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Abstract

Stochastic differentiable approximation schemes are widely used for solving high dimen-
sional problems. Most of existing methods satisfy some desirable properties, including con-
ditional descent inequalities [44, 27], and almost sure (a.s.) convergence guarantees on the
objective function, or on the involved gradient [47, 26]. However, for non-convex objective
functions, a.s. convergence of the iterates, i.e., the stochastic process, to a critical point is
usually not guaranteed, and remains an important challenge. In this article, we develop a
framework to bridge the gap between descent-type inequalities and a.s. convergence of the
associated stochastic process. Leveraging a novel Kurdyka-tLojasiewicz property, we show con-
vergence guarantees of stochastic processes under mild assumptions on the objective function.
We also provide examples of stochastic algorithms benefiting from the proposed framework
and derive a.s. convergence guarantees on the iterates.

Keywords. Stochastic processes, Kurdyka-t.ojasiewicz properties, stochastic gradient descent,
proximal algorithms

MSC. 65K05, 90C26, 90C15, 90C53.

1 Introduction

In this work, we aim at solving problem

minimize F(x), (1.1
xEH
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where F' : H — R is a continuously differentiable function defined on a finite-dimensional real
Hilbert space H. We consider a generic stochastic process (xy)xecn to solve (1.1) on a probabilistic
space (2, F,P). Generating (xx)xen typically results from a stochastic approximation scheme [43,
20]. Celebrated examples are often based on stochastic gradient descent (SGD) algorithms, where
(xx)ken arises from a gradient descent scheme with the gradient of F' being replaced by stochastic
approximations.

The objective of this work is to develop a new framework, based on Kurdyka-t.ojasiewicz (KL)
theory [30, 6], to derive almost sure (a.s.) convergence guarantees of the stochastic process
(xx)ken, when F' is not convex.

When (1.1) is solved using a deterministic scheme, the main advantage of KL condition lies in
its ability to promote interesting asymptotic behavior when F' is non-necessarily convex. In this
context, KL has been used to prove convergence of proximal point algorithms [1, 2], of simple
splitting algorithms such as the forward-backward algorithm and its variants [2, 16, 7, 22, 12, 42,
8, 91, as well as other algorithms based on the majorization-minimization principle [15, 13, 11].
A natural question is to investigate the transfer of the proof techniques from the deterministic
setting, to the stochastic setting, for asymptotic analysis including a.s. convergence of stochastic
processes. Such an extension is quite challenging, mainly due to the dynamics of the functions
involved in KL conditions, that cannot be controlled in a stochastic environment. Although KL
inequality has already been invoked for L' or L? convergences of some stochastic schemes [24],
to the best of our knowledge, no generalized KL inequality has been developed yet in this context.
Hence, no asymptotic analysis including a.s. convergence of the stochastic processes has been
properly formalized and completed. In particular, the authors of [35] mention that a stochastic
formulation of the KL inequality would enable to study the accumulation points of the process,
without however providing any theoretical results.

In this paper, we investigate the conditions that a stochastic process (xjx)ren minimizing F
must satisfy to ensure its a.s. convergence to a critical point, under the KL inequality. To this
aim, we design a new KL condition for differentiable functions, that can be used in a stochastic
setting. Using this new framework, we furthermore derive conditions to ensure the convergence of
processes generated by a few generic stochastic schemes based on SGD and proximal iterations. In
particular, we show that our conditions enable to ensure the convergence of some state-of-the-art
SGD algorithms [50, 17, 36], stochastic proximal-gradient algorithms (also known as forward-
backward) [17, 25, 34], and stochastic proximal algorithms [48].

The remainder of the paper is organized as follows. Our general stochastic framework is de-
scribed in section 2. In this section, we introduce general assumptions, and give preliminary
results, including a first convergence result in a simplified setting. In section 3 we provide a de-
terministic extension of the uniformized KL property introduced in [1, Lemma 6]. We then use
this extension to design a KL condition that can be used in a stochastic setting. In section 4, using
the stochastic KL inequality introduced in section 3, we show the a.s. convergence of a family of
stochastic processes (xx)xren to a critical point. Finally, in section 5 and section 6, we apply the
results of section 4 to exhibit conditions for convergence of SGD and stochastic proximal-based



algorithms, respectively, in a non-convex context.

Notation Let (H,(-|-)) be a finite dimensional Hilbert space. | - || denotes the canonical norm
associated with H. For any subset E C #, the distance function to this set is denoted by dist(-, F) =
infyep || - —||. Bold letters as « are used for deterministic vectors, while straight bold letters as

x are used for stochastic vectors. Similarly, x is used for denoting a deterministic scalar variable,
while straight x denotes a stochastic scalar variable. Upper-case letters are used for functions. The
variable F'(x) denotes the stochastic value of function F' evaluated at the stochastic variable x. We
work on the probability space (2, F, P). We remind that a condition holds almost surely (a.s.) if
it holds on a probability-one event of 7. We denote by E[-] the expectation operator, and E[-|G]
the conditional expectation operator regarding a generic sub sigma-algebra G C F. Let VF be the
gradient of F. Then we denote by zer VF' the set of zeros of VF, i.e., the set of critical points of F.
Finally, we introduce x°, the set of accumulation points of sequence (xj)xen. SO x°° is a random
variable from (2 to the set of subsets of 7.

2 General assumptions and preliminary results

In this section, we introduce the probabilistic setting and assumptions used in the remainder of
this work.

2.1 Assumptions

The following generic assumptions will guide us throughout the remainder of this work.
Assumption 2.1 F'is coercive and continuously differentiable.

Assumption 2.2 Let (x;)ren be a stochastic process.

(i) The sequence (F'(xx)keNn)keN converges a.s. to a random variable F,. In addition, F is
finite a.s.

(i) (VF(x%)),en almost surely converges to Oy .

These assumptions are very common, and are satisfied by a wide range of stochastic algorithms.
The first assumption is standard in the field of differentiable optimization and notably ensures
that ' admits at least one global minimizer [4]. Assumption 2.2 is usually satisfied by classical
schemes. Indeed, convergence of (F'(xi)ren)ren and (VF(xXy)),cy are often obtained easily in
both deterministic [40], and stochastic [44, 20] settings. Note that Assumption 2.2(ii) necessitates
the almost sure convergence of the gradient to zero. This condition is verified in particular by
stochastic schemes with a conditional strong growth condition, see for instance [50, 32].
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2.2 Preliminary results

We will now give some preliminary results, with the aim to link the different sets related to con-
vergence of (xx)xeny and (F'(xx))ken-

Proposition 2.3 Under theorem 2.1 and theorem 2.2, we have

(1) (xg)ken is a.s. bounded.
(i) x®° is a.s. non empty and compact.
(iii) x> C zer VF a.s.

(iv) (dist(xg, X)) ey converges a.s. to 0.

Proof.

According to theorem 2.2, there exists a set A C 2 of probability one where, for all w € A,

kliIJIrl F(x;(w)) < +o0, (2.1a)
kgr—lr—loo IVF(x(w))] = 0. (2.1b)

Inequality (2.1a) implies that (F'(xx(w)))ken is @ bounded sequence. According to Assumption 2.1,
F being coercive, (xx(w))ren is also bounded. It follows that the set of cluster points x*°(w) is non
empty, bounded and closed in #, hence compact.

Let w € A. We will now show that y*°(w) C zer VF. Let o, € x*°(w). There exists a subse-
quence (X¢(k) (w))keN converging to T, as k — +oo. Moreover, from (2.1b), (VF(xyx)(w)))ken
converges to 0. Since, according to theorem 2.1, the gradient of F' is continuous, we thus obtain
VF(x) = 0y, and hence x, € zer VF.

We now show that (iv) holds. By contradiction, if (dist(xy(w), x>*(w)),cy does not converge to
0, then there exist ¢ > 0 and a subsequence (x, ()(w))ren such that

(Vk € N)  dist (xy, 5)(w), x®(w)) > € (2.2)

Since (xx(w))ken is bounded, (xy, (x)(w))ren is also bounded. So the set of cluster points of
(Xy, (k) (W))ken is non-empty and included in x*°(w). Thus, there exists another subsequence
(X(py002) (k) (@) ke and @ € X (w) such that

|5 (1 o)) (W) — o | ol 0. Hence, dist (X, 0p) (k) (@), X (w)) ol 0, which contradicts
(2.2) and thus concludes the proof.

