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Variational approach for nonsmooth elasto-plastic dynamics
with contact and impacts

Vincent Acary, Franck Bourrier’, Benoit Viano

February 8, 2023

Abstract The objective of this article is the modelling and the numerical simulation of the response of
elastoplastic structures to impacts. To this end, a numerical method is proposed that takes into account
one-sided contact (Signorini condition) and impact phenomena together with plasticity in a monolithic
solver, while accounting for the non-smooth character of the dynamics. The formulation of the plasticity
and the contact laws are based on inclusions into normal cone of convex sets, or equivalently, varia-
tional inequalities following the pioneering work of Jean Jacques Moreau (1974) and Halphen and Son
Nguyen (1975), who introduced the assumptions of normal dissipation and of generalised standard mate-
rials (GSM) in the framework of associated plasticity with strain hardening. The proposed time-stepping
method is an extension of the Jean and J. J. Moreau (1987) scheme for nonsmooth dynamics. The discrete
energy balance shows that spurious numerical damping can be removed and the scheme is practically
unconditionally stable. Furthermore, the finite-dimensional variational inequality at each time-step is
well-posed, can be solved by optimisation methods for convex quadratic programs, providing an inter-
esting alternative to the return mapping algorithm. The paper is completed by numerical illustrative
examples of impacts on metallic structures made of beams.

Keywords: contact, impact, plasticity, nonsmooth dynamics, variational inequality, normal cone, gen-
eralised standard materials, saddle point, time—stepping methods, numerical optimisation.

Highlights.

1. A formulation of all the dynamical equations of the elastoplastic law and contact law in a single
variational inequality, respecting the principles of the thermodynamics

2. A time-stepping method, on the basis of the Moreau-Jean time stepping scheme is developped
enabling the integration of the nonsmooth dynamics consistently with the impulsive motion.

3. Formulation of a convex quadratic program with well-posedness results (existence and uniqueness)
that can be solved efficiently with large time/load increment. This ensures that the scheme is well-
posed

4. A discrete energy balance is given that ensures that the scheme is practically stable.

5. Simulation of multi-criteria elasto-plastic flow rules with contact constraints. Application to impact
on structures made of beams.
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Notation The notation used are quite classical and are not defined in an exhaustive way. We follow the
notation introduced in the standard textbooks. For vector and tensors, we choose the following notation:

z)|® = |z]*= x2' = _=xx = _z'z (1)
—— — ~——
indicial notation tensor notation vector notation

The set T¢ is the set of symmetric tensors of order s in dimension d. For a convex set C' C IR", the
normal cone to C' at x is defined by

Ne(z)={s€R" |s' (y—x) <0, forally € C}. 2)

For a convex function ¢, its subdifferential is denoted by 0. The indicator function of C' is denoted i¢
and we have No = Oic. For a function F' : IR — IR", the inclusion

—F(z) € Ne(z) or equivalently, ' (z)(x —y) > 0, forally € C (3)

defines a (finite dimensional) variational inequality.

1 Introduction

The impact on elastoplastic solids and structures is an important research topic due to its numerous ap-
plications. In solid mechanics, the modelling of impact and plasticity phenomena is required for the
reliability of metallic mechanical parts to impacts or in shot peening processes (Levers and Prior, 1998;
Majzoobi et al., 2005; Nouguier-Lehon et al., 2013), for example. Generally, impacts, even at low speed,
generate plastic deformations, possibly localised in the materials (Johnson, 1985), which can have strong
consequences on their dimensioning. Examples include civil engineering applications such as vehicle
impacts on buildings and structures (L. Chen et al., 2021; K. Heng et al., 2022; P. Heng et al., 2016, 2017),
or ship impacts on harbour infrastructure (Guo et al., 2020; Sha et al., 2021). In the field of natural haz-
ard mitigation, many applications require the joint modeling and simulation of plasticity and impact.
Among them, we can cite building pounding (Langlade et al., 2021), the impact with soil foundation dur-
ing earthquakes, the impact of rock blocks in the mountains against protective structures (walls, nets, or
trees)(Bertrand et al., 2012; Di Giacinto et al., 2020; Dupire et al., 2016a,b), and finally impacts on rail, road
or electrical transport infrastructures (Kaewunruen et al., 2018; Zeng et al., 2018).

The objective of this article is the modelling and the numerical simulation of the response of elasto-
plastic structures to impacts. To this end, a numerical method is proposed that takes into account one-
sided contact (Signorini condition) and impact phenomena together with plasticity in a monolithic solver,
while accounting for the non-smooth character of the dynamics. Furthermore, the goal is to ensure that
the method is stable by formulating a discrete energy balance and yields an optimisation problem that is
well-posed at each time step.

The numerical solution of elastoplasticity problems is generally based on the return mapping method,
attributed to Wilkins (1963) and detailed in the Simo and Hughes (1998) uncontested book. This method is
very efficient and robust in many cases provided that the initial iterate is sufficiently close to the solution
(see Scherzinger (2017) for recent advances). The local quadratic convergence is a major asset of the
method, but it requires a rigorous work of construction and development of consistent tangent operators,
which contain conditional statements that are difficult to deal with. Furthermore, as it is noted in Zheng
et al. (2020), convergence of the return mapping algorithm is only local, meaning that we need to start
from a good initial point preventing large load increments. Some globalisation methods exist, but they
generally required a potential to minimize. In Christensen (2002b), it is shown that this method is a
special case, for particular parameter choices, of a semismooth Newton method applied to a projection-
based reformulation of the variational inequality that describes plasticity (Son, 1977). A similar approach
is followed in Bruno et al. (2020) using conic optimization. One of the ideas of the proposed contribution
is to return to the basis of the plasticity formulation, as variational principles, and to incorporate contact
and impact conditions. In doing so, we will also be able to take advantage of a large set of numerical
methods, coming from optimisation and mathematical programming.



The formulation of the plastic flow in solids as a variational inequality is not new, and well known. The
really interesting point is that it allows, in some cases, convex analysis and mathematical programming
to design efficient algorithms. R. Hill (1948) proposed a variational formulation for the plasticity problem
in the case of perfect plasticity from the principle of maximum plastic work (also detailed in Rodney Hill
(1950)). Giulio Maier (1968a,b, 1969), with its coworkers in Michele Capurso and Giulio Maier (1970), first
considered this principle in their works from the end of the 60’s, writing the constitutive laws formulation
as a mathematical problem which leads also to a variational formulation.

The formulation as a mathematical programming problem, more precisely of complementarity type,
and the maximum dissipation principle problem are the two sides of the same coin. J. J. Moreau (1970,
1971, 1976) and Jean Jacques Moreau (1974), one the father of convex analysis, recognised this structure
of the problem as an inclusion in a normal cone to a convex set. Extending the works of Ziegler (1958,
1962) on normality for nonsmooth potentials, he postulated the existence of a pseudo-potential of dissi-
pation given by a lower semi-continuous convex function. With the normality rule and the convexity of
the yield criterion, the constitutive equations of plasticity are formulated as a variational inequality, or
equivalently, a normal cone inclusion into a convex set. With the notion of subdifferential, the principle
can easily be extended to non-smooth yield surfaces described by multiple yield criteria. A recent account
on this subject can be found in Guy T. Houlsby (2019).

Following this pioneering research, Halphen and Son Nguyen (1975) introduced the notion of gen-
eralised standard materials (GSM). The plasticity law with internal variables follows the normality rule
between the plastic strain rate and the yield surface, by assuming pseudo-potential of dissipation. Gery
De Saxcé (1992) introduced the notions of bi-potential function and implicit standard materials, that ex-
tend the framework to non-associated plasticity (see Cheng et al. (2015) for a recent application of the
method). From J. J. Moreau (1970), Halphen and Son Nguyen (1975) to Gery De Saxcé (1992), this ap-
proach based on convex and variational analysis generated many contributions and is nowadays called
the nonsmooth mechanics framework.

Once the continuous problem is formulated in the nonsmooth mechanics framework, the discretiza-
tion in space, and possibly in time, leads to problems of finite-dimensional variational inequalities and
complementarity problems (Facchinei and Pang, 2003). With some further assumptions such as the nor-
mality rule and the convexity of admissible sets, these problems can be recast into optimisation problems.
The main advantage of this approach is that it makes it possible to use a wide range of numerical methods
developed in the optimisation and mathematical programming community, which are robust, experienced
and with global convergence (Boyd and Vandenberghe, 2004).

As we previously explained, pioneering works that extensively used the mathematical programming
tools are those of Maier and co-workers: study of reinforced concrete beams (Donato and G. Maier (1972),
Leone Corradi, De Donato, et al. (1974)), developing limit analysis (L. Corradi (1976), Giulio Maier and
Leone Corradi (1974), M. Capurso (1975), G. Maier and Vitiello (1974) and review in Leone Corradi and
Nova (1974)), application and study of programming methods (Donato and G. Maier (1972), L. Corradi
(1976), De Donato and Franchi (1973)). Most of these work are in the quasi-statics setting except (L.
Corradi, 1976; Leone Corradi and Nova, 1974; G. Maier and Vitiello, 1974; Giulio Maier and Leone Corradi,
1974), that include the inertia effects. This approach has also been included in the more general context
of Galerkin methods and finite element applications (L. Corradi, 1990a,b; G. Maier, Comi, et al., 1991).
More recently, formulations as optimisation problems of the incremental plasticity problems have been
proposed for limit analysis, shakedown analysis, and computational purposes. In (Bisbos et al., 2005;
Makrodimopoulos and Martin, 2005a,b), limit and shakedown analyses are done using a second order
cone programming technique and quadratic optimisation. In Wieners (2007), the sequential quadratic
programming method is used for infinitesimal perfect plasticity. In (K. Krabbenhoft et al., 2007; Kristian
Krabbenhoft et al., 2005), very interesting developments are carried out for Mohr-Coulomb yield criterion
in the context of cone variational inequality, extending the pioneering works of Berga and Géry De Saxcé
(1994) and Hjiaj et al. (2003). In Tangaramvong et al. (2012), the plasticity problem, with perfect and
hardening plasticity in quasi-statics, is solved using a complementarity system and mixed finite elements.
In Kanno (2016) and Shimizu and Kanno (2020), accelerated gradient algorithms are used to solve the
incremental plasticity problem. In Zheng et al. (2020), non-associative plasticity with non-smooth yield
surfaces is formulated as a mixed complementarity problem. In Xue Zhang (2014) and subsequent work
pieces (Meng et al., 2020; X. Zhang et al., 2013; Xue Zhang, Kristian Krabbenhoft, et al., 2015; Xue Zhang,



Sheng, et al., 2017; Zhao et al., 2022; Zhou et al., 2023), the mathematical programming approach of K.
Krabbenhoft et al. (2007) based on a saddle-point problem is further extended to new space-discretization
techniques such as PFEM and non-associative flow rule for applications in geotechnics.

