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Abstract. Papers related to solving practical problems in all areas of economic 

activity use the AHP methodology from the 1980s, proposed on the basis of 

studying a limited number of tangible objects. One possible option to overcome 

this situation could be a new approach based on probability theory and mathe-

matical statistics. We used information obtained from processing 292 matrices 

collected between 2014 and 2020 and reflecting expert judgements. We were 

able to compare a particular expert’s judgement with an array of expert judge-

ments from previous studies to refine the computational operations of the AHP. 

It was found that the probability estimates of the consistency indices for expert 

judgements differ significantly from the probability estimates for the generated 

values; e.g., for 6 6 matrices, they differ by a factor of 20. The results of our 

study do not confirm the need to revise expert judgements if the consistency ra-

tio (C.R.) is greater than 0.10, and confirm the need for more example calcula-

tions for tangible objects and for new dependencies to estimate intangible ob-

jects based on artificial intelligence models and methods. 

Keywords: Expert Judgements, Consistency Ratio, Tangible Objects  

1 Introduction  

Ivanov and Sokolov [1] emphasize that during the supply chain (SC) planning hori-

zon, different structural elements (decision-makers, processes, products, control vari-

ables, constraints, goals, perturbations, and so on) are involved in the decision making 

for SC planning. Dolgui et al. [2] highlight that different problems need different 

solutions, and no one technique can be universally applied to the same effect. Accord-

ing to Felice [3], one of the most commonly used multi-criteria decision making 

methods is the Analytic Hierarchy Process (AHP). Csató [4] notes that in real-world 

applications the judgements of decision-makers may be inconsistent: for example, 

alternative A is two times better than alternative B, alternative B is three times better 

than alternative C, but alternative A is not six times better than alternative C. Sarraf 

and McGuire [5] note that the consistency ratio (C.R.) is the ratio of the consistency 
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index to the average random index for the same order matrix. A C.R. of 0.10 or less is 

considered acceptable.  

In works related to practical tasks (the multi-objective facility layout problem, se-

lection of automated guided vehicles for handling materials, supplier assessment, 

selection of the most suitable managers for projects, design operations in distribution 

centres, calculating a supply chain performance index, inventory classification, mak-

ing sustainable investment decisions, and many others), the value C.R. ≤ 0.1 is used to 

assess matrix consistency [6-20]. Table 1 provides information from some of these 

sources in more detail. 

Table 1. Assessing matrix consistency in works related to solving practical problems. 

Reference Main purpose of the study Remarks 

[8] The paper proposes a model 

for supplier assessment 

As CR < 0.10, the degree of consistency is 

satisfactory. If the value is higher, that would 

indicate that the PCM must be revised 

[11] This paper proposes a tool for 

the decision-making process 

of selecting the most suitable 

managers for projects 

If CR is higher than 0.10, then the judgment 

matrix is inconsistent and judgments should 

be reviewed and improved 

[17] AHP and VIKOR techniques 

are used to evaluate the sup-

plier  

If CR ≤ 0.1, the judgement matrix is accepta-

ble; otherwise, it is considered inconsistent 

[20] The aim of this paper is to 

provide a framework for 

sustainable SC development  

The value of CR must be lower than 0.10 for 

an acceptable level of consistency 

 

A number of papers question the need to revise expert opinions if C.R. > 0.1. Falsini 

et al. [21] outline that in the original version of AHP, indeed, if C.R. is greater than 

0.10 the decision maker traditionally should not tolerate the error and should reject 

the analysed matrix. In a business environment, problems connected to this limitation 

are clearly identifiable: every iteration of the same step implies a cost in terms of time 

and money. Ishizaka and Labib [22] note that for all consistency checking, some 

questions remain: what is the cut-off rule to declare my matrix inconsistent? Should 

this rule depend on the size of the matrix? The results of Ishizaka and Siraj [23] ex-

perimentally invalidate the threshold of C.R. < 0.1 and suggest a much higher thresh-

old of acceptance. Out of 50 AHP participants, 5 did not report their level of incon-

sistency in the given questionnaire. Out of the remaining 45 participants, only 8 par-

ticipants passed the widely accepted criterion of C.R. < 0.1. Chao et al. [24] indicate 

that inconsistency of PCM exists naturally in many sport activities, thus the ranking 

should depend on the existing matches in spite of the inconsistencies. Abastante et al. 

