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Abstract

This paper extends the unfitted Nitsche-XFEM method of [Comput. Methods Appl. Mech. Engrg., 301, 300-335,
2016] to three-dimensional fluid-structure interaction problems with immersed thin-walled elastic solids. The fluid
and solid domains are discretized with unfitted unstructured meshes. Discrete weak and strong discontinuities are
allowed in the fluid and the coupling is enforced consistently via a fluid-sided Nitsche’s type mortaring with suitable
stabilization for robustness. Integration over cut-elements is handled via an efficient and robust intersection and sub-
tesselation algorithm. The method includes a new approach for the treatment of partially intersected fluid domains.
Several numerical examples are presented and discussed, which illustrate the capabilities of the proposed method.

1. Introduction

The mechanical interaction of an incompressible viscous fluid with an immersed thin-walled structure appears in
a wide variety of engineering fields and biosystems. The applications span from biomechanics of cells deformation,
physiological flows, such as, heart valve dynamics, to aeroelasticity of parachutes and sailing boats (see, e.g., |Liu
and Liuf (2006); Van Loon et al.| (2005); [Han and Peskin| (2018)); Nakata and Liu (2012); [Weymouth et al.| (2006);
Takizawa and Tezduyar| (2012)). One the fundamental difficulties that has to be faced in the approximation of these
systems is that the coupling with the thin-walled solid introduces weak and strong discontinuities in the fluid velocity
and pressure fields, respectively. The preservation of these properties at the discrete level is known to have major
implications on the accuracy of the resulting numerical method. In particular, pressure discontinuities across the
interface are essential to guarantee interfacial mass conservation, whereas discontinuities in the velocity gradient are
a key ingredient in the optimality of the convergence order.

The development of fluid-structure interaction (FSI) numerical methods has been extensively investigated within
the last decades, usually striving for superior accuracy, robustness and efficiency. Based on the discretization at the
fluid-solid interface, approaches for solving FSI problems are often classified as fitted (conforming) and unfitted
(non-conforming) mesh methods. In the boundary-fitted framework, the fluid and solid meshes are conforming at
their interface, and the fluid problem is typically solved in a deforming mesh which follows the motion of the solid
mesh. Note that this requires a geometrical representation of the interface within the fluid mesh, which facilitates the
introduction of weak and strong discontinuities at the discrete level. Within the works involving fitted approaches
we recall the studies based on the Arbitrary Lagrangian-Eulerian (ALE) formulation (see, e.g.,[Donea et al.| (1982));
Nomura and Hughes| (1992); Formaggia and Nobile (1999); |Stein et al.| (2003); Takizawa et al.| (2012)); |Landajuela
et al. (2017)) and the unified continuum modeling for FSI (see Hoffman et al.| (2011); Jansson et al.|(2017); [Liu and
Marsden| (2018)). Fitted mesh methods facilitate by design the discretization of the interface conditions. Further-
more, the computation of quantities of interest, such as wall shear stress, at the interface, is simple and accurate.
However, when large interfacial deflections are involved (with potential contact between solids) these methods are
often cumbersome; in fact, the fluid mesh can become very distorted unless re-meshing or topological mesh changes
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are performed (see, e.g. |Alauzet| (2014)); [Takizawa et al.| (2014)), which mitigates the computational benefits of the
boundary fitted framework.

Under these circumstances, unfitted meshes-based methods are a favoured approach. In this class of methods, the
fluid and solid meshes are non conforming at the interface, and the solid mesh is free to move over the background
fluid mesh. The numerical approaches generally differ on how the fluid and solid approximations are built and on
how the interface coupling conditions are treated at the discrete level. Among these approaches, we can mention the
Immersed Boundary (IBM) and Immersed Finite Element (IFEM) methods (see, e.g., [Peskin| (2002); [Zhang et al.
(2004); Mittal and Iaccarino| (2005); |Boffi et al.| (2011); Wang and Zhang|(2013)), where the solid appears as an ex-
ternal body force in the fluid equations, and the fictitious domain methods (see, e.g., Glowinski et al.| (1999); |Baaijens
(2001); De Hart et al.| (2003); |Astorino et al.| (2009)); Bofh et al.|(2015)); [Kamensky et al.| (2015)); Boffi and Gastaldi
(2017); Boilevin-Kayl et al.|(2019a))), where the kinematic constraint is imposed via Lagrange multipliers. In general,
these methods have the reputation of being inaccurate in space, due to the discrete treatment of the interface condi-
tions and/or the fact that the fluid spatial discretization does not allow for discontinuities across the interface (see,
e.g., |Peskin and Printz (1993); Griffith/ (2012); Kamensky et al.| (2015); |Strychalski and Guy| (2016)); |Boilevin-Kayl
et al.| (2019b); (Casquero et al.| (2021))). Mesh adaptivity is known to alleviate these issues (see, e.g., [Hachem et al.
(2013); [Bergmann et al.| (2022))), but it does not remove the problem. A natural approach to enhance interfacial mass
conservation consists in considering global discontinuous pressure approximations with higher order polynomials for
the velocities (see, e.g., Baaijens|(2001); Bofhi et al.|(2012bla, 2015)), or directly divergence free velocity approxima-
tions (see|Casquero et al.| (2021))). An alternative approach, based on more standard velocity/pressure approximation
spaces, consists in boosting the incompressibility constraint via grad-div stabilization in the interfacial zone (see, e.g.,
Kamensky et al.| (2015); (Galvin et al.| (2012); |Casquero et al.| (2017); Boilevin-Kayl et al.| (2019b)), but this suffers
from severe ill-conditioning issues. The extended-FEM (XFEM) method, which combines a cut-FEM approach with
a local enrichment (see, e.g., |Zilian and Legay| (2008)); Gerstenberger and Wall| (2008)); Sawada and Tezukal (2011)),
overcomes these difficulties at the price of introducing additional unknowns (Lagrange multipliers) and potential ill-
conditioning issues (lack of robustness with respect to the interface cuts). These difficulties are overcome by the
Nitsche-XFEM method which combines overlapping meshes (strong and weak discontinuities) with a treatment a la
Nitsche’s of the interface coupling (Lagrange multipliers free) and suitable stabilization on the interfacial zone for
robustness (see|Alauzet et al.| (2016); Burman and Fernandez|(2014), and also|Zonca et al.|(2018]) for an extension to
the case of the coupling with thick-walled solid models).

The superior accuracy of the Nitsche-FEM approach comes however at a price (see, e.g., |Boilevin-Kayl et al.
(2019b)) for a comparison of some of the above mentioned methods), the method demands a much more involved
computer implementation (e.g., with respect to traditional IBM or IFM methods) and requires a specific tracking of
the mesh intersections. In|Alauzet et al.[|(2016)), only the two-dimensional (2D) case is investigated, with moderate
interfacial displacements. In the present paper, we extend the unfitted Nitsche-XFEM method of |Alauzet et al.| (2016))
to the three-dimensional (3D) setting, involving the coupling with non-linear shell models in large displacements.
The mathematical formulation of the method is similar to the 2D case, however, the treatment of the front elements
(partially intersected fluid domain) and the intersection of bulk-surface unstructured meshes is much more involved
and requires specific methods. We hence propose a new approach to treat the front elements, the main idea consists in
extending the solid mesh with a fictitious interface. Mesh intersection must be evaluated at each time iteration, so that
the algorithm must be efficient and robust. Two main approaches have been proposed in the literature to perform the
integration of the variational terms over the general polyhedra resulting from the intersection: sub-tessellation into
triangular/tetrahedral elements and methods based on the Stokes theorem where a boundary representation of the bulk
integrals is considered (e.g. Massing et al.| (2013));\Sudhakar et al.| (2014)); /Antonietti et al.|(2018); /Chin and Sukumar
(2020); Mayer et al.[ (2009} 2010); Shahmiri et al.| (2011); Massing et al.| (2013); Zonca et al.[(2018))). In the former
case, the majority of the studies rely on external meshing libraries. In the presented work, we propose an ad hoc
three-dimensional intersection and sub-tetrahedralization/triangulation algorithm for general unstructured meshes cut
by a triangular surface mesh. Extensive numerical evidence, in a series of three-dimensional examples involving large
interfacial deflections, illustrates the performance and robustness of the proposed method.

The rest of the paper is organized as follows. Section 2]is devoted to the description of the continuous problem. In
Section 3] we introduce the fully discrete formulation, for both fully and partially intersected fluid domains. Section[4]
discusses important details of the mesh intersection and element duplication algorithms. In Section[3]is devoted to the
numerical examples. Finally, Section [6]reports a summary of the conclusions and draws some perspectives of future
work.



