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Harmonic analysis on the boundary of hyperbolic groups

Georg Griitzner

Abstract

In this paper we show that a Mobius-structure M of dimension () has a minimal
Ahlfors-David constant. This shows that a Mobius space is uniformly Q-Ahlfors-David
regular. In summary, many classical theorems of harmonic analysis on R™ admit a Mobius-
invariant formulation in the context of Mdbius-geometry. We use this observation to show

that the Knapp-Stein operator

(u)(@) = [ G duats), (0<a<$)
is a continuous operator on the weighted L?-space LZ((%/)O‘d,ud), with a norm independent
of d and d'.

From here we construct a Sobolev space H_* on s-densities for a given s as a function
of . We would like to say that the construction is topologically independent of the metric
d. In this paper we prove that the norms on a large class of functions are comparable.

The work is inspired by a paper by Astengo, Cowling, and Di Blasio [1], who construct
uniformly bounded representations for simple Lie groups of rank 1. We formulate the
problem in a much more general framework of groups acting on Mobius structures. In

particular, all hyperbolic groups.
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1 Introduction
1.1 Representation theory of hyperbolic groups.

1.1.1 Kazhdan’s Property (T). A topological group G has the Kazhdan property
(T), if every affine-isometric action of G on a real Hilbert space has a fized point. The
original 1968 definition of Kazhdan, is formulated in terms of ”almost” invariant vectors of
representations of G on complex Hilbert spaces. The equivalence of the two formulations
is known as the Delorme-Guichardet Theorem. Kazhdan introduced property (T) as a tool
to prove finite generation of nonuniform lattices in simple Lie groups of higher rank. It is
a representation-theoretic form of rigidity that has similarities to geometric superrigidity
[2]. The property plays a central role in the theory of operator algebra and in geometric
group theory. An excellent monograph on property (T) was written by Bekka, de la Harpe
and Valette [3].

Example 1 For a local field K, the groups SL,(K), n > 3, and Sp,,,(K), n > 2, have
property (T). More generally, any simple real Lie group of rank at least two has the
Kazhdan property (T).

Example 2 The isometry group Sp(n,1), n > 2, of the hyperbolic space over the quater-
nions, has property (T).

The Kazhdan property (T) shows up geometrically in affine isometric actions on real
Hilbert spaces, algebraically in group cohomology with coefficients in orthogonal repre-
sentations, and analytically as functions of conditional negative type. The connections
between the three perspectives are quite straightforward. If A is an affine isometric action
of a topological group G on a real Hilbert space, then the linear part 7 is an orthogonal
representation of G, and the translation part b is a 1-cocycle with coefficients in 7. b

defines a class in H'(G, 7) and g — ||b(g)||? is a conditional negative type function on G.

In this paper we take the geometric point of view on Kazhdan’s property (T).



1.1.2 Weak a-T-menability. It is known that hyperbolic groups can be divided into
two classes: those with and those without the Kazhdan property (T).

A strong negation of the Kazhdan property (T) is the Haagerup property, also known
as a-T-menability. A locally compact topological group G has the Haagerup property if
there exists a proper affine-isometric action of G on a real Hilbert space. Morally, such a

group is strongly nonrigid.

Hyp. groups with Haagerup’s property Hyp. groups with property (T)

Free groups, groups acting properly on trees, Sp(n, 1), Fy_a0)
Fuchsian groups, SO(n, 1), SU(n, 1) Random groups
Random groups at density d < ¢ [4] at density 3 < d < 3 [5]

Groups having property (T) do not admit unitary representations with 1-cohomology.

Higher rank Lie groups (rank > 2) satisfy a certain stronger form of Kazhdan’s property
(T). Namely, higher rank Lie groups do not admit uniformly bounded representations

with reduced cohomology.

Conversely, all rank one Lie groups admit uniformly bounded representations with reduced
cohomology. This motivates the question whether all hyperbolic groups admit uniformly
bounded representations with cohomology. An even stronger conjecture is often quoted
and is dedicated to Y. Shalom [6].!

Conjecture 1 (Y. Shalom) Let G be a nonelementary hyperbolic group. There exists
a uniformly bounded representation of G on a Hilbert space, for which H*(G,n) # 0 and

for which there exists a proper 1-cocycle.

Shalom’s conjecture is known to be true for lattices in Sp(n,1) [7]. It also leads us to
a conjectured classification of hyperbolic groups due to Cowling. Namely, if Shalom’s
conjecture is true, then we can associate to each hyperbolic group G a number A(G) as

follows:

A(G) := inf sup ]| 1)
T geG

where the infimum is taken over all uniformly bounded representations with cohomology.
This invariant measures, in some sense, the degree to which the strong form of the Kazh-
dan property (T) fails in G. If there are no uniformly bounded representations with
cohomology, we define A(G) to be infinite.

A(G) is presumably related to an invariant defined by Cowling and Haagerup [8] [9)].
Cowling believes that A(G) is related to the curvature of the hyperbolic group (with the
word metric).

Not much is known about A(G) in general. The only result in this direction is a spectral

gap theorem for automorphism groups of simplicial complexes [10].

'First mentioned in: Mini-Workshop: ~Geometrization of Kazhdan’s Property (T), Mathematisches
Forschungsinstitut Oberwolfach, July 7th - July 14th, 2001, Talk: Reduced cohomology of unitary representa-
tion, Y. Shalom, (Report No. 29/2001) (see question 14 in open problem session)



1.2 Fractional calculus.

At first glance, the theory of fractional calculus has little to do with the abstract represen-
tation theory and the questions therein that we addressed above. We shall see, however,

that the two topics are closely related.

1.2.1 The classical noncompact picture.

Mon idée fondamentale est de généraliser les principes de ’analyse ordinaire,
qui ne considere que les différentielles dy, d%y, dy, ..., dont les indices sont
entiers positifs, et les intégrales [ydx, f2yd332,f3ydx3, ..., que lon [...]
peut regarder comme des différentielles & indices entiers négatifs. Je propose
de considére aussi les différentielles a indices fractionnaires, et méme a indices

irrationels et imaginaires. (J. Liouville, JEP, 1832)

Liouville’s 1832 work, [11], marks the starting point for the study of fractional integration
and differentiation. For a locally integrable function f on R and a complex number « in

the half-plane R(a) > 0, Liouville introduces the function

1°f(z) = ﬁ / " f(t) (e -t 2)

where I' is the gamma function and «a is any base point.

The operator I satisfies

L) = 1), P = 177, 3)

It is therefore useful to define fractional differentiation by taking enough ordinary deriva-
tives of I1*f.

It’s worth noting that a formal treatment of the integral /% f can also be found in unpub-
lished notes by Riemann from 1847 entitled ” Versuch einer allgemeinen Auffassung der
Integration und Differentiation” [12]. At that time Riemann was still a student at the
University of Géttingen and most likely had no knowledge of Liouville’s work. There is a
nice article on Riemann’s notes by Hermann Weyl from 1917 [13].

A systematic treatment of the properties of ”Riemann-Liouville” integrals and derivatives
for certain classes of functions (LP(R), Lipschitz, etc.) was given by Hardy and Littlewood
in 1928 [14].

In 1949 M. Riesz published a paper which generalized the ”"Riemann-Liouville” integrals
to higher dimensions and gave meaning to the operator I“ for negative a by means of
analytic continuation [15]. In his honor the operators I¢ on R" are known today as

Riesz-potential operators.

Today these operators are studied on spaces of homogeneous type, i.e., on metric spaces
with a doubling measure compatible with the topology (the metric must satisfy the triangle

inequality only up to a constant).

1.2.2 The compact picture. Let S' be the circle considered as the boundary of the
open disk D = {z : |z] < 1} in the complex plane C. We can endow S' with a metric as

follows. Given two points z,y € St, let 0(z,y) € [0, 7] be the angle at the origin 0 between



z and y. Then .
dO(xa y) = sin 56($7 y)>

is a metric on S'. We can forget about normalization and naively define fractional inte-

gration on S' as

f(y)
I§ = ——— dy. 0<axl
s1@ = [ g B (0<a<1)
Here dy is simply the ordinary Lebesgue measure by identifying S' with [0,1]. This
definition turns out to be 'natural’ in a very precise sense.

We endow D with the Poincaré metric

d(z1,29) = 2tanh™! i —E

— z122

Given two points x,y € S! and one point z € D, then the three points x,y, z form an ideal

triangle in D. Let 6,(z,y) € [0, 7] be the angle at z of this ideal triangle. Then again

1
dz(may) = sin 592’(‘%7 y)a

is a metric on S'. We call it the visual metric on S! related to the point z. Let u, be the

harmonic measure on S! with respect to the point z, then we can define

2= [ Y. (0<a<1) @

This definition agrees with the above when z is the origin. It turns out that I ”does not
depend on the choice of z” if we consider f not as a function but as (3 + a)-density, viz.,
functions f, which, when the point z changes to 2/, turns out to be f,, = (j}%)%*o‘fz.
One can check that if f. is a (5 + «)-density, then z — I f. is a (3 — «)-density.

We note that 1-densities are signed measures on S' which are absolutely continuous with
respect to harmonic measures. As o converges to 1, the operator IS converges to an

operator I' which takes a signed-measure y to its total mass u(Sh).

1.3 Principal and complementary series representations.

s-densities and fractional integration and differentiation appear naturally in the context
of induced representations. We give a brief overview of this connection in the context of
Lie group theory.

Let G be a connected semisimple Lie group with finite center. Let K AN be an Iwasawa

decomposition of G. We denote M and M’ as the centralizer and normalizer, respectively,
of Ain K.

MAN is the minimal standard parabolic subgroup of GG, more compactly we write H
for the subgroup MAN. For s € R, an s-density on the smooth manifold G/H is a
tensorial object v which has only one component in coordinates and which transforms

under diffeomorphisms according to the rule:

b*v = | det(dg)[*(v o 6).

Densities can be multiplied: The pointwise product of an s-density with an s’-density,



is an (s + s)-density. 1-densities coincide with smooth (absolutely continuous) mea-
sures on G/H. Formally, s-densities are smooth sections of a G-homogeneous line bundle
Ds(G/H). The action of G on Ds(G/H) is given by g-v = (lg_l)*v, where [, is the
left-translation action of G on G/H.

The finite dimensional irreducible unitary representations of M AN are all of the form
(0 ® A\) : man — a*o(m), where a — a* € C is a unitary character of A and ¢ is an
irreducible unitary representation of M.

The characters a — a* of A are constructed as follows. Given A € af := Hom(a, C), for

a € A, we write

at = eMose ¢ C.

The unitary characters are given by all A € ia*.

The category of continuous representations of H is equivalent to the category of G-
homogeneous vector bundles on G/H, by the associated vector bundle construction. The
G-homogeneous vector bundle Dy(G/H) of s-densities, is the associated bundle of the
character

55 a = estr(ad(logaﬂn).

One checks that 6°(a) = |det Ady/(man)|~%, for all m € M, n € N, where Ad, is the
adjoint-representation of H on g/b.
More generally, any continuous representation (o, H) of H is associated with a G-homogeneous
vector bundle V. By I'(V) denote the space of continuous sections of V. The induced rep-
resentation of G from the representation (o,H) of H, is the following action of G on
INQZE

(m(9)s)(x) = g-(s(¢g"'w)). (seT(V),z€G/Hgeq)

This representation 7 is usually denoted by Ind% (o).
The representation Ind$ (o) is said to be unitarizable if the space I'(V) admits such a
pre-Hilbert structure that 7 extends to a unitary representation on the associated Hilbert
completion. In general, unitarity of (o, %) does not imply unitarity of Ind% (o). However,
unitarity can be achieved by twisting the representation ¢ with half-densities.
Indeed, we can tensorize o with 62 to obtain a representation o ®62 of H in H®D1 (g/h).
Given a,b € H and u,v € Di(g/h), we define (a ® u,b ® v) = (a,b)yuv, and exiend it
to a sesquilinear form H ® DZ% (g/h) x H® D%(g/b) — Di(g/h). Thus, for the sections
ABel'(V® D% (G/H)) their product (A, B) is in I'(D1(G/H)), leading to a measure.
We set

(A,B) = / (A, B).

G/H

The action of 7 = Ind% (0 ® 5%) in I'(V ® D1 (G/H)) is unitary, since (7(g)A,7(9)B) =
((lg_l)*A)((lg_l)*B) = (lg_l)*(A, B), and the irftegral of the density (lg_l)*(A, B) over G/H
agrees with the total mass of (A4, B).

The principal series of unitary representations of G is parameterized by all (o, \) such
that o ® A is unitary, and is obtained by normalized induction from M AN to G. This

means
o = IndS((c ® \) ® 62).



The induction of representations on G works even if a — a” is not a unitary character.
Knapp and Stein call the representations 7, » with A nonunitary, the nonunitary principal
series. Roughly speaking, the complementary series consists of those representations in
the nonunitary principal series which can be made unitary by changing the inner product.
From now on let G be of real rank 1, and m’ € M’ \ M. It turns out that a necessary
condition for 7, 5 to be unitarizable is that o™ (m) = o(m'mm/~) is equivalent to o, and
A has the form
Aa) = 8%(a),

with a € R. Then
Ton = Ind§((0 ® 6%) ® 5%) = Ind$ (0 ® 5%“‘),

and the inner product necessarily comes from an operator Z% : D 1, JG/H) =D 1 JG/H),
which maps (3 + a)-densities to (3 — a)-densities [16]. For a > 0 such operators were
found by Kunze and Stein in 1964 [17]. These operators amount to fractional integration
operators on K/M = G/H, as does the operator (4) on S!. Knapp and Stein observed
that the existence of complementary series representations (i.e., the positivity of Z¢) is

closely related to the analytic continuation of Z% to negative values of « [18].

The following result is essentially due to B. Kostant [19].

Theorem 1 (Kostant) If G = SO(n, 1) or SU(n,1), then % is positive definite for any
a €]0, %[ If G = Sp(n, 1), then it is positive definite if and only if o < % — m

Thus, if G = SO(n, 1) or SU(n, 1), then the representations

1
Wa:Indg(1H®5%+O‘), (0<ax< 5)
interpolate between the quasiregular representation Ag /g = Indg(lH ® 6%), which is
weakly contained in the regular representation Ag, and the trivial representation 15 when

« tends to %

To understand the latter statement, recall the above case of S!, that

2@ = [ A de. (0<a<)

tends to an operator I' : i+ u(S') on signed measures on S! when « tends to 1 (note that
we scaled o by 2). Therefore, the diagonal matrix coefficients g — (m1_c(g)dpu! =€, du'=°)
tend to g — (fgu d(I;1)* 1) (fs2 dp), where dp'~¢ denotes (1 — €)-densities. The integral
of (lg_l)*u over S! agrees with the total mass of u, thus the diagonal matrix coefficients

converge to constant functions, showing that 7, — 1¢ in the Fell topology.

