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MOMENTS IN THE CHEBOTAREV DENSITY THEOREM:
NON-GAUSSIAN FAMILIES

REGIS DE LA BRETECHE, DANIEL FIORILLI, AND FLORENT JOUVE

A la mémoire de Joél Bellaiche

ABSTRACT. In this paper we investigate higher moments attached to the Chebotarev Den-
sity Theorem. Our focus is on the impact that peculiar Galois group structures have on
the limiting distribution. Precisely we consider in this paper the case of groups having a
character of large degree. Under the Generalized Riemann Hypothesis, we prove in particu-
lar that there exists families of Galois extensions of number fields having doubly transitive
Frobenius group for which no Gaussian limiting distribution occurs.

1. INTRODUCTION

Let L/K be a Galois extension of number fields, G = Gal(L/K) and let t: G — R be a
class function. The goal of this paper is twofold: we wish to understand the moments of the
variance as well as the average of the n-th moment (those quantities will be precisely defined
in (3) and (6) respectively) of the prime counting function

) s LK) = 3 1) BN (g ),

assuming that G has an irreducible representation of very large degree. The reason why
we are interested in those groups is that, as we will see, they give rise to non-Gaussian
moments, in contrast with what was obtained in the cyclotomic case [2] (more precisely,
K=Q,L=Q(() and t = 11 modq — @) In (1), ¢y (resp. Np) denotes the Frobenius at

(resp. the norm of) the prime ideal p (see [3, (3)] for details on the ramified case) and 7 is
a weight function satisfying properties which we now recall.

We let § > 0 and S5 € L'(R) be the set of all non-trivial differentiable even n: R — R
such that for all £ € R,

n(t), n'(t) < e @+l

and moreover for all £ € R, we have that

(2) 0 < 7€) < (I€] + 1)~ (log (€] +2)) 7>~

Here, the Fourier transform is defined by
1) = [ e <nu)du.
R
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Finally for any h € £'(R) we define

First we notice that, with the smooth weight n € Ss, the Chebotarev density theorem
reads

Yyl L) K, ) ~ (122 L,(L),

where, denoting by Irr(G) the set of irreducible complex representations of G, we define
B0 = (0= g U@, L= [ enlapds (v ().
R

Note that £,(u) = L£,(—u). Secondly, it follows from an analysis as in [5, Proposition
3.18] that under the Riemann Hypothesis for all Artin L-functions L(s, L/ K, x) (an assump-
tion that will be denoted GRH throughout the paper), the remainder term v, (z; L/K,t) —

tA(l)xéﬁn(%) has average value equal to 7(0)z(L/ K, t), where we define

ALJK t) = Y Hx)ord,_1 L(s, L/ K, ).

x€lrr(GQ)

For n € &5, and u > 0, we consider the n-th moment

Mot LK) = o 32 101 18 10) = o2 408 — 700)2(1/ K. G1c)

CeGH

(€]
- Icl
x(C) and thus z(L/K, %10) € R (by the functional equation satisfied by L(s, L/K,X)).
Equivalently, we may take the average over all ¢ € G of the n-th power of the error term in

the Chebotarev density theorem corresponding to the conjugacy class Cj of g. We define U

to be the set of even non-trivial integrable functions ®: R — R such that ®, o > 0, and we
consider for U >0, ® e U, n € S5, n = 2 and s € N, the moments

Ufzooq)/oooq)(%)<M2(u;L/K,77)—mQ(L/K;n)>Sdu’

where G* is the set of conjugacy classes of G. Note that for t¢ = = 1¢, we have that t/(\;(x) =

(3)  Vas(U;L/K,®,1) :=

where
1 U
mo(L/K;n) == Ulim 5/ Mo(u; L/K,n)du
—00 9

We will show that under Artin’s holomorphy conjecture for L(s, L/K, x) for all non-trivial
X € Irr(G) (which we will denote by AC) and GRH, the integral in (3) converges and the
limit defining ms exists.

