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Motivation

Given f : RY = C, find v : R? — C such that
—Kpu—V - (AVu) = f,

where 1 and A are smooth (given) coefficients, and k is the (large) frequency.

2/33 T. Chaumont-Frelet, V. Dolean and M. Ingremeau Gaussiant state approximations of Helmholtz problems



Motivation

Given f : RY — C, find u: R — C such that
—KPpu —V - (AVu) = f,
where 1 and A are smooth (given) coefficients, and k is the (large) frequency.

A central ingredient of numerical methods is to design a finite-dimensional
space V' such that

min flu—wl]

is small in a suitable norm ||-||.
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Motivation

Given f : RY — C, find u: R — C such that
—KPpu —V - (AVu) = f,
where 1 and A are smooth (given) coefficients, and k is the (large) frequency.

A central ingredient of numerical methods is to design a finite-dimensional
space V' such that

min [lu — w|

weWw

is small in a suitable norm ||-||.

Here, we would especially like to design a sequence of spaces |//(k) so that

min |lu — w|| = Cst
we W (k)

uniformly in k while minimizing the dimension of W/ (k).

/
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Available options

Finite element discretization with a mesh of size h ~ k™!

dim W/ (k) ~ k%, sparse matrix.
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Available options

Finite element discretization with a mesh of size h ~ k™!

dim W (k) ~ k7, sparse matrix.

Boundary elements with a surface mesh of size h ~ k™!

dim W/(k) ~ k971, dense matrix.
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Available options

Finite element discretization with a mesh of size h ~ k™!

dim W (k) ~ k7, sparse matrix.

Boundary elements with a surface mesh of size h ~ k™!

dim W/(k) ~ k971, dense matrix.

Our goal is to propose a new family of spaces such that

dim W (k) ~ k72, sparse matrix.

/
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Quick comparison

BEM FEM
Cost k1 k4
Heterogeneous media X v
Sparse matrix X v

@ Galkowski and Spence, 2022

@ Melenk and Sauter, 2010
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Quick comparison

BEM | Gaussian states | FEM
Cost k=1 kd=1/2 k9
Heterogeneous media X v v
Sparse matrix X v v

@ Galkowski and Spence, 2022

ﬁ Melenk and Sauter, 2010

ﬁ T. Chaumont-Frelet and M. Ingremeau, 2022

a T. Chaumont-Frelet, V. Dolean and M. Ingremeau, 2022
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The model scattering problem




The model scattering problem

Standard formulation of the scattering problem




The scattering problem

The scattering problem by a planewave is usually formulated that way:

ikd-
el X , 7 .

)
’
\

utot — usca 4

—k2uut°t S v (Avutot) _ 07 !
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The scattering problem

The scattering problem by a planewave is usually formulated that way:

N
utot = 5@ + eikd-x ’

5 ’

—k2uut°t S v (Avutot) _ 07 !

1 and A are smooth coefficients, with p(x) =1 and A(x) = I if |x| > R.
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The scattering problem

The scattering problem by a planewave is usually formulated that way:

tot ikd-
utot = o2 + e x, / .
/
\

1 and A are smooth coefficients, with p(x) =1 and A(x) = I if |x| > R.

Problem:
we do not have u** € H*(RY), and the right-hand side is not convenient.
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The model scattering problem

Volume right-hand side




Reformulation with a compactly supported right-hand side

Fix a smooth cutoff x s.t. x(x) =1if [x| <R, and x(x) =0 if [x| > R".

Instead of solving for u*°*, we look for u = xu** + (1 — x)u***. Then
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Reformulation with a compactly supported right-hand side

Fix a smooth cutoff x s.t. x(x) =1if [x| <R, and x(x) =0 if [x| > R".

Instead of solving for u*°*, we look for u = xu** + (1 — x)u***. Then

where the right-hand side has the specific form
fi= (2ikd - Vyx + Ax)e™ " = ¢’

with ¢ smooth and compactly supported.

/
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The model scattering problem

Perfectly matched layers




The scattering problem

Finally, we employ a perfectly matched layer (PML).
In essence, we artificially modify the coefficients for |x| > R’ to add absorption.

This approach is standard, and do not modify the value of u for |x| < R'.

