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Abstract: The formal integrability of systems of partial differential equations plays a funda-
mental role in different analysis and synthesis problems for both linear and nonlinear differential
control systems. Following Spencer’s theory, to test the formal integrability of a system of partial
differential equations, we must study when the symbol of the system, namely, the top-order
part of the linearization of the system, is 2-acyclic or involutive, i.e., when certain Spencer
cohomology groups vanish. Combining the fact that Spencer cohomology is dual to Koszul
homology and symbolic computation methods, we show how to effectively compute the homology
modules defined by the Koszul complex of a finitely presented module over a commutative
polynomial ring. These results are implemented using the OREMORPHISMS package. We then
use these results to effectively characterize 2-acyclicity and involutivity of the symbol of a linear
system of partial differential equations. Finally, we show explicit computations on two standard

examples.

Keywords: Systems of partial differential equations, multidimensional systems, behaviours,
Cartan’s involutivity, formal integrability, Koszul homology, Spencer cohomology

1. INTRODUCTION

It is well-known that the study of structural properties of
both linear and nonlinear systems, such as controllability,
observability, differential flatness, etc., boils down to the
study of the integrability or the involutivity of systems
of vector fields. Moreover, many standard problems in
nonlinear control theory, such as linearization by static
feedback, (input-state, input-output) linearizations, model
matching, minimal realization, etc., can be reduced to the
study of the existence of a local solution of (nonlinear)
systems of partial differential equations (PDEs) in the
unknowns of the problem. It is thus not surprising that
Frobenius theorem on integrability of geometric distribu-
tions plays an important role in control theory. The study
of the existence of formal/locally convergent power series
solutions of systems of PDEs has a long mathematical
history and is nowadays called the formal integrability
theory. Thus, control theorists have to face the problem
of studying the formal integrability of linear or nonlinear
systems of PDEs.

According to Spencer’s theory (Spencer (1969)), the for-
mal integrability of linear PD systems can be reduced to
the study of the Spencer cohomology, dual to the Koszul
homology (Quillen (1964)), and integrability conditions.

In this paper, using computer algebra methods (Grdbner
bases) and results on homomorphisms of finitely presented
modules (Section 2) over the commutative polynomial ring

A = B[x1,...,Xn], where B is a commutative ring over a
computable field K of characteristic 0, in Section 3, we
first explain how to compute the Koszul homology A-
modules H;(x, M), i = 0,...,n, of a finitely presented
A-module M. To simplify the presentation, we shall only
consider the case n = 3, i.e., the most important situations
in applications. But the general case exactly follows the
same line. Koszul homology A-modules can be computed
by standard computer algebra systems, e.g., using the
OREMORPHISMS package (Cluzeau and Quadrat (2009)),
developed in Maple, as demonstrated in Section 6 with two
standard examples of the literature (Pommaret (1994)).
Then, following Quillen (1964); Malgrange (2005), using
the natural total-order graduation of rings of PD operators
and the fact that the study of Spencer cohomology of the
symbol of a linear PD system reduces to the study of the
graded Koszul homology A-modules H;(, gr(M))’s of the
finitely presented graded .A-module gr(M), in Section 5,
we give effective tests for i-acyclicity, ¢ = 0,...,n, and
thus, for the involutivity of symbols of linear PD systems.

Notation. Let K be a field of characteristic 0 (e.g., K = Q,
R, C) and K[zy,...,x,] the commutative ring formed
by all the polynomials in the variables z1,...,z, with
coefficients in K. Let D be a noncommutative ring. Then,
the set of all ¢ X p matrices with entries in D is denoted
by D?*P. If R € D9*P_ then we can consider the left D-
homomorphism (i.e., left D-linear map) defined by:

.R: D1 — p*p
A= (A ... \)) — AR. (1)



We can also consider the following left D-modules:
kerp(.R) = {\ € D7 | AR = 0}, imp(.R) = D*1 R,
cokerp(.R) = DY*P /(D> R).

Note that £ := cokerp(.R) is a quotient left D-module,
i.e., L is the left D-module defined by the residue classes
7(u) € L for all u € D*P. By definition, m(u') = m(p) if
W — p € imp(.R), i.e., if there exists A € DX such that
W =pu+AR. For all di, d» € D and for all p1q, pg € D¥P,
we then have dy 7(u1) + da w(pe) := 7(dy p1 + da o). Let
7w DP — L be the left D-homomorphism defined by
mapping u € DY*P onto its residue class 7(u) in L. If
L' is a left D-module, the Z-module formed by all the
homomorphisms from £ to £’ is denoted by homp (L, L’).
Finally, if D is commutative, then homp (L, £') inherits a
natural D-module structure.

