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Is that good enough?

| did my best to find a method that:
handles polytopal meshes and preserves important invariants.
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Is that good enough?

| did my best to find a method that:
handles polytopal meshes and preserves important invariants.

| failed! | am goind to talk about a method that:
handles on general meshes, but only preserves invariants on Cartesian grids!
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Is that good enough?

| did my best to find a method that:
handles polytopal meshes and preserves important invariants.

| failed! | am goind to talk about a method that:
handles on general meshes, but only preserves invariants on Cartesian grids!

| hope this is good enough! :-)
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More seriously...

We will be concerned with Helmholtz problems in periodic structures.
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More seriously...

We will be concerned with Helmholtz problems in periodic structures.

A challenge with periodicity is the presence of specific “quasi-modes”
which impact the problems stability at the continuous and discrete levels.
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More seriously...

We will be concerned with Helmholtz problems in periodic structures.

A challenge with periodicity is the presence of specific “quasi-modes”
which impact the problems stability at the continuous and discrete levels.

Multiscale hybrid-mixed (MHM) methods can:
deal with highly heterogeneous media and exactly reproduce some solutions.
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More seriously...

We will be concerned with Helmholtz problems in periodic structures.

A challenge with periodicity is the presence of specific “quasi-modes”
which impact the problems stability at the continuous and discrete levels.

Multiscale hybrid-mixed (MHM) methods can:
deal with highly heterogeneous media and exactly reproduce some solutions.

We will focus on the latter aspect, and see how it improves stability.

/
3/ 30 T. Chaumont-Frelet A posteriori estimates for the wave equation



A small picture is better than a long explanation

Particular combinations of ¢, A and 0 generate “quasi-resonances”.
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An example
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An example

Relative H* error

MHM
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The Helmholtz equation in periodic structures

m Where does the boundary conditions come from?
m Perfectly matched layer

m A discussion on stability

The multiscale hybrid-mixed method
m General presentation of the method
m Well-posedness and convergence

m Robustness on Cartesian grids



The Helmholtz equation in periodic structures




The Helmholtz equation in periodic structures

We set the problem on a single “periodic cell” .
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The Helmholtz equation in periodic structures

We set the problem on a single “periodic cell” .

The problem is to find u such that N
1
—Ku—Au = 0 in, !
u = 0 onlp, Mo il
Vu-n—%wu = g onla, T o
i o 3
ut—e*u~ = 0 onl, I
1

where o := klsin .
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The Helmholtz equation in periodic structures

We set the problem on a single “periodic cell” .

The problem is to find v such that M
1
—Ku—Au = 0 inQ, !
u = 0 onlp, r. : v r.
Vu-n—Zwu = g only, T
u+ _ elau— —_ 0 on |—:7 | B
1
o

where o := klsin .

The DtN operator is given by

Rru =i § kmﬁmei(a727rm)x1/£
meZ

/
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The Helmholtz equation in periodic structures

Where does the boundary conditions come from?




Where does the boundary conditions come from?

We assume the structure is on top of a metal,
this is modeled by the Dirichlet condition at the bottom.
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Where does the boundary conditions come from?

We assume the structure is on top of a metal,
this is modeled by the Dirichlet condition at the bottom.

The incident field is the plane wave
Uine = €9, d := (cosd,sin0).
We can easily see that

ikesin @
e

Uine(x1 + £,+) = Uine(X1,+) = € tinc(x1, )
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Where does the boundary conditions come from?

We assume the structure is on top of a metal,
this is modeled by the Dirichlet condition at the bottom.

The incident field is the plane wave
Uine = €9, d := (cosd,sin0).
We can easily see that

ikesin @
e

Uine(x1 + £,+) = Uine(X1,+) = € tinc(x1, )

The DtN ensures that
Um' = iBmm VYme Z

with 8, < 0 or i3, < 0. Each mode is thus outgoing or evanescent.

/
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The Helmholtz equation in periodic structures

Perfectly matched layer




Perfectly matched layer

The DtN is not convenient for practical computations.
We transform the problem a perfetcly matched layers (PML).

