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The problem




The wave equation
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The wave equation

Given f : Ry x O := R, find v : Ry X 2 — R such that

{ u(t) — Au(t) = f(t) inQ,
u(t) 0 on [,

for t > 0, together with initial conditions

u(0) =u4(0) =0in Q.
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The wave equation

Given f : Ry x O := R, find v : Ry X 2 — R such that

{ u(t) — Au(t) = f(t) inQ,

u(t) 0 onl,
for t > 0, together with initial conditions

u(0) =u4(0) =0in Q.

For simplicity, f is piecewise polynomial in space and () is convex.
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The wave equation

Given f : Ry x O := R, find v : Ry X 2 — R such that

{ u(t) — Au(t) = f(t) inQ,
u(t) 0 onl,

for t > 0, together with initial conditions

u(0) =u4(0) =0in Q.

For simplicity, f is piecewise polynomial in space and () is convex.

Importantly, we assume that 7 is smooth in time.
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The problem and available solutions

The goal




The goal

We (semi) discretize the problem with finite element in space.
This yields discrete solution uy, : Ry — V), smooth in time.
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The goal

We (semi) discretize the problem with finite element in space.
This yields discrete solution uy, : Ry — V), smooth in time.

We want to find a suitable norm ||| such that estimates like

+o00 +oo
/0 I(u— w)(B)I2 < / o(t)dt

and
nk(t) < (v = u)(®)llz

hold true for a fully-computable estimator 7.
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The available solutions




The available solutions

a S. Adjerid, 2002
hierarchical estimator
v asymptotically exact
X requires Cartesian grids and smooth solutions

ﬁ C. Bernardi and E. Siili, 2005

residual-based estimator
v upper bound and lower bounds, fully discrete problem
X weaker norm in the upper bound that in the lower bound

a M. Picasso, 2010

elliptic reconstructions
v upper bound in L*(H')
X no lower bound

a E.H. Georgoulis, O. Lakkis and C. Makridakis, 2013

elliptic reconstructions
v upper bound in L™ (LZ), fully discrete problem
X no lower bound
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The available solutions

a S. Adjerid, 2002
hierarchical estimator
v asymptotically exact
X requires Cartesian grids and smooth solutions

ﬁ C. Bernardi and E. Siili, 2005

residual-based estimator
v upper bound and lower bounds, fully discrete problem
X weaker norm in the upper bound that in the lower bound

@ M. Picasso, 2010

elliptic reconstructions
v upper bound in L*(H')
X no lower bound

@ E.H. Georgoulis, O. Lakkis and C. Makridakis, 2013

elliptic reconstructions
v upper bound in L™ (LZ), fully discrete problem
X no lower bound

To the best of my knwoledge, no rigorous efficiency proofs.
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The proposed error estimates

The estimator




An instantaneous estimator
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An instantaneous estimator

The estimator is designed to control the “instantaneous residual”
(i1, V) + (Vun(t), Vv)o = (F(8), v)a| < n()[Vvlle Vv € Ho (),

at each t € Ry.
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An instantaneous estimator

The estimator is designed to control the “instantaneous residual”
(i1, V) + (Vun(t), Vv)o = (F(8), v)a| < n()[Vvlle Vv € Ho (),

at each t € Ry.

The associated residual-based estimator would be

nk(8) == hillF(£) = in(2) + Dun(e)llx + 12N TV un(0)] - nlloy-
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An instantaneous estimator

The estimator is designed to control the “instantaneous residual”
(i1, V) + (Vun(t), Vv)o = (F(8), v)a| < n()[Vvlle Vv € Ho (),

at each t € Ry.

The associated residual-based estimator would be

n(t) = hillF(8) = () + Aun(B)llx + B2 TV un (D] - nllonc -

Here, we use an equilibrated flux o (t) with V - o(t) = 7(t) — ,(t), and

1k(t) = [lo(t) + Vur ()|«
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The proposed error estimates

The norm




The norm

Fix a time-scale T > 0.
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The norm

Fix a time-scale T > 0.

Let £, := u — u;. The “instantaneous” error measure is
2 2% 2 ; 2 2
NEAONE == TE OIS + 1€,(DIE + [V E(DII5 -
optional physical energy
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The norm

Fix a time-scale T > 0.

Let £, := u — u;. The “instantaneous” error measure is

Ex(O = T2IE (D1 + 1€, (0I5 + [ VE(D)IIE -

optional physical energy

The "accumulated” measure is

+oo
/ I (17 e T dt.
0
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The norm

Fix a time-scale T > 0.

