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Summary

A generalized homogeneous control with integral action for a multiple-input plant
operating under uncertainty conditions is designed. The stability analysis is essen-
tially based on a special version of the non-smooth Lyapunov function theorem for
differential equations with discontinuous right-hand sides. A Lyapunov function for
analysis of the closed-loop system is presented. For negative homogeneity degree,

this Lyapunov function becomes a strict Lyapunov function allowing an advanced
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analysis to be provided. In particular, the maximum control magnitude and the
settling-time of the closed-loop system are estimated and a class of disturbances to
be rejected by the control law is characterized. The control parameters are tuned by
solving a system of Linear Matrix Inequalities (LMIs), whose feasibility is proved
at least for small (close to zero) homogeneity degrees. The theoretical results are

illustrated by numerical simulations.
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1 | INTRODUCTION

The presence of unknown non-vanishing perturbations and uncertainties can lead the system to an unknown equilibrium. A
continuous static feedback controller cannot stabilize a system with a matched non-vanishing disturbance to the origin. Sliding
mode control, disturbance observer, and integral control are three common methods for compensating the matched unknown
non-vanishing (at the origin) perturbations. Theoretically sliding mode control can compensate matched bounded non-vanishing
perturbations. However, in practice, discontinuous control action of the sliding mode control evokes a "chattering", which may
even damage a plant in some cases. Integral control action is used in practice in order to eliminate an unknown constant pertur-
bation. In some cases, it can be utilized to reduce the chattering of the sliding mode controller, as for example, in the case of the
super-twisting algorithm'’.

Integral control has an outstanding history in the context of PID (Proportional-Integral-Derivative) control theory. Linear
MIMO ( Multiple-Input Multiple-Output) control systems with integral actions are studied, for example, in?*4, Linear PI control
for nonlinear system is considered in®'°. Some nonlinear integral actions are proposed in’Z, .

Homogeneity is a dilation symmetry, which is widely used in control theory for system analysis, regulation and observer
designUOIZISIAL gy ch interest in the homogeneity concept is caused by various useful features of homogeneous systems.
In particular, local stability of homogeneous system means the global one; the rate of convergence of homogeneous systems can
be assessed by its homogeneity degree!®; homogeneous systems are robust with respect to a large class of external perturba-
tions /U890 and time delays, etc. The most common type of homogeneity used in control design is the so-called weighted
homogeneity13!1222,
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In%¥2% 2 homogeneous proportional-integral-derivative control for a single-input-single-output(SISO) system is proposed

and its performance is validated by experiments with a robot manipulator. In®, a weighted homogeneous integral con-
trol with positive degree on second-order and third-order system is proposed. A weighted homogeneous integral control
based on implicit Lyapunov function for a Multiple-Input Multiple-Output (MIMO) system is proposed in®. The use of the
weighted homogeneity-based technique for linear MIMO plants requires specific decomposition of the system” leading to some
cumbersome constructions9,

The so-called linear homogeneity studied in this paper covers the weighted homogeneity as a particular case. It is shown
in28, all important results known for standard and weighted homogeneous systems hold for linearly homogeneous systems as
well. The linear homogeneity is shown to be useful for the homogeneous MIMO control systems design?®, 2%, The generalized
homogeneous control with integral action is proposed in'* and was utilized for an upgrade of existing linear control law to a
generalized homogeneous one in“Y. The stability of the system is studied based on LaSalle’s invariance principle, which does
not allow an advanced stability analysis such as settling time estimation and characterization of the perturbations to be rejected.

A strict non-smooth Lyapunov for the super-twisting system (being planar and weighted homogeneous) is proposed in“L. It
allows the algebraic stability/stabilization condition, the simple scheme for the settling-time estimation as well as for the robust-
ness analysis to be provided. In this paper we extend the strict Lyapunov function from“! to MIMO generalized homogeneous
system using the so-called canonical homogeneous norm (see Definition . Unlike the paper=!, the singularity set of the non-
smooth Lyapunov function in the MIMO case is an n-dimensional manifold of the space R"*". This complicates the stability
analysis and requires an application of a special non-smooth Lyapunov function theorem. However, similarly to"l, this allows
the procedure of the control parameters tuning to be formalized in terms of LMIs and an advanced convergence/robustness
analysis to be provided.

The main contributions of the paper are as follows.

1. The stability analysis based on a non-smooth Lyapunov function, introduced in!' for a planar weighted homogeneous
system, is extended to the multidimensional case using the canonical homogeneous norm.

2. A generalized homogeneous integral control is proposed for finite-time stabilization of a linear MIMO system under non-
vanishing matched and vanishing (at the origin) mismatched perturbations. A strict non-smooth Lyapunov function is
constructed. It is shown that control parameters can be tuned by means of solving a system of LMIs.

3. The settling time and the maximal magnitude of the control are estimated.
4. A class of perturbations, which can be rejected by means of the homogeneous integral control, is characterized.

The preliminary version of this paper was presented at the Conference on Decision and Control 20212, The key differences
of this paper are as follows:

e A new generalized homogeneous integral controller is introduced.

o A less conservative LMIs for control parameters tuning are obtained and their feasibility is proven.
e Detailed proofs of all claims are presented.

e New numerical examples, better illustrating theoretical results, are presented.

The paper is organized as follows: Section 2 presents the basic facts about the homogeneous systems and homogeneous
control. The problem statement is given in Section 3. Section 4 presents the main results of this paper: a non-smooth Lyapunov
function theorem for multi-dimensional differential equations with discontinuous right-hand sides; generalized homogeneous
control with integral action and analysis of the closed-loop system via a new strict Lyapunov function. In Section 5, a third-order
MIMO linear system with a generalized homogeneous integral controller is studied, and numerical simulations of the proposed
control for an omnidirectional mobile robot are presented. Proofs of all claims are given in Appendix.

NOTATION

R is the set of real numbers, R, = {x € R : x > 0}; |[x|| = VxTPx is the weighted Euclidean norm in R”, where a
positive definite matrix P = PT € R™" defined dependently on the context; 0 denotes the zero element of a vector space (e.g.,
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0 € R" is the zero vector but 0 € R™" is the zero matrix); I, € R™" is the identity matrix; diag {ai}:’zl is the diagonal matrix
with elements o;; P > 0(< 0,> 0,< 0) for P € R™” means that the matrix P is symmetric and positive (negative) definite
(semidefinite); C(X,Y) denotes the space of continuous functions X — Y, where X, Y are subsets of normed vector spaces;
C?(X,Y) is the space of functions continuously differentiable at least up to the order p; A.;,(P) and 4., (P) represent the
minimal and maximal eigenval}ue of amatrix P = PT; max {x, y} means the maximal value among x and y; for P > 0 the square
root of P is a matrix M = P: such that M2 = P; if A € R™" then |A|l = SUp,o %; a function ¢ : [0, +00) — [0, +00)
belongs to the class K if it is positive definite, continuous and strictly increasing; a class K function ¢ belongs to the class K,
if 0(s) = 400 as s = +o0; a continuous function § : R, X R, — R, belongs to the class KL if it is K with respect to the
first argument and strictly decreasing to zero with respect to the second argument; L* denotes the set of essentially bounded

measurable functions R — R¥ and ||;1||L(°:,011) =ess sup,e(to,tl)lln(t)ll.

2 | PROBLEM STATEMENT

Let us consider the following system:
>'c=Ax+B(u+g2(t)) +g,(tx), t>0, x(0)=x,eR", @)

where x() € R”" is the system state, u(f) € R™ is a control to be designed, A € R"™" and B € R"™" are system matrices,
the unknown function g; : R, X R” — R" is assumed to be locally Lebesgue measurable and locally bounded, the unknown
function g, : R, — R"is assumed to be locally Lipschitz continuous. The function g, defines matched (possibly non-vanishing)
perturbations. The function g,, which may contain mismatched uncertainties, is assumed to be vanishing as x goes to zero,
e.g., drag or damping forces in the case of a mechanical system. Notice that the latter vanishing condition is necessary for the
stabilizability of the system (otherwise x = 0 is not an equilibrium). More restrictions to admissible perturbations g, and g, are
given in Section 4.
We study the considered system under the following main assumption.

