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hp-optimal interior penalty discontinuous Galerkin methods
for the biharmonic problem

7Z. Dong*, L. Mascotto '8

Abstract

We prove hp-optimal error estimates for interior penalty discontinuous Galerkin methods
(IPDG) for the biharmonic problem with homogeneous essential boundary conditions. We
consider tensor product-type meshes in two and three dimensions, and triangular meshes in
two dimensions. An essential ingredient in the analysis is the construction of a global H?
piecewise polynomial approximants with hp-optimal approximation properties over the given
meshes. The hp-optimality is also discussed for C°-IPDG in two and three dimensions, and
the stream formulation of the Stokes problem in two dimensions. Numerical experiments vali-
date the theoretical predictions and reveal that p-suboptimality occurs in presence of singular
essential boundary conditions.

AMS subject classification: 65N12; 656N30; 65N50.

Keywords: discontinuous Galerkin; optimal convergence; a priori error estimation; p-version.

1 Introduction

The numerical approximation of solutions to the biharmonic problem is a challenging task tracing
back to the 60ties [3]; see also the later work [16]. The main difficulty in designing standard Galerkin
methods for this problem resides in the construction of global H? conforming polynomial spaces
over the given meshes. A possible way to circumvent this issue is based on using nonconforming
finite element spaces. The Morley element is the first and one of the most popular among them:;
see, e.g., [27}36].

Another option to avoid H? conformity is to use H' conforming piecewise polynomial spaces.
This approach goes under the name of C’-interior penalty discontinuous Galerkin method (C°-
IPDG) and has been a very active area of research over the last 20 years; see, e.g., [7,/9,[111/17].
The continuity constraint can we be further weakened leading to the use of fully discontinuous test
and trial functions. This approach goes under the name of interior penalty discontinuous Galerkin
method (IPDG) and was first investigated for the biharmonic problem by Baker [5] in the late
70ties; amongst others, we recall the following contributions, including the p- and hp-versions of
the scheme: [14,/15/19,22,28.129,33|.

Standard results in the theory of the IPDG for the biharmonic problem state that the conver-
gence is optimal with respect to the mesh size, and one order and a half suboptimal with respect
to the polynomial degree. The reason for this is the use of polynomial inverse estimates while
handling the penalization of the bilinear form. A milder suboptimality of half an order occurs
also in the approximation of elliptic partial differential equations of second order but it can be
removed under two assumptions: (i) the essential boundary conditions are homogeneous; (4) the
underlying mesh allows for the existence of a global H' piecewise polynomial with Ap-optimal
approximation properties. This was first observed in [30] for the error analysis in the L? norm for
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the local discontinuous Galerkin method and later analyzed in [32] for the error analysis in the
energy norm for the IPDG.

The aim of this paper is to prove that an analogous result holds true using the IPDG for the
biharmonic problem with homogeneous essential boundary conditions. We shall mainly focus on
the Hessian-Hessian formulation in [11], and show that similar hp-optimal results are valid also for
the CO-IPDG for the biharmonic problem in two and three dimensions, and the stream formulation
of the Stokes problem in two dimensions. More precisely, the main result of this contribution is that
the optimality with respect to the polynomial degree can be recovered using tensor product-type
meshes in two and three dimensions, and triangular meshes in two dimensions.

The analysis hinges upon showing the existence of global H? piecewise polynomial hp-optimal
approximants over the given meshes. On tensor product-type meshes, we shall exhibit explicit
hp-optimal bounds in the anisotropic Sobolev scale that are fully explicit with respect to the
Sobolev regularity index. We are not aware of existing results in the literature covering the three
dimensional case of this; so, this topic is interesting per se. On triangular meshes, such an H?
approximant can be constructed following [34] but the error estimates depend on the Sobolev
regularity index implicitly; we are not aware of a counterpart of this approach on tetrahedral
meshes.

If essential boundary conditions are nonhomogeneous, for elliptic partial differential equations
of second order, it is known that the method is p-suboptimal if essential boundary conditions
are singular; see [18]. A similar result might be proven for the biharmonic problem. Showing
this goes beyond the scopes of this work, but we shall provide numerical evidence that indeed
p-suboptimality occurs.

Structure of the paper. In the remainder of this section, we present the notation we shall
employ throughout the paper and recall the Hessian-Hessian formulation of the biharmonic prob-
lem. We design the corresponding IPDG scheme in Section Section [3| is devoted to recalling
and proving several hp-polynomial approximation and stability properties on tensor product-type
meshes, which are instrumental to derive hp-optimal convergence rate of the IPDG in Section [4
here, we also discuss hp-optimality on triangular meshes. Variants of the above scheme are dis-
cussed in Section [5] namely we shall comment on C°-IPDG in two and three dimensions, and the
stream formulation of the Stokes problem in two dimensions. Numerical experiments are presented
in Section [6] and conclusions are drawn in Section

Notation. Let D be a domain in R%, d = 1,2,3. We denote the Sobolev space of order s € N
by H*(D). Fractional order and negative order Sobolev spaces are defined using interpolation
theory and duality, respectively. We denote the Lebesgue space of square integrable functions
over D by L*(D). We endow the above spaces with the inner product (,-)s p, which induces
the norm and seminorm |-||, , and |-|, ,. Further, given ¢ € R* and k € N, we introduce the
anisotropic Sobolev space: 7 7

HY*(D) = {U c HZ(D)Magf o e

duHOD <o Va=(a,...,qq) e N s. th.

(1)
la| =k, a; <2Vje{l,...,d}\ {J} foroneJG{l,...,d}}.

The space H“*(D) contains H* functions with square integrable mixed derivatives of order k,
where such mixed derivatives have fewer than three partial derivatives along all directions but one.

We introduce several weak differential operators: V as the gradient; A = V-V as the Laplacian;
A? as the bilaplacian; D? = VV7 as the Hessian.