1.4 Conformal invariance of differential operators.

Densities reappear in connection with the conformal invariance of natural differential
operators.
Natural bundles in Riemannian geometry are functors 7' from the category of Riemannian

manifolds into the category of vector bundles belonging to representations of the general



linear group. Natural operators in Riemannian geometry are natural transformations
between natural bundles which associate differential operators A, : T'(M, g) — T'(M, g)

with Riemannian metrics ¢ in such a way that if ¢ is a diffeomorphism,
Agrg = 0" (Ag).

Traditionally, such a natural transformation is said to be conformally invariant if, in
addition, there exist real numbers a and b, so that if a Riemannian metric g is conformally

changed to ¢’ = e?"g, then
Ay = e o Agoe™.

This means that A can be transformed into an exactly conformally invariant operator A

from sections of Dy /q ® T to sections of Dy,q ® T', Q = dimension.

1.4.1 GJMS-operators On any flat conformal manifold of dimension @) > 3, for every

k € Z>0 there is a unique natural conformally invariant operator

ck.p —~D

: ()

D=

+

Ql=
Nl
Q=

whose leading part is the k-th power of the Beltrami Klein operator.

For k£ = 1 this operator is the usual conformal Laplace operator, for £k = 2 this operator
is commonly known as the Paneitz operator. If @) is even, then E% exists and is known
as the critical GJMS-operator. It maps a function to a multiple of the volume form [20].

Note that % — % + % + % =1, so the quadratic form

- / Ly (6)

is conformally invariant on (% — %)—densities of Sobolev class HF.

For k = 1, this quadratic form is positive on the @Q-sphere, () > 3, since the scalar

curvature is positive.

Definition 1 On a @Q-dimensional Riemannian manifold with scalar curvature R, the

conformal Laplacian is the operator acting on smooth functions u through

Q-2

Q-

Lu=Au+

Graham and Zworski further study natural conformally invariant operators £ : D1 -2 —
2
D lyg, @ € (0, %) using scattering theory on Poincaré-Einstein manifolds. They recover

the above operators £¥ when « is an integer [21].

1.4.2 sub-GJMS-operators? On contact manifolds of dimension @ = 2n + 1, for

every k € {1,...,n + 1} there exists a natural conformally invariant operator
k
:D . —D :
£ %7(9{11 %+Qi17 (7)

whose leading part is the k-th power of the sub-Laplacian [22]. For k = 1 this operator is

the CR invariant sub-Laplacian of Jerison-Lee [23].

9



Roncal and Thangavelu describe natural conformally invariant operators £ on the Heisen-
berg group for all positive a < i [24]. This and Theorem 2.7 from [1] suggest that

fractional GJMS-operators also exist in sub-Riemannian geometry.

If we believe in the existence of natural conformally invariant operators £F on sub-

Riemannian manifolds whose leading part is the k-th power of the sub-Laplacian, then

- / Ly (8)

gives conformally invariant quadratic forms on all symmetric spaces of rank 1.

1.5 From “exact” to “almost” conformal invariance.

Natural conformally invariant operators give us conformally invariant quadratic forms.
In general, they are not positive definite. To obtain a pre-Hilbert space structure on s-
densities, we can replace the exact conformally invariant operator £ by the power a of

the conformal Laplacian L.

Since the conformal Laplacian L is self-adjoint and positive, L% is well-defined. Taking
powers breaks the conformal invariance. Nevertheless, L* defines for any s € R an scale
1nvariant operator on s-densities, which we denote by

a .
ES 'Ds_>Ds+%‘

Scale invariant means that £ is unchanged when the metric is multiplied by a constant

factor. We obtain a scale invariant inner product Q¢ on % — %-densities of Sobolev

class H*. We can hope that the representation of G in (D (K/M),Q%) is uniformly

bounded.

Qle

1
2

1.5.1 The Cayley transform trick. Let N denote the unipotent component of the
Iwasawa decomposition G = K AN, and let M be the centralizer of A in K. N is a simply
connected nilpotent Lie group acting simply transitively on the complement of a point of
K/M. The orbit map C : N — K/M is called the Cayley transform.

Since N is a group of type H, its Lie algebra n decomposes into a direct product v & 3,
where [v, 0] = 3. The exponential mapping is a bijection of n onto N, and for X in v and

Z in 3 we can denote by (X, Z) the element exp(X + Z) in N.

The Koranyi norm on N is given by

N(X,Z) = (% + |Z|2)‘11.

Setting dy(ni,n2) =N (nl_lng), gives N the structure of a Carnot-Carathéory manifold.

There exists a metric dg/y; on K/M such that

dN((X> Z)7 (Xl,Z/))
(L 52 4 12y (1 + B2 41 272)s

diym(C((X, 2)),C((X", 2"))) =

The Cayley transform can be viewed as a means of flattening the metric dg/p; on K/M.
In the case of real hyperbolic space, it is a stereographic projection. In all cases it is

conformal (Corollary 2.3 in [1]), but far from homothetic.

10



The Cayley transform conjugates the A-subgroup in the Iwasawa decomposition with the

1-parameter group of dilations (d;) of N, which are homothetic.
6&(X,Z) = (tX,1*Z)  V(X,Z) € N.
Imagine one can prove that pulling-back densities

C*: (D1_a(K/M),Q%) = (D1_a(N),Q%)

_ 1 o
2 Q

ol
Qe

is invertible. Then for each element a € A there is ¢t € R such that a = C o §; o C™L.

With respect to the inner product Q¢, C is invertible and §; is isometric. Therefore a is
invertible with norm < ||C||||C~}!|| independent of a.

Let us use the Bruhat decomposition G = K AK. Then K acts isometrically on (D l-g (K/M),Q%).
This shows that the G action is uniformly bounded, with norm < ||C||||C~!||. Proving

the boundedness of the representation of G in the pre-Hilbert space (D l-s (K/M),Q%)
amounts to estimating a single operator. This was done by Astengo, Cowling, and Di

Blasio in [1].

They obtain Hilbert structures such that {7, = Ind§(1g ® 6%+%)}ae(_%%) become uni-

formly bounded representations of G, which morally “interpolate” between the quasireg-

ular representation A\q/ g = Ind§(1y ® 6 %) and the trivial representation 15 of G.

This fact is an essential step in Julg’s program to prove the Baum-Connes conjecture with
coefficients for Sp(n, 1) and Fy_y), i.e., for simple Lie groups of real rank 1 with Kazhdan
property (T) [25].

Remark 1 The bound obtained by Astengo, Cowling and Di Blasio is not uniform in «

Q
and blows up when o approaches 5 .

1.6 From Lie groups to ()-Ahlfors-David regular spaces.

General Gromov hyperbolic groups act conformally on @-Ahlfors-David regular metric
spaces. In order to construct uniform bounded representations for all hyperbolic groups
that interpolate between the quasiregular representation and the trivial representation, we
would like to apply the ideas of Astengo, Cowling and Di Blasio to this setting. However,
we know of no analog of a conformal Laplacian in this context. Therefore, we assume its
dual description instead.

Let K“ be a fundamental solution of a differential operator £, i.e., a distribution K® such
that L*K* = 0. Then, for any smooth compactly supported function u, L*(K* x u) =
(LYK%) % u = 6 xu = u. In other words, the operator 1%, defined by

I‘u=K"xu:xw— / K (zy Yu(y) dy
N

is (£%)~1. On the Heisenberg group, the natural conformally invariant operator £* of
Roncal and Thangavelu has as fundamental solution a constant multiple of |z|~9@+2 [24].
On Iwasawa N-groups this distribution is exactly the kernel of the intertwining operators

of Knapp and Stein [18].
In this work we work in the category of M&bius spaces (Z, M), i.e. sets Z together with
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a collection M of metrics defining the same metric cross-ratios. With M we associate a

class of s-densities Ds(M) and the Knapp-Stein operator

@) = [ G duaty). (0<a<)

where pg is the Q-dimensional Hausdorff measure associated with the metric d, and uy is

an s-density, where s is a function of a.

1.6.1 Results. We use an analog of the Cayley transform of Astengo, Cowling and Di
Blasio on Mobius spaces to prove strong regularity properties of M&bius spaces as measure

spaces.

Theorem 2 If for a Mébius structure M there exists d € M such that g is Q-Ahlfors-
David regular, then there exists C' > 1 such that every measure pq, d € M, is Ahlfors-

David reqular with constant C.

We use this observation in the context of strongly hyperbolic metric spaces X to show in
Theorem 6 that powers of conformal factors %/ associated to the class of visual metrics
M on 0X are Muckenhoupt weights with uniformly bounded A,-constant on LP(ug),

independent of d and d’ in M.

From there we prove the following weighted bound on the Knapp-Stein operator.

Theorem 8 Let X be a strongly hyperbolic space, {d,}ocx be the natural Mébius structure
on 0X, and 0 < a < %. Then there is a constant C, > 0 that depends only on «, such
that for all dy,dy € M and f € LP(u,),

a Ay \—
1228 012 0 (%) 72 £ L3y < Co 1l ©

where % =

a
Q-

=

The Knapp-Stein operator is self-adjoint on L?(dpug) and its square has a kernel compara-
ble to d(x, y)*QHO‘. Thus (Ig‘)2 is a good candidate for a Laplacian raised to the power
—a. Our guess for the H™%-norm on (5 + %)—densities on compact -Ahlfors regular

Mobius spaces is

ulla = g uall L2 @pa) - (10)

By construction it is positive and leads to a Sobolev space H;“ of (3 + & )-densities. We
would like to say that the construction is topologically independent of the metric d. In
Theorem 10, we use the previous results from this paper to prove that the norms || - ||4

are comparable on a large class of functions.

2 Mobius spaces
2.1 Some basics on Mo6bius spaces

According to Buyalo and Schréder [26], a Mobius structure M on a set Z is a collection
of metrics defining the same metric cross-ratios. More precisely, one considers quadruples

(x,y, z,w) of points in Z where no entry occurs three or four times. Such an admissible

12



quadruple is associated with a cross-ratio triple
[2,y, 2, wa = (d(z,y)d(z,w) : d(z, 2)d(y, w) : d(z,w)d(y, z)) € RP. (11)

Two metrics d and d’ on Z are called Mobius equivalent if for each admissible quadruple

their respective cross-ratio triples coincide.

Indeed, the theory makes it necessary to consider extended metrics on Z which allow the
existence of an infinitely distant point e € X, i.e. d(x,e) = oo for all x # e. Such a point
e is always assumed to be unique and d(e,e) = 0. If such a point exists, we sometimes use
the notation Z, for the set Z \ {e}. If ® occurs once in an admissible quadruple, then the
associated cross-ratio triple is [z,y, z,8]q = (d(z,y) : d(x, 2) : d(y, z)). If it occurs twice,
then [z,y,e,0]g=(0:1:1).

A Mébius structure on a set Z is a class M of metrics on Z which are pairwise Mobius

equivalent.
Two metrics d and d’ in a Mobius structure are conformal in the strong sense that the
limiting ratio %l(a:) = limy 5 % exists for all z € Z \ {e}. Moreover, for all x # y €

)
Z\{e},

d, d o rd(x,y)\2
2@ W)= (d(x’y)) : (12)

Examples of sets with natural Mobius structures are:

1. The round sphere,

2. Boundaries of symmetric spaces of rank one,
Boundaries of CAT(—1) spaces [27],
Boundaries of strongly hyperbolic metric spaces [28],

Boundaries of symmetric spaces of higher rank and Euclidean buildings [29], [30],

A

Boundaries of certain CAT(0)-cube complexes [30], [31].

A Mbobius structure M is associated with a family of Hausdorff measures {jg}qe s with

a uniform Hausdorff dimension Q. For two metrics d,d’ € M, the Radon-Nikodym

derivative 5—; is connected to the conformal factor % by

diig _d
@)= G@° veez\{e) (13)

In particular, metrics in M without distant points, have equivalent measures.

We say that a Mobius space (Z, M) or a Mdébius structure M is compact if (Z,d) is
compact for all metrics d € M.

We say that a Mobius space (Z, M) or a Mobius structure M is spherical if diam(Z,d) < 1
for all d € M.

Strongly hyperbolic metric spaces admit a natural spherical Mobius structure on their
boundary. We will discuss this case in detail below. As we will see, it turns out that any

hyperbolic group admits strongly hyperbolic left invariant metrics [32].

13



2.2 The metric Cayley transform

The stereographic projection is a conformal bijection from the unit sphere S in R**! onto
R™U{o0}. Its generalization to Iwasawa N-groups associated to simple Lie groups of rank
1 is known as the Cayley transformation. A pure metric analog of the Cayley transform

can be given as follows.

A K-semimetric is a symmetric function p(x,y) on Z such that there exists K > 0 and a

(possibly extended) metric d on Z, s.t.
1

A semimetric space is a set Z together with a semimetric p. The semimetric p and the
metric d induce the same topology on Z. Furthermore, one can speak of Lipschitz maps,

Mobius maps or symmetric maps between semimetric spaces.

Definition 2 Let (Z,p) be a semimetric space, then the Cayley transformation with re-

spect to a point @ € Z s the bijection obtained by replacing p on Z by the semimetric

~ p(,y) o .
pe(z,y) = @ op(e ) fz,y € Z\ {o}, (15)

Pe(x,8) =00 for all x € Z \ {8} and pe(e,e) = 0.

1
pz,0)
The Cayley transform is conformal in the sense that for all admissible quadruples (z,y, z, w) €

Z,

If Z already has an infinitely distant point ', the convention is that pe(x,e’) =

[113,:(/, Zaw]p = [xaya Z’ w]p-'

A metric d is Ptolemaic if its Cayley transform d, with respect to every point e € Z is
again a metric. A Md&bius space (Z, M) for which the Cayley transform maps into itself

with respect to every point M is called a Ptolemaic space.

Proposition 1 (Bonk, Kleiner [33]) The Cayley transform maps K-semimetrics to

4K3-semimetrics.