Assumption 1. The pair of (A, B) is controllable and all states x are available/measurable.

Our aim is to design a control law with integral action

t
u= ul(x)+/uz(x(r))dr, u, c R'"->R"™i=1,2, 2)
0

such that the closed-loop unperturbed system (I)-(2) is homogeneous of negative degree (in a generalized sense described below)
and asymptotically stable. We also need to characterize perturbations g, and g,, which can be rejected by this controller.

3 | PRELIMINARIES

3.1 | Homogeneous Systems

By definition, the homogeneity is a dilation symmetry333493315 - A dilation®,3 is a one-parameter group d(s),s € R of

transformations satisfying the limit property: lim,_, . ||[d(s)x|| = e*", s® = +00,Vx # 0.
Examples of dilations in R" are

o Uniform dilation (L. Euler, 18th century): d(s) = e°I,, where [ is the identity matrix R";

e .. 0

o Weighted dilation®? : d(s) = ( 5 ) ,wherer; > 0,i=1,2,....n.

Len

e Geometric dilation is a flow generated by unstable C'! vector field in R" (see“*,).

In this paper we deal only with the so-called linear (geometric) dilation in R”, which is defined as follows

+0o0 siGi
d(s) = eCa = Z 4 seR” €))
i=0

il
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where G4 € R” is said to be an anti-Hurwitzﬂ matrix called the generator of the dilation d.
Definition 1. 28 A dilation d is monotone if s — ||d(s)x|| is a monotone increasing function for any x # 0.

Monotonicity of the dilation may depend of the norm in R”. Any linear dilation in R" is monotone® with respect to the norm
in R" is defined as follows
Ixll = VxTPx, PG4+GyP>0, 0<P=P' €R™. 4)
The linear dilation introduces an alternative norm topology in R” by means of a homogeneous norm (see, e.g.,3Z for an
example of a homogeneous norm induced by the weighted dilation).
Definition 2. 8 The function || - || : R” — [0, +c0) defined as ||0]|4 = 0 and
llx|lq = €', where s, €R : ”d (=s,) x“ =1, x#0
is called the canonical homogeneous norm in R”, where d is a monotone dilation in R".
For any linear monotone dilation in R”, the canonical homogeneous norm is continuous on R” and locally Lipschitz continuous
on R™\{0}. Moreover4¥, it is differentiable on R™\ {0} provided that || - || is given by {@):
al|x| x"d"(=In||x]||q)Pd(=In||x]|4)
— = lIxlla—=== d & x#0. )
ox xTdT(—In||x||)) PG4qd(—In || x]|4)x
Definition 3. © A vector field f : R” — R” (resp. a function & : R" — R) is said to be d-homogeneous of degree u € R if
fd(s)x) =ed(s)f(x), VxeR", VseR,

(resp. h(d(s)) = e h(x), VxeR", VseR),

where d is a linear dilation in R”.
InZ¥ it is shown that any d-homogeneous system of degree u
x=f(x), t>0, x(0)=x,eR" (6)

is diffeomorphic on R"\{0} to a standard homogeneous system. This means that all important results known for standard and
weighted homogeneous systems hold for linear homogeneous systems as well. For instance, the results obtained in% imply
that if the system (6] is asymptotically stable then this systems is

e globally uniformly finite-time stableE] for u < 0;
e globally uniformly exponentially stable for 4 = 0;

e globally uniformly nearly fixed-time stableE] for u > 0.

3.2 | Homogeneous control algorithm
Let us consider the following linear system
X =Ax+ Bu(x) + g(t,x), t>0, x(0)=x, @)

where x(¢) € R” is the system state, u : R" — R™ is the feedback control to be designed, A € R™" and B € R™™ are system
matrices, a locally measurable function g : R, X R” — R” models parametric uncertainties and exogenous perturbations.

The system (7) is said to be d-homogeneously stabilizable of degree y € R if there exists a feedback u : R" — R™ such
that f(x) = Ax + Bu(x) is d-homogeneous of degree u, and the closed-loop system is globally asymptotically stable. The
disturbance-free (i.e., g = 0) system (7)) is d-homogeneously stabilizable with a degree y # 0 if and only if the pair { A, B} is
controllable?”.

Theorem 1. 2 If the linear equation
AGy+ BYy; =GyA+ A, G,B=0. 8

'A matrix G € R™" is anti-Hurwitz if the matrix —G, is Hurwitz.
2jt is Lyapunov stable and 37 (x,) : ||[x(1)|| = 0,Vt > T'(x(), Vx, € R".
3it is Lyapunov stable and Vr > 0,37, > 0 : ||x(®)|| < r,Vt > T, independently of x, € R".
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has a solution G, € R™" and Y, € R"™" such that G, — I, is invertible, then for any y > —1 such that G4 = I, + uG, is
anti-Hurwitz, the disturbance-free system (7)) can always be homogeneously stabilized by the following control

u=up,,(x) = Kyx + ||x||jl+”1<d (-Infixllqy) x, K=YX"' )

with Ky = Y(G, — I,)"! and any X € R™", Y € R™" satisfying the following linear system

XA+ A X +YTBT + BY +p (XG] +Gy4X) =0 10)
XGy+Gy4X >0, X >0
where A, = A+ BK,, p > 0. The canonical homogeneous norm || - ||4 is induced by the norm ||x|| = /xT X~!x. Moreover, if
T, )d (= 1n || x]| )X (= In || x]| 4 )x
g (t,x)d ( llxlla) ( llx1lq) < pllx|l¥, V> o0, 11)
xTdT(=In[Ix[l9) X' Gqd(= In [|x]lg)x
then the perturbed system ([/) is
e globally uniformly finite-time stable for u < 0;
e globally uniformly exponentially stable for y = 0;
e globally nearly fixed-time stable for ¢ > 0.
([l

The proof of this theorem is based on the use of the canonical homogeneous norm as a Lyapunov function of the closed-loop
system (7), Q) with g = 0:

xTd" (= In||x]|9) X ~'d(— In [|Ix[l)(Ax+Bu,,,,(x)) _ T+p xTd (= In x|l X " (Ag+BK)d(=In||xll)x _ 1+u
xTdT(=In [|x[lg) X ' Ggd(~In || x| 4)x - ||x||d xTdT(=In||x|)X ' Gad(=In [Ix]l)x pllx(t)”d : (12)

LlxOlla = vl
The disturbance g rejected by the control law is characterized by the inequality (TT)), which is obtained from (3)) and (12) using
d|lx®)llg g'(t,)d" (= In [Ix[lg) X~ 'd(=In [|x[lq)x

dt xTdT(—=In[|x]lg) X ~1Gqd(—1In [|x|lg)x
The formula (I2) implies that the canonical homogeneous norm is a Lyapunov function for the closed-loop system. The
feasibility of the algebraic system is proven in2Z, The existence of an appropriate solution for (§) is studied in?. It can be shown

that the matrix G, — I is invertible for any solution of (8). Obviously, for a sufficiently small |u| we have Gy = I + uG, is
anti-Hurwitz.

1
== pllx®llg™ + 2llxllq

4 | MAIN RESULTS

Our aim is to design a generalized homogeneous control with integral action for MIMO system (T). For this purpose we design
a strict homogeneous non-smooth Lyapunov function.

4.1 | Non-smooth Lyapunov function theorem

In many cases (see, e.g.,23138) the use of a non-smooth Lyapunov function simplifies the stability analysis of a closed-loop
control system. However, it may require special restrictions to the system. Inspired by=?,4? we prove (see Appendix) the following
theorem.