The goal of this paper is to study the special case when Irr(G) has one dominant character,
that is there exists ¢ € Irr(G) such that 9(1) ~ |G|2. Note that as soon as 20(1)2 > |G,
the character 1 is necessarily real. We introduce the following notation:

NG = Y 1. (2.

x€lrr(GQ)
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Our first main result establishes a lower bound on the s-th moment of the variance (3).
We let

2n—1)-(2n—3)---1 ifr=2n>2,
Mo = ]-7 M = .
0 ifr=2n+1.
1
denote r-th moment of the Gaussian, and for a number field L, we let rd;, := d [LL:@], where
dy, is the absolute value of the absolute discriminant of L.

Theorem 1.1. Let L/K be a Galois extension and assume AC and GRH. Let n € S5 and
O € U. Assume moreover that there exists a (necessarily real) character ¥ € Irr(G) such
that |G| — f(|G]) < 9(1)* < |G| —1 where f is a function such that 1 < f(|G]) < 1|G|. Then
for s € N and U > 1 we have the estimate

Vil LK 0. 2 B (oK @G osted,))* (1 0(M o)
(hn[K : Q] (log(rdy, + 2))*Mi(G)?)®
+o( 7 )
where
(4) Hy:=) (j) (—=1)* gy,

=0
and where K, > 0 is a constant which depends on 7.

Remark. The quantity H, is the s-th moment of Z? — 1, where Z ~ A(0, 1), the standard
Gaussian. Indeed, the s-th moment of Z2 — 1 is equal to

B[22 - 1] = <= [ (P~ 1) Fdt = > () (i [ e =,
V21 Jr =0 J V2T JR
Note that H; = 0 and morever Hoyq > 0 for all £ > 1 (this follows from the recurrence
Hs+2 = 2(8 + 1)(H5+1 + Hs) for s € N)

We now give an intuitive reason why we should expect the moments H, in Theorem 1.1.
By Parseval’s identity, we have that

(5) Ma(wL/K,np)= > | (e L/K,x) — 5 L,(}) — f(0)ord,_s L(s, L/ K, x)|*.

X€EIrr(G)

We expect this sum to be dominated by the term for the character x = 9 of large degree.
Moreover, we expect 1, (e%; L/ K, x) — e2 L, (%) — ﬁ(O)ordS:%L(s, L/K,x) to have Gaussian
moments (see [5], [3]), hence we expect My(u; L/K,n) to be approximately the square of
a Gaussian. As a result, we expect Vo (U; L/K, ®,n) to be the centered moments of the
square of a Gaussian, which is what we obtain.

In addition to computing the higher centered moments of the variance My(u; L/K,n),
we also compute the first moment of all moments M, (u; L/K,n) for particular non-abelian
Galois groups GG. More precisely we will be interested in the moment

(6) Mn,l(U7 L/K,CI),T]) = ﬁ/oooq)(%)-/\/bz(uﬂ L/K’ U)du
3



The cyclotomic case where G ~ (Z/qZ)* was studied in [1]; in this context we expect to
have Gaussian moments. Our next result focuses on the case where the group G has order
d(d+ 1) for some integer d > 2, and where G admits an irreducible representation of degree
d (specifically G is a doubly transitive Frobenius group as defined e.g. in [7, Prop. 6.5]).
We will show that for this family of groups, the associated moments are not necessarily
Gaussian.

Theorem 1.2. Let G be a doubly transitive Frobenius group of order d(d+1) > 6 with kernel
N and abelian complement H. Let L/K be a Galois extension of number fields of group G
and assume GRH. Let n € Ss an ® € U. Then for m € N and U > 1 we have the estimate

(1) MU L/ 01 2 o 0) (0= [ = QJ1og(edn) " (140 (1) )

FO(UT A+ 1) (K : Q] log(rd, +2))").
Moreover, in the limit as U — oo, the normalized moment
MZm,l(U; L/Ka (I)a n)/MZl(U; L/K> CI), U)m

is asymptotically at least' o, d™ 2/([K : Q]log(rdp))™(1 + 04-00(1)) (and is therefore non-
Gaussian as soon as [K : Q]log(rdy) = o(d'~¢) for some fized € > 0).