Proposition 2.4 Under  theorem 2.1 and theorem 2.2, {w € Q |
Foo(w) € F(zer VF)} is a probability-one set.



Proof. According to theorem 2.2 and Proposition 2.3, there exists a set A C Q of probability one
where, for every w € A, klim F(xt(w)) = Foo(w), x> (w) # 0, and x*>°(w) C zer VF.
—+00

Then, for every w € A, there exist a vector ., € x*°(w) and a subsequence (Xy ) (@) rey Such

that x,) (w) k_)—+>oo T oo, and F(xyx)(w)) k—>—+>oo Foo(w). In addition, since F' is continuous, we

deduce that F'(x)(w)) k—+> F (zo).
— 100

Hence Fo(w) = F (x) € F(x*). Using the fact that x*°(w) C zer VF, we then obtain
Fo(w) € F(zer VF'), which concludes the proof. [1

The next theorem is a first convergence result occurring in the particular case when zer VF' is
at most countable, i.e., if it is either countable or finite.

Theorem 2.5 Assume that theorem 2.1 and theorem 2.2 are verified and that (||Xx+1 — Xg||)ken
converges a.s. to 0. If zer VF' is at most countable, then sequence (X )rcn almost surely converges to
a point belonging to this set.

Proof. Since x*° is compact a.s. and (||xx+1 — Xx||)ken converges a.s. to 0, then, according to the
Ostrowski’s Lemma [41, 26.1], we can deduce that x*° is connex a.s.. Moreover, Y is a.s. non
empty, and at most countable as contained in zer VF. We thus deduce that x> is a.s. reduced to
a singleton {x*}, where x* € zer VF'. Since (x;)ren is a.s. bounded, it converges a.s. to x*, hence
concluding the proof. [

3 KL theory as a baseline of improvement

When zer VF' is neither countable nor finite, there is a lack of information on the curvature of F
to ensure the convergence of the general stochastic scheme to a critical point. The use of non-
convex functions has encouraged the development of alternative theoretical tools, in particular in
a deterministic context. One of the most famous is the class of KL inequalities [30, 6] enabling
interesting gradient properties.

To this aim, we first need to introduce some notation.

For every ¢ € (0,400, we denote by @, the set of concave functions ¢: [0,() — R, such that
©(0) = 0, ¢ is continuous in 0, p € C1((0,¢)), and, for every s € (0,¢), ¢'(s) > 0. The link between
. (for ¢ > 0) and @, is described through the following proposition.

Proposition 3.1 Let ¢ € (0,400). Any function ¢ of ®. admits a bounded extension ¢ belonging to
D oo

Proof. Let ¢ € ®.. Since ¢’ is positive, it follows that ¢ is an increasing function. Then /; =
limg_, .- o(s) exists and lies in [0, +occ]. Moreover the concavity and differentiability of ¢ with
©(0) = 0 ensure that, for every s € (0,7), ¢(s) < s¢’(0). Passing to the limit thus gives I; < n¢'(0)
and then l; < +oo0.



Moreover, since ¢’ is decreasing on (0, ¢) (due to the concavity of ¢) and positive, we conclude
that [ = lim,_,.- ¢(s) exists and lies in [0, 4+-00).

Finally, we deduce that there exists a function ¢: [0, +00) — R defined as

_ SD(S) ifse [O,C)a
(Vs €lo4o0)) &=9, <1 _ g) otherwise.

S

3.1

¢ belongs to @, ., and is bounded. [0

3.1 Extension of the uniformized KL theorem

In this section we extend classical KL results for differentiable functions. To this aim, we first recall
the generic definition of differentiable functions satisfying KL, as introduced in, e.g., [1, 7].

Definition 3.2 [KL inequality] A differentiable function f : RY — R satisfies the Kurdyka-
Lojasiewicz property on E C H, if for every & € F, there exists a neighbourhood V of z, { > 0 and
¢ € @ such that ||V f(x)||¢'(f(x) — f(x)) > 1, for every & € V satisfying 0 < f(x) — f(x) < ¢.

One major result following the KL inequality is the uniformized KL property introduced in [7,
Lemma 6]. This extended KL condition has been used to prove convergence of deterministic
algorithms in a non-convex setting, especially when considering block alternating approaches [7,
18].

Theorem 3.3 [Uniformized KL property] Let C be a compact set in H and f: H — R be a continuous
function constant on C, satisfying the KL property on C. Then, there exist (¢,() € (0,+0c0)? and
¢ € ®¢ such that

(VT eC)(VzeH) [[Vi(@)¢(f(x) - f(@) =1, (3.2)
when dist(x,C) < eand 0 < f(x) — f(T) < .

We propose an extension of theorem 3.3 to apply KL on a finite union of compact sets, for
functions that are piecewise constant on this union. This result will be instrumental to prove a.s.
convergence of stochastic processes. To this aim, we introduce an additional notation. Let C' be a
non-empty subset of H and f: ‘H — R be a function that is constant on C. Then we denote by fo
the value taken by f on C, i.e., for every z € C, f(z) = fc.

Theorem 3.4 [Extended uniformized KL property] Let C' = Ufil C; be aunion of I € N, non-empty
disjoint and compact subsets (C;)1<i<r of H, and f: H — R be a differentiable function satisfying the
KL property on C. We also suppose that f is constant on every C;, for i € {1,...,1}, with respective
values fc,, ..., fc,. Then, there exist (¢,¢) € (0,+00)? and ¢ € P, such that

(Vie{l,....IY) (Ve e H) V()| (f(x) - fc,) =1 (3.3)
with dist(z,C) < e and 0 < f(x) — fc, < C.



Proof. Without loss of generality we consider that fo, # --- # fc,.

We start by applying the uniform KL property to Cy,...,C;. For every i € {1,...,I}, there
exist (g;,¢;) € (0,+00)? and ¢; € P, such that for every € H verifying dist(z,C;) < &; and
0 < f(x) — fo, < ¢; we have

IV f(@)|¢i(f(x) - fe,) = 1. (3.4)
Let { = v min;; | fo, — fo;| with v €]0,1/2[. We have ¢ > 0. In addition, using the continuity of f,
for every i € {1,..., I}, there exists ¢; €]0,¢;[ such that, for every x satisfying dist(x, C;) < &;, we
have

(@) = fo,| < C. (3.5)
Let 6 €]0,1[ and € = d min;;<s &;. Then
1
{weH | dist(x,C) <e} C | J{meH | dist(aw,Ci) <&} (3.6)
i=1

We now show that (3.3) is satisfied for ¢ as defined above, {( = min((,. ..CI,Z) and ¢ =
Zle @i € @¢. Letew € Hand i € {1,...,I} be such that dist(z,C) <eand 0 < f(z) — fe, < (.
For every j € {1,...,I}\ {i}, since ¢ < (, using the definition of {, we have 0 < |f(x) — f¢,| <
v|fc; — fc,|- Since that v €]0, 1/2[, we obtain

[f(®) = fo;l = [(f(®) = foi) + (o = fo)
| fe, = fo,l = | f (=) - = fo; = fo,| = [ (®) = fail
(1 - U)‘fci - ij’ > U’fCi - ij‘
C. (3.7)

WV

VoWV

Then dist(x, C;) > €; (otherwise this contradicts the continuity property of f in (3.5)). So, as
dist(x, C) < &, (3.6) necessarily implies that  belongs to the union of sets U]:1 {x e H | dist(z,Cj) < &;}.
This leads to dist(x,C;) < &; and we finally deduce that dist(x,C;) < &; (since &; < ¢;). In ad-
dition, since ¢ < (;, we have 0 < f(x) — fc, < (;, and we can apply once more the uniform KL

property at C; (i.e., (3.4) is verified). Since ¢}, ..., ¢} are all positives, we thus deduce that
I
IVf(@)lle'(f (=) — fo,) = IV f(= Z fe;)

=1
> HVf(w)Hsoi( (@) — fe,) 2

This completes the proof.

3.2 A stochastic KL property

Motivated by the results presented in the previous subsection, we make the following assumption
on function F.



