. (Non-tangential maximal function.) Given the family of non-tangential
approach sets {©(x) : x € 9D} and u € C(D), let

u*(x):= sup |u(y)|, x€dD.

YEO(x)

Definition A.6. (Conormal derivative via non-tangential limit.) Given the family of non-
tangential approach sets {©(x) : x € D}, u € C*(D), and A € C(D,SPD), let

ou

8nA y—X,y€O(x)

(=) (| lim, A)Vuly)) (A.4)

for all x € OD for which 1 is defined.

Theorem A.7. (Regularity of the solution of the Neumann problem [48,49].) Ford > 2,
given A € C%Y(D,SPD), V € L*(D) with V. > 0 on D, and g € L?(0D), there exists a unique
u € HY(D)NCY¥(D) for all 0 < s < 1 such that
) ou
V- -[AVu] - Vu=0 inD, — =g ondD, and
8nA
H(AVU)*Hm(aD) <C ||9||L2(8D)

for some C > 0 (independent of u and g).
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References for the proof. When A € C'(D,SPD), this result, without the statement that u €
HY(D), is [48, Theorem 6.1], with [49, §2] then explaining how [48, Theorem 6.1] also holds when
A € C%(D,SPD). The fact that u € H'(D) follows from the representation of u as a single-
layer potential [48, Equation 6.2], [49, Equation 5.3], and the mapping property of this potential
in [48, Proposition 7.9]. O

The next lemma relates the conormal derivative defined by (A.4) to the standard conormal
derivative in H~1/2(9D) defined via Green’s identity (denoted by 0,, au).

Lemma A.8. Ford>2, if Ac C%(D,Sym) and v € H' (D) N CY(D) with V - (AVu) € L?(D),
(AVu)* € L*(0D), and du/dna € L?(OD), then du/Onp = Oy au.

Proof. We follow the proof of the result when A = | in [13, Lemma A.10]. By the definition of
Onau (see, e.g., [42, Lemma 4.3], [13, Pages 280-281]), it is sufficient to prove that

— 70 = / AVu- Vo471V - [AVu], (A.5)
op Ona D
for all v € H'(D). Since C*°(D) is dense in H'(D), it is sufficient to prove that (A.5) holds for
all v e C>(D).

Let {1,2,..., N} be a finite index set for {x;}; i.e. {x;} = {xi:1,...,N}. Let xo € C>(D)
be defined by

N
x):=1- in(x), x €D, so that ZXZ'(X) =1 xeD. (A.6)

We now claim that it is sufficient to prove that (A.5) holds for all v; := x,v with v € C*(D).
Indeed, assuming this result, we have

= A A
Z - 8nAW}Z Z/ Vu - Vu; + 5,V - [AVu],

_Z/ Xi AVu Vv +7V - [AVU}) (SmceZVXZ—O>

=0

oD 8nA

= / AVu - Vv +75V - [AVu],
D
i.e. (A.5) holds. For i =0, vg = xov € H}(D) and
/ AVu - Vug + 79V - [AVU] =0

D
by Green’s identity for u € H'(D) with V - [AVu] € L?(D) and vy € H'(D) [42, Lemma 4.3], [13,
Equation A.29] so that (A.5) holds with v = vy.

Fori=1,...,N,let D;; := D; — tb; for ¢t > 0, where b; := r;l(ed) as above; i.e. D, is the

(rotated) hypograph D; shifted down by ¢. Let G; := supp x; N D; ;. By interior regularity of the

operator (V- [AV])™! (see, e.g., [42, Theorem 4.16]) u € H?(G) and then, by Green’s identity for
u € H? and v € H! [42, Lemma 4.1], [13, Equation A.26],

/(,)D; a(y) -y (A) Vu(y)) 7o (y)ds(y) = /Dv (A(y)Vu(y) Vui(y) + 7 (y)V - [A(y)Vu(y)]>dy.

Using the change of variable y = x—t@ for y € 0D, , and x € 0D, observing that ni(y) = n(x) in
this case, and recalling that A € C%1(D,SPD) and Vu € C(D) (so we can omit the trace operator
from AVu), we have

/8 ) () - ((AVu) 757) (¢ — 1) ds(x) = /D (AVu- Vo, + 79 - (AVW) ) (x — B)dx.  (A)
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With ¢¢(x) := ¢p(x — tgi), observe that ¢:(x) — ¢(x) — 0 if ¢ is continuous at x, and thus (by
density of continuous functions in L?) ¢; — ¢ — 0 in L2. Therefore, as t — 0, the right-hand side
of (A.7) tends to

/ AVu - Vv, +5;V - [AVu] :/ AVu - Vv; +7;V - [AVu],
D; D
where for the last equality we have used the facts that suppv; C suppy; C W; and DNW,; =
D, NnW;.
For the left-hand side of (A.7), observe that

n(x) - ((AVU) W) (x — th;)

for some C' > 0 (dependent on v;). Therefore, taking the limit as ¢ — 0 in the left-hand side of (A.7)
using the dominated convergence theorem (noting that L?(suppx; N 0D;) C L'(supp x; N 0D;))
along with the inclusion (A.3) and the definition of du/dna (A.4), we find that the left-hand side
of (A.7) tends to faDi Ou/Ona 05, and the proof is complete. O

< C(AVu)*(x — thy)

Combining Theorem A.7 and Lemma A.8 gives the following corollary.