Theorem 2. Let f : R" - R", V' : R” - R be such that
e Jda,f € K :a(llx]) < V(x) < B(llx]D, Vx € R™;
e Ve CR"R)N CI(R”\S, R), where S C R"” is n — m -dimensional manifold in R”, 1 < m < n;
o f € C(R"\S,R") is locally bounded on R";

° ‘;—I; f(x) £ =W (x) for x € R"\{S U0}, where W € C(R",R) is a positive definite (resp., semidefinite) function.
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Then the system

x=f(x), t>0
is globally uniformly asymptotically (resp., Lyapunov) stableE] provided that any trajectory of the system may cross the set S\ {0}
only at isolated instances of time, namely, if 37 > 0 : x(7) € S\{0} then Ir = r(¥) > O such that x(¢) ¢ S\{0} forallt € (7, i+r).

Notice that the simplest sufficient condition to guarantee that the manifold S := {x € R" : s(x) = 0}, s € C'(R") does not
contain non-zero trajectories of the system with f € C(R") is

Mf(x);aéO for x=0.
ox

The latter condition simply means that trajectories of the systems cross the manifold .S’ by avoiding to slide on it.

Since in Theorem [2] the vector field f may be discontinuous on the manifold .S, then the presented theorem also holds
for systems with discontinuous right-hand sides. In the latter case, the solutions of the system are understood in the sense of
Filippov*!,

The finite/fixed-time stability analysis by means of a non-Lipschitz Lyapunov function is based on the following corollary.

Corollary 1. If under conditions of Theorem 2] there exist & > 0 and p > 0 such that
aa—Vf(X) < —qV?(x) for xeR"\{SUO}
X

then the origin of the system is

e globally uniformly finite-time stable for p < 1 and x(¢#) = 0 for all > V;%;«)(q()));

e globally uniformly asymptotically stable for p = 1 and a(]|x(®)||) < =% B(||x(0)||) for all ¢ > 0;

1

o globally uniformly nearly fixed-time stable for p > 1 and V' (x(¢)) < r for all t > e and for any r > 0.

O

Remark 1. Theorem [2| and Corollary remain valid for a time-varying system x = f (¢, x) provided that the term ‘;—: f(x)is

replaced with sup ‘;—V f(, x).
reR ¥

4.2 | Generalized homogeneous integral control
Let us consider the following integral controller for the system (7)):
u(t, x) = Kox + o (x) + [ tte (x())ds,
Upom () = IIx[|;7Kd (= 1In [|x[|) x, (13)
U (%) = [Ix]1 ;7 Kd (= In [[x]lg) X,
where K|, and K are given in Theorem and K € R™" is the gain to be defined.

Remark 2. The control law differs from the algorithms considered in™2%%2, since the gain K, in our case, is independent
of x. This simplifies the practical implementation of the algorithm and allows the classical linear PI algorithms to be easily
obtained taking 4 = 0 (see below).

We consider a special class of perturbations as in the system (I). The disturbance function g in (7) is assumed to have the
following representation

t

g1, x() = g1, x) + B&;(1), &) =p+ / & (s, x(s))ds, 120 (14)

0
where g; : R, X R" - R"and g, : R, X R" — R™ are assumed to be locally measurable and locally bounded unknown
functions (satisfying certain condition given below) and p € R™ is an unknown constant vector. By Newton-Leibniz formula,
the representation (T4) holds for any locally Lipschitz continuous function g, taking p = &,(0) and g, = dditz. Notice that g,

“In the case of discontinuous f solutions are understood in the sense of Filippov.
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and g, may depend on the state x. For example, if §,(f) = y(¢, x(¢)), where the function y : R, X R" — R™ is continuously
differentiable (or, at least, locally Lipschitz continuous), then the representation (I4) holds for p = y(0, x,) and g,(t,x) =
U0 4 200 (Ax + Bu+y(t, %)) + &,(t,%)).

With the notation .

X4 =P+ / U, (x(5)) + g,(s, x(5))d s (15)
0
the closed-loop system becomes

X = AX + B (KX + g, (%) + X141 ) + &1, %), (16)
Xyt = Ui (X) + 85(2, X).

For g, =0, g, = 0, the system is d-homogeneous of degree y > —0.5 with
~ e
d(s) = ( o o ) (17)

Remark 3. For a single-input system m = n = 1, the homogeneous integral control (I3)) becomes a classical PI algorithm for
u =0, Gg = I,. It becomes the super-twisting algorithm™ X forn =1,m =1, y = -05,Gy =1, Gg = (¢ o ):

0 60.55
X, = IS [x|sign(x;) + x, + g, (¢, x),
X, = Ksign(x,) + g,(t, x).
The very simple (non-Lipschitz) Lyapunov function

|x; | TH#sign(x,)

V= FTPE, §:< > 0<P= B cr? (18)

X
was designed in! for the stability and robustness analysis of the super-twisting system. We extend this result to the MIMO
system (7) and (I3)) using the linear (geometric) homogeneity and the canonical homogeneous norm.

Theorem 3 (The case of a constant perturbation). Let g, = 0,g, = 0 and the matrices Gy, K, 4y, K, X, Y be defined as
in Theorem for some y > —0.5 and some p > 0. If the matrix ¥ € R”" and the symmetric matrix Q € R™" satisfy the
following system of LMIs:

Py
W, = |l >0 (19)
Y 0
A ~ T~
pp L2y LD T g
wa=| . " u 0 [<0 (20)
* * -0
yB"PBYF
i > 21
[FTYT yP]—O’ y>0 @1
where P = X™\, R = PGy + GJP > 0, F = Ay + BK, F = ((1+ w1, —Gy), q = Ay, (P7V/?RP72), ¢, =

- - B™PB | B'YF+F'YTB | YB+B'YT . s -
Apax(P"Y2RP™1/2)and M, = £ Tt ;qf +—=——,i = 1,2, then the closed-loop system (), (I3) with K = 0~'Y

is
e globally uniformly finite-time stable for u < 0;
e globally uniformly exponentially stable for 4 = 0;
e globally uniformly nearly fixed-time stable p > 0.

(]

For the proof of this theorem (see Appendix) we show that the system (7)) and (T3] has a Lyapunov function of the form

1|77
V(f)=§§T ';5{” 0 I3 (22)
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I+p g,
where & ( 1l d(= In [1xllg)x ) and
Xnt1 i
V(&) < —plixllgV (&), &#0, (23)
1 -1 _1

ﬁ:—max{imax{zﬂ/] *Wi(gHW, 2},1’:1,2}>0. 24)
The considered Lyapunov function repeats the structure of the Lyapunov function (I8), where the modulus | - | is replaced with
the canonical homogeneous norm || - ||4 and the sign function is replaced with its vector-valued analog d(— In ||x||4)x. Indeed,

in the case of the standard homogeneity (i.e., for d(s) = ¢°1,) we have d(—In ||x||4)x = ﬁ

If n = m and A = 0 then the homogeneous PI controller becomes a version of MIMO super-twisting algorithm.

For u > 0 the Lyapunov function V' is a weak Lyapunov function, so the global asymptotic stability in this case is established
by LaSalle invariance principle®,4?, For u < 0 this Lyapunov function is a strict (but non-smooth) due to Theorem [2} For

n =1, u = —0.5 the Lyapunov function (22) coincides with (I8)) designed in"! for the super-twisting system.
Corollary 2. The system of LMIs (T9)-(21) is feasible, at least, for p < 1 and a small enough | u|.
The settling time of the closed-loop system can be estimated using the strict Lyapunov function.