Finally, in P. Heng et al. (2016, 2017), Khan, Ahmad, et al. (2021), and Khan, Smith, et al. (2013),
the effect of impact in elasto-plastic structures with the help of mathematical programming techniques is
studied, but there is no monolithic algorithm to solve the contact and impact multipliers with the plasticity
flow rule.

Another fundamental contribution of the nonsmooth mechanics community under the seminal im-
pulse of Moreau is the dynamics of mechanical systems with contact, Coulomb friction and impact. Again,
these constitutive laws can be written as variational inequalities and complementarity problems. Unilat-
eral contact in mechanical systems implies jumps in the velocities. For discrete systems, measure differ-
ential equations are necessary to formulate rigorously the problem in order to design robust and efficient
time—stepping schemes. Without entering into details, our work will be based on the nonsmooth con-
tact dynamics method developed by Jean and J. J. Moreau (1987, 1992) (see also Jean (1999) and J. J.
Moreau (1988) for further developments and Vincent Acary and Brogliato (2008) and Dubois et al. (2018)
for reviews of the method). In this time-stepping scheme, the velocity and the impulses are the main dis-
crete unknown variables, yielding to a robust and consistent integration scheme. When only unilateral
contact and impact are involved, the discrete problem can also be written as an optimisation problem.
It seems therefore natural to propose an unified formulation for the problem of elasto-plastic structure
subjected to contact conditions and impact, that enables the use of the powerful algorithms developed in
the numerical optimisation community.

Contribution and outline of the article The outline of the article is as follows. In Section 2, the
equations of the dynamics of an elastoplastic system with unilateral contact are recalled. The goal of this
section is, first, to formulate all the equations in a variational framework, respecting the principles of the
thermodynamics and second, to write the elastoplastic law and contact law as a variational inequality.
These two features allow one to state some energy principles. The formulation starts from the well-known
framework of generalised standard materials and is extended to the case of unilateral contact in dynamics.
Starting from the continuous time and space formulation, the model is discretized in Section 3. The space
discretization is based on a standard iso-parametric finite element application to keep the presentation as
simple as possible. We end up with a finite-dimensional differential variational inequality that takes into
account the plasticity and the contact constraints at the end of Section 3.1. Since we then deal with finite-
dimensional systems with finite masses, the discontinuities in the velocity imply impulsive forces. This is
the reason why the system is recast with the help of differential measures and an impact law is introduced
in the formulation to close the system equations. In Section 3.2, a time—stepping method is developed
on the basis of the Moreau-Jean time stepping scheme. This scheme integrates the nonsmooth dynamics
dealing consistently with the impulsive motion. Furthermore, it allows one to give some well-posedness
results and a discrete energy balance that ensures that the scheme is well-posed and stable. Some of
elements of the literature are relatively closed from our approach, but we differ mainly in the facts that
a) we consider explicitly dynamics with impacts in a nonsmooth setting, b) we prove the well-posedness
of the one-step problem and c) we give a discrete energy balance that ensures the stability of the scheme.
Finally, in Section 4, some numerical illustrations are developed to show the interest of the proposed
approach. The method is able to simulate multi-criteria elasto-plastic flow rules with contact constraints.
The discrete energy balance highlights which physical processes dissipates the energy. Especially, the
question of the coefficient of restitution and the energy dissipated by the impact is discussed with respect
to the mesh size and the time-step.

2 Elasto-plasticity dynamics with unilateral contacts

The formulation of a model for the elasto-plasticity dynamics is based on the standard textbooks (Guy
T Houlsby and Puzrin, 2007; Maugin, 1992; Nguyen, 2000). The constitutive equations for such elasto-
plastic systems involves constraints on the state variables and their derivatives. Typically, the stresses
and the forces associated to the hardening parameters are constrained to be in an admissible set defined



by the yield criteria. The most convenient framework for dealing with constraints is Convex Analysis
as it has been pioneered by J. J. Moreau (1970, 1986) and Jean Jacques Moreau (1974) in the context of
plasticity, friction and contact, introducing super-potentials and pseudo-potentials of dissipation. In this
work, the notion of Generalized Standard Materials (GSM) (Halphen and Son Nguyen, 1975) is used for
the constitutive models with the Moreau-Ziegler assumption of normal dissipation.

2.1 Principle of virtual powers

The material body is assumed to an open set 2 ce IR?, d € [1,3] for t € [0, T]. The volume Lebesgue
measure is denoted by dv(z) and the mass measure is denoted by dm(z, t). We assume that mass measure
has only a density with respect to dv(x), denoted by p(z, t), the density of the material, that is dm(x,t) =
p(z,t)dv(z). Due to the one-sided contact conditions between bodies, the velocity v(z,t) : Q2 x [0,T] —
IR® may encounter some jumps in time and space, and is assumed to be a right continuous function of
bounded variations i.e. v(x,t) = v*(z,t). We assume that the set of points (z, ), at which the velocity
is discontinuous

S={x,t€ QUx[0,T] | v"(z,t) #v (z,t)}, (4)

is of measure zero with respect to dm. This assumption is standard in solid mechanics of elasto-plastic
bodies with shock waves, where it is implicitly assumed that there is no impulsive forces. A discussion

on this assumption is made in Remark 1. With these precautions, we can assume that the kinetic energy
defined as

1
T =5 [ vle.t)-vla,t) dns,o), ©)
Q
is a continuous function of time. Its time derivative defines the power of inertial forces as
d :
%T(t) = Pinertia(t) = [ v(z,t) - 0(z,t)dm(z, 1), (6)
Q

may be a discontinuous function of time. We can also define the virtual power of inertial forces as

 rinll) = / @) o) dm, ) @

where v* is the virtual velocity with the same regularity as v(x, t). For the power of internal forces, we
assume that the second order symmetric Cauchy stress tensor o € ng and the tensor of virtual strain
rates D*(z, t) is discontinuous on a set Sp of zero measure with respect to dv(z), and that S C Sp. The
tensor of strain rates is in duality with the Cauchy stress tensor o by the power of internal forces as

() = — /Q D*(x,t) : o(x,t) dv(z). (8)

The virtual power of volume forces f, assumed to be a Lebesgue integrable function, is defined by

Pr(t) = /Qv*(x,t) - f(z.t) dv(z). 9)

For the power of contact forces, i.e. external forces on the surface boundary 9€2, we assume that
these forces are splitted into known applied contact external forces, ¢(z, t), and unknown normal contact
forces, denoted 7(x) associated with the one-sided contact boundary conditions. The power of applied
contact forces is defined as follows

% () = /8 (@) o) ds(a), a0d Pla(8) = /a (@) 7l t) ds(o) (10)



Principle of virtual power The principle of virtual power in the setting of classical mechanics pos-
tulates that the virtual power of inertial forces balances the virtual power of all other forces, internal,
external, volume and contact applied to the system for all virtual velocity fields :

i;ertia(t) - ,P\t (t) + i;t (t) gxt (t) + Pc:ontact (t)7 V’U* (11)
Energy balance Choosing the virtual field v* equal to the actual velocity field v, we obtain

T(t) = 7)v(t) + Pint (t) + Pext (t) + Pcontact (t) (12)

Remark 1. The assumptions we made in this section are usually found in the mechanical literature on
continuum mechanics with discontinuities, especially, with shocks waves in elasto-plastic solids, for instance
in (Davison, 2008; Germain and E. Lee, 1973; E. H. Lee and Liu, 1964; Mandel, 1964). From a mathematical
point of view, they are generally not sufficient to define correctly the problem in a more general framework
and the question of existence and uniqueness. This needs further mathematical setting, that are far beyond
the scope of the paper. Especially, the regularity and the bodies in which we can write the equations of
conservation. In this article, we assume smooth surfaces of discontinuities but more generally, geometric
measure theory must be called to define subbodies, normal to surfaces and Cauchy stress (see for instance
(Gurtin et al., 1987; Musesti, 2001)).

The assumption about the set of discontinuities if of zero measure with respect to dm is also questionable,
even though the mass has only a density with respect to the volume or surface measure. When some one-
sided constraints are imposed on elastic bodies in dynamics, the question of the existence and the regularity
of solutions remains an open question. In a seminal paper, Lebeau and Schatzman (1984) show the existence
and uniqueness of solutions and prove the conservation of energy for an elastic half-space with Signorini
condition, where there is no impulsive forces, or impulsive stresses. In dimension 1, it corresponds to the
equation of elastic bar and in dimension 2, to a membrane. For a more general object, in particular, a manifold
of co-dimension 1 in R? (beams, plates, shells), the question is open and simple examples show that impulsive
forces are possible.

2.2 Elasto-plasticity in the Generalized Standard Material (GSM) setting

For the formulation of the elasto-plastic behavior of the continuous medium, we assume that we are in
the framework the small-perturbation hypothesis (SPH). We also assume that these equations are written
where the tensor of strain rates D is well defined.

D(z,t) = é(x, 1), (13)

1
where the second order symmetric strain tensor € is given by e(u) = V(u) = §(VT(u) + V(u)) (V

denotes the gradient). As usual under the SPH, the strain tensor is decomposed in an additive way into
an elastic part, i.e. the reversible part of the strain, and a plastic part as follows

e=¢€°+¢e>. (14)

The presentation of the elasto-plastic model with hardening is made in the framework of generalized
standard materials (Halphen and Son Nguyen, 1975; Maugin, 1992) in order to satisfy the principles of
thermo-mechanics.

