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MOMENTS IN THE CHEBOTAREV DENSITY THEOREM:
GENERAL CLASS FUNCTIONS

REGIS DE LA BRETECHE, DANIEL FIORILLI, AND FLORENT JOUVE

A la mémoire de Joél Bellaiche

ABSTRACT. In this paper we find lower bounds on higher moments of the error term in the
Chebotarev density theorem. Inspired by the work of Bellaiche, we consider general class
functions and prove bounds which depend on norms associated to these functions. Our
bounds also involve the ramification and Galois theoretical information of the underlying
extension L/K. Under a natural condition on class functions (which appeared in earlier
work), we obtain that those moments are at least Gaussian. The key tools in our approach
are the application of positivity in the explicit formula followed by combinatorics on zeros
of Artin L-functions (which generalize previous work), as well as precise bounds on Artin
conductors.

1. INTRODUCTION

The study of the error term in the Chebotarev density theorem has a long history and is
critical in many applications. If L/K is a Galois extension of number fields, G = Gal(L/K)
and C' C G is a conjugacy class, then this theorem states that as x — oo

C
mo(r LK) = ) 1~ | G' (z),
So. Gl
Np<z
pp=C
where Li(z) := [} du/logu, @, (resp. N'p) is the Frobenius at (resp. the norm of) the prime
ideal p (see e.g. [15, §4] for the general definition of the Frobenius substitution). Equivalently,
ift: G —-Risa real—valued class function, then

R LK) = 3 Hipy) ~ H(1)Li(2)
p<Ok
Np<z

where #(1) = €l G| > gec t(g)- Note that if 1¢ denotes the indicator function of a given conju-

gacy class C' of G, then 7(x; L/K,1¢) = mo(x; L/ K). As for the error term, which was first
bounded effectively by Lagarias and Odlyzko [I1], Bellaiche [2] has shown under GRH and
Artin’s conjecture, that in the case K = QQ and for z > 3,

m(2; L/ K, t) — H{1)Li(2) < A (8)v/z log(eM|G]),
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where M is the product of all primes ramified in L and A11(¢) == 3 1) x(D)[t(x)|, with
Irr(G) being the set of irreducible characters of G and

\G\ZX

geG

As an example, if t = 1¢ for some conjugacy class C' C G, then () = :glx(C’)

Bellaiche’s bound has been generalized and improved in the recent work [7]. Moreover,
loc. cit. studies the generic behaviour of the error term, in particular its limiting distribution
as r — 00. Using probabilistic tools, a sufficient condition is obtained for this error term to
be Gaussian [7, Proposition 5.8]. This generalizes previous work [9], [19] and [8] on primes in
arithmetic progressions. For example, Hooley has shown that for (a,q) = 1, the error term

E(z;q,a) : Z A(n ——ZA

n<x n<gc
n=a mod ¢

is such that for any fixed » € N,

o 9(g)e )" da
lim lim -
qg—00 X —o0 (()g )5 IOgX

= Hr;
X

wH Q

where

_J@n—-1)-2n—-3)---1 if r = 2n,
fr = 0 otherwise,

is the r-th moment of the Gaussian. Hooley’s theorem is conditional on the GRH, as well as
the assumption that the multiset of non-negative non-trivial zeros of Dirichlet L-functions
modulo ¢ is linearly independent over the rationals.

The results which we just described (including a number of results in [7]) apply to limiting
distributions as © — oo, and thus do not give information on the behaviour of the error
term uniformly when ¢ varies with x. In fact, to obtain such explicit information one would
need to significantly strengthen the linear independence hypothesis, that is one would need
to assume that integer linear combinations of L-function zeros are bounded away from zero
as a function of ¢ (in the spirit of [16, §15.3]).

In the recent paper [1], a lower bound is established on higher moments of primes in
progressions in a certain range of ¢ in terms of x, assuming only the GRH. More precisely, the
results of loc. cit. manage to circumvent the linear independence assumption by considering
a weighted version of E(x;¢, 1) and applying positivity in the explicit formula.

The goal of the present paper is to generalize these results in the context of the Chebotarev
density theorem, that is to obtain lower bounds on moments of a weighted version of the
error term m(x; L/K,t) — t(1)Li(z) in certain ranges of = depending on the class function ¢
and on invariants of the extension L/K such as the size of its Galois group and of the root
discriminant of L. We stress that our results do not assume any form of linear independence
of the L-function zeros involved.

Before we state our results, we need a few definitions. We let 6 > 0 and Ss C L'(R) be
the set of all non-trivial differentiable even 1 : R — R such that for all ¢ € R,

n(t), n'(t) < e @+l
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and moreover for all ¢ € R, we have that'

(1) 0 < 7€) < (I€] + 1) (log (€] +2)) 7>~

Here, the Fourier transform is defined by

In this notation, one of the goals of the paper [1] is to give lower bounds on moments of the
error term

@) > Ahog(n/) - 5 X Ay log(n/).
nz?ii)d q (n7,LqZ)1:1

which is a weighted version of ¢(x;¢q,1) — @zﬁ(m, Xo,q) Where xo, is the principal character
modulo q.

In this paper we consider L/K a Galois extension of number fields of group G = Gal(L/K)
and we fix a real-valued class function® t: G — R. Our goal will be to understand the
moments of

(3) Yy(z; L/ K, t) = Z t(cp?)%n(bg(]\ﬁam/x)) ,

which is a direct generalization of (2) (where, disregarding ramified primes, K = Q, L =

Q(¢y) and t = 11 mod g — @) First, we notice that with this smooth weight, the Chebotarev
density theorem reads

Uyl LJK, ) ~ ()22 L,(L),

where
L,(u) = /e“xn(x)dx
R

(note that L£,(u) = L,(—u)). Secondly, it follows from an analysis as in [7] (see e.g. [7,

Th. 2.1]) that under GRH, the remainder term v, (x; L/K,t) — f(l)xéﬁn(
value equal to 7(0)z(L/K,t), where we define

ALJK 1) = Y Hx)ord,_1 L(s, L/ K, x).

x€lrr(G)

1
5) has average

IThe upper bound on 7j(€) is a quite mild condition given the differentiability of 7; going through the
proof of the Riemann-Lebesgue lemma we see for instance that a stronger bound holds as soon as 7’ is
monotonous. (A stronger bound holds if 7 is twice differentiable.) As for the positivity condition, we can
take for example 1 = 11 x 11 for some smooth and rapidly decaying 7;.

2We will require later the condition ¢ > 0. In particular, the results of our paper also apply to class
functions of the form Re(t), where ¢t: G — C is a class function of non-negative real part such that ¢ > 0.
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With this in mind, we define U to be the set of even non-trivial integrable functions
®: R — R such that® ®,® > 0, and we consider for U > 0, ® € U, n € Z>;, and 1 € S5 the
central moment

(4) 1 * .. S w n
_ m/o B(2) (e (e L/ K, £) — T(1)et £,(2) — 7(0)=(L/K, £))"du.
0
We will see that under GRH and Artin’s conjecture (denoted AC throughout the paper;
see §4 for recollections on Artin L-functions), this integral converges.

Our main result is a lower bound on the even moments M, (U; L/K;t,n, ®), which is
conditional on GRH as well as Artin’s conjecture. More precisely, if Artin’s conjecture holds
for a Galois extension L/F where K/F is a finite extension, then we obtain a bound which
depends on F. For simplicity one can assume that F' = Q; in general, we expect to obtain
the best possible (and in many families asymptotically optimal) bound with this choice. Our
bounds will depend on the root discriminant

1
(5) rdy, = d;Y

where dy, is the absolute value of the discriminant of L/Q. Our estimates will also involve
various norms relative to the Galois groups G' and G of the extensions L/K and L/F
respectively. For a finite group G and for a class function ¢t: G — C, these norms are defined
as follows:

Nt) = Y xR, (G k2 0).
x€lrr(g)

Our main results (Theorem 1.1 and Theorem 1.4) show that the moments we study
Mzm(U , L/ K;t,n, ®) are asymptotically greater than or equal those of a Gaussian of expected
variance. The implied variance will be expressed in terms of zeros of Artin L-functions of
a Galois number field extension L/F. More precisely, denoting ¢t := Indg+t, this variance
takes the shape

(6) v(L/Fittsm) = Y 00067,
xEIrr(GT)

and moreover for y € Irr(Gal(L/F)),

g =2 (5

where p, is running over the non-trivial zeros of L(s, L/F, x).

Theorem 1.1. Let L/K/F be a tower of number fields such that L # Q, L/F is Galois, and
assume GRH and AC for the extension * L/F. Define G := Gal(L/K), Gt := Gal(L/F),
let p € Ss, ® € U, and assume that t: G — R is a non-zero class function such that

3Note that those conditions imply that </I\>(O) > 0.
4Note that AC for the extension L/F implies AC for the extension L/K.
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it = Indg+t, the class function on G induced by t, satisfies’ t e Rs>o. For m € N, we
have the lower bound

(8) Mo (U, L/K;t,0. @) > o (L/F,*i0)" (14 O, (m*mlu(L/F. 7))

(solF QM) og(rd )
+0( G )

where Kk, > 0 is a constant which depends only on n and

erm(g+) ‘%\+ )b (x; 7%)
~ 2°
(2 et [F 000 7))

(9) wy(L/F,t73m) =

In other words, the moments ]\72m(U ,L/K;t,n, ®) are at least Gaussian of variance equal
to v(L/F,t*T;n). Our next main result is an estimation of this variance as well as an upper
bound on the error term wy(L/F,tT;n).

Remark 1.2. A version of the quantity wy(L/F,t";n) has already appeared in the prob-
abilistic study of the error term in Chebotarev [7, §5.2]. In particular, the condition
wa(L/F,tT;n) = o(1) was necessary in order to obtain the central limit theorem [7, Proposi-
tion 5.8]. However, there exists class functions for which this condition does not hold: taking
for instance ¢t = 1, we obtain a weighted version of the error term in the prime number the-
orem which under standard hypotheses is not Gaussian (this goes back to Wintner [23]).
Another instance of non-Gaussian moments is explored in [5].

In order to state our bounds on the variance v(L/F,t*;n), we define the following quantity
attached to a non-trivial class function® ¢: G — R

~

> etmr(ay X(@)[FO? > etmc) X(@[HO?
(10) Sy = max xetnt®) — ‘ = max ‘ Xt <1

1#a€G 3 etme X(D OO 1#act A1a(t) B

Remark 1.3. The quantity S, is, in a sense, a measure of the size of the support of ¢. For
many groups, we expect S; to be much smaller than 1 as soon as ¢t has a “large” support
in Irr(G) (see the example following Theorem 1.4 as well as §2).