Corollary 3 (Finite-time Stability for 4 < 0). Under conditions of Theorem 3| with y < 0, the closed-loop system is finite-time
stable and the settling-time T : R” — R, admits the estimate

KK
r 22 242 (50)
- i =

24+2u

-1 Loyt
Az_ﬂmin Iiu
2 Y O

= ( 1o 1™ d(=In 1o l)xo > _
p

Notice that the settling time estimate depends on the system’s initial state x, € R" and the unknown constant perturbation
p € R™. Therefore, the settling time cannot be estimated without prior estimates of x,, and p.

T(x) <

where r = A, (P)/ 4,

and

Remark 4. Notice that u;,, is a continuous function of x for —0.5 < g < 0. In this case the control can reject a non-vanishing
(at x = 0) matched perturbation only if this perturbation is a constant. Non-constant and non-vanishing (at x = 0) matched

perturbation may be rejected by the control only if y = —0.5. In the latter case u,,, is discontinuous at x = 0.

int
In fact, the proposed integral control is capable to reject (at least, theoretically) a wide range of disturbances. Based on

Theorem 3] we present a broader class of perturbations g that can be rejected by the proposed generalized homogeneous control
with integral action.

Corollary 4 (The case of time and state dependent perturbations). Let under conditions of Theorem 3|the following inequalities

hold: T
2|xTd"(=1In ||x|lg)Pd(—In || x| g)g, (7, x)|

< i 25
AT In il RA- I xlx 1l 2
g/t 0d = n Il PA-In Ixlle 00|
- < 72IxIl; (26)
[XTdT (= In lIxlla) P Bey(t, )| < pallxlly™ @7
g;—(t’ X)Q(BTPB)_Ing(I, x) 2 244y
<7illxlly (28)

4
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where the parameters y,, 7,,7,, 7, > 0 satisfy the systems of LMIs (19}{20) and

) e Al
'Y.BPB ~
* a M0 Y 29)
% % -0 0
k k * -£

73

where H = F — pF + I. Then the closed-loop system (7), (T4), (T3) is
e globally uniformly finite-time stable for u < 0;
e globally uniformly exponentially stable for 4 = 0;
e globally uniformly nearly fixed-time stable u > O.

The homogeneous systems are also robust in the sense of Input-to-State StabilityE]with respect to a wide class of perturba-
tions18, 2%, The ISS analysis of a nonlinear control system with the homogeneous PI control is given in the following corollary,
which, in particular, proves that the presented controller is applicable for some non-linear systems as well.

Corollary 5. Let a function f : R” X R” x R¥ = R” x R™ be a continuous and

Ax + B(Kyx + up,,,(X) + x,,1)
Uy (X)

where K, uy,,,,. U;,, are components of the homogeneous PI controller (I3)) defined according to Theorem [3|for y > —0.5. If

there exists a linear dilation d, in R¥ such that

F@)x, e Mx, 1 d () = e d(s)f(x, x,,1.1), Vs €R,Vx €R",x,,, €R",Vn € R, (30)
where d(s) is given by (T7)), then the system

f(x,xn+1,0)=< >, xeR", x,.,€R",

<x > = f(x’ xn+19’1)9 > O, x(o) = x()s n € LOO

Xn+1

is input-to-state stable.

The latter corollary, in particular, guarantees the robustness (in the sense of the input-to-state stability) of the closed-loop

system (I), (I3)) with respect to measurement noises. Indeed, all conditions of the corollary are fulfilled for dn(s) = ( dﬁf) d?s) )’

Ax + B(Kyx +up (x+7n)+x,.,)+
f(x»xn+1,’1)=< 0 hom m i) Ty ) n= m

. nLhm €RY,
Uy (X +17)) m) b

where 7 € R?" models perturbations. If 7, € L* is a measurement noise (i.e., we measure X = x + 1) then selecting 7, = 7,
and 5, = BK,n, we conclude that the linear system (I)) with the homogeneous PI controller (I3)) is ISS with respect to the
measurement noise.

Finally, the estimate of the maximum magnitude of the controller (I3) is given below.

Corollary 6 (The estimate of the control magnitude). Under conditions of Theorem 3] (or Corollary [) one has

1 V(&)
GOl g S UK - Tl + NI - H1xllg ™ 41/ =52 + 1Pllgns (€19}

where 1 and &, are defined in Corollary [3} the vector norm in R™ is defined as ||v|| g» = Vv v, the vector norm in R is given
by [lyll = v/yT Py and the matrix norm for Z € R"™" is defined as follows || Z|| = \/ Ay (P~1/2ZT Z P-1/2).

4.3 | Control tunning and '"'upgrading'' from a existing linear PI controller

There are several parameters for homogeneous PI control tuning. The first one is the homogeneity degree u € [—0.5,0). The
case u = 0 corresponds to a linear PI algorithm, but for u = —0.5 we derive a MIMO version of the super-twisting algorithm.

SThe system X = f(x,n),t > 0,x(0) = x4, 7 € L® is said to be input-to-state stable*# if there is a function § € KL and a function y € K such that for all initial
states x(t,) = x, € R", all #;, > 0 and for all admissible inputs n € L* the following inequality holds: [|x(z, x,)|| < g (||x0||,t - IO) +y <||n||Lfo .
100
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The generator G4 and the "homogenization" gain K|, are calculated via (9) and G4 = I,, + uG,, where the matrices G,,, K, are
independent of the homogeneity degree y (see Theorem|[I)) defined by means of the system matrices A and B only .

The second parameter p > 0 can be utilized for the tuning of the convergence time (the larger p, the faster convergence) and
the robustness of the system (the larger p, the larger class of perturbations can be rejected). The parameters K and P can be
determined by solving the LMIs (T0) for the selected y and p. The LMI (I0) is always feasible.

On the final step, using the selected parameters, the gain K of the integral term can be found by solving the LMIs (T9), (20)
and ZI). Corollary 2] guarantees that the homogeneous PI controller can always be designed via suggested procedure, at least,
if u is close to zero. To tune the finite-time controller, we may start from y close to zero and, next, decrease x while the LMIs
(10) and (19)-(21) remain feasible.

The paper2? proposes a method for "upgrading” a well-tuned linear PI controller

t
(1) = K,x(1) + / Kx(s)ds, t>0
0

to a homogeneous one (T3). The parameters K, and K; are suggested to be taken from the linear controller. So, to complete the
upgrade, the parameters y, p has to be selected such that the LMIs will be feasible with respect to X and O (Y = (K, — K()X
and Y = K,Q). In the view of Corollary such an "upgrade" is always possible, at least, for u close to 0 and p € (0, 1).

S | EXAMPLE

In this section, two examples of the proposed control design are provided. In the first example, we compare the homogeneous PI
control with linear PI control. We also demonstrate the possibility of the "upgrading” of a linear PI algorithm to a homogeneous
one. In the second example, we apply the homogeneous PI control to an omnidirectional mobile robot and compare it with a
homogeneous control without integral action.

5.1 | MIMO linear system stabilization

Let us consider the system
X = Ax + Bu(x +n) + g(t, x)

with the parameters

0 1.005 0 0
A=10 0 1.0}, B=110 0
1.02.0 0 0.5 0.5

and the perturbation g is defined as

g=¢g +Bp+ /gz, g = 0.01[L 1L, 11" VIIxll, & = 0.01[1, 11" V/|Ix[l, p = [0.2,0.2]".

and # models the measurement noise. We have proven the robustness of the homogeneous PI controller with respect to some
classes of matched and mismatched perturbations. The robustness (in the sense of Intut-to-State stability) of homogeneous
control systems with respect to the measurement noises is well known®20. For simulations, the noise # is generated by a
normally (Gaussian) distributed random signal with the zero mean and the variance of 0.0005.