Given p € N, let P,(D) and Q,(D) represent the spaces of polynomials of degree at most p
over a domain D and degree at most p in each variable over a d-dimensional cube D, respectively.

We denote the scalar product between two vectors u and v in R? by u - v. Further, we denote
the entrywise product between two tensors u and v in R**? by u : v.

Given two positive quantities a and b, we use the short-hand notation “a < b” if there exists
a positive constant ¢ independent of the discretization parameters such that “a < ¢ b”. Moreover,
we write “a ~ b” if and only if “a < b” and “b < a”.



The continuous problem. Given 2 C R% d = 2,3, a bounded polygonal/polyhedral domain
with unit outward normal vector ng and f € L?(£2), we consider the following biharmonic problem:

find u : Q — R such that
Ay =f in Q,
{ (2)

u=0, ng-Vu=0 on Jf.

Introduce

V= H3(Q), B(u,v) = | D*u:D*» Vu,vecV.
Q

A weak formulation of problem reads

3)

find v € V such that
B(u,v) = (f,v)o,0 Yo e V.

Problem is well posed; see, e.g., [10, Section 5.9].

Remark 1. We only consider homogeneous boundary conditions as they allow for fewer cumbersome
technicalities when deriving hp-optimal error estimates with the IPDG. However, the hp-optimal
results that we shall discuss in this paper can be extended to the case of piecewise smooth boundary
conditions. Moreover, handling natural boundary conditions does not hide additional technicalities
nor impact the optimal convergence rate in p; see, e.g., [§]. -

2 Interior penalty discontinuous Galerkin methods for the
biharmonic problem

In this section, we introduce the IPDG for problem . More precisely, we introduce regular tensor
product-type and triangular meshes in Section 2.1} Section 2.2 is devoted to design the method;
in Section we discuss some properties of the bilinear forms involved in the method.

2.1 Meshes

We consider sequences {7}, of decompositions of € into parallelograms/parallelepipeds in two
and three dimensions, and triangular meshes in two dimensions. Henceforth, we shall refer to the
case of parallelograms/parallelepipeds meshes as tensor product-type meshes. We denote the set
of (d — 1)-dimensional faces of each 7, by F,,. We further distinguish interior and boundary faces
introducing F and F2, respectively. The set of vertices of T,, is V,,.
With each element K € 7,,, we associate its diameter hx and collect all the diameters in h :
Q — RT defined as
o hg ifxe KeT,,
’ hrp ifxeFeF,.

We denote the unit normal vector to any interior face F' with respect to the global orientation of F’
by n. We always fix a outward pointing vector for boundary faces.
Throughout, we assume quasi-uniformity of the mesh 7,, i.e., there exists ¢pesn > 0 such that

Lok, < i, < Cmeshhi, VK1, Ky € Tp.

Cresh

In what follows, we consider a uniform distribution of the polynomial degree p € N over 7T,,.
Variable polynomial degrees can be used [15,[31] but are not the main focus of this work.
Define the scalar broken Sobolev space
HY (T, Q) = {v € L*(Q) | vjx € H'(K)},
HY¥(Ty) == {v e L*(Q) | vjx € H*(K)} Yl eR', keN.

We introduce the jump [] : L?(F) — R and the average {-} : L?(F) — R operators over a
face F' € F,, as follows: if the face F' € F] is an interior face shared by the elements K and K,



given v € HY(T,,) with restrictions over the elements K+ and K~ denoted by v* and v~
respectively,

[v]r(x) = [0] () =07 (x) =07 (%), {o}r(x) ={v}(x) = %(’U*(X) tuT(x)  VxeF

On boundary faces F' € FZ, we set [v] = {v} = v.
The definition of the two operators above can be extended to vector and tensor functions. We
avoid using different notation, for the presentation’s sake.

For any differential operator introduced in Section [1} we denote its elementwise version associ-
ated with 7,, by adding a subscript n; for instance, V,, is the piecewise gradient over T,.

2.2 The method

For each mesh 7,, and polynomial degree p, we introduce the space
Vi o= {v, € L*(Q) | v € Po(K) VK € Ty}

We endow V,, with the broken Sobolev norm and seminorm of order s > 0

2 2 2 2
sz = > Fox  Fom = D Mo

KeT, KeT,

and introduce the lifting operator £ : V,, @V — [V,,]?*¢ d = 2,3, as
/ L(up) : vy ::/ {n-(V-vy)}Hun] —/ {(vp)n} - [Vu,] Vv, € [V 47 (4)
Q Fo Fn

Let o : F, — RT and 7 : F,, — Rt two piecewise constant stabilization parameters, which we
shall fix in what follows; see Section below. We define the bilinear form B,, : V,, x V,, — R as

= 2w, : Do up) : Do vp) : D2u
—|—/ (olun]lvn] + T[Vun] - [Vor]) Yty v, € V.

n

We consider the following IPDG for the approximation of solutions to ; see [15]:

find u, €V, h that
{nu,e n Suc a (6)

B, (up,vn) = (f,vn) Yv,, € V,.

Other dG formulations might be used [11L[19]; yet, we stick to @ as it is the most similar to that
of [32].

Eventually, we define the natural norm associated with the bilinear form B, (-,-): for all v €
VeV,

2 2 112 i ? 3 ?
lole = 1D2ello 0+ 3 [rH0vell| |+ 3 ot |
FEF, ’ FeF, ’
5 112 1 2 1 2
= |D2ulloq + [l | + [t -

where

(W, 0)or = Y (Wv)or,  |ull 5 = (w,u)oz, Vu,v €V, ® V.
FeF,



2.3 Properties of the lifting operator, bilinear form, and right-hand side
Following |19, Lemma 5.1], we have the following continuity result for the lifting operator L(-)

in .