Proof: By assumption,

1
FdO("L‘ay) < PO(QC»ZJ) < K3d.($7y)‘

A slight modification of the semimetric do yields a metric by setting
k

dey)= b S du(ag )
=0

T=T0,&1 ;. Th—1,
One checks (for details see [33] Lemma 2.3.) that
1
Zdo(xay) S d(l‘vy) g d.(x,y)

Thus,

1 3
_— < < .
4K3d(x,y) < pe(z,y) < 4K"d(2,y)
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The conformal factor between the semimetrics p, and p is well-defined and given by

Vo € Z\ {o} (16)

Therefore, the Hausdorff measure p,, of pe can be expressed in terms of the Hausdorff
measure ji, by
1
pon( ) = [~ (). AC 2\ () a7)
P A p<za .)2Q .
An inverse Cayley transform from an unbounded semimetric space to a bounded one can

be given as follows.

Definition 3 Let (Z,p) be a semimetric space with an infinite distant point e inZ. The
inverse Cayley transform with respect to a center ¢ € Z \ {e} is the mapping obtained by

replacing p by the semimetric

_ p(z,y) . .
‘mmwy_ﬂ+p®m»ﬂ+p@m» fr,y€ Z\ {o}, (18)

lp|(z,0) = |p|(e,z) = (IT}%C)) forallx € Z\ {o}, and |p|(e,e) = 0.

The inverse Cayley transform is again conformal in the sense that for all admissible

quadruples (z,y, z,w) € Z,

[, y, 2, 0]y, = [, y, 2, w] .

Proposition 2 (Bonk, Kleiner [33]) The inverse Cayley transform maps K -semimetrics

to 3K3-semimetrics.

Proof: By assumption,

1 d(z,y)

K3 (1+d(z,¢)(1+d(y,c))

K*d(z,y)
(1+d(z,c))(1+d(y,c))

p(z,y)
(1+ p(x, ) (1 + p(y,c))

IN

<

As above, a slight modification of the semimetric |d| yields a metric by setting
k
d(z,y) = inf > ldl(@j,@41).

T=20,X1y--Tk—1, Tk =Y <
Jj=0

One checks (for details see [33] Lemma 2.2.) that

%’d‘(x,y) < d(z,y) <|d|(z,y).

So
1 3
|
The conformal factor between the semimetric |p| and p is well-defined and given by
1
|ﬂ(x):— Ve e Z\ {e} (19)

p (1+ p(z,c))?
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Therefore, the Hausdorff measure p, of [p| can be expressed by the Hausdorff measure

of p,.

/A\{oo} (1 + p(z, c

The following proposition shows that the Cayley transform of a bounded semimetric space
(Z, p) followed by the inverse Cayley transform returns the semimetric space (Z, p) up to

a bi-Lipschitz map. This justifies our naming convention.

Proposition 3 (Buckley, Herron, Xie [34]) Let (Z,p) be a bounded semimetric space
and let (Z, pe) be its Cayley transform with respect to a nonisolated point @ € Z. The
inverse Cayley transform of (Z, ps) with respect to any center in Z \ {e}, is bi-Lipschitz
equivalent to (Z,p).

Remark 2 Quantitatively, if we assume that diam(Z) = 1, then the proof yields a bi-
Lipschitz constant of max{16,4K*}.

Proof: We can assume that diam(Z) = 1. Choose ¢ € Z \ {8} with p(c,e) > 3.
We check that for all x € Z,,

1
Z p(x, .) < |p‘|($7 .) < 2K2 p(fL‘, .)'
The upper bound is calculated as follows,

[pe|(,0) =

IN

For the lower bound,

[pel(2; @) =

v

If x,y € Z,, then

pe(,y)
(1 + pe(c, ) (1 + po(c,y))

= [pel(; @) pe(,y) |po| (v ®)

[pe|(z,y) =

_ |pel(z, @)[pe|(y; ®)
p(z,®)p(e,y) Pz 1)
< 4K p(z,y).
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For the lower bound we get,

1

2.3 Uniform Ahlfors-David regularity

We have seen that associated with each Mobius structure M is a family of measures

{ttd}tdaer. This family of measures has regularity properties in the following sense.

Theorem 2 If for a Mobius structure M there exists d € M such that pq is Q-Ahlfors-
David regular, then there exists C' > 1 such that every measure ug, d € M, is Ahlfors-

David reqular with constant C.

This observation is crucial because it often allows us to treat Mobius spaces as uniformly
Ahlfors-David regular. Much of the theory of classical harmonic analysis on Ahlfors-David

regular metric spaces therefore admits a Mobius invariant analog on Md&bius spaces.

The above theorem follows essentially from the fact that the Cayley transformations of

two metrics d,d’ of a Mobius structure are M are homothetic.

Lemma 1 (Buyalo, Schroeder [26]) Let (Z, M) be a Mdébius space and d,d € M,
then for any point @ € Z the semimetrics de and d, are homothetic, viz. i.e., there exists
A > 0 such that d,(z,y) = Mde(x,y) for all z,y € Z.

Proof: We can assume w.l.o.g. that Z, contains two distinct points x and y. Choose
A, st dy(x,y) = Ade(z,y). If there exists a third point z € Z,, then [z,y,z, 0]y =
[z,y,2,0]q,, 1e. (dy(z,y) : dy(z,2) : dy(y,2)) = (de(m,y) : de(z,2) : de(y,z)). Since
d,(z,y) = Mde(z,y), it follows that d,(x, z) = Ade(z, 2) and d,(y, z) = Ade(y, 2). |

Hausdorff measures of homothetic semimetrics have strong regularity properties.

Lemma 2 Let (Z, M) be a Mébius space and d,d" € M, then for any point ¢ € Z the
Hausdorff measure pq, is Ahlfors-David regular with a constant C' > 1 if and only if, if

ta, s Ahlfors-David regular with the same constant.

Proof: We assume that p4, is Ahlfors-David regular with constant C'

From the conformality of the Cayley transform it follows,

= >) (x,y,w € Z,) (21)

Let By, (x,r) beaballin (Z, d,). Without loss of generality, we can assume that 0By, (z,1) #
(). Otherwise By, (z,7) is closed and there exists 0 < 7' < r, s.t. By, (z,7") = By, (z,7),
OBg,(z,7") # () and we replace B(x,r) with By, (z,7’).

Let w € Z, s.t. 7 = de(z,w), then

By, (l’, T) = Bd’. (l‘? d/.(l’, w))
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by the symmetry condition (21). So

( e (y))Q dpa, (y)

paBae = [ (%

Ba, (x.7)
= \"%uq, (Ba, (7))

= A" g, (By, (z, dy(z,w)))
< CA 9L (2, w)?

—c (j—,:m)Qd'.(m,w)Q

= Cdy(z,w)?
=Cr9.

The lower bound is obtained in an analogous way. [ |

To conclude the theorem 2, it remains to show that the Cayley transform and the inverse

Cayley transform preserve the Ahlfors-David regularity.

Proposition 4 (Li, Shanmugalingam [35]) Let (Z,p) be a Q-Ahlfors-David regular
semimetric space. Then the Cayley transform (Z, pe) of (Z, p) is Q-Ahlfors-David regular,
with a constant depending only on the Ahlfors-David constant of (Z, p).

Proof: W.lo.g. we can replace p by its true metric approximation d. Indeed, if (Z, p) is
Ahlfors-David regular with constant C' > 1, then so is (Z,d) with constant K2%C.

Let Cy be the Ahlfors-David constant of measure pg4, and let By, (x,r) be any ball in
(Z,ds). We distinguish three cases, rd(z,e) < %, rd(z,) > 4C’d%, and 3 < rd(z,e) <
sl
Case 1 (rd(z,e) < %) We are looking for two comparable balls By and B/, s.t. By C
Bq,(z,7) C B,
For y € By, (z,7),

d(z,y) < rd(xz,e)d(e,y). (22)

Thus d(y,e) — d(e,z) < d(z,y) < rd(xz,e)d(e,y) and a rearrangement, together with
rd(z,e) < %, gives

d(y.e) < d(e,x)

> m < Qd(o,.r).

By symmetry, we also have d(z, ¢)—d(e,y) < d(z,y) < rd(z,e)d(e,y) and a rearrangement

yields
d(e,x) 2d(e, x)
> .
dly.e) 2 1+ rd(e,x) ” 3

So for y € By, (z,71)
2d(e, x)
3

< d(y,e) < 2d(x,e). (23)

Combining equation (22) and (23) shows that we can take

B!, = By(z,2rd(z,)?).
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Conversely, let y € By(z, QTd( *)’ ), then

d(xz,e) —d(e,y) < d(z,y) < 2éﬂd(:c, o) <

where for the last inequality we used the assumption rd(z,e) < % Thus

therefore ] _ d(z,y) 2rd(x,e)
@) = T ed(ey) < 3 dy.e)

So we can set By = By(w, M)

<.

We estimate the lower bound as follows.

o (Ban(or)) = [

tta(Ba)
= 22Qd(x, 0)2€@
( 2rd(§,o)2 )Q 1
- 22Q0y d(zx, 0)2Q
rQ
= 520,

dpa(z)
// d(z,e)%@
)QQ pa(BY)

(z,0)2Q

G
<g>2QCd (2rd(z, #)%)?
G

For the upper bound,

(AN

tdy (B, (2,7))

IN

IN

SL‘ 0)2Q
Q
) Cyr9.

2

&
) # 0.

2
Case 2: Suppose rd(z,e) > 4CdQ, then in particular Z \ By(e,
If y € Z\ {Ba,(z,r) U {e}}, then

rd(z,e)d(e,y) < d(z,y) < d(z,e) +d(e,y).

2
By rearranging and using rd(z,e) > 4C’f, we obtain

d(z,e)
d(y7.) < T’d(l‘, .) _ 1
2
1 407 2
<-————<-.
T (4CdQ _ ) T

Thus, 5
Z \ Bd(.7 ;) - Bd.($7r)'

Conversely, if y € By, (x,7), then
d(x> .) - d(’a y) < d(x7 y) < Td(xv .)d<.7 y)
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2
If we convert and use rd(z,e) > 4C dQ, we get

( °)
d A7)
2
1 40;2 2
> —— > 3
"ac? 1
Thus, ) )
Z \ Bd(O, ;) C Bd. (.’ﬂ,T‘) cZ \ Bd(o7 3_7")
We estimate the upper bound as follows,
dpa(z)
o (Ban(a,) < a2,
Z\Ed(o,s—i) d(.) Z)2Q
o0
< / dpa(z 2)
=1/ Ba(e, 5\ Ba(e ) d(e,2)%?
< i/ dud( )
TS Bae B 0B 2 (3)%9
= (B
<Cy S
o
o
=Cy» 2779(3r)
i=0
2Q
= 2Q 13ch T‘Q
There is also a lower bound, as
4CQ 2 49c,;  29Cy
pa(Ba(e, =)\ Ba(o,2) > —5" — =
Q
> 2°Ca.
Q

Therefore, the lower bound can be estimated as follows

dpa(z)
B > _OHd\Z)
pdy (Ba, (x,7)) > /Z\Bd(-,%) d(e, 2)20
>/ . dpa(z)
B 29 )\ Bage,2) U 7)
200, 1
re (3)2RC]
- 23QCs

2
Case 3: Suppose % < rd(x,e) <4C7. Then

2
5) C Ba,(x,7) C By, (:L‘,8CdQ r).
8C 7

By, (x,
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The inner ball satisfies the hypothesis in case 1, so

@
m < pd, (Ba, (x,

5)) < pa, (Ba, (z,7)).
8C7

The outer ball satisfies the hypothesis of case 2, so

Q
13Q8Q03 9.

idu (B, (2.7)) < pa, (Bay (,8C%7)) <
[ |

Proposition 5 (Li, Shanmugalingam [35] ) Let (Z, p) be an unbounded, Ahlfors-David
reqular semimetric space with constant C > 1. Then its inverse Cayley transform (Z,|p|)
is Ahlfors-David regular with constant at most (2K + 1)?9209C?, where K is the semi-

metric constant of |p|.

Proof: Let o be the point at infinity in Z, i.e. p(x,e) = oo for all € Z,. Since (Z, |p|)
is compact it suffices to check the Ahlfors-David regularity on balls with r < %

Let R= - —1, then 2 <R < . For a sphere whose center is e, we have

Bmhﬂﬁ:{erq:j%;5<r}U%}

:{er,p(a:,c)>%—1}U{'}

= Z\ B,(c,R).

Set A = (2C2)@ > 1, and define B; = B,(c, 'R) then

. A\@ .
CyN'R)? = (5= = C)(NT'R)?
Cp
(N'R)“ i—1 \Q
= - C,(N'R)
c, ,
< pp(Bi \ Bi—1),
and
Bigi(e U B;\ Bi-1.
Therefore
W, (B / —d,u Y).
1ol (Bjpi (@ Z 55, (LT p(y, )22 oY)
It follows, B
po(Bi\ Bi-1) _ — 4p(Bi\ Bi-1)
— (1+ MR~ < Hip)| (Bjp|(® Z:: FAN-IR)2Q

Using 1 < AR and the doubling property of o,

Cr N~ MGy -
W;A < 1l (Bjoi (8, 7)) < —pg ;A :

21



50 c, 1 A9
4(5 O T < pipl(Bjpi(e:7)) < (2)‘)QCP)\Q — 1TQ-

A further simplification leads to,

1

WTQ < ) (Bigi(0:7)) < (AN 9Cpr©.

Let x € Z \ {e}, we will prove this in four cases.
Case 1: Suppose |p|(x,®) < 5%, we reduce this case to the one above.

If y € By, (x,r), then

[pl(e,y) < K(|pl(e, z) + [pl(z,y))
< (K +1)r.

So
By(z,r) C By(e, (K + 1)r).

If y € By|(e, 55 ), then

lol(z,y) < K(|pl(x, 0) + |pl (e, 9))
<.

So

r =) C By(x,r).

BC
(% 5%

P
Therefore

1
WTQ < Hyol(By (e, QK)) < ) (B (7))

<y (BS(e, (K + 1)r)) < (K + 1)4N)9C,r?.
Case 2: Suppose 55 < |p|(z, ) < 4r.

Then as above,
B‘p‘($, T‘) C B|pl(.a 5K’I“),

and therefore
u|p|(B|p|($,T)) < (5K4)\)QCP’I“Q.

For the lower bound, note that 7 < 1+ p(z,c) < % If y € By(w, 5-), then

T 301

L+ p(y,c) 214 p(x,c) — pz,y) >

and therefore

B p(x,y) drdr .
A = T o)+ pwe) < 2o "
So .
Bp( " 50 ) C B|p|($ ’I‘)
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Moreover, for y € B (z, 55-)

2K 1 2K +1
1 o) <1 , )< T+ — <
+p(y,c) <1+ p(x,c) + p(r,y) — 5 "

All together,

1
110 (Bjpy(,7)) Z/B(a;L Wdﬂp(y)

7207

r2Q 1
> (By(z, —
= @r 1 et Bl )

1
> Q
= (2K + 1)22209C, "

Case 3: Suppose |p|(z,®) > 4r and p(x,c) < 1. Then for all y € B),(z,7),

< p(x,y) .