2. ALGEBRAIC ANALYSIS APPROACH
2.1 Finitely presented left D-modules € Behaviours

Let R € D9 and £ = cokerp(.R). Moreover, let
{€i}i=1,...p be the standard basis of DIXP and {fi}ti=1,..q
the standard basis of D'*9. Finally, let y; = m(e;) for
i =1,...,p,and y = (y1 ... yp)T. Using the fact
that every I € L is of the form | = 7(p) for a certain
pw = (u1 ... pp) € DY¥P, we then have | = 7(p) =
(Xt mie)) = Y P piyi = py, which shows that
{yi}ti=1,...p is a finite set of generators of L. The left D-
module M is then said to be finitely generated. Moreover,
we have f; R = (R, R;,) € imp(.R), and thus,
S i Rjkye = m(f; R) =0 for j = 1,...,q, which shows
that the generators y;’s of £ satisfy the finite generating
set of left D-linear relations Ry = 0. The left D-module
L is thensaid to be finitely presented. Equivalently, £ is
defined by the following exact sequence of left D-modules

pixa L, plxp T, p 40,
i.e., m is surjective and ker 7 = imp(.R).

Consider a left D-module F and the left Z-homomorphism:

R.: FP*l — Faxi 9

n+— Rn. ( )

Then, kerz(R.) = {n € FP*! | Ry = 0} is the F-solutions

set of the linear system Rn = 0, also called behaviour. A

standard result in module theory asserts that:

kerz(R.) = homp (L, F). (3)

Indeed, for all ¢ € homp(L, F), we have ¢(0) = 0, i.e.,

& (Oh_ Rjkyk) = > r_q Rjr #(yx) = 0, which shows that

P(p) == (p(e1) ... d(ep))T € kerr(R.). Conversely, if

n € kerz(R.), then ¢, (m(\)) := An € F for all A € D'*P
belongs to homp (L, F), ¥(¢y) =1, and ¢y ) = .

Within the algebraic analysis approach to linear PD sys-
tems, D is usually a (noncommutative) ring of PD op-
erators. Let us state again this definition. Let B be a
commutative ring and 04, . . . , O n-commuting derivations
of B, namely, 0; : B — B is additive and:

Vb1, by € B, 0;(b1 b2) = 0;(b1) b + b1 0i(b2), i =1,...,n,
@o@-z@-o@i, 1§z<]§n

If endz(B) denotes the ring of all the Z-linear maps from

B to B, and if b € B, then we can define b € endz(B) by

b(a) = ba for all a € B. Then, D = B{01,...,0n) is the
subring of endz(B) generated by the 9;’s and the b’s for
all b € B. For all a € B, we have

(0;0b)(a) = 9;(ba) = 0;(b) a+b0;(a) = (bod; +9;(b))(a),
i.e., 9;0b = bo d; + 9;(b) holds in D for all b € B and
i=1,...,n,aswellas 0;00; = 0j00; for 1 <i < j<n. If
we simply note b by b and write multiplicatively the com-
positions in D, then D is the noncommutative polynomial

ring in 0y, ..., 0, with coefficients in B satisfying:
&b:b@—k@(b), be B, 1=1,...,n, (4)
aié)j:ajai, 1<i<ji<n.

Any P € D can be uniquely written as P = Zo<\u|<r b, 0¥,
where v = (v1,...,v,) € ZZ, is a multi-index of length
V=114 +uvy,, " =0"...05, and b, € B.
Examples of rings of PD operators are the commutative
polynomial ring D = B[0s,...,0,], when 9;(b) = 0 for
allbe Band i =1,...,n, or D = B(d1,...,0,), where
B = Klxi,...,z,], K is a field, and 9;(b) = 9b/dz; for all
b€ Bandi=1,...,n, the so-called the Weyl algebra of
PD operators with polynomial coefficients.

2.2 Homomorphisms of finitely presented left D-modules

In this section, we briefly state again useful results on
homomorphisms of finitely presented left D-modules.