Lemma 2.1. There exists a positive constant cs independent of h and p such that

G

Consequences of Lemma are the coercivity and continuity of the dG bilinear form B,(:,-)
under suitable choices of the dG parameters o and 7. In particular, given co, ¢r > 2¢c5 + 3 L let

+ Yvu, € V,.

nawm@<@‘K£)%%n

0,Fn 0,Fn

e (8)
Lemma 2.2. The bilinear form By(-,-) is coercive and continuous:
Ba(o,0) > Sllolle  Balwv) < 2l yglvllag Vu, v e Vu @ V. ©)

We also have the continuity of the right-hand side in @

Lemma 2.3. There exists a positive constant cc independent of h and p such that

(f:v)oa <ccllflogalvllag  YoeVL@®V.

Proof. The assertion follows from the Cauchy-Schwarz inequality and Poincaré-Friedrichs type
inequalities for piecewise H? functions; see, e.g., [12, Corollary 4.2]. O

The well posedness of method @ follows combining the coercivity of B,,(+,) and the continuity
of (f,)o,o with respect to the ||-||;o norm.

Theorem 2.4. Method @ is well posed with a priori estimates

lunllae < 2¢cllfllo.q-

3 Polynomial approximation results on tensor product-type
meshes

In this section, we present several hp-optimal polynomial approximation results. They will be
useful in Section [4 below when proving the convergence rate of the IPDG on tensor product-type
meshes.

Preliminary technical results. We recall a result concerned with approximation properties
of the L? and H*' projectors in one dimension; see, e.g., [13,131] for details. Given I := (—1 1)
let I19 : L2(I) = P (I) and TI} : HY(I) - P (I) be the L? and H' projectors onto P (I)
respectively: for all ¢, € Pp(l ),

(gp: (v —=Tv)")y 7 =0

(0~ o) (t) =0 Yo € HY(I).

(gp,v — Hgv)o’f: 0 VYve LQ(T), {

The following approximation estimates are valid; see, e.g., [31, Chapter 3] and [?, Lemma 3.5].

Lemma 3.1. For all p € N, given u € H*(I) with k > 1 and s := min(k,p + 1), there ezists a
positive constant ¢ independent of p and k such that

||u—H0uHO < cpflul, 7

|| u—H1

Vllo.7 < v ul, 7, (10)

||(u—HO <cp~®

Vllo7



Next, we recall best approximation estimates of the elementwise L? projector HU L*(K) —
Qp(K) with respect to the boundary L? norm on a d-dimensional tensor product- element K see,
e.g., [23] Lemma 3.9].

Lemma 3.2. Let K C R%, d = 2,3 be a tensor product-type element, i.e., a parallelogram if d = 2
and a parallelepiped if d = 3, hy its diameter, and w € H*(K), k > 1. Then, for all 1 < s <
min(p + 1, k), p € N, there exists a positive constant ¢ > 0 independent of hi, k, and p such that

1
hi \°7?
o

Now, we discuss hp-optimal approximation properties by means of global H? piecewise polynomials
over T,. We proceed in three steps.

H? estimates in one dimension. We recall the existence of a polynomial matching the values
of a given function and its derivative at the endpoints of an interval with hAp-optimal approximation
properties; see [6, Corollary 2].

Lemma 3.3. Let ] := (—=1,1) and k > 0. Then, for allp > 3, there exists a projection operator 73; :
H2(T) > Pp(f) such that the following continuity properties are valid: for all u € H*2(T)

(Pau)(£1) = u(+1), (Phu) (£1) = u/(£1). (11)

Moreover, the following upper bounds are valid: given s := min(k,p — 1),

= e
_ <M 7 77
H(U Ppu) HO = (p+8— 1)'
Lz o p—s—1! H s+2>H
— < 12
H(u Pypu) Ho I=(p +s—1)'( (12)
-t
= o)
H P UHO ~ (p—|—3 1) u )Aa
where ¢(p) is independent of k and
c(p) ~p~t.
Proof. We provide the details of the proof in Appendix [A] for completeness. O

An application of Stirling’s formula, see, e.g., [31, Corollary 3.12], yields the following p-optimal
approximation result for the projector P}.

Corollary 3.4. Let 7= (=1,1) and p > 3. Then, there exists a positive constant c1p > 0
independent of p and k such that the projection operator ’P1 HM2(1) — P,(I), k > 0, from
Lemma 3.5 E satisfies, for s := min(k,p — 1),

ClD 71 ||u7PIUH()[ 1)H(uifpl H()[+ || u,pl )/IH(),T
=1 (13)
G el <o

Based on this, we derive stability properties for the projection operator constructed in Lemma

Corollary 3.5. The projection operator 73;- constructed in Lemma satisfies the following
stability properties: there exists a positive constant ¢ independent of p and k such that, for all u €
H(I),
[(Ppw)ly 7 <
[(Ppw)'[lo 7 < 1'llg 7+ 27 lu" g 7 (14)

1Ppullo 7 < lullo,7 + ep™l1u" 7

< u"llo 7



Proof. The first inequality follows from the definition of the operator PI} in and the orthog-
onality properties of Legendre polynomials. As for the other two inequalities, it suffices to add
and subtract v’ and u, respectively, use the triangle inequality, and apply the estimates in
with s = 0. O

H? estimates on tensor product elements. Given Py, Py, and P, the one dimensional

projectors from Lemma[3.3] applied to the restrictions of functlons along the directions z, y, and z,
respectively, we define the two and three dimensional operators

Py i= PIPY- Py = PIPIPE -

p po
By tensor product arguments, we deduce the two and three dimensional counterparts of Lemma
Theorem 3.6. Let @ (—1,1)2 be the reference square, with vertical edges ey and ez, horizontal
edges e and ey, and outward umt normal vector ng . Further, let p > 3 and u € H* k+2(Q) k> 0.
Then, the following continuity properties on 3@ are valid:

o — Pﬁ(u|ei) if 1 is even,
T PY(we,) if i s odd,

ng - VPY(ue,) ifiis even,

15
ng - VP;(uj,) ifiis odd. (15)