To obtain an explicit non-Gaussian family, consider the extension (see Example 1) K = Q,

L= Q(a%, (p) where a, p are primes such that p*{ a?~! — 1 (there is a sequence of such pairs
(a,p) with both a, p tending to infinity; see [5, Lemma 9.9]), one has that log(rd,) < log(ap)
and d = p — 1 (see [5, Prop. 9.8]). We conclude that [K : Q]log(rd) = o(d'~¢), and thus

Theorem 1.2 implies that we have non-Gaussian moments.

Remark. All the irreducible representations of a doubly transitive Frobenius group G are
monomial (i.e. induced from a representation of degree 1 of a subgroup, see Corollary 3.3).
In particular Brauer’s Theorem implies that AC holds for any Galois extension of number
fields whose Galois group is isomorphic to G.

The paper is organized as follows. In §2 we prove Theorem 1.1 by first establishing a few
preparatory results about properties of Hy as well as bounds on certain Artin conductors. We
devote §3 to the proof of Theorem 1.2 which exploits specific properties of doubly transitive
Frobenius groups.

2. MOMENTS OF THE VARIANCE: PROOF OF THEOREM 1.1

Let us first give a precise bound on the Artin conductor A(¢Y) (see e.g. [3, §3] for rec-

ollections on Artin conductors in this context) of the dominant character ¥ appearing in
Theorem 1.1.

Lemma 2.1. Let L/K be a Galois extension of number fields of group G where |G| > 4,
and assume that there exists ¥ € Irr(G) such that |G| — f(|G]) < 9(1)* < |G| — 1, where f
is a function such that 1 < f(|G]) < 1|G|. Then we have the bounds

_JUGDE_,JUGDE __log(A) FIGD} (G}
1 |G|% ’ |G|% S19(1)[.7(:(@]log(rd,:)Sl |G|% 2 |G|% .

INote that we expect the “true size” of this moment to be asymptotically fiom,d?™.
4
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Proof. Since

9?1

1=(,09)¢ Iel + @ Z 19(9)@7

it follows that for all g # 1,
: FUGD? ¢, , oI UGD
< G2 T 1+2 .
9()| < (16D < v LU G (2 g)
As a result, [0, Lemma 4.2] implies the claimed bounds. O

Remark. Writing d = J(1), we have |G| = d(d + e) for some e > 1 (see the beginning of §3).
As a result, in Lemma 2.1 one necessarily has f(|G|) > de > |G|z — 3

We will need the following combinatorial result.

Lemma 2.2. Fiz s € N and let Hs be the set of involutions m : {1,...,s} x {1,2} —
{1,...,8} x{1,2} having no fized point and such that w(j,1) # (j,2) for all j < s. Then we
have |Hs| = Hs, where Hy is defined by (4).

Remark. As s — oo, we have the asymptotic formula
H, = (7% 4 0(1)) pgs.
Proof of Lemma 2.2. We first prove the relation

0 > (3 et = g

k=0

from which the claimed identity follows. Consider the set of involutions = : {1,...,s} X
{1,2} — {1,...,s} x {1,2} having no fixed points; the total number of such involutions
is p9s. This set can be partitioned according to the number £ of 1 < 57 < s such that
7(j,1) = (4,2). The number of elements in each of these subsets is equal to (})|Hs—_x|, thus
we obtain the claimed identity. The proof is finished. U

The next step will be to apply the explicit formula and bound Vs ((U; L/ K, ®, ) in terms
of the quantity

(9) Voo(L/Kin) = ) > H( (%) (7)(]))’

X155 Xs EIT(G) Yoy Vg oo Vs Vs 70 T=1
Y FVx;
S i —
25=1(n;=7%;)=0

where 7, ; and 7;(]_ run through the imaginary parts of the non-trivial zeros of L(s, L/K, x;).