We end up with a problem set over H*(R9) with smooth coefficients, no
boundary conditions, and f € L?(R?) compactly supported.

/
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The model scattering problem

Key assumptions




Key assumptions

Our model problem is to find u € H*(RY) such that
—KPpu—V - (AVuY) = f
where

f € [2(RY) is complactly supported,
wand A are C*°(R? C) and bounded along with all their derivatives.
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Key assumptions

Our model problem is to find u € H*(RY) such that
—KPpu—V - (AVuY) = f

where

f € [2(RY) is complactly supported,

wand A are C*°(R? C) and bounded along with all their derivatives.

In the second part of the talk, we will also specifically use the asumption that

f= ¢eikd~x

for a smooth compactly supported function ¢.
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Key assumptions

Our model problem is to find u € H*(RY) such that
—KPpu—V - (AVuY) = f

where
f € [2(RY) is complactly supported,
wand A are C*°(R? C) and bounded along with all their derivatives.

In the second part of the talk, we will also specifically use the asumption that
f= ¢eikd~x
for a smooth compactly supported function ¢.

For the sake of simplicity, we assume that the coefficients are non-trapping:

IV ull 2y < Clifll2@ey Yk > 1.

/
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Convergence for general right-hand sides




Convergence for general right-hand sides

The Gabor frame




Gabor wavelets

Start with the Gaussian distribution

—d/4_—1L|y?
pmd/Aemz T
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Gabor wavelets

Start with the Gaussian distribution

—d/4_—1L|y?
pmd/Aemz T

Shift in position by m+/z, with m € Z¢

1 2
/4 g3 ly—mya?
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Gabor wavelets

Start with the Gaussian distribution

—d/4_—1L|y?
pmd/Aemz T

Shift in position by my/7, with m € Z¢

ﬂ_—d/4e—% y—my/7|?

Shift in momentum by n\/7, with n € Z¢

1 2 .
Vo= A alymmyrlginvmy,

)
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Gabor wavelets

Start with the Gaussian distribution

—d _1,2
pmd/Aemz T

Shift in position by my/7, with m € Z¢

1 2
pmd/4g=Sly—mya?

Shift in momentum by n\/7, with n € Z¢

1 2 .
W= ezl =mVml ginvmy

)

The resulting family {Wm,n}(m mez2d is the Gabor frame. It is dense in L3(RY).

@ Gabor, 1946.
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Gaussian coherent states are scaled Gabor wavelets

We can scale the family with the change of variable x = k*/2y, leading to

d/4 _
Wima(x) = (%) e I/ TkmP G/ x km
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Gaussian coherent states are scaled Gabor wavelets

We can scale the family with the change of variable x = k1/2y, leading to

d/a )
Vima(x) = (5) emahmVrlhml g n ko),

™

Introducing the lattice x™ := y/7/km and £" := \/7/kn, we have
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Gaussian coherent states are scaled Gabor wavelets

We can scale the family with the change of variable x = k1/2y, leading to

d/a )
Vima(x) = (5) emahmVrlhml g n ko),

™

Introducing the lattice x™ := y/7/km and £" := \/7/kn, we have

This is still a dense set in L*(R9).
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Gaussian coherent states are scaled Gabor wavelets

We can scale the family with the change of variable x = k1/2y, leading to

d/a )
Vima(x) = (5) emahmVrlhml g n ko),

™

Introducing the lattice x™ := y/7/km and £" := \/7/kn, we have

This is still a dense set in L*(R9).

We have a grid [x™, £"] on R?? instead of RY, spaced by k~'/2 instead of k™.
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The frame property

The family {Wi m n}m njezee is dense in L*(RY).
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The frame property

The family {Wk m.n}{m,mecz2e is dense in L*(RY).

It also forms a frame on L*(R?). It means that

Alviifagey < D0 1 Viemn)zenl® < GllvizEs Vv € L(RY),
[m,n]€z2d

with 0 < o < 3 < 400, two constants independent of k.
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The frame property

The family {Wk m.n}{m,mecz2e is dense in L*(RY).

It also forms a frame on L*(R?). It means that

) 2 2 d
Vit < Y 1V Wimn) ey ® < OllviiZzgey Vv € L(RY),
[m,n]€z2d

with 0 < o < 3 < 400, two constants independent of k.