Then, selecting y = —0.45, p = 0.5 and by solving the LMIs (I0) and (we use the package YALMIP and solver
SEDUMI in MATLAB), we obtain:

145 00 3.1591 0.8489 0.4211
Gq=| 00031 10, P=[0.8489 1.4690 —0.0154],
—0.0062 0 1 0.4211 -0.0154 1.4924

K. = 0 0.0069 —0.9965 _|—=2.2737 -1.0838 —0.6828
07 [-2 —4.0346 0.9827 |’ ~ 105636 1.3007 —0.5996|°

~ [—0.1289 —0.0674 —0.0223 5 |—1.3539 -0.5740 -0.5323
~ 1 0.0108 0.0784 —0.1608]’ ~ |-0.1977 0.1583 -0.6190|’
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1.8339 3.5954
To illustrate the robustness of the proposed generalized homogeneous PI control, we design a linear PI control

U, = pr+/K,-xdr,

K — [—11.85 ~3.6471 —3.2985] _ [—0.2385 ~0.08056 —0.02665
- . K =

0= [10.6540 1.8339] .y =05139

? 097 0.3504 —-1.0383 0.02176 0.09374 —0.1923 |~
in such a way, in the nominal (disturbance-free and noise-free) case, it provides approximately the same time response as the

homogeneous one. For the initial state x, = [0.1,0.1,0.1]T both controllers guarantee ||x|| < 0.001 after approximately the
same instant of time ¢ = 2.78 (see Figures I3} [Ib). Both controllers have good quality for the system without perturbations. In
the presence of additive disturbances g, the system driven by generalized homogeneous control with integral action converges
much faster than the system with linear PI control (see Figures [Ic| [Id). Homogeneous finite-time controllers (as any sliding
mode or high gain algorithm) are more sensitive to the noise than linear algorithms. However, in the presence of both noises and
perturbations, the homogeneous PI controller still provides the better control performance than the linear controller (see Figures
[[f). We also demonstrate a possibility of an "upgrading” of a linear feedback algorithm to a homogeneous one with a better
control quality. For this purpose we fix the gains K, and K; of the above linear controller and search for y, p and P such that the
system of LMI (I0) and (T9}{Z1) is fulfilled. For the "upgrading", we select 4 = —0.1, p = 0.5, then the control parameters are
determining by solving the LMIs

145 00 0.0819 0.0164 0
G;=10.0007 10, P*"= 0 001 0 |,
—-0.0014 0 1 0.0348 0.0069 0.01

The results of the simulation are shown in Figure [2] Comparing performance of the origin linear PI control(see Figures [Tb]
[Ld|Tf) and the "upgraded" (generalized homogeneous) control (see Figures[2a] [2b]2c), we can observe an essential improvement
of the control quality (such as faster convergence and better robustness) in both perturbed and non-perturbed case.

5.2 | Mobile robot stabilization
Let us consider an omnidirectional mobile robot*> modeled by the following ordinary differential equation :
ME{+CE,+DE=1+6 (32)

where M € R¥3, C € R¥3 and D € R¥? are system matrices, { = [x, y,0]", (x, ) is the coordinates of robot on the plane
R2, 9 is the orientation angle with respect to x-axis of the inertial frame, 7 € R3 is the control input, and 6 € R3 denotes the

matched additive disturbance. Denoting A = g 3 ]\4[3_ 1 D] ,B= [ ]WO_I] , the model can be rewritten as
g_fo & [, [0 .
| = 4 =A B
[C] [0 _m-'p| |¢ + M- u+d) <= Zg Ze + (u+96) (33)
where z, = [{T,{TT, u =7 - C()E.
3.9364 —0.5189 —0.5189 010 165.9787 —80.0129 —80.0129
M =[-0.5189 3.9364 —0.5189|, C(¢)=1[0,0,42541(({-100|, D=|-80.0129 165.9787 —80.0129|.
—0.5189 —0.5189 1.1491 000 —80.0129 —80.0129 165.9787

The parameters of homogeneous controller are obtained by solving the LMIs via MATLAB package YALMIP and the solver
SEDUML. The simulation was done in Simulink with the solver ODE45 (Dormand-Prince), and the relative tolerance is 107>.
For 4 = —0.4, p = 0.5, the controller parameters are given as follows:

000 165.9787 —80.0129 —80.0129
Ky, =100 0 —-80.0129 165.9787 —80.0129 |,
00 0 —80.0129 —80.0129 165.9787

—9.1082 2.8498 —1.9469 —4.9963 3.0147 —3.8379
K =]-1.0112 -9.2387 0.9243 -2.5011 -5.1827 0.2639 |,
23453 1.1399 -2.0910 2.2939 0.5719 -0.6473
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—0.1428 0.0272 —0.1100 —0.0855 0.0056 —0.0418
K =[-0.0451 —0.1623 —0.0668 —0.0167 —0.0989 —0.0288 |,
0.1226 —-0.0160 —0.3299 0.0378 -0.0154 —-0.1707

_ 13312915 1.02371; _|141; 0
| 1.89651, 1.462413] T [ 0 13]

For the simulation, we consider a constant perturbation 6 = [2,2, 0.2]" and the initial state £(0) = [1.5,1.5,1,0,0,0]". The

simulation results are presented in Figure 3] where the homogeneous controllers with and without integral action are compared.

Note that in Figure [3a] the robot governed by the homogeneous PI control (with integral action) can reach the origin, but the

controller without integral action has a static error. According to Figures and [3d| the integral action almost has no effect

in the transition phase, but it helps to improve precision in the steady state.

6 | CONCLUSION

In this paper, based on a non-smooth Lyapunov function method, we present a strict Lyapunov function for analysis and design
of the generalized homogeneous integral controller with negative homogeneity degree.

e The controller is designed in a simpler form that makes it easier to implement in practice and to cover both linear PI and
super-twisting SM algorithms as particular cases.

e The controller gain can be easily tuned by LMIs, which is beneficial when dealing with high-dimension system. In com-
parison to the preceding integral homogeneous controller*®,1> the generalized integral homogeneous control does not
require the system’s specific structure, thus it can avoid cumbersome constructions.

e Furthermore , the generalized integral control can reject matched constant and Lipschitz perturbations as some vanishing
at zero mismatched perturbations.

A class of perturbations to be rejected by the mentioned controller is characterized. Besides, the settling time and the magnitude
of the controller are estimated. All estimates are obtained in terms of the so-called canonical homogeneous norm, which can
be computed numerically or explicitly estimated analytically (see, 1> €haper9) The simulations demonstrate that the generalized
homogeneous integral controller has a faster response than a linear PI controller with the same gains and better precision that a
generalized homogeneous controller without integral action. A further study about the case of a positive homogeneity degree,
which implies fixed-time convergence properties of the system, will be an interesting problem for our future research.

7 | APPENDIX

7.1 | Proof of Theorem 2]
First of all notice that continuity of W on R” implies that lim sup ';—V f(x) £ =W (x), where the limit x — S is understood in
x— x

the Hausdorff topology (see, e.g.41).

Let x(¢) be an arbitrary trajectory of the system and let 7 > 0 be such that x(r) € S\{0}. On the one hand, by assumption of
the theorem, 7 is isolated (from the right), i.e. there exists r > 0 such that x(¢) & S\{0} for all z € (7,7 + r). In this case, the
function t — V' (x(¢)) is continuously differentiable on (7, f + r].