Lemma 1. (Cluzeau and Quadrat (2008)). Let us consider
two finitely presented left D-modules £ = D*P/(D!*4 R)

and £ = DY¥¥' /(D1*4" R'). The existence of a homomor-
phism f € homp(L, L) is equivalent to the existence of

matrices P € DP*P’ and Qe paxd satisfying the relation:
RP=QR. (5)
Then, the commutative exact diagram

pixa B pbxp T ,p 40
LQ \LP lf
pixd B pba’ T
holds, where f € homp(L, £') is defined by:
YueDUP, f(x(N) = 7(uP)

Note that the identity (5) yields the homomorphism of
behaviours f* : kerr(R'.) — kerz(R.) defined by:

V' €kerr(R'.), f*(0')=Pnckers(R.).

For the computation of the Koszul homology (see Sec-
tion 3), we shall need to compute kernels and images of
homomorphisms. Let us explicitly characterize the kernel
and the image of f € homp(L, L), where £ and L' are
two presented left D-modules.

Lemma 2. (Cluzeau and Quadrat (2008)). Let us consider
two finitely presented left D-modules £ = D**?/(D'*4 R)
and £ = DY?' /(D' R'). Let f € homp(L, L) be a
homomorphism defined by P € Drxr’ and Q € paxd
satisfying (5). Let L = (PT R'™)T € Dw+a)xP" Then:
(1) ker(f) = (D'*" S")/(D'*1 R), where S’ € D"™*? is a
matrix defined by:
kerp(.L) = D**" (S’

o S”), S e /Drxq’.



(fD1><(p+q/) L)/(DIXq/ R/).
= pix¥' /(DIx+d) [).

(2) im(f) =
(3) coker(f)

3. THE KOSZUL COMPLEX

In this section, we shall briefly introduce the notions
of Koszul complex and Koszul homology (Serre (1989)).
In Section 4, we shall explain how to characterize the
Koszul homology. In Section 5, we shall show how to use
these results to effectively check the i-acyclicity and the
involutivity of linear PD systems.

Let A be a commutative ring and T a free A-module of
rank n, i.e., T = A™. Let uq,...,u, be a basis of T, i.e.,
T=Au @ - ® Au,. We can then consider the exterior
algebra of T defined by AT = @'_, A" T, where A°T = A
and A" T is the homogeneous component of degree r of AT

As an A-algebra, (AT, +, A) is generated by wuy, ..., u,
satisfying the following relations:

ui/\ui:(), ui/\uj:fuj/\ui, Z?éj
Then, w € A" T has the form w = >,y a;usy, A+ A,

where 1 < iy <ip < --- <14, <m,a; €A, Iis a finite set,

YVwelA™T, VoeANT, who=(-1)""cAw
and thus, w A w = 0 for r is odd. Hence, the A" T’s are
the free A-modules generated by wu;, A --- A w;,, where
1<iy <ig <+ <ip <n, i.e., we have ATT%A(:).
Let M be a finitely generated A-module, x1,...,xn € A.
Forr=1,...,n,letd, : A"T@4 M — A" 1 T®4 M be
the A-homomorphism defined by

dy (uiy A ANy, @m)

B S
Jj=1
for all u;, A+ Auy, @m € A"T ® 4 M, where i;; means
that this term is omitted. Set x = (x1,...,Xn). The d,’s
induce the following complex K(x, M) of A—modules

/\ﬁi]-/\"'/\uir@)Xijma (6)

O"—“>A”T®AM AT 1T®AM

BT oM 2T M e MY,

€., d.od.p 1 = 0 for r = 0,...,n, called the Koszul
complex of M, and we can define the homology A-modules:
H.(x, M) = ker(d,)/im(d,4+1), r=0,...,n
If A is a noetherian ring and M a finitely generated A-
module, then the H,(x, M)’s are finitely generated .A-
modules. They only depend on T and not on the choice of
the basis uq,...,u, of T. Moreover, we can check that:

Ho(x, M) = M /im(dy) M/(sz )

H,(x, M) =ker(d,) ={meM|xim=0,i=1,...,n}.

Lemma 3. (Serre (1989)). The Koszul homology A-modules
H,(x, M)’s satisfy that x; H-(x, M) =0,fori=1,...,n

If A= B[xi,-..,Xn], where B is a commutative ring, then
Lemma 3 shows that any element ¢ € A which has no
constant term acts trivially over H,(x, M), i.e., for every
homology class o € H,.(x, M), the homology class t«
vanishes. Thus, the H,.(x, M)’s are finitely generated B-
modules and if B = K is a field, then the H,(x, M)’s are
finite-dimensional K-vector spaces (Malgrange (2005)).