This property is a generalization of the concept of Hilbertian basis.

@ Daubechies, Grossman and Meyer, 1986.
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Convergence for general right-hand sides

Approximating smooth functions in the Gabor frame




A quick comparison with Fourier expension

Think about L?(—m, 7). Then the family {€™},cz is a Hilbertian basis.
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A quick comparison with Fourier expension

Think about L?(—m, 7). Then the family {€™},cz is a Hilbertian basis.

In particular, we have

v = Z(V’ e""X)Lz(_,r’,r)e""x Vv e L*(—n, 7).
nez
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A quick comparison with Fourier expension

Think about L?*(—m, 7). Then the family {e™},cz is a Hilbertian basis.

In particular, we have

v = Z(V’ e""X)Lz(_,r’,r)e""x Vv e L(—m, 7).

nez

If v € H"(—m,7), we can actually show that

<

|I1|m ‘(V(m)7 emX)LZ(fw,Tr)l

|(V5 ef"X)L2(7W7W)| <
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A quick comparison with Fourier expension

Think about L?*(—m, 7). Then the family {e™},cz is a Hilbertian basis.

In particular, we have

v = Z(v ")z ,mr)e""x Vv e L(—m, 7).

nez

If v € H"(—m,7), we can actually show that

|(Va eInX)Lz(fﬂ,ﬂ')| = |I1|m ‘( mx)LZ( T Tr)l
An easy consequence is that
HV - VN”Lz(fw,Tr) < CN?m‘V|Hm(*7ﬂ7")7 = Z (V emx L2 -7 7'l')e
\n|</\/
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Decay of coefficients for the Gabor frame

A general result on frames is the existence of a dual frame {\Ilzﬁm’,,}[mmlezz,f s.t.

V= Z (Vs Wi,m,n) 2z Wiesm,n-

[m,n]€z2d

ﬁ Christensen, 2003.
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Decay of coefficients for the Gabor frame

A general result on frames is the existence of a dual frame {"’Z,m,n}[m,n]eZZd s.t.

V= Z (V7 w;,m,n)LZ(Rd)wk,m,"'

[m,n]€z2d
@ Christensen, 2003.
Our first contribution is to show that
2 —2m 2 ym d
Z (Vs Vi mn)2@eyl” < COT V[ meay Vv € HT(RY)
[m,n]Esz
™2 4e"?2 02
where H™(R?) is a weighted Sobolev space:
p—lal

HV”?ZIW(Rd) = Z Z kiz[a]||‘x‘qaav||%2(ﬂgd)~

[a]l<m ¢=0
@ Chaumont-Frelet and Ingremeau, 2022.
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Approximation of smooth functions by Gaussian coherent states

For v € L?(RY) let us set

Mov = S (v Vimn)Veman

[m,njez?!
‘Xm|2+|£n‘2</—)2
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Approximation of smooth functions by Gaussian coherent states

For v € L?(RY) let us set

Mov = S (v Vimn)Veman

[m,njez?!
‘Xm|2+|£n‘2</—)2

Then, we have
lv = Movilgemey < COT V|| gosr rey
for all v € HP*"(R¥) and 0 < p < r.

ﬁ Chaumont-Frelet and Ingremeau, 2022.
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Convergence for general right-hand sides

Application to the Helmholtz equation




Convergence for general right-hand sides

By combining standard arguments and decay in the PML, we can show that

H“||/-7§(Rd) < C||f||L2(Rd)-

15/33 T. Chaumont-Frelet, V. Dolean and M. Ingremeau Gaussiant state approximations of Helmholtz problems



Convergence for general right-hand sides

By combining standard arguments and decay in the PML, we can show that

H“||/-7§(Rd) < C||f||L2(Rd)-

An easy consequence is

v —=Toull gy < COMfllzmey — Vhk>1.
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Convergence for general right-hand sides

Let
Wa :=Vect{W mn; [m,n] € A}

where

A= {[m, nez® |xX"P+ "< Dz} .
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Convergence for general right-hand sides

Let
Wa :=Vect{W mn; [m,n] € A}

where

A= {[m, nez® |xX"P+ "< Dz} .