2. Problem setting

Let Q be a given domain of R?, with boundary I. We consider a fluid-structure interaction system in which a
thin-walled solid is immersed in a viscous incompressible fluid filling Q. The reference configuration of the solid,
represented by its mid-surface, is supposed to be given in terms of the oriented surface X, with unitary normal vector
n. The current position of the interface X(7) is described in terms of a deformation map ¢ : £ x R* — R3 as
(1) = ¢(Z, 1), with ¢ < Is + d and where d denotes the solid displacement. To ease the notation we set ¢, = ¢, 1), so
that we also have X(¢) = ¢,(Z). The corresponding fluid control volume QF(r) E Q\X(#) ¢ R? is time-dependent, with
its boundary partitioned as 0Qf (1) = 3(r) UT. We will first assume that () separates € into two open domains Qﬁ(t)
and Qg(t) (see Figure . The general case of a partially intersected fluid domain will be discussed in Section We
denote the outward unit normal to Qlf.(t) on X(¢) by n;,i = 1,2. Without loss of generality, we chose Q(¢) and Q,(¢)

sothat n; = nand n, = —n.

£ n Qb(t)

Figure 1: Geometric configuration of the fluid domain and of the immersed solid.

Some notation is needed to introduce quantities defined across the interface Z(¢). For a given continuous scalar or
tensorial field f defined in Q'(¢), possibly discontinuous across X(¢), we define its sided-restrictions to X(¢), noted by

fiand f5, as

def

fix) = lim f e+ ém), (0= lim f(e+gm)  Vx € X0
We also define the following jumps and average across the interface X(7):

def def 1

1= hi-f [fnl = fim+ fomo, {1)= 5 i+ £o).

The considered coupled problem reads as follows: Find the fluid velocity and pressure u# : Q x R* — R?,
p: QxR* — R, the solid displacement and velocity d : £ x R* — R3, d : ¥ x R* — R such that, for all t € R*,
we have

P O +u-Vu) —divo(u,p) =0 in Q(),

divu =0 in Q) (D
u=0 on T,

0’edd+Ld)=T on %,
d=06,d on I, 2)
d=0 on 0%,

p=Is+d, Z(0=¢(), Q1) =Q\Z0),

ulzuzzt'loq),_l on X(1),

fT~w:—f [o@w,p)n] -wog' VweWw.
s ()

3)
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complemented with standard initial conditions u(0) = u(, d(0) = dy and d(0) = d,. In the above system, the symbols
ol, p* and & respectively denote the fluid and solid densities and the thickness of the solid. Moreover, the standard
notation is used for the fluid Cauchy stress tensor, namely,

def

o, p) = 2ueu) - pl, €)= %(Vu +Vu"),

where u denotes the fluid dynamic viscosity. The abstract operator L in (2) represents the (non-linear) elastic operator
of the solid. The relations in (3] respectively enforce the geometrical compatibility and the kinematic and dynamic
coupling on the interface between the fluid and the solid media. In (3]s, the symbol W denotes the space of admissible
displacements in the solid and T the interfacial fluid stress exerted on the reference configuration.

Remark 1. Note that the fluid pressure in (I)-(3)) is defined up to a constant.

3. Numerical method

This section is devoted to the numerical approximation of (I)-(3). For the time discretization, we consider a
strongly coupled scheme with a explicit treatment of the interface location. An unfitted mesh approximation is con-
sidered in space, using overlapping meshes on the interface and a treatment a la Nitsche of the interface coupling
(Nitsche-XFEM method, see|Alauzet et al.| (2016))).

3.1. Time discretization: strongly coupled scheme

In what follows, we will use the following notation for the first-order backward difference: 9,x" E " = x"NH/T,

where 7 > 0 denotes the time-step length. With the purpose of avoiding geometrical non-linearities in the fluid, we will

discretize the geometric compatibility condition (3)); in an explicit fashion. For a given displacement approximation
d"' € W at time level n — 1, we define the deformation at time level 7 in an explicitly fashion as ¢" = Iy +d"~'. This

map characterizes the interface position at time level n, as " = ¢"(X). We hence propose to update the physical fluid
domain as
o= o\,

The resulting time semi-discrete scheme reads as follows, for n > 1:

1. Interface and fluid domain update:

¢"=L+d"', T =¢"F), QY =Q\" “)

2. Fluid-solid coupled system:

Pf 0" +u"" - Vu") — dive@", p") =0 in QM
divu" =0 in Q" ®)

u"'=0 on T,

pssart.l” +LdH)=T" on X,
d=08,d on I, (6)
d=0 on 0%,

u' = "In ° (¢n)—1 on En’

n n on ny—1 (7)
fT~w=—f[[0'(u,p)n]]~w0(¢) Yw e W.
b ¥
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Figure 2: (a) Three-dimensional unfitted fluid-solid meshes (with the intersected fluid elements highlighted). (b) The triangulations 7", and 7',1 2
with the overlapping region in dark grey.

3.2. Unfitted mesh approximation: fully discrete scheme

We propose to approximate the fluid velocity and pressure with triangulations of Q" which are independent of
the interface X". The strong and weak interfacial discontinuities are included in the discrete fluid solution my means
of overlapping meshes (see [Hansbo and Hansbo| (2004); Becker et al.| (2009); [Alauzet et al.| (2016)), which are build
by duplicating the fluid elements that are intersected by the interface X", as shown in Figure 2] In this framework we
enforce the coupling conditions (7) by Nitsche’s type mortaring as reported in[Burman and Fernandez| (2014); [Alauzet]
et al| (2016)); Hansbo et al.| (2004).

For sake of simplicity, we assume that both Q' and =" are polyhedral. Let {7, }o<n<1 be a family of quasi-uniform
triangulations of X and we consider the standard space of continuous piecewise affine functions:

X, 2 {Vh € C'2) | vk € Pi(K), VK € Tlf}

The discrete space for the solid displacement and velocity approximations is hence defined as W), = [Xs]3 N W, where
=[H 1(2)]3 denotes the space of admissible displacements. The weak form of the abstract solid elastlc operator L
in (@) is assumed to be given by a form a® : W x W — R, linear with respect of its second argument.

For the fluid, we introduce two families of quasi-uniform tetrahedral meshes {7 }0<h<1, i = 1,2, where each ‘7' "
covers the i-th fluid region Q " separated by X". Each mesh T 1s fitted to the extenor boundary T; but not to Z”
Moreover, we assume that for every element K € 7', N7}, we have K N X" # 0. We denote by €} ; the domain
covered by 7 ” i namely,

Q< int (Ugery, K).
Note that the mesh composed by 7, U 7', is a conforming mesh of the whole fluid domain Qf, but which does not

contains any geometrical representatlon of the interface 2. For i = 1,2, we can hence introduce the following spaces
of continuous piecewise affine functions:

Xy, = vy € COQL) vk € Py(K). VK e T}
Associated with X', we define the following spaces

det

Vii= [X;zll] N [H, %(Qf)]3v i = X

For the approximation of the fluid velocity and pressure we consider the following discrete product spaces

def

V;:L = VZI X VZz’ n = (th X Qh 2) N L(z)(an) ®)

Note that, owing to the overlap between Q| and € ,, interfacial strong and weak discontinuities are included in
these discrete approximation spaces (see F1gure|§|for an illustration in 1D).

5



~~
f,n f,n
Ql Q2

Figure 3: 1D illustration of the discrete spaces X’ h, supported by the overlapping meshes 7 :’J., i=1,2.

For the spatial approximation of the fluid, we introduce the following discrete bi-linear and tri-linear forms re-
spectively associated to the Stokes and convective operators in (5):

agen(@n pi) > Wi qn) ) = 2u(€(r), €v3))in — (Pas divwg)gen + (g diveey) g,

. f
¢ (zns s vi) = PN (2 - Vitn, vi)gpn + %((diVZh)uh, Vi)t 9)

f
=P (znl - mlual. fval)s. - %([[Zh -], fun - vil)g-

The three last there terms are added to guarantee that c"(v;; zs, zp) = 0 for all z, € V}, as in standard DG methods
(see, e.g.,|D1 Pietro and Ern|(2012)).

In order to cope with the lack of inf—sup stability of the discrete spaces (8] and with the numerical instabilities for
large local Reynolds number, the continuous interior penalty stabilization method (CIP) will be used. The associated
symmetric velocity and pressure stabilization operators are given by (see, e.g., Burman et al.| (2006)); Burman and
Fernandez| (2007)):

2
@) Syt Y S ERep@)llzn -l ([Vanl r, [Yal )

i=1 FET”.