Corollary A.9. For d > 2, given A € C%Y(D,SPD), V € L>*(D) with V. > 0 on D, and
g € L2(0D), let u € HY(D) be the solution of the Neumann problem

V- [AVu] - Vu=0 inD, O,pu=g ondD.

Then
ou

u€ CH(D) forall0<s<1, (AVu)* € L*(0D), and Opau= E
A

(A.8)

We are now in a position to prove that C°°(D) is dense in Vical(D; A), from which Theorem A.1
follows. The idea of the proof is to decompose a general element w € Vica(D;A) as the sum of
a term v that is the restriction of the solution of a non-homogeneous PDE in R? (which enjoys
interior elliptic regularity) and a term u that is the solution of a homogeneous PDE in D (which
enjoys the regularity provided by Corollary A.9).

Theorem A.10. Ford > 2, if A € C'(D,SPD) then C*(D) is dense in Veca(D; A).

Proof. By Part (i) of Theorem A.2, we can omit the H!(9D) term from the definition of the norm
on Vieal(D; A) (A.2), and we do for the rest of this proof.

Given w € Viea1(D; A), choose v € D*(R?) such that V - [AVv] —v = V - [AVw] — w € L%(RY).
Then, by interior elliptic regularity, v € HZ (R%) so v € H?(D) and 9, av = f-v(AVw) € L*(9D).
Let u := w — v; then u € H(D) with V - [AVu] —u = 0 and 9, au € L?>(0D). By Corollary A.9,
u then satisfies the regularity conditions in (A.8).

Since C*°(D) is dense in H?(D) and there exists a C' > 0 such that, for any ¢ € H?(D),

Viea(D:A) < C (1Al w10e (py + 1) 10l 2y (A.9)

(where [ - |lv....(p;a) is defined by (A.2) without the H'(9D) term), v can be approximated by
smooth functions in Viea(D;A). Thus it is sufficient to prove that, given € > 0, there exists a
¢ € C>(D) such that |Ju — ¢ Veew(D;A) < €. Furthermore, by interior regularity, u € HZ (D) and
therefore, given & > 0, there exists ¢g € C°°(D) such that || xou— do||m2(p) < € where xq is defined
by (A.6). Therefore, using the partition of unity {x;}¥, in (A.6), it is sufficient to prove that,
given e > 0, there exists ¢; € C°°(D) such that ||x;u — ¢; Vieal(DiA) < E-

Let G; := D; Nsupp x; and define u,

I

w(x) == u(x — th;) for 0 <t<e* (A.10)

where €* is as in (A.3). By interior regularity u; € H?(G;). Using again the fact that C°°(D)
is dense in H?, and the fact that the H? norm controls the Vi..(D;A) norm (by (A.9)), by the
triangle inequality, to obtain the result it is sufficient to prove that

lu—wuelly,, (pay =0 ast—0.
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With (Vu); and (V - [AVu]); defined in an analogous way to (A.10), we have (Vu); = Vu; and
(V- [AVu]), = V - [A;Vu,]. Since translation is continuous in L2,

|lw — utHL2(Gi) Ve = Vu 2,y and [[V-[AVY] =V [AtvutH‘LZ(Gi) —0 ast—0.
(A.11)
Now, for some C' > 0,
IV - [AVu] = V- [AVUt]HL?(Gi)
<V -[AVY] = V- AVl o,y + IV - [(A = AVl 2,
<V -[AVY] = V- [AVu]l 2 + CIA = Al @ luell g2y, (A12)

which tends to zero as t — 0 using the last limit in (A.11) and the fact that A € C*(G;, SPD).
It only remains to prove that |0, au — On attl|z2(op,) — 0 as t — 0. Since u; € H?(G;), for
X € 8Di,

On.aui(x) = A(x) - 7(AVY,) (x) = n(x) - (Ax)Vu(x — tgi))7

where we have dropped the trace operator since A € C*(D,SPD) and Vu € C(D) by (A.8).
Therefore,

Aty (%) = 1i(x) - [A(x — th;)Vu(x — tb;) + (A(x) — A(x — th;)) Vau(x — tBi)} ,

=n(x) - [A(x — tb;)Vau(x — th;) + (A(x) — A(x — tb;)) A~ (x — tb;)A(x — tb;) Vu(x — tﬁi)],
ou

=0, 9%
a’n/_\

(x) + 0 by (A.4) and the memberships A € C'(D,SPD) and (AVu)* € L*(9D),
= Op,au(x) by the last property in (A.8),
and the proof is complete. O

We make two remarks. (i) The only step in the argument leading to Theorem A.1 that fails if we

assume only A € W (D, SPD) (as opposed to A € C*(D,SPD)) is the use of ||A — A¢||y1.0 29
in (A.12). (ii) [51, Lemma A.1] tried to prove density of C°°(D) in Viea (D, 1), i.e. a special case
of Theorem A.10, using the same method of proof as in Theorem A.1. However, this proof was
wrong; in particular, the condition (Vu)* € L?(9D) from (A.8) (coming when A = | originally
from [34, Theorem 2]) was not used.
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