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Impact of MAR data on the EM algorithm Impact of MNAR data on clustering Concluding remarks Typology of the missingness mechanisms Missing completely at random (MCAR): p(c|y ; ) = p(c; ) 8y Missing at random (MAR): p(c|y ; ) = p(c|y obs ; ) 8y mis Missing not at random (MNAR): the mechanism is not MCAR nor MAR "If the missing mechanism is ignorable then likelihood-based inferences for ✓ from L(✓; y obs ) will be the same as likelihood based inference for ✓ from L(✓, ; y obs , c)." [Little and Rubin, 2002 Section 6.2] M(C)AR is ignorable MNAR is not ignorable 7/31

where

z i = (z i1 , . . . , z iK ) 2 {0, 1} K z ik = 1 if y i belongs to cluster k, z ik = 0 otherwise
Mixture model: y 1 , . . . , yn are i.i.d. from the d-variate Gaussian mixture 

f (y i ; ⇡, ✓) = K X k=1 ⇡ k f k (y i ; ✓ k ) ⇡ k = p(z ik = 1), ⇡ = (⇡1, . . . , ⇡ K ) f k (.; ✓ k ) = (.; µ k , ⌃ k ) is
θ ) = (π) , (λ) k k λ λ !"# $% & %# $ '()*+,
Degeneracy genesis: unbounded likelihood

d-variate Gaussian mixture f (y i ; ✓) = K X k=1 ⇡ k 1 (2⇡) d/2 |⌃ k | 1/2 exp ⇣ 1 2 (y i µ k ) T ⌃ 1 k (y i µ k ) ⌘ | {z } (y i ;µ k ,⌃ k ) Sampling: y 1 , . . . , yn i.i.d.
⇠ p(.; ✓) without any missing data (y obs = y ) Likelihood: `(✓; y ) = ln L(✓; y ) = P n i=1 ln f (y i ; ✓) and Wolfowitz, 1956] [Day, 1969] 10/31 θ- andChrétien, 2003] [Ingrassia andRocci, 2009] Proposition 1: Existence of a bassin of attraction

particular center µ 2 = y i ) lim |⌃ 2 |!0 `(✓; y ) = +1 [Kiefer
u 0 =  1 p i 0 k 0 , {p ik 0 } i6 =i 0 degeneracy of component k 0 at y i 0 , ku 0 k ! 0 [Biernacki
9✏ > 0 s.t. if ku 0 k  ✏ then ku + 0 k = oku 0 k with probability 1.
Proposition 2: Speed towards degeneracy is exponential

9✏ > 0, ↵ > 0 and > 0 s.t. if ku 0 k  ✏ then, with probability 1, |⌃ + k 0 |  ↵/|⌃ k 0 | • exp ⇣ /|⌃ k 0 | ⌘ .
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Detail from the illustration 1 2 3 4 5 6 7 8 9

1 2 1 1 . 0 0 0 . 0 9 3 0 . 7 5 1 5 1 . 9 8 4 . 9 4 1 4 . 2 7 2 7 . 2 4 2 1 7 . 1 3 2 1 9 6 . 8 6 0 . 0 2 0 . 0 9 2 8 . 5 9 8 2 . 0 6 2 . 8 7 7 . 9 7 2 7 . 6 6 2 0 0 . 7 5 3 1 4 4 . 0 0 0 . 1 2 0 . 0 5 1 9 . 6 5 7 0 . 4 3 3 . 5 8 7 . 5 7 1 6 0 . 3 7 4 1 7 2 . 5 2 0 . 1 3 0 . 0 4 1 9 2 . 2 2 5 . 1 2 1 9 . 3 2 3 2 . 1 9 1 7 4 . 9 3 5 1 2 1 . 0 0 0 . 1 7 0 . 0 9 2 4 . 4 4 1 4 4 . 4 7 5 . 9 1 2 2 . 0 2 1 0 . 5 9 1 4 1 . 7 7 6 2 2 3 . 0 0 0 . 1 2 0 . 0 8 3 3 . 1 0 1 9 7 . 0 1 5 . 9 5 3 0 . 4 5 1 2 . 9 6 2 5 2 . Cvg. towards a degenerated component (no plateau of the log-likelihood)

Degeneracy relatively slow: log-likelihood linear according to the nb of it.

Number of points of the degenerated solution greater than the space dimension d (but the number of complete points lower than d)

  y = {y 1 | . . . |yn} T : full dataset with n individuals y i = (y i1 , . . . , y id ) 2 Y = R d with individual i 2 {1, . . . , n} c = {c 1 | . . . |cn} T 2 {0, 1} n⇥d : pattern of missing data for the full dataset c i = (c i1 , . . . , c id ) 2 {0, 1} d : pattern of missing data for individual i 2 {1, . . . , n} c ij = 1 , y ij is missing y obs i : the observed variables values for indiv. i (and y obs = {y obs 1 | . . . |y obs n } T ) y mis i Partition (K clusters): z = (z 1 | . . . |zn) T 2 {0, 1} n⇥K

  even when starting from large variances convergence can be slow when far from the degenerate limit convergence extremely fast near degeneracy 11

Impact of MNAR data on clustering A model-based MNAR clustering approach Medical study illustration
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Intermediate conclusion on missing data

Like the complete data y case Likelihood is unbounded EM can be attracted by degenerate solutions Unlike the complete data y case Risk to consider a degenerated solution as valid

Risk of losing a lot of time in useless iterations

Statisticians should be aware of such dangerous EM behaviour. . . Suppose equivalently that n 1 data are unobserved (unchanged likelihood)

Here is one iteration of a (useless) EM algorithm (it. q)

(n 1)µ (q) + y n and 2(q+1) =

(n 1) 2(q) + (y µ (q+1) ) 2 n Linear grow of the log-likelihood (have a look also when n increases!)

`(✓ (q) ; x) ⇠ 0.5q log

Geometrical convergence rate towards 0 for the variance

Influence of the missing data rate When the rate of missing data increases:

The rate of degeneracy increases

The number of iterations before degeneracy seems to (globally) increase

Again, statisticians should be aware of such dangerous EM behaviour. . .

. . . since missing data are more and more frequent

Proposed MNAR models in clustering

Question we address now

Since MNAR is not ignorable, which distribution p(c|y , z; ) to propose?

Hypothesis 1: conditional independence

Hypothesis 2: linear function within canonical link functions ⇢ 

Remarks:

MNARz j y k is the most complex model MNARz, MNARz j : the only e↵ect of missingness is on the class membership, = (↵ 11 , . . . , ↵ 1d , . . . ,

MCAR is a specific and simple case Proposition 3: in terms of maximum likelihood

The maximum likelihood estimate associated to the dataset ỹ obs under MAR model is the one associated to the dataset y obs under MNARz or MNARz j models.
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Identifiability

Previous works: [Teicher, 1963] (without NA), [Miao et al., 2016] (for MNAR data)

Proposition 4

Assume that 1 The marginal mixture

2 There exists a total ordering of F j ⇥ R, for j 2 {1, . . . , d} fixed, where

Then the mixture model with one of the MNAR⇤ mechanisms is identifiable up to label swapping

All MNAR models are identifiable (or at least generically identifiable) for probit/logit