/
9/ 30 T. Chaumont-Frelet A posteriori estimates for the wave equation



Perfectly matched layer

The DtN is not convenient for practical computations.
We transform the problem a perfetcly matched layers (PML).

Find v such that

—KPpu—V - (AVu) = f inQ, r, i i r,
u = 0 onlp, [ L
ut—e*uT = 0 onl; e
| ol
5}

/
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Perfectly matched layer

The DtN is not convenient for practical computations.
We transform the problem a perfetcly matched layers (PML).

Find v such that

—Ku—V-(AVuY) = f inQ, o
o u = 0 onlp, )
ut—e*u” = 0 onl..

We do not touch the original domain where ;1 =1 and A = I.
In the extended layer, we set

=V A:(g 1/91)’ v=1+1.

/
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Weak formulation

Dirichlet and quasi-periodic boundary conditions are imposed in the space

w = 0 onl
v::H;(Q)::{WeHl(Q)‘ W etw- — 0 on rl,) }
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Weak formulation

Dirichlet and quasi-periodic boundary conditions are imposed in the space

w = 0 onl
v;:H;(Q);z{WeHl(Q)‘ W etw- — 0 on rl,) }

There exists a unique u € V such that
b(u,v) = (f,v) YveV

where
b(u,v) := —k*(ju, v) + (AV 1, Vv).
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The Helmholtz equation in periodic structures

A discussion on stability




Stability

Here, | want to discuss stability properties of this Helmholtz problem.
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Stability

Here, | want to discuss stability properties of this Helmholtz problem.

Specifically, | am interested in the inf-sup constant

inf  sup Reb(w,v)

wevV vev
wllv=1 vy =1

where
Iwlly = K lwl? + IV wlf?.
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Stability

Here, | want to discuss stability properties of this Helmholtz problem.

Specifically, | am interested in the inf-sup constant

inf  sup Reb(w,v)
wevV vev
wllv=1 vy =1
where

Wiy = K [IwliE + IV wl?..

It is immediately related to the best constant Gy (k¢) such that
[wllv < Ge(kO)lI 2l

where w solves the problem with rhs ¢ € [2(Q).
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Stability in the “open” case
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Stability in the “open” case

ikxy

Consider the function w(x) := x(x)e"™*, where x is a smooth cutoff function.
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Stability in the “open” case

ikxy

Consider the function w(x) := x(x)e"™™*, where x is a smooth cutoff function.

Then,

—Kw— Aw = (2ik§—;‘1 + Ax) e —.

and since x does not depend on k, we have

1
Iwlo = 5 (£llello)
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Stability in the “open” case

Consider the function w(x) := x(x)e’*1, where x is a smooth cutoff function.

Then,

—Kw— Aw = (2ik§—;‘1 + Ax) e —.

and since x does not depend on k, we have

1
Iwlo = 5 (£llello)

This tells us that 1
inf s Re a < —.
J, sup Realw) S g
lwllv=1 v, =1

and actually, we can show that equility holds.
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Stability with QPBC

Consider now w(x) := x(x2)e’™. Then,

—Kw — Aw = Axe™™ =: ¢,
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Stability with QPBC

Consider now w(x) := x(x2)e’™. Then,

—Kw — Aw = Axe™™ =: ¢,

We only have
Iwllv = [1o]la
and
inf  sup Rea(w,v) ~ (k)2

wevV vev
wllv=1 vy =1

whenever kl = o + 2mr.
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Stability with QPBC

Consider now w(x) := x(x2)e’*1. Then,

—Kw — Aw = Aye™ =: ¢,

We only have
2
Iwllv >~ € |lle
and
inf  sup Rea(w,v) ~ (k)2

wevV vev
wllv=1 vy =1

whenever kl = o + 2mr.

We loose one power of frequency in the stability constant at quasi-resonant
frequencies. The stability issue of FEM are a consequence of this phenomenon.
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The multiscale hybrid-mixed method




The multiscale hybrid-mixed method

General presentation of the method




Mesh and broken space

We consider a mesh 7, of {2 made of polygons K.
We assume that the faces of K match on both sides of [..
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Mesh and broken space

We consider a mesh 7, of {2 made of polygons K.
We assume that the faces of K match on both sides of [..