On the other hand, since any continuous function is uniformly continuous on any compact, then the function t — V (x(?)) is
uniformly continuous on [7, 7 + r], i.e. there exists @ € K such that |V (x(¢")) — V(x(#"))| < o(|t’' — "), V¢, t" € [{,f + r]. For
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any t € (f,7+ r) and any h € (0,r) one has [t,7 + h] C (,f + r) and
V(x(@+ h)) =V (x(D) _ V(x(f+ h)) = V(x(t + h)) + V(x(t + h)) + =V (x(@®)) + V(x(t) — V(x(D))

h h h
L20(1T = 1)+ V (x(t + b)) = V (x(1)
= n
20(f—th+ "V (x(s)ds
B h
2]t —1t])) . .
==t VD eprren

where the mean value theorem is utilized on the last step. Since w € K then for any 4 € (0, r) we can always select t = t(h) €
(f,7 + r) such that w(|f — t|) < h?. The latter means that t(h) — 7 as A — 0" and

V(x(i +h) = V(x(@))

DTV (x(7)) : = limsup

hoO h
. aV

<limsup2h + — f(x) < W (x()).
h—0* 0x x=x(s*): s*€[1(h),1(h)+h]

Hence, we derive D*V (x(t)) < =W (x(¢)) as long as x(¢) # 0 and by#Z Corollary 2. page 11 'the function t — V' (x(¢)) is monotone
deceasing. The latter means V' (x(¢)) < V' (x(0)) and

Xl < @™ (BAIxO)), V>0,

i.e. the system is Lyapunov stable*®, where a~! denotes the inverse function of & € .

Since V' is monotone then 3lim,_, V' (x(¢)) = V'*. To complete the proof it is sufficient to show that V* = 0. Suppose the
contrary, i.e. V* > 0. In this case, V' (x(¢)) > V* for all t > 0 and ||x(z)|| > f~'(V*), where §~! denotes the inverse function of
p € K%, Hence,

W) >W*:= inf >0, Vi>0
[lxlI=p=1(V*)

and
DYV (x@) < -W*, Vi>0.

Using#Z Theorem 9.3, page 25 we derive the contradiction: V (x(f)) < —W*t < 0,Vt > 1/W*.

7.2 | Proof of CorollaryI]

Since
DYV (x() < —aV?(x(1)),Vt >0

47 Theorem 9.3, page 25 we derive

(1=p) (V'?(x(@)) = V'77(x(0))) < —qt for p # 0,
InV(x(t)) — In V' (x(0)) < —gt for p =0

then using

and complete the proof.

7.3 | Supporting result
The proof of our main theorem uses the following result.

Lemma 1. For any v; € R”, v, € R" and y € R" with ||y|| = 1, the inequality
1 1
(yTUI) (yTUz) < 5”01”””2” + EvlTvz
holds.
Proof. For v; = v, the result is a trivial consequence of the Cauchy-Swartz inequality.
Let v, # v,. Select the basis in R” as follows e; = ﬁ,ez = “';—2”, {i.je Z|,e]e;=0,3<i<n1<;< n} then for any
element y € R”, we have l ’
y=ae +ae,+--+aze,.
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Due to the fact that ||y|| = 1, then we obtain

n
2, 2 T 2 _
a; +a;+2aya5e e, + Zai =1
i=3
and

T T T T T T
y vy vy = loglllloglly ey es = |log v, ll(ay + aye,eq)(aje, e, +ay)
2 2\ T T \2 2 T, \2
= [loyllloal [a1a2+ (al +a2) e etaa (elez) ] = [loy [I1[o,]l l(l - Z ,)e e, +aa, <1 - (6192) )]
i=3

On the other hand, since
n

T 2, 2 T 2

2aa5(1 + e/ ey) < aj+a5+2aa5e/e; =1— Z a
then -
- zi=3 4

a,a, (1—(e 62)2) = (l—elTez) a,a, (1+e e2) (1—elTez) >

and

1 - 1 1 i 1 1
Y oy oy < lloylllo, | l (1+e-e) (1 —Za%)] < (§||u1||||v2||+5v1v2) <1 —Zaf) < (§||u1||||u2||+5v1v2).

i=3 i=3

7.4 | The proof of Theorem 3]
Let us consider the Lyapunov function candidate:

I 201l ™, V(= In lx]l)x Ly
T 2424 2 T
The canonical homogeneous is defined in the implicit manner: x'd" (- In || x||4) Pd(~In ||x||4)x = 1, and its derivative respect
to x is given by ().
For g, = 0 and g, = 0, let calculate the derivative of V. Using (I2) and the formula (5) we derive
2x"d" (= In ||x||g)PBx,,,

q(x)

dv ()
dt

V&) == pllxIZ + flxll " + IIx[1; X, , OKd(=In ||x||)x +

where
g(x) :=x"d" (= In||x[l)RA(—In ||x[|q)x
V(&) o= lIxll; " Yd(=1n||x]l)x.

n+l

Denoting R = PGy + G‘IP, F=0+wl,—Gy,F=A,+BKand K = Q'Y, we obtain

d V(é)

0|I |
=[lx|l} —=2xxT,, ¥ Fd(=In [|x[|g)x + [Ix[l;"57,, Pd(=In [Ix[lg)x + [Ix]l 7 x],, ¥ d(=In[|x[|4)x
For Ay = A + BK,, we have the identities Ayd(s) = e**d(s)A,, d(s)B = ¢’ B, s € R. It is equivalent to:
d(—In ||x[|g)Ag = [|x[I;Agd(=In]|x[lg), d(=In]|lx[|)B = [Ix|l;' B

Utilizing the latter identities, it yields that

dv (&) xTdT (= In xllg) PBx, 0 0, VFAG- In Ixll)x 142
I =2(Ix|I . qa) + — — plixlly™xI, Y Fd(—1In ||x]|g)x
142
+ [|x[I**#xTd (— In||x[|) Y 'O~ Y (= In||x[|g)x + [|x[| ;7 x], , Y Fd(=In [|x]|g)x + [|x[[;x], , ¥ Bx,,

Denoting y = P'/2d(~1In ||x||4)x, v = P> Bx,,, and w = P~'/2FTY"x,,,. Taking into account y"y = 1 and using Lemma
([l we derive

B =000 w) < (%uvunwn + %zﬁw)

or, equivalently,

1 o i1D 1
ﬂ35\/x[HBTPanH\/x:HYFP-lFTYT 1+2x Y FBx,,



Yu Zhou ET AL 15

If y2BTPB > YFP'FTYT, then we have

p < xn+1 (yB"PB+YFB)x

Notice that the inequality y>BT PB > Y FP~'FTYT is equivalent (by Schur complement) to

yBTPBYF
. >0, >0
[ FTYT 4P| =7 7
Therefore, we have
V(&) < |Ix[I5ETW (g)¢ (34)
where PB | (F—pF+D'YT
_pP+YTQY PE g FopPrDTTT
Wi(g)= ’ 0 4 2
* M;
with M; = yBPB BYF+FTYTB YB+BTVT . Taking into account ¢, < g(x) < g, we complete the proof using the convex

embeddmg W(q) = rW(ql) + (1 — 7)W(gq,) and using the Schur complement for the transformation of W (g,) < 0 to (20).
Notice that || - ||4 is not differentiable at 0. However, for g > 0 using the formula (3)) it can be shown that the func-
tion x — ||x||1+” d(—In |[x||4)x is differentiable on R”" and its partial derivatives vanish at zero. In this case, V' satisfies
LaSalle invariance principle®? implying that the closed-loop system is globally uniformly asymptotically stable. If i = 0 then
||x||(11+”d(— In |[x||q)x = x and V is a quadratic Lyapunov function such that V(€) < EW (g)E. For —0.5 < p < 0 the Lyapunov
function candidate V is continuous but not differentiable on the surface x = 0 of n + m dimensional space. By Theorem 2] the
system is globally uniformly asymptotically stable. Finally, using the d-homogeneity of the system we complete the proof.