Assumption 3.5

(i) F satisfies the KL property on zer VF, the set of critical points of F'.
(ii) There exist I € N, non-empty disjoint compact subsets C1, ..., C; of H, such that zer VF =
Uf:l Ci.

Note that assuming that F' satisfies the KL property on zer VF (i.e., theorem 3.5(i)) is common
in non-convex optimization. As emphasized, e.g., in [6], the KL inequality is satisfied for a wide
class of functions, and in particular by real analytic, semi-algebraic! and log-exp functions. In ad-
dition, theorem 3.5(ii) is a condition that will be used for the a.s. convergence of (xj)ren, through
the existence of a uniformized KL function with respect to all the trajectories of the process.

Let
II =liminf{w € Q | F(xx(w)) > Foo(w)}. (3.8)
k—+o0
We then deduce the following properties.

Proposition 3.6 Assume that theorem 2.1, theorem 2.2 and theorem 3.5 hold. Then, over the set II,
there exist a bounded ¢ € ¥, and an a.s. finite positive discrete random variable K such that, for ev-

ery k > K,
IVEG)l¢ (Flxi) — Foo) > 1 as.
Proof.

Let us consider

C= U X (w) (3.9

weONII

o= {F(xk) - FOO} N {XOO C zer VF}

k—+o00
N { dist(xg, ) — 0} N {FOO(Q) C F(zer VF)} (3.10)

k——4o00

is a probability-one set, owing to theorem 2.2, theorem 2.3 and theorem 2.4. The continuity of VF'
(theorem 2.1) also ensures that zer V F is closed and then C C zer VF, where C denotes the closure
of set C. Considering J = {i € {1,...,I} |CNC; # 0}, it follows that C = CNzer VF = |J,.; CNC;,
where, for every i € J, the set C N C; is non-empty, bounded and closed. Moreover, for every i € J,
we have F(CNC;) = {Fg, }.

According to theorem 3.5, since F' satisfies the KL property on zer VF, we can apply theo-
rem 3.4. As a consequence there exist ¢ > 0, (¢ > 0 and ¢ € ®., such that, for every x € H and
i € J satisfying dist(z,C) < e¢ and 0 < F(z) — F, < (e,

[VE(x)| ge(F(x) — Fc,) > 1. (3.11)

!A function is semi-algebraic if its graph is a finite union of sets defined by a finite number of polynomial inequalities.
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According to theorem 3.1, ¢ has a bounded extension ¢¢ belonging to ®..,. Then, @¢ also
satisfies, for any = € H and i € J such that dist(x,C) < ec and 0 < F(z) — F¢, < (e,

IVE(@)|| §e(F(z) - Fc,) > 1. (3.12)

Considering this, we now define the positive discrete random variable
K=min{l €N, | (Vp>1) dist(x,,C) < e¢ and 0 < F(x,) — Foo < (¢} - (3.13)

The latter is finite over © NII. In addition, according to Assumption 3.5, for every w € © N1I, there
exists ¢ € J such that F(w) = F¢,, and (3.12) finally leads to

(Vweonll) (vk>K(w)) [[VF(xpw))l &6 (F(xr(w)) = Foeo(w)) > 1. (3.14)

The fact that P(© N II) = P(II) concludes the proof. [

In [35, Assumption 3.9, C.2], the authors have highlighted that the construction of a stochastic
KL inequality was based on the set C as introduced in (3.9) without however going further in the
reasoning. In addition, in [35, 21], the authors assumed the existence of a uniformized function
with respect to all trajectories to enable their convergence results to hold.

4 An almost sure convergence result based on KL theory

In this section, we give conditions that a stochastic process must satisfy to ensure its convergence
to a critical point of F'. To this aim, we introduce additional notations that will be used in the re-
mainder of this work. We associate the initial probabilistic space (2, F, ) with a filtration (F} ), cy-
Moreover, for a given k € N and subject to existence, we denote by E(.|.F%) the conditional expec-
tation operator associated with the sub sigma-algebra ;.. We also denote by F** the minimal value
of F.

4.1 Main assumption and summability criterion

The following assumption is the backbone of our convergence theorem, given in section 4.2.

Assumption 4.1 Let (x;)ren be a stochastic process.

(i) (F(xx))ken and (|VF(xz)[?), ¢y are two Fi-measurable and integrable processes.

(ii) There exist (uk)ken, (Vk)keN, ("k)keN, (Sk)keN, (tk)ken five non-negative deterministic se-
quences and (wg)ren @ Non-negative Fi-measurable integrable process, such that

+o0 +oo +oo +oo

< inf v >0 < tr < < a.s 4.1
;Uk +00, Jnf vy , l;)m +00, kz—o k< 00, kz—oWk + oo a.s, “4.1)



and such that, for every k£ € N, we have

B[F(xp11) — F*Fi] < (14 up)(F(xi) — F*) — 0| [ VF(x)]|? + wy, a.s., (4.2)
and
E[ka-i-l - Xk” | fk] < Try/ F(Xk) —F*+ SkHVF(Xk)H + 15 a.s.. 4.3)

theorem 4.1(i) is a common assumption, satisfied in particular when the randomness appear-
ing at iteration k£ € N is independent from what happened during the previous iterations. In
theorem 4.1(ii), condition (4.2) ensures that (F(x})),cy is @ quasi-supermartingale [44]. Addi-
tionally, (4.3) ensures that the norm difference between consecutive iterates is upper bounded,
relatively to the norm of the gradient of F'. In practice, these two inequalities often imply an un-
derlying assumption on the nature of the stochastic phenomenon at stake. Note that theorem 4.1
is slightly stronger than theorem 2.2, as emphasized by the next proposition.

Proposition 4.2 If theorem 2.1 and theorem 4.1 are satisfied, then theorem 2.2 holds.

Proof. Condition (4.2) and the fact that F' is bounded from below (since it is coercive) allows us to
invoke the Robbins-Siegmund Lemma [44] which directly ensures that theorem 2.2 is verified with
$ 20 k][ VF (x5)||> < +00 a.s.. The fact that ]inlf\lvk > 0 then directly gives klim IVF(xx)|| =0

S —+00

a.s..

Before going further, we need to introduce additional notation. Let (pi)ren be the positive
sequence defined by

k

(VEeN) pp =] +uw), 4.4)
1=0

where (u;);cn is defined in theorem 4.1(ii). Let, for very k € N,,

Li: HxRF - R

_ _ _ (4.5)
(@, wo, ..., wi—1) = (F(x) — F)pity — S5 wip

Defining such a function enables to handle a supermartingale where the conditional decrease is
only relative to the gradient, instead of the quasi-supermartingale appearing in condition (4.2).
In this context, for every k € N, and (wo, ..., wr_1) € R¥, Li(-,wy,...,wx_1) plays the role of a
Lyapunov function which can be use to get an equivalent formulation of (4.2).

Lemma 4.3 Let (xi)ren be a stochastic process, and let (wy)ren be an integrable Fj-measurable
non-negative process satisfying (4.1). Let also (v )ren be a non-negative deterministic sequence satis-
fying (4.1), and let (px)ren be the sequence defined in (4.4). Condition (4.2) is equivalent to

(Vk € Ny)  E[Lpy1(Xka1, W0, - - -, We)|Fil

v
< Lk(Xk,Wo, A 7Wk71) — p—ZHVF(Xk)HQ a.s.. (46)
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Proof. For every k > 1, € H and (wy, ..., w,_1) € R*, we have

k—1
=0

Using this equality, for every k£ > 1, (4.2) is then equivalent to
k
Dk (E[Lk+1(xk+17W07 o W) | FR] ZWz‘pf)
=0

k—1
< (1 + ug)pr—1 <Lk(Xk,Wo, ey Who1) + ZWz’pf) — u||VF(xp)|]” + wy as.
i=0
Dividing this inequality by px = pr_1(1 4+ ux) > 0, we obtain
E[Lgt1(Xk+1, Wo, - - -, WE) | Fk]
k k—1 Y
_ _ k —
< Lo (Xpo W, -+ oy Wh—1) — (Zwipi P S i 1) - p—ka(ka +wipyas. (47)
i=0 i=0