Lemma 2.3. Fiz s € N and let L/K be a Galois extension and assume AC and GRH. Let
ne€Ss,®cl. Then for U > 1 we have the estimate

Vou(U; L/ K, ®,1m) > Vs (L) K;n) + 0((’%[K : @12(10g(r(<]1L + 2))2>\1(G)2)8>’

where Kk, > 0 is a constant which depends on 7).
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Proof. By [3, Lemma 4.1], we have that

|G|

|C|¢”< L L/K,1c) —e2L,(3) —1(0)2(L/K, tc) = — Z X(C) Z e"VX“ﬁ(;—;)

x€lrr(G) px ¥R

+ ()(e*% (K QA (te) log(rdy, + 2)),

where \;1(t): G* — R is defined by A ;(tc) = D el (@) x(D[tc(x)] (recall to = %lc).
Note that the main term here satisfies the bound

G eWﬁ(;—;Q < [K : QA (te) log(rdy, + 2),

X€EIrr(G) px¢R

by the Riemann-von Mangoldt formula [, Theorem 5.8]|. By the orthogonality of irreducible
characters, we deduce that

Mo(us /K m)= 3 3 elnh) A(ﬁ>n<;_;>

XEDT(G) 7,7y ER
W | K log(rdy, + 2))
+O(e : [ QF(log(rdy Z IC| A (te) )
G CeGt

which implies in particular that

ma(L/K;in) = > b (G ),
x€lrr(G)
with

1

(10) b (x; h Z ord,—, L(s, L/ K, x)h <px_—§>

271
pxER

Note also that

S [ (te)? —‘G‘ Sel( 3 k@) < (3 xm) = e,

CeGH CeGt x€lrr(G) X€Irr(G)

We then have the following bound for the main term in our estimate for My (u; L/ K, n):

> (e )n<;><)<< S (log A(y))? < [K : QP (log(rd,, +2))2[G,
X€EIrr(G) x4 #0 T x€lrr(G)

6



where we have used [3, Lemma 4.2] as well as [5, Lemma 4.1]. Expanding the s-th power,
we deduce that

VQ,S(U; L/Ka (I) 77)

2 () ol P\
:U@)O/ 5<Z >, o <X>"<Q;>
(0) XETE(G) 70
Y FEVx

+ O(e’% ([K : Q]log(rd, + 2))\1(G)2)2>)Sdu,

i Y xR IG(R)i(R)
) 2 2 2
(b(O) X155 Xs EIT(G) xy Ve oo Vs Vs ER T j=1 g T
G F Vs
N O((Hn[K : Q| log(rdy, + 2))\1(G)2)25>‘
U
The claimed bound follows since by positivity of ® and 7 we may remove any number of
terms in the summation. 0J

We now give a lower bound for V, 4(L/K;n) by noting that we may discard any number
of terms in its defining sum, since each summand is non-negative.

Lemma 2.4. Let L/K be a Galois extension and assume AC and GRH. Let n € S5, €
U. Assume moreover that there exists a (necessarily real) character ¥ € Irr(G) such that
|G| — f(IG]) < 9(1)? < |G| =1 where f is a function such that 1 < f(|G|) < $|G|. Then for
s € N we have the bound

Vau(L/K 1) 2 Ha(a(P)K - QIGIE log(rds)’ (140 <J|tc(;(|;)  ogTogedr 77)))

where Hy is defined by (4).

Proof of Lemma 2.4. Firstly, for s = 1 the claimed bound is trivial since V, (L/K;n) = 0.
For s > 2, restricting the sum in (9) to the character ¢, we have the lower bound

(1) Vau(L/Kim) = Vi) = > H (A(22)a(22)).

Y1,1,71,250--yYs,1,7s,270 Jj=1

Vi 1FEVs2
225=1(v,1=75,2)=0
VigstG{l,Q}ﬂ!j;ﬁi:’yLkE{—’Yj’h’yj"z}
where the 7, run through the imaginary parts of the non-trivial zeros of L(s, L/ K, ). We
define H, to be the set of involutions m: {1,...,s} x {1,2} — {1,...,s} x {1,2} having no
fixed point and such that 7(j,1) # (4,2) for all j < s. We have Hy = |H,|. Given 7 € H,,
we define

V(i k), ik # 0 }
I, := SV ey Vsds Ve2) S k _ . . )
{(W N V2l (k) (G0, (s + (—1) Ry = 0) = (3, 0) = 7(j, B)
Now, given m € H,, we note that the vector (yv11,71.2,---,%s1,Vs.2)

(4,k), Yk = €jxYn(k) and where by definition €;;, = —1 if 7(j, k).
7

€ I', where for all
= kand g, = 1



otherwise, corresponds to a summand on the right hand side of (11). Note that if m, 7w are
distinct involutions, then the corresponding vectors of zeros are distinct. We deduce that