[25] declare that the C.R. threshold has to be suggested by the analyst depending on 

the complexity of the problem. Brunelli [26] emphasizes that not all the facets of 

pairwise comparison matrices can be fruitfully analyzed by means of randomly gener-

ated matrices. This suggests increasing the use of empirical preferences in the study 

of preference relations. According to Grzybowski and Starczewski [27], expert sys-

tems are designed to assist decision-makers and they are not substitutes for them. 
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Expert systems do not have such human capabilities as feelings, responsibility or 

simply concern about risk. Thus the final decision about the rejection or acceptance of 

the PCMs should belong to the DMs. 

Thus, works related to practical problem solving in all areas of economic activity 

use C.R. ≤ 0.1 to assess matrix consistency [28, 29] in spite of the results of studies on 

the development of AHP. It should be noted that the value C.R. ≤ 0.1 was derived 

from a study on a limited number of tangible objects. One possible way to overcome 

this situation is to take a new approach based on probability theory and mathematical 

statistics. 

This paper presents a probabilistic approach for evaluating matrix consistency, 

which, compared to the deterministic approach, allows establishing quantitative rela-

tionships between expert and generated matrices. We used information obtained from 

processing 292 matrices collected between 2014 and 2020 and reflecting expert 

judgements. The obtained results do not confirm the need to revise expert judgements 

if C.R. is greater than 0.10, calls for many more example calculations for tangible 

objects and a search for new dependencies to estimate intangible objects based on 

artificial intelligence models and methods.  

The rest of the paper is organised as follows. The results of designing a methodol-

ogy for assessing matrix consistency are presented in Section 2. Section 3 provides 

the directions for future research. 

2 Conducting a Probabilistic Assessment of Matrix Consistency 

Despite considerable progress in the study and use of the analytic hierarchy process 

(AHP), some aspects remain under-researched. One of them is the problem of as-

sessing the difference between generated and expert (expert-generated) matrices for 

tangible and intangible objects. 

The choice of a particular criterion value z, equal to a certain value of the con-

sistency ratio C.R., is of fundamental importance, as it affects the rest of the calcula-

tion procedure according to the AHP. According to Saaty [28, 29], if the calculated 

value of C.R. is less than or equal to z, the matrix is considered consistent; in this 

case, the priority vector wi and the consistency index C.I. can be used for decision 

making. If C.R. > z, then experts must reconsider some of the judgements in the ma-

trix. 

Table 2 shows the statistical characteristics used to determine the parameters of the 

distribution laws chosen to approximate the C.I. samples of expert and generated 

matrices. The samples of the first type are a summary of the material presented in 

various sources (International Journal of Production Research, International Journal 

of Production Economics, Expert Systems with Applications, European Journal of 

Operational Research, Decision Support Systems, Omega, and others) and in our own 

research. We used information obtained from processing 292 matrices collected be-

tween 2014 and 2020 and reflecting expert judgements. Samples of the second type 

were generated on the basis of generated matrices of dimensions n n [28, 29].  
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Table 2. Statistical characteristics and distribution law parameters for expert and generated C.I. 

samples. 