The equivalence between (4.7) and (4.6) then follows from the fact that Z?:o wip;l —Zf;ol wip;1

-1
WgDy -

0

Remark 4.4 Let k € N, and (w;)o<i<x—1 be defined as in theorem 4.1(ii). If the a.s. finite limit
Fo of (F(x;))ien exists, then the a.s. finite limit L, o, of process (L (x;, W1, ... Wr_1))ien €Xists as
well, and is given by

k—1
Lioo = (Foo — F¥)p " = _wip; . (4.8)
=0

In the case when F, exists, we define, for every v > 0, the following set of events:
=, = {w €N ‘ (VE > 1) Foo(w) < F(xx(w))

and L ~ Ellissoel 5] €1 2IVF G (49

In the remainder, to obtain summability and convergence results, we will assume that there
exists v € (0,1) such that P(=,) = 1. Intuitively, this assumption means that F, must a.s. be
a lower bound of process (F(xy))ren- The second inequality in (4.9) indicates that, at iteration
k € N, the error on the identification of Lj », (equivalently, of F.) is upper bounded by the
squared norm of VF'.
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Proposition 4.5 Suppose that theorem 2.1, theorem 3.5 and theorem 4.1 hold. Moreover, assume
that (skpkvgl) ey 1S a non-increasing sequence and that there exists v € (0, 1) such that P(E,) = L.
Let ¢ € &, be a bounded function, and

+o0

SkPk
Tpi= 3 % (o (Labons o ) L)

— (B [Lrsr (a1, wo, o W) | = ElLis1.oclFi]) ). (420)

ThenT', < 400 a.s..
Proof.

According to theorem 4.2, theorem 2.2 holds, so, for every k € N,, Lj, , the a.s limit of process
(Li(x7, w0, ..., Wkg_1))eN, exists and is given by (4.8). According to theorem 3.5 and theorem 2.4,
F belongs to a finite set. In addition, according to theorem 4.1, (F(xy));cy and (wy),cy are
integrable. Thus, for every k € N,, Ly11(Xg4+1,Wo,...,wy) and Ly o are integrable, and hence
E [Lp1(Xk41, Wo, - - ., Wi )| Fi] and E[Ly 41 oo| Fi| are well-defined.

On the one hand, there exists v € (0,1) such that P(=,) = 1. Using the definition of =,, we

therefore have E[Lj 1 oo|Fr] — Lik,co = —fy;—’; |[VF(xz)|? a.s.. Combining this inequality with (4.6),
we obtain, for every k > 1,

Ly (%X, wo, -+, Wig—1) — Lk 0o

v
- (E (L1 (Xket 15 Wo, -, WE) | Fie] — E[Lk+1,oo|fk]> > (1- W)ITZHVF(Xk)Hz as.. (4.11)
Since 1 — v > 0, we deduce that

(Vk) S N) Lk(XhWOw--akal) _Lk,oo
> E [Lk+1(xk+1, wQ, - .- 7Wk)’-7:k] — E[LkJrLOO’]:k] a.s.. (4.12)

On the other hand, following the definitions (4.5) and (4.8) with P(Z,) = 1, for every k € N,,

the two random variables in (4.12), (Ly (X, Wo, . .., Wr—1) =Lk o0) and (E [Ly1(Xp41, Wo, - - ., Wi )| Fi]—
E[Lk+1,00/F%]) are a.s. non-negative. Let ¢ € &, . be bounded. Then, the function
¢ can be applied to the a.s. positive random variables (Lj(xj,wo,...,wg—1) — Li ) and

(E [Lit1(Xpt1, W05 - - -, Wi )| Fre] — E[Lpi1,00|Fk])-

Furthermore, ¢ being an increasing function, (4.12) leads to

(Vkﬁ € N) gD(Lk(Xk,Wo, L. aWk‘—l) — Lk,oo)

> @(E [Lh1 (X1, Wo, - - - Wi )| Fk] — E[LkJrl,oo’fk]) as., (4.13)
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and consequently I', is a.s. well-defined, non-negative as an infinite sum of a.s. non-negative
terms. We can subsequently take the expectation of these quantities, and use the monotone con-
vergence theorem [31] to obtain

+
SkPk
E [Pcp] = kzl ?}—kE|: <Lk(Xk,W0, e 7Wk:71) — Lk,oo)
- LP(E [Lkt1(Xk41, WO, - - -, W) [ Fk] — E[LkJrl,oo’fk])]- (4.14)

Since ¢ is bounded, we can use the linearity of the expectation, leading to

+o0
S
E[ly) =) ZZkE {@(Lk(xmwo’ e W) — Lk,oo)}
k=1

S
s [SD(E [Lit1(Xk41, Wo, - - - s Wi )| Fk] — E[Lk+17oo|]:k]>} . (4.15)

Vg

Using the inverse conditional Jensen’s inequality [31] applied to ¢ gives
o (B L1 (41, w0, W) T — ElLi1 00l Fi])
= SD(E (Lt 1(Xk41, Wo, -+, WE) — Liet1,00 | F] >
> E [ﬂﬂ (Lk+1(Xk+1,W0, ey W) = Lk+1,oo> ‘fk} : (4.16)
Taking the expectation E of these quantities leads to
E [@(E [Lit1(Xpt1, Wo, - - ., Wi) | Fie] — E[Lk+1,oo|]:k])]
> E [E [@(Lkﬂ(xmhwo, C W) — Lk+1,oo) !ka
=E [ﬂﬂ (Lk+1(Xk+1,Wo, Ce, W) — Lk+1,oo>} : (4.17)

SkPk
Uk,

Combining (4.15) with (4.17), and since < >k N is non-increasing, we obtain
S

+
SkEDPE
E[FS@] Z ]E|: (Lk(Xk;,WO, . aWk‘—l) _Lk7oo):|
k=1
SkPk

¥
E [ <Lk+1 Xjt 1, W0, - -+ s Wg) — Lk+1,oo)]

+
SkD
S
k=1

S
— %E [@(LkJrl(XkJrl,Wo, e ,Wk) — Lk+1,oo)} . (418)
JF

From (4.18), since ¢ is an increasing and bounded function on R, we deduce that

S1DP1
U1

0<E[r,] < 22E [¢<L1(x1,w0) - LLOO)] < oo (4.19)

Hence I', admits a finite expectation and consequently is a.s. finite. [
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4.2 Main result

Theorem 4.6 Under theorem 2.1, theorem 3.5 and theorem 4.1, if (skpxvy, ')
sequence and if there exists v € (0,1) such that P(Z,) = 1, then

kEN 1S a non-increasing

@ S Ixkg1 — xk|| < +oo as.,

(ii) the sequence (xj)rcn converges a.s. to a critical point of F.

Proof. According to theorem 4.2, theorem 2.2 holds. In addition, since =, C II, where II is defined
in (3.8), and P(=,) = 1, we have P(II) = 1. Thus theorem 3.6 can be applied, and there exist
¢ € &, and an a.s. finite non-negative discrete random variable K such that

(Vk>K) [|[VE(xp)ll¢ (F(xz) —Foo) > 1 ass.. (4.20)

According to the definitions of L, and Ly, o, in (4.5) and (4.8), respectively, we have

(Vk) c N*) F(Xk) — Foo = Pk—1 (Lk(Xk,Wo, e 7Wk71) — Lk,oo)y (421)
where (wyq, ..., w,_1) are defined in theorem 4.1(ii). Hence (4.20) rewrites
Vk>K) |[VE(xs)|¢ <pk,1(Lk(xk,w0, e Wiet) — Lk,w)> >1 as. (4.22)

According to (4.4), (pr)ken is lower-bounded by 1. Then, since ¢ is concave, hence ¢’ is decreasing,
and we have

(Vk) > K) HVF(X]C)HL)O, (Lk(Xk,Wo, e 7Wk71) — Lk,oo) >1 a.s.. (4.23)

In addition, owing to the concavity of ¢, for every (a,b) € R2, we have ¢(a) — o(b) >
¢'(a)(a —b). So, for every k > K, taking a = Lj(xx,wo,...,Wk_1) — Lgoo and b =
E [Lk+1(xk+1,w0, - 7Wk)’—7:k] — E[LkJrl,oo’fk] in (4.23), we obtain