7.5 | Proof of Corollary 2]

The feasibility of (T0) for any u € [—1,1/k] is proven in*?, ). Taking into account the representation G4 = I, + uG, we
conclude that G4 — I as ¢ — 0. In this case g(x) — 2 uniformly on x and F = 0as y — 0. In the limit case the system of

LMIs (T9)-21) becomes: ~
5ol
W, =|¢ >0

Y 0O
N ToT B
2P + (F+1) Y a
W = " yBiPB + YB+;3TYT 0 |< 0
% * -0
yB"PB 0
>0, >0
[ 0 yP|~ 4
On the one hand, from (I0), we have
FTP+PF+p(GJP+PGy) =0 (35)

considering the generator G4 = I, + uG,,, then
FTP+PF+p(2P+u(G)P+PGy))=0
— (F+1) P+P(E+1)+2(p—1)P+2pu (G P+ PG,) =0
For p < 1 and u sufficiently close to zero we have
(F+1) P+P(F+1)>0 (36)

The latter means that F + I is anti-Hurwitz, and consequently invertible. Let YT = — (F + I )_T P B. For a sufficiently small y
we have B4 BT
W<0 = W<0 = % <0 & —BT((F+I)_TP+P(F+I)_1>B<O
where .
pe , (F+1)¥7
Ww=|* L L2 ,
7 B+BTY
* 2
The inequality (36) yields —BT ( (F + I)_T P+P(F+ I)_1> B < 0, so the system of LMIs (I9)-(Z1) is feasible at least
for a sufficiently small || and p < 1.

PB+(F+1) YT =0.
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7.6 | The proof of Corollary [3|

Since
137 = %157 xTa (= In || x[| ) PA(=In [|x[l)x < rV

then for —0.5 < y < 0 one has [|x[|} > P55V 55 and
V(@) < —prEm v TEn ), vixo0.

Taking into account x,,,(0) = p we complete the proof.

7.7 | The proof of Corollary {4

If g, # 0 and g, # 0 then (23)) implies that
2|xTd"(=In||xlg) Pd(=In [|x]|g)g; (7, x)|

< rlixlly
q; d
and repeating the considerations of the proof of Theorem 3] we derive
V < IIxlgETwe
where PB | (H£2y,F)'YT p 7T
1 £2y
llxllg ™ d(=In 1 x[lg)x —pP+Hy “=+ > Y
£= ot N M > 5
d(_ In ”x”d)gl(t»x) % * 00
& (1, x) * * x 0

where H, = Y Q™'Y Notice that
2x), Yd(—In||x[l9)g, <

273, Y PT'YTx,  lIxllgg] d7(=Inllx]lg) PA(=In||x]l9)g,
llxllq 213

and
2y,lIxll4xT, BT PBx,,, g]O(BTPB)™' 0g,

+ qg(x
T

2x! Og, <
n+1 2 q(x)

Using the inequalities 26), 7). (Z8) we derive V' < ||x||*&TW ()&, where

4 _ PB | (Hx2y F)'¥T
I

" M+“BPB+HP

with Hp = Y P~YT,
Applying the convex embedding and Schur complement we complete the proof.

7.8 | Proof of Corollary 5]

The proof is inspired by'8. Since, by Theorem | the unperturbed system [x ', x f(x,x,,,0) is asymptotically stable,
then according to the converse Lyapunov function theory for homogeneous systems 0 there exist a d-homogeneous Lyapunov
function V' € C(R") n C*(R"\{0}) of degree 1 such that

@)= —-f(.0<0, ¢=[x",x I

]T

For the perturbed system, the time derivative of V is given by

V=VV-fe,m=VV-fG0+VV:f(0=VV-(fc.n~f(0)+a().

Using the identity for the partial derivative of homogeneous functions (see, e.g.?%),

2o ds)y=e22y, VyeR",
0z -
z=d(s)c
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and a generalized homogeneity of f (see (30)), we derive
= Il ™ |42 (£(z. (= In lcllgm) - /(2. 0)) + 22 7(z,0)|
where z 1= d(—1In ligllg)s. Since ||z|| = 1 then a = sup ;- a—zzf(z, 0) < 0, there exists b > 0 such that

V< llelly™ [Bllf (2, d, (= In ligllpm) — f(z 0)ll - a] .

Since the function f is continuous, there exist o € K, such that

I (z.d, (= Inlgllgn) — f(z, 0| < o(lld,(=Inlgllgnl)

By assumption, d, is a linear dilation. Due to the group property of the dilation, we have

llslla llslla
d,| —In d,(=1n{lnllq )n —In .
lnlla lla, lInlla,
Since the dilation d,, is monotone, there exists a positive constant f, such that L5l Corollary 6.5 page 179

B,

H I g

||g||d o linllg

IInIId by’
sl

ld, (= Inl¢llonll =

'1

for [I¢llg > llllg,- Then,

d +1 B B

Ly <l <bo( " f)—a).

=V <liclly Inllg /Nl

It is clear that there exist positive constants y > 0 and ¢ = max { 1, W }, where 67 !(-) is the inverse function to o,
(o2

such that

1+;4

—V(g) <=7rllsll;

provided that |[¢|lg > c||;1||dn. Taking into account the topological equivalence of the Euclidean and d-homogeneous

15| Lemma 7.2, page 186

norms we conclude that V is the ISS Lyapunov function®Y. The proof is complete.

7.9 | Proof of Corollary 6]
Notice that ||ul,, < [|Kox|l,, + 4pem Ol + l1%,41 — Pll,,- Then, by taking into account
VZTZy=xTP/2p-127ZT zp-1/2p1/2y
< Apax (P72 ZT ZP7/2)xT Px

we derive || Kox||,, < | Kol - 1% and ||e,0m GOl < 1K - ||x||(;+”. Since V' (£(1)) < V(&) then xLl(t)an(t) < V(/f“). The proof
is complete.

ACKNOWLEDGEMENTS

This work is partially supported by Chinese Science Council (CSC) 202006030019, the National Natural Science Foundation
of China under Grant 62073081 and Grant 62050410352.
Data sharing not applicable to this article as no datasets were generated or analysed during the current study.

References

1. Levant A. Sliding order and sliding accuracy in sliding mode control. International Journal of Control 1993; 58(6): 1247—
1263.

2. Morari M. Robust stability of systems with integral control. I[EEE Transactions on Automatic Control 1985; 30(6): 574-577.



18

| Yu Zhou ET AL

10.
11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

. Gundes A, Ozguler A. PID stabilization of MIMO plants. IEEE transactions on automatic control 2007; 52(8): 1502-1508.
. Giindes A, Mete A. MIMO controller synthesis with integral-action integrity. Automatica 2008; 44(1): 128—134.

. Desoer C, Lin CA. Tracking and disturbance rejection of MIMO nonlinear systems with PI controller. IEEE Transactions

on Automatic Control 1985; 30(9): 861-867.

. Pachter M, D’Azzo J, Veth M. Proportional and integral control of nonlinear systems. International Journal of Control

1996; 64(4): 679-692.

. Freeman RA, Kokotovic PV. Robust integral control for a class of uncertain nonlinear systems. In: . 3 of Proceedings of

34th IEEE Conference on Decision and Control. IEEE. ; 1995: 2245-2250.

. Kelly R. Global positioning of robot manipulators via PD control plus a class of nonlinear integral actions. IEEE

Transactions on Automatic Control 1998; 43(7): 934-938.

. Kawski M. Families of dilations and asymptotic stability. Analysis of Controlled Dynamical Systems 1991: 285-294.

Bacciotti A, Rosier L. Lyapunov Functions and Stability in Control Theory. Springer . 2001.
Levant A. Homogeneity approach to high-order sliding mode design. Automatica 2005; 41(5): 823-830.

Orlov Y. Finite time stability and robust control synthesis of uncertain switched systems. SIAM Journal of Control and
Optimization 2005; 43(4): 1253-1271.

Bhat SP, Bernstein DS. Geometric homogeneity with applications to finite-time stability. Mathematics of Control, Signals
and Systems 2005; 17: 101-127.

Bernuau E, Efimov D, Perruquetti W, Polyakov A. On homogeneity and its application in sliding mode control. Journal of
The Franklin Institute 2014; 351(4): 1866-1901.

Polyakov A. Generalized homogeneity in systems and control. Springer . 2020.