Matrix Type 

of 

sample 

Sample 

size  

Statistical characteristics  Distribution 

law 

Parameters of 

distribution 

ix  σ  m bm 

3 3 

 

1 76 0.050 0.037 Weibull  1.35 0.73 

2 100 0.382 0.517 Weibull 0.73 0.53 

4 4 

 

1 60 0.160 0.140 Weibull 1.15 0.95 

2 600 0.894 0.620 Weibull 1.45 0.91 

5 5 

 

1 86 0.445 0.240 Rayleigh 2.00 0.89 

2 600 1.124 0.540 Truncated normal  

6 6 1 57 0.561 0.405 Weibull 1.40 0.91 

2 600 1.225 0.450 Normal 

7 7 1 13 0.315 0.251 Weibull 1.25 0.93 

2 600 1.354 0.343 Normal 

 

Analysis of the statistical data in Table 2 shows that most of the distribution functions 

of the first and second type of samples can be approximated by the Weibull distribu-

tion [30] 
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where m and bm are, respectively, shape and scale parameters, and x is an argument 

(consistency index C.I.). 

The parameters are calculated using a method of moments. One can also use tables 

[30] where the values m and bm are listed depending on a coefficient of variation v. 

For instance, for an expert sample of the first type (3 3 matrix) at ν = 0.74, we will 
get m = 1.35, bm = 0.73. Then the probability of consistency at z = 0.05 and, conse-

quently, C.I. = 0.026 will amount to 
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Table 3 shows the results of the F(C.I.) distribution functions calculated for the first 

and second type samples. 
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Table 3. Probabilistic assessment of expert F1(C.I.) and generated F2(C.I.) matrices. 

 

Matrix C.I. C.R. ≤ z F1(C.I.) F2(C.I.) F1(C.I.)/F2(C.I.) 

3 3 

 

0.026* 0.050* 0.237 0.1500 1.58 

0.052 0.100 0.600 0.2300 2.61 

0.100 0.193 0.900 0.350 2.57 

4 4 

 

0.050 0.056 0.281 0.0140 20.07 

0.072* 0.080* 0.313 0.0230 13.61 

0.100 0.112 0.423 0.0350 12.09 

5 5 

 

0.110* 0.100* 0.070 0.0270 2.59 

0.200 0.180 0.140 0.0400 3.50 

6 6 0.125* 0.100* 0.101 0.0052 19.42 

0.200 0.160 0.187 0.0080 23.37 

7 7 0.135* 0.100* 0.270 0.0002 1350 

0.200 0.149 0.420 0.0004 1050 

*Extreme values of C.I. for this sample 

 

An analysis of Table 3 (excluding 7 7 matrices due to the small sample size of the 

first type) shows that 

 probability estimates F1(C.I.) corresponding to the limit value of C.I. ranged 

from 0.07 (5 5 matrix) to 0.313 (4 4 matrix), i.e., more than 31% of the expert 

matrices are consistent;  

 for the generated matrices, the F2(C.I.) values ranged from 0.15 (3 3 matrix) to 

0.0052 (6 6 matrix), i.e., almost 30 times lower; 

 F1(C.I.)/F2(C.I.) ratio varies widely from 1.58 (3 3 matrix) to 19.42 (6 6 ma-

trix). 

A possible reason for these contradictions is that the average C.I. of the generated 

matrices is chosen as the random consistency index R.I., which is generated based on 

a uniform distribution without observing the transitivity requirements between the 

row and column judgements. Therefore, making the correct decision regarding the 

limits of C.R. ≤ 0.1 values based on the generated matrices requires additional verifi-

cation of the tangible matrices. 

Let’s consider a possible approach to solving this problem by comparing the areas 

of five geometric figures: a circle, triangle, square, diamond, and rectangle [31]. The 

priority vectors calculated based on expert opinion (wi) and actual data on the areas of 

geometric figures (wi_ST) are shown in Table 4 [31]. 

We consulted three experts, the results of whose calculations are also shown in Ta-

ble 4. In addition to these indicators, we calculated the average values of absolute 

deviations according to the formula 
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where wi is the value of the i-th element of the priority vector obtained by the experts 

(priorities from comparisons); wi_ST is the value of the i-th element of the priority vec-

tor obtained from actual data on the areas of geometric figures (actual relative size). 

Table 4. Results of calculations of priority vectors wi and average values of absolute                  

deviations Δ. 