(14 p(z,¢))(1 + p(y; c))

drp(x,y)
L+ p(y,c)

It follows that
41+ p(y,c) =1 = p(x,c)) <1+ p(y,c).

Therefore

Qo W~

1+ p(y,c) < (1 +p(x,c)) <3

since p(x,c) <1 and therefore

p(z,y)
L+ p(x,¢))(1+ p(y,c)’

o) < lolla) = ¢

That is, B, (z,7) C B,(w,6r) and we obtain

1
By (x,r S/ ————du,(y) < B,(z,6r)) <C 69r?.
M\p\( \p|( )) B, (2.6r) (1 —|—p(y,C))2Q :up( ) IJ’P( P( )) P

For the lower bound, if y € B,(z, ), then |p|(z,y) < p(z,y) < r and henceforth B,(x,r) C
By (x,7). So we get

1 1 1

111 (Bypy(x, 2/ s Aty (y) > 55 p(Bo(, 7)) = re
|p|( |p|( )) B, (o) (1+p(y,c))29 p( ) 32Q ﬂ( p( )) QQCp
Case 4: Suppose |p|(z, ) > 4r and p(z,c) > 1.

Define

D)= {y € Z: L0+ pla,e)) < 1+ ply,) < 51+ pla,c)) .

As before, if y € Bj,(z,7), then

drp(z,y) p(x,y)

A+ o0 = At p@m )1+ pw.0) =

and
4p(z,y) <1+ p(y,c).

The last equation together with 4(1+4 p(y,c) —1—p(z,¢)) < 1+ p(y,c) and 4(1+ p(x, c) —
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1—p(y,c)) <1+ p(y,c) results in

S+ pl,0)) < 14 ply,c) < (14 pla, ).
Also, A
) < (14 pla, ) (1 + ply,)) < 51+ o, )P

It follows that, B, (z,r) C D(z) N B,(x, ( + p(x, c))?r).
It follows,

ol (B (x, 7)) < ! IS dpp(y)

D( a:)ﬂBp(z (1+p(:v o2y (14 p(y,c

( ) 1+p 2.0)? g te(Bo(x a§(1+p($,0))2’r))
(D)7 (5) = (55) o

If y € By(z, 2(1+ p(z,c))?r), then

IN
| o

IN
| o

Therefore B,(x, 2(1 + p(x,¢))?r) C D(x). Moreover, knowing this inclusion,

B p(z,y)
ol(2,y) = (1 + p(z,0) (1 + p(y, )

< Z(1+ pla,0))r

W

i1+ plx. <))

(@3

So By(z, 2(1+ p(z,¢))?r) C Byy(z,7) C D(z). Tt follows that

1

1 (B (1,’7,))>/ 5 du,(y)
[\ ol Bp(a:,%(1+ﬂ($7c))27°) (1 + P(% C))QQ 4

> (1) (e g Bales 51+ ot

= (Z)QQ@)Qép = (29())@0%,7"@
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3 The boundary of hyperbolic groups
3.1 J-hyperbolic spaces

In the 1980s, Mikhael Gromov introduced a notion of hyperbolicity for metric spaces that
remains invariant under small changes in topology [36]. It generalizes the metric properties
of classical hyperbolic geometry and of trees. The basic definitions are remarkably simple.
The Gromov product of two points & and y with respect to an origin o, is the nonnegative

number

(& )0 = 3 (d(z,0) +dly.0) — d(z, ). (24

In trees, (x,y), is the distance from o to the branch point of geodesics starting from o
and passing through x and y.
A metric space (X, d) is called Gromov hyperbolic or 0-hyperbolic if for any triple of points
T,Y,z,

(z,y)0 = min{(z, 2),, (2,y)o} — 6. (25)

This condition is independent of the base point in the sense that if it holds for some o
and 9, it holds for all base points with 20.

3.2 Gromov hyperbolic group

A group T is called Gromov hyperbolic or hyperbolic for short if it acts by isometries,
properly discontinuous and cocompact on a proper, geodesic d-hyperbolic metric space.

Examples are, among others, free groups and any group acting properly discontinuously
on a locally finite tree, Fuchsian groups, and the fundamental groups of Riemannian

manifolds with strictly negative curvature.

3.3 Gromov boundary

Gromov hyperbolic spaces have an interesting geometry at infinity, similar to the ideal
boundary of classical hyperbolic space.

The construction of the boundary goes as follows. One can say that a sequence of points x,,
in X ’converges at infinity’ if (x;, ), — 400 as i, j goes to infinity. Two such sequences
Zn,Yn are considered equivalent if (z;,v;)o — +00 as i goes to infinity. The Gromov

boundary 0X of X is the set of equivalence classes of such sequences.

The Gromov product can be extended to the boundary by
<777 €>O = inf hnll]lnf<xza l/j)m

where the infimum is taken over all representatives z, and y, of n and &, respectively.
Although the choice of liminf does not make the above definition canonical, it turns out
that replacing inf by sup or lim sup by liminf leads to quantities which are all boundedly
close. The above definition is therefore canonical, at least at the topological level, and

defines a topology for convergence at infinity on the bordification X U 0X.

The topology of convergence at infinity on 90X is indeed metrizable. It turns out that

the metric for sufficiently small € is within a constant multiple of exp(—¢(,-),) [37, Re-
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mark 3.17, p. 433]. We will see below that this result can be improved.

3.4 Roughly geodesic and strongly hyperbolic metric spaces

The classical theory of hyperbolic groups takes place in the world of geodesic metric
spaces. However, the extension of the Gromov product to X requires a noncanonical
choice.

By smoothing the metric d, we can make the Gromov product actually extend continuously
to the boundary dX. Moreover, the natural topology on 0X is then induced by an
explicitly given metric, the visual metric or Bourdon metric. The tradeoff is that we must

move from the world of geodesic metric spaces to roughly geodesic metric spaces.

Definition 4 A metric space (X, d) is roughly geodesic if there exists C > 0 such that
there exists a rough geodesic between all x,y € X, i.e., a mapping 7y : [a,b] C R — X, with
v(a) =z, v(b) = y and such that for allt,s € [a,b], [t —s|—C < d(v(),v(s)) < [t—s|+C.

A rough geodesic ray is a rough geodesic r : [0,00) — X. Two rough geodesic rays
are considered equivalent if sup,d(r(t),r’(t)) < oco. An alternative construction of the
Gromov boundary of a proper and roughly geodesic space X is to consider it as the set

of equivalence classes of rough geodesic rays.

The relaxation of the geodesic assumption for hyperbolic spaces to roughly geodesic was
first proposed by Bonk and Schramm [38]. Hyperbolicity is a quasi-isometric invariant for
roughly geodesic metric spaces and the Schwarz-Milnor lemma also holds in this context.
We can therefore just as well say that a group is hyperbolic if it acts geometrically on a

roughly geodesic, proper hyperbolic metric space.

Definition 5 A metric space (X,d) is e-strongly hyperbolic if for every triple of points

x,y,z and an origin o in X,

exp(—€(z,y)o) < exp((2,2)0) + exp({2,9)o)-

Theorem 3 (Nica-Spakula) Let (X,d) be a e-strongly hyperbolic metric space, then
1. (X,d) is log(2)/e-hyperbolic,
2. the Gromov product extends continuously on the boundary X U 0X,
3. and the function do¢(n,§) = exp(—€(n,£)o) is a metric on 0X.

Remark 3 In the context of roughly geodesic metric spaces, a strongly hyperbolic metric

space is strongly bolic in the sense of Lafforgue [39].

Examples of strongly hyperbolic metric spaces are CAT(—1) spaces [32]. Indeed, any
hyperbolic group I' acts geometrically on a roughly geodesic and strongly hyperbolic

metric space. This metric is obtained by smoothing the word metric on I'.

Theorem 4 (Nika-Spakula) Let I' be a hyperbolic group. Then the Green metric de-
fined by a symmetric and finitely supported random walk on I is strongly hyperbolic.
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We give a brief summary about the Green metric [40], for details the reader can refer [41],
[42]. The Green metric is a way of smoothing a word metric on I' by a random walk {X,,}
on I'. Its law p must be symmetric and have a support that generates I'. Let F'(z,y) be
the probability that a random walk starting from x ever hits y. F'(x,y) is proportional to

the Green function

G(z,y) = ZPI[Xn =y = Zﬂn($_ly)a
n=0 n=0

where ™ is the n-th convolution of u, i.e., the law of X,,.

The Green metric between x and y in I' is the number

dG(‘Tay) = —IOgF(LL’,y)

The Green metric is still quasi-isometric to a word metric and I'-invariant, as well as
roughly-geodesic. The first two properties follow from the nonameanability of I, the last

one is a result of Ancona [43].

Remark 4 For the rest of this paper, we normalize the metric on I' so that e = 1.

3.5 A Mbobius structure on strongly hyperbolic spaces.

Strongly hyperbolic metric spaces admit a conformal structure on their boundary. This
is in contrast to only a quasiconformal structure on the boundary of hyperbolic spaces.
When X is a strongly hyperbolic space, the continuity of the Gromov product allows the

definition of Busemann functions

Be(0,0") = 2(&,0") — d(0,0") = lim(d(x,0) — d(z,0")). (0,0 € X, € 9X)

r—E&

For any pair of points 0,0 in a strongly hyperbolic metric space,
1
do(1,€) = exp(5(By(0,0) + Be(0,0))) dor (1, €).-

This implies that for any admissible quadruple (x, y, z, w), the cross-ratio triple [z, y, z, w]4,

does not depend on o, and {d,}ocx is a Mdbius structure on 0X.

3.6 Patterson-Sullivan measures

We have seen that the ideal boundary of a strongly hyperbolic metric space X is a M&bius
space if it is endowed with the set of visual metrics M = {d,},cx. The Hausdorff measure
It associated with the metric d, is called the Patterson-Sullivan measure [44]. Any such

measure associated with the Mobius structure M has the same Hausdorff dimension Q.

dpr
dito

On strongly hyperbolic spaces, the Radon-Nikodym derivatives have a concrete ex-

pression in terms of Busemann functions,

dpro QBu(0,0)
—2 () = e¥P=lo0),
duo( )

Patterson-Sullivan measures are Ahlfors-David regular [45]. As we have seen, even more

holds in the context of Mobius geometry. There is a constant C' > 1 such that for any
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measure [, € {fo}ocx, )
=72 < ol Bla,r)) < OO,

3.7 Sullivan’s shadow lemma.

Let X be a hyperbolic group with a left-invariant hyperbolic metric that is quasi-isometric
to a word metric. We can assume that for every origin o and every other point o’ € X
there is a roughly geodesic ray ~ starting from o and extending at uniform distance from
o'. With respect to the Gromov product, we can assume the existence of a constant M > 0
such that for all o’ € X,

sup (z,0"), > d(0,0") — M. (26)
r€dX

The constant M can be chosen independently of the choice of an origin o.

Lemma 3 (Garncarek [46]) If X is a §-Gromov hyperbolic group, then there exists
M > 0 such that for all o' and all 0 in X,

sup (x,0'), > d(0,0") — M.
r€e0X

Since for each o' in X there is a roughly geodesic ray ~ starting from o and passing near

o', we can assign it a front endpoint e’. More precisely, let o' be a point in X such that
(o',0")y > d(0,0") — M. (27)

Proof: ( of Garncarek’s lemma) For any point x € X, the Gromov product satisfies

-1

(g7 0,2)0 + (g0, gz)o = d(0, 9 "0).

Let x € 0X and {z;} be a representative of x, then

d(o, gilo) = lim inf((gilo, Zio + (90, gxi)0) < <g*10, x)o + (g0, gx), + 40.

21— 00

So
<gO,g$>o > d(oagil ) - <97107 x>0 — 40.

and for two different points y1,y2 € 90X,

sup <x7go>0 > mfbx<90agyz'>o

r€dX
> d(0,g7"0) — min{(g~ "0, y1)0, (g7 "0, y2)0} — 46
2 d(07 go) - <y17 y2>o — 54.
Set M = infy, y,eax (Y1, Y2)0 + 56 m

A ball of radius s around a point o' in X casts a shadow at infinity as seen from o.

Explicitly, the shadow at infinity of a ball of radius s around o’ can be defined as

0% (s)={x € 0X : (x,0')o > d(0,0') — s} (28)
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The shadows at infinity are essentially balls around the endpoint of a rough geodesic ray

passing almost through o’.

Lemma 4 (Sullivan’s shadow lemma) Let X be a strongly hyperbolic space. Let o' be

a point on the boundary for which holds
(o',0")y > d(0,0") — M.
Then for all s > M + §
By (o, e (00N =510y « 0 (5) B, (o, e (o) =5=0)),
Proof: If z € 09 (s), then

(o', ), > min{(e’, o), (o, 7)o} — &
> min{d(o,0") — M, d(0,0") — s} — 6
=d(0,0') — s — 4.

Therefore d,, (o, z) < e~ (00)=5=9)  Conversely, if z € B, (o, e~ (00)=5%9)) then

(0, 2)o > min{(cd',e'),, (¢ z)o} —
> min{d(0,0") — M,d(0,0') — s+ 8} —§
=d(0,0") — s.

The equality in the last line follows from the assumption s > M + . [ |

3.8 Distances associated to boundary points, the Cayley transform revisited

Let X be a strongly hyperbolic metric space and Z = 0X its ideal boundary endowed

with its natural Mobius structure, i.e., a family of distances d, indexed by points o of X:
do(x7 y) = 67<Iyy>o.

For points p,q € X,

(P, q)o = %(d(om) +d(o0,q) — d(p, q))-

One then shows that (p, ¢), has a limit denoted by (x,y), when p tends to x and ¢ to y.
Proposition 6 Let z,y € 0X. Asp € X tends to a point z € 0X \ {z,y},
ed(o,p)dp(x’ Y)

tends to a number denoted by d. ,(x,y), given by

do(z,y)

Gol®Y) = T o (org)”

As o is changed, d, , is multiplied by a positive constant,
dz,o’ = C/BZ(OI’O)dz,o.
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Indeed, let ¢, ¢’ € X be close to z,y € 0X.