(ng - VPpu)je, = {

In particular, Ppu and u share the same value at the vertices of C:j If @ = (—=1,1)3, analogous
continuity properties are valid. R

Let s = min(k,p—1). Then, the following optimal p-error estimates are valid. If Q = (—1,1)2,
there exists a positive constant ¢ independent of p and k such that

lu—Pyullg g < eo~*2 ([|052ully p+ 05 2ully - + 02050l £) (16)
IV (= Pow)ly g < v (1057 2ully g + 192051 ully 5 + [0205ull, 5 (17)
Hloz02ull, 5 + 195+ ayully o + 195 +2ull, ) 5
102w =Py g < e (0572l o + 02050l & + 110520l (18)
Hloz02ull, o105 0yl o + 10205 ully o + 102050l )

Instead, if@ = (—1,1)3, there exists a positive constant ¢ independent of p and k such that
Pyl < v =2 (05 2ull, 7+ 05 2l 7+ 05+ (19)
+lozozul g+ [950zull, 7 + 102050 ull, 7)
IV = Ppu)llg g < e~ (05420l o + 1052
+ 0,05 ul|y 5+ [|0:0;
T ||a 8283 1
+ 020

ullo,g + 10 ullo g + 102057
+ 1020y ull, 5+ (0,07

u||0@ (20)

+[10:0:"ull

+[050zully 5

“HOQ
+ma%smn o+ 020
+ ”8289

UHOQ
u|}0 ot |0,0205"
+ ||020;

“HOQ UHOQ

(19505l 5 UHO,Q

+ 02020, 2|, 5)

“Ho,@
+Ha§a2a; “ully 5 + (105020572

U’HOQ

uHOQ

102w =Pyl 5 < v~ ([l 2ull g + 05+ 2ully 6 + 105 2ully g + [0205ull, 5 (21)
+ ||3235u|| o T 10205ully g + 0202wl 6 + 10505 ully o + 02050l 5 + 1027 Oyull,
0.0l + 10 0l + 105l + 1,55l + 0.5l

+ 10,0 8Su||oQ +110,0:05ully g + |0:0.05ull, 5 + 100505 ul|, o + 1|0, 02057

+[10:020, ull g + [1020,02 ully g + 11950:05 "l o + [[020.0;7

“Ho,@
“Ho,@
Hlozozor2ul, o + 92020l o + 0202052l )

7



Proof. As for the two dimensional case, we refer to [6] and present some details in Appendix [Bf for
completeness. We report the proof for the three dimensional estimates in Appendix [C| O

Remark 2. In Theorem the p-explicit approximation bounds are derived for functions in the
anisotropic Sobolev space H***2(Q) defined in . This is due to the use of tensor product
arguments based on one dimensional approximation results. The upside of considering such a
regularity is that the error bounds are fully explicit with respect to the polynomial degree p and the
Sobolev regularity index k; this is crucial to derive exponential convergence rate of the hp-version
Galerkin methods. Moreover, estimates as in Theorem naturally appear in the approximation
of solutions to partial differential equations with anisotropic Sobolev regularity. We cannot extend
the techniques derived so far to the case of triangular meshes. Notably, in that case, the estimates
also depend on the Sobolev regularity index k; see Section [£.3] below for more details. "

Remark 3. In the error estimates of Theorem [3.6] it is possible to switch the order of the mixed
derivatives appearing in the norms on the right-hand sides. This is of paramount importance to
notice in case one wishes to approximate functions in anisotropic Sobolev spaces. -

So far, we proved error estimates in two and three dimensions for tensor product-type meshes.
These results can be extended to higher dimensions. The corresponding proof hinges upon the same
arguments used in Theorem error estimates in one dimension; stability of the H? projector 7);;
identities as in in general dimension.

By a scaling argument, we deduce hp-optimal error estimates for functions with isotropic
Sobolev regularity on tensor product-type elements.

Corollary 3.7. Let K be any parallelogram with vertical edges e1 and es, horizontal edges e
and ey, and outward unit normal vector ng, p >3, and u € H*2(K), k > 0. Then, the following
continuity properties on 0K are valid:

=(uyg) if i VPY(ug) ifii
Py, = Pz(um) zfz zs even, (e - VPyu) 1, = ng Pi(um) zfz z's even,
PY(ug,) if i is odd, ng - VP (ug,) if i is odd.

In particular, Ppu and u share the same value at the vertices of K. If K is a parallelepipeds,
analogous continuity properties hold true.

Besides, the following optimal p-error estimates are valid in two and three dimensions: given s =
min(k,p — 1) and either a parallelogram or parallelepiped K, there exists a positive constant c in-
dependent of h, k, and p such that

S

2
P P h
o llu = Ppully g + —IV(u = Ppu)lg g + [ D?(u—Ppu)|, x < c—|ul o k- (22)
hK hk ’ p

Global H? estimates. Corollary implies hp-optimal error estimates by means of global H?
piecewise polynomials over the given tensor product-type meshes. More precisely, we have the
following result.

Theorem 3.8. Let T, be a tensor product-type mesh over Q C R%, d = 2,3, of either parallelograms
(d = 2) or parallelepipeds (d = 3) as in Section ' k>0; peN; s:=min(p,k —1). Then there
exists P, : H2(Q) N H>24(T,,) — H*(Q) NV, and a positive constant ¢ independent of h, k, and p
such that, for all w € H?(2) N H*2(T,),

p? Hh_Q(u —Ppu

oD P+ (102~ Py < e b0

)HQQ uHO,Tn'

The operator P, is defined on the space H2(Q)NH?2%(T,,). The reason for this will be apparent
from the construction of the operator itself in Appendices[A] [B] and[C] In particular, we shall need
that mixed derivatives of order 2 in each direction are square integrable.

