with φ smooth and compactly supported.

Our model problem is to find u ∈ H 1 (R d ) such that

-k 2 µu -∇ • (A∇u) = f where f ∈ L 2 (R d ) is complactly supported, µ and A are C ∞ (R d , C
) and bounded along with all their derivatives.

In the second part of the talk, we will also specifically use the asumption that

f = φe ikd •x
for a smooth compactly supported function φ.
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-k 2 µu -∇ • (A∇u) = f where f ∈ L 2 (R d ) is complactly supported, µ and A are C ∞ (R d , C
) and bounded along with all their derivatives.

In the second part of the talk, we will also specifically use the asumption that

f = φe ikd •x
for a smooth compactly supported function φ.

For the sake of simplicity, we assume that the coefficients are non-trapping:

∇u L 2 (R d ) ≤ C f L 2 (R d ) ∀k ≥ 1. 8/33
.

Shift in position by

m √ π, with m ∈ Z d π -d/4 e -1 2 |y -m √ π| 2
. 9/33 .

Shift in position by

m √ π, with m ∈ Z d π -d/4 e -1 2 |y -m √ π| 2 . Shift in momentum by n √ π, with n ∈ Z d Ψm,n := π -d/4 e -1 2 |y -m √ π| 2 e in √ π•y . The resulting family {Ψm,n} [m,n]∈Z 2d is the Gabor frame. It is dense in L 2 (R d ).
Gabor, 1946. 9/33 We can scale the family with the change of variable x = k 1/2 y , leading to

Ψ k,m,n (x) := k π d/4 e -k 2 |x- √ π/km| 2 e ik( √ π/kn)•x .
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Ψ k,m,n (x) := k π d/4 e -k 2 |x- √ π/km| 2 e ik( √ π/kn)•x .
Introducing the lattice x m := π/km and ξ n := π/kn, we have

Ψ k,m,n (x) = k π d/4 e -k 2 |x-x m | 2 e ikξ n •x . x ξ ∼ k -1/2 [x m , ξ n ] This is still a dense set in L 2 (R d ). We have a grid [x m , ξ n ] on R 2d instead of R d , spaced by k -1/2 instead of k -1 . 10/33 T. Chaumont-Frelet, V. Dolean and M. Ingremeau
Gaussiant state approximations of Helmholtz problems

Think about L 2 (-π, π). Then the family {e inx } n∈Z is a Hilbertian basis.

In particular, we have

v = n∈Z (v , e inx ) L 2 (-π,π) e inx ∀v ∈ L 2 (-π, π).
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Think about L 2 (-π, π). Then the family {e inx } n∈Z is a Hilbertian basis.

In particular, we have

v = n∈Z (v , e inx ) L 2 (-π,π) e inx ∀v ∈ L 2 (-π, π). If v ∈ H m (-π, π), we can actually show that |(v , e inx ) L 2 (-π,π) | ≤ C |n| m |(v (m) , e inx ) L 2 (-π,π) | An easy consequence is that v -v N L 2 (-π,π) ≤ C N -m |v | H m (-π,π) , v N := n∈Z |n|<N (v , e inx ) L 2 (-π,π) e inx .
12/33 T. Chaumont-Frelet, V. Dolean and M. Ingremeau Gaussiant state approximations of Helmholtz problems

A general result on frames is the existence of a dual frame

{Ψ k,m,n } [m,n]∈Z 2d s.t. v = [m,n]∈Z 2d (v , Ψ k,m,n ) L 2 (R d ) Ψ k,m,n .
Christensen, 2003.
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v = [m,n]∈Z 2d (v , Ψ k,m,n ) L 2 (R d ) Ψ k,m,n .
Christensen, 2003.

Our first contribution is to show that

[m,n]∈Z 2d |x m | 2 +|ξ n | 2 ≥D 2 |(v , Ψ k,m,n ) L 2 (R d ) | 2 ≤ C D -2m v 2 Ȟk m (R d ) ∀v ∈ Ȟm (R d )
where Ȟm (R d ) is a weighted Sobolev space:

v 2 Ȟk m (R d ) := [a]≤m p-[a] q=0 k -2[a] |x| q ∂ a v 2 L 2 (R d ) .
Chaumont-Frelet and Ingremeau, 2022.
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For v ∈ L 2 (R d ) let us set Π D v := [m,n]∈Z 2d |x m | 2 +|ξ n | 2 <D 2 (v , Ψ k,m,n )Ψ k,m,n . x ξ ∼ k -1/2 [x m , ξ n ] 14/33
Π D v := [m,n]∈Z 2d |x m | 2 +|ξ n | 2 <D 2 (v , Ψ k,m,n )Ψ k,m,n . x ξ ∼ k -1/2 [x m , ξ n ] Then, we have v -Π D v Ȟp (R d ) ≤ C D -r v Ȟp+r (R d )
for all v ∈ Ȟp+r (R d ) and 0 ≤ p ≤ r .