Then, we have

: 2d  d .
dim WA ~ Dk, and  min |ju—w
weWp

(rd) < CO7MFll2qgey-
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Convergence for general right-hand sides

Let
W = Vect{Wi,m,n; [m,n] € \}

where

A= {[m, nez® |xX"P+ "< Dz} .

Then, we have

: 2d  d .
dim WA ~ Dk, and  min |ju—w
wEW,

ey < COTIFll2ggo)-

For general L?(R?) rhs, same number of dofs than standard FEM: k“.
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Convergence for general right-hand sides

Let
W = Vect{Wi,m,n; [m,n] € \}

where

A= {[m, nez® |xX"P+ "< Dz} .

Then, we have

: 2d  d .
dim WA ~ Dk, and  min |ju—w
wEW,

ey < COTIFll2ggo)-

For general L?(R?) rhs, same number of dofs than standard FEM: k“.

This is expected: for a general f € L?(R9), u is a general H*(R?) function.
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Convergence for scattering problems




Convergence for scattering problems

Semi-classical concepts: symbols and micro-localization




Symbols and micro-localization (being willingly vague)

Assuming for simplicity that A is constant, we have:
(R v vl =c [ [ ot uavae,
Rd JRI
where p : R — C with

p(x, &) = A(x)&-€ — p(x)

is the symbol associated with the Helmholtz differential operator.
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Symbols and micro-localization (being willingly vague)

Assuming for simplicity that A is constant, we have:
{Ru+v-(ava} ey =c [ [ e p ut)dyde.
where p : R* — C with
p(x, &) == A(x)&-£ — p(x)
is the symbol associated with the Helmholtz differential operator.

We can see the action of operators through a function defined over R??.
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Symbols and micro-localization (being willingly vague)

Assuming for simplicity that A is constant, we have:
(R v vl =c [ [ ot uavae,
R JR
where p : R* — C with
p(x, &) == A(x)&-£ — p(x)
is the symbol associated with the Helmholtz differential operator.
We can see the action of operators through a function defined over R??.

We can define the micro-local support of a function v € L*(R9) by duality

//eik(x_y)'&a(x,ﬁ)v(y)dydﬁ
re JRrd

as a subset of R,
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Convergence for scattering problems

Micro-localization of high-frequency solutions




Semi-classical defect measures

We can show that

(aWU7U)L2(Rd):/ / / e, (m,é) u(y)u(x)dydedx
Rd JRA JRA 2

—

k— o0
/RZd a(x, £)dA(x, €)

for all “smooth” symbols a, where ) is a measure over R??.
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Semi-classical defect measures

We can show that

(@%u, U)LZ(Rd):/ / / e, (m,f) u(y)u(x)dydedx
Rd JRA JRA 2

—

k— o0

JRECOIAEE

for all “smooth” symbols a, where ) is a measure over R??.
It is called the “defect measure”, and we have

supp A C {[x,£] € R*; p(x,£) =0} Usuppf.
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Semi-classical defect measures

We can show that

(@%u, U)LZ(Rd):/ / / e, (m,f) u(y)u(x)dydedx
Rd JRA JRA 2

—

k— o0

JRECOIAEE

for all “smooth” symbols a, where ) is a measure over R??.
It is called the “defect measure”, and we have

supp A C {[x,£] € R*; p(x,£) =0} Usuppf.

More generally, u is micro-localized close to supp A for large frequencies.
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Semi-classical defect measures

We can show that

(@%u, U)LZ(Rd):/ / / e, (m,f) u(y)u(x)dydedx
Rd JRA JRA 2

—

k—o00
/ a(x, £)dA(x, €)
R2d
for all “smooth” symbols a, where ) is a measure over R??.

It is called the “defect measure”, and we have

supp A C {[x,£] € R*; p(x,£) =0} Usuppf.

More generally, u is micro-localized close to supp A for large frequencies.

@ Zworski, 2012
18/33

T. Chaumont-Frelet, V. Dolean and M. Ingremeau Gaussiant state approximations of Helmholtz problems



Micro-localization of high-frequency solution

In an appropriate sense, we have

u — A,

k— o0

where )\ is a measure on R?? such that

supp A C {[x,£] € R*; p(x,£) = 0} Usuppf.
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Micro-localization of high-frequency solution

In an appropriate sense, we have

u — A,

k— o0

where )\ is a measure on R?? such that

supp A C {[x,£] € R*; p(x,£) =0} Usuppf.