R
ph(Zh,Ph,Qh) YPhZZ Z £Rer(z) eF(Zh)) (IVpulr, [Van]F)p

= i, Nzallieer) o (F)

where 77 "l denotes the set of interior faces of 7, Rer(zp) = p.llthILoo(F)h/J denotes the local Reynolds number,
§(x) = min{1, x} is a cut-off function and Yo Vv > 0 are user-defined parameters. Furthermore, in order to guarantee
robustness with respect to the way the interface X" is cutting the overlapping meshes 7", we introduce the time-
dependent ghost-penalty operator, given by (see, e.g., Burman|(2010)):

2
gZ(uh’Vh)défygﬂhZ Z (IVunilr, [VV0il F)ps

i=l peF=!

hii

where Thz; denotes the set of interior faces of the elements of 7, intersected by X". Finally, we collect all the above
terms in a single fluid contribution
def
agr,ngh(zh; @ns p) s O, qn) ) = " (2o Uns Vi) + aagy, (Wns pr) > Vs qn) )

+ 5y @nswn,vi) + 8y, (23 Prs ) + &), Was vi) -

By combining the explicit treatment of the geometric compatibility (@) with a Nitsche fluid-sided mortaring of the
the strong coupling (B)-(7), we get the fully discrete solution procedure reported in Algorithm I}

6



Algorithm 1: Nitsche-XFEM strongly coupled scheme.
Forn > 1:

1. Interface update: ‘
¢ =Is+d;", T =¢)F)., QV=Q\1"

2. Find (ul, pi,d,d') € VI x O x Wy, x W, such that @) = 3.d]' and

1Bty Vi) + gy, (W (s D), Wns @1)) + P°E(Bedy, wh)s + a*(dj; wi)
2 2 2
. yu .
= 2 O ph v = W) = Y W= A T O~ M)+ T D W= v =)y =0 (10)
i=1 i=1

i=1

for all (v, g, w) € V| X QF X W,

Due to the dynamic nature of problem, Algorithm [1|involves integrals of functions associated to different time
levels, namely, e.g. (uZ‘l,Vh)Qf,,l. At each iteration a new location of the structure is computed, together with a new
sub-tetrahedralization. This requires the integration of products of functions that might be discontinuous at different
locations in the same element. In order avoid the simultaneous intersection of different interface locations within
the same fluid element, we consider the approach introduced in|Alauzet et al.|(2016)); [Fries and Zilian| (2009), which
basically consists in locally shifting the discontinuity at time ¢* to the structure location at time ", where #* refers
to " and "' respectively. In the case where the discontinuities are located in different elements, the quadrature is
performed in a standard fashion since we keep track of the (previous) intersections at different times and we can treat
each discontinuity separately.

3.3. PFartially intersected fluid domain

In this section, we propose an extension of Algorithm [I] to the case in which the interface X" only partially
intersects the domain Q. We introduce a procedure whose purpose is twofold: first, connect the duplicated fluid
elements intersected by the solid boundary elements with the rest of the fluid domain; and secondly, facilitate the
definition of the fluid discrete spaces. For the sake of comparison, we briefly recall the two-dimensional procedure
proposed in |Alauzet et al| (2016). In 2D, we refer to the boundary solid vertex as tip, while in 3D the immersed
boundary is identified as a front. Additionally, we will name with fluid tip elements the fluid simplexes that are
intersected by the solid boundary #ip in 2D or the boundary front in 3D. The strategy proposed in|Alauzet et al.|(2016)

)
" — "
LY
i pHZ
(a) Initial fluid and solid triangulations. (b) Virtual interface extension Z:p’" & EZ V] EZ

Figure 4: Treatment of the tip elements in 2D from |Alauzet et al.|(2016).

for the 2D case consists in introducing a virtual interface EZ which closes the fluid domain within the cut element. The

resulting fluid-fluid fictitious prolongation (see Figure4)) is defined in terms of the partition ZEP’” = EZ v EZ, where:

. EZ is the prolongation of the interface tip up to the fluid vertex which is opposite to the edge intersected by X";
7



. EZ is arbitrary chosen, but aligned with the edges of the fluid mesh. It connects the fluid tip vertex with the fluid
external boundary I'.

We recall that ’f’,: is only used as mathematical object to define the discrete spaces (i.e., it is never constructed in
practice). Unfortunately, the extension of this approach to 3D is not straightforward. Particularly, there is no a clear
definition of the 3D counterpart of X .

~ X
NS3¢ X
P Efzc an A‘/\ Eh
F.h
Y N
E n E n
(a) Initial fluid and solid triangulation with the fictitious interface ch. (b) Virtual interface prolongation ZEP‘" = EZ U E’fr 2 Y fZ

Figure 5: New treatment of the tip elements in 2D.

We propose a new approach which avoids the need of a closure strategy in the fluid tip elements. The main idea
consists in introducing a fictitious prolongation Xf  of the interface X" (see Figure [S(a)} and Section [3.3.T| below for
the details on the construction of this extens1on) As shown in Figure [3] for the 2D case, the fluid-fluid fictitious
prolongation 2‘ P is now defined as Zt P = Z" U 2" U Z’; where:

. EZ represents the intersection of the fictitious interface Xt = that belongs to the fluid tip simplex. Note that,

contrarily to the approach proposed in |Alauzet et al.| (2016)), the configuration of %, is now arbitrary with
respect to the fluid element;

o X" 7 stands for the edge or faces of the fluid tip element that are intersected by the fictitious interface X . It
should be observed that in two dimensions there is only one tip edge, while in three dimensions multiple faces
can be considered as fip faces (see Figure [6));

° EZ, similarly to|Alauzet et al.|(2016), is arbitrary chosen, aligned with the edges or faces of the fluid mesh and,
additionally, it connects the fluid tip edge/faces with the fluid boundary I'.

We now proceed, as in Section (3.2} by introducing two overlapping meshes Tf" i = 1,2. The overlapping region
still reduces to the set of elements 1ntersected by X", since the fluid elements 1ntersected only by the fictitious interface
X, are .not dupheateei (see Figure . The associated discrete spaces V}; and Q) ;, are then defined as in Section @
The fluid approximation spaces are hence defined as:

Vzg{th(Vhl,th)EVZlXvnzlvh1=vh201’1§”}
O Zan = (an1,an2) € Oy X Q5 2 Gt = qua on Ty} 0 LQ™).

This new approach results in functions that are continuous in Qfm\(zn UEZ U f’; ;) and discontinuous across " U EZ U

2'1'7 ,- The kinematic and dynamic coupling across the fluid-fluid fictitious interfaces EZ U E’} , 1s enforced by adding

into (IO} the following standard DG terms (see, e.g.,[Di Pietro and Ern| (2012)):

f
S R T N | S EA N A ey
- ({{O'(uh’ Ph)} [[vh]])znuzﬂ - (lon, —an)lin, [[”ZH)EZUE;}’ + %([[ul;lﬂ’ [[vh]])fzuf;h- (11)
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(a) In 2D: tip edges. (b) In 3D: tip faces.

Figure 6: Edge or faces of the fluid tip element that are intersected by the fictitious interface Zf .

n
Tha

n
x, T2

Figure 7: Overlapping triangulations in 2D with partially intersected fluid domain.

Remark 2. It should be noted that the terms (TT]) act on the whole fluid-fluid fictitious interface EZ U E’}!h. The jumps

and averages across the tip faces E’; , must be interpreted between the physical region of the tip fluid element and its
respective opposite element in the fluid triangulation (see Figure [6).

3.3.1. Example of fictitous interface ¢
The choice of physical fictitous interface X _ is arbitrary. We discuss here a simple strategy to build X
basically consists in (see Figure|[§):

which

n
fic’

1. Prolongating the reference solid domain X by X, so that the new solid computational domain is X U Xg;

2. Modifying the solid contributions in (T0) so that the fictitious solid region X4, is mechanically slave of the
physical solid interface X by enforcing (only) the kinematic continuity at the interface between the two regions.

In practice, the uncoupling between the reference physical £ and fictitious Xg. solid regions is performed at the
algebraic level of the solid solver, during the elementary evaluations of the residual and tangent matrices. We provide
here some details in the linear case. The finite element system over the whole solid computational domain has the
following structure:
App Apr O [[xp| [bp
Ap  An Ar|{xi|=]|br|, (12)
0  Am  Arr]|xe] [br
9



where, the arrays xp, Xp, X respectively denote the solid degrees of freedom in the physical region, fictitious region
and interface between the two regions. The right-hand side arrays bp, by and bg stands for the algebraic counterpart of
body forces and/or time-stepping terms. The fundamental idea consists in removing the coupling block A in (T2)),
which yields
App Apr O [xp bp
Ap Ap 0 |[xi|=|br], (13)
0  Ap Apr]|Xr| |br

where the fictitious right-hand side br does not contain body forces related to the physical region anymore, but
only time-stepping terms, and Ay does not include the contributions from elements belonging to the non-physical
side. Note that, in this modified system, the physical degrees of freedom xp and x; are uncoupled from the fictitious
degrees of freedom xg. Indeed, the first two rows of (T3] correspond to a solid problem in the physical region with
homogeneous Neumann boundary conditions on the interface between the two regions. The last row of (T3)) is nothing
but a solid problem in the fictitious region with Dirichlet conditions on the interface between the two regions (note that
the prescribed Dirichlet data x; is known from the first two rows of (I3)). An illustration of this is given in Figure [§]
for different external boundary conditions on the fictitious region. In this example, we impose a vertical volumetric
force on the physical region X and different boundary conditions on the right extremity of g, zero traction in [S(a)]
and zero displacement in The displacement of X is clearly independent of the displacement of Xg.