We would like to seek a solution in the broken space
W = H'(T3)

that misses compatibility and boundary conditions.
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Mesh and broken space

We consider a mesh 7, of {2 made of polygons K.
We assume that the faces of K match on both sides of [..

We would like to seek a solution in the broken space
W = H'(T3)

that misses compatibility and boundary conditions.

We will enfore that [u]F = 0 by introducing a suitable Lagrange multiplier.
This is a subtle issue that | want to correctly explain.
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Continuity via duality

Consider a function v € W := H'(7}), when do we have v € V := H;(Q)?
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Continuity via duality

Consider a function v € W := H'(7}), when do we have v € V := H;(Q)?

When v € V, we have
(Vv,o)o+(v,V-0)0o=0

for all & € H(div, ) with 6™ -n—e“c™-n=0o0nT..
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Continuity via duality

Consider a function v € W := H'(7}), when do we have v € V := H;(Q)?

When v € V, we have
(Vv,o)o+(v,V-0)0o=0

for all & € H(div, ) with 6™ -n—e“c™-n=0o0nT..

Actually, the converse holds true, and v € W belongs to V' iff

Z <0"",V>8K = (VV,U')Th +(V,V0‘)7~h =0
KeT,

for all o € H(div, ) with 6~ -n—e®e* -n=0o0nI..
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An easier explanation

If o is smooth, we actually have

Z (o-n,v)ox = Z (o - ng, [v]F)F,

KETh FEF

but we cannot break the duality pairing in general.
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An easier explanation

If o is smooth, we actually have

Z (o-n,v)ox = Z (o - ng, [v]F)F,

KETh FEF

but we cannot break the duality pairing in general.

The issue is subtle, and related to the difference between HY/2(F) and Héo/z(F).
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Quotient space of traces

We actually do not need the “volume” information of o.
The only thing that really matters is i = o - n.
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Quotient space of traces

We actually do not need the “volume” information of o.
The only thing that really matters is i = o - n.

We thus set
A= {,u e HY2(0Th); plok = o -nk VK € 777.} ,
and the pairing

(py v) = Z (1, v)ox  V(u,v) € A x W.
KET
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Quotient space of traces

We actually do not need the “volume” information of o.
The only thing that really matters is i = o - n.

We thus set
A= {,u € Hfl/z(aﬁ,); ulok = o -nk VK € 777.} ,
and the pairing

(py v) = Z (1, v)ox  V(u,v) € A x W.
KET

For a smooth 11 € AN L*(0T5), we do have

<M’ V> = Z (/Lv |[V]])F'

FeF),

As a mental model, you can think of A as a single valued face-based space.
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The primal-hybrid formulation

Imagine for a moment we were solving a coercive problem. We would have
u 1= arg min lb(w, w) — (f,w)a,
wevV 2

and weak formulation would be the Euler-Lagrange equations

b(u,v) = (f,v) Vv e V.
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The primal-hybrid formulation

Imagine for a moment we were solving a coercive problem. We would have
u 1= arg min lb(w, w) — (f,w)a,
wev 2
and weak formulation would be the Euler-Lagrange equations
b(u,v) = (f,v) Vv e V.
Equivalently, we can consider the constrained problem

1
u:=arg  min Ea(w, w) — (f, w)a.
we
(p,w)=0 Vuen
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The primal-hybrid formulation

Imagine for a moment we were solving a coercive problem. We would have
u 1= arg min lb(w, w) — (f,w)a,
wevV 2

and weak formulation would be the Euler-Lagrange equations

b(u,v) = (f,v) Vv e V.

Equivalently, we can consider the constrained problem

1
u:=arg  min 5a(w7 w) — (f, w)a.
we
(p,w)=0 Vuen

Then, the Euler-Lagrange equations are to find (u,\) € W x A

{ b(u,v)+ (N v) = (f,v)T,
<:u7 u =0

for all (v,pu) € W x A.
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The primal hybrid formulation

The primal hybrid formulation is to find (v, \) € W x A

{b(u,v)+(A,v> = (f,v)n
() =0

for all (v, ) € W x A.
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The primal hybrid formulation

The primal hybrid formulation is to find (v, A) € W x A

{b(u,v)—i—(/\,v) = (f,v)n
() =0

for all (v,p) € W x A.