¢ (Li(Xk, Wo, - -, Wg—1) — Lk 00)
— @ (E [Lpy1(Xp41, W05 - - - » W )| Fr) — E[Lgt1,00| Fr))
> ¢ (Li(xk, Wo, - - ., Wk—1) — L 00)
X (Lk(XIme ooy Wk—1) = Lgoo
- (E [Lit1 (X1, Wo, - - - s Wi )| Fk] — E[Lk+1,oo|fk]>> a.s. (4.24)

Since Proposition 4.5, holds, we can use inequality (4.11). Hence, injecting successively (4.11)
and (4.23) in (4.24) leads, for every k > K, to

@(Lk(xk,wo, e WE—1) — Lk,oo>
— @(E [Ly1(Xkt1, Wo, -+, Wi )| Fr] — E[LkJrl,oo’fk])
v
> (1- ’Y)p—zHVF(Xk)HQSO/ (Lk(Xk, wWo, - - - Wi—1) — L oo)

> (1=9) LIV ()] s (4.25)
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Combining (4.3) with (4.25) almost surely gives, for every k > K,
Elllxx+1 — xe || Fe] < (1= 7)oy, sips <‘~P(Lk(xk7W07 ey W) — Lk,oo)

- @(E (L1 (Xkg15Wo, - -, Wi )| Fr] — E[Lkﬂ,oo\fk]))

o/ Fn) — F + 1y, (4.26)

Using Proposition 4.5, the summability of (74 )xen and (¢ )xen, and the fact that ( F(xy) — F*) kN
a.s. converges to /Fo, — F™*, the right hand side term in (4.26) is a.s. summable. Then, since
K is also a.s. finite, we can deduce that >/ E[||xz41 — xx[/|Fx] < +oc as.. Finally, since
(Ixk+1 — X&) zen 1S @ positive sequence, we can apply Levy’s sharpening of Borel-Cantelli Lemma
[37, Ch.1, Th.21], leading to ;% ||xx+1 — Xx|| < +oo a.s.. It then follows that (xx),y is a.s. a
Cauchy sequence. Moreover, according to Proposition 2.3, (xj),cy a.S. has a critical point of F' as

an accumulation point. Hence (x}),y a.s. converges to this critical point. [I

5 Stochastic gradient schemes

In the previous sections we have presented a general framework to show convergence of the iter-
ates of stochastic schemes for solving (1.1) in a non-convex context, when F' satisfies theorem 2.1
and theorem 3.5. In this section we give examples of stochastic gradient algorithms satisfying
theorem 4.1, hence with convergence guaranteed by theorem 4.6.

A wide class of stochastic gradient schemes for solving (1.1) are of the form of

(Vk) S N) Xk4+1 = X — o Upf, (5.1)

where, for every k € N, f;, € H usually denotes a stochastic approximation of the gradient of F' at
Xk, o € (0,400) is the step-size (also called learning rate), and Uy: H — H is a stochastic self-
adjoint linear operator usually used as preconditioner (e.g., stochastic Newton or quasi-Newton
schemes). Algorithms of the form of (5.1) include variants of the popular SGD [50, 46, 19, 29]
as well as schemes incorporating second-order information like stochastic Hessian approximations
[52, 36], or more generally preconditioned SGD algorithms [33].

5.1 Conditions on the approximated gradient

Let (Fx)kren be the canonical filtration, i.e., for every k € N we have Fj, = o(xq, . . . Xk).

For every k € N, f;, in (5.1) aims at approximating the true gradient VF'(x;). In general, it is
assumed to be integrable, and that there exist three non-negative deterministic sequences (ay)xen,
(br)ken, and (cx)ren such that

E[|Ifell® | Fr] < an(F(xg) — F*) + bi|[VF(x%)||* + cx ass.. (5.2)
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This condition is very generic, and is satisfied by multiple schemes from the literature. For instance,
in [51, 28], condition (5.2) is satisfied when (ay)ren, (bk)ken, and (cx)ren are constant, equal to
a > 0,b>0and c > 0, respectively. When, in particular ¢ = 0, and ¢ = 0, condition (5.2) is
equivalent to the conditional strong growth condition [50]:

(Vk e N) E[|fel” | ] <OIVFGp)[* as.. (5.3)

A relaxed case, only assuming a = 0, has also been investigated in [5, 10]. Finally, condition (5.2)
also extents those of [17], in the differentiable case, where, for every k € N, a; = 0, but without
assuming that (by)xen and (¢ )ren are constant.

5.2 Conditions on the step-size

In (5.1), (ax)ken is a positive sequence playing the role of step-sizes. When they are chosen to be
constant, it has been shown in [50] that theorem 4.1 is verified if the unknown gradients (f;)xen
satisfy the strong growth condition (5.3). If this condition is not satisfied, in particular for non-
constant step-sizes, but a more general condition holds (e.g., (5.2)), (o )reny must be decreasing
to ensure the robustness of the perturbation on the induced variance [10].

5.3 Conditions on the preconditioning operator

In (5.1), (Ug)ren is a sequence of stochastic preconditioning self-adjoint linear operators, with an
a.s. uniformly bounded spectrum, i.e., there exist two positive sequences (ux)xen and (v)ken such
that

(VE e N)(Ve € H) pellz|® < (x| Upz) < vpljz|?® as. 5.4

The most famous class of preconditioning matrices for gradient descent schemes is the Quasi-
Newton one. In this context, for every k € N, Uy, is chosen to be an approximation of the Hessian
of F' evaluated at the current iterate x; (assuming that F' is twice-differentiable). The celebrated
quasi-Newton BFGS method is one of them. The convergence behavior of (F(xy))reny has been
studied in [52] in a non-convex and stochastic setting. However, to the best of our knowledge, the
a.s. convergence of the sequence of iterates (xj)ren has not been studied yet in the literature.

5.4 A general framework for convergence of SGD algorithms in a non-convex con-
text

In this section, we link the noisy gradient condition (5.2) to the descent conditions of theorem 4.1.
In particular, we show that under mild conditions on the parameters involved in (5.1), (5.2) and
(5.4), theorem 4.6 holds.
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Proposition 5.1 Let F be a (3-Lipschitz differentiable function, for some 8 > 0, and let (x)ren be a
process verifying (5.1), (5.2), and (5.4) with respect to (Fy)ren- Assume that

+oo +oo
inf jup > 0 V2 < 12 - 5.5
jnt pe >0, kz—oakykak +o0, ;ak%ck +o0, (5.5)

and that one of the two following statement holds:

(i) The sequence (fx)reny 1is conditionally unbiased, 1ie., for every k € N,
E[fy| Fi] = VF(x) a.s.; and

) o By,
f -t . 5.6
pen (Mk 2 >0 (5.6

(ii) The sequence (fy)rcn Vverifies

+oo 2
S B[] — VEGq)[? < oo as. (5.7)
o Mk

and there exists o € (0,1) such that

) o Bty
f -k . 5.
IigN Qg (Q,Mk 5 >0 (5.8)

If the sequence (Uy)ren is chosen to be adapted to (Fi)ren (i-e., for every k € N, Uy is Fy-
measurable), then (xj)ren satisfies theorem 4.1.

Proof. Following a similar proof as for [14, Lemma 2], it can be shown that the conditional
expectations of all manipulated random variable are well-defined and satisfy theorem 4.1(i). To
show that theorem 4.1 (ii) is satisfied, we need to show that both conditions (4.2) and (4.3) hold.
To this aim, we will first derive generic inequalities. F' being S-Lipschitz differentiable, we can
apply the descent lemma [4], and we obtain

aif
(Vk e N)  F(xp41) < F(xp) — ap(VE(xy) | Ugfi) + %IIkakHQ- (5.9)
Subtracting F* in (5.9), and passing to the conditional expectation lead to
(Vk € N) E[F(xk11) — F* | Fi]
o;p
2

< E[F(Xk) — F* — Oék<VF(Xk) ‘ kak> + HkakH2 ‘ fk} a.s.