Here and throughout we denote by log; the k-fold iterated logarithm.

Theorem 1.4. With the same notations and assumptions as in Theorem 1.1, we have the
following.

5See the beginning of §4 for recollections on induction. Notice that the condition ¢+ > 0 is weaker than
t > 0. Indeed, by Frobenius reciprocity, we have that t/;()() = f(X\G), and moreover the character y|g is a
sum of irreducible characters of G.

SNote that if G = {1}, then we define S, := 0.



o Assume that the weight function n is such that’ inf{|z — 2'| : 2 # 2/,5(2) = 7(¢') =
0} > 0. Then, we have the bounds

V(L/Ft5m) =<, > [ () log(A(x)+2),

xEIrr(GT)

> etmm(as) [E 00 log(A(x) +2)

(T rctmen PO og(A0) +2))

Here, A(x) is the Artin conductor which is defined in (17).

o Assume that Sp+ <1 — /{n(logg(rdL + 2))71 where k, > 0 is a large enough constant
which depends only on n. Then we have the more explicit bounds

1 v(L/F,t";n)
L= S = O”<10g2(rdL + 2)> Soz(lﬁP)[F : Qllog(rdz) A 2(t7)

1
<1 _—
S 1+ S +O"<log2(rdL+2))’

w4(L/F7 t+777> <<7]

(11)

as well as®

)\1 4(t+) 1 —2
+. . ; _ _ 2
wilL/F 5l Qlog(rd) < T (t+)2(1 Si 0,7(—1Og2 C dL+2))) <, (logy rdp )%,

Remark 1.5. To see why the assumptions made in Theorem 1.4 are important, consider the
case where K = Q and t = t* = 1, in which S;+ = 1. Then we have that

1 1 1
(s LYK, 1) =t 4(5) = 3 ZPn (108" /) — Ly (3),
mle

and the moments of the limiting distribution of this function are much smaller than those of
a Gaussian (in fact the limiting distribution has compact and uniformly bounded support,
which does not depend on the extension L/K). This does not contradict Theorem 1.1, since
in this case wy(L/F,tT,n) > 1 (hence we cannot extract any information from (8)).

Remark 1.6. The norms \j,(t) = erhr(g)X(l)jﬁ(X”k play a fundamental role in the
analysis of the error term in the Chebotarev density theorem. Bellaiche [2] coined the term
“Littlewood norm” for A;(t), which he thoroughly studied with applications to the sup
norm of the error term in Chebotarev. The norm A;»(t) and its applications to the mean
square of the error term in Chebotarev were studied in [7].

Remark 1.7. One can generalize the bound (11). If = C Irr(G*) is a set of irreducible
characters, then on can drop the terms where x ¢ = in the definition (6) of v(L/F,t";n).

"More generally, it is sufficient to assume that there exists an interval [T, Ts] where Ty > k and To — T3 >
k(logy(T1)) ™t on which 7) does not vanish, where x > 0 is a large enough absolute constant.
8Note that the second bound here shows that wa(L/F,tT;n) is small as soon as the root discriminant is
large. However, this bound is far from optimal, and we expect the quotient A; 4(t%)/A12(t7)? to also be
small in many cases.
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Doing so, and assuming that

~

540 (D) o= > vez X(@)[tH) <1 e (log,(rdy + 2))-"
e W C 0% | A |

where k, > 0 is a large enough constant which depends only on 7, we deduce the bound

v(L/F, 175 n) o=y 1
T Qo a5 2 15O Ol )

where A\ o(t1;2) = erax(l)|?(x)|2. This generalized bound will be useful in the case
Gt =5, (see § 2.4).

The following example illustrates the relevance of introducing the quantities S; and S+ in
the statement of Theorem 1.4.

Example. Fix an abelian extension L/K of number fields and let G = Gal(L/K). Let t
be real valued with non-negative Fourier coefficients of constant modulus (e.g. t = 1,
for any g € G), then, since by orthogonality erm x(a) = 0 for every a € G ~ {1},
we have S; = 0. In particular (11) combined with (8) generalizes the situation considered
n [3, page 7] where t = 1y moaq and G =~ (Z/qZ)* is the Galois group of the cyclotomic
extension Q((,)/Q. For further examples, including non abelian extensions, see §2.

Remark 1.8. In Theorem 1.1, one might wonder whether it is possible to bound the more
familiar moments

M, (U, L/ K;t,n, ®) = /wq)(%)(ibn(e“;L/K,t) —t(1)e2L,(3))"du,

1
U@ Jo
rather than ]T/[/n(U, L/K;t,n,®). This is indeed the case since in Theorem 1.1,

myyicy = 1(0)2(L/K,t) = 7(0)z(L/F,t7)
(this follows from [7, Lemma 3.15]), which by our assumptions is non-negative. Then, we
have that
2m
2m m —~
Mo (U, L/ K7, ®) = ( ; ) (U L) K tymi > Moy (U, L/ K t,n, ).
=0
Of course, if we can show that mp k., > 0, then the last bound can be improved. As a
result, we obtain the following corollary.

Corollary 1.9. Under the same assumptions as in Theorem 1.1, the bound (8) holds with
Mo (U, L/ K t,n,®) in place of Msy, (U, L/K;t,n, ).

We end this section by noting that Theorems 1.1 and 1.4 imply Q-results on the classical
(unweighted) prime ideal counting functions

(12) Y(z; LK, t) = E t(pp") log(Np) .
p<0k
7_1



Corollary 1.10. Let L/K be a Galois extension of number fields for which GRH holds. Let
F be any subfield of K (i.e. F C K C L ) which is such that L/ F is Galois and satisfies AC.
Define G = Gal(L/K), G" := Gal(L/F), and assume that t: G — R is a non-zero class

function such that t+ = IndS "t satisfies i+ € Rso. Assume that Sy < 1— r(logy(rdy +2))
where k > 0 is a large enough absolute constant. Then there exists a sequence of values

xr = xj./K, tending to infinity such that
~ 1 3 1 3
. _ 3 : + . Of — -
(13) |o(z; L/K, 1) t(1)x) >z ([F : Q] log(rdy) Aot )) (1 Sy 0(10g2<rdL - 2))) ,

where the implied constant is absolute. More precisely, there exists a large enough absolute
constant k' > 0 such that for any large enough U > 0 (in absolute terms), there exists x > 1
such that (13) holds with logx € [U,U - B p.x+| where

ﬁL,F,K,t = H,[F . Q]Al,l (t+)2 log(rdL + 2) IOgQ(TdL + 2)/)\1’2<t+) .

Corollary 1.11. Let L/K with L # Q be a Galois extension of number fields for which GRH
holds, and define G := Gal(L/K). Then for any large enough U > 0, there exists x > 1 for
which logz € [U, K'U -log(dy, + 2)] and such that

1 1
(14) [(x; L/ K,|G|1.) — x| > 27 (logdy)?.
Here, k' is a large enough absolute constant (in absolute terms).

The paper is organized as follows. In §2 we state applications of our main results to specific
families of Galois extensions of number fields. The proofs of these statements are postponed
to §6. Next, §3 and §4 are dedicated to recollections and preparatory results concerning
Artin conductors, and zeros of Artin L-functions, respectively. We prove our main results
as well as Corollary 1.10 and Corollary 1.11 in §5.

2. ExpriciT FAMILIES OF GALOIS EXTENSIONS AND CLASS FUNCTIONS

In this section we study explicit infinite families of extensions for which Theorems 1.1
and 1.4 apply. The proofs of these results are contained in §6.

2.1. Dihedral extensions. A natural next step after analyzing the abelian case (see Re-
mark 1.3) is to consider groups having an abelian subgroup of small index. Such is the case
of dihedral groups. Let us start by recalling classical facts (see e.g. [20, §5.3]): for an odd
integer n > 3, the dihedral group of order 2n is defined as follows,

D,={o,7:0"=7"=1, 70T =0").
The nontrivial conjugacy classes of D,, are
{07,677} 1<j<i(n-1)), and {ro*:0<k<n—1}.

Proposition 2.1. One has the following table of values of Sy for various choices of central
functions t: D, — R.

n| >3 | >3 >5

t |Dn|1e 1{070—1} 21, + 1{0’071} .
1 1-2/n 2

St 2n—1 2(1—1/n) <3

The first column of the table is used to prove the following result.
8



Proposition 2.2. For n > 3 odd, let L/Q be a D,-extension of number fields for which
GRH holds. One has for any m > 1, anyn € Ss and any ® € U,

—~ . 1 m
Mo (U, L/ Qs | DalLe, 1, ®) = sz (a([il?) (2= =) log i) " (1 + 00, (1)
as soon as (logdp)™ = 04, 00 (U).

2.2. Radical extensions. We consider the following Galois extension studied in [7, §9.2].
Let a,p be distinct prime numbers such that p # 2 and a?~' # 1 mod p? and let K,, be
the splitting field (inside C) of X? —a € Q[X]. The Galois group G := Gal(K,,/Q) is
isomorphic to the group of affine transformations of Alep- A convenient way to describe G is
the following:

(15) G:{(g Cli):cEF;,dGIFp}.

One has |G| = p(p—1) and G admits a real irreducible character ¥ of degree p—1 (see §6.2).

Proposition 2.3. Let G be as in (15). One has the following table of values for Sy for
various choices of central functions t: G — R.
t GI1.
Sy L

<

T
p(1—-2/p+2/p?) | p—1

We deduce the following result on the moments attached to the class functions considered
in the table of Proposition 2.3.

Proposition 2.4. Let a,p be distinct prime numbers such that p # 2 and a?~! # 1 mod p?.
Let K,,/Q be the Galois extension of group G defined by (15). Assuming that GRH holds
for K, p, one has for any m > 1, anyn € S5 and any ® € U,

M%n(U? Ka@/(@; |G|1ev n, Q)) > M2m(o~/(|ﬁ|2)p3 1ng)m(1 + 0p—>00(1)) )
Mo, (U, Ka,p/@§ v,n,®) > ﬂ2m(a(|ﬁ|2)p logp)m(l + Op—>0<>(1)> )
as soon as (plogp)™ = 0,0 (U).

