The Helmholtz equation in periodic structures Where does the boundary conditions come from? Perfectly matched layer A discussion on stability
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The DtN is not convenient for practical computations.

We transform the problem a perfetcly matched layers (PML).

Find u such that

   -k 2 µu -∇ • (A∇u) = f in Ω, u = 0 on ΓD, u + -e iα u -= 0 on Γ . ΓD ΓD Γ Γ
We do not touch the original domain where µ = 1 and A = I .

In the extended layer, we set

µ = ν A = ν 0 0 ν -1 , ν = 1 + i.
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Here, I want to discuss stability properties of this Helmholtz problem.

Specifically, I am interested in the inf-sup constant inf

w ∈V w V =1 sup v ∈V v V =1 Re b(w , v )
where

w 2 V := k 2 w 2 Ω + ∇w 2 Ω .
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Specifically, I am interested in the inf-sup constant inf w ∈V w V =1 sup v ∈V v V =1 Re b(w , v )
where

w 2 V := k 2 w 2 Ω + ∇w 2 Ω .
It is immediately related to the best constant Cst(k ) such that

w V ≤ Cst(k ) φ Ω ,
where w solves the problem with rhs φ ∈ L 2 (Ω).
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Then,

-k 2 w -∆w = 2ik ∂χ ∂x1 + ∆χ e ikx 1 =: φ.
and since χ does not depend on k, we have

w Ω 1 k 2 φ Ω .
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Stability in the "open" case

Consider the function w (x) := χ(x)e ikx 1 , where χ is a smooth cutoff function.

Then,

-k 2 w -∆w = 2ik ∂χ ∂x1
+ ∆χ e ikx 1 =: φ.

and since χ does not depend on k, we have

w Ω 1 k 2 φ Ω .
This tells us that inf

w ∈V w V =1 sup v ∈V v V =1 Re a(w , v ) 1 k .
and actually, we can show that equility holds.
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-k 2 w -∆w = ∆χe ikx 1 =: φ.
We only have

w V 2 φ Ω and inf w ∈V w V =1 sup v ∈V v V =1 Re a(w , v ) ∼ (k ) -2
whenever k = α + 2mπ.
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We only have

w V 2 φ Ω and inf w ∈V w V =1 sup v ∈V v V =1 Re a(w , v ) ∼ (k ) -2 whenever k = α + 2mπ.
We loose one power of frequency in the stability constant at quasi-resonant frequencies. The stability issue of FEM are a consequence of this phenomenon.
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If σ is smooth, we actually have

K ∈T h σ • n, v ∂K = F ∈F h (σ • n F , [[v ]] F ) F ,
but we cannot break the duality pairing in general.
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We actually do not need the "volume" information of σ.

The only thing that really matters is µ = σ • n.

We thus set

Λ := µ ∈ H -1/2 (∂T h ); µ| ∂K = σ • n K ∀K ∈ T h . ,
and the pairing

µ, v = K ∈T h µ, v ∂K ∀(µ, v ) ∈ Λ × W . 17/30
We actually do not need the "volume" information of σ.

The only thing that really matters is µ = σ • n.

We thus set

Λ := µ ∈ H -1/2 (∂T h ); µ| ∂K = σ • n K ∀K ∈ T h . ,
and the pairing

µ, v = K ∈T h µ, v ∂K ∀(µ, v ) ∈ Λ × W . For a smooth µ ∈ Λ ∩ L 2 (∂T h ), we do have µ, v = F ∈F h (µ, [[v ]]) F .
As a mental model, you can think of Λ as a single valued face-based space.

17/30 u := arg min

w ∈V 1 2 b(w , w ) -(f , w ) Ω ,
and weak formulation would be the Euler-Lagrange equations

b(u, v ) = (f , v ) ∀v ∈ V . 18/30 b(u, v ) + λ, v = (f , v )T h µ, u = 0 for all (v , µ) ∈ W × Λ.
Here, it can not be interpreted as a saddle-point originated from an optimization problem, but it is still equivalent to the "conforming" formulation.

We actually have λ| ∂K = ∇u • n K .

To obtain the MHM method, we want to eliminate u in terms of λ. This operation amounts to solving element-wise local problems.
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b(u, v ) + λ, v = (f , v )T h µ, u = 0 for all (v , µ) ∈ W × Λ.
Here, it can not be interpreted as a saddle-point originated from an optimization problem, but it is still equivalent to the "conforming" formulation.