Vi) = > > H (1(52)7(52)):

TEHs (y1,1,71,25+-/Ys,1,Ys,2)El7 J=1
VI kY5, =E5,k Ve (5,k)

Reindexing, we see that the innermost sum is

s

>> > > H( (3 +i)

1 yeé{v,—7} Vs {1, =715 Ys—1,—Ys—1} 5=1

=D DD DI 2 IT}7(52)
7ove#EHvnt o st e Ys- =1k J=1
> bo (95 [71%)°2 (bo (5 [71%)* + O(s705 (93 [7]))).
where the 7; run through the imaginary parts of the non-trivial zeros of L(s, L/K,) and
m(% + i7;) denotes the multiplicity of the corresponding zero, and where

1
> LS WIN[CED
ol = 3 (B2 i) e %or;
Px
By the bound [/, Theorem 5] on multiplicities of zeros, the total contribution of the error

term is ) )
< i (oADK Qllog(rd, +2)

log log A (1) 70 loglog(rd, + 2)

by Lemma 2.1. By the same bound on multiplicities, one can replace by(J; |7]?) with b(J; |7]?)
at the cost of an error term which is also < H,s? (19(1)1[(523?(23?%;2))5. The proof is finished
by applying [3, Lemma 4.2] as well as Lemma 2.2. O

a)

)

2

)

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. The proof is obtained by combining Lemmas 2.3 and 2.4. U

3. GROUPS HAVING A UNIQUE CHARACTER OF LARGE DEGREE:
PROOF OF THEOREM 1.2

In this section we focus on a specific case of groups G = Gal(L/K) having a unique
character of large degree. Our goal will be to establish a lower bound on the averaged
moment M, ;(U; L/ K, ®,n) (recall (6)) and prove Theorem 1.2, which will allow us to deduce
non-Gaussian behaviour in families of such Galois extensions.

Let G be a non-trivial finite group and let x be an irreducible representation of G' of degree
d = x(1). It is a classical fact form the representation theory of finite groups over C that
d | |G| and d* < |G|. Therefore one may write |G| = d(d + e) for some positive integer e.
Note that if e < d then necessarily G has a unique irreducible character of degree d.

n [9], Snyder classifies the groups for which e = 1 and shows that for fixed e > 2 there
are only finitely many (with an explicit bound depending only on e) isomorphism classes of
groups G such that |G| = d(d + e). For e = 1, Snyder’s result is the following (see [9, Prop.

2.1]).
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Proposition 3.1 (Snyder). Let G be a finite group. The following assertions are equivalent.

(1) There exists x € Irr(G) of degree d such that d(d + 1) = |G/,

(2) FEither G ~Z/2Z or G is a doubly transitive Frobenius group i.e. it is isomorphic to
the semi direct product of a subgroup N of order d + 1 by a subgroup H of order d
that acts freely and transitively by conjugation on N ~ {1}.

Moreover if |G| > 2 the character x in (1), which is necessarily unique, is induced from any
non trivial character of degree 1 of the subgroup N of (2).

Remark. Slightly more generally, assume |G| = d(d+e) where d = [/|G]| > 1 is the degree
of some x € Irr(G). Then the inequality d(d +3) > (d+ 1)? implies e € {1,2}. One deduces
that G is either a doubly transitive Frobenius group, or an abelian group of order < 3 or a
non abelian group of order 8 (by Proposition 3.1 and [9, Th. 6.2]).

In the sequel we exclude the case G ~ Z/2Z (i.e. d =1). In view of their importance in
Proposition 3.1, we recall the definition of Frobenius group (see [7, Prop. 16.5]). Let G be a
finite group having a normal subgroup N and a subgroup H ¢ {{1}, G} such that G = NH.
The group G is a Frobenius group of kernel N and complement H if, for all h € H ~ {1},
conjugation by h acts without fixed points on N ~\ {1}. If in addition the action of H on
N ~ {1} is transitive, one says that G is a doubly transitive Frobenius group. The fact that
this definition is equivalent to that of Proposition 3.1(2) is straightforward (indeed N N H
is trivial, from the fact that conjugation by any h € H is fixed point free on N \ {1}). We
next recall [7, Th. 18.7] which describes the representation theory of Frobenius groups.