Note that in this particular example of Galois extension K,,/Q the Artin conductors of
the elements of Irr(G) can be explicitly computed (see [7, §9.2] and [21]), therefore the last
estimates of Theorem 1.4 can also be applied (yielding a weaker bound). Specific features of
moments in the Chebotarev density Theorem for Galois extensions of type generalizing the
case of K,,/Q are studied in detail in [5].

2.3. Moments for irreducible characters. As already mentioned in Remark 1.3, choos-
ing ¢t such that tA(x) = 0 for many irreducible characters y of G leads in general to a value
of S; that is very close to 1 (cancellations in character sums are believed to occur only when
the sums are taken over a sufficiently large index set). However, in some cases where ¢ is
non trivial but has a Fourier support of minimal size (e.g. when ¢ is a non trivial irreducible
character of G, as in the case of ¢ = ¥ in §2.2), one can still have S; < 1 so that our main
estimates in Theorem 1.1 and 1.4 apply. The following statement gives a setup where one

can take ¢ to be very close to an irreducible character and still apply our main results. This
9



result covers the situation lying at the opposite of the generalization of the bound (11) dis-
cussed in Remark 1.7, where one discriminates the irreducible characters appearing in the
Fourier support of the class function ¢ according to the size of their degree.

Proposition 2.5. Let L/K/F be a tower of number fields such that L # Q, L/F is Galois,
and assume GRH and AC for the extension L/F. Define G := Gal(L/K) and GT :=
Gal(L/F). Lett: G — R be a class function such that t© = X3X for some x € Irr(G™).
Let p denote an irreducible representation of Gt of character x. Letn € Ss and ® € U.
Then Si+ < 1 if and only if p is faithful and G has a center of odd order. In particular, if
this last condition holds and if vdy, is large enough in terms of 1 — Sy+, then (11) applies.

Finite groups admitting faithful irreducible characters are classified by a result of Gaschiitz
(see e.g. [10, Th. 42.7]). Finally note that even if p is not faithful or 2 | |Z(G™T)| then we
may apply the first case in Theorem 1.4.

2.4. S,-extensions. Perhaps what can be seen as the “generic” situation is when L/Q is
Galois of group 5, the symmetric group on n letters. One can obtain explicit lower bounds
for v(L/F,t*;n) by following the approach in [7, §7], which involves Roichman’s bound [1§]
as well as the hook-length formula. For a large set of class functions ¢, one can show that S;
remains bounded away from 1 (where the distance to 1 is precisely evaluated as a function
of nin loc. cit.). For instance this applies to the difference of normalized indicator functions

tor.o, = (IG1/1C1 D16, = (IG]/[Cal) e, (resp.te = (IG]/|C])1c)
as soon as (', Cy are distinct conjugacy classes of S,,, one of which has size at most (resp. C

is a conjugacy class of S, of size at most) S ar Using these ideas, we obtain the following
result.

Proposition 2.6. Let n be large enough and assume that L/K is a Galois extension of

number fields for which L/Q is Galois of group S, and satisfies AC and GRH. Let Cy,Cy be
4+¢

conjugacy classes of Gal(L/K) for which min(|C] |, |C5|) < n!lfﬁ, where € > 0 is fized.

Then for all fired m > 1 we have the bound

1

log n! min(|C{ ], |C’2+])%p(n)5
X (1 -+ OrdLHoo(l)%

~ log(n!/ min(|C;|, |C5F K - Qllog(rd, )nl3 \m
MQm(UaL/KStCl,CQ,n>(D)E,UQm(Cn g( / 1 (| 1’ ‘ 2|)) [ Q] g( L) )

as soon as ([K : Q]log(rdy) min(|C ], |C5 )3p(n)/n!3)% = o(U), where ¢, > 0 depends only
on n. The same bound holds for the class function tc, = (|G|/|C1|)1c,, with the convention
that in this case, min(|Cy ], |CS|) = |Cf .

nl/ min(|C]|C5 1)
log n!

Note that the factor &
some 6 > 0.

> 1 as soon as min(|C] |, |C5|) < n!'=? for

3. ARTIN CONDUCTORS

Let us first recall a few facts on Artin conductors. Consider a finite Galois extension of

number fields L/ K with Galois group G. For p a prime ideal of Ok and B a prime ideal of
10



Oy, lying above p, the higher ramification groups form a sequence (G;(B/p)):>o of subgroups
of G (called filtration of the inertia group I(B/p)) defined as follows:

Gi(B/p) :={c€G:Vz2€ Oy, (0z—2) e P}
Each G;(B/p) only depends on p up to conjugation and Go(P/p) = I(P/p) (when conju-

gation is unimportant we will simply denote this group I(p)). For clarity let us fix prime
ideals p and B as above and write G; for G;(B/p). Given a representation p: G — GL(V') on
a complex vector space V, the subgroups G; act on V through p and we denote by V& C V
the subspace of G;-invariant vectors. Let X be the character of p and

16 —codlmVG
o =316
which was shown by Artin to be an 1nteger The Artin conductor of x is the ideal of Ok

f(L/K,X) : Hp n(x:p)

Note that the set indexing the above product is ﬁnlte since only finitely many prime ideals p
of Ok ramify in L/K. We set
(17) A() = dif Ny (f(L/K. X))

where dg is the absolute value of the absolute discriminant of the number field K and N K/Q
is the relative ideal norm with respect to K/Q (we will use the slight abuse of notation
that identifies the value taken by this relative norm map with the positive generator of the
corresponding ideal).

We recall the following pointwise bounds on the Artin conductor.

Lemma 3.1 ([7, Lemma 4.1]). Let L/K be a finite Galois extension. For any nontrivial
irreducible character x of G = Gal(L/K), one has the bounds

max (1, 5[K : Q])x(1) <log A(x) < 2x(1)[K : Qlog(rdy),
where the root discriminant rdy is defined by (5). The upper bound is unconditional. The

lower bound is unconditional if K/Q is nontrivial’ and holds assuming L(s, L/Q,x) can be
extended to an entire function otherwise.

We will also use the following average bounds, which generalize [7, Lemma 4.2].

Lemma 3.2. Let L/K be a Galois extension of number fields, and let G = Gal(L/K). Let
{extxenr(@) be a family of non-negative real numbers. Then we have the bounds

1-56) 3 e < ¥ - cdog A 4 se) 3w

x€Irr(G) x€lrr(G) K Q] log(rdL) x€Irr(G)
where S(c) is defined in (10).

Proof. Denoting by Xyeg the character of the regular representation of G, we have the equality
3 x(1) % Z

CX( |G| (Xreg7p> X p > |G |
x€lrr(G) 0 120 1#a€G; xelr(G

9t actually also holds for the trivial character in this case.
11



Summing over the prime ideals p of Ok, we deduce that

> [ch(g]glfg((?h)_ > e =50 >, x(Dley

x€lrr(G) x€lrr(G) x€lrr(G)

from which the claimed bounds follow. [l

We will also use the following bound.

Lemma 3.3. Let L/K be a Galois extension of number fields, and let G = Gal(L/K). For
all x € Irr(G), we have

log(A(x) +2) . log(rdy, + 2)
oAl + 2y Wiy g, T2y

Proof. This follows form the fact that the function -/ log - is eventually increasing, combined
with the upper bound in Lemma 3.1. O

4. SUMS OVER ZEROS OF ARTIN L-FUNCTIONS

The goal of this section is to express the function ¢, (z; L/K,t) defined by (3) in terms
of a sum over zeros of Artin L-functions, which will allow us to give a lower bound on the
moments Mo, (U, L/K;t,n,®) through an application of positivity. This lower bound will
be expressed as a convergent sum over zeros, which we will evaluate explicitly.

First we recall a few facts about Artin L-functions. If x is an irreducible character of G =
Gal(L/K) (associated to the representation p), the corresponding Artin L-function is defined
for Re(s) > 1 by the Euler product

L(s,L/K,x) = H Ly(s,x), (Ly(s, x) = det (Id — ./\fp_sp(gop)’vlp) , p <Ok prime),
p<O0k
p prime
where V% is the subspace of the representation space V which is invariant under the inertia
group I, (see §3). Artin’s conjecture states that L(s, L/K, x) can be extended to an entire
function (except when x is the trivial character, in which case there is a simple pole at s = 1).
Following [!], we recall the definition of the archimedean part L(s, x) of the completed L-
function associated to the irreducible character x. Let v be an infinite place of K (that is, v
is a real embedding or a pair of conjugate complex embeddings). Let w be a place of L
over v. For the couple (w,v), the analogue of the decomposition group is a subgroup G/,
of G which is trivial if v and w are both real or both complex, and which is the group of
order two generated by complex conjugation otherwise. If we denote

Ta(s) = f%rG) . Tels) = Dr(s)Tr(s + 1),

then the Euler factor at v is

. G . G
Dg(s)dm V7 Dy (s + 1)0dmV"" if 4 s real ,

v 78 =
wlx8) {Fc(S)X(l) if v is complex .
12



The archimedean part of the completed L-function associated to x is then defined by the
formula (recall (17))

(18) L(s, Xoo) = H% X
We are ready to prove the following explicit formula for the function

by LK) = 3 x(el) ’“’ n(log(Np™ /).

p<a0k
m>1

Lemma 4.1. Let L/K be a Galois extension of number fields, denote G = Gal(L/K), and
let x € Irr(G). Under Artin’s conjecture for L(s, L/ K, x), for anyn € Ss and x > 1 we have
the formula

1

Un(a; LK, X) = 25 L, (50, Zxﬂx—”(—)w (v 3 log(A(x) +2).

where p, runs through the non-trivial zeros of L(s, L/ K, x).