4. CHARACTERIZATION OF KOSZUL HOMOLOGY

Let A be a commutative noetherian ring, R € AI*P,
and M = coker 4(.R) = AP /(A1X9 R). In this section,
we explain how to characterize the homology A-modules
H,.(x, M)’s as H,(x, M) = (A**" S’)/(AMSTS ), where
S/ and S, are matrices having p columns. The rows

of S/ and S, represent elements of AT T @4 AP whose
classes modulo A'X? R are generators as .A-modules of
ker(d,) and im(d,41), respectively. We shall only consider
the case n = 3 that cover most of the examples studied in
applications. The general case can be handled similarly.

The free A-modules A® T and A% T have respectively rank
1 and 3 with the following chosen bases:

o {e1 Nea Aes} for A3T,
o {eaNes,e3Ner, e; Aeg) for A2T.
The Koszul differential ds acts on A>T ® 4 M as:
ds(eg Nea Ne3@m) =eas ANe3@x1m—+ezAe; @ xam
+erNex®xam,
for all m € M, and dy acts on A>T ® 4 M as:
da(ea ANe3®@m) = —ea ® xsm + ez @ xam,
daesNer ®@m) = e3 @ xam — ez @ x1 M,
do(er Nea ®@m) = —e1 ® xam + ea ® x1m,
and dy(e; ®@m) = x;m for allm € M and i = 1, 2, 3. Let:
X1 0 —x3 X2
P = <X2> e A, Py= (XS 0 —X1> € A3,
X3 -x2 x1 O

Vme M,

Ps=(x1 x2 xs)e€ A
Using T®A Alxr ~ AlXBT, A2T®A A1><r ~ AlXST, and
AT @4 AT ~ A" for r = g, p, we then obtain the
following commutative diagram of .4-modules with exact
rows and exact first two columns

0

|

Alxa B o q1xp ANBTOsM—>0
P3®1I4 P3®1I, lds
Avx3a BEX gixap A2 M —— 0
Pa®Iq Pa®Ip ldQ
D (- .Y Q——
l. Pi®I, l Pi®I, ld .
Alxa —fy gixp M 0,
|
0

where P; ® I, denotes the Kronecker product of the
matrices P; and I, (and similarly for P;®1,) fori =1, 2, 3.
Then, the Kozsul homology A-modules are defined by:

HO(X7 M) = COker(dl)v H, (X7 M) = ker(dl)/im(dQ)a
Hy(x, M) = ker(ds) /im(dy ), Hs(x, M) = ker(ds).
Using Lemma 2, the third isomorphism theorem yields:

Ho(x, M) = AP/ <A1x<3p+q) (Plglp >) 7
Pl

Hy(x. M) = (A 57) (A““”*‘” (13 ® R>> :



. Pl
Ha(x, M) = (A )/ (A““’”q’ ( Lo R>) ,
Hy(x, M) = (A** §3) /(A9 R),
where, for i =1, 2, 3, S € A5<()P are defined by:

Pl xs; (Ql "
ker_A (. (I( 3 ) ®pR>> = Al ‘ (S’L - S’L ),

i—1
3
(3

with S € A5*(D)a,

If A is a commutative polynomial ring over a computable
field K (e.g., K = Q), then, using, e.g., Grobner ba-
sis methods, we can effectively compute the A-modules
H.(x,M),r=0,...,n. See Cluzeau and Quadrat (2009).

5. ACYCLICITY AND INVOLUTIVITY OF
LINEAR PD SYSTEMS

In this section, we first define the concepts of formal
integrability, i-acyclicity, and involutivity of a linear PD
system, and then explain how to effectively test them.

5.1 Formal integrability of linear PD systems

With the notations of Section 2, the order of P € D
is defined by ord(P) = sup{ly| | b, # 0}. By ex-
tension, the order of a matrix R € DI*P is given by
ord(R) = max {ord(R;;) |i=1,...,q, j=1,...,p}. Let
Ds={PeD|0<ord(P) <s}for s>0andset Ds =0
for s < 0. Then, we have D = | J ., Ds and Dy Dy C D,y
for all s,t € Z, i.e., D is a filtered ring. We note that
{0 | 0 < |y| < s} is a basis of Dy as a left B = Dy-
module, i.e., Dy is a finitely generated free B-module.
Definition 4. A linear PD system defined by R € DI*P
with r = ord(R) is said to be formally integrable if:

VseZ, (D™ R)NDIY=DR. (7)
Conditions (7) are called integrability conditions.