Free energy and state laws We start by the definition of the free energy per unit of volume ¢ (e°, o)
in the isothermal setting (the free energy does not depend on the temperature 7') assuming a separation
in €€ and a:

P(e, a) = 9°(e%) + ¢ (), (15)

where « is an order-one tensor of hardening parameters, ¢ is the elastic potential energy and ¥* is the
plastic potential energy due to the hardening process. The state laws govern the generalized (driving)



forces o (z,t) € T and a(z, t) as the derivative of the free energy:

8 e 6 e
o= Op(e’, ) ,a)) and a= Op(e’, o) ,a). (16)
Oe¢ Oa
In the simplest case, quadratic potentials are chosen,
1 1
Y°(e®) = 556 :E:e® and YP(a) = Phell D -« (17)

with E a symmetric 4-th order elastic tensor and D a symmetric second order tensor, the state laws are
then linear :

oc=E:e® anda=D":«a. (18)

Intrinsic dissipation From the first and second principles of thermodynamics, the intrinsic dissipation
per unit of volume d in a isothermal setting, defined by

d=o:¢— (e a), (19)

must be positive. Developing ¢(se, ), we get

d=g e |VED) o OEQ) L] (20)
Oe® Ja

With the state laws defined above, this can be simplified in
d=oc:é-[oc:é+a-a]l=0c:6—€]—-a-a=0:"—a-a. (21)

The total intrinsic dissipation (or dissipated power) D(¢) and the total free energy U is defined as

D(t) = /Q d(z,t) dz, and () = /Q W(e(x, 1), oz, 1)) da. 22)
Then, the power of internal forces is expressed as

Puclt) = = | d(a.t)dr - /Q D (1), ala, 1)) da, (23)
that is

Pt (t) = —=D(t) — U(t). (24)

For a detailed energy balance in the context of elastoplasticity with hardening, we refer to (Chrysochoos
et al,, 1989).

Normality rule and complementary laws From the second principle of the thermodynamics, the
intrinsic dissipation must satisfy the Clausius-Duhem inequality, that is, in an isothermal setting

d=o:é’ —a-a>0. (25)

A convenient way to ensure that complementary laws will imply this inequality is to postulate the ex-
istence of a pseudo potential of dissipation from which the rate of changes of the e” and « derive (Jean
Jacques Moreau, 1974). In the case of elasto-plastic models that obey to the normality rule (associated
plasticity), we introduce a convex set C as the set of admissible stresses o and forces a, and the comple-
mentary laws are defined by the following differential inclusion

(fi) € Nc (Z) . (26)



The complementary laws (26) imply the Clausius-Duhem inequality (25) if the origin belongs to C'. Using
the definition of the normal cone (2), the complementary laws are equivalent to the following variational
inequality

el:i(o—-6)—a-(a—a) =0, VY(,a)ecC, (27)
also know as the Hill’s principle of maximum dissipation

P :o—-a>e’:6—&-a VY6,a)eC. (28)

2.3 Unilateral contact

In this work, the unilateral contact is considered as perfect unilateral constraint. Let us assume that
we are able to define the normal gap function gy(x) between two points of the boundary of ) that are
candidate to contact. To simplify the presentation, we assume that there is no explicit dependence of the
gap function on time. The normal relative velocity vy is defined as the time derivative of the gap function

on(z,t) = gN(x) = vxg(x) (2, ) = H(:,C) ’ v($7t)' (29)

The normal reaction at contact 7 is defined by duality using the virtual power of contact forces as

5 inall) = /8 @) rlat) ds(a) = / o (@, (. ) ds(z), (30)

a9
and hence, using (29),
r(z,t) = H(x)ry(z,t). (31)

The Signorini condition can be viewed as an additional state law associated with the additional state
variable gy. The surface free energy 1/* of the system is defined with the indicator function of R, iR, ,
taken at gy

L (gN) = i]R+ (gN)' (32)
The Signorini condition is then obtained by sub-differentiating
=1y € Og ¥ (gn) = OiR, (9v) <= —7x € NR, (9n)- (33)

The definition of the subdifferential of the indicator function leads to the signorini condition in terms of
complementarity:

0< gy Lr>0. (34)

It is also possible to write a stronger condition at the velocity level that implies the standard Signorini
condition as

—Ty € NT]R+ (qN) (UN)v (35)

where Tr, (gy) is the tangent cone of IR (see J. J. Moreau (1988)). Equivalently, the complementarity
condition at the velocity level is

0<ryluv,>0ifgy,=0, else ry =0. (36)

Power of contact forces. The power done by the contact forces vanishes almost everywhere due to
(36), does not dissipate or release energy:

Pcontact(t) :/

o0

r(@,1) - v(x, 1) ds(z) = / ro(@, o (x, 1) ds(z) = 0. (37)

o0



3 Space and Time discretizations

3.1 Standard finite element discretization

In this section, we introduce a standard finite element discretization of the elasto-plastic bodies. We
have chosen to leave it as simple as possible since this is not the main objective of the paper. For a
comprehensive review of the specifity of finite element application to plasticity, we refer to Nodargi
(2019) where enhanced mixed FE discretization can be found. The FE discretization of the displacement
in an element labeled by e € [[1, n] is given by

Ue(7) = Ne(1)ue = Ne(x)u, (38)

where u, € IR is the vector composed of the nodal displacements of the element and © € IR"™ the
nodal displacement vector of the whole structure. The matrix N, denotes the shape function matrix of
the element e.

Note that u is not the simple concatenation of u., in other words u # col(ue,e € [1,nel]) but is
related by a local-to-global mapping A, such that u, = A.u. This mapping is also used for the assembly
of the structural matrices. To avoid too complex notation related to the assembly process, we prefer to
formulate the problem directly with N, (x) (see Bathe, 1996).

The strain, in vector notation, £, € IR, using Voigt notation in an element is given by

ge(z) = Be(2)u, (39)

where B, (x) is the strain-displacement matrix for the element e obtained by applying (38) in the definition
of the strain tensor from the displacement. The nodal velocity vector v, is assumed to be given by the
time derivative of the nodal displacement vector leading to

ve(r) = Ne(z)v. (40)

Using the same Galerkin approximation for virtual velocities, the principle of virtual power yields the
following space discretized equation for the element e

[ NI @Ne)dmat) 60+ [ B @)l tdoe) =
Q. Q. (41)
NI @)@ tdv() + [ NI @)@ nds@) + [ N @)r(z, ds().
Qe e e

Using the following standard notation,
M, (t) = / N (z)N,(z)dm(z, 1), (42)
QE
for the consistent mass matrix, and

Funt() = / BT ()0 (x, t)du(x)

Qe

Foo(t) = / N (@) f(z, )dv(z) + /a NI (@) )ds(a) (43)
Tcontact,e (t) = NJ(x)r(x,t)ds(x),
Qe

e

for the nodal internal, external and contact forces, we obtain the contribution to equation of motion of
the element e as

Me (t)v(t) + fint7e<t) = fext,e(t) + Tcontact,e(t)- (44)

For the whole bodies (2, the equation are obtained by summing the contributions of the elements yielding

M(t)v(t) + fint (t) = fext (t) =+ Tcontact (t) (45)



with
Nel Nel Nel Nel

M(t) = Z Me(t)a fint (t) = Z fint,ea fext(t) = Z fext,ea and Tcontact(t) = Z Tcontact,e- (46)
e=1 e=1 e=1

e=1

Equilibrium matrix In order to obtain a convenient matrix notation for the internal forces, we note
that the internal forces are linear in o.. A discretization of the stresses o.(z,t) in the element should
result in a linear formulae expressed as a matrix product with the introduction of an equilibrium matrix.
In the sequel, we use the discretization directly based in the Gauss quadrature rule for evaluating the
integrals. More enhanced approaches as been discussed in (Leone Corradi, 1985). Using the discrete
equilibrium matrix B defined in Appendix A, we get the matrix from of the internal forces as

Tel

fint,e = Bgaev and fint = Z fint,e = BTU~ (47)

e=1

Hence, the space-discretized equation of motion (45) reads as
M(t)o(t) + BT o(t) = foxt(t) + Teontact (t)- (48)

Remark 2. In Appendix A, the strain and stress discrete values are gathered into column vector using a
scaling by the square root of the Gauss weights. This allows a convenient matrix notation, where the structure
equilibrium matrix is directly the adjoint operator of the strain-displacement matrix as in standard force
method (see for instance (Pellegrino, 1993)). It would also have been possible to introduce another diagonal
matrix containing the Gauss weight leading to a direct gathering without scaling of the strain and stress
values at Gauss points.

Discretization of the elasto-plastic equations Since the stress and strain vectors are evaluated at
Gauss points, we choose to apply directly the elastoplastic model at the gauss points. It results in the
following system of equation in matrix vector notation:

o = FEe® = E(e — €P)
a= Da

» ; (49)
()

where F is the elasticity matrix obtained by reformulating the elasticity tensor £ in matrix with Voigt
notation for instance. The same applies for D. The only point of attention is the definition of the convex
set C' that is a Cartesian product of the set C' for each Gauss points and taking into account the scaling
due to the Gauss weights introduced in appendix A.

Discretization of the contact conditions The discretization of the contact conditions is a delicate
subject. An accurate discretization of the contact traction r(x, t) call for the use of mortar finite element
techniques (see for instance (Belgacem et al., 1998; Popp et al., 2009)). Since it is beyond the scope of the
article and to keep the presentation as simple as possible, the discretization is made by choosing to apply
the Signorini condition to a set of discrete points on the contact boundary associated with point load
contact forces. These discrete points can be simply a node of the mesh, or a point for which the position
is expressed in terms of the node displacements in a iso-parametric setting, with the shape function
matrix. For a contact point labeled by v € [1...m], the gap function is written as a function of the nodal
displacement u as g3 (u). The normal relative velocity is then given by

= 2 gu(u) = VI (g2 ()0 = HOT (. (50)
The vector vy is defined by collecting all the relative velocities at the contacts points, vy := col(vS, a €
[1,m]), and the matrix H is defined as

[e3%
N

vy = H' (u)v. (51)

10



By duality, the contact forces are expressed as

N

and Teontact = H (u)rd. (52)

N

The Signorini condition at the velocity level is then written as

-y € NTJRZf (gN(t))(UN)' (53)

Nonsmooth dynamics for finite-freedom mechanical systems Once the space-discretization is
performed, we end up with a finite freedom mechanical system that is subjected to unilateral constraints.
In standard finite element discretization, all degrees of freedom possess a finite mass. Since the system
may encounter some jumps in the velocities, the fact that we have mass finite masses leads to the possibil-
ity to have percussion in the dynamics. In other words, the assumption that we made in Section 2.1 is no
longer valid and we need to take into account the velocity jump into the equation of motion. To this aim,
we consider that the velocity is a right continuous function of bounded variations with respect to time
and the acceleration is therefore considered as a differential measure dv associated with v (J. Moreau,
1988). We will further assume that the reaction due to the unilateral constraint is also a measure denoted
by diy that have the same support as dv. Assuming that the internal forces have only a density with the
Lebesgue measure, the equation of motion