Let £, := u — u;. The “instantaneous” error measure is

Ex(O = T2IE (D1 + 1€, (0I5 + [ VE(D)IIE -

optional physical energy

The "accumulated” measure is

+oo
/ I (17 e T dt.
0

The exponantial weight means that we essentially control up to t ~ T.
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The proposed error estimates

The estimates




The error estimates

The estimator is space-time locally efficient:

nk(t) S NE(D)llz-
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The error estimates

The estimator is space-time locally efficient:

nk(t) S NE(D)llz-

The estimator is also reliable:

+oo 2 +o0
[ ne@re ™ e < (14 00t) [ nefe ® de 4 os(0)
0 N ,J0 N——

pre factor data oscillation
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The error estimates

The estimator is space-time locally efficient:

nk(t) S M€z
The estimator is also reliable:

+oo 2 +o0
/ (O™ Tde < (14 o(1?)) / n(t)2e 2/ Tdt + osc(f)
0 \ ,J0 ~——

pre factor data oscillation

osc(f) = h"t! x “high power of T" x “high order time derivatives of /.
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The proposed error estimates

A numerical example




Reflection by a wall with p

Solution

True error

Estimated error

©
=
[}
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Convergence and effiency

T T T 1717 Bl T T T T 1 1]
1072 f * = |
107 ERRa Nofllu=ull, |
107* 4 0.6 1
i | | E il [
10? 102 10? 102
1/2 1/2
Ndéfs Nd{)fs
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A glance at the proofs




A glance at the proofs

A quick detour: the Poisson problem




The Poisson problem

Consider the Poisson problem
(Vu,Vv)o = (f,v)o Vv € Hy(Q)

and its conforming FEM discretization wu,.

With constructions for 7 similar to what | presented, we have

(V& Vv)al <nllVvlo Vv € Ho(Q).

Because (V+, V+)q is actually an energy norm, we have

IVEnllo <.

What makes the wave equation tough is the lack of inf-sup stability.
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A glance at the proofs

The Helmholtz problem




The Helmholtz problem

We next consider the Helmholtz problem with complex frequency s :=v + ip

—* (1, V)0 4+ (Vu, Vv)o = (F,v)o Vv e Hy ().
The sesquilinear form is not an energy norm. We only have

2
IsPlIERNE + 1IV&1E < <1 + %) "
P

Using duality techniques, this may be improved to

2
v||v|h
Pl + 19l < (14 DY e
[

pre factor

@ W. Dorfler and S. Sauter, 2013

@ T. Chaumont-Frelet, A. Ern and M. Vohralik, 2021
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A glance at the proofs

The wave equation




The wave equation

Key observation: letting p := 1/ T, we have

400 _ ptioco s N N
| reeneTae= [© (' C E)IR + sPIE) I + ||V§(s)||%) ds.

p—ico
The Laplace transform u(s) of u(t) solves a Helmholtz problem:

4 o~ o~ o~
ELIE (917, + 151 () + IVE G < (1+C' s |u|h) sy

Problem: the pre factor is not bounded as v — +oc.
Solution: use a cutoff frequency w and do something else for |v| > w.
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Treatment of high-frequency content

For the high-frequency content, we simply use “plain” stability:

E(s)Ils < 1E()ls + 1Tn(s)lls < 4‘ s 7)o < 4= 2 =171

Next, we use that

ptico ) 1 +o00 " s ot
[ xsads < o [ 1000l e
P w 0

—ioco
It easily follows that term

pice 2 1 Hoe (r+2) 2 —2pt
/ 6, Bxisiwds < / 17D (1)|Be 2 dt
P w 0

—ico

can be made small by approxiately picking w and r.
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Regrouping the pieces

Reliability follows by regrouping the low- and high-frequency terms:

+oo > _opt ptico ) pFico )
/ /(022" dt = / 1B, 12 <codls + / 1B 215 ds
0 P

—ioco p—ioco

2 +oo +oo
w” wh 2 —2pt 4 1 / (r+1) 2 _—2pt
1+C—— t Ptdt + — f t Prdt.
( p2 c ) /0 7]( ) € pz wz, 0 || ( )”Qe

The estimates | presented earlier simply rely on a clever choice of w and r.
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Concluding remarks



Concluding remarks

This is a new framework to derive a posteriori estimates for the wave equation.
It can handle space-varying coefficients and disspative terms (with i1).

With equilibration, it gives asymptotically constant-free and p-robust estimates.
Similar (slightly weaker) results are possible with residual-based estimators.

Future challenges include time-discretization and adaptivity.

ﬁ T. Chaumont-Frelet, arxiv:2205.13939, 2022.
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