The integrability conditions (7) mean that for all s € Z,
the system equations of order r + s, i.e., (D14 R)N Diig,
are exactly the s™-prolongation ps(R) := D1*? R of the
system equations. Note that we always have:
Vs€Z, ps(R)C (D> R)ND, .

Ezample 1. Let D = B{(01,02) be the Weyl algebra, i.e.,
B = K[z1,22), R = (01 02 + 71)T so that r = 1.
We have 7(82 + xl)ﬁl + 31 (82 + 1‘1) = 1, which yields
dy = (—dl (82 + 1'1)) o + (d1 81) (82 +.’E1) for all dy € D;.
This implies that (D'*2 R) N D; = D;. The linear PD
system defined by R is then not formally integrable since
po(R) = B0oy + B (0 +x1) € (DY*2 R)ND; = D;.
Remark 5. From Section 2, we have £ = >""_| Dy,. Then,
Ly =>" Dy, is the quotient filtration of £ induced by
the filtration {D;};cz of D, namely, L = | J,cy L¢, where
we set L =0 for t < 0, and Ds Ly C L4 for all s, t € Z.
In other words, we have:

Vs€Z, Lops= (D +DY™ R)/(D™R)

= D32/ (0™ R) DY)

Alternatively, we can consider the restriction of the left D-
homomorphism .R defined by (1) to D1*? C D% to get
the left B-homomorphism .R : D1*4 — Di_ix_f, and then

its cokernel left B-module, i.e., L), = Diif/(D;X‘l R) for
all s € Z. Hence, we have L].,, = L, for all s € Z if and
only if (7) holds. If so, .R is said to be a strict morphism.

Note that (7) corresponds to an infinite number of inte-
grability conditions. Fundamental results due to Quillen
and Goldschmidt (Quillen (1964); Spencer (1969)) show
that they can be reduced to a single integrability condition
(D4 R) N DY = D{**R, if the so-called symbol of
the linear PD system is 2-acyclic (see Section 5.2). More
generally, a linear PD system is said to be involutive if it is
formally integrable and if its symbol is n-acyclic, namely,
involutive. In the next section, we shall introduce these
concepts and show that they can be effectively tested using
Koszul homology computations.

5.2 Acyclicity and involutivity of the symbol module

With the notations of Section 5.1, for all » € Z, let
gr(D), = D,/D,—1 and o, : D, — gr(D), be the
canonical projection. Then, the graded ring of D is defined
by gr(D) = @,z gr(D),. If we set x; = 01(0;) for
i = 1,...,n, then the identity 9;b = b9; + 9;(b) in Dy
yields x; b = bx; in gr(D); forallbe Bandi=1,...,n.
Moreover, we have x; x; = X; X; in gr(D)2. Thus, we have:

VP= > b,0"€D, o(P)= Y bx"
|

0<v|<r vl=r

Let us note A = gr(D) and A, = gr(D), for all r € Z.
Then, A, = @\,4:7-5)(” is a finitely generated free B-
module and A = B[x1,...,Xn], €., A is the commuta-
tive polynomial ring in i, ..., xn with coefficients in B.
Elements of A, are homogeneous polynomials of degree
r. Finally, let A(s) be the shifted graded ring defined by
A(s)y = Apys for all r, s € Z.

Set T = Ay. Then, T = @, Byx; is a free B-module
of rank n. Note that the graded symmetric algebra of T,
i.e., S(T) = @5 S'T — where S°T = B and S'T =
@M:tBXV = A; is the set of t-symmetric tensors — is
isomorphic to A = B[x1,...,Xn]. If N is a A-module, it
is then a B-module. As explained in Section 3, we can
define the B-modules A" T ®p N for r = 0,...,n, which
naturally inherit A4-modules structures from the 4-module
structure of . Moreover, d, : A" T@gN — AT 1 TN
defined by (6) is a well-defined .A-homomorphism. Thus,
we can construct the Koszul complex K (x, N') and define
its Koszul homology A-modules H,.(x, ) forr =0,...,n.