Proof. Let 7,(s) = L(s,Xoo)A(X) 2. Since we assume Artin’s conjecture, we can use [11,

Thm. 5.11] for the test function ¢: n — n(log(n/z))/nz. Note that our assumptions are
weaker than those in [I1, Thm. 5.11], however going through the proof one sees that our
hypotheses are sufficient for [11, (5.44)] to apply (see e.g. [16, Th. 12.13] and [!]). Let
us recall what is the relevant von Manglodt function A, in this case (it should satisfy [11,
(5.25)]):

=Y > log(p!)x(¢})  (pprimet€N).

feé=t  plp
fp/p)=r

Indeed, by [15, p. 11],

L'(s,L/K,x) .S Z x(pp) log Np

(S L/K X p<1(9 >1 _/\/’psf
p prime
_ wp 1ogp

fp/p)=f
13



Then, the first term on the left hand side of | (5.44)] is given by

ZA log n/x ZZ Z log(p?)x (0, )n(log(p' /)

1
n>1 pt fl=t  plp p?
fe/p)=f

log(Np)x(¢p)n(log(Np*/x))
DRI

p,t fl=t plp

flp/p)=f
_ Z Z Z log( NIJ )x (¢ ﬁ)ﬁ(log(/\/lﬂg/x))
p,¢ t=0 mod ¢ _/\/’pg
f(P/p) t/L

Reindexing the sums, we obtain

ZA log n/x Z Z Z log(N'p)x () n(log(Np’/x))

4
n>1 Pl '>1 plp /\/p2
flo/p)=t'
Z Z log(N'p)x )Tl(log(/\fpz/x))
- z
pL plp sz
log(NVp)x ()0 (log(Np*/x))
*Z Z :wn(%L/KW)
/\/ p>
A similar calculation shows that the second term on the left hand side of [I1, (5.44)] is

exactly ¢, (™% L/K,X). This translates into the formula
Ol LK)+ o™ ) = fls(0) 0 A + 6y
(19) | 1 =Gt NG —it) it - 2
"o oo< - ) (2¢) dt—Z:p < 270 >+O( )

27 ’Vx(% + it) ’Yx( t)

where the error term accounts for possible trivial zeros of L(s, L/K,x) at s =0.

To handle the contribution of the integral of ~-factors we use (18) as well as [16, Lemma
12.14] that applies to our case with the choice J(u) = n(27(u—logx)). Up to the multiplica-
tive constant (1) the contribution of any infinite place v of K is bounded by an analogous
integral where the y-factor appearing is the Euler I' function. We can then combine [16, Th
12.13, Lemma 12.14] and [, proof of Lemma 2.2] (note that we are using the assumption
that 7 is differentiable here). To conclude, we use the upper bound [K : Q]x(1) < log(A(x))
from Lemma 3.1. O

In Section 5, we will apply Lemma 4.1 to approximate Mn(U, L/K;t,n,®) (recall (4)). A
positivity argument will then be applied to this approximation producing convergent sums
over zeros of the form

(20) Zh< 27rz_>' %h< 27rz_>
14



where p, runs through the non-trivial zeros of L(s, L/K, x). Note that these sums take into
account the multiplicities of zeros, by convention. As for the involved test function, we will
work with 75, the set of non-trivial measurable functions h: R — R having the following
properties. We require that £ — £h(€) is integrable, and that, for all £ € R, we have the

bounds
—2-95

0 < h(€) < (1+ €))7 (log(2 + [¢]))

Moreover, for all t € R, we have that'’

h(t), B (t) < el

Note that if n € Ss is non-trivial, then h, := 7* € T;. We may extend h to the domain
{s € C: |Jm(s)| < £} by writing

(21) h(s) := /R 2™ (£)dE.

Lemma 4.2. Let L/ K be a Galois extension of number fields of group G, and let x € Irr(G).
Assume Artin’s conjecture for the extension L/ K. Then for any h € Ts, we have the pointwise
estimates

(22) b(x; h) = h(0) log A(x) + On (x(1)[K : Q]);
b(x; h) <p, log(A(x) + 2).

Proof. To estimate the sum b(x;h) defined in (20), we set = 1 and n = I in the explicit
formula (19), resulting in the identity

o) = £ RO 00 3 [ (R S =) )
—U5(L; L/K, x) — ¢5(1; L/ K, X) + On(1).

We have already seen in the proof of Lemma 4.1 that the contribution of the gamma
factors is < x(1). Moreover, we have the bound

(23)

log(N'p)
Ur(L L/K, ) <n x(1) Y —=——
ooyl Np(1+2)m
m>1
(24) log
ST 5 e
2 e p<1 K
(p/p)
The first claimed bound follows. As for the second, it is a consequence of Odlyzko type
bounds (see e.g. [17, Theorem 3.2]). O

The next step will be to obtain an average bound on by(x;7?). Precisely if t: G — C is
a class function and n € Sy, then we analyze in the following lemma the variance defined
in (6).

0T he integrability of & — £h(€) implies that T is differentiable (see [12, p. 430]).
15



Lemma 4.3. Assume Artin’s conjecture and the GRH for the Galois extension of number
fields L/ K, and let n € Ss. Then we have the estimate

(25)  w(L/K. tig) =a(?) D [t log A(x) + E(L/K, t;n) + Oy ([K : QAia(t)) |
xEIrr(G)
where'!

Moreover, we have the bounds

. 1 v(L/K,t;n)
a([7] )/\1,2(75)(1 — 50y (W» = T : Qlog(rdy)

< al@Pualt) (1454 0o 57)):

(27)

Proof. First observe that by (22), we have the estimate
> P0G %) = el Y (TP log A(X) + Oy ([K : Q) Ais(t)) -
x€lrr(G) x€lrr(GQ)

Then, we remove the contribution of real zeros as follows:

Y ORGP = bolx, A1) < ) [H00Pord,_y L(s, L/ K, x)

2

x€lrr(G) XEIrr(G)
2 log(A(x) +2)
<, Y ltoP =,
xEIrr(G) logQ(A(X) + 2) x(DIK:C]
by [l1, Proposition 5.21]. The first bound on E(L/K,t;n) then follows directly from

Lemma 3.3. As for the second, we have that

~

~ N N tX 2
S FOOR0 ) — bl 7)< (max TODY orq g (s)
x€lrr(G) X(l) 2
x€lrr(G)
2\ log(dr, +2

<<n< iy X )|> og(ds +2)

XEIrr(G X(l) IOgQ(dL + 2)
thanks to the decomposition (r(s) = [], cp(q) L(s, L/ K, X)X(l and [11, Proposition 5.34].
Finally, (27) follows from combining (25) with the bounds in Lemma 3.2. O

In view of (27), one may wonder if we can still produce a lower bound if S; is close to 1.
In the next two lemmas we show that in this case we can still estimate by(x, k) in terms of
log A(x). The idea here is that if 77 does not vanish on an interval containing sufficiently

many imaginary parts of L-function zeros then we can deduce the required estimate. For
x € Irr(Gal(L/K)) we will denote, assuming GRH for L(s, L/ K, x),

N(T,x) = {p: 0 <Re(p) < 1,[Im(p)| < T, L(p,L/K,x) =0},  (T'>0).

HNote that only the first term of this minimum will be used in this paper - the second is present for
future reference.
16



Lemma 4.4. Assume Artin’s conjecture and the GRH for the Galois extension of number
fields L/K. Let G = Gal(L/K) and x € Irr(G). For allT >0 and all 0 < e <1 one has

€ T + e\ x(WK:Q]
N(T—FE’X)—N(T,X):;lOg( <27Te) )

log((A(x) + 2)(4T + 1)K
logy((A(x) + 2) X (4T + 1))
In particular, if € > k(logy(T + 3))~! and

+0

+[K QD).

[K : Q]log T)
log(rdy, + 2)
where k > 0 is a large enough absolute constant, then we have the bound
—~ € ~ T + e\ x()[K:Q]
S OPNT 420 = NTo0) 2 o 3 Pl (A00(5—)" ).
x€lrr(G) x€Irr(G)

In case rd;, < 1, then the assumption € > rk(logy(T + 3))~' is sufficient (i.e. (28) is not
required).

(28) (1——5%)_1§§Kf4slog2@dL—k2)<l—%

Note that the condition & > r(log,(T + 3))~! implies that € or T is large enough, which
ensures that N(T' +¢,x) — N(T, x) # 0.

Proof. With notations as in (18), we combine [0, (4.1)] and [0, Theorem 5] to obtain

!/

1 L
N(T4e)-NT0 =1 [ Re(T(h+ it
T<|t|<T+e

™

(29)

O<1og((A(X) + 2)(4T + 1)xWIE:al)
logy((A(x) + 2) "0 (4T + 1))

To evaluate the main term we use the computations [11, (5.35) and (5.36)] in the context
of [6, (4.1)]. Precisely the factors of L(s, xo) have the following contribution in the range
[T, T + €] of imaginary parts of critical zeros:

© log ( [Am ) | Q) ((T 1e) 1og¥ ~Tlog - — e) +O([K : Qlx(1))

)+ Ol - Qx(1)

T lK:Qlx(1) T 2
- %log (ﬂﬁzgx)a)) L S]X(l)glog (T; 8) +O([K: Qlx(1)).

which leads to the first estimate. In order to prove the second part of the statement, note
that

oy OBAG) + 20T + 152 o los(AL0 +2
2 R o rmmar ) < O o + 2y
~ 12 log(4T + 1)
FK:Q D! .
xe%r%(}) * * log, ((A(x) + 2) x0T )

Moreover, Lemma 3.2 implies the bound (recall (10))
Z [£(x)|*log A(x) > (1 — S;) log(rd)A2(t)[K : Q]

x€lrr(G)
17



The stated lower bound then follows from (29) and from Lemma 3.3 and Lemma 3.1.
Indeed the main term is greater than twice the error term under the stated assumption.
Finally note that if 2 < rd; < 1, then Lemma 3.1 implies that log(A(x) + 2) < [K : Q]x(1)
which is sufficient to obtain the stated lower bound. The only case not covered by this
condition, which corresponds to L = K = Q, can be trivially handled separately. U

Building on Lemma 4.4, we can now deduce an estimate on by(,7?) (recall (7)) in terms
of log A(x) under a support condition on 7.