Here, it can not be interpreted as a saddle-point originated from an
optimization problem, but it is still equivalent to the “conforming” formulation.
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The primal hybrid formulation

The primal hybrid formulation is to find (v, A) € W x A

{b(u,v)—i—(/\,v) = (f,v)n
() =0

for all (v,p) € W x A.

Here, it can not be interpreted as a saddle-point originated from an
optimization problem, but it is still equivalent to the “conforming” formulation.

We actually have Mok = Vu - ng.
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The primal hybrid formulation

The primal hybrid formulation is to find (v, A) € W x A

{b(u,v)—i—(/\,v) = (f,v)n
() =0

for all (v,p) € W x A.

Here, it can not be interpreted as a saddle-point originated from an
optimization problem, but it is still equivalent to the “conforming” formulation.

We actually have Mok = Vu - ng.

To obtain the MHM method, we want to eliminate v in terms of .
This operation amounts to solving element-wise local problems.
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The primal hybrid formulation

The primal hybrid formulation is to find (v, A) € W x A

{b(u,v)—i—(/\,v) = (f,v)n
() =0

for all (v,p) € W x A.

Here, it can not be interpreted as a saddle-point originated from an
optimization problem, but it is still equivalent to the “conforming” formulation.

We actually have Mok = Vu - ng.

To obtain the MHM method, we want to eliminate v in terms of .
This operation amounts to solving element-wise local problems.

It can be interpreted as construction multiscale basis functions.

19/30 T. Chaumont-Frelet A posteriori estimates for the wave equation



The MHM formulation

Consider the operators T : A — W and T : L3(Q) — W
b(Tu,v)=—=Au,v) b( ?w, v)=(o,v)y, YveW

for 1 € A and ¢ € L*(Q). This is a well-posed local definition.
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The MHM formulation

Consider the operators T : A — W and T : L2(Q) - W
b(Tu,v)=—=Au,v) b( ?()7 v)=(o,v)y, YveW

for 1 € A and ¢ € L*(Q). This is a well-posed local definition.

The first equation of the primal-hyrbid formulation is
b(u,v) = (f,v) —(\v) VYveW,

and as a result R
u=TN+TF.
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The MHM formulation

Consider the operators T : A — W and T : L2(Q) - W
b(Tu,v)=—=Au,v) b( ?()7 v)=(o,v)y, YveW

for 1 € A and ¢ € L*(Q). This is a well-posed local definition.
The first equation of the primal-hyrbid formulation is

b(u7 V):(fv V)7<A7 V> Vv e Wa
and as a result R

u=TAN+Tr.

Plugging this expression in the second equation ({y, u) = 0), we have

<.U’7 T)‘> = _<M, :I\_f> VM €N
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The MHM formulation

The MHM formulation is to find A € A such that
(4, TA) = —(u, TF) Vp €A,
and retrieve the “primal” solution by

u=TMN+ TF.
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The MHM formulation

The MHM formulation is to find A\ € A such that
(4, TA) = —(u, TF) Vp €A,
and retrieve the “primal” solution by

u=TA+Tr.

Recalling that (11, v) = b(T, v), we can recognize the original problem

b(Tu, TA) = —(u, TF) VueA.
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Discretization
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Discretization

We will consider the simplest possible discretization.
We select A := AN Po(Th) CA.
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Discretization

We will consider the simplest possible discretization.
We select A := AN Po(Th) CA.

The discrete problem is to find Ay € Ap such that
(kny TAY = (pn, TFY  in € A,

and then recover the solution by setting up := T Ay + Tr.
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Discretization

We will consider the simplest possible discretization.
We select A := AN Po(Th) CA.

The discrete problem is to find Ay € Ap such that
(kny TAY = (pn, TFY  in € A,

and then recover the solution by setting up := T Ay + Tr.

Consider Wy, := T(As), we see that we look for w, € W,

b(vh, Wh) = rhs
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Discretization

We will consider the simplest possible discretization.
We select A := AN Po(Th) CA.

The discrete problem is to find Ay € Ap such that
(kny TAY = (pn, TFY  in € A,

and then recover the solution by setting up := T Ay + Tr.