Let r be the order of R and o,.(R) € A7*P be the
principal symbol of R, namely, the matrix obtained by
the application of the B-homomorphism o, to the entries
of R. Let M = coker4(.0-(R)) be the A-module finitely
presented by o,.(R). All the entries of the rows o,(R);e’s
of o,.(R) are homogeneous polynomials of degree . Thus,
0.(R) € homy (A9, AP) yields the graded homo-
morphism A(—7)1*9 — A(0)1*? of degree 0. Its image
P =31 A(-r)0.(R);e is then a graded .A-submodule
of A(0)**? and the graded A-module gr(M) is defined by:

gr(M) = A(0)"?/ (Z A=) ar<R>Z—.> = DaM).,
i=1 SEZ
(8)



where gr(M), = AP/ (30, As_; 0.(R);e) for all s € Z
and o,.(P)ms(m) = mp15(Pm) for all P € D and for all
m € gr(M), where 75 : ALXP — gr(M), denotes the
canonical projection for all s € Z. The graded A-module
gr(M) is called the symbol module. Note that:

Vs€Z, l€lsy, AX=BXgygerapxi(™iT),
The B-module gr(M); is generated by vy; , = ms(x" €;) for
v = sand i = 1,...,p. If 0,.(R);; = Zm:r bija X%
where b;;, € B, then the y;,’s satisfy the B-linear
relations 30 37—, bij.a Yjats =0 fori=1,...,q and
B = s—r. Ifpe = p("™7Y), ¢s = ¢ ("7, and
Y € B%*Ps ig the matrix of coefficients of the latter linear
system, then we have gr(M), = cokerg(.X).

As explained above, we can now define the Koszul complex
K(x,gr(M)) of the finitely generated A-module gr(M).
This Koszul complex has a natural grading defined by:

@ATTQ@B gr(M)s, r=0,...,n,
SEZ

and using y; € Aj, the map d, defined by (6) yields the
following homogeneous B-homomorphism of degree 1:

dr: A" T @5 gr(M)s — A" 1T @5 gr(M) 1,
dr(Xiy A -+ A Xi, @)
-
= Z(—l)l_‘—l Xiy A
i=1

for all mg € gr(M)s. Then, K (x, gr(M)) is the direct sum
of the following complexes of B-modules:

AT ®p5 gI‘(M) =

/\X“/\ ../\X”@Xijms,

d

dyy—
00— > AT ®ggr(M)s — 2> A" 1T @g gr(M)ey ——. ..

d d d
L= A2T @B gr(M)s+n—2 —2>7T ®p gr(M)s+n—1 —

d,
gr(M)stn 0 0, se Z.

(9)

Thus, we have

H,.(x, gr(M

=P H.(x, gr(M

kEZ
where H,.(x, gr(M))s is the homology at A™ T'®p gr(M).

If B is a noetherian ring (e.g., B = K or B = K[x1, ..., z,]),
then A is a noetherian ring and the H,.(x,gr(M))’s are
finitely generated A-modules, and thus, finitely generated
B-modules by Lemma 3. Then, (10) implies that only
finitely many H,.(x, gr(M))g’s are non-zero for k € Z. This
result holds for » = 0,...,n, and thus, we have:

3K >0 Vref0,...,n}, Vk>K, H.(x,gr(M)) =0.

r=20,...,n, (10)

Let T* := homg(T,B), gs = homp(gr(M),,B) =
kerp(3s.), and recall that homg(A™T,B) = A" T*. The
application of the contravariant functor homg( -, B) to (9)

yields the dual of the Koszul complex (9), i.e.,

dx dj 3
0 = gotn ——>T* Qg Is+n—1 — 2> A2T* @p Js+n—2 3.

ar d,
S AT T ®p gep1 — = AT T ©p gs——> 0,
(11)
i.e., the so-called Spencer sequence. The Spencer cohomol-

ogy of (11) at AT* ®p gi, is denoted by HFI(g,). If
B = K, then the H;(x,gr(M))x’s are finite dimensional

K-vector spaces. If £ =R, Quillen (1964) proves that the
K-vector space gr(M); is locally the dual of the symbol
gs of the sheafification version of the differential operator
R.: FPX1 — Fo1and Hj(x,gr(M)) is the dual K-
vector space of the Spencer cohomology H*7(g,.).