4 Optimal convergence

In this section, we show the main result of this paper: method @ is hp-optimal on different types
of meshes if the biharmonic problem is endowed with homogeneous boundary conditions. We



focus on tensor product-type meshes in 2D and 3D in Section estimates in weaker norms are
shown in Section a guideline on how to show hp-optimal error estimates on triangular meshes
is provided in Section

4.1 Optimal convergence on tensor product-type meshes

In this section, we prove hp-optimal error estimates for tensor product-type meshes in two and
three dimensions. The analysis bases on the existence of the global H? polynomial projector from
Theorem [3.8l

Henceforth, given D C R?, d = 2,3, either a parallelogram (in two dimensions) or a paral-
lelepiped (in three dimensions), we introduce Hg as the composition of the one dimensional L2
projectors in Lemma along the coordinate directions. In other words, we let

0 _ 770,27170, : _ 0 _ 170,2170, 0,z . _
) =110y if d=2, 9 = MO*TIOYII0  if  d =3,

Theorem 4.1. Let T, be a quasi-uniform tensor product-type mesh of either parallelograms (2D)
or parallelepipeds (3D) as in Section . Let u and u, be the solutions to and @, respectively.
Assume that v € H*(Q) N H**2™(T,) and set s := min(k,p — 1), p > 2. Then, there erists a
positive constant c independent of h, k, and p such that

h S
|u—un||dc<c(p) .

In other words, for homogeneous essential boundary conditions, method @ is hp-optimal.

Proof. As in [19, Theorem 5.3], we have the following error splitting:

B _
g <5 inf vl g+ 2 sup Pl &)
v €V,

23
eeve l€llac >

The first term represents a best polynomial approximation result; the second measures the incon-
sistency of the scheme.
We have standard hp-optimal (piecewise) polynomial estimates on the first term:

h S
vnugi‘”/ |l —vnllge S (p) [lly42,0- (24)

To show , it suffices to pick v, = Ppu, where P,- is as in Theorem The jump terms on
interior edges vanish due to the global H? regularity of v and Ppu; the jump terms on boundary
edges vanish since u has homogeneous essential boundary conditions and P,u preserves polynomial
essential boundary conditions.

Thus, we only need to derive estimates for the inconsistency term, i.e., the second term on the
right-hand side of . Proceeding as in [19, Lemma 5.4], we set 1 := u — u,, and write

€)= [ {n-(9-Din) <0 (V-TEDI) I
(25)
/ {(DZn)n — HOD277 In}VE] =: Ay + As.

Since H2~ preserves polynomials of degree p, we have

D?p— Dnn = D% (u—uy) — HO(D u) + HO(DQUn) =D?u— Hnglu. (26)
Using , , and , we write

h% 02 < 02 27
A S V- (D =D 5, HazmH 7Hv 2u—T5D2u)|| - [€lgq- (27)



Next, we focus on the term Ay and use similar manipulations:

-

.
Ay < ?QHD n =T, - 17l 7, S

We insert and in and get

|z

D20 —TSD2ul|, , [€lgaq-  (28)

X

|Bn(u —un, &) S p IV (Dhu—~TD ) +*HD2U—HODQUHO; 1€llac-

lo.,
Thus, we arrive at the following bound on the inconsistency term in :

sup |Bn(u_una€)‘ h2 Hv HOD2

EEVR ”6”(1(; S p3 HoJf Hl)QU—l_[Ol)2

UHO}_ =: T1—|—T2. (29)

To conclude, we are left to estimate the terms T} and T5. First, we consider the term 7T} and
estimate the L? norm on each face F of the following vector:

02 (0%u — T190%u) + 0, (Duyu — 100, u)
V‘DQ 7H0D2 — x\Yg pYx y\MYxy prTY
(D= ILD0) = 1 g Byt — T00,0u) + 9, (020 — TI002u)
Using the triangle inequality, we have to estimate the four terms appearing above. Since each of
them can be handled similarly, we only show the estimates for one of them. Moreover, we show
local estimates, say, on each face F belonging (at least) to the element K, as the global counterparts
follow immediately. The triangle inequality implies

102(05u — IOZW) || o < [|03u — Ty O3ul|  + [T, 03u — OuIOZul| . = Z1 + Za. (30)
As for the term Z;, Lemma yields
3
h sf h s—5
7 < (p) lo2ul], , o < (p) lullyyo i Vs> 0. (31)

As for the term Zs, we use the polynomial inverse trace inequality [31, eq. (4.6.4)] (which gives an
order suboptimality in p) and the triangle inequality:

Zy S h%HHg_l@Su - awngaiuno,K

< (102 — 11302l e+ 1900 20| o ] = Zoa + 2o

Using the approximation properties of the L? projector yields

h s—1 h s—1
a5 5 (2) 0l i< 5 (2) Mullo

On the other hand, standard manipulations entail

Zaa S

22 (@2 -t . + .G 00 - o), ]

lo e

ﬁ\”@ ﬁ\

lon @20 = 13280, + 2003~ 020, ]

Using the approximation properties of the L? projection on the first term and (which gives
half an order suboptimality in p) on the second term imply

3 s—1 s—1
pz [ h . h
225 T (B) ol 525 (5) Ml

5.