Consider Wy, := T(As), we see that we look for w, € W,

b(vh, Wh) = rhs

This is fairly similar to HDG, or a “V"EM with a computed the ‘“virtual” space.
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The multiscale hybrid-mixed method

Well-posedness and convergence




Schatz argument

Garding inequality
(tem, TAn) = b(Tpn, TAw) = I Tpanlliy — ekl Tpanllz ey

The discrete inf-sup follows from a “Schatz” argument.
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Schatz argument

Garding inequality
(tem, TAn) = b(Tpn, TAw) = I Tpanlliy — ekl Tpanllz ey

The discrete inf-sup follows from a “Schatz” argument.

Specifically, we have

|nf sup  Re(un, Thn) > (1 — cvp) (k0) 2
AhE€AL e,
AR IA= |y [ a=1 A inf-sup

with
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Schatz argument

Garding inequality
(tem, TAn) = b(Tpn, TAw) = I Tpanlliy — ekl Tpanllz ey

The discrete inf-sup follows from a “Schatz” argument.

Specifically, we have

|nf sup  Re(un, Thn) > (1 — cvp) (k0) 2
AhE€AL e,
AR IA= |y [ a=1 A inf-sup

with
vp = sup inf ||[Vu (&) n— pala
vel2(9) HhENR
[loll=1

where u*(¢) € V solves

a(v,u (9)) = (v,0)a VveV.
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Naive approach

Pick ¢ € L*(Q) with ||6|lo = 1. We have
VU () n— ol = sup Re(Vu"(0) - n1— jun,v).

veWw

lIvilw=1

B9 (0) - n— wllo;

A

24/30 T. Chaumont-Frelet A posteriori estimates for the wave equation



Naive approach

Pick ¢ € L*(Q) with ||6|lo = 1. We have
IV6"(0) - n—lla = sup Re(Vu*(0)-n— ).

veWw

Iviiw=t

B9 (0) - n— wllo;

A

Pick Mh|3K = WaK(VU*(m) . nK), then

[V u* (&) - n = pnlln < BIV U (Ol r207,)
S V2 (0) |7
< Cou(kO)kh]| o]0 = Cue(kC)kh.
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Naive approach

Pick ¢ € L*(Q) with ||6|lo = 1. We have

IV u*(0) - n— pp|la = sup Re(Vu*(4) - n — un, v).
ve
lIvilw=1

SHPIV U () -0 — o,

Pick Mh|3K = WaK(VU*(m) . nK), then

[V u* (&) - n = pnlln < BIV U (Ol r207,)
S V2 (0) |7
< Cou(kO)kh]| o]0 = Cue(kC)kh.

Hence v, < G (k€)kh.
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Stability conditions

In the absence of trapped modes, we simply have C(k¢) ~ k¢, so that
vn = (k) (kh) ~ k*h.

Stability holds if khis small, which is the usual condition for FEM also.

25/30 T. Chaumont-Frelet A posteriori estimates for the wave equation



Stability conditions

In the absence of trapped modes, we simply have C(k¢) ~ k¢, so that
vn = (k) (kh) ~ k*h.

Stability holds if khis small, which is the usual condition for FEM also.

However, with trapped modes, we have Cy (k) ~ (k£)?,
thus stability is only ensured if k*h is small.
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Stability conditions

In the absence of trapped modes, we simply have C(k¢) ~ k¢, so that
vn = (k) (kh) ~ k*h.

Stability holds if khis small, which is the usual condition for FEM also.

However, with trapped modes, we have Cy (k) ~ (k£)?,
thus stability is only ensured if k*h is small.

For FEM we cannot do better, which explains the stability loss.
This can, however, be improved for MHM on Cartesian grids.
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The multiscale hybrid-mixed method

Robustness on Cartesian grids




The intuitive explanation

Consider a Cartesian grid mesh.
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The intuitive explanation

Consider a Cartesian grid mesh.

Imagine the solution u := e’**1, and its Neumann trace A = Vu - n.

Then,
A= ﬂ(x )=0 on horizontal faces
- 8X2 1=
and 9
A= O—Z(XQ) =C on vertical faces.

so that A € Po(Th).
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The intuitive explanation

Consider a Cartesian grid mesh.