In general, this information is not that useful, because supp f can be anything.
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Micro-localization of high-frequency solution

In an appropriate sense, we have

u — A,

k— o0

where )\ is a measure on R?? such that

supp A C {[x,£] € R*; p(x,£) =0} Usuppf.

In general, this information is not that useful, because supp f can be anything.

For scattering problems, however, supp f C {[x,£] € R*?; p(x,£) = 0}, and

supp A C {[x,£] € R*?; p(x,£) = 0}.
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Micro-localization of high-frequency solution

In an appropriate sense, we have

u — A,

k— o0

where )\ is a measure on R?? such that

supp A C {[x,£] € R*; p(x,£) =0} Usuppf.

In general, this information is not that useful, because supp f can be anything.

For scattering problems, however, supp f C {[x,£] € R*?; p(x,£) = 0}, and

supp A C {[x,£] € R*?; p(x,£) = 0}.

In the high-frequency regime, we know “where” to look for u!
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A small picture is often better than a long explanation

p(,£) =0 <= p(x)—a(x)=0 <= £&=0(x)
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A small picture is often better than a long explanation

p(,6)=0 <= pu(x)—a(x)2=0 <= £ =09(x)
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Convergence for scattering problems

Micro-localization properties of Gaussian states




Back to our Gabor wavelets...

Consider the Gaussian distribution
1 IX‘2 .

W(x):=n ez

It is localized around 0 in position.
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Back to our Gabor wavelets...

Consider the Gaussian distribution
V(x) := rd/te 3 X2
It is localized around 0 in position. But we also have

V() :2/ W(x)e “dx = (21)2n e 2
Rd

so that it is also localized around 0 in momentum.
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Back to our Gabor wavelets...

Consider the Gaussian distribution
V(x) := Tr_d/4e_%lx‘2.
It is localized around 0 in position. But we also have
\TJ({) = /d \Il(x)eix'gdx = (27r)d/27r_d/46_%‘$|27
R
so that it is also localized around 0 in momentum.

Actually, it has the “best” micro-localization property,
as it saturates Heisenberg's uncertainty principle:

—~ 1 -
||XW||L2(Rd)||€W||L2(Rd) > EHWHi?(Rd)”w”i?(Rd)'

>
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Micro-localization properties of Gaussian coherent states

Recall that our discretization space is based on the k-scaled version

. k 9/ —%\x—xm|2 ikx-£m
wkw'"»"(x) = ; € € )

where [x™ £ := /7 /k[m, n].
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Micro-localization properties of Gaussian coherent states

Recall that our discretization space is based on the k-scaled version

. k 9/t —Kx—xM? ikx-£m
Vima() = (K) et e,

where [x™ £ := /7 /k[m, n].

The scaling is adapted to the scaled Fourier transform employed in symbols.
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Micro-localization properties of Gaussian coherent states

Recall that our discretization space is based on the k-scaled version

. k 9/t —Kx—xM? ikx-£m
Vima() = (K) et e,

where [x™ £"] := \/7/k[m, n].
The scaling is adapted to the scaled Fourier transform employed in symbols.

In fact, we have

2 N TR,
Wi 0,60 (%) i= p e ?2 € k—>o<>> 6[X0y£0]’

in the sense that
W )
(@7 Wi xg,c05 Wyxo,60) 12(R) v a(xo, £0)

for all “smooth” symbols a.
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The same thing, graphically...

supp u

p(x,£) =0

~ 9(x)
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The same thing, graphically...
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The same thing, graphically...
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The same thing, graphically...

Width?
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Convergence for scattering problems

Approximation of high-frequency solutions




The approximability result

Fix € > 0, and consider the set of indices
A= {Im,n] € 27| |p(x™, ") < K2
and the associated space

W = Vect {\Uk,m,n; [m7 n] € A} :
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The approximability result

Fix € > 0, and consider the set of indices
A= {Im,n] € 27| |p(x™, ") < K2
and the associated space

W = Vect {\Uk,m,n; [m7 n] € A} :

Then, we have
dim Wy ~ k971/2Fe,

and
. —m
i [Ju— W”Hi(ﬂ) < Ceymk Vm € N.