Proposition 3.2. Let G be a Frobenius group of kernel N and complement H. The group
H acts on Irr(N) as follows

" i=h-p: (x> p(hah™)) (pelir(N),h € H).

The orbits in this action are {p1 = 1y} as well as {¢": h € H} that has cardinality |H |
for any ¢ € Irr(N) ~ {1y}, Let {p;: 2 < j < s} be a system of representatives of the
orbits in this action. A set of representatives for the isomorphism classes of the irreducible
representations of G is given by

(1) the irreducible representations of H via G — G/N ~ H,
(2) the induced representations Ind$p;, each of degree |H|p;(1), for 2 < j < s. These
representations satisfy N = {z € G Tr(Ind%gpj (z)) # 0}.
In particular G has |Irv(H)| + (|Irr(N)| — 1)/|H| irreducible characters.

Corollary 3.3. Let G be a doubly transitive Frobenius group of kernel N and complement
H. Assume that H is abelian and non trivial. Then G has only one non abelian irreducible
character: it is induced by any non trivial character of degree 1 of N. Moreover N is then
necessarily abelian and N ~ {1} is a conjugacy class of G.

Proof. Let d := |H| > 1, hence |G| = d(d + 1) since N N H is trivial and N \ {1} is a
single orbit, with trivial stabilizer, under the action of H. We use the fact that H is abelian
combined with Proposition 3.2 to deduce that

d(d+1) =[Gl = >0 X2 = [H|+ Y [HPe;(1)? = d(1+dY 9;(1)?).
x€lrr(G) j=2 j=2
9



Therefore s = 2 and ¢9(1) = 1. By Proposition 3.2 this implies that G has a unique non
abelian irreducible character defined by Tr (Indjc\’,gog). Moreover Irr(N) N\ {1y} is the orbit
of the abelian character o under the action of H, hence N is abelian.

Finally since H acts transitively by conjugation on N ~ {1} and since N is normal in G
we deduce that N ~\ {1} is a conjugacy class of G. O

In [5, §9.2] and in [3, §2.2], a particular family of Galois extensions of Q having a doubly
transitive Frobenius group as Galois group is considered. We recall its description in the
example below.

Example 1. Let a, p be distinct prime numbers such that p # 2 and a?~! # 1 mod p? and let
K, , be the splitting field inside C of X? —a € Q[X]. Then G := Gal(K,,/Q) is isomorphic
to the group of transformations of the affine line AI}F; it is a doubly transitive Frobenius
group. Indeed G can be described as follows:

Gz{(g f):cewg,dem}.

Here the Frobenius kernel N and the Frobenius complement H are respectively

{31} (5 ) en)

The group G admits p irreducible characters: p — 1 of them are lifts of the characters of
H wia the isomorphism G/N ~ H. The unique non abelian irreducible character of G has
degree p — 1 and is non zero only on two conjugacy classes: {1} and N ~ {1}.

The last property mentioned in the example is more generally enjoyed by any doubly tran-
sitive Frobenius group G (as seen by combining Proposition 3.1 and Proposition 3.2(2)): the
unique non abelian irreducible character of GG vanishes on all but two conjugacy classes. This
property, which has been studied by group theorists for independent reasons (see e.g. [0]),
implies in our case a general form of orthogonality of characters, as we now show.

Proposition 3.4. Let G be a doubly transitive Frobenius group of order d(d + 1) > 6 with
kernel N and abelian complement H of order d. Denote by {1 =1, ..., 104} the irreducible
characters of H, which all have degree 1 (by abuse of notation we will see these characters
as characters of degree 1 of G). Finally denote by ¥ the unique non abelian character of G.
It satisfies

9(1) =d, (N~ {1})=—-1, (e GNN=19(g9)=0).

In particular, for anyn > 1 and any choice of irreducible characters x1,. .., Xn (With possible
repetitions) of G, one has the generalized orthogonality relations

(12) > 10ha(C) - xal(C) = {‘GV{S(Xl"'Xn = 1), ifxi#9, foralli,

ko (_1\k I :
ot d¥ + (=1)"d, if xs =1, fork>1 values of i.