{4y~ (a:4)o — d(0.0) = 5 (d(p,0) + d(p, 4) — dla,0)

~ Ld(o,q) + d(o.¢) — d(¢, ¢)) - d(0,p)

2
= %(d(p, q) — d(o,q) — d(o,p))
+ %(d(% ¢') = d(0,q') — d(o,p))

==, 0o — (:q)o;
which tends to —(z,2), — (2,y)o as p = 2, ¢ > x, ¢ — y. So

e—d(o,p) do (‘757 y)

dp(xv y)

tends to dy(z,z)do(z,y) when p tends to z. This gives the formula

do(,y)
dyolz,y) = ——2220
& 9) = G )do(2.y)
Furthermore,
o ( e P d,(,y)

BN I i ——— P I
doo(my) 12 edODd (1, 1)

— lim e p)—d(o,p)
p—)Z

— GBZ (OI:O) .

Although the semimetric d., is undefined at z, it belongs to the Mobius class in an
extended sense: by the convention that d.,(z,2) = +oo for all  # %z, the semimetric

defines the same cross ratios.

The metric associated with an ideal boundary point is defined only up to a multiplicative

constant. The same is true for the Hausdorff ()-measure.

Corollary 1 The rescaled Hausdorff Q-measure ® d("7p)up converges setwise on 0X \ {z}
when p € X tends to z € 0X, to the Hausdorff Q-measure 1, belonging to d, ,, which
satisfies, for x # z,

dpz.o . -
e (1) = (e, )

As o is changed, pi., s multiplied by a positive constant,

sy = €5

TS

Indeed, let B be such a ball that z is not a limitpoint of B. W.l.o.g. suppose the points
p are far enough from o such that B C X \ O5(M + 26) for all points p in the sequence,
and the endpoints p of rays starting from o and passing within uniform distance from p

are all € close to z. Then
dp

d(o,p) =P
e i

(z)
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is dominated by
626
€7<w72>o — 6’

which is integrable on B. Thus, by dominated convergence,

pP—z

fim 07 1,(B) = [ dofe.0) dofa).

Example 3 Let X be a symmetric space of rank 1. Then d., is a left-translation in-
variant dilation-homogeneous distance on the unipotent radical N of Isom(X). If X has
constant curvature, d,, is a Euclidean distance.

Indeed, d., is preserved by the stabilizer of z and the horosphere passing through o in
Isom(X) containing N, and N acts simply transitively on 0X \ {z}. The dilations of N
are realized by the 1-parameter subgroup A of Isom(X), whose elements each multiply d ,
by a constant. When X has constant curvature, the stabilizer of z in Isom(X) is two-
point transitive on 0X \{z} such that d, , is a function of Euclidean distance. By dilation
homogeneity, this function is homogeneous of degree 1, so d., is a constant multiple of

the Fuclidean distance.

4 Harmonic analysis on the boundary of hyperbolic groups
4.1 Introduction

A central tool of classical harmonic analysis on R™ are maximal functions. Maximal

functions allow to obtain quantitative results on the average of functions.

The best known of all maximal functions is the Hardy-Littlewood maximal function.

Definition 6 The Hardy-Littlewood mazimal function of f, is

M(f)(z) = sup % /B @) dy (30)

B3z

This operator behaves well on LP-spaces.

Theorem 5 The Hardy-Littlewood maximal operator maps L' (R™) to LY (R™) with con-
stant at most 3" and also LP(R™) to LP(R™) for 1 < p < oo with constant at most

31/rp(p — 1)1 [47).

4.1.1 Weighted inequalities The study of weighted inequalities for maximal func-
tions appeared as a natural extension of the theory. A main question is the characteriza-

tion of all measures p on R™ such that
A M(f)(x)Pdp(r) < A A |f (@) [Pdp(x),

for any p, 1 < p < oo.

The complete solution was given 50 years ago by Muckenhoupt [48], who set up a class of
functions A, such that (4.1.1) and other similar inequalities, hold exactly when du(z) =
w(x)Pdr with w € Ap,.
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Weighted inequalities for singular integrals are another source of examples where Mucken-
houpt’s A, condition plays a central role. If T is a singular integral operator of convolution

type with some regularity assumptions for the kernel, then

/ T () Pdu(z) < A / (@) Pdu(z),
R~ Rn

if and only if du(z) = w(x)Pdz, with w € A,,.

4.2 Muckenhoupt weights

It turns out that the class of measures u consists exactly of those measures which are
absolutely continuous with respect to the Lebesgue measure du(z) = w(x)Pdz, and that

w satisfies the A, inequality

1 1
1/‘p ’ 1/ 1y 7
wl, =sup | — [ wPdx — — | dx < 00,
Lwlp =y (rB| . > (|B\ ()

Remark 5 In the literature, one often finds a slightly different but equivalent definition

of the class Ay,. It amounts to setting v = wP and defining A, as the class of functions v
1

such that (Jur],)P is finite.

Example 4 The function |z|* belongs to A, on R", if and only if —n < ap < n(p —1).

Below we list some simple but useful observations on general properties of Muckenhoupt

weights.

4.2.1 Duality. Muckenhoupt weights admit an obvious ”duality”. If w € A, then

w™! € Ay with the same Muckenhoupt constant.

4.2.2 Inclusion. An important property of Muckenhoupt classes is that they are nested

b
up to some renormalization. If w € A,, then we is in A, for any ¢ > p. Indeed,

P4 1 » % 1 1 qu/ ﬁ
([w]o)* = sup (E/B“’ dw> (E/JE) dx> ,

is bounded by a multiple of [w],. This follows from Holder’s inequality and the fact that
d/a=qd—-1<p —1=p/p

4.2.3 Alternative definition. There is an alternative definition of the class A, which
is more closely related in notation to Hardy-Littlewood’s maximal function. For any
locally integrable function f, we denote by fp the average of f over a ball B, i.e., fp =
% [ f(z) dz. We further denote by wP(B) the number [, w(z)Pdz. Then w belongs to
the class A, if and only if the p-th power of fp is controlled by the mean of fP with

respect to the measure w(z)Pdx. Specifically, this means,

C
o) < s [ Prutda

holds for all nonnegative functions f and all balls B. The minimal constant ¢ for which

1
this inequality is true coincides with (A,(w))r.
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Suppose w € Ap.
1 1
f :—/fwdl‘:—/fww_ldx.
2215 ST = 15,

We apply Holder’s inequality to the right-hand side with exponent p.

) z IR
f3§®</3fpwpd:c> (/Bwpdx> .

Together with Muckenhoupt’s inequality (4.2) establishes the above inequality (4.2.3),
with minimal constant ¢ < (Ap(w))%. Conversely, if (4.2.3) holds for w, we take f to be
(w + €)~?". Then (4.2.3) together with (1 — p')p = —p/ implies that

p—1
1 /
— /(w(az) +e) P dx wP(B) <ec.
1B|\ /B
Taking the p-th root and passing to the limit ¢ — 0, we obtain Muckenhoupt’s inequality
(4.2).

4.2.4 Doubling property. Any absolutely continuous measure with respect to Lebesgue’s
measure, du(z) = w(z)? dx, is doubling if w € Ap. A measure p is doubling if there is a
constant D > 0, s.t.

1(2B) < Du(B).

If w € Ay, then the fact that the measure w? is doubling, follows directly from (4.2.3) if
we set B = 2B’ and f = xp/. The doubling constant is explicitly given by ¢2"P.
4.3 Generalized Muckenhoupt weights.

Muckenhoupt and Wheeden [49] generalized the class A, to the operator

e = [ ALY

Rn |z —y|nm

dy, (31)

for 0 < a < n. It is often called a fractional integration operator on R™. For a = 0 it is a

Calderon-Zygmund singular integral.

Let1<p<%,and%:%—%,then

( [ |fa<f><x>|qw<w>qdm> <

for a nonnegative function w if and only if,

1 1
1 i1 1\? 4

w = su — [ wildx —/ — ) dz < 00.

Ll Bp<|B|/B ) <|B| () >

We say that the weight w belongs to the class A, .

Q|
~
3
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4.4 Muckenhoupt weights associated with Mo6bius structures

Let X be a strongly hyperbolic metric space with natural Mobius structure {d,}o,cx and

a fixed origin o € X. In this section we will show that powers of the conformal factors

are Muckenhoupt weights with respect to j,, with uniformly bounded A, , constant.
Indeed, we can admit o and or o' as ideal points. This gives a Muckenhoupt theory on
Mobius structures which is invariant under the Cayley transform and therefore treats the
compact and noncompact picture as equivalent to each other.

The definitions and notations introduced above for R™ can be readily generalized to this
situation by replacing the Lebesgue measure dx by the Patterson-Sullivan measure p,. In
fact, uo is Ahlfors-David regular and thus doubling. The remarks made above about the
properties of Ap,-weights on R" generalize easily to this setting as well and will not be

repeated here.

Theorem 6 There exists a constant C' > 0, s.t. for all 0,0’ € X, and 1 < p < q < o0,
a<¥,

/ 1
7

[[(d_o)%]]p,q = S‘El}P (ﬁ /B ((cji_(:)? duo)%<uo(13) /B ((fl—(:)cg) duo)p < C < 0.

Clearly, for any pair of points 0,0’ and 1 < p < ¢ < oo, the weight (%‘;’) 2isa Muckenhoupt

weight of class A, , since the conformal factors (Z—C;' are bounded above and away from 0.
The significance comes from the fact that the bound on the A, , constant is independent

of 0 and o'.

We denote by A(M)g , or simply A(M) or A the minimal C' > 0, such that the above

inequality is true for all 0,0’ € X.

The proof shows that the constant A(M)g , cannot be finite for o = %. This will become

relevant again when we discuss bounded representations and the limit when « tends to
Q

E.
dyr\ 5

Theorem 6 states in particular that ( A ) is of class Ay, if o < % In particular it is in

Ap and by the duality property of the Muckenhoupt weights, (Cfl—‘j)*% is of class A,,. The

following corollaries follow from the doubling property of the Muckenhoupt weights.
Corollary 2 For alld, e M, a < %, the measure

Ui—)/ (@)%duo
U do

1
s doubling with a doubling constant DA, where D is the doubling constant of the mea-

sures belonging to M.

Corollary 3 For alld, e M, a < 2%, the measure

Ub—>/ (@)*%duo
U do
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1
is doubling with a doubling constant DA? , where D is the doubling constant of the mea-

sures belonging to M.

Proof: (of the theorem 6) Let B be a ball in Z with center z and radius 7, and o and o
two points in X.

Let oo be a front endpoint in Z of a geodesic starting from o and passing through o’. We
denote by |z|, the distance of a point = in Z to oo, with respect to the metric d,.

We denote by B* = B(oo, 656_(‘1(0’0/)_3)), and by 7(s) the radius of B®. Sullivan’s shadow
lemma states that the shadow OY (s) is contained in B if s > M + 24.

We will examine 3 cases separately. Choose a positive integer n > 2,
1. Case 1: |z| > (1 + L)r,
2. Case 2: [z] < (1—21)r,
3. Case3: (1—2)r <2/ <(1+2)r
Case 1: For technical reasons, we distinguish two subcases:
1. Case 14: |z| > (14 1)r and BN O (M + 26) = 0,
2. Case 1B: |z| > (1+1)r and BN O (M +26) # 0.

\

Figure 1: Geometric situation in case 1A

In case 1A, we have the nice advantage of being able to replace e~ (*?)e with the true

distance |z|,. Indeed, for all z in B,

6—2§aq|$|—aq < eaq(m,o/>o < 626aq’m|—aq’

and
672504)’ |x‘ap’ < efap’(z,o’ﬁ, < 625ap"x|ap"

This follows from the following. B N O% (M + 26) =  is equivalent to

Vz € B, (z,0), < d(0,0")— M — 24.
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So

(x,0), > min{(z,0),, (0, )} — 20
> min{(x,0'),,d(0,0') — M} — 2§
> (x,0')y — 20.

The converse follows from the fact that B does not intersect the ball B(e,e~@(0)=M)
either. So

Vz € B, (x,e),<d(0,0)— M.
And therefore
(2,00 > min{(x, e),, (8,0),} — 2§

> min{(x, ),,d(0,0') — M} — 26
> (z,0), — 20.

This proves the comparison claim.

This allows us to use the triangle inequality to obtain upper bounds. Since |z| > (14 %)r,

VeeB: |x|>z|—2r> |z — . 2| = “ ’
n+1 n+1
and 2 1
n n —+
Ve e B, |z|<|z[+7r< 2]+ 2] = 1.
1 n+1
Thus,
o= o
B do B
S e
B
< e—%d(o,o/)emsaq(n + 1)Oéq‘z‘—aq'uo(B)’
and

/ / / /
< er(o,o )626ap / |x|o¢p dﬂo
2B

QTpld(o,o’)e%ap’ (2n + 1)ap
(n+ 1)o7

IN
®

|21 1o(B).

This implies,

(] % ) ([ (G2 i)

which proves the case 1A.

In case 1B, BNOY (M +26) # (. The shadow O (M +24) is contained in the ball BM+20,
with r(M+25) = e~ (00)=M=39)  That B intersects the shadow O (M + 26) implies that

L
7

1 1
p S e45a(2n+1)aﬂo(B)E+F

)

36



the radius r is comparable to r(M+25). More precisely, since |z| > (1 + %)r,
r < n(|lz| —r) < nrm+2s).
This implies that,
B C B(oo, r(M+26) + 2r) C B(oo, (14 2n)r(+25)) C OF (M + log(1 + 2n) + 46).
From this follows,
Ve e B: (x,0)y >d(o,0)— (M +log(l+ 2n) + 45).
We use this inequality for the upper bound of the p’ measure.

d / ,L’ ap’ / / /
/ (S(2) ¥ dp, = e Fl0) / e (@ Ney,
B 0 B

< ef%d(o,o’)eap’(M+log(1+2n)+45)uo(B)

The corresponding upper bound for the g-measure is straightforward.

This implies,

([ % )" ( [

which completely proves the case 1.

Case 2: Let S, be the set of all s € R, such that B € 09 (s). Let s be the infimum of
Sy, and

=N
Q\
Q
IS,
N—
E\
N
g

2

=

+

B

S
—~

—_
_|_
[\]
S
~—

Q
=
/Q\
B

Q|-

+

8

st :=d(0,0") — & +log(|z| + ).

Figure 2: Geometric situation in case 2A

Let S_ be the set of all s € Rt, such that O (s) ¢ B. Note that if s € S_, then for all
s’ <s,s €S_. Let s* be the supremum of S_.

37



Recall that we denoted by B* the ball B(co, e‘se_(d(o’ol)_s)) and by 7(s) its radius.

For technical reasons, we again distinguish two subcases:
1. Case 24: [z| < (1 —1)r and 0% (M +26) C B,
2. Case 2B: |z| < (1 — )r and O (M +26) ¢ B.

In case 24, s; > M + 26 and Sullivan’s shadow lemma implies sy € Sy. Thus,
M +26 < s <sy.