Chaumont-Frelet and Ingremeau, 2022.
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Let Convergence for general right-hand sides

W Λ := Vect {Ψ k,m,n ; [m, n] ∈ Λ} where Λ := [m, n] ∈ Z 2d ; |x m | 2 + |ξ n | 2 ≤ D 2 . x ξ ∼ k -1/2 [x m , ξ n ] 16/33
Let W Λ := Vect {Ψ k,m,n ; [m, n] ∈ Λ} where Λ := [m, n] ∈ Z 2d ; |x m | 2 + |ξ n | 2 ≤ D 2 . x ξ ∼ k -1/2 [x m , ξ n ] Then, we have dim W Λ ∼ D 2d k d , and min w ∈W Λ u -w Ȟ1 k (R d ) ≤ C D -1 f L 2 (R d ) .
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Convergence for general right-hand sides

Let W Λ := Vect {Ψ k,m,n ; [m, n] ∈ Λ} where Λ := [m, n] ∈ Z 2d ; |x m | 2 + |ξ n | 2 ≤ D 2 . x ξ ∼ k -1/2 [x m , ξ n ]
Then, we have dim W Λ ∼ D 2d k d , and min

w ∈W Λ u -w Ȟ1 k (R d ) ≤ C D -1 f L 2 (R d ) .
For general L 2 (R d ) rhs, same number of dofs than standard FEM: k d . This is expected: for a general f ∈ L 2 (R d ), u is a general H 2 (R d ) function.
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Assuming for simplicity that A is constant, we have:

-k 2 µu + ∇ • (A∇u) (x) = C R d R d e ik(x-y )•ξ p(x, ξ)u(y )dy dξ,
where p : R 2d → C with

p(x, ξ) := A(x)ξ•ξ -µ(x)
is the symbol associated with the Helmholtz differential operator.

We can see the action of operators through a function defined over R 2d .

We can define the micro-local support of a function v ∈ L 2 (R d ) by duality 

R d R d e ik(x-y )•ξ a(x, ξ)v (y )

Convergence for scattering problems

Micro-localization of high-frequency solutions

Semi-classical defect measures

We can show that

(a W u, u) L 2 (R d ) = R d R d R d e ik(x-y )•ξ a x + y 2 , ξ u(y )u(x)dy dξdx -→ k→∞ R 2d a(x, ξ)dλ(x, ξ)
for all "smooth" symbols a, where λ is a measure over R 2d .
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18/33 We can show that

(a W u, u) L 2 (R d ) = R d R d R d e ik(x-y )•ξ a x + y 2 , ξ u(y )u(x)dy dξdx -→ k→∞ R 2d a(x, ξ)dλ(x, ξ)
for all "smooth" symbols a, where λ is a measure over R 2d .

It is called the "defect measure", and we have

supp λ ⊂ {[x, ξ] ∈ R 2d ; p(x, ξ) = 0} ∪ supp f .
More generally, u is micro-localized close to supp λ for large frequencies.

Zworski, 2012
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In an appropriate sense, we have

u -→ k→∞ λ,
where λ is a measure on R 2d such that

supp λ ⊂ {[x, ξ] ∈ R 2d ; p(x, ξ) = 0} ∪ supp f .
19/33
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where λ is a measure on R 2d such that
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In general, this information is not that useful, because supp f can be anything.
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u -→ k→∞ λ,
where λ is a measure on R 2d such that

supp λ ⊂ {[x, ξ] ∈ R 2d ; p(x, ξ) = 0} ∪ supp f .
In general, this information is not that useful, because supp f can be anything.

For scattering problems, however, supp f ⊂ {[x, ξ] ∈ R 2d ; p(x, ξ) = 0}, and

supp λ ⊂ {[x, ξ] ∈ R 2d ; p(x, ξ) = 0}.
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u -→ k→∞ λ,
where λ is a measure on R 2d such that

supp λ ⊂ {[x, ξ] ∈ R 2d ; p(x, ξ) = 0} ∪ supp f .
In general, this information is not that useful, because supp f can be anything.

For scattering problems, however, supp f ⊂ {[x, ξ] ∈ R 2d ; p(x, ξ) = 0}, and

supp λ ⊂ {[x, ξ] ∈ R 2d ; p(x, ξ) = 0}.
In the high-frequency regime, we know "where" to look for u!