Proof. This is a consequence of Corollary 3.3 together with the fact that (J;9)¢ = 1 and

the equality ¢;(N) = {1} which holds for all j. O
10



For a Galois extension of number fields L/K such that G = Gal(L/K) is a doubly
transitive Frobenius group with a unique non abelian character 9, we will now bound
(—=1)"M,1(U; L/ K, ®,n) in terms of the sums

n—k k
Vi Y9,
Suk(L/K,m) = Y > I17 (X)H ( J) (k<n-—1);
X1 Xn—k €EITT(G)  Yxy s Vxy_ V0,150,670 =1 J=1
Vi, xi 79 Yx1 Yoo TV, 1 Y9,k =0

sowEn = I 1(5)

V9,15-579,n 70 J=1
%9,1+"'+%9,n:0

Lemma 3.5. Let G be a doubly transitive Frobenius group of order d(d+ 1)> 6 with kernel
N and abelian complement H of order d. Let L/K be a Galois extension of number fields of
group G, and assume GRH. Letn € S5, ® € U. For U > 1, we have the following bound:

(13) (~1)"Mo.(U; L/K, ®,n) > > 3 H (m)

X155 Xn €IT(G) Vg e Yxn 70 1=1
Vi Xi 70 i1 1 =0
X1 Xn=1

k—1 k
+ Z ( )%Smk([z/[(, n) + O(U‘l(d+ 1)2n—2([K . Q] log(rd,, + 2))11)7

where ¥ denotes the unique non-abelian character of G, and the vy ; run through the imagi-
nary parts of the non-trivial zeros of L(s, L/K,v). In particular, since all summands in this
expression are non-negative, it follows that for n = 2m,

(14)

Moy (Us L/ K, ®, 1) 2 ————

1 Somom(L/K,n)+O0 (U (d+1)*"2([K : Q]log(rd;+2))*™).

Proof. Applying orthogonality of characters in the form
s L/K, 1 |C’ xX(C YLK
Un(e"; LK, 1¢) = € > X(Ou(e" L/K, x),
x€lrr(G)
we obtain the expression

Ma(us LK, ) = ,izg (I LK 10) = e 2,3) = RO/ K, 1))

o X H@D LK) Y CRG(C) - Xa(C),

X1,--,Xn€lrr(G) J CCGt

where

¢;(eu7 L/K7 X) = ¢n(eu7 L/K7 X) - 1X:1e%£n(%) - ﬁ(O)Z(L/Kv X)
11



Combining this formula with Proposition 3.4, it follows that

Mu(w L/ Kn) = Y H¢ “L/K, ;)
X1y-Xn€Irr(G) J

Vi, X 70
X1 Xn=1

n—k
e Z ( ) Loy [T LK xg) (d + (—1)),
X1,--Xn—k€lrr(G) j=1
Vi, xi#0
where by convention the innermost sum is equal to 1 when k = n. Hence,

(15) (=1)" My (U; L/ K, ®,m) = M, (Us L) K, @,m) + My, (Us L/ K, @, n),

where

Mo =l e S Hw LK) G

M:{jl(U; L/K,®,n) = % Z (Z) (dk + (—1)kd) X

[oue oy Y Tl s

We recall that [3, Lemma 4.1] implies the estimate

Ui LK) = = Y e 12) + 07 log(A(v) +2),

Ix#0
as well as the bound (see [3, Lemmas 3.1 and 4.2])
brle®s L/ K, ) << log(A(x) +2) < x(DIK : Qlog(rdy, +2).
Applying these estimates, it follows that

n

(16) 2, (U3 /K. 00) = g S () @+ (<0t [ o)

k=1
= Y b Y du
i v+ A(ﬁ) A< 19]> o
Z Z J HU 27 HU 2n ) U + 8
X15-->Xn—k EIT(G) Yxq 55V 70 =1 7=1

Vi, xi 7Y V0,157, 70
12



where the error term F satisfies the bound

(M, (U; L/K,®,n)| + |E| < UT([K : Qlog(xd, +2))" Y 1

Vi, xi 70
X1 xn=1
" n
+(|G\U)12(k>d2k([K:@]1og(rdL+2>>n > o1
k=1 X1y Xn—kEIT(G)

< U Nd+1)"*([K : Qlog(rdy, +2))".