3 Zric 3 Ztic
o
L g
o 0 n
2 Ayt »" o Etic
*o o fic
B ®
(a) Zero traction on the right extremity. (b) Zero displacement on the right extremity.

Figure 8: Illustration of the slave nature of ZE = with respect to X". The solid problem is solved in Zsc with different boundary conditions on its
right extremity.

Remark 3. Note that the physical interface " is the sole part of the deformed solid mesh which intervenes in the
solid approximation and fluid-structure interaction coupling.

4. Interface tracking and overlapping meshes

In this section, we discuss how the issues related to mesh intersection (§4.1) and element duplication (§4.2)) are
handled in the presented work.

4.1. Intersection algorithm

As pointed out above, the Nitsche-XFEM method requires a specific track of the interface inside the fluid mesh,
and the construction of a sub-tesselation of the cut elements, with the sole purpose of numerical integration. The
development of a robust and efficient mesh intersection algorithm is an essential ingredient for the implementation of
Algorithm([I] This is a problem far from being trivial in 3D with arbitrary unstructured meshes. It should be noted that
there is no a priori information of which fluid element is intersected by the solid mesh and vice versa. Furthermore, for
complex polyhedra, a sub-tetrahedralization cannot be guaranteed in 3D without introducing additional vertices. Most
of the methods proposed in the literature often relay on external meshing libraries for the local subtetrahedralization.
In the following paragraphs, we introduce a 3D intersection algorithm between volume (tetrahedral) and surface (tri-
angular) unstructured meshes, including subtetrahedralization and subtriangulation of the cut fluid and solid elements,
without resorting to black-box meshing libraries.

Let consider a domain € and its triangulation 77, of simplexes K, such that

o= J«

Ke T,
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The triangulation is called conforming, if the non empty intersection F' between two elements K;, K>, namely F =
KiNK, # 0 with K1,K, € 7, and K; # K>, is either a whole face, edge or a vertex of the triangulation. If this
condition is not fulfilled the triangulation is called non-conforming. An important feature of intersection algorithms is
the notion of geometric tolerance. Given two geometric objects K and K, we say that K intersects K, and vice versa,
if the minimum distance between K; and K is smaller than the geometric tolerance. In addition, the folerance is also
used to merge or collapse two different geometric elements (i.e., if the distance between two nodes is smaller that the
tolerance, they are merged into the same node). In the context of conforming meshes the notion of tolerance is global
(unique for the whole mesh), while for non-conforming meshes the tolerance can be defined locally (it can be adapted
on each element, i.e., we can have different tolerance in each tetrahedron). The 2D intersection and subtriangulation

Algorithm 2: 3D-2D intersection algorithm.

/* Localization, stage */
forall V € 7, do

| M(V) « Localize( 7}, V) // Initialize M
/* Initialization, stage */

forall T € 7, \{T € Xy} do
forall V€T do
if M(V) # 0 then
K — M)
if K ¢ L then
L£<—£U{K} // Initialize L

if T ¢ Lk then
L Ly « Ly Ul{T} // Initialize Ly

/* Intersection, stage */

repeat
forall K € Ldo

forall T € Lg not yet intersected do
VerticesInsertion( ‘T;, T K, T) // Stage |I.3|.1
EdgesInsertion( Tt T K, T) // Stage |I.3|.2
FaceInsertion( 72, T K, T) // Stage |I.3.3
Update ( Lg)
Update ( £)
until 3K € L : AT € Lk not yet intersected
/* Consistency checks, stage */
Check ()
/* Post-processing, stage */
forall K € Ldo
L 7”/;[ — 7“1{” uTL // Assembling 7”1{”
Tie < TinVTg // Assembling 7,
Labeling() // Label LEFT and RIGHT

algorithm presented in |Alauzet et al.|[(2016) is based on a conformal approach. Indeed, the solid mesh vertices and
edges are inserted directly into the fluid mesh, and every intersection detected results in a conformal splitting of the
elements involved. Numerical experiments (even in 2D) show lack of robustness when the discretization parameter
of the solid mesh is considered significantly smaller than the one of the fluid mesh 4¢. In 3D, invalid configurations
(e.g., tetrahedra generated from coplanar vertices) already appear whenever is ~ he. Adjusting (both increasing and
reducing) the geometric tolerance mitigates the problem, but doing so globally is unfeasible in practice, due to a
conformity constraint, since it requires restarting the intersection process each time the tolerance value changes.

The algorithm presented thereafter overcomes these issues by computing the intersection between each fluid el-
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ement and the solid mesh separately and independently, i.e. treating locally each fluid element and by ignoring any
connection to its neighbours. A local notion of tolerance is considered in order to avoid invalid configurations. The
resulting intersected meshes are hence non-conforming in general. Before providing a detailed description of the
algorithm, it is worth recalling that the quality of the intersected mesh is not a concern here, since the sole purpose is
numerical quadrature in cut-elements. Therefore, only mesh validity has to be checked.

We start by introducing some notation which will be widely used in the following. Let 7’ and ‘i'hf be the solid and
fluid meshes, respectively. Given a general mesh 7, we denote by Vg the set of vertices of 7 and by K the set of
elements of 7. We denote with V, E, F, T and K a generic vertex, edge, face, triangle and tetrahedron, respectively.
Moreover, we define the following sets (with a little abuse of notation):

def

B(V) ={K € T : V € K} denotes the set of tetrahedra containing the vertex V;

def

S(E) = {K € T : E € K} denotes the set of tetrahedra containing the edge E;

def

F(F)={K €7 : F € K} denotes the set of tetrahedra containing the face F.

The proposed intersection algorithm is described as pseudocode in Algorithm [2]and its main steps are the following:

I.1

1.2

I3

L4

Localization. We begin by localizing each solid mesh vertex V € 7 inside the fluid mesh ‘TZ . The localization
is carried out using a barycentric coordinates based algorithm, which efficiently identifies the element of the
fluid mesh containing a given point (see, e.g., Frey and George| (2007); |/Alauzet and Mehrenberger| (2010)).
This yields the map

M:V KUuf0y MV)E K Va7, 0,
. s —> ¢ U =
T 0 if VAT =0,

for all vertex V € (Vrr;;

Initialization. We build the list of intersected fluid elements £ = {K € T,f : AV e Ve st M(V) = K}.
Moreover, for every K € L we assemble Lg the list of solid triangles intersecting the fluid tetrahedron K,
namely Ly ={T € 7, : AV e T st M(V) = K}. These lists will be updated dynamically during the next
steps of Algorithm [2| Moreover, for every K € £ we have: a local intersected fluid mesh ‘7',f< initialized with
the element K, a local intersected solid mesh 7 (empty) and a local tolerance &;

Intersection. We continue by looping over the fluid elements contained in L. For each tetrahedron K € £,
we intersect, one by one, the solid triangles contained in the list Lg. For each triangle T € Lk, we begin by
inserting in order its vertices, edges and face (see, respectively, Sub-steps [[3[1)), [.3[2] and [[3[3] below). If an
invalid configuration appears during this stage, the local tolerance &, is adjusted, the intersected meshes are
reinitialized as in Step[[.2] and the intersection process resumes from the first element in L. Once the insertion
stage has been completed, further checks are needed. For every solid edge E of T intersecting K, we add to Lk
the element T € T, sharing E with T (unless T already belongs to Lx). If the s~olid element 7 intersects the
boundary face F of K, then, if not yet included, we add T to the list Lz, where K denotes the neighbour of K
with respect to F in the mesh 7'hf If K has not already been included in £, we add it. At this stage, we finish
the intersection between K and T and we pass to the next solid element in L. We point out that, since during
the update some elements may have been added to the list £ for some K already processed, additional loops
on the list £ may be required;

Consistency checks. Once all the fluid elements have been intersected we check the consistency of the resulting
intersected meshes with respect to some degenerate cases. Let assume, for instance, that in the fluid intersected
mesh 7, [f< of K € 7“,1f, the element 7' € 7 is coplanar to the face F of K. Consequently, T must also be coplanar
in the intersected mesh 7';(, where K € F(F) \ {K}. Differently, two different local tolerances &, and &; were

used for 77 and T, respectively. In this case, we keep between 7 and 7 the one obtained with the most
restrictive tolerance, say 71, so that we set &; = &, and we intersect 7';( again. Let consider now the case of a

vertex V € T, }f whose counterpart in the intersected mesh V € 7~ If( lies exactly on an element 7 € 7/, then we
check whether this condition is verified for each 7 ;{ with K € B(V);
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1.5 Post-processing. Finally, all the local intersected meshes 7'12 (resp. ) are merged into a global one 7'If“
(resp. 7). Additionally, the data structures needed for the element duplication and integration are updated
accordingly. Regarding the latter, since for consistency only integration on the physical domain is considered,
we need to define the notion of location of a sub-tetrahedron with respect to the interface. The solid separates
the fluid mesh into two regions, which we will be referred to as LEFT and RIGHT. LEFT corresponds
to the region and its sub-elements, in which the structure normal is pointing, while RIGHT is the opposite.
This labelling starts from the sub-elements directly in contact with the solid, the remaining sub-elements are

successively marked by proceeding neighbour by neighbour. Figure [9| provides an example of result of the
algorithm.

v

(a) Initial configuration. (b) Intersected solid mesh
with sub-elements.