Lemma 4.5. Assume Artin’s conjecture and the GRH for the Galois extension of number

fields L/K. Let G = Gal(L/K) and lete, T > 0 be such that T > k and ¢ > k(logy(T+3)) 71,
where k > 0 is absolute and large enough. Assuming that 1) does not vanish on [T, T + €] 2,

then we have

(30) L/ tin) =, Y [H00) log(A(x)+2).
x€lrr(GQ)
Proof. By definition, we have the lower bound
b T) 2 (N(T +e,x) = N(T,x)) | min 71" > log(A(x) +2),

by Lemma 4.4 and our hypotheses on £ and 7', which imply that the main term in this
lemma dominates the error term. As a result,

V(LK tin) >, Y [H00F log(A(x) +2).

x€lrr(G)

The upper bound follows directly from (22). O

5. PROOF OF THEOREMS 1.1 AND 1.4: INDUCTION AND POSITIVITY

In this section our main goal is to prove Theorem 1.1 and Theorem 1.4. This will be
carried out through an application of positivity in the explicit formula obtained in Lemma 4.1
(positivity will circumvent the need for the LI hypothesis). Notice however that doing so
directly with the Fourier decomposition (recall the definition (3))

%(%L/KJ): Z RX>¢n<x7L/K7X)

X€Elrr(G)

will yield bounds which we believe not to be optimal (unless K = Q). To obtain con-
jecturally optimal bounds, we will first apply the inductive property of Artin L-functions.
This is the purpose of Lemma 5.1. The following step, Lemma 5.2, will consist in approxi-
mating the moment we study M, (U, L/K;t,n, ®) by the quantity 5n(U, L/K;t,n,®) which
involves zeros of Artin L-functions. A lower bound for lN)n(U, L/K;t,n,®) will be produced
in Lemma 5.6 by combining two preparatory results: a combinatorial inequality which we
believe is of intrinsic interest (Lemma 5.3) and a statement which is more representation the-

oretic in nature and deals with L-function zeros relevant to the moment Mn(U ,L/K;t,n, @)
(Lemma 5.5).

12Recall that in (28) the constant x > 0 is absolute. Note moreover that if 77 does not vanish, the condition
on 7 is always fulfilled with ¢ = occ.
18



We recall that L/K is a Galois extension of number fields of Galois group G, and t: G — C
is a class function. If F' is a subfield of K such that L/F is Galois of group G, then we
form the class function on G induced by ¢ in the following way

= IndS (t): Gt = C, tT(g) = Z t(a~'ga) (g€ GT).
aGeGT/G:
a~lgacG
Through this section, one should keep in mind that if we assume Artin’s conjecture
for L/Q, then we expect in most cases to obtain the best bounds by selecting F' = Q.
On the other extreme, one may always take F' = K and obtain non-trivial bounds.

Lemma 5.1. Let L/K/F be a tower of number fields for which L/F is Galois, let G =
Gal(L/K) and Gt = Gal(L/F). Forn € Ss and for any class function t: G — C, we have
the identity

(31) Uy (z; L/ K, t) = 9, (x; L/ F,t").
As a consequence, for any ® € U we have the identity
(32) M (U, L/ K;t,0, ®) = My(U. L/ Fit*, 1, ®).

Proof. The equality (31) is stated and proved in [7, Proposition 3.11]. As for (32), it is a

consequence of (31) combined with [7, Lemma 3.15] and the equality £+(1) = (1), which is
a straightforward application of Frobenius reciprocity. O

We now approximate the moment Mn(U, L/K;t,n,®) by a sum over zeros of Artin L-
functions. If L/F is a Galois extension of group G, then we define for every integer n > 1

DU.L/Fitn®) =yl Y ([]Mw)

X1y Xn€lrr(GT) - =1

(33) - n
~ ’YX
< 2 B 0ne ) ITa(52),
Yxp o Yxn 70 j=1
where v,,,...,7y, run over the imaginary parts of the non-trivial zeros of the Artin L-

functions L(s, L/F,x1),...,L(s,L/F, xy).

Lemma 5.2. Let L/K/F be a tower of number fields in which L/F is a Galois extension
satz’sfymg Artin’s conjecture and GRH. Let t: Gal(L/K) — C be a class function and let

=1In dgg} %f( t. Then forn e S5, ® € U, and n € Z>, we have the estimate

(k[ = Q] A1 (tF) log(rdy + 2))”)
U ;

M, (U, L/K;t,n,®) = Do(U, L/F;t+, 5, ®) + 0(
where Kk, > 0 is a constant which depends only on 7.
Proof. Let G* = Gal(L/F'), and recall that by Lemma 5.1, one has

M, (U, L/ K;t,n,®) = M,(U, L/F;t*,n,®).
Combining the Fourier decomposition

wn<eu; L/F7 t+> = Z {—T_(Xﬁ/}ﬁ(eua L/F7 X)

x€lrr(GT)
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and Lemma 4.1 results in the estimate (recall that Frobenius reciprocity implies t?“(l) =t(1))

Uyles L/FE) =T, = Y B0 iR

XEIrr(GT)
+0,(e7F D2 1F(Iog(A00+2) ).
x€lrr(GT)

By Lemma 3.1, the error term is <, e 2[F : Q]log(rdz)A;1(t*). The claimed estimate
follows from substituting this expression in the definition (4) and applying the bound

e (23] < log(A(y) +2),

Tx

(34)

which is a direct consequence of the Riemann-von Mangoldt formula (see e.g. [11, Theo-
rem 5.8]). O

Our goal will be to apply p081t1v1ty on the rlght hand side of (33). The idea here is
that by our conditions on <I> t+ and 7], the quantity D, (U, L/F;tt,n,®) is a sum of positive
terms. The rapid decay of ® should imply that only the terms where ~,, + -+ 4+ 7, is
very small contribute substantially to the inner sum in (33). However, if the zeros enjoy
on average the diophantine properties of “random” real numbers, then we expect this to
be the case only when the p,, come in conjugate pairs, that is for each j there exists 7(j)
such that vy, = —vy,,,- Moreover, we also believe that this should force x; = Xx(;)- Those
two facts follow from an effective version of the linear independence hypothesis for Artin
L-functions (see [7, Introduction] for the precise statement). The positivity condition will
allow us to circumvent this hypothesis.

Let us first establish the following combinatorial result.

Lemma 5.3. Let I' C R be a countable multiset, and let a = {a,} eru—r be a sequence
of complex numbers such that a_, = @, and moreover Z'yef lay|? < oo, where by convention
sums over v € I' take multiplicities into account. Define

‘
Sor(@) = Z H Oy oy

Y15 YeED Y] ey €T Jj=1
VYER, #{ gy =v}=#{iv;=—7}

Then, Sa(a) € R, and moreover for every positive integer £, we have the inequality

(35) Sa(a) > €!<Z w?)“ max { D ay* = e — 1)MeV", 0} :

vyel ver

where M := sup {|a,|: v € T'}.

Remark 5.4. For £ = 1, note that £1¢(¢ — 1)M?e'/* = 0. In fact, in this case we have
Sa(@) = 3 ermylay* > 30 cplay|?, where m, is the multiplicity of 4 in T'. Indeed, by
definition m_, = m,,.

Proof of Lemma 5.5. By Remark 5.4, we may assume that ¢ > 2. For any integer r > 1
and any r-tuple n = (nq,...,n,) € N, which is a partition of ¢ in the sense that n; < n;4

for all 4, and ), n;, = ¢, we denote by s; the number of indices ¢ > 1 such that n;, = n,
20



and inductively by s; the number of indices ¢ such that n; = n,, ;1. Note that if ¢ is the
“number of distinct parts” in the partition (nq,...,n,) of £, in particular s, = #{i: n; = n, },
then one has sy +---+ s, = r. We set

C(")Zc(nl,...,nT):< ’ );

Niy.o. ny ) silev-s
where we recall the definition of the multinomial coefficient
( 14 ) B 14
Ny, ... Ny nil-onpl
In particular ¢(1,...,1) = 1 since in this case t = 1 and s; =7 = (.

For every v € I, let m, be the multiplicity of v in I'. On one hand we have the following

¢

*
expansion (here we use the notation ) to denote a sum

3 (Dlal) = (X mif) = X em X [[mie,

yel yer nit-fny =L Y1 seeyyr €L =1
MEnes.. Sne Vil 1A

‘without multiplicity”)

Here, we have used the fact that for a given (ny,...,n,) € N” such that n; + -+ +n, = ¢,
the number of permutations of the n;’s such that n; <ny < ... <n, is exactly s;!--- s
On the other hand we have

r 14
* *
_ ni _m; n; M
So(a) = g c(n) E | | myal; g | | myaZ’,
nit-tny=~ Y1,eyr€D J=1 A, e yy €T J=1
Loy yeey Ny

14 L
- Z c(n) (m, N ’nr) Z Hmi?j|a,yj|2nj

n1++n7‘:£ 7177’Y7‘6F ]:1
m<ny <. Vit

which is a real number. The additional factor (m Z m) comes from the number of the sets
#{j < : 7, = =7} = n;. Since the multiplicities m,, are positive integers, the contribution
of n=(1,...,1) to the right hand side of (37) admits the lower bound

¢ V4
* *
2 2 2
(38) 14 E Hmvj\a%\ > /! E Hmﬂ,j\a%.\ :
ViFJ, iV Vit Vi FY

Using (36) we see that the lower bound in (38) equals

(X))~ Y wm) X [l

’YEF nitetne =4 ’717777“61_‘ Jj=1
msn2 s, Sny Vit ] ViV
ny>1
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and therefore we deduce from (37) and (38) that

(30)  Sula) 20( Y Jarf?)

vel’
E T
P Y TTmle [[ms; -0
Nyyeoo, Ny ) - J
n1<+~~~i-nr<—f Yooy yr €D J=1 Jj=1
1> 7’L2r722 - VZ#],"{Z§£’)’]
2 ¢ !
>0( Yo, )~ 1Sy(a),
yerl

where we denote

Wa)= > cn) > Hm Jan,|?

n1++n7‘:€ 717"'7’77‘61_‘
nisnz<..Sne Vi ViV
Nnye>2

T " <! !
[Tj—1 my; <malemy!

Here we emphasize the extra condition H 1 mvj < nq!---n,! appearing in the index set of
the inner sum. This is explained by the fact that r- tuples n such that [T/_; m5/ > n!---n,!

contribute a positive term to the second summand in (39).
To obtain an upper bound for S},(a), we write

=X X dm X I

2<n, <l (n1,..ne_1) Y1yeeyyr €D Jj=1
ni+-+ny_1 Z ny ViFJ ViV
<ns<...< nj
n1SN2%. SN nglm.ngnl!mnr!

Note that (36) can then be used for the partition (ny,...,n,_1) of £ —n, since we have

l 1 14
c(n)zc(nl,...,n,n): <n1 n)mﬁC(nl,...,nr_l)(n>.

We deduce that

(10) CEDY) ( )(Zw) (Z e |>

vyel

my" <!
Next we use the condition m” < (! in the index set of the innermost sum of (40) as well

as the inequality
l l—2
</l(l—-1
(nr> =4 ><nr—2)7
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to compute

bla) <00 > (rfr) (Z |a7|2>€m<2 IaanT)

2<n, <l
{—2 L—ny
< 00— 1) M? ( > 2 M2(ne—2) 2
=0 3 (s (;w) (;w)
< e (M4 Y W?)“1 |
yel’

where we have used the upper bound |a, |[*"" < M?"~2|a,|* and the binomial formula for the
last step. Plugging this into (39) we deduce that

S” (Z la| ) — (e - 1)M2(M2 + Z la, | )H.