2
= F(xx) = F" — a(VF(xp) | URE[fi| Fi]) + O%ﬁE[HkakllQlfk] as., (5.10)

where the equality is obtained using the linearity of the conditional expectation, and the Fj-
measurability of F'(x;), VF(xy) and Uy, for all £ € N. Moreover, from (5.2) and (5.4), it follows
that, for every k € N,

E[|[Usfi|?|1F] < v2E[|I£:]%| %]

<
< viag(F(xx) — F*) + vgby || VF(xx)||> + vicr as.. (5.11)
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Injecting (5.11) in (5.10) gives, for every k € N,

042 V2a
Bl (1) - IR < (14 SR ) (P - 1)

20 9
MHVF( )H2+m_ (5.12)

— o (VF(xx) | UpE[fy|Fx]) >

We will now first show that condition (4.3) is verified in both cases (i) and (ii). We will then
show that (4.2) is also satisfied, using separately case (i) or case (ii).

According to the scheme in definition (5.1), we have
(Vk € N) Ellxpsr — xil?1 ) = oZE[|ULE 2|7 (5.13)
Hence, injecting (5.13) in (5.11), we obtain for all k € N
E[l[xg11 — xk[|*[Fi] < ajvpar(F(xx) = F*) + aqvibel [ VE(xi)|* + ajvier as.. (5.14)
Using the conditional version of Jensen’s inequality [31] leads to

(Vk € N)  E[||xpr1 — Xk ||| F]

< VE[|[xp11 — x| F]
< \JodrRar(F(x) — F*) + odudb[VE(x)|? + 0fvie
gakykak/ \/ﬁ—i—akukb/ ]]VF(xk)]]+akykck a.s. (5.15)
Let, for every £k € N, rp := akukallg/z, S = akukbl/Q, and t;, = akukciﬂ. Sequences

(rk)ken, (Sk)keN, (tk)ken are non-negative, and the summabilities of (ry)ren and (¢x)ren are due to
(5.5). Hence (4.3) is satisfied.

We now distinguish case (i) from case (ii) to show that condition (4.3) is also satisfied.

Case (i): Since (f})ren is conditionally unbiased in (5.12), we obtain, for every k € N,

E[F (Xk11) — F7| Fi]

2 2
< (1 + %) (F(xi) — F")

2 2
— ap(VF(xp) | UVF(xz)) + MHVF( )H”%
2 2
< (155 (o)

o b a2 Brie
kﬂkk‘ )||2_|_ kﬂkk

— agur || VF(x)[|* + 5

= (1 + M) (F(xx) — F")

[VF(x
2

o BU2b o2 Br2e

— ay, (Mk - @) IVE(xp)|1> + @ a.s. (5.16)
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where majoration of (VF(xy) | U, VF(xy)) directly comes from (5.4). Majoration in (5.16) has
the same structure as in (4.2), where, for every k € N,

akﬁugbk
2 )

_ oiBriay, .
Ug = -5 Vg ‘= Qf | Uk —

aiﬁygck

5 (5.17)

Moreover, thanks to (5.5) and (5.6), we deduce that (uy)ken, (Vk)ken, (Wi )ren are non-negative
sequences, and that ), u; < 400, infyvy > 0, and ), wy < +oo. Hence condition (4.2) is
satisfied under condition (i).

Case (ii): Using (5.4) and the Cauchy-Schwarz inequality, we have, for every k € N,
(VE(xx) | URE[fx|F])
— (VF(xp) | UpVF(xy)) + <VF(xk) Uy (E[fk\}"k] - VF(xk)>>
> IV (o) |12 = VG| [k (ElIF] — VF(x) |
> il VF (x) |1 = vi [ VF (i) || B[k Fi] — VF ()] (5.18)

We consider inequality ab < a?c + b%/(4c), that holds for any @ > 0, b > 0 and ¢ > 0. Let k € N,
and take a = |VE(x)|, b = |E[fx|Fx] — VF(xx)|, ¢ = (1 — o)uxv;, ' Then, for every k € N, we
have

IV F () | 1E[fr|Fr] — VF (x) |

(1— o)k 5 Vi )
< —||VF EIf; — VF . (5.1
” IVE(x)|" + 0= o [E[fx|Fi] — VF(xg)[|. (5.19)
Combining this inequality with (5.18) leads to
(Vk € N) (VF(xy) | UpE[fy|Fi])
2
1%
> F 2_ k E[f — VF 2. (5.20
o[V EGw)|” = =B = VEGa)IP. (5209
Injecting (5.20) in (5.12), we obtain
E[F (xg+1) — F*[F]
a2 Briay o Brpby,
< kTR k) _ GEPVEOE 2
< (1 ) (Fx) = FY) = o (o — ) [ VP ()|
+ MHE[&U}] VF(x)|? + apfvice (5.21)
A(1 = o) 2
Let, for everyk € N, U = M, Ve = O <Quk—%ygbk>, and Wi = aiﬁ;ﬁck +4u(:](€1V§g) HE(fk‘fk)_

VF(x3)||?. According to (5.5) (5.7) and (5.8), (ux)ren, (Vk)ren, (Wi)ren are non-negative se-
quences, such that ), u, < 400, inf; vy, > 0, and ), w;, < +oo a.s. Hence (4.2) is satisfied under
condition (ii).

O
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5.5 Application to some state-of-the-art algorithms

In this section we review a few state-of-the-art SGD algorithms of the form of (5.1), those conver-
gence in a non-convex setting is ensured by Proposition (5.1).

5.5.1 SGD with constant stepsize from [50]

The algorithm proposed in [50] consists of an SGD scheme of the form of (5.1), with constant
stepsize. Precisely, for every k € N, a, = a, with « > 0, and without preconditioning matrix, i.e.,

(VkeN) xpy1 =% —afy. (5.22)

The a.s. convergence of the iterates (5.22) can be shown using Proposition 5.1. First, the authors
in [50] show that scheme (5.22) verifies a descent condition in a non-necessary convex setting
assuming that (5.2) holds with, for every &k € N, a; = ¢, = 0 and b, = b, for some b > 0. This
ensures the convergence of (F'(xy))ren- Second, condition (5.4) is directly satisfied with, for every
k € N, pur = v, = 1. Finally, to the extent that the gradient approximations (fy)xcn are unbiased,
condition (i) of Proposition 5.1 holds for a € (0,2/(Lb)). Hence, according to Proposition 5.1,
Assumption 4.1 is satisfied and the a.s. convergence of (xj)ren to a critical point is ensured
by Theorem 4.6.

5.5.2 SGD from [17]

In [17], the authors provide a stochastic version of the forward-backward algorithm for minimizing
the sum of a Lipschitz-differentiable function, with constant 8 > 0, and a non-necessarily smooth
function, both being convex. Assuming that the non-smooth function is zero, then this algorithm
boils down to an SGD algorithm of the form of (5.1), without preconditioning matrices, i.e.,

(Vk € N)  xp41 = xi — M wefi, (5.23)

where, for every k € N, \; €]0,1] and ~; € (0,2/53). By contrast with the usual SGD algorithms, in
[17] the sequence of approximated gradients (f})rcn is not supposed to be unbiased, but to verify
the following relaxed condition :

+oo
> VARIEEIFR] — VE(xz)|| < 400 as.. (5.24)
k=0

The a.s. convergence of (xx)ren to a minimizer of F' is ensured by [17, Thm. 2.1], under few
technical assumptions (including F' convex).

Under the same assumptions, using Proposition 5.1 and Theorem 4.6, we can show that (xj)ren
a.s. converges to a critical point of F', without needing F' to be convex. Indeed, first, [17, Thm.
2.1 - cond. (c)] ensures that (5.2) is satisfied, where a;, = 0, (bx)ren is @ bounded sequence, and
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(ck)ren satisfies ZZ;’% Axcr < +oo. Second, condition (5.4) is satisfied with, for every k € N,
ur = v, = 1. Finally, if infgeny A > 0, as in [17, Thm. 2.1 - cond. (f)], then (5.24) implies
condition (5.7), hence condition (ii) in Proposition 5.1 holds. Consequently, according to Propo-
sition 5.1, Assumption 4.1 is satisfied and the a.s. convergence of (xj)rcn to a critical point is
ensured by Theorem 4.6. This result is novel, up to our knowledge. Actually, almost-sure conver-
gence based on sequence (xj)xen for stochastic gradient schemes remains scarcely studied in the
non-convex case. Recent results in [23, 14] proposed an alternative proof technique without KL
inequality by constraining the topology of the stationary points of F.