For the upper bound of fB (Z—‘;’(m)) %d,uo, we first note that

dol a9 dol a9
|G Fan< [ (@) F

09/ (s4)

The right-hand side has an explicit decomposition by integration by parts.

L G P = 5000 |7 age (05 ()0 03 (51) ds
0g'(s4) o 0
g o [MH20 ,
= ¢2 09) age” P u, (09 (s)) ds
0

D‘Qd / S+ /
+ez (O’O)/ aqe” T, (09 (s)) ds
M+26

+ e 20D 1 (07 (54))
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Further calculations yield,

dy = d(0,0’ Mr20 M+26
(7)) 2 dpo < 2 age (BYT2)d
3 (s4) o 0
St
te 5 d(0,0") AJ N age (B%)d
+

+ e%d(o,o’)efaqs+ /LO(BS+)
< e%d(o,o/)#o(BMJrQé)
st

+ CefQeRd(00) 5 d(00) / aqel@maDs s
M+26

+ e%d(ovol)e_aquf ,UO(BS+)
S e%d(o,ol)MO(BM+25)

1 CefQe—Qd(0,0) G d(0,0)) ( g )e(Qfaq)8+
Q—-aq
+ e%d(o,o’)e—aqs+ HO(BS+)
_ 67%d(o,o’)eaq6efaq(M+26)T(M+26)~aq,uo(BM+25)
+ Ce~ 200 0“15( ' )r(s+)Q*aq
Q@ —-aq
+em T T(s4)” " po(B)
< Ce™ 200 0D yr 19594

+ Qe Fd(0,0) gaqd (&)T(‘”)Q*aq
Q@ —aq
+ Qe Fd0,0) gaddy  \Q—aq

< Qe 7o) aq&(—Zg_ ) (s) @704

o) eaq6

Thus,

do’ 0,0") « 2 —Q
I T

and using the assumption |z| < (1 — 2)r,

/B(C;—Z'( )) 7 dpy < Ce™ 5 o) aq(s(?g_—jqqx?”;l)@“"qr@aq_

The upper bound for the p’ measure is much simpler.

d/ _0‘_/ ap’ ’ d(o,o’ /
/ (d—°<m>) Fip = e H 0 [T agtew'y (8 0f () ds
B o o)

_ oo)/ ap/eozps B\OO())d

P

< e 2 0Py, (B)
= ¢ A0 mar'S (|| 4 7)o MO(B)

< o5y ot ()

For the last inequality we used the assumption |z < (1 — L)r.
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Both of the above bounds imply,

([ % ) ([ () )
<ontd (A ey 2k Ly I Sy o

< (9 ()

which proves the case 2A.

Case 2B: We recall that the shadow Q¢ (M + 26) is contained in the ball BM+2 with

r(M426) = e~ (d0:0)=M=30) Thig together with the assumption lz| < (1-— %)r, implies
that

% <r—|z| < r(+20).
Thus,

B C B(0,|z| 4+ 1) C B(oo, (2n — 1)r(M+26)) C OF (M + log(2n — 1) + 49),
where the last inclusion again follows from the shadow lemma. This implies
VzeB: (x,0)y >d(o,0)— (M +log(2n — 1) + 46).
This inequality provides the following upper bound for the p’ measure.

dol -7 ap’ / o ,
/ ( (m)) ) due = e 2-d(o,0 )/ e~ oP <x,o>odluo
B B

< ef%d(o,ol)eapl(MJrM)Qn - 1)aplN0(B)'

The upper bound of the g-measure is easy to determine.

dO/ oq 249 1000
/B (@) % dpo < eF9ODpo(B).

Both bounds together imply,

« 1 / 70¢7/ e
(% ) f 5 ) <oy

which completely proves case 2.

Case 3: As above, let Sy be the set of all s € R*, such that B C OF(s). Let s* be the

infimum of S,.

Again, we distinguish two subcases:
1. Case 34: (1—L)r <|z| < (1+ 2)r and s} > M + 26,
2. Case 3B: (1—L)r < 2] < (1+ L)rand st < M +26.

In case 3A we can apply the shadow lemma to

st :=d(0,0) — § +log(|z| + 1),
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Figure 3: Geometric situation in case 3A

to conclude that sy € S;. Thus,

2 1
nt r>+5,

(,0') > d(0,0') — sy = —log(|z| +7) + & > —log<

where in the last inequality we used the assumption |z| < (1+ 2)r.

We use this inequality to obtain the upper bound for the p’ measure.

/ d#o —e gld(o,o’)/ e—ap’(m,o’)odﬂo
d B

< o) (N e )

Ve € B :

For the upper bound of [ B ('Z—‘:(w))%dpo, we constrain above again by the shadow

OF (). . ;
Vo< [ (5@) Fde
/| @) o @)

The right-hand side is bounded as in case 2A. Thus,

dy & —%2d(0,0") ,aqd 2Q —aq Q-
< s Q> 7 =+ q
/ (—O (a:)) dp, < Ce™ 2 e ( 0 P >(|Z‘ r) )

and using the assumption |z| < (1+ 1)r,

% (00) aqd 2Q — aq\ [2n + 1\@—q Q-aq
/B(do())zd'uogce B <Q—aq>< n ) " ’

Both bounds together imply,

(L(i—jﬁdﬂo)%(/gfi—j)—% duof'

41



which proves the case 3A.

Case 3B: In this case B C OSI(M + 26). It follows that,
Vz € B, (x,0)y >d(0,0)— (M + 26).
This inequality yields the following upper bound for the p’ measure.

d / _(1_/ @ / / / /
/ (d—o(x)) > dj, = e 5 dlo0 )/ e (@0 >"d,uo
B o 2B

< e~ T 00 gor' (M+20) (B,

The corresponding upper bound for the g-measure is simple.
dor F 22 d(o,0")
5 (_(x)) 2 dpo < e2 N py(B).
Both bounds together imply,
d, . ea 1 d_aop’ i/ 1
Qo' \ 5 q o’ 2 P a(MA+20) +
(GO aw) ([ G dua)” < 0B

This completely proves case 3 and ends the proof.

S

Theorem 6 is formulated with the compact picture in mind. However, the theorem can

easily be extended to treat the compact and the noncompact picture.

Theorem 7 There exists a constant C > 0, s.t. for all 0,0 € X UIX, and 1 <p<q<

oo,a<%,

L
7

dy \ 2 _ 1 dyr | 22 % 1 dy _ap’ »
[[(d_o)z]]p,q—sgp (MO(B)/B(d_o) 2 duo) <Mo(B)/B(d_o) 2 duo) <C < o0,

where the supremum is taken over balls in 0X \ {o}.

Proof: Let 0,0’ € X. By multiplying both integrands by ez #%°")
tively,
1 / dO/ % % 1 / dol ,LP, i/
oy 8 ) (kg 7
<N0(B) B(do) o 1o(B) Jp (do) o
is equal to

L
7

Gt J 2 ) (i [ o)

—_a /
and e~ 249 respec-

We are tempted to take o’ to the boundary. Since X is strongly hyperbolic, the integrand

converges pointwise as o' — z € 9X. Careful treatment requires the case where x €
O (M + 26). For the sake of readability, we set O = O (M + 25). Each of these

integrals decomposes as

/eaq<x7o’>o dpio = / Xp\og (%) eaq<x7°'>°dﬂo(a:)+/ 10 dpig ().
B B BNO3g

The function X g\ oo () e®4(®:9")o is dominated by the integrable function e20%4d,(x, )~
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and converges pointwise on B \ {z} to e®?®?)o. The second integral is bounded by

¢29d(0) y (09} < (QM+30) o(ag=Q)d(0,0"),

Thus, the integral [ Brog € aq(z.0')o 1, (x) vanishes as o/ — z € X. By dominant conver-

gence
/ dzo @g
lim [ e09@o gy — / ¢29(m 2o gy (1) = / (%2 ? .
B B B o

o'—z
An equivalent argument holds for the p’-part. This implies,
1

20) i 1 T
11o(B / 4, ) “0> (uo(B)/B(do) Qduo) <C.

Since d , = eﬁz(o’ol)dw, the expression does not depend on the choice of o in d, ,.

[[(dd )2 s%p

The transition from compact to noncompact picture, works in a similar way. Let z € 90X,
and let B be a ball which does not contain z as a limitpoint. Let p be a sequence of points
that is p — 2. We assume that all points are close enough to z, i.e., B C 90X\ O5(M +24)
for all points p. Further, suppose that all endpoints p of rays starting from o and extending

at uniform distance from p are € close to z. Then,

e<mvp>0

is dominated by

625

6_<IyZ>o — 6’

which is integrable on B. By multiplying both integrands by e2%°?) and e~ 2%P)  re-

/ 0. °)% duy ) 3(@/3(3—;)”2 dup)l'

spectively,

is equal to

Gt 72 ) gy e )

We can express the integrals with respect to o as

1
e (Q_O‘q) <x7p>a
eQd(o,p) Mp( B) /B € d,uo(x) '

The integrand is dominated, as we discussed above. By dominate convergence

1 1
(Q—aq)(z,p)o (Q—-aq)(z,2)0
Il)ln; e@d(o ’p)ﬂp(B) /B ‘ dpol@) = Hz, o(B) /; ‘ tol)

1 dy \ 24
=i J, @) o

An equivalent argument holds for the p’ integral. [ |
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4.5 Some classical theorems revisited.

The theory developed above allows us to revisit some classical theorems of harmonic
analysis and present them in a M6bius invariant way. All statements make use of lemmas
of Calderon-Zygmund type on spaces of homogeneous type. However, in order to maintain
uniformity, attention must be paid to the constants. In this paper we will prove only the

statement for the fractional integration operator explicitly and in detail.

4.5.1 The Hardy-Littlewood maximal function

Mo(f)(e) = s —zs [ 110 die

fulfills
dy a2 dyr\ er
| 510y (G F dnatr < € [ 107 (5% duoto)

o

for all f € LP ((C(li—‘j:) %duo), and with a constant C' (including ideal points) independent of

o and 0.

4.5.2 The singular integral

fy)

T(0@) = [ s duly)

Z do(I, Yy

fullfills

o

dol ap dol ap
L mnwr G duw < c [ 150P G % ),

for all f € LP ((Cil—‘j) %d,uo), and with a constant C' (including ideal points) independent of

o and 0.

4.5.3 The fractional integration operator

B = [ )

Z d0($>y)Q_a
fullfills
e dy \ 2 : dy\ er 1
([ 10 ()% duw)" <o [ 6P () Fauw)"
Z (@ Z 0
for 0 < a < % 1 <p< oo, % = %— %, /e Lp(((fi—‘;')%duo), and with a constant C

(including ideal points) independent of o and 0.

4.6 Calderon-Zygmund type lemmas on Mobius spaces.

In this section we will revisit some classical lemmas of the Calderon-Zygmund type. The

goal is to highlight the Mobius invariance of the constants involved.

In a Mdbius space (Z, M), a ball in (Z, M) is a metric ball for some d € M. A family of
balls in (Z, M) is a family of metric balls for some d € M.

Lemma 5 Let {B,},e7 be a family of balls in (Z, M) contained in a fixed ball B. Then
there is a countable subset {B;}icr, I CZ, such that
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1. BBNB;j =0 ifi# 7,

2. FEvery B, is contained in some 5B;,

3. Ford € M such that { B, },cz is a family of balls in (Z,d), pq(U,ezB.) < Cq Y et 1ha(Bi).

and where Cg = 59C? is a constant depending only on the Ahlfors-David constant C' and
the dimension Q of M.

Proof: Vitali’s selection procedure. [ |

The classical theory on the bounds of fractional integration in Euclidean space is based
on the decomposition of Calderon and Zygmund by dyadic cubes. We adapt this idea to
our setting as follows.

For each k in Z, let {Bjk}j be a sequence of d-balls of radius 3#~!, maximal with respect
to the property that Bf QB;? = () for ¢ # j. Set B;‘? = 33;-“, we call {B;“}j dyadic d-balls of
order k in Z. We call {B]’-“}j dyadic balls of order k in (Z, M) if {Bf}j are dyadic d-balls
of order k for any d € M. An dyadic ball in (Z, M) is a dyadic d-ball of order k for some
metric d € M.

Lemma 6 If {B;?}j is a family of dyadic balls of order k in (Z, M), then
1. 3BFNsBY =0 fori#j, ke L.
2. Zj X B < M, for all k in Z, where M is a constant that depends only on the
Ahlfors-David constant C' of M.
3. Let d € M be such that {B;?}j are dyadic d-balls, then every d-ball of radius 3*~1 is

contained in at least one of the d-balls B]’?.

Proof: Let d € M be such that {B]’-“}j is a family of dyadic d-balls. Suppose = € Bf,
1 < k < N, then BJ’-c C B(z,2 x 3%) for 1 < j < N. According to the Ahlfors-David
regularity pg(B(z,2 x 3%)) < C2 x 3F < GCQ,LLd(Ef) and therefore Npug(B(z,2 x 3F)) <
6C? Zévzl ,ud(BJ’-“) = GCQud(Uleéf) < 6C%ug(B(x,2 x 3F)). So N < 602 and we can set
M = 6C?.