M(t)o(t) + BT o (t) = fexe(t) + H(ult))rs(), (54)
is extended as measure equation as
Mdv+ BT o(t)dt = fexe (t)dt + H (u(t))diy. (55)

If we define ry as the density of diy with respect to the Lebesgue measure, the equation (54) appears as
the equation of motion, valid almost everywhere. At any time point ¢;, the measure equation amounts to
solving the impact equation

M(v(t;) — v~ (t:) = H(u(ti))pin, (56)

where the percussion p;  is the normal percussion, i.e. the density of diy with respect to the Dirac atom
at ¢;. In order to solve the system with a new unknown p; y, we need to introduce an impact law. The
simplest choice if the Newton impact law

ol () = —evd ™ (t),  if g¢(u(ti)) = Oand v~ (£;) <0, (57)

where e is the Newton coefficient of restitution. Following the seminal work of J. J. Moreau (1988), the
Newton impact law and the contact law expressed in (53) are formulated as a measure inclusion as

—diy € NTIR‘T (gN(t))(UN(t) + evy (t)) (58)

Summary of the space-discretized equations To sum-up, after the space discretization, the equa-
tions of the elasto-plastic system with unilateral contact read as

Mdv + BT o(t)dt = foxi (t)dt + H(u(t))diy

alt) = v(t)
o(t) = E(e(t) — (1))

a(t) = Da(t)
(1) o(t) 9
~a) € Ne a(t)))
t

un(t) = HT (u(t))v(
—diy € NT]R7n (gN(f))(UN(t) + evy (t))

In order to prepare the time discretization of (59), the differential equation are separated from the
algebraic equations and the normal cone inclusion introducing two slack variables y = & and z = —¢£P.

11



Assuming that the elastic law is valid at time ¢, that is, o(tg) = Fe(to), the elasticity can be expressed
as

5(t) = BE() — (1) = B(Bu(t) + 2(1)), (60)
or equivalently, with the compliance matrix S = E~! as

So(t) = Bu(t) + z(t). (61)
With the slack variable y and assuming that a(tg) = Da(tg), the linear hardening law reads

D7 a(t) = a(t) = y(t). (62)

Finally, with the slack variables y and z, the normal cone inclusion for the plasticity flow rule is given by

(e ()

The complete system of equations for the elasto-plastic evolution with contact reduces to

Mdv + BTo(t)dt = foxe(t)dt + H (u(t))diy

a(t) = v(t)

S6(t) = Bo(t) + 2(t)

D~a(t) = y(t)

(=) o(t) 64)
y(t)) €N a<t>)

we(t) = H (u(t))o(t)

t
—din € Ny (a0 (0x(8) + et (2))-

3.2 Time discretization with an extended Moreau-Jean time-stepping schemes

The time-discretization of the system (64) is given by an extension of the Moreau-Jean scheme for nons-
mooth dynamics (Jean and J. J. Moreau, 1987) and by the catching-up algorithm for plasticity (J. J. Moreau,
1976). The dynamics equation in the first line of (64) is discretized using the definition of the differential
measure over a time interval (¢, tk+1] as

/( e Mdv = M(v* (tgpr)—v " (tr) = — / s BTo(t)dt+ / o Foxt (t)dt+ / H (u(t))diy.

th tr (thostot1]
(65)

As in the original Moreau-Jean scheme, the impulse of the reaction measure is kept as primary variable
to ensure consistency of the scheme when an impact occurs:

/ H(u(t))diy =~ H (uk)pPx k- (66)
(te,try1]

The explicit approximation of H (u(t)) is justified by the fact that we assume to be under the small per-
turbations hypothesis. Using the following standard notation zj, and x for the approximations of the
function z(t) at time t;, and ty1, the remaining nonimpulsive terms of (39) are approximated with a
0—method as

M (vi1 — vg) + hBT 00 = hfoxexro + H(ug)ps g1, (67)

where the following notation is used xy+9 = 0zp41 + (1 — )z for any variable z. The non impulsive
dynamical equations in (64) are also discretized using a §—method

Ug+1 = Uk + AVk40,
S(Uk.H — Uk) — hB’Uk_;,_g = hzk+9, (68)
D™ akt1 — ax) = hykto-

12



The normal cone inclusion governing the plastic flow rule is discretized as follows for § > 0

_ <2k+0> € No (0k+9) . (69)
Y46 ak+6

For the contact impact condition, the active constraints at the velocity level must be selected. To this aim,
the following index set of contact is introduced

T = {a| gg) < 0,05, <0} (70)

withvg, = H @ T . Hence, the impact law is written as

e k1 € Nr+ (V8511 +vﬁk), for a € I, (71)
Pek+1 =0, otherwise.
where vg ., = H % Topr1. By collecting only the contact variables for the index set Z; as vy =
col(vd, a € I;) and py := col(pg, o € Ty,), the contact impact law is given by
—Prj+1 € N (Un k1 + € k), (72)

where m is the cardinal of Zj,. Using the reduced matrix H = col(H“, o € Zj,), we also have vy j, = HTvy,
and

M (Vg1 — vi) + hB 040 = hfexticro + Hp s (73)

Summary of the space and time discretized equations Altogether, the space and time discretized
equations are given by

M (Vg1 — V) + hB 09 = hfoxt o + Hpa g1
S(O—k-Jrl - O’k) - hBUk+9 = thJrg,
D™ Maks1 — ar) = hyrto

Vst = H vpiy (74)
Zk+0 Ok+0

=\ wr+o | € Noxmey Qg+
Prk+1 Un,k+1 T €Uy k

where up11 = ug + hvgyg can be solved afterwards. Using the relation 2519 — xp = (21 — k), the
discretized equations can be formulated in terms of variables approximated at ¢5¢

M (vito — vk) + hOBT 049 = hO fox ko + OHPy pi1
S(0kt+9 — ok) — hOBvitg = hOzjt0,
DY apt9 — ax) = hOyxro

Ovg a1 = H " vpro — (1 — vy : (75)
Zk+0 Ok+6
- Yr+0 € Noxmrr | arto
Un,k+1 + EUN Dnk4-1

3.3 Well-posedness

To study the well posedness to the problem (75), we propose to show that it corresponds to the optimality
conditions of a saddle point problem, and then to show that this saddle point problem admits a unique
solution.
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A saddle point problem. Let us consider the following saddle point problem

1 1 1
min, ¢ maxy g4 g(v —vp) M=) — =(o —0ap) S(o — o) — i(a —a) ' D7 (a — ay)
+hloTé — hef;t7k+1v

s.t. Bv=¢
Ouy=HTv—(1-— 0)on ke
o
a € C xR
Uy + €Uy k
(76)
Let us introduce the following assumptions
Assumption 1. The matrices M, S and D are symmetric definite positive matrices.
Assumption 2. It exists v°, 0%, a® such that
0
o
C
a®) € (77)

H™0% 4+ (0(1+¢€) — ugg >0

Proposition 1. Under Assumptions 1 and 2, the problem (76) has a unique solution (v, €, 0, a, vy).

To prove that the minimax problem has solutions, i.e. saddle points exist, we consider a reduced
version of the problem (76) where the equality constraints Bv = ¢ and fv, = H v — (1 — 0)vy, 1 are
substituted. This yields a reduced saddle point point

1 1 1
min, maxey,q 5(1} — ) M(v—vg) — 5(0 —o3) ' S(0 — o) — i(a —ay) "D a — ay)
+hbo " By — h@f;mkﬂv
(78)
o
s.t. a € C xR
HTv+ (01 +e)—Dogg
with its associated Lagrangian function of the form
_ 1 1 1 _
L(v,0,a) = 5(“ — ) T M (v —vg) - 5(0 —a1) ' S(o0 —op) - 5(61 —a) D™ (a — ax)

+h80 " Bv — hOf ) v — T (Z) + HQLIJIRT (H v+ (6(1+e€) — L)vgg).
(79)

Assuming that M, S and D are symmetric definite positive matrices, the Lagrangian function £ is a
convex function in v and a concave function of (o, a). With the assumption (77) , the following coercivity
properties hold:

lim L(v,0°, a’) = +o0, lim L@°,0,a) = —o00 (80)
llv][=+o0 l(e:a) T|l=+o0

From Theorem 4.3.1 in (Hiriart-Urruty and Lemaréchal, 1993), the set of solutions of the saddle point

problem (78) is a nonempty compact and convex set. The strict convexity of £ with respect to v for all

(0,a) € C and the strict concavity with respect with respect to o, a for all v such that H " v° + ((1 +

e) — 1)uy g, > 0 imply the uniqueness of the solution of (78). To obtain a complete solution of (76) it

suffices to compute ¢ = Bv and vy = H v — (1 — 0)vy 4. O
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Proposition 2. Under Assumptions 1 and 2, the problem (75) has a solution for (Vk+6, Ok+0, Qk+6, Un k+1)
and (2k+6, Yk+0, Dnk+1). Furthermore, the solution is unique for (Vit, Ok+0, Qk+6, Un+15 2k+0, Y+0)-

As it is noted in (Hiriart-Urruty and Lemaréchal, 1993, Remark 4.3.2), the coercivity properties (80)
imply that the following necessary optimality conditions has a solution

(81)

0€0,L(v,0,a)
0€ 0,0L(v,0,a)

With our setting we get

@L:) 0 € M(v—uvg)=h0fl )+ B A+PHOVR: (H v+ (0(14¢) — Logs)

X

(0,L:) 0 € —S(o—op)+hbé— hd, Ve (")
“ (82)

(0.L) 0 € —D a—ay)—h00, V¢ (Z)

Let us introduce 6v, such that
Ove=H v+ (0(1+e) — Dvgs) (83)
and z,y, Py

z o
|y | €d¥cxmrr | a (84)
DPx Ux-

Then, the optimality conditions can be written as

M(v—wi) +h0BTo = hOf) 1+ OHps

S(oc — ox) — hOBv = hbz

D™ (a — ay) = hoy
(85)
Ouy=HTv—(1-— 0)ox ks

z oz
|y | €0vermy a
V2N Uy + EUN K

A solution of (85) is a solution of the problem (75). The uniqueness of (Vg 40, Ok+0, Gk+0, Un,k+1, Zk+0, Yk+0)
is directly obtained from the Proposition 1. O

Remark 3. The assumption on the positivity of the matrix D implies a positive hardening that prevents
from softening behavior. In the case of perfect plasticity with D = 0, the variable a and the associated terms
can be removed from the problem and we get the same results for existence and uniqueness of solutions of the
discrete problem.