5.5.3 Stochastic quasi-Newton with constant stepsize from [36]

In the case where F' is twice differentiable, the author of [36] proposed an alternative version of
the usual stochastic Quasi-Newton algorithm [52] of the form

(VE eN) xp41 = x5 — nUpfy, (5.25)

where 17 > 0 is a constant stepsize. In [36], the authors show that any process generated by
scheme (5.25) satisfies Assumption 2.1. Under the same assumptions, we can show that (xj)ren
a.s. converges to a critical point of F, using Proposition 5.1 and Theorem 4.6. First, the authors
of [52] assume that the gradients (f;)rcn are unbiased and satisfy (5.2), with, for every k € N,
ay = ¢, = 0 and by = b, for some b > 0. Second, condition (5.4) is satisfied with, for every k € N,
ur = ¢ > 0 and v, = v > 0, since the preconditioning matrix Uy, is built to approximate the
Hessian of F' at x; and to have a uniformly bounded spectrum. Finally, (i) in Proposition 5.1 is
verified when « € (0, 2/(8bv?)).

6 Stochastic proximal-gradient scheme examples

In this section, we will give examples of stochastic proximal algorithms from the literature satis-
fying theorem 4.1, hence benefiting from the convergence guarantees given in theorem 4.6. Simi-
larly to section 5, we will present a general framework for investigating convergence of stochastic
proximal schemes in a non-convex setting.

We consider the case where problem (1.1) can be written as

minimize F'(x) = G(x) + H(x), (6.1)
xreEH

where F': H — R verifies theorem 2.1 and theorem 3.5, and is expressed as the sum of two
functions G: H — R and H: H —] — oo, +o0], where G is assumed to be differentiable, and H
is assumed to be convex, proper and lower semi-continuous. In this context, a suitable scheme
to solve (6.1) is to consider a proximal-gradient algorithm (also known as forward-backward,
or ISTA). It alternates, at each iteration, between a gradient-descent step on the differentiable
function and a proximal step on the non-smooth function. The proximity operator of a proper,
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lower semi-continuous, convex function H at a point € # is denoted by proxy(x), and is
defined as the unique minimizer of H + ﬁ |z —-||? on H [39, 3].

A stochastic proximal-gradient algorithm can be expressed as
(Vk € N)  xpp1 = xp + A (Pr(xk — 768k) — Xk), (6.2)

where for every k € N, g € H is a stochastic approximation of the gradient of G at xi, 7, and A\
are two positive stepsizes, and Py : H — H is a stochastic approximation of the proximity operator
of H computed at the output of the gradient descent step (xx — Vx8k)-

The stochastic approximations of the proximity operators can be useful in the context when
the computation of the proximity operator itself is too demanding, e.g., due to the structure of
H (for instance where H is a sum of a very large number of components). A typical example of
operators (Py)ren is the one encountered in federated algorithms [48]. In this context, H reads as
a convex combination H = zi[:l w;H;, where I > 1, (w;)1<i<r € (0, 1) with 22‘1:1 w; = 1, and, for
everyi € {1,...,I}, H;: H —] — o0, +0c]. Then, the most common choice consists in adopting, at
every iteration k € N, Py = >, w; prox,, p,, where I, is a random subset of {1,...,I}. Another
popular choice of approximation relies on the (deterministic) notion of e-subdifferentiability [49].

Scheme (6.2) can be seen as a stochastic gradient scheme by rewriting it as
(Vk e N)  xp41 = x5 — e Aifr, (6.3)

where, at each iteration k¥ € N, f, = %—1 (xr — Pr(xx — kgk))- Thus, f; can be interpreted as
an estimation of the gradient of the whole function VF(x). In the literature, this viewpoint is
adopted to prove the convergence of some versions of the standard stochastic proximal algorithm
(i.e., when, for every k € N, A\, = 1) [38].

6.1 Conditions on the approximations

Let (Fj)ren be the canonical filtration as defined in section 5.1. Let y be an integrable random

variable from 2 to H. We assume that approximation sequences (gx)ren and (Pk(y))k oy are
conditionally unbiased, i.e.,
(Vk € N) Elgi|Fi] = VG(xx) and E[Py(y) — prox,, g(y)|Fx] =0, (6.4)
and that there exist two deterministic sequences (d)xen and (e )ren such that
(Vk e N) E[|lgr — VG(xp)|*1Fx] < di|| VEp)|* + e (6.5)
E[|[Px(y) — prox, g (¥)1*1Fe] < di VE(xz)|1? + e (6.6)
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6.2 A general framework for convergence of differentiable proximal-gradient algo-
rithms in a non-convex context

In this section we introduce a result to enable the convergence study of proximal-gradient based
methods, for non-convex minimization problems. In order to use the results developed in section 3
and section 4, we will consider differentiable functions G and H.

Proposition 6.1 Let F' be of the form of (6.1), where G and H are Lipschitz-differentiable functions,
with respective constants Bg > 0 and Sy > 0, and H is convex. Let (xi)ren be a process generated by
(6.2), satisfying conditions (6.4), (6.5), and (6.6), with respect to (Fy,)ren. Assume that

+o0
inf \gye >0, supAp <1, supy <1/8m, Zel{/2 < 4o00. (6.7)
keN keN keN P

Let B = Be + Bu, and (pk)ken, (0k)ken be two sequences defined as

(VEeN) pp=(1—Bgw)' and o} = % <(\/§+ 1)Bu + 4ﬁ)\kpk> : (6.8)
with

sup oy + dy (ak + )\k’ylzlﬂ) < 1. (6.9)

keN

Then (xy)ren Vverifies theorem 4.1.

Proof. To prove that theorem 4.1 holds, we will use the equivalent form (6.3) of the proximal-
gradient scheme (6.2). Hence the proof will be very similar to the one of theorem 5.1. Precisely,
we consider scheme (5.1), where, for every £ € N, ap = A\ and U, = I, and the sequence
(fx)ken is an approximation of (VF(xy))ren given by

(VEEN) £, = dy + Ay, (6.10)
dp = v, ' (xk — prox., (X — k8k)) ; (6.11)
Ap =" (prox, (%K — Wgk) — Pr(xr — 18k)) - (6.12)

The first step of the proof consists in giving a majoration of the approximated gradient sequence
(f)ken as a function of the true gradient and the error terms involved in the assumptions.

Since H is differentiable, according to the Fermat’s rule [3] we have

(X — k&) — Prox,, i (xx — Yk&k) = WV H (prox,, y(Xr — 1&r)) - (6.13)

Combining (6.11) and (6.13), it follows that

di = gk + VH (prox., i(xx — &) = 8k + VH(xx — vedy). (6.14)
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Since VF = VG + VH, using the triangular inequality, and the fact that H has a Sy-Lipschitzian
gradient

di|| = [[VF(xx) + (8 — VG(xx)) + VH (x), — ypdi) — VH(xy)||
< ||IVF(xp)| + llgr — VG(xx)|| + Bryelldell- (6.15)

According to the definition of p;, in (6.8), this leads to

[dell < pr (IVF x| + [lgr = VG - (6.16)
Combining (6.10) and (6.16) gives

1]l < o (IVE i) + llgk = VG + 1Akl (6.17)
Moreover, passing to the square, we also deduce that

I£11* < 4oz (IVF (i) 7 + gk — VG (xr)IIP) + 20| Ak (6.18)

The second step of the proof aims at establishing stochastic descent properties for the scheme
at stake, to show that conditions (4.2) and (4.3) hold.