For the third property, we choose z € Z, the d-ball B(x,3*™!) intersects at least one of
the Ef by the maximality property of {éf}] But then B(z,3%71) is contained in B]’-C
since for each w € B(z,3F!) and 2z € B(x,3 1) N Bf,

d(a:?,w) < d(wf, z) +d(z,x) + d(z,w)
< 3F Tt ghtl 4kt
=3,

Lemma 7 Let {B,},e1 be a family of dyadic balls in (Z, M). If {Bj}jes is a collection
of mazimal balls with respect to the inclusion in {B,},cz, then the balls {3B;}cs are

pairwise disjoint.
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Proof: Note that due to the construction %Bf N %B]k = () for dyadic balls of the same
degree when i # j. Suppose z € %Bfﬂ %Bé with [ < k. Then Bé- C sz, because if y € Bé,

d(zf,y) < d(z}, 2) + d(z,25) + d(z}, )
< gkl 4314 3
< 3k,

From this and from the maximality of {B;} e follows the lemma. [

4.7 Fractional integration on the boundary of strongly hyperbolic spaces.

Theorem 8 Let X be a strongly hyperbolic space, {d,}ocx be the natural Mébius structure
on 0X, and 0 < a < %. Then there is a constant Cy > 0 that depends only on «, such
that for all dy,dy € M and f € LP(u,),

SN SN V1
H(d—)2 oljo (d_) 2 fllo(uo) < Callfllie(uo)s (32)

1 1 a
TE - = = — &
wheeq P Q

Proof: (Of Theorem 8) Showing

w[R

do’ a dol -3
1G0)7 o 1o ()7 F lnage) < Callflliru.

o

is equivalent to

@9

(] mp@r (G dufa)

o

This is further equivalent to

dol _ap’ do’ ag % do’ a(1—p')p %
([ oGO 0@ (G ¥ dute))" < o ([ 1@y (G duoto)”
So by duality we can prove

| 1o (n@)e@) () duoto)
0X o

for all f,g > 0.
We bound the operator I by its dyadic approximation

1 fa) = S p(B)E /B 1 dto

B:zeB dyadic

In fact,

f()

IO oy e,

o) <Co 3 wlBI [ fdu (3

B: x€ B dyadic
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where C,, = 9(Q_O‘)Cl_% with C the Ahlfors-David constant and () the dimension of M.
This follows from the fact that if 3*~1 < d,(z,y) < 3*, then both = and y are in B(z, 3%),
which by Lemma 6.3 is contained in some BJ’?H. So MO(B;.““)l_% < C17@3@-a)k+1) <
9(Q_0‘)C’1_%do(m, y)9~* and thus

do(z,y)* % < Cy uo(Bf“)@_le;m(w)xB;H(y) <Ca Y p(B)e 'xp(z)xs(y).
B dyadic

The bound (33) follows by multiplying both sides by f(y) and integrating with respect
agq

to y. Again multiplying both sides by g(x)(fl—i(x)) 2 and integrating with respect to x

yields

T (‘fi"’)“f(f)(x)g(x)(%)zduo
o0X o
<Co Y. po(B)a™! /f 3 duo)</Bg(:v) (%)%dﬂo)

B dyadic

(34)

Let {Q;C }; be a collection of maximal dyadic d,-balls over which the average of g exceeds
~* with v = 39C?2, where C is the Ahlfors-David constant of M. Then

aq

1 d. . aa

k o k+1

'7<7/9_2dﬂd§’7 ;
Mo(Q?) k ( )

since every element Qf has radius 3! for any [ € 9X, and hence by lemma 6.3 is contained
in some BHl By Ahlfors-David regularity, MO(BZH) < 0390+ < 'y,uo(Q;?) and by the

aq
maximality property of {Qk}], Tﬂ) fBH'l g( °') 2 dp, < ~*, thus

1 / doy 5 po(BI) 1 dy \ 2a k k+1
g P dpo < =0 / 9 (=) 2 dpo| <yv* =~
Mo(Q?) Q¥ ( do ) NO(Q;‘C) [MO(B£+1) Bt ( d, ) }

The collection {Q?}j has the following two important properties, which are necessary

towards the end of this proof for the application of Lemma 8.
> 1@ < CoY P e(@F), VL 4,1 (35)
Q¥
and
QCQy = 1>k (36)
The first property (35) is proved as follows.
1
D m(@)<39CT D7 po(3Q0)
zQiCQ;C fo‘CQ;c
< 3Q02M0(Ui:QécQ§Qi‘) (37)

<1590 " po(QY)

el

where the first inequality follows from the fact that the collection {%Qf}] is pairwise

disjoint by lemma 7 and the second inequality holds by lemma 5 for a pairwise disjoint
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subcollection {Q!};er. We chose {Q’“}J such that (@ le g( ’) 2qduo > 4! and
to(@Q ka g ( ) 2 djto < 4**1. From this follows

- / - dy
ZMOQ1<271/9—0 Qduoévl/kg(d—o)%uoﬁv 1o(QF)
i€l = Qj 0

and together with (37) follows the property (35) with Cg = 159C*.

The second property (36) follows from ¥ < p,( Qk ka g ( d‘;’ ) B dp, < 4!, where the
last inequality follows from the maximality property of Qi and Qi C Qf.

For each k € Z define,

ko .k 1 / dy \ 24 k+1
C —{deadlc.'y <—Mo(B) Bg( )2d,uo§'y }

Every dyadic d,-ball over which the average of g(x) ('Z—‘Z(x)) %' does not vanish is contained
in exactly one of the C*. Moreover, Q? € C* and therefore

1 / dyr \ 22 1 dyr | 21 ko
9 2dﬂo§77/g_ 2du, VB ECHV].
/J“O(B) B ( do ) ,U/O(Q?':) Q;‘f ( do )

If B € C*, then B is contained in some Qk by the maximality property, smce f 59 ( )
~*. The sum

Yoo 1 /f B duo)(/jgg(%)%duo)

B dyadic °©

on the right side of the equation (34) can be bounded as follows.

S ow /f £ dﬂo)(/Bg(cjl_j)%dﬂo)

B dyadic
ZZ</<—>></<—>>
8 dy o2/ 1 dy e
STE X T ([ 0] Gy fyo )7
gMcav%;uo(Qf)%-l<A2§f((fl—‘:)‘%duo)(/%g(‘i_j)%dw

where the last inequality follows from

a B) o dO/ ap’
f 2dp, <09 Mo(Qk)Q Z A f (_) * dpo
BCQk / BcQk <T(Q§)) / do
2a B) a dol ,LPI
cofu@iy. Y (XB) [ (),
1=0 BcQ¥,r(B)=2r(Q¥) <T(Q§)> BT o

d,uo



2a
where C,, = C'@ (372, 371%). Substituting the above bounds into equation (34), we get

| oS (P@gta)
0X 0 /
< MO 3@ ([, 10 GO F o) ([ ot (5% o)

k,j j °

where C,, = %Q(Q_Q)C’H%.
By Theorem 6,

([ % o) ([ )7 (@) < CanlB)' 5

Define the measures

and

Therefore, the sum on the right side of the equation (4.7) can be written as follows.

%“"(Q?)g1(/@?f(fl_(:)_%d%)(/mg(fl_(:)%d”")

J

< CQZMp'(Qf)‘ﬁMq(Qg?)—%(/Qkf (fl—i)_%ﬂd‘“)(/cﬁg(fg—i)%d#o)

(S0 (i [ 0))
(S 0m@)* (57,5 Ly a0

gca(%Mp/( ;?)(Mp/icgg?)/ fde')p)%
(32 00@ (g [, 04)")*

where the first inequality follows from Holder’s inequality and the second from ¢’ < p'. It

remains only to show that

1

<%MPI(Q§)(%+%/Q§JHMP'>}7>% SCP(/aXfdep/>5

and

roL 1
7 7

(ZMq(Qﬁ)(m/Q?QdMqY)Q SCq’([)ng/dMq>q

k.j
for some C), and Cy depending only on p, ¢’ and the Ahlfors-David constant C. This
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follows from the following lemma with " = {Qf}

Note that thanks to the doubling property of M, proved in Lemma 2,

1
Do My(@)<SCR, Y My(5Q0)
Li:QlCQ¥ Li:QICQY

S C]ZWqu(Q;C%

where C}y, is the doubling constant of M,. An analogous inequality holds for M, thanks
to the doubling property proved in Lemma 3.

Marcinkiewicz’s interpolation theorem yields the explicit constants

and

Lemma 8 Let M be a doubling measure on a metric space Z with doubling constant
Cy>1,82>1and T a collection of dyadic balls in X s.t.

> M(B<KM®B)’ VB €T,
Bel',BCB’

for some K > 1. Then

1

(3 218) (555 [, )" )" <& [ 7 anr)’,

Ber’

forall f > 0,1 < p < oo and where C), depends only on p, K and the doubling constant
Cu.

Proof: We show that the map f — (ﬁ [ [ dM)ger takes L®(Z,dM) to I°°(T', M (B)")
and LY(Z,dM) to 1%°°(T', M (B)”). The lemma then follows by applying Marcinkiewicz’s
interpolation theorem with 1 < p < oo [50].

The (00, 00)-boundedness is clear with constant 1.

We show that the mapping from L'(Z,dM) to I"°°(T', M(B)?) is bounded. Assume
w.l.o.g. that f is bounded with compact support and fix A > 0. Let {Q;};cs be the
maximal dyadic balls B in I" such that ﬁ S5 |fldM > X. Then

> MB) <), », M(BY
BeF:|ﬁ [ fdM|>X jeJ BCQj

<KDY MQ))°

JjeJ

< kG4 (Y MGan)”

j€J

where in the second inequality we used the summation assumption over I' and in the last

inequality we used the doubling property of M and the fact that g > 1.
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By Lemma 5, there exists a pairwise disjoint subcollection {Q;}ier of dyadic balls {Q;} e
with the property that every Q;, 7 € J, is contained in a 5@Q);, ¢ € I. Note also that the

collection {%Qj} is pairwise disjoint by lemma 7. Therefore

SuGe) =Y Y MGQ)

jeJ i€l jeJ:Q;C5Q;

<> M(5Qi)
i€l
<Cy Z M(Qi)

il

<%§:/ || dM
=N o,
el g

CS
< [ ypan
X

Combining the above, it can be seen that

( > uBy)’ < K%%J@/XWM,

BEF:|ﬁ S fdAM|>X

which was to be proved.

Marcinkiewicz’s interpolation theorem provides an explicit constant

C, = 2(1%1(0;’4)%.

5 A quadratic form on Mobius spaces
5.1 Densities on Mobius spaces

Definition 7 Let (Z, M) be a Mébius space of Hausdorff dimension Q. An s-density on
(Z, M) is a mapping : d — ug which assigns to each metric d in M a function ug : Z — C
such that for all metrics d,d' € M and all x € Z, ug(x) = (%(m))sQud/(x).

For simplicity, we denote s-densities compactly by u or ug (dpg)®, where pg is the Hausdorff
Q@-dimensional measure on Z. The space of s-densities Ds(M) on Z, forms a vector space
under pointwise addition.

Densities can be multiplied. The pointwise product of an s-density with an s’-density is an
(s+ s')-density. %—densities have a natural Mobius invariant inner product, multiply them
and integrate the resulting measure. This works only for s = % To generate invariant

inner products for other values of s, we need more structure.
Example 5 A function f on Z is a 0-density.

Example 6 A signed measure  on Z that is absolutely continuous with respect to a

Hausdorff measure of Q dimension defines a 1-density. In fact, for every metric d’ in the
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class there is a nonnegative measurable function ug such that du = ug dH(?,. Since

dHG ?y9

deQ_(d

)

U

d
ug dHE = dp = ug dHS = ug (E)QdHQ’
thus for almost any x € Z,

wi(w) = (5 (@) (0).

This motivates to consider s-densities as fractional measures.

Example 7 The distance (x,y) — d(x,y) as a 2 point function is a (—%,—%) bi-

density. Indeed, going from one distance d’ to another d in the Mébius class,

d(z,y) d d

d’(l’,y) (E(x))_lm(g(y))_l/2'

Example 8 On the ideal boundary of strongly hyperbolic spaces, we consider the densities
associated with the Mobius structure {d,}oex as maps o — u,. These maps transform

under a change of origin as

uo(z) = €%y ().

5.2 Densities viewed from an ideal origin

On the boundary of a strongly hyperbolic space X we can extend the definition of densities
0 — 1, to the boundary X. Recall that the sequence of measures {eQ4°:P) fp} converges

to a measure f,, if p = 2z € 0X.
Proposition 7 Let u be an s-density on 0X, and let x € 0X. Since p € X tends to a
point z € 0X \ {z},
tends to a number denoted by u.,(x) and given by

Uz o(T) = U () do (2, ). (38)
As o is changed, u. , is multiplied by a positive constant,

/
Uy o = Qs Bz (0 ’O)Uz,o-

Indeed, by definition,

= ()

Since eQd(o:r) ip converges to a ()-dimensional Hausdorff measure pi. , when p — o,

—S

—Qsd(o,p) U’p(w) — Qd(o,p)%
e ey = (1 @)
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converges to

Furthermore,

uz,o’ (1‘) ~ lim e*QSd(ol,p)up(x)
u270(x) p—z e—QSd(pr)up(x)

= lim e_Qs(d(O,ﬁD) —d(o,p))
p—z

— e_QS ﬁz (0/70) .

In particular, the notation u = u; o(dp,,0)° is valid.

5.3 Fractional integration revisited

Let (Z, M) be a Mobius space of dimension ). The Riesz-Markov-Kakutani theorem
states that the dual space of continuous compactly supported functions can be identified
with the space of signed measures (with minor regularity assumptions). This establishes

a duality between the spaces of 0-densities and 1-densities.

The Riesz-Markov-Kakutani duality is transferable to s-densities. Given a (1 — s)-density

v, then

u /uv, (u € Dg(M))

is an element of D}. Morally, D;_, and D, are dual to each other. The space D 1 is dual

to itself, it carries the inner product (u,v) = [, uv.

P. Julg [51] noted that the operator

T8 (u)(x) = /Z #g%)(l_s)ud(y), (% <s<1)

maps s-densities to (1 — s)-densities. Indeed,

uq(y) d’ (1—s) ug (y
/chwdﬂd(y) L, d(z,y) 2Q T \20(1—s) dpar (y)-

7Z%(u) thus transforms as (1 — s)-density.

Replacing s by % + %, we get the fractional integration operator

(@ = [ G duan) 0<a<P)

defined on functions.

The operator Z° yields a M&bius invariant quadratic form,
Q°(u) = / uZ®(u). (u € Ds)
Z

The operator I naturally appears in the theory of s-Poisson transformations. We will

illustrate this fact with the instructive example of trees.
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5.4 The case of regular trees

On a tree T of degree ¢ + 1, the harmonic measure of a vertex o is the unique (obvious)
probability measure p, on Z = 9T which is invariant under all automorphisms fixing o.
Since it coincides with the Patterson-Sullivan measure, the Radon-Nikodym derivatives

are exponentials of Busemann functions,

dlu’o’

— ! ) = gBcl00)
() = Plo.0. ) = o (39)

for all ¢ € Z and vertices x,y € T. Here ¢(0,0’) tends to 400 when o tends to .

Fix an origin 0 € T, and let s € C. Consider the s-Poisson transform defined for functions
u:Z — C by

P*(u)(o) = /Z P(0,0, O)'*u(C) dptolC). (40)

For s = 0, the change of variable formula (39) shows that PY(u) does not depend on the
choice of o, P° is the usual Poisson transform yielding harmonic functions on 7. This

invariance is preserved for s # 0, provided one considers functions on Z as s-densities.

5.4.1 Densities on the ideal boundary of a regular tree We give a definition

related to the natural Mobius structure of visual metrics associated with vertices in 7.