N
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We plug the estimates on Z5; and Z3 5 in and arrive at

h s—1
(p) lillysn e 520, (33)

Inserting next and in gives

h s—1 % h s
(p) |u||s+2,K=hg(p) Il s 520,

In overall, also recalling the factor 3 in front of T7, we deduce

Zy S

>
nl=| Nl

||8I(8§u o Hg@gu)HO)F S

>
nl=| Nl

_1 (h\?®
T <p (p) el 0.0 (34)

As for the term T on the right-hand side of , we use Lemma and obtain

_1 (R
Ty, Sp 2 (p) ullyro.0- (35)
Inserting and in leads to
|Bn(u —un,§)| _ _1 (h)s h\°
sup —————— 5P 2 | — ) lullyp0 < | =) lullo0 (36)
eV, €]l 4 p +2,Q » +2,0
A combination of , , and yields the assertion. O

Remark 4. Theorem states that the DG scheme @ delivers hp-optimal error estimates for
the biharmonic problem with homogeneous boundary conditions. Following [18], it is possible
to show that hp-optimal convergence is achieved with polynomial/smooth boundary conditions as
well. On the other hand, singularities arising on the boundary of the domain yield a suboptimal
p-convergence, which we shall highlight in the numerical experiments; see Section [6.3] below. "

4.2 Optimal convergence on tensor product-type meshes in weaker norms

For tensor product-type meshes, we discuss hp-optimal error estimates in weaker norms under the
assumption that € is convex. Notably, we are interested in the L? and broken-H' error estimates.
Since analogous techniques are employed, we focus on L? error estimates only.

Theorem 4.2. Let T, be a quasi-uniform tensor product-type mesh of either parallelograms (2D)
or parallelepipeds (3D) as in Section . Let u and u,, be the solutions to and (@, respectively.
Then, if Q is convex, there exists a positive constant ¢ independent of h and p such that

h 2
ot — unllo. <c(p) et — ]

Together with Theorem this implies hp-optimal convergence in the L?> norm if additional reg-
ularity on u is granted.

Proof. Consider the auxiliary problem: find ® such that

A2®D =y —u, in Q,
u=0, ng-Vu=0 on JQ.

In weak formulation, this problem reads

find u € V such that
B(u,v) = (u — upn,v)o,0 Yve V.

11



Due to the convexity of €2, the solution ® to belongs to H*(Q) and the following regularity
estimate holds true:

[Pllg,0 S llu—unllg o3 (38)

see, e.g., [21] and [25] Theorem 6, page 182] for the two and three dimensional cases, respectively.
Using , splitting the integrals elementwise, and integrating by parts imply

lu = tnlg o = (=1, A2@)g0 = Y (=(V(u—1un), VAD)o g + (1 — un, VAL - ng ) 0x)
KeT,

Integrating by parts, and using and the smoothness of ¢ give

Hu - un||(2)7Q = Z (D2(u - un)7D2®)O,K + ([[u - unﬂv {VA(P ’ n})O,]—'n
K€7-n

+ ([2] AVA(® — up) - 0n}o,z, — ([V(u — u,)], {D?*® - n})o. 7,
— (IV®], {D*(u — up) - n})o.7, + (0% [un], [al)o.7, + (TZ[Vua], [Von])o,7,-

As, e.g., in [20, Theorem 4.5], we write the right-hand side as a combination of By, (u — u,, ®) and
a reminder R. Standard computations reveal that

R=[([u—u.], {VA® - n})o 7, — ([V(u—un)], {VD*® - n})o 7, — (L(u—u,), I[D;P)oq]
+[([2], {VA(u = un) - n})o 7, = ([VP], {VD*(u — u,) - n})o 7, — (LD, (D} (u — uy)))o,0]
—A+B.

Due to the regularity of ®, we have B = 0. We deduce
lu = wnlf o = Bn(u — un, ®) + R, (39)
where
R=([u—up],{n-V(D*® —TI9D*®)})o 7, — ([V(u— u,)], {n- (D*® - IO D*®)})o £, .
Given P, as in Theorem we observe that
B (u —up, ®) = By(u — up, & — P, 2).
Using the continuity property @[), the smoothness and the homogeneous essential boundary con-

ditions of ® —P,®, the approximation properties of P, in , and the stability property , we
deduce

h 2
B 10,®) = w0 ® = Py 00 % (5 ) @l
(40)

B 2
S (2) = gl = wnllo

p
We are left with estimating the remainder R on the right-hand side of (39)). To this aim, we proceed

as in the proof of Theorem More precisely, we apply the estimates and with s = 2
and use the stability bound (38) to deduce

h\? h\?
RS =l (2) 100 % (2) o= wnlugle = o ()
The assertion follows combining and in . O

Remark 5. As customary, the convexity assumption in Theorem can be relaxed by demanding
that the domain 2 implies H* regularity on the solution of the auxiliary problem . "
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4.3 Optimal convergence on triangular meshes

In this section, we provide the guidelines to extend Theorem to the case of triangular meshes.
As in the analysis above, hp-optimal convergence estimates follow from the existence of an H?
conforming polynomial interpolant over a given triangular mesh with hp-optimal approximation
properties. We undertake a different approach compared to the case of tensor product-type meshes
as the arguments therein employed do not apply on simplicial meshes.

In [34], Suri constructed an interpolant IES of H? functions into the space of global H? piece-
wise polynomials on triangular meshes. Such an interpolant satisfies the following approximation
properties: there exists a positive constant ¢ only depending on 7,, such that

|u — IESUILQ < cp_(’“_é)|u|k’Q £=0,1,2. (42)

The interpolant I}?S is constructed generalizing to the H? case the techniques for the H' case
developed by Babuska and Suri in [4]. First, a polynomial with p-optimal approximation properties
is constructed on each triangle. Then, global H? regularity is recovered using an H? stable lifting
operator, which preserves essential polynomial conditions on the boundary of a triangle. So,
p-optimal error bounds of the IPDG on triangular meshes for the biharmonic problem follow

using in the analysis of Section

Remark 6. The p-optimal interpolant in is derived based on the trigonometric polynomials
approximation theory. The error bound is p-optimal with respect to the Sobolev index k but con-
tains unknown constants depending on k; this is due to the use of the Stein’s extension operator for
Lipschitz domains [?]. The corresponding bound cannot be used to derive exponential convergence
for the hp-version of Galerkin methods but is enough to study p-optimal algebraic convergence. So,
one of the reasons why we developed the theory of Section [3|is that the hp-optimal error estimates
are explicit in the Sobolev index k on tensor product-type meshes. "