Figure 9: Example of intersected meshes and side coloured fluid intersected meshes. LEFT side: sub-elements coloured in green; RIGHT side:
sub-elements in red.

We now provide a detailed description of the insertion steps mentioned in[[.3] From this point forward, we will
only be focussing on one fluid element in 7’;, and we will be referencing to the selected tetrahedra in £ with K, and
the selected triangles in L with 7. It should be noted that basic insertion operations, rather than complex vertex
insertion operators (such as Delaunay kernel [Frey and George| (2000)), are carried out for efficiency. An example of
the initial configuration with K and T is showed in Figure[I0]

Figure 10: Initial configuration: fluid tetrahedron of vertices 1,2, 3,4 and solid triangle 5, 6, 7 partially intersecting the tetrahedron.

The core steps of the intersection algorithm are the following:

[[3l1 Vertex insertion. Let V; € T, withi = 1,2, 3, be one of the three vertices of the solid triangle T. If V; has
already been treated while inserting the vertices of T € Lk, we move to the next vertex. Otherwise, V; is
inserted into the intersected meshes Tlf( and 7. Le} Vi e ‘7“;; be the copy of V; in the intersected fluid mesh.
Then, using the barycentric coordinates, we localize V; with respect to K. If the vertex is outside the tetrahedron,
i.e. \7, NK=0,we start again for the next vertex of 7. Otherwise, since in general the element K could
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have been already intersected by another solid triangle, the vertex V; is localized inside the intersected fluid
mesh T,f( using the barycentric coordinates based algorithm adopted in step Once the vertex V; is localized
in an intersected fluid element K € Tlfc four cases may arise (three of them being degenerated). The point may
hence fall into:

a) a vertex V of K, then V is replaced in every K € B(V);

b) an edge E of K, then every Ke S(E) is divided in two sub-tetrahedra;

¢) aface Fof K, then every K € F(F) is divided in three sub-tetrahedra;

d) the interior of K, hence K is divided into four sub-tetrahedra.

These steps are illustrated in Figure [T1] starting from the configuration provided in Figure [[0} For a more

(a) Internally. (b) On a face. (c) Outside.
Figure 11: Insertion of solid vertices inside the tetrahedron (L3[T).

comprehensive illustration, Figure[T2]shows a case in which K has already been intersected previously;

1

(a) Initial configuration. (b) Insertion of vertex 8 inside sub-
tetrahedron of vertices 2, 5, 10, 4.

Figure 12: Stepm&)r solid triangle 8, 5, 7: insertion of solid vertices 8,5,7 inside tetrahedron {1, 2, 3, 4}, which is already been intersected from
the solid triangle {5, 6,7}. Vertices 5 and 7 are already been inserted, vertex 8 is internal to the sub-tetrahedron {2, 5, 10, 4}, hence, is divided in 4
sub-tetrahedra.

[3l12 Edges insertion. Let E € T be one of the three edges of the solid triangle 7', we proceed by inserting E into the
intersected mesh ‘T;, by considering a partitioning algorithm (see, e.g.,|George et al.| (2003) for a 2D version).
Each edge E of T is treated one at a time. In case it has already been treated while inserting the edges of
T € Lk, where T is a solid triangle sharing E with T, we move to the next edge. Let V; and V, denote the
two endpoints of E. Thanks to step we have that there exist V;, V, € 7 [f( such that V; = V, and V, = V5.
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1

Starting from one of the two endpoints, for instance \71, we seek for the first face F € K such that K € B(Vl)
and V; ¢ F, which is intersected by the edge V, Vs, i.e., we search in all tetrahedra belonging to B(Vl) whether
there exists a face F', opposite to vertex V;, that is intersected by the edge V, V,. The intersection point Vj is
computed (see (Alauzet and Mehrenberger, 2010, Section 5 ), for details on the two-dimensional version) and
inserted into the intersected meshes 7, If( and 7. Point V, is necessarily on a tetrahedron face (internally to the
face or in one of its edges/vertices) and therefore we apply the same insertion strategy of step [3[1] At this
stage the segment ¥, V, has been added to the intersected mesh ‘7’;; Then, the process is pursued by seeking for
an intersection between the sub-edge V,V, and a face F € K such that K € B(V4) and V4 ¢ F, which will give a
new intersection point Vs and so on. If after » intersection steps the sub-edge V.3V belongs to the intersected
mesh Tlf(, the whole solid edge E has been inserted into TIE. Otherwise, the sub-edge V.3V, lies outside the
fluid element K, and the intersection process stops. It is worth noting that to start the insertion process described
aboye, at }east one between B(V) and B(V,) must be well defined, i.e., there exists K € ‘Z' If< such that V; € K
or V, € K. If the previous condition is not satisfied, we look for an intersection point V4 between the edge
\71 \72 and the faces of the tetrahedron K. The point \74, if it exists, is localized on the boundary sub-faces
of the intersected fluid mesh T[f< using a barycentric coordinates based algorithm and finally inserted in 77,
applying the same strategy of step EEI, and in 7. See Figure EI for a detailed representation starting from
the configuration of Figure[TT}

1 1

(a) Edge 6,7 intersects face 1,5,4 generating (b) Edge 8,7 intersects face 1,2,4 generating (c) Edge 9,7 is outside tetrahedron 1,2,3,4.

point 8.

1

point 9.

1 1

(d) Edge 5,7 intersects face 8,2,4 generating (e) Edge 10,7 intersects face 9,2,4 generat- (f) Edge 5,6 is already included in the inter-
point 10. ing point 11. Edge 11,7 is outside tetrahe- sected mesh.
dron 1,2,3,4.

Figure 13: Insertion of the structure edges into the local intersected mesh resulting from stepm Insertion of edges 6,7 (a)-(c), edge 5,7 (d)-(e)
and edge 5, 6 (f).

L33

Face insertion. At this stage, we reconstruct the portion of the solid triangle 7 (as union of its sub-elements)
within the fluid intersected mesh. Thus, we search the solid sub-triangles among the fluid sub-faces. Let denote
by U = {Vi}L_, the union of the three vertices of T inserted in 7'12 (i.e., V; with i = 1,2, 3) with all the vertices
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generated intersecting the edges of T in step (.e., Vi with i = 4,...,n). Moreover we denote by & the
set of sub-edges generated while intersecting the edges of T in step Beginning from a sub-edge £ with
endpoints V; and V;,, and proceeding for all sub-edges belonging to &, we search between all the sub-tetrahedra
K € S(E) one with a face of vertices V;Vi,1 O, with O € U. In case a sub-tetrahedron with aimed vertices is
detected, we insert the triangle V;V;,1Qin 7~ »+ Wereport in Figurethese steps starting from the configuration
of Figure[I3] On the contrary, if the sub-tetrahedron with aimed vertices is not detected, we still have to recover

4 4
6
5
8l — 8
2
1 1
(a) Searching between the shell of edge 6, 8 (b) Searching between the shell of edge 8,9 (c) Searching between the shell of edge
we select triangle 6, 8, 5. we select triangle 8,9, 10. 5, 10 we select triangle 5, 10, 8.
4 4
6
5
8.—.10
=
9 11
9 2 7
(d) Searching between the shell of edge (e) Searching between the shell of edge 5,6 (f) Recovered intersected structure triangle
10, 11 we select triangle 10, 11, 9. we select triangle 5, 6, 8. 5,6,7.