Definition 8 An s-density on Z is a map v : 0 — u, that associates a function u, : Z —
C with each vertex of T such that for all vertices 0,0’ € T and ( € Z,

uo (€) = P(0,0,¢) ue (C)- (41)

The image of P* consists of eigenfunctions of the Laplacian on T

Theorem 9 ([52] page 37) Let u be an s-density on Z, then let f = P*(u). Then f

does not depend on the choice of the origin o, and

B qs +q1—5

Af=p(s)f, where p(s) =1— == .

(42)

Conversely, any p(s)-eigenfunction of the Laplacian on T is the image by P® of a unique

finitely additive measure (viewed as s-density) on Z.

Since p(1 — s) = p(s), the operator
T8 — (fps)—l o Pl—s
is well-defined. It maps (1 — s)-densities to s-densities, i.e. the quadratic form
Q° v / vI 5 (v)
z
is well-defined on D,. If R(s) = 1, the Hermitian form is
H?:v— / 7L 5 (v)
z
is well-defined.
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Lemma 9 ([52] page 45) 1. For all s € C for which R(s) =  holds, H® is positive
definite.

2. Q° is real iff 3(s) € loqu In these cases, Q° is positive definite iff 0 < R(s) <

Otherwise, it has exactly 1 positive direction.

The proof amounts to an explicit computation of eigenvectors and eigenvalues of Z* (acting

on functions, i.e., without considering densities). The spectrum of Z'~* is the set

—S

75y 11 "=  (2—1)N
Sp( )_{ }Uql—s_qs—lq .

Both cases yield families of unitary representations of Aut(7"). The first family is called

principal series, the second complementary series.

Proposition 8 Be s € C with % < R(s) < 1. Fiz a vertez o € T. Then, for u € Dy,

*(u) = L (A=) @Yoy, (2)u
Q== [ [T o) ) ol "
1_q_2 s) log q
T1-q 28//ZXZ (2, 9) 7207 OE g (@)uo () diao () dpto(y).

Except for one normalization constant, this quadratic form agrees exactly with the pre-

viously defined one.

Proof: (of proposition 8) It relies on Proposition 1.3 on page 40 of [52], which describes
the inverse of the s-Poisson transform. Here is a formula for the finitely additive measure
m whose s-Poisson transform is the eigenfunction f. Fix the origin o. For the edge e,
let (0,0') be the endpoints of e, where o lies between o and o. Let O be the set of
endpoints of the subtree intersected by e and facing o, i.e., the shadow of o’ as seen from

0. Note that (0% = q% g~ %) Then

/ 1 1/
m(0) = ———————q 17N (o) — g7 f ().
q(l s) q (1 s)

Suppose f = P1=%(u), where u is a (1 — s)-density realized at the origin o by the function

Uy, 1.€.

:/P(o,o',y)suo(y)dﬂo(y)-
Z

If o is close enough to a point x € Z, x # y, then 0” lies between y and o’ along a geodesic,
S0 /By(olv O”) = _17 By(O, 0”) = 53/(07 0,) - ]-a P(Oa Ollzy) = q_IP(Oa Ola y)v

P<07 Olvy)s - qi(lis)P(Ou 0//7y)3 = (1 - q71>P(07 0/7 y)S’ (y ¢ O(O)l)
On the other hand, if y € OY, then P(0,0",y) = qP(0,0,y),

P(o,0,y)* —q "I P(0,0",y)* = (1 — ¢* ") P(0,0,y)*, (y€OI).
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This gives,

f(ol) - q_(l_s)f(oﬂ) = (P(0> 0/7 y)s - q_(l_S)P(07 ON’ y)s)u()(y) d:UJO(y)

(P(0,0,9)* = ¢~ P(0,0",y)* )uo(y) dpso(y)

o

S~

+/Z\O /(P(0> Ol7y)s - q_(l_s)P(O, O",y)s)uo(y) dlu,o(y)

— (=) [ P00 ) () duolw)

o

2= [ P, ) dul)

Therefore
o 1 - q28_1 —(1—s)d(0,0") /NS
MO = = T gy 4 P06 ) ol) ()
1 - 71 1!
* (1—s) q(ls)/ q_(l_S)d(op )P(0,0l,y)suo(y) dpio(y)
q —q Z\09
(1—s) 1 — g2s-1
q q —(1—s)d(0,0’ s
= q(l_s)(—q_(l_s))/o/q (1=s)d(o, )P(o,ol,y) Uo(y) dpto(y)
(1=s)(1 _ ,—1
q (1 q ) —(1—s)d(0,0’ s
209 — q—(1—5>/Z a1 P (0,0 ) uo(y) dpo(y)
\O3
Note that
g P(0,0,y) = g0,
This gives,

q(lfs) (1 _ q2sfl

m(og/) - (1—s) (13))/ / q_d(O’O/)qS(d(O7O/)+By(O’OI))UO(?J) d,uo(y)
q —q 0

o

"1 -q)
q(l—s) — q—(l—s)

/ g4 P,/ ) uo(y) dpto(y)
Z\09

Since o’ tends to x # v, qd(O’OI)P(o, o,y) = ¢ 48y (00" ig gtationary. In fact, it remains
constant once d(o,0') > (x,y),, hence its limit is ¢*@¥)e. Note also that the first integral

becomes negligible only when s < % So if Og, is small enough, and s < %,

o 1 - q_l —d(0,0") 2s(z,y)o
m(0g) ~ m , q q uo(y) dpto(y)
l—qg' 1+g¢

~ 25<z7y>0 O/
1—¢20-5) ¢ (/zq uo(y)duo(y))uo(oo).

In other words, m has density

2

A -a sy
1 _q_2(1_5) /Zq Uo(y) dhio(y)

with respect to .

Replace s with 1 — s. By definition, Q*(u) amounts to the integration of u, with respect
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to this measure, so

2

Q*(u) = L

= 1_7(]—23 /Z p q2(1_s)<z’y>ouo(y)uo(m) dpio(y) diio().
X

6 Uniformly bounded representations

Given a Mobius space (Z, M) we have seen that the quadratic form

QW= [ dw.s) 0 ua(ohual) pa(haly), (5 <5< 1

on s-densities, is exactly Mobius invariant. In other words, (° does not depend on a

choice of d € M. A thorny question remains about the positivity of Q°.

In the world of simple Lie groups of real rank 1, )° occurs as an invariant inner product
of complementary series representations. The necessary and sufficient conditions for the
positivity of Q° were given by B. Kostant [19]. For (Z, M) as a Mdobius space on the
boundary of SO(n, 1) and SU(n, 1), Q° is positive definite on the whole strip s € (3,1).
This is in contrast to the case of Sp(n,1), for which @* is positive definite only if s €

(%,1 - 2n1+1). The existence of a point s* for which Q° is not positive definite for all

s € [s*,1) is typical for groups with Kazhdan property 7" such as Sp(n, 1) or F4(_20).2

2
In the limit s — 1, the quadratic form Q* degenerates to Q' (u) = ( | z u> on measures.
However, the derivative of QQ° with respect to s = 1 again yields an invariant quadratic

form

_dQ*(w)

H(u) T

» =2Q log d(z,y) uq(x)ua(y) pa(x)ma(y)-
§= ZIXZ

P. Julg gives a short proof of the fact that H is positive definite in the case of SO(n,1)
and SU(n,1). This also follows from the positivity of @° on the entire strip s € (%, 1).
The affine space

A:{UEDIZH(U)<OO,/1L:1},
z

is Mébius invariant. The actions of SO(n, 1) and SU(n,1) on (A, H) are isometric and

proper, confirming the well-known fact that these groups have the Haagerup property.

The above discussion shows that for a strongly hyperbolic space X the positivity of Q°

on 0X fails in general. Overcoming this restriction is the topic of the next section.

6.1 A Hilbert space attached to Mobius spaces

The fractional integration operator

130 = [ dlea) @ ) duatw). (0<a <)

is self-adjoint on L?(dug) and its square has the kernel

Klay) = [ di2) (0% dpa(o)

2F4(*20) is the rank one real form of the simple complex Lie group of type Fj.
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This kernel is comparable to d(z, y)_Q+2°‘ and (I§)2 is a good candidate for a Laplacian
raised to the power —a. Our guess for the H~*-norm on (% + %)—densities on compact

Q-Ahlfors regular M6bius spaces is

[ulla =[G uallL> (@) -

It is positive by construction and leads to a Sobolev space H of (% + %)-densities.

6.1.1 Uniform boundedness Apriori, the construction of #;“ depends on the choice
of the metric d within the Mobius structure. We can ask whether it is canonical, at least

at the topological level. That is, for fixed 0 < a < %, there exists a C' > 0, s.t.
1
cllulla < llulla < Cllufla (44)

for all d,d" € M.

Topological uniqueness is directly related to uniformly bounded representations of groups.
If G is a group acting on Z, then G acts naturally on Dg(M) by g -u = g - ug (dg«pia)®,
where g - ug is left-translation on functions and g, g denotes the pushforward measure of
pa by g. If G acts on Z through Mébius automorphisms, then ||g - u||q = ||ul|4+q. Here
g*d denotes the pullback of d by ¢g. In fact, dfl“#(:c) = (W(w))Q = (g%‘{d(g_1 ))Q
For better readability we set 1 + g=5

wal a2 (o= L) (20 ()59 (g d v\ 5@
Hg.u”‘%:/sz g )ualy y)c(l(m,C;)Q(—a)) W) dpa(y)dpa(z)
ua(g ™ 2)ua(g~ y) (L (9712)) " (L (g7 1))
B /sz grd(g~tz,g7ly) 9 iyt (%)
d d

_/ ua(®)ua(y) (5
a ZIXZ
_ / Ugd(@)ug-ay) ,

= : —= dpigq(y)dpga(z).
zxz grd(z,y)@— W)duigra()
If G maps M into itself, then (44) implies,
1
clulla = lig-ulla < Cllulla. (Vge @) (45)

In other words, the action of G on H™% is uniformly bounded.

Lemma 10 The space H™% is topologically uniquely defined (i.e., independent of the
choice of a metric in M) if and only if there exists a C > 0 such that for all d,d € M,

d a d,_«a a
H(E) olgo (_) ud || 2(ug) < ClIG va |l L2 (g (46)

d
Proof: In fact, due to the symmetry of the problem, it is only necessary to show the

[

upper bound in (44) for all d,d’" € M. Rewriting the norm |lu|s in terms of a fixed
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background measure pg, we get

-1
lalld = 111§ (uar (dpear)?™ )72,y

Uq/ (y) (y) 2

S N

N\ h
s
S
Nt

ol
_l’_
Q
<
U
—
<

N N

—/ & dpar(y)) dpa (2)

- 7 d(x,y)Q - La' Y Hd
4005

= [ (Gans [ D )t

|
—~ N
S
S—

wlR

S

Directly showing the inequality || (%/) 2 olfo (%)_ Ud || 2 (uy) < O uall£2(y), Proves to

be difficult. However, the weaker statement || (%) 200 (%)_%ud I 220ug) < Clludll L2 (uy)s

12 )0

follows from Theorem 8, when M is a spherical Mébius structure.
Indeed, by Theorem 8, || (%)% olfo (%)_%ud I La(ug) < ClludllLe(uy)> with 1 < p < q. Let
q = 2, and r > 1 such that % = % + %, then by Holder’s inequality
! !
dye d

(5% 018 0 ()% Flliagu < C U o) < C 1SNz (47)

This means that the operator norm ||I%|| 2% )op) of I$ is uniformly bounded by a
d
constant C. We will see that for spherical Mébius structures the weaker statement (47)

implies the stronger one (46) for a family of special functions.

6.1.2 Powers of conformal factors. In a Mdbius space (Z, M), the conformal factors

raised to the power of sQ are s-densities on Z. It is clear that for any metric d’ € M, the

- (§)°

function

transforms as an s-density. Morally, (%)SQ is the s-density, that is, the constant function
1 on the metric d’. We recall that I$ generates an operator on s-densities for a given
s as a function of a. It turns out that s = % + % This fact implies strong regularity

properties on spherical Mobius spaces.

Theorem 10 Let (Z, M) be a spherical, Q-Ahlfors-David reqular Mébius space, 0 < av <

%. If the operator norm HI&’“HLQ((% is uniformly bounded, i.e., bounded by a constant

)% Ha)
independent of d and d', then there exists C > 0, uniformly over M, s.t. any function f

{CIRSPNCEEES 2

satisfies the inequality ||(%/)5 ol§o (%)_5]‘" 22(0a) < CILG f Il L2(ug)-

from the family

This theorem holds in particular for the natural Mobius structure {d,},cx on a strongly

hyperbolic space X.
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We set s = % + % We denote the dual of s by s’ = % — % The conformal invariance of

I on s-densities, manifests itself explicitly as follows.

If M is a compact M6bius structure, then fZ W dug (y) is finite.
Lemma 11 If M is a spherical, Q-Ahlfors-David regular Mdbius structure, then there

exists C > 0 s.t. Vd € M,

Q—-—al / 1 Q—«
1 — < S — <1 .
+ a C 7 Jyd(zy)Q dpa(y) <1+ o ¢

Proof: We use integration by parts to integrate over balls.

1 © o
[ s ) = (@ =) [ iy dt i)
= (Q — a)/ t*Q‘FOl*l Md(Bd((L’,t)) dt
0

1+ (Q-a) /1 T Qe (B ) di.

The last line takes advantage of the fact that M is spherical. The uniform Ahlfors-David
regularity of M, gives a C' > 1 such that % < pg(By(x,t)) < CtQ. Using this above and

integrating out, we prove the lemma. [ |
We are now in a position to prove the proposition 10.

Proof: (of proposition 10) Recall that we set s = % + 55 and s = % — 35~ For any three
metrics d,d’,d" € M we have,
d._

oI (7)

d/

@

(NI
(NI

((

d//s % (
D@ = (Gl [ L d(y)

Cd e d o [ (GW) (S )°

= (G@)H (G [ S )
d’ s d" y d_(y)) 2

= GG [ G dur )

= (@) f (G@) (@5 @

= @ (G () He



Thus,

o o d/ _a d// sQ o d/ _a
1(5)% o 2 o () (Y Dz = M) ™) a4

!
W)aﬂd//)

Assuming that there is C' > 0 s.t

d.,_a d\—g
a (2 2 , — 2 /
HId”(( d) )”L2((di,7)a,udu) <C H(d) ”L2((%)"#d~)'
But | (d )" ||L2( D e ) = H( )s Q||L2 , and lemma 11 implies for a spherical Mobius
structure,

s d’
1)) ~ 1L 200

Thus C > 0 exists independently of d,d’,d”, s.t

d/

- d d//
olgo(d)

((z)SQ)HB (dpg) < C I (( d) )HLQ(yd)'
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