ﬁ T. Chaumont-Frelet, V. Dolean and M. Ingremeau, 2022
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Convergence for scattering problems

Takeaways




LELCEENS

We consider an hypersurface in R??. Specifically, the 2d — 1 manifold

{[)@5] € R*; p(x,&) = 0} .
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LELCEWENS

We consider an hypersurface in R??. Specifically, the 2d — 1 manifold

{[X7€] € R*; p(x,&) = 0} .

1/2

Since R?? is paved with a lattice spaced in k™2, we have about

(k1/2)2d—1 — pd-1/2

dofs in our discretization space.
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LELCEWENS

We consider an hypersurface in R??. Specifically, the 2d — 1 manifold

{[X7€] € R*; p(x,&) = 0} .

1/2

Since R?? is paved with a lattice spaced in k™2, we have about

(k1/2)2d—1 — pd-1/2

dofs in our discretization space.

Micro-localization properties of high-frequency solutions and of Gaussian states
are the key to allow this “sparse” selection of shape functions.
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Numerical examples




Numerical examples

A least-squares formulation




A least-squares formulation

Define Px : H*(R?) — L*(R9) as Pyv := —k*uv — V - (AV V).
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A least-squares formulation

Define Px : H*(R?) — L*(R9) as Pyv := —k*uv — V - (AV V).
The least-squares formulation is to find upx € W such that

(PkU/\, PkV)Lz(]Rd) = (f, PkV)Lz(]Rd)

for all v € W.
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A least-squares formulation

Define Py : H*(RY) — L*(R9) as Pyxv := —k*uv — V - (AV V).
The least-squares formulation is to find up € VA such that
(PkU/\, PkV)LZ(]Rd) = (f, PkV)LZ(]Rd)

for all v € W.

We can show that there exists a unique discrete solution, and that

fee) < Comk™™  ¥meEN.
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A least-squares formulation

Define Py : H*(RY) — L*(R9) as Pyxv := —k*uv — V - (AV V).
The least-squares formulation is to find up € VA such that
(PkU/\, PkV)LZ(]Rd) = (f, PkV)LZ(]Rd)

for all v € W.

We can show that there exists a unique discrete solution, and that

fee) < Comk™™  ¥meEN.

In addition, we can also show that
|(PkVim,n, PkWimr )12y < Con (Jm —m'| 4+ |n—n'|)™"  VmeN,

so that the matrix is essentially sparse.

26/33 T. Chaumont-Frelet, V. Dolean and M. Ingremeau Gaussiant state approximations of Helmholtz problems



One dimensional setting

We solve the equation
—Kpvu— () =f,

where v is the PML scaling function.
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One dimensional setting

We solve the equation
— Ky — (M) =f,

where v is the PML scaling function.

We only consider scattering problems, hence
F(x) = g™,

with a smooth ¢ supported where 1 = 1.
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One dimensional setting

We solve the equation
— Ky — (M) =f,

where v is the PML scaling function.

We only consider scattering problems, hence
f(x) == pe’™,

with a smooth ¢ supported where 1 = 1.

In the first example, = 1.
In the second ;=2 on (—1/2,1/2) and p = 1 outisde (—1,1).
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One dimensional setting

We solve the equation
— Ky — (M) =f,

where v is the PML scaling function.

We only consider scattering problems, hence
f(x) := pe™,

with a smooth ¢ supported where 1 = 1.

In the first example, = 1.
In the second ;=2 on (—1/2,1/2) and p = 1 outisde (—1,1).