We observe that, as & € U, ® is even and

[ o) 35(),

Then, the main term in (16) is

= f}” o z”: (Z) dk_ldi(; =

0 k=1

k n—=k n—k k
U ~( Vi ~( V9.5
2. > (g (X o)) (3 Ta(52).
X15-->Xn—k EIT(G) Yxq 5V 70 Jj=1 i=1 1=1 j=1

Vi, xi 70 V91579, k0

which by positivity of D is greater than or equal to the second term in (13). Arguing similarly
for the first term on the right hand side of (15) yields the claimed estimate.
O

In the next step we will bound the quantity Sop, om(L/K,n) which appears in (14) through
a second application of positivity. The key idea which will guide us in this task is that we
believe that in the case where L/Q is Galois, the multiset of imaginary parts of non-trivial
zeros of erhr(Gal( L/Q)) L(s, L/Q, x) is linearly independent over the rationals; this is known
as hypothesis LI. With this in mind, we will drop all the terms for which LI does not hold; in
particular, we will only consider the case where n and k are even. In the case where K # Q,
we refer the reader to [5, Section 1.2] for possible counterexamples to LI.

Lemma 3.6. Let G be a doubly transitive Frobenius group of order d(d+1) > 6 with kernel N
and abelian complement H of order d. Let v be the unique non-abelian irreducible character
of G, let L/K be a Galois extension of number fields of group G, and assume GRH. Let
n € Ss. If m € N, then we have the bound

Sam 2L/ 1) 2 pambo (0, 72)™ " max {bo(W, 7) = 2mlm(m — 1)[7]|%.,0}.
13



Proof. Using positivity, thanks to [3, Lemma 5.3], we have

Sam,am(L/K,n) = Z ﬁ ﬁ(%)

719,1)'“’719,27717&0 ]:1
¥o,17++79,2m =0

2m 2m ~
E ol 197‘7'
B ( m ) H g 27
719,17---7’)’19,2m7£0 j=1
¥9,5>0 (Vi<m), v9,;<0 (Vj>m)
(V7€R) [{i79,;=7}={iv0,;=—}

> prambol(9, )" max { bo (0, 7%) — 2mlm(m — 1) [7]|%, 0 }.

To conclude the proof of Theorem 1.2, we will need the following bound.

Lemma 3.7. Let G be a doubly transitive Frobenius group of order d(d+ 1) > 6 with kernel
N and abelian complement H of order d. Let L/K be a Galois extension of number fields of
group G. Then one has the following lower bound:

log A(¥) > (d — 1)[K : Q]log(rdy).
Proof. Define for any non zero class function ¢t: G — C (see [3, (10)]),

maX‘Wél ’ ZXeIrr(G) ’t(X>’2X(a)’

t — A172 (t) )
where A\i2(t) =3 i) x(1)[t(x)|%. One has Sy = L by the definition and properties of ¥
(see Proposition 3.4). The bound is then obtained by applying [3, Lemma 3.2]. O

We are now ready to prove Theorem 1.2.
Proof of Theorem 1.2. Combining Lemmas 3.5 and 3.6, we deduce that

d2m—1 + 1

Moy 1(U,; L/K,®,n) >
2 71( / n) d+1

pambo (0,7 max {bo(W, %) — 2mim(m — 1][7]1%, 0}
+O0(U(d+1)" (K : Q]log(rd,, + 2))*™).

Applying [3, Lemma 4.2] and [5, Lemma 4.1] to estimate by(1J,7?), we see that the first
term in this expression is

Ko gam 1) (10g A() + O(dl : @)

= d(d+1)
> L) (0 - [ s Qlogtedn)) (140 () ),

by Lemma 3.7. The first claimed result follows.

As for the second, note that in the limit as U — oo, the variance M, (U; L/ K, ®,n) is
asymptotically at most d*[K : Q]? log(rd;)?*(14 04— (1)) (combine (5) with [3, Lemma 4.1]).
The claimed bound follows from combining this upper bound with the lower bound (7).

U
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