Imagine the solution u := e’**1, and its Neumann trace A = Vu - n.

Then,
A= ﬂ(x )=0 on horizontal faces
- 8X2 1=
and 9
A= O—Z(XQ) =C on vertical faces.

so that A € Po(Th).
Horizontal (and vertical) plane waves are exactly reproduced.

The “"bad modes” x(x2)e™™! are very well approximated.
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A rigorous proof using a splitting

Consider the Fourier series expansion along x1:
U(X) — Z :m(x2)ei(a+2m7r)x1/2 u*(¢)(x) — Zﬁm(x2)ei(a+2mﬂ')x1/l.
meZ meZ

Then, we have R
—k,,fﬁm — /ﬁml =0 (—|— BC)

with (knf)? == (k£)® — (a + 27m)?.
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A rigorous proof using a splitting

Consider the Fourier series expansion along x1:

U(X) — Z :m(x2)ei(a+2m7r)x1/2 u*(¢)(x) — Zﬁm(x2)ei(a+2mﬂ')x1/l.

meZ meZ

Then, we have R
—k,,fﬁm — /ﬁml = ¢, (—|— BC)
with (knf)? == (k£)® — (a + 27m)?.

The “problems” arise when k., approaches zero.
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A rigorous proof using a splitting

Consider the Fourier series expansion along x1:

z)(x) — Z ;m(x2)ei(a+2m7r)x1/2 u*(¢)(x) — Zﬁm(x2)ei(a+2mﬂ')x1/l.

meZ meZ

Then, we have R
—k,,fﬁm — /ﬁml =0 (—|— BC)

with (knf)? == (k£)® — (a + 27m)?.
The “problems” arise when k., approaches zero.

We thus split

()(X) — Z 2m(x2)ei(a+2m7r)x1/2+ Z gm(xz)ei(oﬂ»Zmﬂ')xl/Z

[km|<k [km|>k

and similarly u =0+
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Large frequencies

For T/ we actually have the “good” stability estimate
Iv2all7 S (kO

and we can follow the “naive” approach.

28/30 T. Chaumont-Frelet A posteriori estimates for the wave equation



Large frequencies

For T/ we actually have the “good” stability estimate
Iv2all7 S (kO

and we can follow the “naive” approach.
For the other term, we only have

V227, < (ke 0]l

so we need to be creative!
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Small frequencies

Because the grid is Cartesian, we actually have

Vw(x)-n=dw(xi,:) or dw(,xz).
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Small frequencies

Because the grid is Cartesian, we actually have
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Looking at one particular mode U, we have

Vim(x) -n= T’ e m*1 or ikmtm(x2).
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Small frequencies

Because the grid is Cartesian, we actually have

Vw(x)-n=0dw(x1,-) or 0iw(,x2).

Looking at one particular mode U, we have

Vim(x) -n= T’ e m*1 or ikmtm(x2).

We then write

V-1 — pslle S kmhl[Tml| oo (ry or hl[T5]|F
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Small frequencies

Because the grid is Cartesian, we actually have

Vw(x)-n=0dw(x1,-) or 0iw(,x2).

Looking at one particular mode U, we have

Vim(x) -n= T’ e m*1 or ikmtm(x2).

We then write
Vim0 — pnllr S kmhl|Tim]l ey or hlT[|F
and we can actually show that

19801 = il £ kb,
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Small frequencies

Because the grid is Cartesian, we actually have

Vw(x)-n=0dw(x1,-) or 0iw(,x2).

Looking at one particular mode U, we have

Vim(x) -n= T’ e m*1 or ikmtm(x2).

We then write
1980 1= pallr S kenhl[Gllioee) o Al[Tlr
and we can actually show that
V8- 1= ] S kbl

leading to
V- n— pnllr < khllof].
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Concluding remarks



Concluding remarks

Helmholtz problems in periodic structures suffer from quasi-resonances.

This resonances affect the stability of FEM and MHM on general meshes.

On Cartesian grids the MHM exactly preserves horizontal plane waves.

This preservation property ensures the robustness of the method.
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