Figure 14: Insertion of structure face 5, 6, 7 and recovery of the interface from the intersected sub-faces.

the surface. Therefore, we look for an edge E € K such that K € S(E) and E N E = @ which intersects the solid
triangle T, i.e., we search in every tetrahedron belonging to S(E) whether there exists an edge £ opposite to £
intersecting 7'. If E exists, we insert the intersection point Q as in stepin Tlf( and 773 Figureprovides
an example of this situation. In order to correctly perform the labelling step in[[3] it is crucial that each new
triangle V;V;,1Q and T have the same orientation. In both cases, sub-edges Vi, Q and QV; are included into
&, if a sub-edge is included twice then it is removed from & since both sub-triangles sharing the sub-edge have
been recovered. When £ = Vi, ;0 or E = QV; is treated again the tetrahedra having the face with vertices
ViVis10 are removed from S(E). It is worth noting that & = 0 does not imply 7N K = 0 (e.g. the case where T
intersects K while having all its edges outside of it). Consequently, we check for intersections between 7' and
the edges of K. If no intersection is detected then the triangle 7' does not intersect the tetrahedron K. Otherwise
each intersection point P; (with 1 < i < 4) is added into ‘TIE and 7 following the procedure in and four
cases may arise according to the number N of intersection points detected:

a) N =1, the intersection process for 7" stops here;

b) N = 2, the intersection process for 7' ends by performing step[[.3]2]on the egde P P,;
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(a) Initial configuration. (b) Vertices and edges insertion. (c) Interface reconstruction. Intersection
between edge 2,4 and triangle 6,7,5 gen-
erates vertex 10, which is inserted. Sub-
triangles 6,9, 10 and 6, 10, 8 are now avail-
able.

Figure 15: Reconstruction of structure sub-triangles after further solid triangle and fluid edges intersection.

¢) N =3, anew triangle T = P, P,P; is created by preserving the orientation of T and steps and
are performed on 7T

d) N =4, step N = 3 is applied to the two triangles T\ = PiP,Psand T, = P P;P,.
Iterating over all the sub-edges contained in &, we recover all the surface portion of 7 intersected by K
In the case of partially intersected fluid domain the algorithm remains unchanged, except for the following steps:

e In step the vertices belonging to the fictitious interface X are not localized inside the fluid mesh Thf .
Therefore the fluid elements containing only vertices belonging to fictitious triangles are not included in the list

L
o In step|l.3|after the insertion of vertices (I.3] 1)), edges (I.3]2)) and face (1.3[3)), if 7 intersects the boundary face
F of K, but it belongs to the fictitious interface E’?C, we do not add it in the list Lz, where K is the neighbour

element of K with respect to F. Thus the use of fictitious interface elements for intersection purpose remains
confined to the elements containing the physical interface.

4.2. Element duplication
The duplication procedure is carried out as follows. The overlapping meshes Thf;’ and 7’;; are created starting

from a conforming triangulation Thf of the whole fluid domain Q and duplicating the elements that are intersected by
the interface X". Using the information coming from Algorithm 2]described in Section4.1] let

G EKeT KN+ &)

be the subset of elements intersected by X". For each element K € G, with nodes {i, j, k, [}, we can identify two regions
Qﬁ’” and Qg’", separated by the interface X", see Figure In what follows, we will distinguish between physical and
non-physical domains. The former consists of the restriction of ‘7’f to Qf‘" i = 1,2, and the latter corresponds to the
complementary part. Let consider a duplication {i’, j/,k’,l'} of nodes {i, j,k,1}. We define two identical copies of K,
namely K; and K>, such that they will identify one of these regions. These new elements K;,K, contain two parts,
namely physical (grey in Figure D and non-physical, and they are defined such that if an original node s € Qf’” CK,
i=1,2thens e 7, f . More precisely, the original nodes are kept on the physical part of the duplicated elements,
i.e., they remain on each side of the interface. As a result, the duphcated nodes lie in the non-physical side of each
K;, i = 1,2. Suppose that node [ is in Q whereas i, j, k are in 92 (see Figure[16]). After the duplication process
we have [ € ‘T;:l and its duplicated node l’ € Thf , » contrarily i, j k € Qf , we have i, j, k € ‘TZ ,and 7', j', k" € Tf

(see Figure @ In order to preserve the continuity between two phy51cal adjacent duplicated elements, if a node
has been already duplicated, we select the pre-existing duplication as duplicated node. To summarize, we build two
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Figure 16: Duplication of tetrahedron {i, j, k, [} (left) into {i, j,k, !’} and {7/, j/, k', [} (right).

copies of the intersected fluid elements, duplicating their nodes and keeping the original nodes on the physical side of
each element. The result of this process is two independent meshes 7']{1 and 7'hf’2 covering Qi” and Qg’”, respectively,
designed in such a way that the correct connectivity of the meshes is guaranteed.

In the case of partially intersected fluid domain, the duplication procedure remains unchanged. As a result, a fluid-
fluid discontinuity is created and which is treated in a DG fashion (see Section[3.3). Suppose that tetrahedron {i, j, k, [}
is a tip element and its resulting duplicated elements are {i, j,k, !’} and {i’, j/,k’, 1} (see Figure[I7). We first analyse

k'
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Figure 17: Duplication of tetrahedron {i, j, k, [} containing a structure front (left). The resulting duplicated elements are {i, j, k, !’} and {7, ', k', [}
(right). The below neighbour is included to show the loss of continuity on the bottom face.

the connection with the neighbouring elements. Faces whose opposite element is also duplicated are well connected
with the adjacent element as a result of the duplication process, consider for instance faces {i,k,/’} and {j’,/’,k’} in
Figure Faces whose opposite element is not duplicated are completely disconnected or partially connected with
the neighbour, (i.e., faces {i,/’, j} and {7, [, j’} in Figure are not connected with face {i,/, j}). Hence the need
of a DG treatment between physical regions of disconnected faces (#ip faces) in order to guarantee the o continuity
between the two fluid sides.

5. Numerical experiments

In this section, we provide a detailed numerical study with the purpose of illustrating the behavior of Algorithm|T]
Four different examples involving dynamic interfaces and both partially and fully intersected fluid domains are dis-
cussed. The first two examples (§5.1]and §5.2) have a planar symmetry so that, for validation purposes, the obtained

18



results are compared with their corresponding 2D counterpart. The other two numerical examples are purely 3D
problems. Along this section the user-defined parameters in Algorithmare fixedtoys, = 1,7, = 1072, y, = 1072,
v = 100. All the physical units are given in the CGS system.

A Reissner-Mindlin type shell model has been considered for the solid, with a spatial discretization based on
linear triangular MITC3 elements with 5 degrees of freedom per node in the increments (see, e.g., [Chapelle and
Bathe| (2011))). The coupled problem @) involved in Algorithm |I| has been solved with a (parameter free) par-
titioned solution procedure, based on interface Newton-GMRES Dirichlet-Neumann iterations (see, .e.g, [Fernandez
and Moubachir| (2005); Deparis et al. (2006)). The last two numerical examples (§5.3]and §5.4) involve fully enclosed
fluids. Therefore, a volumetric constraint is enforced on the solid velocity (in Algorithm [I)) in order to guarantee its
compatibility (Dirichlet data for the fluid) with the incompressibility of the fluid during the Dirichlet—Neumann iter-
ationsyiﬁsee, e.g., Kiittler et al.|(2006)). All the computations have been performed with the FELiScE finite element
librar

5.1. Idealized closed valve

The first example reproduces the behaviour of a closed valve under a pressure drop. This test case is a classical
benchmark problem (see, e.g., Kamensky et al.| (2015); Van Loon et al.| (2004)) extensively tested with the two-
dimensional version of Algorithm|I|in Boilevin-Kayl et al.|(2019b)); |/Alauzet et al.| (2016). The problem consists of an
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(a) Geometric configuration. (b) Fluid and solid meshes.

Figure 18: Geometric description and computational meshes.

elastic shell clamped on its edges on I'y,, and I'yo and immersed in a channel filled with an incompressible Newtonian
fluid, as shown in Figure [I8(a)} The fluid domain is given by Q = [0,3] x [0, 1] x [0,0.2]. The reference solid
configuration is £ = {1.5} x [0, 1] x [0,0.2]. As regards the boundary conditions for the fluid, a no-slip boundary
condition is enforce on I'y,, and I'yo. Zero traction is enforced on the outer boundary I'yy;, while on I'j, the following
time-dependent pressure function pj,(f) is prescribed:

pin(f) = —=10° - tanh(107), 1€ R*.

In addition, a symmetry condition, namely, u - n = 0 and o(u, p)n - T = 0, is enforced on the lateral walls I'syn,. The
solid is fully clamped at its extremities I'y,p U I'no; and a symmetry condition is enforced on its lateral boundary (lying
in 'y ), viz., the normal displacement and the rotation are set to zero. Both the fluid and the solid are initially at rest.
The physical parameters for the fluid are: density pf = 1.0 and dynamic viscosity u = 0.035. For the solid, we have:
density p* = 1.1, Young’s modulus E = 7.5 - 10°, thickness & = 0.1 and Poisson’s ratio v = 0.5. The fluid and solid
meshes are shown in Figure @ with a local size of & ~ 0.05. The fluid mesh is made of 47181 tetrahedra, while
tor the solid we have 360 triangles. The time-step is 7 = 10~ and the final time is setto 7 = 1.