To conclude, note that if 3 . a,[* < £(¢ —1)/!M? then we have obtained a trivial lower
bound since Sy (a) > 0 by (37). However if > . |a,[* > £(¢ — 1)¢!M? then we have

(e ) = (Dl (1 ) = (k) e
el ~er ~

and therefore (41) yields in both cases the asserted lower bound

(42) S” (Z la,| ) ~ nax { 3 a2 — (e - 1)M2e1/f,o}.

vyerl yel

(41)

O

The following lemma is an application of Lemma 5.3. It makes use of the classification
of irreducible characters x of G according to their Frobenius—Schur indicator es(x) (see
e.g. [10, Theorem 8.7]).

Lemma 5.5. Let L/F be a Galois extension of number fields for which Artin’s conjecture
and GRH hold. Define G* := Gal(L/F), and lett*: Gt — R be a class function. For{ € N,

let n € S5, ¥ € Trr(GY), and let x1, ..., x20 € {8, ¥}. If ¥ is unitary (that is, ez(¢p) = 0)
then we have the estimate

(43) > TTa(5E) 2 max {eto(wila?) =0, (2= 1po(ws 7)) 0},

ﬂ

Vwegi
#{k<2txke{P P} yxg =)=

where the 7y, run through the multiset of imaginary parts of the zeros of L(s, L/ F,v)L(s, L/ F, 1))
(with multiplicity).
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If 1 is either orthogonal or symplectic (that is, ex(v) € {£1}), then

> ﬁﬁ(;—;)ﬁ(%) > manc {201t (s [7) — 0, (2 0200~ 1w %)), 0},

Y1,-70>0 k=1

#H#{k<lyp=7}=
#{k<ly=—7}

where the Y1,..., %7, ---,7, Tun through the imaginary parts of the zeros of L(s, L/ F,1)
(with multiplicity).

Proof. Let us start with the case where 1 is unitary. One of the difficulties comes from the
fact that some v may satisfy L(5 + iy, L/F,¢) = L(3 + iy, L/F,¢) = 0. We have

#{k <20 xp € {0} =7} = #{k <200 x0 € (8,0}, 7 = =)

We define the multisets

D1(4) = {y>0: L(3 +iv, L/F,¢) = L(3 — v, L/ F, ) = 0}
and

Pa(¢) :={y > 0: L(3 +iv,L/F.¢) =0, L(3 —iv,L/F.¢) # 0},

so that I'1 (¢) N2 (v) = @, Ta()NTa(¢) = &, and Ty () UT (1)) (respectively I'y () Ul (1)))
is a multiset whose elements are the positive imaginary parts of the non-trivial zeros of

L(s, L/F,%) (respectively L(s,L/F,1)). In the multiset I';(z/), we define the multiplicity
associated to v as the sum of the multiplicity of % + 47y for L(s, L/F,v) and the multiplicity
of  —iv for L(s, L/F,1). Note that I';(¢) = I'1(¢). Now, among the 7,, in the sum on the
left hand side of (43), there are 2r elements in I';(¢)) where 0 < r < ¢. Thus we can write

2/
~( Tx
m4_
27
Yx1-Yxe >0 k=1
’YX[+1 ----- '7)(2[<0
7€R,

#{R<2xn € 0,0} e, =)=

(44)

0 5, M)z i)

r=0 N7 N g Yxr €ET'1 () 1 Wxpn ET2(¥)UT2 (¥) k=1
Yer g1 Yxor E-L1(¥) Pt i1 Vxze 2y E—(T2($)UT2())
V~ER, V7ER,
ARSI =)= # (k2= 2rixh= 7, =7} =

k : =— s
#ES2rg == H#{h<2U=2r0, =1 =}
Here, we use the convention that when r = 0, the first sum is equal to 1 whereas when r = ¢,

the second sum is equal to 1.
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Reindexing the innermost sum in (44), we see that

20—2r

)3 [17(5;) = Su-vla)
_ T
Yy sV ET2(1)UT2 (¥) k=1
7)([,,.4,,1 7777 Tx20—or ef(FQ(w)UFQ (a))

VvER,
R <20=2r:xk = 7x, =7} =
#{R<L20—2r:x 1=, 7x, =7}

where Syy_o,(a) is defined in Lemma 5.3, with the choices

D=T@) U@ ayi=7(5-).

By Lemma 5.3, it is
> maoc { (¢ = 1) ba(us %) = 0, ((€ = )1E(e =) (€ = v = Dbaluss %)), 0},
where by(1); |7]?) is the contribution of v € T'y(1)) U Ty (2)) in bo(¥; [7]]?) so that
bo(5 71%) + bo (05 [711%) = ba (95 [711%) + ba (s [7]°)

- (] A A( 2\
nwiit) =2 Y ()] weat =2 Y Ji(g)]-
~eT1 () V€L (1)Ul ()

In the same fashion, we may estimate the first bracketed sum on the right hand side of (44)
using Lemma 5.3, with the choices

[:=Tv); any ::ﬁ(fy).

2

with

By the same argument, the first sum is

> max {T!bl(w; n?)" — O, (7"!21”(7“ — )by (¢ \7/7\|2)T71),O},

Summing over r yields the claimed estimate.
If 4 is either orthogonal or symplectic, then the bound follows at once from Lemma 5.3
with the choices

Pi={y>0: Lk +iv, L/F¢) =0} ay = ﬁ(%)

O

Lemma 5.6. Let L/F be a Galois extension of number fields for which Artin’s conjecture
and GRH hold. Define Gt := Gal(L/F), and let t*: G — R be a class function. Assume
that t* € Rsq and let n € S5, ® € U. For m € N, we have the lower bound

Do (U, L/ F;t",1,®) > pinv(L/F, t+;77)m(1 + O, (m*mlwy(L/F, t*;n))),
where we recall (6) and
erlrr(G+) ‘?+(X)|4b0(X7 ﬁ2)

— 2
(2 etman [F OO0 7))
25
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Proof. Firstly, in (33), we may replace Irr(G*) by C; := supp(i+) C Irr(G*). For simplicity,
let us write (since ¢ is real valued)

CYt = {djla ¢2> s 7¢r17¢r1+17 ¢T1+17 ¢r1+2> s a¢r1+r2> wm-‘rm}?

where 11, ..., are real and ¥, 41,...,%¥ +r, are complex. Note that C}; depends only on
G and t, and ry + 2ry = |Cy]. Given a vector x = (X1, - - - Xom) € (C;)?™, define

Ei(x)={1<k<2m:xy € {¢;,¢;}} (1<j<ri+r),

6,() = [E5(x)1. Note that X7 ¢;(x) = 2m.

Secondly, by positivity of £+ and 7, we may obtain a lower bound on .ngm(U ,L/F;tt n,®)
by restricting the sum over characters to those x = (1, - ., Xom) that are elements of (C;)?™
and (Yyqs - - - s Yxanm) for which for any j <r; 4+ ry and v € R we have

[{k € B;(x): xr € {05, 05} v = 7} = [{k € Ei(x): i € {05, ¥ ve = =7}

Finally, we may further impose that k;(x) := %Ej(x) € N, and we may restrict the sum
over characters to the subset C; ,, of vectors of characters x = (x1,.--, X2m) € C’fm which
satisfy [{€ < 2m : x¢e = ¥;}| = |[{€ < 2m : xo = ¥;}|, for every r; +1 < j < r; +75. We
will also use the fact that for any j < 7 + 7 and for all (x1,...,X2x;) and (7, - .. ,fyx%j)
appearing in the index set of the double sum (33), we have that

#{e B0} = DY #{t:xe € {u 0h e =7} + Y #{0 xe {05,051 =7}

YER>0 v€ER<o

=2 > #{0: xe€ {5, 05} 7 =7}

YER>0

As a result, one deduces the following lower bound:

ng(U L/F;tt n,®)

~s U 2m, 7y
Z ( > Z (I)<%<7X1+' T Vxem > H < - )
X=(X1,--X2m)€Ct2m  J=1 Y1 »-Vxam Z0 j=1
¥k () EN #{REE; (X) Xk €{¥) %5}, =7}=
H#{REE; () xk €05 b, =7}

%

At this point, we notice that the conditions in the inner sum automatically imply that
Y1 o+ Yy, = 0, resulting in the bound

2m 2m
~ N T
Don(U, L/ F; 1+, 5, ®) > > (TT7 ) > H”(ﬁ)‘
xX=(X15--, X2m)€ECt,2m Jj=1 'Yxlv---a'Yx2m7£0 J=1

Vi, kj(x)EN Vj<ri+ra,VyER,
#{kEE]' (X)Xk E{w]' aﬂ}vvxk :7}:
#{eE; (x) Xk €{¥; %5 b yx, ==}
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Next we stratify the first sum according to the values assumed by k;(x). Given a vector

k = (ki,..., ke 4r,) € N2 guch that k1 + -+ + k., 4, = m, we need to evaluate the sum
2m 2m ~
Pyp— /\ o~ X]
D)= Y (Ht () 3 TTa(2).
X:(Xlu-“)XZ’m)ect,Qm =1 Yx1 "/X2m7£0 7j=1

Vj, kj (X):k] Vj§r1 —+ro ’VLGR7
# k€ E; () 0r €05, 85 by =7}=
#{REE; (x) Xk €{0j .5 vy =}

Now, note that since ¢+ and ¢+ are real-valued, we have that

)

PP (R) = P (0T = (B ().