We solve the problem for different values of k and ¢ where

A= {1 e e B Jp(xm,en) < o
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Numerical examples

Homogeneous test case




Homogeneous experiment: convergence

10°

T ”\ TTTTT

T TTTTTTT
N
o
o

lu = unlls/ull

[y
T
o
T

[ L1
10° 10°
Ndofs
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Homogeneous experiment: cost for a fixed accuracy

T T T T T

250 - n

200 - B

o S 1s0| .
) =3

—y 100 4/2 n

0.2 I kx I L I i 1k I I
20 50 100 200 400 20 50 100 200 400
k k

Computational cost for a 107° relative error.
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Numerical examples

Heterogeneous test case




Heterogeneous experiment: convergence

1071

1072

lu = unllg /el

1073

| | | |
1022 102.4 102.6 1028 103 103.2

Nclofs
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Heterogeneous experiment: cost for a fixed accuracy

2] ]
1500
o I | % 1000
- 1 2
4 k—1/2 a 500
| | | |
20 50 100 200
k k

Computational cost for a 1072 relative error
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Concluding remarks




Concluding remarks

Open questions and challenges




Open questions

We currently only propose approximability estimates,
which we only know how to apply to least-squares formulations.
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Open questions

We currently only propose approximability estimates,
which we only know how to apply to least-squares formulations.
How can we cover the convergence of Galerkin discretizations?
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Open questions

We currently only propose approximability estimates,
which we only know how to apply to least-squares formulations.
How can we cover the convergence of Galerkin discretizations?

| lied: the matrices are not sparse!
But... The entries decay super-algebraically away from the diagonal.
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Open questions

We currently only propose approximability estimates,
which we only know how to apply to least-squares formulations.
How can we cover the convergence of Galerkin discretizations?

| lied: the matrices are not sparse!

But... The entries decay super-algebraically away from the diagonal.
How should we properly sparsify and/or compress the matrices?
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Open questions

We currently only propose approximability estimates,
which we only know how to apply to least-squares formulations.
How can we cover the convergence of Galerkin discretizations?

| lied: the matrices are not sparse!
But... The entries decay super-algebraically away from the diagonal.
How should we properly sparsify and/or compress the matrices?

Actually, even the computation of the entries is challenging.
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Open questions

We currently only propose approximability estimates,
which we only know how to apply to least-squares formulations.
How can we cover the convergence of Galerkin discretizations?

| lied: the matrices are not sparse!
But... The entries decay super-algebraically away from the diagonal.
How should we properly sparsify and/or compress the matrices?

Actually, even the computation of the entries is challenging.
How can we derive suited quadrature rules for Gabor wavelets?
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Open questions

We currently only propose approximability estimates,
which we only know how to apply to least-squares formulations.
How can we cover the convergence of Galerkin discretizations?

| lied: the matrices are not sparse!
But... The entries decay super-algebraically away from the diagonal.
How should we properly sparsify and/or compress the matrices?

Actually, even the computation of the entries is challenging.
How can we derive suited quadrature rules for Gabor wavelets?

The frame properties of Gabor wavelets are established in the whole R.
This enables us to treat (globally) smooth coefficients (including PML).
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Open questions

We currently only propose approximability estimates,
which we only know how to apply to least-squares formulations.
How can we cover the convergence of Galerkin discretizations?

| lied: the matrices are not sparse!
But... The entries decay super-algebraically away from the diagonal.
How should we properly sparsify and/or compress the matrices?

Actually, even the computation of the entries is challenging.
How can we derive suited quadrature rules for Gabor wavelets?

The frame properties of Gabor wavelets are established in the whole R.
This enables us to treat (globally) smooth coefficients (including PML).
How can we incorporate boundary and/or interface conditions?
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Concluding remarks

Main takeaways




LELCEENS

Gabor wavelets form a frame over L?(R9).
They actually correspond to a k~/? lattice of R?9.
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LELCEWENS

Gabor wavelets form a frame over L?(R9).
They actually correspond to a k~/? lattice of R?9.

For generic right-hand sides, they require k% dofs.
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LELCEWENS

Gabor wavelets form a frame over L?(R9).
They actually correspond to a k~/? lattice of R?9.

For generic right-hand sides, they require k% dofs.

A key aspect of Gaussian states is that they are localized in phase-space.
For scattering problems, we only need to “pave” the hypersurface p(x,£) = 0.
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LELCEWENS

Gabor wavelets form a frame over L?(R9).
They actually correspond to a k~/? lattice of R?9.

For generic right-hand sides, they require k% dofs.

A key aspect of Gaussian states is that they are localized in phase-space.
For scattering problems, we only need to “pave” the hypersurface p(x,£) = 0.

For scattering problems, we only need k9712 dofs with sparse matrices.
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