Nakamura H, Yamashita Y, Nishitani H. Smooth Lyapunov functions for homogeneous differential inclusions. In: . 3 of
Proceedings of the 41st SICE Annual Conference. IEEE. ; 2002: 1974-1979.

Ryan E. Universal stabilization of a class of nonlinear systems with homogeneous vector fields. Systems & Control Letters
1995; 26: 177-184.

Hong Y. H_, control, stabilization, and input-output stability of nonlinear systems with homogeneous properties. Automatica
2001; 37(7): 819-829.

Andrieu V, Praly L, Astolfi A. Homogeneous approximation, recursive observer design, and output feedback. SIAM Journal
of Control and Optimization 2008; 47(4): 1814—-1850.

Bernuau E, Polyakov A, Efimov D, Perruquetti W. Verification of ISS, iISS and IOSS properties applying weighted
homogeneity. System & Control Letters 2013; 62(12): 1159-1167.

Zimenko K, Efimov D, Polyakov A, Perruquetti W. A note on delay robustness for homogeneous systems with negative
degree. Automatica 2017; 79(5): 178-184.

Polyakov A, Efimov D, Perruquetti W. Finite-time and fixed-time stabilization: Implicit Lyapunov function approach.
Automatica 2015; 51(1): 332-340.

Nakamura H, Nishida N, Nakamura N. High precision control of robot manipulators via finite-time P-PI control. In: 51st
Conference on Decision and Control. IEEE. ; 2012: 550-555.

Nakamura H. Homogeneous integral finite-time control and its application to robot control. In: The SICE Annual
Conference. IEEE. ; 2013: 1884—1889.



Yu Zhou ET AL | 19

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.
36.

37.

38.

39.

40.

41.

42.

43.
44,
45.

46.

Mercado-Uribe A, Moreno JA. Fixed-time homogeneous integral controller. /FAC-PapersOnLine 2018; 51(25): 377-382.

Mercado-Uribe A, Moreno JA, Polyakov A, Efimov D. Multiple-input multiple-output homogeneous integral control design
using the implicit Lyapunov function approach. International Journal of Robust and Nonlinear Control 2021; 31(9): 3417-
3438.

Polyakov A, Efimov D, Perruquetti W. Robust stabilization of MIMO systems in finite/fixed time. International Journal of
Robust and Nonlinear Control 2016; 26(1): 69-90.

Polyakov A. Sliding mode control design using canonical homogeneous norm. International Journal of Robust and
Nonlinear Control 2018; 29(3): 682-701. |doi: 10.1002/rnc.4058

Zimenko K, Polyakov A, Efimov D, Perruquetti W. Robust feedback stabilization of linear MIMO systems using generalized
homogenization. IEEE Transactions on Automatic Control 2020; 65(12): 5429-5436.

Wang S, Polyakov A, Zheng G. Generalized homogenization of linear controllers: theory and experiment. International
Journal of Robust and Nonlinear Control 2021; 31(9): 3455-3479.

Moreno J, Osorio M. Strict Lyapunov functions for the super-twisting algorithm. IEEE Transactions on Automatic Control
2012; 57: 1035-1040.

Zhou Y, Polyakov A, Zheng G. On strict homogeneous Lyapunov function for generalized homogeneous PI controller. In:
60th Conference on Decision and Control. IEEE. ; 2021: 3186-3191.

Zubov V. On systems of ordinary differential equations with generalized homogenous right-hand sides. Izvestia vuzov.
Mathematica (in Russian) 1958; 1: 80-88.

Khomenuk VV. On systems of ordinary differential equations with generalized homogenous right-hand sides. Izvestia vuzov.
Mathematica (in Russian) 1961; 3(22): 157-164.

Fischer V, Ruzhansky M. Quantization on Nilpotent Lie groups. Springer . 2016.

Husch L. Topological characterization of the dilation and the translation in Frechet spaces. Mathematical Annals 1970; 190:
1-5.

Griine L. Homogeneous state feedback stabilization of homogeneous systems. SIAM Journal of Control and Optimization
2000; 38(4): 1288-1308.

Polyakov A, Poznyak A. Lyapunov function design for finite-time convergence analysis: "twisting" controller for second
order sliding mode realization. Automatica 2009; 45: 444-448.

Orlov Y. Discontinuous systems: Lyapunov analysis and robust synthesis under uncertainty conditions. Springer . 2008.

Polyakov A, Fridman L. Stability notions and Lyapunov functions for sliding mode control systems. Journal of The Franklin
Institute 2014; 351(4): 1831-1865.

Filippov AF. Differential equations with discontinuous right-hand sides. Kluwer Academic Publishers . 1988.

Wang S, Polyakov A, Zheng G. Generalized homogenization of linear controllers: Theory and experiment. International
Journal of Robust and Nonlinear Control 2021; 31(9): 3455-3479.

La Salle J, Lefschetz S. Stability by Liapunov’s direct method with applications. Elsevier Science . 1961.
Sontag E. Smooth stabilization implies coprime factorization. IEEE Transactions on Automatic Control 1989; 34: 435-443.

Ovalle L, Rios H, Llama M, Santibafiez V, Dzul A. Omnidirectional mobile robot robust tracking: Sliding-mode output-
based control approaches. Control Engineering Practice 2019; 85: 50-58.

Mercado-Uribe A, Moreno JA, Polyakov A, Efimov D. Integral control design using the implicit lyapunov function approach.
In: 58th Conference on Decision and Control. IEEE. ; 2019: 3316-3321.


http://dx.doi.org/10.1002/rnc.4058

20

| Yu Zhou ET AL

47.

48.

49.

50.

51.

Szarski J. Differential inequalities. Polish Scientific Publishers: Warsaw . 1965.
Lyapunov AM. The general problem of the stability of motion. Taylor & Francis . 1992.

Nekhoroshikh A, Efimov D, Polyakov A, Perruquetti W, Furtat I. Finite-time stabilization under state constraints. In: 60th
Conference on Decision and Control. IEEE. ; 2021.

Rosier L. Homogeneous Lyapunov function for homogeneous continuous vector field. Systems & Control Letters 1992;
19(6): 467-473.

Sontag E, Wang Y. On characterizations of the input-to-state stability property. Systems & Control Letters 1996; 24(5):
351-359.

How to cite this article:




Yu Zhou ET AL

21

—x(1)
(@) |
- x(3)

Vo t=2.78

0 1 2 3 4 5
time(s)

(a) Homogeneous PI control without perturbations

%x(1)
o x(2) |
---x(@)

"\. / t=2.78

0 1 2 3 4 5
time(s)

(b) Linear PI control without perturbations.

—x(1)
x(2) |
- x(@)

10 20 30
time(s)

(c) Homogeneous PI control with additive disturbance



Yu Zhou ET AL

x i
0.1
-0.2 ‘ ‘
0 10 20 30
time(s)
(d) Linear PI control with additive disturbance
—x(1)
0.1 3 ——— X(2) 1
- x(3)

20 30

0 10
time(s)

(e) Homogeneous PI control with disturbance and noise

—x(1)
———— x(2) 4

0.1
- x(3)

1\ SRS I e
O i . . ! oy
'.',,,' \‘"f. Jﬂ\’,,w~wﬁjﬂpjﬁi‘\.‘:’w‘ﬂy'\. “,,J}\:\f“'i,-"‘"\i""“f"’ i,

0.1

{

0 10 20 30
time(s)

(f) Linear PI control with disturbance and noise

FIGURE 1 Comparison of homogeneous PI control and linear PI control without and with the perturbations and noises.
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FIGURE 2 Performance of the homogeneous PI control obtained by an "upgrading" of linear controller
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FIGURE 3 Simulation results for the omnidirectional mobile robot regulated by generalized homogeneous control with integral
action (GHIC) and generalized homogeneous control (GHC) without integral action.
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