Hence, after reindexing we obtain the identity

o=y, M, I (o £ T )

j:1 (Xl"“)X?kj)ect,ij Ix1oe ’VXQk 7'&0 k=1

VE<2k;,xeE€{v; 5} VWGR
#{k<2k;yx, =7}=
#{k<2k; T =—~}

Let us now evaluate the inner sum

o;(k;) = > > (%“>

(X1’~~-»X2kj)ect,2kj Vxy o ’7X2kj7£0 k=1

VE<2k;, xe€{v;,9;5} VYER,
#{k<2k;: vy, =7}=
#{k<2k;: Tk =—~}

Reindexing, we obtain the identity
2k; ki Tk Vi
o= (3 (0
a;(k;) (k]) Z | [17(5, (5
VooV > 071507, <0 k=1
VveR,

#{k<kjyp=}=
#{k;<k<2k;v,=—7}

where the v; and the 7} are running over the positive (respectively negative) imaginary
parts of the zeros of L(s, L/K,;)L(s,L/K,%;). Applying Lemma 5.5, we deduce that
for j > r; +1 (i.e. 1, is unitary),

| . etk (ky — 1
0;(k;) > 2% piog, bo (¢35 [7]*)" max {1 - On(%)’o}’

bo(v5; 1]
2k;
k | = 2 j
(kg) M2k, -
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Now, if 1); is either orthogonal or symplectic (i.e. j < ry), then we may fix the sign of the
imaginary parts 7,, and deduce that

2k;