Definition 6. Given integers £ > 0 and ¢ € {0,...,n}, the
symbol A-module gr(M) is said to be i-acyclic at degree
¢ if Hp(gr(M))g = 0 for all d > £ and k = 0,...,4. If
gr(M) is n-acyclic at degree ¢, then we simply say that
gr(M) is involutive at degree £.

One can prove that Ho(x,gr(M))g+1 = 0 for k > r and
gr(M) is l-acyclic at degree r (Malgrange (2005)).

Using Section 4, matrices S5 and Se with homogeneous
rows exist such that we have the following representation:

H(x, M) = (A2 §3) /(A2 S). (12)

Theorem 7. Let M = AP /(A %0, (R)) be a finitely
presented A-module, where o,.(R) has homogeneous rows

with degree r. Let S} € A2 (3) and S, € A%< (3) be
two matrices with homogeneous rows such that Hy(y, M)

is defined by (12). Let S5, € As2-2(3) be the matrix
obtained by deleting all the rows of S} of degree less than
r. Then, gr(M) is 2-acyclic at degree r if and only if there

exists a matrix Tn, € A%2.0%52 guch that Sy, =Ta, Sa.

YT where the

Proof. Let us write S} = (SQ,TT Sy )
rows of S5 _,. have degree strictly less than r. According to
Lemma 3, the residue classes of the rows of x; S5 _,. vanish
in Ha(x, M). Hence, Ha(x, gr(M)), is trivial if and only if
the rows of S} with degree not less than r belong to the A-
submodule generated by rows of S3. The latter statement

means that the matrix Sém admits a factorisation 15, Ss.

Remark 8. If B is a commutative polynomial ring with
coefficients in a computable field I, then, using Grébner
bases methods, the characterizations of the H,.(x, M)’s
obtained in Section 4 can be explicitly computed. See,
e.g., the Maple package OREMORPHISMS (Cluzeau and
Quadrat (2009)). Then, given Sy ,. and Sy, testing whether
or not there exists a factorisation SQT = Tb, Sy can
also be done using Grébner bases methods. For instance,
the Factorize command of the OREMODULES package
outputs a matrix 75 , if it exists.

From Theorem 7, we can effectively test the 2-acyclicity.

(1) Use Section 4 with M = coker4(.0.(R))), where
r = ord(R), to compute S5 and Sy such that (12).

(2) Let S5, be the matrix obtained by deleting rows of
S’ with degrees strictly less than 7.

(3) Test if a factorisation of the form Sy . = Ty . S exists,
where T5 , is a matrix with entries in A.

Hence, gr(M) is 2-acyclic at degree r if and only if a
factorization such as in Step (3) exists.

Similarly, we can test whether or not H;(x,gr(M)) is
trivial at a degree r for ¢ = 3,...,n, and thus, test the
involutivity of the symbol A-module gr(M) at degree r.
As explained above, H;(, gr(M))r = 0 for a large enough
k, and thus, the above approach can be used with the
prolongation M,.; s = coker 4(.ps(R)) for a large s.



6. EXAMPLES
6.1 Ezample 2 (Pommaret, 1994, II1.D.Ezample 4).
Let B = Q[a], D = 8[81,82,83], .A = B[Xl,XQ,Xg],

L =D/(DR), r =2, M = A/(A5 05(R)), where
R € DY and o3(R) € A'*® are defined by

3 X3
8203 — adf X2 X3 — axi
R = 65 ) UQ(R) = X%
0103 X1 X3
01 02 X1 X2

and gr(M) = A(0)/(A(—2)'*5 o2(R)). We study the 2-
acyclicity of gr(M) at degree 2. Let p = x2 x3 — a X7 and:

X1 X2 X3
X3 0 0
0 0
X2 0 axi fg 0 0
x3 axi O X1 §<3 0 0
0 0
X§ 0 0 xix2 O 0
X3 0 X2 0
, X2 %(3 0 0 0 p3 0
52 - X2 0 0 ) SQ == 0 X% 0
8 X3 0 0 xixs O
X2 X3 0 xix2 0
0 0 X2 0 0 2
0 0 2 X3
X3 0 0 D
0 0 x1x3 0 0 2
X2
0 0 xi1x3
0 0 Xxi1x2

We have Ha(x, M) = (A1 81)/(A*16.S,). Then, we
can check that the matrix Sy, formed by the last four
rows of Sy satisfies 5572 = T59 5, for a certain matrix
T 5. Thus, gr(M) is 2-acyclic at degree 2 for all a.