Figures wi_ST Priority vector, wi 

Saaty [31], 

C.R.=0.005 
Expert 1,  

C.R.=0.036 

Expert 2, 

C.R.=0.036 
Expert 3, 

C.R.=0.179  

Circle 0.471 0.457 0.485 0.555 0.539 

Triangle 0.050 0.049 0.052 0.041 0.030 

Square 0.234 0.257 0.233 0.185 0.227 

Diamond 0.149 0.150 0.152 0.140 0.143 

Rectangle 0.096 0.087 0.078 0.079 0.061 

Average deviation, Δ 0.0096 0.0076  0.034   0.027  

 

The following conclusions can be drawn from the analysis of Table 4: 

 when C.R. values are equal, the average values of absolute deviations of evalua-

tions of the first and second experts differ by a factor of almost 4.5 (Δ = 0.0076 and  

Δ = 0.034); 

 for the third expert (C.R. = 0.179), the average  value of   absolute  deviation is 

Δ = 0.027, which is less than the average value of the absolute deviation for the sec-

ond expert (Δ = 0.034), for whom C.R. = 0.036; 

 the value of the absolute deviation of the  estimates  made by the expert [31] is 

Δ = 0.0096, which is higher than the value for the first expert (Δ = 0.0076).   

To illustrate the proposed approach, let us consider a case where a manufacturing 

company is predicted to purchase 1,000 units of five component parts, the number of 

which is proportional to the actual data on the areas of geometric figures wi_ST (Table 

4). Given the uncertainty of demand, four experts, whose estimates are proportional to 

the priority vectors wi (Table 4), were engaged to clarify the volume of purchases of 

each of the nomenclatures.  

The results of the calculation of the discrepancies of the expert and predicted val-

ues are given in Table 5. For example, Table 5 shows that if the procurement was 

based on the judgement of Expert 1, the total number of shortage and surplus units 

would be 38 units. Taking into account the €10 penalty for each deficit or surplus 

unit, the additional cost to the company would be €380. The corresponding calcula-

tions for the other experts are shown in Table 5, from which it follows that the fore-

cast variant based on the priority vector of Expert 1 (C.R. = 0.036) is the preferable 

option. 
The paradoxical nature of these results calls for many more example calculations 

for tangible objects and a search for new dependencies to estimate intangible objects 

based on artificial intelligence models and methods. 
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Table 5. Evaluating the results of a product purchase decision. 

Component 

parts 

wi_ST Discrepancies between predicted and expert estimates 

Saaty [31], 

C.R.=0.005 
Expert 1,  

C.R.=0.036 

Expert 2, 

C.R.=0.036 
Expert 3, 

C.R.=0.179  

Number 1 471 14 14 84 68 

Number 2 50 1 2 9 20 

Number 3 234 23 1 49 7 

Number 4 149 1 3 9 6 

Number 5 96 9 18 17 35 

Discrepancies, in 

units 

48 38 168 136 

Discrepancies, in 

euros 

480 380 1680 1360 

3 Conclusion 

A probabilistic approach for evaluating matrix consistency has been proposed, which, 

compared to the deterministic approach, allows establishing quantitative relationships 

between expert and generated matrices. Analysis of the results from processing 292 

matrices shows that the probabilistic estimates of consistency indices (in the case of 

expert judgements) differ significantly from the probabilistic estimates of consistency 

indices for the generated values. For example, for 6 6 matrices, the estimates differ 

by a factor of 20. The results of our study do not confirm the need to revise expert 

judgements if C.R. is greater than 0.10. 

The main directions for further research are the following: 

1. The matrix generation algorithm should be refined with the introduction of arti-

ficial intelligence elements, which can be identified from the analysis of tangible ob-

ject matrices. 

2. Collection, systematisation, and statistical analysis of expert judgements should 

be continued in order to obtain representative samples of matrices. They could then be 

compared with artificial (generated) matrices, which would provide reliable multi-

criteria estimates. 
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