zkj fos ’ka
7ilh) = (k) > ()
~~~~~ Y >0’Vl,-..,'y <0 k=1
VyER,
#{k<kj=7}=
#{k]'<k§2k‘j:’yllc:—'y}

We invoke Lemma 5.5 once more and deduce the bound
PN kilk;(k; — 1)
73(k;) = panbo(thy: i) max {1 — 0, (B2 o,
PN = O "\ bo (g []?)
Putting everything together, we deduce the overall bound

(46) Do(U, L/F;t*,n,®) > > (2k1 ..2m >

2k
K seeesbiry 4y €N et
k1+-~-+kr1+r2:m

1 ri+r2

o T (B oot [P)) TT (20 B () oot ) )
/=1 l=ri1+1
ey keolko(kp — 1)
X H max{l — OW(W)’O}

Let us first evaluate the main term in this expression. By the identity

2m, ritre m
<2k1, e 72kT1+T2) jH Hij B (kl) ey kr1+rz)u2m

=1
and the multinomial theorem, the main term is equal to

1472

M2m(zt+ o) bo(the; [717) +2 D T (1) bo (s (7] )) = pam?(L/F,t7m)",

=71

which is equal to the claimed main term.

As for the error terms in (46), recall first that they vanish whenever k, € {0,1} (see
Remark 5.4). Next we handle the contribution of indices k; > 2 to the error terms. Using
the identity

ri+r2 r1+r2

Hmax{l—xg,O}Zl—ij (xg > 0),
=1 Jj=1

we see that we need to multiply the main term in (46) by

r1+r2 _ r1+r2 —
g max {1 +O<kzi]z:p(ie\ﬁ|2;)) 0} 21+0( 2 bo( wfw ; )
o >2
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We obtain an error term which is

r1+72 1

- Ek (ks — m
St X p T, 2 b PR

.k
1seey krl +7r9 eN R
k1 ++k71 +ro=m

k;j>2
oo, r1+7r2 R

< TT (7™ bowes i)™) TT (25 (o)™ bolwes i)™ ).
(=1 (=r1+1

Finally, notice that
m m—2
ki(k; —1 = -1
(s )<k1k+) m(m >(k1,...,kj —2,...,kT1+r2)’

and hence the error term above is

7"1—&-7“2/\ LI 7“1-1—7“2/\ m—2
< mPmipua (3 () oty ) ) ( Do T (e olubs A1) +2 3 B (ol 1))
J=1 =1 l=r1
r1+r2
< o (LI F )l (37 7 () ol 7))
j=1

Proof of Theorem 1.1. The claimed bound (8) follows from combining Lemmas 5.2 and 5.6.
U

Proof of Theorem 1./. The first part follows from Lemmas 4.2 and 4.5. More precisely, the
bound

SO <y > [H)I log(A(x) + 2)

X€E€Irr(GT) X€EIrr(GT)

follows directly from Lemma 4.2.
Next (11) follows from Lemma 4.3. We will also apply this lemma to prove the last claimed
bound on wy(L/F,t*;n). Note that by Lemmas 3.2 and 4.2 we have the upper bound

YOG 7%) < Aa(th)[F : Q)log(rdy, +2).
x€lrr(GT)
Lemma 4.3 then implies that
1 Ara(tt 1 -2
14l (1-8 - 0(p—5)) -
[F': Q]log(rdy + 2) Ay 2(tF) log, (rdy, + 2)
Moreover, we have the trivial bound

+ +
Aa(?) - deallh)
A2(tH)2 = Apa(th)? —

The result follows. 0

wy(L/F, %) <y

Finally, we prove Corollaries 1.10 and 1.11.
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Proof of Corollary 1.10. We will argue by contradiction. Assume otherwise that for all large

enough z,
1 1

bl LK) — 1| < e@)zicyy .,
where

A
Crper = [F Q) log(rdp)A15(¢) (1= 8o - log, (rd;, + 2))’
2

A > 0 is an absolute and large enough constant and e(z) monotonically tends to zero as
x tends to co. Let n = ng * 19, where 7y is a non-trivial smooth even function supported
n [—1,1]. We then have that for large enough =z,

ot /1) =0ty (3) = [T D (ot /8 ) ~ )

_ /'e2x 7' (log(%)) — %naog(%))
e 2g y%

1
< 8(6_216)0;117#.

(V(y; L/ K, t) — t(1)y)dy

Now, for any large enough 0 < U; < U,, this implies the bound

Uz
/ (e L/ K, £) — H1)e? £,(1)) du < (e 2V 2(Us — UL)Crpsr.
U

Moreover, (31) implies that
Yy(e"; L/ K, t) =, (e*; L/F, tJr) = Z ?+(X>¢n(eu; L/F,x).
x€lrr(GT)

We may apply Lemma 4.1 in which we can bound the second term on the right hand side
trivially (under GRH), resulting in the overall bound (recall that ¢(1) = t+(1))

Unles L/K, 1) —H(1)es £,(3) < Y [E7(x)|og(A(x) +2) < Aa(t7)[F : Qllog(xdy, +2).
X€Irr(G+)

This then implies that

/0 (g (" LK 1) — T(1)ed £,(2) du < Uy (Ara (49)[F : @] log(xd,, +2))°.

As a result, picking any even integrable function ® supported in [—1, 1], we deduce that
U, — Uy
Uz
Picking for instance U, = U?, this will eventually contradict the lower bound in Corol-
lary 1.9 (combined with Theorem 1.4). Indeed, the bound S+ < 1 — k(logy(rdy + 2))~*
implies that rdy, is large enough (since & itself is large enough), which in turns implies that

wy(L/F,t",n) is small enough by Theorem 1.4.
We now show that there exists a value e’' < z < eV2 such that

U
My(Uy, L/ K, t,n,®) < #(AIJ(#)[F o) log(rdL))2 + e(e7%et)? Crop i+
2

~ 1 1
w<x7 L/Kvt) —t(l)&? >>x§C}27‘,L,t+7
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where Uy = U and Uy = B pi:U. Assume otherwise that for all € > 0 and for all exten-
sions L/K and class functions ¢, there exists arbitrarily large values of U (depending on ¢,
L/K and t) for which for all z € [e1, e"2],

~ 1 %
Y(z; L/K 1) —t(D)z| <ex2Cpp .

One can deduce following the lines above that

U
My(e2Us, LK, t+, 0, ®) < 71()\1,1(#)[17 - Qlog(rdy))? 4 eCrp s
2

Once more, this will contradict Corollary 1.9 if

Us > k| F 2 Q]log(rdy, + 2) logy (rdy, + 2)A 1 (t7)? /A 2(t1),
U = k101 2(t7) /([F - QA1 (t7)? log(rdy, + 2) log,(rdy + 2)),

where ko > 0 is large enough and x; > 0 is small enough (both in absolute terms). U

Proof of Corollary 1.11. The proof goes along the lines of that of Corollary 1.10. By Lemma 5.1
applied to the tower L/L/K and Lemma 5.2 applied to the trivial tower L/L/L,

—~ —~

M,(U,L/K;|G|1e,n, ®) = M, (U, L/L; 1.,n, P)

(oK O] ogledy +2)")

— Do(U,L/L; 1., 1, ®) +O< =

Moreover, by Lemma 5.6,
EQm(U, L/L;1.,m,®) > pomv(L/L, 1 n)m(l + O, (QO!w4(L/L, 1. 77))),

where
1
v(L/L,1.;nm) = bo(x0: 7°):; wy(L/L,1.:m) = ——————.

Now, Lemma 4.2 implies that

(47) bGP = h(0)logdy + O, (L Q)) = h(0)logdy (1+0 (m))

resulting in the overall bound

—~ ~ m m?m)
Mo (U, L/ K |G| 10,77, ®) > piam (R (0) log dL)m<1 n 0n<10g(rdL 5 Tads 1 2))>

+O<(f<en log(cg +2))2m>'

The rest of the proof is similar. O

6. APPLICATION TO SPECIFIC EXTENSIONS AND CLASS FUNCTIONS: PROOFS

This section is dedicated to the proofs of our results for specific Galois extensions, which

were stated in §2.
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6.1. D,-examples. In this section, we prove Propositions 2.1 and 2.2. With notation as
in these statements, we recall that among the %(n + 3) isomorphism classes of irreducible
representations of D,,, exactly two have degree 1: the trivial representation and the lift of

the nontrivial character of D,, /(o) which is defined by
Wlo) =1, Y(ret) =-1.

The remaining (n — 1) irreducible representations of D, have degree 2; the associated
characters are given by

xn(0?) = 2cos(2whj/n), xn(to®) =0, (he{l,... (n —-1)}).

Proof of Proposition 2.1. First note the following useful fact: for any integer j such that n { j
we have
(n—1)/2 (n—1)/2

1 , 27hy sin(mj/2 — 7j/2n) Tj T 1
48 oy J - < ) — <— —) = ——,
S ; xu(0”) ; P\ sn(rm) P2 T, 2
(1) If one considers t = |D,|1, the indicator function of the neutral element of D,,

then () = x(1) for any y € Irr(D,) and thus one computes for any a € D,,:

(n—1)/2
. X@EC)P =1+¢a)+4 Y xala).
X€EIrr(Dn) h=1

If @ = e, this sum equals \j2(t) = 2+ 4(n —1) = 4n — 2. If a is in the conjugacy
class of 7, then this sum vanishes, and finally if a = o7, then the sum equals —2 by (48).
Therefore S; = 1/(2n — 1).

(2) Consider the class function t = 1(,,-1y (for which ¢(x) = x(c)/n for any x € Irr(D,,)).
One has for any a € D,,,

1)/2

> @l = niz o (os (Z1))".

x€lrr(Dy)
If @ is conjugate to 7 then this quantity vanishes. Also, for any j’ € {1,..., %(n — 1)}, one
has
(n—1)/2 .
SN 2 8 2mhyj’ 2mh\ \ 2
J 2 _ 2 4 -
Z X(e)|t(x)|* = = + — Z COS( . )(cos( " )) .
X€Irr(Dn) h=1

By linearizing the product on the right hand side, we see that the maximal value of the left
hand side is attained at j* = 2. Using (48) we can compute

(n—1)/2
—~ 2 4 4mh 4rh\2 n—2
> MNP = 5+ o5 3 (eos (S) +eos (T5) ) =T
XEIrr (D) h=1
Moreover one has
S gy "2 dmhy\  2(n— 1)
Mo = Y XOEE ==+ L cos (= )) = =5
XEIrr(Dn) h=1
We conclude that S; = 2(11__—21//7;)
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(3) Finally consider ¢t = 21.+ 1, ,-1;. Unlike 14, ,-1y, this class function has non-negative
Fourier coefficients. Indeed one has

(1) =) = 2, t(xn) = z(l + cos (@>> = écos (ﬂy, (1<h<i(n-1)).

n n n n n

Therefore one has for any a € D,
—1)/2
~ 1+ ¢(a 6 dmh\4
S x@ifoP = LD IO s (A7)
X€Irr(Dy) h=1

Using (48), one finds that this sum equals 2(3 — 2) if a = e. If a is in the conjugacy class
of 7, the sum vanishes. If a = ¢/ and assuming n > 5, applying standard trigonometric
identities as well as (48), we see that this sum is equal to

2 321 1 n—1 1 1 n—1
—+— _<__'1j¢74modn+—']—jzf4modn>+_<_§']—j$4modn+ '1j54m0dn>

n2 n2|4 2 2 4 2

1 1 n—1 1 1 n—1
+E<—§'1j¢78modn+ 9 '1j578m0dn>+1_6(_§‘1j¢8modn+ 9 '1j58m0dn> :

Clearly, this quantity is maximized when 7 = +4 mod n, in which case it is equal to %(2 -4,

_a
Overall one concludes that S; < gfg— < % O

Proof of Proposition 2.2. Set t = |D,|1.. One has
32(n —1
Aat)= Y x()?=[D=2n, ut)= D x(1)°= 2+¥ = 2(8n—T7).
XEIrr(Dn) XEIrr(Dy)

We apply Theorem 1.4 for K = F = Q, and L/Q a D,-extension. Therefore G* = G and
tt = t. Moreover AC holds for L since it is a supersolvable extension of Q. Therefore
applying Theorem 1.4 we deduce

1

wi(L/Q,tm) < nlogrdy,

As for the variance, Theorem 1.4 gives

v(L/Q,t;n) 1
a([n?)(4n — 2)logrd;, ‘ = 2n — 1 * O(logQ(rdL + 2)> '

Putting this together, Theorem 1.1 gives that for fixed m € N,
MQm(Uv L/Qv t,m, (I)) > MQmV(L/K’ t; 77)m(1 + OrdL—>OO(1))
. 1 m
>t (@((i?) (2= =) logdr ) (1 + 0ra (1) -

as soon as (logdr)™ = 04, 00 (U).
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6.2. Example of a radical extension. In this section we prove Propositions 2.3 and 2.4.
Notation is as in §2.2. The non trivial conjugacy classes of GG are:

U::{((l) 7{):*;&0}, TC::{(S T):*EFP}, (c#1).

One has |U| = p—1 and |T.| = p for every ¢ € F, ~ {0,1}. As for the characters of G,
exactly p — 1 of them have degree 1: these are the lifts of Dirichlet characters x modulo p

by {(g Cli):ceF;,der}ﬁ(Z/pZ)Xﬁ(Cx, W((S Cf)):x(c).

Finally G has a unique irreducible character ¢ of degree > 1. The character table of G
summarizes the information:

(IdY [ U [T., c£1
1

Uy L1 x(o
9 |p—1|-1 0

Proof of Proposition 2.3. Take t = |G|1., so that t(x) = x(1) for all xy € Irr(G). Then for
any a € GG, we have

> x@F = Y x(an) + (p—1)%0(a).
x€lrr(G) x mod p

(Here a; 1 denote the coefficients in position (1, 1) of the matrix a € G.) This sum vanishes
at a € T, for any c¢. The value of the sum at a € U is —p(p — 1) and finally, at a = 1, the

sum is (p — 1) + (p — 1)*. Therefore
1
St = —F——F—5~ .
Tp(1-2+2)

Take t = 9 which is real valued with ¢ non negative. Then
> x@PP=0(), (a€G).

XEIrr(G)

Therefore Sy = ﬁ. O

Proof of Proposition 2.4. One has

Ma(lGL) = Y x(1)?=pp-1), M) =9(1)=p—1.

xE€Irr(G@)

Moreover in the course of the proof of Proposition 2.3, we have shown that

Ma(|Glle) =(p - DA+ (p—1)%),  Ap@)=p-1.
Finally one computes
Ma|Gl) = > x(1)P=@-DA+@-1",  Aa@)=9(1)=p—1.
Xx€Irr(G)

Let t be either |G|1. or . We apply Theorem 1.4 for K = F' = Q, and L = K, ,,. Therefore

G = G and tT =t. Moreover AC holds for K, , since it is a supersolvable extension of Q.
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Finally one has d;, = |disc(K,,/Q)| = p**~2a?~Y* (see [13, end of the proof of the Theorem]
and [22, §3.1]). Therefore
logdy, = p*log p(1 + 0p0o(1)), logrd, = (14 0p500(1)) logp.
For every n € Sy, the last bound of Theorem 1.4 gives
1 1

Ka.,/Q,t; =
wa(Kap/Q 77)<<plogrdL plogp

As for the variance, Theorem 1.4 gives
K, , b 1
M Ray/D,10) —1‘§St+0(—).
a(]7?) A 2(t) logrdy, logy(p +2)

Next we use the value of S; computed in Proposition 2.3: S; = 0,,0(1). Plugging these
bounds into (8), we conclude the proof.

O

6.3. Real parts of characters as class functions. In this section we prove Proposi-
tion 2.5. We will need the following group theoretic preparatory result.

Lemma 6.1. Let G be a finite group and let p: G — GL(V') be an irreducible finite dimen-
sional complex representation of G. Let x be the character of p and let a € G. We denote
by [a] the class of a in G/ker p. Then we have the following equivalences.

(1) Ix(a)] = x(1) if and only if [a] € Z(G/ ker p),

(2) |x(a) + x(a)| = 2x(1) if and only if [a] is an element of order 1 or 2 in Z(G/ ker p).

Proof. (1) First assume |y (a)| = x(1). Since x(a) is a sum of x(1) roots of unity and by the
triangle inequality, we obtain that p(a) has a unique root of unity as eigenvalue. Being a
semisimple matrix, we deduce that p(a) is a scalar matrix, thus commutes with every element
of End(V'). Since p induces a faithful representation of G/ ker p with representation space V/,
we conclude that the class of a in G/ ker p lies in its center. Conversely, assume [a] commutes
with every element of G/ ker p. Then p(a) commutes with every element of End(V'). Since p
is irreducible, Schur’s lemma implies that p(a) is a scalar matrix and thus |x(a)| = x(1).
(2) Since |x(a)| < x(1), the equality |y(a) + x(a)| = 2x(1) is equivalent to x(a) = x(1).
By (1), this condition on a implies that [a] lies in the center of G/ ker p with p(a) a scalar
matrix of trace £x(1). In other words p(a) = +Id, i.e. p(a®?) = Id. Since p induces a
faithful representation of G/ ker p this is in turn equivalent to [a] having order at most 2 in
Z(G*/ker p). The converse holds since if [a] is an element of order at most 2 in Z(G/ ker p),
then p(a) = £Id and therefore y(a) = £x(1). O

Proof of Proposition 2.5. Since t+ = XX, then () = s if ¢ € {x,x}, and t+(¢) = 0 for
every other irreducible character of G*. We deduce that S;+ = max,.1 |x(a)+x(a)|/(2x(1)).
By Lemma 6.1(2), we deduce that S;+ = 1 if and only if Z(G/ ker p) has an element of order 1
or 2. This is in turn equivalent to ker p = {e} and |Z(G™")| odd.

U

We see that the particular case where Q = F' = K and Gt = Gal(L/Q) admits a faithful

irreducible character x and where Z(G™) has odd order is precisely that of §2.2.
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6.4. S,-extensions. In the section, we prove Proposition 2.6.

Proof of Proposition 2.6. We begin by noting that following [7, Proof of Lemma 7.4], one
can show that Roichman’s bound [18] combined with the hook-length formula imply that
for any x € Irr(S,),

() s, M0 < (e g, DL

where 0 < ¢ < 1, £k > 1 and b > 0 are absolute constants. For simplicity, let us denote
t = te, 0, We will apply the bound (49) on characters for which x(1) > [|¢]|2(4p(n)z ||t[|1)
Note that

n! n!
ts = — + —=; t =2
We may now apply Theorem 1.4, in the generalized form given in Remark 1.7. Setting
Encnor = {x € Trr(8,) 1 x(1) > [[t2(8p(n)?) '},

it follows that for all large enough n,

Si(Emer.cy) < (max (q’ lOg(kn'z min(|CY |, |C’2|)é) 2n>>b

log n!
log(n!/ min(|Cy[, |Cs])) 24 0nseo(1)\?
< _
= max (91’ (1 2logn! i elogn ) )
s
<1- 9210g(n./mm(|01], ]Cg\))7

2log n!
where 0 < 6; < 1 and 0 > 0 are absolute. We now claim that A\ 2(t, =) > A 2(¢). To see
this, we argue as in [7, Proposition 4.7]. We have the bound

il lell3
st 2 = St

by Parseval’s identity in the form Ag2(t) = ||¢]|3. Moreover, [7, (111)] implies that

3
)\172(15) 2 ||t||2

2v/2p(n)2||t]]:

)\1’2(15, II'I'(G) AN E) <

w\»—A

and as a result we deduce that

)\1,2 (t7 EH;C1,CQ> >>

p(n)ﬁ
We can now apply Theorem 1.1 to deduce the claimed bound. For the case ¢t = ¢, the
proof is identical. O
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