First, we apply the descent Lemma [5] to G, using the fact that x; 1 — xx = — &£k,

2)\2
G(xpt1) < G(xp) = MA(VG(xk) | fi) + %llfklla (6.19)

Then, adding H (x1) on both sides of (6.19) gives

ﬂ 2)\2
F(xp41) < G(xi) = mAe(VG(xp) | ) + H(Xp41) + %Hf/ﬁ\lz- (6.20)
Since H is convex and differentiable, using again x;,1 — xx = —7xfx, we also have
H(XkJrl) < H(Xk) — 'Yk)‘k<vH(Xk+1) ’ fk> (621)

Combining (6.20) and (6.21) gives a descent inequality, given by, for every k € N,
F 56‘7]%)\% 2
(XkJrl) < F(Xk) — ’yk)\k<VG(Xk) + vH(Xk+1) ‘ fk> — TkaH . (622)

Note that, for every k& € N, we have

’}/k)\k<VG(Xk) + VH(X]H_l) | fk>
= YA VEF(xk) | fk) — A VH (x5) — VH (Xg11) | fr)

> WAk (VF(x5) | £1) — 1| | VH (%) — VH (X1 || 16| (6.23)
5H'Y]%)\% 2
2 WAV E (xp) | fie) — == [1£ [, (6.24)
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where (6.23) is obtained using the Cauchy-Schwarz inequality, and (6.24) using the Lipschitz
continuity of VH and (6.3). Hence, since § = ¢ + Su, we have

VI

5 I£:]1%. (6.25)

2)\2
WAATE006) + VH (i) [ )~ DO 12 > 50 (V) | £ —
On the one hand, using (6.18), we obtain

B

2617 > <228 (1l + 262 (IF Gl + 1~ YOG0I) ). (6.26)

On the other hand, using the definition of f; in (6.10), equation (6.14), and the fact that VF' =
VG + VH, we have

(VE(xg) | fk)

(VF(xg) | dg + Ag)
(VF(xi) | VF(xx) — VG(x;) — VH (xg)
+gp + VH (x, — yedi) + Ap)
= |[VF(xi)|* = (VF(x) | VH(x;) — VH (x5, — vdy) )
+(VE(xy) | gr — VG(xk) + Ap). (6.27)

Using the Cauchy-Schwarz inequality and the Lipschitz continuity of V H, we obtain

(VE(xi) | £1) = [VF(xp)|1> = Byl VF (i) || dye |
+ <VF(Xk) ’ 8L — VG(Xk) + Ak>
> [V F(x0) 2 = Breon 9 F (i) | IV E ()l + g — VG xu)]))
+ (VF(Xk) | i — VG(Xk) + Ak> (6.28)
= (1= Buavepr) [VFxi)I1> = Bayiprl| VE (i)l gk — VG(xz) ||
+ (VF(xx) | gx — VG(xk) + Ag).
where (6.28) is obtained using (6.16). For any (a, b, c) € R3, we have ab < ca® + b%/(4c). Taking
a=|VF(xp)|,b=llgr — VG(xx)|l,c = (V2 — 1)/2, we obtain

V241
2

lge — VG2 + (VE(xy) | gk — VG(xp) + Ap).  (6.29)

(VFG) | ) > (1= Bawon

V241
2

Combining (6.25), (6.26), and (6.29), we obtain

NIVEG)IP

— BHYKPK

2)\2
WA(VC i) + VH (i) | ) — 2 g 2

V2+1
= ) IVEG)I? = Buerton

+ M (VF(xi) | g — VG(xx) + Ag)

— B (1A + 202 (IVF )1 + s - TG0IP) )

V241

5 gk — VG(xx)|?

= VEAk (1 — BHYEPK
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Using the definition of (oy)ren given in (6.8) we thus obtain

,8 2)\2
WAVG ) + VH (xp11) | B) = 0L 2

> edn (1= 00) IVE(x0)1* = vedkowllgr — VG (x|
VEALBIALI + A (VF (x) | gk — VG(xk) + Ag).  (6.30)

Since, for every k € N, |[VF(x;)||? is Fi-measurable, passing to conditional expectation in

(6.30) and using successively (6.4), (6.5) and (6.6) gives

ﬁGVgAi 2
E | A(VG(xk) + VH (xg11) | fr) — TkaH |

> Ve (1= o) IVE(x)1* = vedkow E[llgr — VG (xi)[* | Fi]
—UNB E[ Ax|? | Fi]
> Ak (1= 1) [V 0)I? = i dners (el V()2 + )
— A8 (I VF ) + e )
= ek (1 —op(1+dk) — Am;fﬁ%) IVE(x)|?
ke <0k n Am,;lﬁ> as.. (6.31)

Taking the conditional expectation in (6.22), combining it with (6.31), we obtain

E[F(xk1) | Fe] < F(xk) — mde (1 — o (1+dy) — Am,;lﬁdk) 1V F (x|
+ Ve Akerk (Uk + )\k'yk_lﬂ) a.s.. (6.32)

Let, for every k € N, U = O, V = 'yk)\k <1 — O’k(l + dk) — )\k’yk_lﬂdk), and Wp = 'yk)\kek (O’k +

)\kfyk_lﬂ). We have ), uj, < +o00, according to (6.7) and (6.9) we have inf; vy > 0, and >, w; <
+00. Then, inequality (6.32) is of the form of (4.2).

It remains to show that (4.3) holds. According to (6.3) and (6.17), and using Jensen’s inequal-
ity, for every k € N, we have
Efllxk+1 — xk| [F]
< ’Yk)\kpk<HVF(Xk)H +E[llgr — VG| | Fi] + ME[IA] | Fe] as.

< sk (IVF G|+ yEllge — VGl [F]) + mdny/E[IAP 7] as.

According to conditions (6.5) and (6.6), we then obtain
Efllxg+1 — xkl [F%]
<mdwor (VG + VATV + e ) + 1 de/ AV )P + ex

< YAk <Pk + prdy” + dllg/z) IV F(xi) || + e (pn + ey as., (6.33)
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where the last majoration is obtained using identity v/a + b < v/a + /b, that holds for any a, b > 0.
Let, forevery k € N, rp = 0, s = YAk (pk + pkal,lg/2 + diﬂ), and tx = yAp(pr + l)ei/Q. We have
>k Tk < +oo and, according to (6.7) and (6.8), >, t; < +oo. Hence, (6.33) is of the form of

condition (4.3).

Hence we conclude that theorem 4.1 holds.

6.3 Application to some state-of-the-art algorithms

The stochastic aspect of process (6.2) enables two types of uncertainties. First, it takes into ac-
count uncertainty arising from stochastic approximations of the gradient of G. Second, it can
handle uncertainty resulting from the use of an approximation of the proximity operator of H.
The combination of these two types of uncertainties in a single scheme has been taken into ac-
count in some works in the literature.

6.3.1 Stochastic FB scheme

The authors of [17] show the a.s. convergence of the iterates of a stochastic FB scheme of the
form of (6.2), assuming that G is convex, and considering the following error on true proximity
operator, i.e.,

(VE e N)(Vu € H) Py(u) = prox,, g, (u) + pr, (6.34)

where (Hj)ren are successive convex approximations of H and (pg)ren is a conditionally
summable sequence. The latter study generalises those of [45] for which no error term on the
proximal operator was considered.

It is worth noticing that, up to our knowledge, the a.s. convergence of the iterates when G is
non-convex has only been studied when )\; = 1 and without any error on the proximal mapping
[25, 34], i.e.,

(VE e N)(Vu € H) Py(u) = prox,, y(u). (6.35)

Hence, the general results we presented in section 6.2 ensuring the a.s. convergence of the
iterates when G is non-convex, and allowing stochastic approximations of the proximity operator
of H, appear to be new.
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6.3.2 Stochastic proximal scheme

Let, forevery k € N, \y =1, v, = 1,and let G = 0, and H = Zle w; H;, where (w;)1<i<r €]0,1[!
with 22‘1:1 w; = 1 and, for every ¢ € {1,...,I}, H; Lipschitz-differentiable. Then scheme (6.2)
boils down to a stochastic proximal algorithm of the form of

(Vkﬁ € N) X1 = Pk(Xk). (6.36)

Such algorithm is very similar to the federated-prox algorithm introduced in [48]. In particular, in
[48], the authors propose to choose

(Vk € N)(Vu € H) Pjy(u) = proxy- i (u), (6.37)

i€S
where, for every k € N, Sy is a subset of {1,...,}. The authors show that, assuming the functions
(H;)1<i<r satisfy some bounded dissimilarity condition, the expectation of the global objective
function conditionally to the subsets of indices, decreases at each iteration.

The results presented in section 6.2 provide stronger convergence guaranties than in [48], at
the price of slightly stronger assumptions on the choice of (Py)xen-
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