As the prescribed pressure increases, the solid starts to bend. After a brief dynamics phase, the system reaches a
steady state with a constant pressure jump across the interface. The fluid and solid velocities vanish and the pressure
is a piecewise constant. Some snapshots of the resulting deformed mesh at time t = 0, # = 0.05 and ¢t = 1. are

Thttps://gitlab.inria.fr/felisce/felisce
19


https://gitlab.inria.fr/felisce/felisce

(a) t=0. (b) t =0.05. (c)t=1

Figure 19: Deformed configurations in 2D (red dots) and 3D (blue) at different time instants.
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Figure 20: Solid x-displacement of the closed valve mid-point for the 2D-case and for the midpoint on the place z = 0 for the 3D.
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Figure 21: Fluid intersected mesh at ¢ = 1.

shown in Figure [T9] We can observe that the 2D deformed configuration (red dots) and the 3D (blue) perfectly
match. Already at = 0.3, the structure has reached the stationary states. Figure 20|reports a comparison of the time
history of the solid x-displacement of the closed-valve mid-point. The two results are practically indistinguishable.
For illustration purposes, Figure 21] and Figure 22 show the 3D intersected fluid and solid meshes respectively at the
reached steady state. The fluid intersected mesh includes only the fluid elements that are cut by the deformed solid
mesh (it contains 16896 tetrahedra). The two sides of the mesh, LEFT and RIGHT, are highlighted with different
colours. As regards the solid, Figure 22(a)| shows the deformed solid mesh, while Figure 22(b)| shows the intersected

mesh with its sub-elements (6805 triangles in this case).
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(a) Deformed solid mesh. (b) Intersected deformed solid mesh.

Figure 22: Deformed and intersected solid meshes at 7 = 1.

(a) 2D case. (b) 3D case (with cut plane at z = 0.1).

pressure
e

-1.00e+05 -7.50e+04 -5.00e+04 -2.50e+04 0.00e+00

Figure 23: Snapshots of the pressure elevation at time 7 = 1.

For illustration purposes, pressure snapshots and elevations for the 2D and 3D solutions are reported in Figure 23]
Both 2D and 3D Nitsche-XFEM methods get the correct pressure jump, 10° on one side and zero on the other.

5.2. Idealized open valve

As a second example, we consider the heart-valve inspired benchmark problem proposed in [Kamensky et al.
(2015); [Gil et al| (2013)); [Hesch et al.| (2012); Wick| (2013)). In this case the solid has a boundary inside the fluid
domain, so that the front treatment proposed in Section [3.3]is used. The fluid domain is given by Q = [0,4] x
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(a) Geometric configuration. (b) Fluid and solid meshes.

Figure 24: Geometrical description and computational meshes (the fictitious interface in green color).
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(@) t=03. (b) 1=0.75. (©)t=1.
(d) t=0.3. (e) t =0.75. ) r=1.
velocity

0.00 211 421 632 843

Figure 25: Snapshots of the fluid velocity magnitude at # = 0.3 (left column), 7 = 0.75 (central column) and 7 = 1. (right column) for both 2D (top
row) and 3D (bottom row).

(a) t=0.3. (b) t =0.75. () t=1
(d) r=0.3. (e) t =0.75. ) t=1.
pressure pressure pressure
-2.22e+03 -7.15e+02 7.88e+02 -4.51e+02 -1.38e+02 1.75e+02 -2.20e+01 3.82e+03 7.66e+03
-1.47e+03 3.60e+01 -2.94e+02 1.84e+01 1.90e+03 5.74e+03

Figure 26: Snapshots of the fluid pressure at r = 0.3 (left column), r = 0.75 (central column) and 7 = 1. (right column) for both 2D (top row) and
3D (bottom row).

(a) Deformed solid mesh (X and Xg). (b) Intersected fluid mesh.

Figure 27: Deformed solid interface (physical and fictitious) immersed in the fluid channel (a) and the fluid intersected mesh with its restriction on
each side of the interface (b) at r = 0.3.
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(a) Deformed solid mesh X(z). (b) Intersected structure mesh

Figure 28: Deformed and intersected solid meshes at t = 0.3, both with a zoom on the immersed front solid boundary. Note that contains only
the physical interface Z() (the front is flat), while the front of]| @ includes some sub-elements of Xg.

W

(a) Pressure elevation. (b) x-velocity elevation. (c) y-velocity elevation.
pressure a ;
-2.22e+03 -7.15e+02 7.88e+02 x-velocity y-velocity
e [ =
-1.47e+03 3.60e+01 -2.82 -0.01 280 561 842 -5.00 -3.27 -1.53 0.20 1.94

Figure 29: Snapshots of the fluid elevated pressure, x-velocity and y-velocity of a clipped plane z = 0.1, obtained in the 3D case, at ¢ = 0.3.

[0,0.805] % [0, 0.2]. For the structure we have X = 2 x [0, 0.7] X [0, 0.2], and a fictitious interface Zg. = 2% [0.7,0.9] X
[0,0.2]. The considered geometry is shown in Figure 24(a)] No-slip boundary condition is enforced on Iy, and a
symmetry condition is imposed on I'yyy (top and lateral walls). Zero traction is imposed on I'yy and a half parabolic
profile is prescribed on I'j,, with maximum velocity:

Umax(f) = 5(0.805)*(sin(2nr) + 1.1), reR*.

The solid is clamped at its bottom (i.e., displacement and rotations are set to zero). A symmetry condition is presribed
on the lateral edges of the solid. Both fluid and solid are considered initially at rest. The physical parameters for
the fluid in this test are: density p' = 100 and dynamic viscosity 4 = 10. For the solid we have: density p* = 100,
thickness & = 0.0212, Young’s modulus E = 5.6-107 and Poisson’s ratio v = 0.4. The considered spatial discretization
parameter is approximately 4 ~ 0.04. The fluid mesh is made of 102380 tetrahedra and the solid mesh of 576 triangles.
Figure 24(b)] shows the corresponding meshes. The physical region of the solid is coloured in red and the fictitious
interface in green. The time-step is 7 = 2 x 107> and the final time is T = 1, which corresponds to one full oscillation
cycle for the solid.

For illustration purposes, snapshots of the fluid velocity magnitude and the position of the interface, obtained in
2D and in 3D, are shown in Figure@at the time instants ¢ = 0.3, 0.75 and 1, respectively. For the 2D case we show a
zoom of the fluid domain near the deformed structure location, while for the three dimension case we plot the solution
on the cut plane z = 0.1. A very good agreement is obtained for the two cases. Similarly conclusions can be inferred
from Figure 26| which presents the snapshots of the pressure at the same time instants.

Figure [27(a)| shows the deformed solid and the fictitious part at = 0.3. Across the physical structure, we can see
the faces of the intersected fluid mesh. Notice that no tetrahedra around the fictitious interface are visible, in fact they
are not included into the fluid intersected mesh. In figure we present the fluid intersected mesh, highlighting
the two sides of the interface. The fluid intersected mesh is made of 17879 tetrahedra. Figure2§|reports the deformed
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(a) t=0.3.

Figure 30: Representation of the actual structure location at three different instants. The 2D solution (in red) is superimposed to the 3D (coloured

(b) t=0.75.
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by the solid displacement magnitude). The fictitious interface is displayed (coloured in blue).
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Figure 31: Displacement time history of the solid tip in 2D and the top node on the plane z = 0 in 3D.

solid mesh and the corresponding intersected surface mesh, which contains 7415 triangles. A zoom of the immersed
front boundary is displayed for each mesh. The intersected structure mesh contains all the triangles of the original
mesh (divided into sub-triangles) and the extra sub-triangles, belonging initially to Zg., and which are necessary to
close the the domain inside the fluid front elements. Figure presents the pressure elevation for the cut plane
z = 0.1. The fictitious part of the interface is included with the purpose of highlighting that the pressure discontinuity
is well captured across the physical interface, while it is continuous across the fictitious interface, i.e., the fictitious
interface is completely invisible for both the fluid and the solid. Figures 29(b) and [(c)] show respectively the elevation
of the x- and y-component of the velocity. Each velocity component is continuous across X and also Xg,, but clearly
no constraint on the velocity on X4 is visible form the fluid side. The velocity z-component vanishes due to the
symmetry of this problem.

For illustration purposes, we show in Figure [30] the solid configurations in both the 2D and 3D cases with the
displacement magnitude at the time instants + = 0.3, 0.75 and 1. Once more, no notable differences are visible
between the 2D and 3D solutions. Figure 31| reports the x- and y-displacement time history of the upper 2D-solid
endpoint and the upper 3D-solid on the plane z = 0. The 3D and 2D results are practically indistinguishable. Only
very small differences are visible, which are expected to vanish after spatial refinement.