To test the involutivity at degree 2, we have to consider
Hs(x, M). Computing a representation of Hs(x, M), we
obtain Hz(x, M) = (A'*6 8%) /(A5 S3), where:

Sy = (X% XXz X1X3 X3 xixe axi)h
S3=02(R)=(xi xzxs—axi x3 xixs xixe)
We then have S3, = S3 and we can check that there is

no factorization of the form S35 = T3 2 S3, which yields

Hs(x,gr(M)) does not vanish at degree 2 for almost all «,
i.e., gr(M) is not generically involutive at degree 2.

Considering the last entry of S%, the only particular value
to check is a = 0. We substitute « = 0 into R. In
the same manner, we can compute S5 and S3 such that
Hs(x, M) = (A2 83)/(A*® S3), where S5 = (x5 x2)"
and S3 = o3(R). Since the degree of S} is strictly less than
r =2, gr(M) is 3-acyclic, i.e., involutive at degree 2. We
find again the results obtained in Pommaret (1994).

6.2 Janet’s Example (Pommaret, 1994, III.D. Example 1).

Let B = Q[z1,22,23], D = B{(d,02,03) be the Weyl
algebra, and A = gr(D) = B[x1, X2, x3].- We consider the
finitely presented left D-module £ = cokerp(.R) and the
finitely presented A-module M = coker 4(.02(R)), where:
- 03 — w2 07 2x1 _ (3 —22x} 2x1
= 5 e D**", 09(R) = 2 € A%
05 X2
Let us consider the graded .A-module gr(M) defined
by gr(M) = A(0)/ (A(=2) (x3 — 22x3) + A(=2) x3). We

have gr(M)g = Ag = B, gr(M); = A = @f’:le,»,
gr(M)2 = Az/ (Ao (x5 — 22 XF) + Ao X3), i-e., gr(M)s is
the B-module defined by the 6 generators y,, where vy,
denotes the residue class of x” in gr(M)y and |v] = 2,
modulo B-linear combinations of the two relations defined
by the entries of o2(R), i.e., ¥(0,0,2) — T2 Y(2,0,0) = 0 and
Y020 = 0. gr(M)s = Asz/ (A1 (03— z2x}) + A1 x3),
i.e., gr(M)s is the B-module defined by the 10 generators
Yy, with |v| = 3, modulo the A;-linear combinations of the
entries of o3(R), i.e., modulo the following 6 relations:
Y(0,0,2)+1; — T2Y2,0,00+1; = 0, Y0,2,0041, =0, i =1, 2, 3.
To study the formal integrability of the linear PD system
defined by R, we study when gr(M) is 2-acyclic or invo-
lutive. We have Ha(y, M) = (A8 5%)/(AM*7 S,), where,
with the notation p = x3 — x5 x3:
X1 X2 X3

X% 0 0 );1 X02 )83
X2 %(3 0 X1 X2 X200
Sé _ X3 T2 X% X2 T2 X1 X3 . So= 0 p O
0 X2 0 0 +2 0
X2
0 —p 0
2 0 0 p
0 0 X2 0 0 X2
0 0 —p 2

Then, we can check that the matrix S5, obtained by
removing the rows of S} of order strictly less than 2, cannot
be factorized as T5 o Sz, which shows that gr(M) is not 2-
acyclic at degree 2 (see Pommaret (1994)).

Let us now study if gr(M) is 2-acyclic/involutive at degree
3. We consider the first prolongation pi(R) of R, its
principal symbol o3(p1(R)), i.e.,

0102 — 10 83

¢ . , X1p
azagfﬁzalagfal X2Pp
o5 03 — 207 03 _ | xsp
81 82 x1x3 |’
93 X3
2 2
62 83 X2 X3

which corresponds to gr(M)s, and the finitely pre-
sented A-module M3 = coker4(.p1(R)). Then, we get
Hy(x,M3) = (A*3U3) /(A9 Uy) and Hs(x, M3) =
(A2 V) /(AY*6 V3), where the entries of Uj and V4 have
degree strictly less than 3, which yields H;(x, M3) = 0,
i= 2,3, i.e., gr(M) is involutive at degree 3 (Pommaret
(1994)). For the explicit computations (and more exam-
ples), see the webpage of Cluzeau and Quadrat (2008).
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