19/33 

k,m,n (x) := k π d/4 e -k 2 |x-x m | 2 e ikx•ξ n , where [x m , ξ n ] := π/k[m, n].
The scaling is adapted to the scaled Fourier transform employed in symbols.
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Ψ k,m,n (x) := k π d/4 e -k 2 |x-x m | 2 e ikx•ξ n , where [x m , ξ n ] := π/k[m, n].
The scaling is adapted to the scaled Fourier transform employed in symbols.

In fact, we have

Ψ k,x 0 ,ξ 0 (x) := k π d/4 e -k 2 |x-x 0 | 2 e ikx•ξ 0 -→ k→∞ δ [x 0 ,ξ 0 ] , in the sense that (a W Ψ k,x 0 ,ξ 0 , Ψ k,x 0 ,ξ 0 ) L 2 (R d ) -→ k→∞ a(x0, ξ0)
for all "smooth" symbols a. We solve the equation

-k 2 µνu -(ν -1 u ) = f ,
where ν is the PML scaling function.

We only consider scattering problems, hence f (x) := φe ikx , with a smooth φ supported where µ = 1.
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We solve the equation

-k 2 µνu -(ν -1 u ) = f ,
where ν is the PML scaling function.

We only consider scattering problems, hence f (x) := φe ikx , with a smooth φ supported where µ = 1.

In the first example, µ ≡ 1.

In the second µ = 2 on (-1/2, 1/2) and µ = 1 outisde (-1, 1).

27/33

T. Chaumont-Frelet, V. Dolean and M. Ingremeau Gaussiant state approximations of Helmholtz problems

Fix

  a smooth cutoff χ s.t. χ(x) = 1 if |x| ≤ R, and χ(x) = 0 if |x| ≥ R . Instead of solving for u tot , we look for u = χu tot + (1 -χ)u sca . Then -k 2 µu -∇ • (A∇u) = f , -Frelet, V. Dolean and M. Ingremeau Gaussiant state approximations of Helmholtz problems Fix a smooth cutoff χ s.t. χ(x) = 1 if |x| ≤ R, and χ(x) = 0 if |x| ≥ R . Instead of solving for u tot , we look for u = χu tot + (1 -χ)u sca . Then -k 2 µu -∇ • (A∇u) = f , -hand side has the specific form f := (2ikd • ∇χ + ∆χ)e ikd •x = φe ikd •x

  , ξ) = 0 ⇐⇒ µ(x) -α(x)ξ 2 = 0 ⇐⇒ ξ 2 = ϑ(x) , ξ) = 0 ⇐⇒ µ(x) -α(x)ξ 2 = 0 ⇐⇒ ξ 2 = ϑ(x) 2 20/33

  -Frelet, V. Dolean and M. Ingremeau Gaussiant state approximations of Helmholtz problemsWe solve the equation-k 2 µνu -(ν -1 u ) = f ,where ν is the PML scaling function.27/33 T. Chaumont-Frelet, V. Dolean and M. Ingremeau Gaussiant state approximations of Helmholtz problems

Assuming for simplicity that A is constant, we have:

e ik(x-y )•ξ p(x, ξ)u(y )dy dξ, where p : R 2d → C with p(x, ξ)

is the symbol associated with the Helmholtz differential operator. 17/33 T. Chaumont-Frelet, V. Dolean and M. Ingremeau Gaussiant state approximations of Helmholtz problems

where p : R 2d → C with

is the symbol associated with the Helmholtz differential operator.

We can see the action of operators through a function defined over R 2d .

17/33 Consider the Gaussian distribution

It is localized around 0 in position. But we also have

, so that it is also localized around 0 in momentum.
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Consider the Gaussian distribution

It is localized around 0 in position. But we also have

, so that it is also localized around 0 in momentum.

Actually, it has the "best" micro-localization property, as it saturates Heisenberg's uncertainty principle:

The least-squares formulation is to find u Λ ∈ W Λ such that

for all v ∈ W Λ .

We can show that there exists a unique discrete solution, and that

The least-squares formulation is to find u Λ ∈ W Λ such that

for all v ∈ W Λ .

We can show that there exists a unique discrete solution, and that

In addition, we can also show that

so that the matrix is essentially sparse.

26/33 We solve the equation

where ν is the PML scaling function.

We only consider scattering problems, hence

with a smooth φ supported where µ = 1.

In the first example, µ ≡ 1.

In the second µ = 2 on (-1/2, 1/2) and µ = 1 outisde (-1, 1).

We solve the problem for different values of k and δ where