The assumption on the velocity v° in (77) is a standard assumption for the feasibility of the problem that
can be found in a more general context of contact and friction in (V. Acary et al., 2011). Note that if H has
full rank that condition is satisfied.

In Appendix C, the optimality conditions for (76) are also equivalent to the problem (75).
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Reduction of the linear equations Solving directly the problem (74) or the minimax problem (76) is
possible with numerical methods of optimization, but, in the sequel, we prefer reduce the linear equations
to reduce the number of unknown variables. The first three lines of (74) are linear equations and the
discrete velocity vg41 can be substituted to obtain a reduced variational inequality. Using the two first
relations in (75), we obtain

h0zr9 = S(okyo — o) — OB ('Uk +0M~? (hfext,k+9 + Hpy k1 — hBTUk+6)> , (86)

that can be simplified in

WOz g = {S + h202BM*IBT} T — [hé)zBM*IH] Pairt + 5, (87)
—_—
U 1%

with s = —So, — hOB (vk + GhM_lfext7k+g). A similar expression for vy ;41 + evy k is obtained by
mutliplying by H "

Udog1 + €U = ety + HT (vk S+ hOM! fext,kw) FHT M Hpy i1 —hH M~ BT 041 4. (88)

In order to get a symmetric problem, we multiply the previous equation by 62

02 (v joy1 + evnp) = 0PH M *Hp o1 —h0?H M BT oppo+ 7 (89)
w VT

with r = 62 (evmk +H (vk oM (hfext,k_;'_g))). The last line of the inclusion is finally rewritten

as
h0y+o = D™ (apto — ar). (90)

Since the inclusion involves a cone, the problem (74) amounts to solving the following affine varia-
tional inequality

Ok40 Ok+6
(@ arto | +p| € Noxmr | arvo |, 91)
Dnk+1 Dn,k+1
with
U 0 -V s
Q= 0 D' 0 andp= | D 'ay | . (92)
-vT 0 w r

Equivalent convex quadratic optimization problem The goal of the section is to show that the
affine variational inequality (91) is equivalent to a convex quadratic problem if Assumptions 1 hold. The
matrix () can be written as

S 0 0 h20°BM~'BT 0 —-hO’BM'H
Q = (0 Dt o+ 0 0 0
0 0 —h?HTM-'BT 0 0*H'M'H (93)
S 0 .
— (o D o +(—h0BT 0 0H) M1 (—heBT 0 aH).
0 0 0
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In this form, the matrix () appears to be a symmetric semi-definite matrix as a sum of two symmetric
semi-definite matrices. With this property, solving the affine variational inequality (91) is equivalent to
solve the following convex quadratic optimization problem

-
1(° o o
ming g py 3 a Ql a —l—pT a
Dn Dn Dn ( )
94
o
s.t. a | € CxRT.
Dx

The well-posedness of the problem (94) is then equivalent of the well-posedness of the optimization
problem. We already ensure that the solution exists and is unique except for p,. In the convex case
without strict convexity, results can be quite technical and needs assumption on the matrix H such as
Slater condition. In the following paragraph, we prove it in the simpler case of strict convexity of the cost
function adding a rank condition on H.

Existence and uniqueness in the strictly convex case. To prove the existence and uniqueness of
solutions, let us define the following assumption.

Assumption 3. The matrix H has full rank.

Proposition 3. Under Assumptions 1 and 3, the problem (94) has a unique solution (o, a, py) if the set C' is
a non empty convex set for a sufficiently small time step.

Under Assumptions 1 and 3, the matrix W = §*H " M~ H is a symmetric positive definite matrix.
The matrix () can be written as

S 0 0 ho?’BM~'BT 0 —-6?BM~—'H
Q = 0 D' 0 |+h 0 0 0 (95)
0o 0 W —?HTM~'BT 0 0

For a sufficiently small time step, the matrix () is then a positive definite matrix. Since the optimization
problem (94) is strictly convex, a unique solution exists if the C' is a non-empty convex set. O

Remark 4. This assumption 3 deserves some comments. The full rank property of the matrix H is standard
in finite element application where the constraints are chosen to be linearly independent.
3.4 Numerical methods

Since the problem (94) appears to be a convex quadratic optimization problem, numerous numerical meth-
ods can be applied to solve it. In practice, the set C' is generally finitely represented and given by a set of
inequalities that describes the yield function:

C={o.a] f(o,a) > 0}. (%6)

where f is a smooth vector-valued function with non-vanishing gradients at the solution. The optimiza-
tion problem (94) takes the form

.
g ag ag
mingap 5| oo | Qfpew ] +27 [ o
a a a (97)
s.t. flo,a) >0

pe=>0
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that can be solved by any kind of numerical optimization techniques for solving quadratic optimiza-
tion (Bonnans et al., 2006), interior point methods (Wright, 1996), semi-smooth Newton methods, proxi-
mal algorithms (Parikh, 2014) such as Alternating Direction Methods of Multipliers (ADMM). In the con-
text of quasistatic plasticity, some of these methods have already been validated, see for instance (Kanno,
2020; Krabbenheft et al., 2007; K. Krabbenhoft et al., 2007; Shimizu and Kanno, 2018) and also in the cou-
pled problem of contact and plasticity (Christensen, 2002a). It may happen that C has the structure of a
pointed convex cone. In this case, it is difficult to express the set C' with a smooth vector-valued function,
but most of the standard yield function in computational plasticity can be formulated on symmetric cone
of semi-definite type or second order types (Berga and Géry De Saxcé, 1994; Bisbos et al., 2005; Hjiaj et al.,
2003). Then the tools from second-order cone or semi-definite programming can be used.

The case of a feasible set C' defined by linear relations When the set C' is finite represented as
in (96) and assuming that f is sufficiently smooth with nonvanishing gradients, the normal cone to C' can
expressed as

Then the plastic flow rule

(5 ()

is expressed as the classical flow rule for plasticity with the complementarity condition

eP =~V ] f(o,a)\
a=V,] flo,a)\ (100)
0< AL f(o,a) 20,

where A is the vector of plastic multipliers. If the yield function f is linear, the gradients are given by
constant matrices denoted by

Jo’ = Vl—f(o, a’) and Ja = V;rf(ou a)7 (101)
and we have
flo,a) =J o+ J)a+ ky. (102)

With linear yield functions, the variational inequality (91) can be reduced to a Linear Complementarity
Problem (LCP). To this aim, we express the stress tensor from (87) as

Orro =hOU YT N —U s + U Wpgsar. (103)
Substituting (103) in (89) and (102) yields
02 (g1 +evgr) = W—=VTUW)pyrs1 —hOVTUTIAN+VIU s + 1) (104)
and

fevo = JSowpe+ ] arre + Ky

10 (JTU T, + JTDI) A+ JTU Wpeps — JTU s+ TTap + ry. 109

The problem in terms of A and py 41 can be defined in the form of the follwing LCP

hOX
() H2)
Un,k+1 T €Uy k Dn,k+1

0<hOAL friog >0
0 < vy k41 +evyr L pyk+is

(106)
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with

I JIU'J, +J DJ, JIUu-v 4 o —JJU s+ Jlag + Ky (107)
- ~VTU-1J, w-vTiy-ly | ¢ 47 VIU s+ 7 :

In the case of quasistatic plasticity without contact conditions, a very similar formulation of the prob-

lem as a LCP can be found in (G. Maier, 1984).

Remark 5. If the yield functions f are not linear, a possibility is to solve a sequence of linearized LCP
iteratively in a Newton-Josephy algorithm for Nonlinear Complementarity Problems(NCP), or other NCP
solvers (Vincent Acary and Brogliato, 2008; Facchinei and Pang, 2003). This can be an alternative strategy as
using a nonlinear optimization solver.

3.5 Structure preserving properties

In this section, we are interested in the structure preserving properties of the proposed time—-stepping
scheme, especially, the discrete energy balance of the scheme when plastic flow and unilateral contact
occur. In the continuous time and space setting the energy balance reads as:

d d
%g(t) = %(T(t) + \Il(t)) = _D(t) + Pv(t) + Pext(t)7 (108)

where £(t) is total mechanical energy £(t) = T (¢) + ¥(¢). After the space discretization by a finite
element method, the energy balance takes the form

d(T(t) + \U(t)) = 7D(t)dt + cht (t)dt + dPimpacta (109)

where the space-discretized energies are given by
1 1 1
E(t) =T()+V(t) withT(t) = ivT(t)Mv(t)7 and V(t) = §EGT(t)EEe(t)+§aT(t)Da(t) (110)

with the convention that the kinetic energy is also a right continuous function of bounded variations, i.e,
T(t) = TT(t). The dissipation and the power of external forces are
D(t) =o' (£)éP(t) —a' (t)a(t) and Peyi (t) = foi (H)v(t). (111)

ext

Since in a discrete system, impacts may occur, the power of the reaction impulse is given by
L, o .
dPimpact = §(UN + vy )diy. (112)

Let us now compute the variation of the total mechanical energy over a time-step, starting by the
kinetic energy

1
ATE = Tti) = T(t) = 5 (vks1 +vk) "M (k1 = v). (113)
. .1 1 1 o
Using the relation §(Uk+1 +ug) = E(uk_,_l —uy) + (5 — 0)(vk+1 — vi) and the first equation in (74),
we obtain
AT = (3 = 0)|lvksr — vl + vl g (Wfextiro — hBT ogro + Hpy 1)

(114)
= (3 = Dllvrrr — vkllm + hof g fexticro — hogg€rro + U jroPukt1-

For the potential energy, we obtain
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AV = W(tey) = W(ty) = 3(ef, +e0) TE(5, — €5) + 2(apr1 + ar) " D(ans1 — ax)

(5~ g — <lls + ol g2t g + (3 — Ollarsr — axllp + hul, poso.