Remark 7. To the best of our knowledge, so far, the Suri-type p-optimal interpolation operator
in can be constructed in two dimensions only. There are two main reasons for this fact: (i) an
explicit construction of general order H? conforming piecewise polynomial spaces on tetrahedral
meshes is still missing; (ii) H? stable lifting operators for tetrahedra are also unknown. Notwith-
standing, it is possible to use H'-conforming hp-optimal polynomial interpolation operator on
tetrahedral meshes. The resulting error bound for the IPDG is then suboptimal only by half an
order of p, thus improving the expected one and a half an order suboptimality. "

Remark 8. There exist at least other two different constructions for H? stable lifting operators.
In [26], an H? stable lifting operator has been derived to prove the p-robustness of the inf-sup con-
stant in H(div)-FEM for the Stokes problem in two dimensions. In [1, Theorem 2.2], the existence
of an H? stable lifting operator was shown, which preserves essential polynomial conditions on the
boundary of a triangle to design preconditioners for high-order H? FEM on triangular meshes [2].

5 Convergence for other IPDG formulations of the bihar-
monic problem

In this section, we discuss other IPDG formulations that can be proven to be hp-optimal using
similar techniques to those of Section

5.1 C°-IPDG for the biharmonic problem

In this section, we consider C°-IPDG for the biharmonic problem; see [11,[17]. Given the space V;,
of piecewise continuous polynomials over a mesh 7, as in Section [2.1, we introduce the lifting
operator L : V,, @V — [V,]9*? as

/Qﬁ(un) v ;:—/f ({(va)n} - n) ([Vun]-m) Vv, € [Vo]2<
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and the discrete bilinear form

By (tn,vy) = | D2up: D2v, + [ (L(un) : Divy + L(vy) : Diuy)
fo e
+/ 7([Vu,] - n)([Vou,] - n) Yy, vy, € V.

n

The bilinear form B,(-,) is equal to that in without the scalar jump terms. Moreover, the
jump of the gradients appear only along the normal direction to the faces. Thus, p-optimal error
estimates follow as (and are in fact easier to prove than) in Section

5.2 Divergence-conforming DG methods for the stream formulation of
the Stokes problem in two dimensions

In this section, we discuss how to extend the optimal results of Section 4] to divergence-conforming
DG methods for the stream formulation of the Stokes problem in two dimensions; see [24,35].

We start with the standard formulation of the Stokes problem in two dimensions: given a
polygonal domain Q C R? and f € [L2(Q)]?, we seek 1 € [HE(Q)]? and p € L3(2) that solve
weakly

—Au+Vp=1f inQ,
V.a=0 in Q, (44)
u=2~0 on 0f).

The velocity u is divergence free. So, there exists ¢ € HZ () such that 1 =V x 9.
Introduce the Stokes kernel

Z:={ve[H)Q)]|divv=0}.
Testing the first equation in with v € Z gives
(Vﬁ, VG)(),Q = (Vﬁ, VG)O,Q + (Vp, 6)079 = (f,V)O,Q.

Since v € Z, there exists ¢ € HZ(Q) such that v = V x ¢. We deduce the stream formulation of
the Stokes problem in :

(V(Vx9),V(Vxd)oa=EVxdoa VoeHiQ). (45)

This is a weak formulation of the biharmonic problem which is alternative to that in . We
can rewrite the right-hand side of integrating by parts:

£,V xd)oa=(Vxf da.
The strong formulation corresponding to reads as follow: we seek ¥ € HZ({) satisfying
A% =V x f in Q.

We derive the CO-IPDG formulation of this problem using standard dG techniques; see, e.g., [24].
On piecewise polynomial spaces, we define the discrete bilinear form

Bo(,6) ::/ (VXWJ):(VXW)—/JT{VXWJ}'[{WXHH

n

f/ {VXVQf)}'HV’L/JXII]]Jr/ T[Vi x n] - [V¢ x 1] Vi, € V.
Fn Fn

Following the same steps as in Section [d] hp-optimal error estimates can be proved. In fact, the
problem is the bilinear form appearing in C°-IPDG with rotated components.
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6 Numerical experiments

In this section, we validate the theoretical results of Section [4 More precisely, in Section we
show p-optimal convergence for a test case with internal point singularity lying inside one element;
in Section we test the convergence for a test case with internal point singularity lying on the
skeleton and observe a p-optimal doubling of the convergence rate [4]; in Section we consider
a test case that is singular on the boundary of the domain, i.e., a case not covered in the foregoing
analysis, and show a p-suboptimal rate of convergence.

05 [ 05 05 ®
0 0 @ 0

05 -05 -05
s 0 o5 1 o5 0 o 1 s 0 o 1

Figure 1: The three different point singularities we shall consider. Left panel: point singularity inside one element.
Central panel: point singularity at an internal mesh vertex. Right panel: point singularity on the boundary.

In all cases below, we consider the square domain Q := (—1,1)? and a given uniform Cartesian
mesh of four elements.

6.1 Point singularity inside one element

We consider the exact solution
3
ur(w,y) = ((r = 0.5)* + (y = 0.5))* (1 —2*)(1 = y*).
The function u; has a point singularity at (0.5,0.5) that lies in the interior of an element of the
mesh; see the left panel in Figure[l] It belongs to H*~¢(2) for any arbitrarily small ¢ > 0. We list

the convergence rates under p-refinement in Table [l The results confirm the optimal rate O(p?)
for the DG-norm error.