We actually have λ| ∂K = ∇u • n K .

To obtain the MHM method, we want to eliminate u in terms of λ. This operation amounts to solving element-wise local problems.

It can be interpreted as construction multiscale basis functions.
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b(T µ, v ) = -λµ, v b( T φ, v ) = (φ, v )T h ∀v ∈ W for µ ∈ Λ and φ ∈ L 2 (Ω)
. This is a well-posed local definition.
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µ h , T λ h = b(T µ h , T λ h ) = T µ h 2 W -ck 2 T µ h 2 L 2 (Ω) .
The discrete inf-sup follows from a "Schatz" argument.
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Imagine the solution u := e ikx 1 , and its Neumann trace λ = ∇u • n.

Then, 

λ = ∂u ∂x2 ( 

  for the wave equation Imagine the solution u := e ikx 1 , and its Neumann trace λ= ∇u • n. x2)e i(α+2mπ)x 1 / u (φ)(x) := m∈Z um(x2)e i(α+2mπ)x 1 / .Then, we have-km 2 umum = φ m (+ BC) with (km ) 2 := (k ) 2 -(α + 2πm) 2 .for the wave equation

The multiscale hybrid-mixed method General presentation of the method

-k 2 u -∆u = 0 in Ω, u = 0 on ΓD, ∇u • n -R k u = g on ΓA, u + -e iα u -= 0 on Γ ,where α := k sin θ.

Consider a function v ∈ W := H 1 (T h ), when do we have v ∈ V := H 1 (Ω)?

When v ∈ V , we have

Actually, the converse holds true, and v ∈ W belongs to V iff

for all σ ∈ H(div, Ω) with σ -• ne iα e + • n = 0 on Γ .
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but we cannot break the duality pairing in general.

The issue is subtle, and related to the difference between H 1/2 (F ) and H 1/2 00 (F ).
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and weak formulation would be the Euler-Lagrange equations

Equivalently, we can consider the constrained problem
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The primal-hybrid formulation

Imagine for a moment we were solving a coercive problem. We would have

and weak formulation would be the Euler-Lagrange equations

Equivalently, we can consider the constrained problem

Then, the Euler-Lagrange equations are to find (u, λ)
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The primal hybrid formulation

The primal hybrid formulation is to find (u, λ)
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The primal hybrid formulation

The primal hybrid formulation is to find (u, λ)

Here, it can not be interpreted as a saddle-point originated from an optimization problem, but it is still equivalent to the "conforming" formulation.

We actually have λ| ∂K = ∇u • n K .
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. This is a well-posed local definition.

The first equation of the primal-hyrbid formulation is

and as a result u = T λ + T f . 20/30
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The MHM formulation

Consider the operators T : Λ → W and T :

. This is a well-posed local definition.

The first equation of the primal-hyrbid formulation is

and as a result

Plugging this expression in the second equation ( µ, u = 0), we have
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The MHM formulation

The MHM formulation is to find λ ∈ Λ such that

and retrieve the "primal" solution by
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The MHM formulation

The MHM formulation is to find λ ∈ Λ such that

and retrieve the "primal" solution by

The discrete inf-sup follows from a "Schatz" argument.

Specifically, we have inf
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Gårding inequality

The discrete inf-sup follows from a "Schatz" argument.

Specifically, we have inf
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Naïve approach

Pick φ ∈ L 2 (Ω) with φ Ω = 1. We have
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Naïve approach

Pick φ ∈ L 2 (Ω) with φ Ω = 1. We have

Hence γ h Cst(k )kh. so that λ ∈ P0(T h ).

Horizontal (and vertical) plane waves are exactly reproduced.

The "bad modes" χ(x2)e ikx 1 are very well approximated.
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Then, we have

The "problems" arise when km approaches zero.
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Then, we have

The "problems" arise when km approaches zero.

We thus split 

Large frequencies

For u we actually have the "good" stability estimate

and we can follow the "naïve" approach.
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For u we actually have the "good" stability estimate

and we can follow the "naïve" approach.

For the other term, we only have

so we need to be creative! 28/30
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Looking at one particular mode um, we have

We then write

Looking at one particular mode um, we have

We then write

and we can actually show that This resonances affect the stability of FEM and MHM on general meshes.

On Cartesian grids the MHM exactly preserves horizontal plane waves.

This preservation property ensures the robustness of the method.
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