(115)
Using the approximation of works of external forces and the dissipated work by the #-method as
k+1 T s
Wo 71 = ol g fossicrn = [ Pusalt)dt, (116)
tr
and
k41 T T e
W, W= hoyl gEh Lo — hag gYkte X / D(t)dt, (117)
tr

and finally, an approximation of the work dissipated by the percussion (see (Vincent Acary, 2016))

W, II:+1 = UNTkJrepmk-i-l =(1-0(1+ e))UNT,kaN;k?“‘l’ (118)

the increment of total energy is then given by

1

k k k k

AEk+1*Wext k+1+Wp k+17WC k+1 — (5—0) (Hka — 'Uk||1\4 -+ Hé‘z_'_l - EzHE + ||Oék+1 - akHD) .
(119)

The following proposition summarizes the properties of the discrete energy balance (119).

Proposition 4. The main conclusions that can be drawn for the energy/dissipation of the scheme are

1
1. Forf = 5 the time—stepping scheme satisfies the approximation of the discrete energy balance without

introducing artificial dissipation:

AR W K= —w B W R (120)

1
2. The dissipated work due to plasticity is positive and for § < Tre the dissipated work due to impact
e

is also positive.
1 1 , C .
3. For 3 <fh< ? < 1, we have the following dissipation inequality
e
AEFTL —w_ A <. (121)

ext k

A result in (Vincent Acary, 2016) shows that

W, it <0forf < - (122)
Furthermore, the inclusion
Zk+0 Ok+6
- € Noxmer , 123
(yk+9) OxIE (ak+9> (1z3)
implies that W, > 0. O

Remark 6. This inequality (121) ensures the practical unconditional stability of the scheme.
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4 Numerical applications

In this section, a series of examples demonstrates the capabilities of the formulation proposed. The choice
was made to focus on beam structures able to sustain both tensile and bending forces. Assuming that
plastic strains occur from the combined effects of axial and bending forces, we considered a yield surface
expressed in terms of tensile and bending stresses. Associated flow rule as well as isotropic and kinematic
hardening were considered. Both the statics and dynamics responses of the structures were analyzed.
Dedicated Python scripts were developed using the LCPs solvers implemented in Siconos code (Vincent
Acary, Bonnefon, et al., 2019).

4.1 Finite element model of elastoplastic beam structures
4.1.1 Finite element method for Elasto-plastic Euler-Bernoulli beam.

In the examples, specific beam elements able to sustain bending and tensile loadings are used. Beam ele-
ments based on Euler-Bernoulli beam theory are classically formulated using third order shape functions
and numerical integration techniques based on Gaussian quadrature that involve two Gauss points per
element. In order to consider two Gauss points for the axial displacements, we introduced elements with
three nodes and quadratic shape functions in the axial direction. The nodal displacements and Gauss
point locations of the element used are presented in Figure 1.

Vg2

Iy

Ug2

node 2

Gauss point 1

<y

Veo

Gauss point 0

Bo\Snode 0
z

Figure 1: Description of the beam element used

For each element, the generalized stresses are expressed at Gauss points as :

oe=1[n1 mi mny myl', (124)

where n; is the normal force at Gauss point ¢ and m; is the bending moment at Gauss point ¢. Standard
elementary matrices are recalled in Appendix B.

4.1.2 Linear yield surface

The chosen plastic yield surface takes into account the combined effects of axial and bending forces when
a plastic flow occurs. A yield criterion based on the approach proposed in P. Heng et al. (2016) and Duan
and W.-F. Chen (1990) is chosen, in the specific case of linear yield functions (see Figure 2). Using the
notation introduced in Section 3.4 for a set of linear yield criteria, the matrices J ; ,J I , ky are defined
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(a) Perfect plasticity (b) Kinematic hardening (c) Isotropic hardening

Figure 2: Yield surface in the case of perfect plasticity (a), kinematic hardening (b), and isotropic hardening
(c) in the space of generalized stresses (n, m).

in the present case by

1 1 1 1 1]
N T N T A )
L | | Mp Myp My |

where n,, is the limit admissible tensile force and m,, is the limit admissible bending moment. Both
kinematic and isotropic hardenings are considered leading the definition of the force vector a, expressed
at each Gauss point as

(126)

)

a=larin Grim ais)'

where ay;, and ay; ., are associated with kinematic hardening in terms of normal force n and bend-
ing moment m, respectively and a;s > 0 is associated with isotropic hardening. The vector of plastic
multipliers \; at Gauss point ¢ is denoded by

A=D1 N2 Az Aial. (127)

4.2 Example 1: Cantilever beam subjected to quasi-static displacements

@ clements end points
Y e elements mid points
o Gauss point

U
1 2 _ 3 4 _ 5 6 _ 7T 8 v
L Uz

Figure 3: Example 1: Cantilever beam discretized in 4 elements subjected to quasi-static displacements
Uy and 1, at its free end.

The first example is dedicated to evaluate the capability of the approach to simulate the response of
elastoplastic structures subjected to various quasi-static loading scenarios. This example also illustrates
the evolution of the different variables, in particular of the plastic multipliers, during the onset of plastic
strains. The structure is an elastoplastic cantilever beam of length L, discretized in 4 beam elements to
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L (m) 0.8 I (m?) 0.0283 x 10~°
A (m?) 0.22 x 1073 E (MPa) 210000

Hy; (MPa) FE/10 = 21000 x 10° | H;, (MPa) E/100 = 2100 x 10°
np (N) 33000 mp (Nm) 283.5

p (kg/m?) 7701

Table 1: Properties of the elastoplastic cantilever beam used in example 1.

keep it as simple as possible, and subjected to quasi-static displacements u, and @, at its free end. The
properties of the structure are summarized in Table 1.

As the formulation explicitly integrates dynamical effects, we can directly model the quasi-static load-
ings as low velocity dynamical loadings. To ensure a maximal dissipation of the kinetic energy, we used
0 = 1. Three cases are considered with different combinations of applied velocities and plastic behavior in
order to reach different regimes for the plastic flows (see Figure 4 for a definition of the applied velocities).

« Case 1 We consider a plastic law without hardening and a constant velocity is applied at the the
beam free end. The axial and transversal components of the velocity are 1 x 10™* m/sand 4 x 10™3
m/s, respectively (see Figure 4).

« Case 2 We consider a plastic law with isotropic and kinematic hardening with the same prescribed
velocities.

« Case 3 In this case, we consider a plastic law with isotropic and kinematic hardening and we apply
first a constant transversal velocity, set at 8 X 1073 m/s until ¢ = 2.5 s. Then, the transversal
velocity is cancelled and a constant axial velocity, equal to 2 x 10™* m/s, is applied (see Figure 4).

.10*4 .1073
NP !
—-0.2 | t(s) i

R £
B >

_9 _8

= cases 1 and 2 === case 3 m— cases 1 and 2 == case 3
(a) axial velocity (b) transversal velocity

Figure 4: Example 1: Time evolution of the applied velocities at the free extremity for the different loading
cases.

Case 1: Transversal and axial displacement - perfect plasticity As shown in Figure 5, the axial
force n; and the bending moment m,; first linearly increase until the yield criterion is reached for Gauss
point 1 at time 1.84 s. Once the yield criterion is reached, the plastic multiplier A; 3 becomes positive
(Figure 7). Hence, the generalized stresses at Gauss point 1 evolve along the yield surface for increasing
displacements (Figure 6). The onset of plastic strains at Gauss point 1 entails changes in the evolution of
the stresses at all Gauss points. In particular, the bending moments decrease due to the formation of a
plastic hinge at Gauss point 1.
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Figure 5: Example 1, casel: time evolutions of the axial forces n4 (a) and bending moments m, (b) at the
Gauss points g of a cantilever beam subjected to axial and transversal displacements simultaneously in
the case of perfect plasticity.

Case 2: Transversal and axial displacement - isotropic and kinematic hardening The introduc-
tion of hardening entails both translation of the yield surface and increase in this surface once the yield
criterion is reached (Figure 9). Contrary to the case of perfect plasticity, the bending moments do not
decrease when the yield criterion is reached (Figure 8). In this case, we do not observe a plastic hinge
located only at Gauss point 1. The yield criterion is successively reached at Gauss point 2, and then at
Gauss point 3, for increasing displacements. The plastic multipliers successively become positive (Figure
10) when the yield criterion is reached at a given Gauss point.

Case 3: Transversal followed by axial displacement - perfect plasticity The third case illustrates
the specific situation when the stress at a Gauss point reaches a corner of the admissible set, i.e. an
intersection of two linear limits of the yield surface. The node displacements are depicted in Figure 11.
When the yield criterion is reached at Gauss point 1 for t = 1.4 s (Figure 13a), the plastic multipliers A 3
and Aq 4 both become positive (Figure 14). Indeed, at the corner, the yield criterion fullfillment requires
the activation of two conditions. The onset of plastic strains results in the formation of a plastic hinge at
Gauss point 1. As classically for perfectly plastic cantilever beams subjected to bending loading only, the
bending moments remain constant when the yield criterion is reached (Figure 12). When the transversal
velocity is cancelled and the constant axial velocity is applied (¢ = 2.5 s - Figure 11), the loading path is
modified. Thus, only one inequality constraint is active and the multiplier A\; 4 vanishes (Figure 14). To
fullfill the yield criterion under this loading path, the bending moments decrease while the axial forces
increase (Figure 12).
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Figure 6: Example 1, case 1: stress path at the Gauss points of the cantilever beam subjected to axial and
transversal displacements simultaneously in the case of perfect plasticity. The bending moments m, at
the Gauss points g are plotted against the axial force n,. The diamond shape is the yield surface C.
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Figure 7: Example 1, case 1: time evolution of the plastic multipliers \; 3 at Gauss point 1 of the cantilever
beam subjected to axial and transversal displacements simultaneously in the case of perfect plasticity.
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Figure 8: Example 1, case 2: Time evolution of the axial forces n4 (a) and bending moments m (b) at the
Gauss points g of the cantilever beam subjected to axial and transversal displacements simultaneously in
the case of isotropic and kinematic hardenings.
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Figure 9: Example 1, case 2: stress path at the Gauss points of the cantilever beam subjected to axial and
transversal displacements simultaneously in the case of isotropic and kinematic hardenings. The bending
moments mg at the Gauss points g are plotted against the axial force ny. The grey diamond shape is the
initial yield surface and the black diamond shape is the final one.
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Figure 10: Example 1, case 2: time evolutions of the plastic multipliers A, 3 at the first 4 Gauss points
g of the cantilever beam subjected to axial and transversal displacements simultaneously in the case of
isotropic and kinematic hardening.
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Figure 11: Example 1, case 3: time evolution of the axial displacements u, and transversal displacements
uy at the 4 free nodes of the cantilever beam successively subjected to transversal and axial displacements

in the case of perfect plasticity.
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Figure 12: Example 1, case 3: Time evolution of the axial forces n4 (a) and bending moments mg (b) at
the Gauss points of the cantilever beam successively subjected to transversal and axial displacements in

the case of perfect plasticity.
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Figure 13: Example 1, case 3: stress path at the Gauss points of the cantilever beam successively subjected
to transversal and then axial displacements. The bending moments m, at the Gauss points g are plotted
against the axial force ny. The diamond shape is the yield surface.
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Figure 14: Example 1, case 3: time evolution of the plastic multipliers A; 3 (a) and A; 4 (b) at Gauss point
1 of the cantilever beam successively subjected to transversal and then axial displacements in the case of

perfect plasticity.