5.3. Spherical capsule in lid-driven cavity flow

In the following example, we consider the lid-driven cavity test with an immersed elastic spherical structure. The
fluid domain is given by the unit cube Q = [0, 1] X [0, 1] X [0, 1] and the reference solid configuration is a sphere of
radius R = 0.2 centred at x, = 0.5, y. = 0.5, zz = 0.5, as shown in Figure I@ A no-slip boundary condition is
enforced on I'y, and a constant velocity profile i = e; is prescribed on I'y,. Both the fluid and the solid are initially
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(a) Geometrical configuration. (b) Fluid and solid meshes.

Figure 32: Geometric description and computational meshes.

at rest. The physical parameters for the fluid are: density p' = 100 and dynamic viscosity u = 10. For the solid we
have: density p* = 100, thickness & = 0.0212, Young’s modulus E = 5.6 - 10* and Poisson’s ratio v = 0.4.

The time-step is set to 7 = 5 X 1073 and the final time is T = 10. The fluid mesh is made of 28843 tetrahedra,
while the solid mesh contains 446 triangles. Figure 32(b)|shows the considered fluid and solid meshes. In both cases
the space discretization parameter is 2 ~ 0.05. As discussed above, the intersection between the two meshes and the
sub-tetrahedralization of the fluid intersected elements has to be evaluated at each time step. In particular, the solid
mesh intersects on average 900 tetrahedra belonging to Q. The intersection Algorithmproduces a fluid mesh made
of approximately 18000 tetrahedra and a solid mesh made of approximately 450 triangles. It should be noted that this
induces additional computational cost (only) to the assembling phase, due to the integration over arbitrary polygons.
Figures [33(a)H33(b)| shows the 3D intersected fluid mesh at time ¢ = 5 (17555 tetrahedra), where the two regions of
the fluid domain are highlighted with different colours. Figure shows the deformed solid mesh at t = 5 and
Figure [33(d)| the corresponding intersected solid mesh (6952 triangles). Each colour in Figure 33(d)] indicates the
original solid triangle.

(a) Fluid intersected mesh (exte- (b) Fluid intersected mesh (inte- (c) Deformed solid mesh. (d) Intersected deformed solid
rior side). rior side). mesh.

Figure 33: Fluid and deformed intersected solid meshes at t = 2.5.

For illustration purposes, Figure [34] shows the snapshots of the fluid velocity magnitude. At 7 = 2.5, Figure [34(a)]
the vesicle is heading towards the moving upper region of the cavity, getting closer to the end of the top boundary at
t =5, Figure[34(b)] At = 7.5, Figure[34(c) the vesicle has completed the first rotation around the initial position.
Additionally, the solid current configuration is included for each time instant. Figure 35]shows the pressure elevation
of the cutting plane z = 0.5 at the same time instants as for the velocity in Figure[34(a)] The pressure jump across the
moving interface X" is clearly visible. Finally, in Figure 36] we present the trajectory projected on the xy plane, of
the vesicle leftmost vertex, starting from x = 0.3 and y = 0.5, at t = 0. Time markers have been depicted in order to
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(a) t=25. (b) t=5. () t=15.

velocity
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Figure 34: Velocity magnitude snapshots.

(a) t=25. (b) t=5. () t=175.
pressure

-210 -123 -37 49 136

Figure 35: Pressure snapshots and elevation.

facilitate the visualization of the result.
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Figure 36: Trajectory of the leftmost solid node from # = 0 to ¢ = 10.

5.4. Spherical capsule in shear flow

The last example is a classical benchmark problem in micro-encapsulation (see, e.g., Dupont et al.| (2022)): the
mechanical equilibrium of a liquid capsule enclosed by a thin-walled elastic solid immersed in a shear flow. The
solid domain X is a spherical surface of radius R = 0.3, centered at the origin. The fluid domain is given by the
prism Q = [-5R,5R] X [-5R,5R] X [-2.5R,2.5R], see Figure On I'ye; we impose the shear velocity profile
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Figure 37: Geometric description and computational meshes.

(a) Cag = 0.6, =1.0. (b) Cas =0.6,1=3.0. (c) Cag =0.6,1=06.0.

(d) Cag =0.18,1=1.0. (e) Cag =0.18,¢=3.0. (f) Cag =0.18, 1 = 6.0.
velocity
I T | .
0.00 0.38 0.75 1.12 1.50

Figure 38: Velocity magnitude snapshots at three different time instants for Cas = 0.6 (top) and Cas = 0.18 (bottom).

u(x,y,z) = yye;, where the shear rate y is set to 1. Symmetry conditions are imposed on the lateral walls I'yy,,. Both
the fluid and the solid are initially at rest. The physical parameters for the fluid (inside and outside the capsule) are:
density p' = 1 and dynamic viscosity 4 = 1. For the solid we take: density p* = 1, Young’s modulus E = 50 and
Poisson’s ratio v = 0.5. A dimensional analysis shows that the two main quantities that drive the capsule dynamics
are (see, e.g.,[Dupont et al| (2022))): the relative thickness @ = &/R and the bulk capillary number

def LY

Ca'V = E’
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which represents the ratio between the viscous and the elastic forces. Here, the symbol G £E /(2(1 + v)) denotes the

solid shear modulus. It is also customary to introduce the surface capillary number
awr Cay

Cag .
a

Owing to the physical parameters provided above, we have Ca, = 0.06. In what follows, we will use Algorithm [T]to
simulate the effect on the capsule dynamics of two different values of the solid thickness: € = 0.03 and € = 0.1, which
respectively yield @ = 0.1,Cas = 0.6 and @ = 0.3, Cag = 0.18.

The fluid and solid domain are discretized by means of two unstructured meshes with local size #s ~ 0.05 and
hs =~ 0.025 respectively. The fluid mesh is made of 144130 tetrahedra and the solid mesh of 4944 triangles, see
Figure The time-step length is set to 7 = 2 - 107> and the final time to T = 10.

For illustration purposes, Figure [38] shows the snapshots of the fluid velocity magnitude at time 7 = 1, 3 and 6
on the cutting plane z = 0. In particular, the Figure [3§] clearly shows the influence of the thickness on the capsule
deformed shape. As expected, the thinnest capsule (Ca; = 0.6) becomes much more elongated at equilibrium than
the thickest one (Cas = 0.18). This can also be inferred from Figure [39] which shows the deformed configuration of
the capsules at time ¢ = 10. It is worth noting that, in the early stages of the simulation (z = 1, Figures [38(a)|and [[d))

(a) Cag =0.6 (b) Cag =0.18

Figure 39: Deformed capsule at ¢ = 10.

the capsule motion is mainly driven by the deformation due to the stresses exerted by the external flow. Progressively
(t = 3, Figures[38(b)|and|[(e)), this local deformation is transformed into a rotational motion along the deformed shape.
Finally (¢t = 6, Figures and([()), the capsule reaches a steady state with a pure rotational motion. This behaviour
can clearly be inferred from Figure [40| which shows the trajectories of four different points on the mid-plane z = 0.
Finally, Figures[@1]and[A2]show the pressure elevation of the cutting plane z = 0 for both the surface capillary numbers
Cag = 0.6 and Cag = 0.18, at time ¢ = 1, 3 and 6. The pressure jump across the moving interface is well captured in
both cases.
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Figure 40: Solid nodes trajectories projected on the plane z = 0.
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Figure 41: Pressure snapshots and elevation for Cas = 0.6.
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(a) Cag =0.18,¢=1.0. (b) Cag =0.18, ¢ =3.0. (c) Cag =0.18,1 =6.0.
pressure
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Figure 42: Pressure snapshots and elevation for Cas = 0.18.

6. Conclusion

In this paper, we have introduced a 3D unfitted Nitsche-XFEM method for incompressible fluid-structure interac-
tion problems involving immersed thin-walled solids. The proposed results extend the work reported in[Alauzet et al.|
(2016) for the 2D case. The key features of the proposed method are the following:

e Discrete strong and weak discontinuities included in a low order (affine) fluid approximation supported by
overlapping meshes, which guarantees interfacial mass conservation and optimal accuracy;

o Cut-FEM methodology for consistency. Integration over general polyhedra enabled via a robust and efficient
intersection sub-tessellation algorithm for general unstructured (tetrahedral/triangular) meshes;

e Novel approach based on a fictitious interface for handling front elements (tip elements in 2D) in the case of
partially intersected fluid domains;

e Consistent Nitsche treatment of the interface coupling (Lagrange multipliers free) and suitable stabilization for
robustness.

The comprehensive numerical study reported in Section [5 highlighted the good performance and robustness of the
proposed methodology. As a result, the presented method can be considered as a robust and accurate approach to
simulate FSI problems with immersed thin-walled solids. Ongoing work focuses on:

e Loosely coupled schemes which avoid the strong coupling of Algorithm[T} with the purpose of reducing com-
putational complexity without compromising stability and accuracy;

o Fluid-structure interaction with solid contact: a particularly delicate problem arises whenever multiple solids
intersect the same fluid element.
Data availability

Data will be made available on request.
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