4.3 Example 2 : Cantilever beam subjected to impact

The second example illustrates the relevance of the formulation for the joint assessment of plasticity and
impact in a monolithic algorithm. The analysis focuses on the energy balance of the system, with specific
interest on the evolution of energy dissipation depending on the parameters of the numerical scheme
(time discretization, space discretization, and 6 parameter).

O

gn
i|/ L %

Figure 15: Example 2: impacted cantilever beam.

In this example, a elasto-plastic cantilever beam of length L = 3m, with isotropic and kinematic
hardening, discretized with n.; = 100 elements, is impacted at its free end by a spherical projectile of
mass Mphere, initially located at a distance gy sphere = gn(t = 0) = 1m (Figure 15). The properties of
the beam and of the projectile are summarized in Table 2. The restitution coefficient was set at e = 0 to
emphasize energy dissipation due to impact, § was set at 1/2 to prevent artificial energy dissipation and
the time step was set at h = 10~ .

A (m?) 3.4 %1073 I (m?) 8.643 x 107
E (MPa) 210000 p (kg/m?) 7701
Hi; (MPa)  E/10 = 21000 H;, (MPa) E/100 = 2100
np (N) 799 000 mp (Nm) 33840
Msphere (kg) 250 Qy sphere (t = 0) (m) 1
e 0

Table 2: Example 2: properties of the cantilever beam and of the projectile.

The impact is first characterized by a succession of short interactions between the projectile and the
beam (Figure 19 - light blue zone). As the restitution coefficient e is equal to 0, each interaction lasts few
timesteps. The existence and the duration of this transient phase is also related with the stiffness of the
beam, and the hich frequency dynamics generated by the FEM discretization. This phase is followed by a
longer phase of permanent contact between the beam and the sphere (Figure 19 - blue zone). During this
phase, the relative velocity vanishes while the impulse is always positive (Figure 19), as specified in the
complementarity condition.

The impulses applied to the beam and to the projectile during the interaction induce the bouncing
of the sphere and the bending of the beam (Figure 16). After the bouncing of the sphere, the undamped
vibration of the beam is observed until a second impact. The beam oscillates around a negative equilibrium
position since plastic strains developed during the first interaction phase.

Energy transfer In Figure 17, the discrete work of external forces W, %™, i.e. the sum of the kinetic
energy Ty41 and the free energy Uy 1, is always equal to the sum of elastic mechanical energy Ej 1,

plastic dissipation W/, IS'H and contact dissipation W/, §+1. Indeed, setting # = 1/2 prevents artificial

energy dissipation. Just before impact, the work of external forces W__, lf)+1 is equal to the kinetic energy
of the sphere. During the simulation, W__, %H varies depending on the vertical position of the sphere
only (for the sake of clarity, gravity was not applied to the beam in this example). The first interaction

between the sphere and the beam results in substantial energy dissipation (Figure 18), due to plastic flow
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W, ]S'H ) and to contact (W, g“), to a lesser extent, until a permanent contact establishes between the
sphere and the beam (Figure 16 - blue colored area). Then, as the relative velocities of the beam and
the sphere at the contact point are equal, W, 5 remains constant while W, 1 still increases until the
sphere reaches its lower position (Figure 18). Just before the end of the first interaction, a second transition
period occurs, with activation and desactivation of the contact, associated to very small energy dissipation
at contact as the relative velocities are very small. The same energy dissipation process occurs for the
second interaction with substantially smaller energy dissipation. Between the two interaction phases, no

energy dissipation occurs, as § = 1/2.

T
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projectile’s bottom
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[N}
|
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|
o
—
|
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Figure 16: Example 2: vertical positions of the beam free end and sphere along time.
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Figure 17: Time evolutions of the different energies and works involved in the impact of a cantilever beam
by a sphere. The work of external forces W__, %“ is equal to the sum of mechanical energy Ej_ 1, plastic
dissipation W, k1 and contact dissipation W, ¢!, And the elastic energy Ej 1 is the sum of the kinetic

energy Ty and the free energy Wy4

Time and space discretization To illustrate the influence of the time and space discretization on the
discrete energy balance, we consider the first period from ¢ = Os tot = 0.457s. As illustrated for the
dissipation (Figure 20), energy dissipations due to plastic flow and contact tend to converge to a given
value for refined time and space discretizations, i.e. increasing numbers of elements and decreasing time
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Figure 18: Time evolutions of the energies dissipated by plastic flow (W, &+1 ) and contact (W, 5T1)
during the impact of a sphere on a cantilever beam.

steps. A focus on the first percussion between the sphere and the beam (Figure 21) shows that convergence
towards a threshold value of p, is reached for any spatial resolution. In addition, smaller time steps are
necessary to reach convergence for finer spatial discretizations. The threshold value of p, depends on the
spatial discretization : it decreases for increasing numbers of elements. This observation can be related to
the open scientific question of the existence of percussion in this configuration for continuous beam (see
Chatterjee (2004)). In this particular case, it seems that the percussion p,, vanishes with the time-step and
the mesh size. It also questions the relevance of the energy dissipation at contact in practice on such an
application.
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Figure 19: Example 2: Time evolutions of the reaction impulse (p ), gap function (gx) and relative normal
velocity (vy) during the impact of a sphere on a cantilever beam. We can observe a contact activation
period where several contact activation are observed as in the first colored area (light blue), before a
permanent contact occurs (second colored area - blue).
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Figure 20: Example 2: Convergence of the energy dissipated by plastic flow (a) and contact (b) after the
end of the first phase of intermittent interactions between the sphere and the cantilever beam (end of
the light blue area on Figure 19). The dissipated energies are plotted as a function of the time step & for

different number of elements n.;.
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Figure 21: Example 2: First percussion as a function of the time step h when the projectile impacts the
free extremity of the cantilever beam.

4.4 Example 3 : Frame made of beams

The last example illustrates the interest of the approach for the analysis of the response of more complex
structures subjected to impact, in terms of deformation and energy dissipation.

The chosen structure is a rectangular frame impacted by a projectile (see Figure 22). The frame is 2
meters high and 3 meters large, made of HEB300 in S355 steel (total weigth of 804kg). The structure is
clamped at its two extremities. The projectile (mass : m, = 1000kg) impacts the structure at 0.67m from
the ground with a horizontal velocity v; = 6 m/s. The characteristics of the structure are summarized in
Table 3.

The vertical beams are discretized with 30 elements and the horizontal one with 60 elements. The time
step was set at h = 10™°s, which guarantees the accurate approximation of the impact phenomenon and
of the structure vibration, as the first natural frequency of the structure is 71Hz. We also set § = 1/2 to
prevent artificial energy dissipation and e = 0 to maximize energy dissipation at contact.
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Figure 22: Example 3: Schematic representation of the impacted frame.
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A (m?) 14.9 x 1073 I (m%) 256 x 10~°
E (MPa) 210000 p (kg/m?®) 7701
np (MN) 5.3 mp (MNm) 0.60
Hyin (MPa)  E/10=21000 | H;s (MPa) E/100 = 2100
Nel,v 30 Tel,h 60
my (kg) 1000 v; (m/s) 6

Table 3: Example 3: structure and simulation characteristics.

Influence of elastoplasticity modelling The analysis focused on the influence of the modelling of
the material behavior on the energy dissipation and on the plastic strains location, based on comparisons
between elasticity, perfect plasticity and plasticity with isotropic and kinematic hardening.

If an elastic material is considered, the impact results in a substantial kinetic energy transfer from
the projectile to the structure. After a contact phase lasting around 0.25 x 1072 s (Figure 23a), the
projectile bounces on the structure with a velocity after rebound equal to —4.24 m s~ (Figure 23b), which
corresponds to 71% of the impact velocity. Only a small part of the energy is dissipated at the contact
point (1.85% of the impact energy - Figure 24). Consequently, the energy transferred to the structure
(48.2% of the impact energy) mainly results in undamped oscillation of the frame.

In the case of perfect plasticity, most of the projectile energy is transferred to the structure and the
velocity of the projectile is almost nil after impact (—0.12 ms™! i.e. 2% of the impact velocity). The
impact energy is dissipated by plastic flow in the structure (19.3% of the impact energy) while a large
amount results in structure oscillation (79.3% of the impact energy). The energy dissipated at the contact
is similar to the energy dissipated for an elastic structure (1.4% of the impact energy).

The integration of hardening only slightly modifies the energy transfers and dissipation compared to
perfect plasticity. A slightly smaller amount of energy is dissipated by plastic flow (12.1% of the impact
energy) which results in a larger velocity of the projectile after impact —2.28 ms ™!, i.e. 38% of the impact
velocity). The mechanical energy of the structure after impact and the energy dissipated at the contact
(71.9% and 1.5% of the impact energy, respectively) are in the same range as for perfect plasticity.

On the contrary, the locations of the plastic strains in the structure are also significantly different
(Figure 25). In the cases of perfect plasticity, local plastic hinges develop near the contact point, the ex-
tremities and the connections between beams while, for hardening plasticity, the plastic strains are more
broadly distributed around these specific points of the structure. This results seems to be coherent with
the results of (Khan, Ahmad, et al., 2021) even if the system is not exactly the same. The creation of plastic
hinges for perfect plasticity drastically reduces structure resistance. This may explain the significantly
larger duration of the interaction between the structure and the projectile for perfect plasticity (Figure
23b).

Influence of the impact energy Several simulations for increasing values of the impact energy have
been done considering either three fixed projectile mass 250 kg, 600 kg and 1000 kg and increasing ve-
locities or a fixed impact velocity 4ms™', 6 ms™" and 8 ms~! and increasing masses. Table 4 shows the
values of velocities and masses associated to each kinetic energy level for both cases.

Minor differences in terms of energy dissipation due to plastic flow are observed both for fixed masses
and velocities (Figure 26a). More significant differences are observed for the energy dissipated at the
contact point (Figure 26b). For increasing velocities and fixed masses, the energy dissipated linearly
increases as a function of impact energy with larger increase for larger velocities. On the contrary, for
increasing masses, i.e. fixed velocities, the dissipated energy first increases for increasing impact energy
and, then, reaches threshold values that are larger for larger impact velocities. This difference is due to
the use of a kinematic impact law that depends only on the relative velocities at the impact point and not
on the masses of the interacting bodies. Different evolution of the energies dissipated at the contact point
could be observed for different impact laws, based on energy restitution coefficient for example.
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Figure 23: Example 3: Projectile and structure impacted point horizontal positions (a) and projectile ve-
locity (b) as a function of time for different material constitutive and evolution laws (elasticity, perfect

plasticity and hardening plasticity).
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Figure 24: Example 3: Distribution of the initial kinetic energy of the projectile at the end of the simulation.
The bar length is the initial projectile energy.
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(a) Perfect plasticity

—0.10 —0.05 0.00 0.05 0.10

(b) Hardening plasticity

Figure 25: Example 3: Deformed structure 0.0265 seconds after the beginning of the contact (displace-
ments multiplied 100 times) with maximum plastic curvature at each Gauss point.
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[ Impactenergy (k]) | 05 2 4.5 8 12.5 18 24.5 32

v; (m/s) (m, = 1000kg) 1 2 3 4 5 6 7 8
v; (m/s) (m, = 600kg) | 1.29 258 3.87 5.16 6.45 7.75 9.04 10.33
v; (m/s) (m,, = 250kg) 2 4 6 8 10 12 14 16

myp (kg) (v; = 8m/s) 15.63 62.5 140.63 250 390.63  562.5 765.63 1000
myp (kg) (v; = 6m/s) 27.78  111.11 250 44444  694.44 1000 1361.11  1777.78
mp (kg) (v; = 4 m/s) 62.5 250 562.5 1000 1562.5 2250 3062.5 4000

Table 4: Example 3: Analysis of the influence of the impact energy on the energy dissipation by plasticity
and contact. The impact energy was varied using either fixed masses or fixed velocities. The values of the
associated velocities and masses, respectively, are also given.

A e, = 1000 kg S —&m, = 1000 kg [
s mp =600 kg LS| s m, =600 kg /ﬂ 2
-5- my =250 kg -5 my = 250 kg
3 -®- v; =8m/s -®- v, =8m/s /g
—— p;=06m/s 1|—=— vi=6m/s 1L il

o v, =4m/s Pl

9|8 v; =4m/s

Dissipated energy by plasticity (kJ)
Dissipated energy by contact (kJ)

| | | | I I
O0 5 10 15 20 25 30 35 35
Impact Energy (kJ) Impact Energy (kJ)

(@) (b)

Figure 26: Energy dissipated by plasticity (a) and by contact (b) in function of the impact energy. The
impact energy was varied by using either fixed masses or fixed velocities.
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5 Conclusion

This work presents a monolithic algorithm for solving elastoplasticity and contact. The elastoplasticity
constitutive and evolution laws are based on the assumption of normal dissipativity formulated as a
variational inequality, or equivalently, as a normal cone inclusion. This assumption is also equivalent to
the principle of Hill’s maximum dissipation, and corresponds to the well-known framework of generalized
standard materials. As it is usual in the nonsmooth contact dynamics method, the Signorini contact is
also expressed as a variational inequality. Altogether, the dynamics of an elastoplastic system is written
as a single variational inequality.

After spatial discretization using a standard iso-parametric finite element method, we end up with a
finite-dimensional differential variational inequality that takes into account both the plasticity and the
contact constraints. A time-stepping method is developed on the basis of the Moreau-Jean time stepping
scheme in order to get a consistent scheme when impact occurs. Especially, some well-posedness results
and a discrete energy balance are given which ensure that the scheme is well-posed and stable. The
scheme benefits from excellent energy properties under conditions on the 6 parameter. For § = 1/2, the
discrete energy balance shows that the numerical dissipation is removed.

The discrete one—step system can be recast into a constrained quadratic optimisation problem which
has a unique solution under conditions of positive strain hardening, including perfect plasticity, and a
sufficiently small time step. It is then possible to use numerous solving methods for mathematical pro-
gramming to determine the solution. In particular, if the set of admissible stresses is defined by linear
constraints, it is possible to reformulate the quadratic optimisation problem into a monotone Linear Com-
plementarity Problem (LCP).

Finally, numerical examples illustrate the possibilities of the method with the use of the LCP solver to
solve elastoplastic dynamical systems with contact without resorting to the return mapping algorithm.
The one-step system is solved a the machine accuracy with a single call of a LCP pivoting method. The
singular points of the yield function do not raise issues, and the dynamics under impact are validated by
the numerical preservation of the energy balance of the system for different configurations.

The framework presented in this paper is general enough to be used in the context of perfect plasticity,
or with positive strain hardening in 2D and 3D. The simulation of nonlinear plasticity yield criteria com-
bining several mechanisms should not pose particular problems. The passage into large deformations is
one of the objectives of future works as well as the use of different spatial discretization and formulation
(Arbitrary Lagrangian-Eulerian (ALE) method, Particle Finite Element Method (PFEM), or Material Point
Method (MPM)).

Another perspective is the extension of the proposed approach to non-associated plasticity and Coulomb
friction using the Gery De Saxcé (1992) bi-potential approach. This should lead to non-convex optimiza-
tion problems for which it will be necessary to guarantee the existence of solutions and to find robust
nonlinear programming algorithms. Finally, a coupling with cohesive zone models for fracture seems
quite simple, based on the recent work of Collins-Craft et al. (2022). The question of softening behaviors
is more difficult because it would require using second gradient models or Cosserat media, but this crucial
point could deserve a dedicated development.
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A Discrete equilibrium matrix

The evaluation of the internal forces using the Gauss quadrature rule is

Ne,g Ne,g

fint.e = ZWQBZ(xg)UE(xg) = Z
g=1 g=1

Ve B (9)y/e g0e(wg)

(128)

where ., € R, g € [1,7n,4] denotes the Gauss points associated their weights w, 4 that are positive.
Using the standard Gauss quadrature rule, the strain is also evaluated at the Gauss points. We define the
notation

€e,g = Begu,

with e, g = ec(zg) and B, 3 = Be(zg)

(129)

The strains at Gauss points in an element and in the structure are collected scaled by their weights as
follows

€e = COl(\/We gEe.g, g € [1,Me4])

and € = col(ee, € € [1,na])

and, doing in the same way for the matrix B, 4, we get

with

€e = Beu and € = Bu,

_B‘3 = COl(mBe,g;g € [[13 nﬁ,g]])

and B = col(B,, e € [1, nl)-

In the same way, the stresses, evaluated at Gauss points of an element are gathered as follows

Oe,g = 0c(g),

Oe = col(\/We g0c,q,9 € [1,Me,4])

and o = col(oe, e € [1, nel])

(130)

(131)

(132)

(133)

The matrix B appears as the discrete divergence operator, also called the equilibrium matrix in the
classical force method.

B Finite element matrices

The elementary form function matrix is

£ £
_ 5(5—1) 0 0 1—¢&2 5(54—1)
e = 1 L.
0 11972+ 1=+ 0 0
The derivative matrix of N is then:
26 -1 -4 26+1
ol EoxEAL
B = L LE
e 0 66 3¢-—1 0 —6¢ 3¢+1
L.? L. L2 L.
The elementary consistent mass matrix associated with the element is :
[ 56 0 0 28 —14 0 0
0 156 22L, 0 0 54 —13L.
0 22L, 4L.* 0 0 13L, —3L.?
pAL,
e = 120 28 0 0 224 28 0 0
—14 0 0 28 56 0 0
0 54L. 13L, 0 0 156 —22L,
| 0 —13L. —3L.* 0 0 —22L. 4L.? |
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where L. is the element length, A is the cross section area and p is the material density.
The elementary elasticity matrix C., which relates stresses o, and elastic strains €, is :

A 0 0 O
et a0 T 0 0
C.=S5"=F 00 A 0 (137)
0 0 0 I
The elementary hardening matrix D., which relates internal forces a. and hardening parameters a, is:
H; A 0 0 0 0 0
0 H, 1 0 0 0 0
_ 0 0 H;,I 0 0 0
De=19 0 0 HwA 0o o0 (138)
0 0 0 0 Hy,; I 0
0 0 0 0 0 H; .1

where Hy; and H;, are the kinematic and isotropic hardening moduli, respectively.

C Optimality conditions of the problem (76)
In order to derive the optimality conditions for (76), we consider the Lagrangian function
1 1 1
E(U7éaUN707a7 )‘7/1/) = Q(U_’Uk)TM(U_’Uk)_ i(U—O'k)TS(O'—O'k>— §(a_ak)TD_1(a’_ak)

+hfoTé = hOf L v+ AT (Bo =€) +p' (Buy— H o+ (1 —0)vgk)

X

—hOv¥ (Z) + HQ\I’IR:'} (uy + eUNJc)-
(139)

The optimality conditions of the problem (76) is given by 0 € 9L(v,¢,0,a, vy, A, ). Computing the
subgradients, we obtain for the optimality conditions

(VL) 0 = M(v—uv;)—hb ;t,k+1+BT/\fH,u

(VeL:) 0 = ho— A

(B,L:) 0 € —S(o—ok)+hbé—hod, ¢ (Z)

(0oL 2) 0 € —D Y a—ay)—h00,¥c (g) (140)
(O L 2) 0 € Ou+020V(vy+ evgy)
(VAL) 0 = Bu—¢

(VL) 0 = Ovy—H v+ (1-0)v

Note that hfo appears as the Lagrange multiplier that enforces the condition Bv = €. Introducing the
variables z, y, py such that

z g
—| v | €9¥exmy a ; (141)
D~ Uy + EUn,k
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and simplifying the equations, we obtain

M(v—uvi) +h0B o = hOfL, \ i+ 0Hp,

S(o — o3,) — hOBv = hoz

D~ a —ay) = hoy
(142)
Ovy = H v — (1 — 0oy

z g
-y € 8\IJC><IRT a
V2N Uy + €Uy k
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