Table 1 p-convergence for the exact solution u;.

P | |lu—upl4q | Convergence rate || p | ||u— uy,| 4o | Convergence rate
2 1.46E+01 3 1.18E+01

4 5.07E4-00 1.52 ) 9.67E-01 4.90
6 1.42E-01 8.83 7 4.19E-02 9.33
8 2.38E-02 6.18 9 1.62E-02 3.79
10 1.11E-02 3.41 11 9.29E-03 2.77
12 6.76E-03 2.73 13 6.12E-03 2.49
14 4.67E-03 2.40 15 4.39E-03 2.33
16 3.48E-03 2.21 17 3.33E-03 2.20
18 2.73E-03 2.05 19 3.33E-03 2.09
20 2.23E-03 1.93 21 2.16E-03 1.99
22 1.84E-03 2.03 23 1.80E-03 2.01
24 1.55E-03 1.96 25 1.53E-03 1.92

6.2 Point singularity at an internal mesh vertex

We consider the exact solution

3
2

uz(z,y) := (x2 + y2) (1 —2%)(1—y?).
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The function us has a point singularity at (0,0), which lies at an internal vertex of the mesh; see
the central panel in Figure It belongs to H*~%(Q2) for any arbitrarily small ¢ > 0. We list
the convergence rates under p-refinement in Table [2| and observe a doubling rate O(p*) for the
DG-norm error. This phenomenon can be proven based on the optimal results in Section 4] and
the conforming finite element arguments in [4,34].

Table 2 p-convergence for the exact solution us.

P | lu—unl4c | Convergence rate || p | ||u —u,| 4o | Convergence rate
2 5.16E+00 3 4.39E4-00

4 2.98E4-00 0.79 5 9.61E-01 2.97
6 8.64E-02 8.74 7 1.08E-02 13.33
8 6.22E-03 9.14 9 3.84E-03 4.14
10 2.47E-03 4.14 11 1.67E-03 4.13
12 1.18E-03 4.07 13 8.52E-04 4.04
14 6.34E-04 3.99 15 4.84E-04 3.96
16 3.76E-04 3.92 17 2.90E-04 4.09
18 2.31E-04 4.12 19 1.87E-04 3.92
20 1.53E-04 3.90 21 1.27E-04 3.86
22 1.05E-04 3.95 23 8.82E-05 4.01
24 7.44E-05 3.99 25 6.28E-05 4.06

6.3 Point singularity on the boundary

We consider the exact solution

e

us(w,y) = ((z —1)° + (y — 0.5)%)

The function uz has a point singularity at (1,0.5), which lies on the boundary of §2; see the right
panel in Figure . In particular, it belongs to H*~¢(Q) for any arbitrarily small € > 0. We list
the convergence rates under p-refinement in Table [3| and observe a suboptimal by 1.5 order rate
O(p~2) for the DG-norm error. This suboptimality is the counterpart of what is observed in [18]
for elliptic partial differential equations of second order.

Table 3 p-convergence for the exact solution us.

P | |lu—upl4q | Convergence rate || p | ||u— uy,| 4o | Convergence rate
2 8.61E+00 3 2.5TE400

4 6.39E-01 3.75 ) 1.01E4-00 1.83
6 4.90E-01 0.65 7 7.48E-01 0.89
8 4.33E-01 0.44 9 6.37E-01 0.64
10 3.91E-01 0.46 11 5.71E-01 0.55
12 3.56E-01 0.52 13 5.24E-01 0.51
14 3.31E-01 0.46 15 4.88E-01 0.50
16 3.13E-01 0.42 17 4.59E-01 0.49
18 2.97E-01 0.47 19 4.36E-01 0.48
20 2.82E-01 0.48 21 4.15E-01 0.48
22 2.69E-01 0.49 23 3.97E-01 0.49
24 2.58E-01 0.49 25 3.81E-01 0.49

7 Conclusions

We proved that the IPDG for the biharmonic problem is hp-optimal if essential boundary conditions
are homogeneous, and triangular and tensor product-type meshes (in two and three dimensions)
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are employed. The analysis hinges upon proving the existence of a global H? piecewise polynomial
over the given meshes with Ap-optimal approximation properties. The results discussed for the
biharmonic problem were extended to other methods, e.g., C°-IPDG, and problems, e.g., the stream
formulation of the Stokes problem. The theoretical results were validated on several test cases,
which also showed p-suboptimality for solutions with singular essential boundary conditions.
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Proof of Lemma 3.3

For the sake of presentation, throughout the proof, we shall write u,, instead of P;u

We set u;, as the Legendre expansion of u” truncated at order p—2. In other words, expanding u”

as a series of Legendre polynomials L;(§), j € Ny,

+o0
=D _biL;(6), (46)
i=0

we define

) (a7)
1=0

Standard properties of Legendre polynomials, see, e.g., [31, Appendix C], imply

. 1 1
by = 2];1 [lllu”(g)Lj(g)dg. (48)

For k > 0, we recall |31, Lemma 3.10] the identity

X2 (4R, A
;2i+1m|bi‘ —/f(l—f )¥lut)(€)]de. (49)

Using the orthogonality properties of Legendre polynomials [31}, eq. (C.24)] and the fact that s <

p—

2, we obtain

" 12 2 2 2 (7’+5)! 2(2_8)!
_ = bl = bl -
I =y 7 i:pZ;lQi—i—l‘ | i:;l%—&—l(i—s)!l |(z—|—s)!

(p—s—1)! +3)!
< .
(p+s—1'z2z+1 )|b|
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The two above equations yield the first bound in .
Next, we introduce

13
%@:/T%mﬁ+wpu. (50)

We have u;,(—1) = u'(—1). Moreover, recalling that u; and u” have the same average over I, we
also have

qgnz/'%wﬁ+wgn=/)M@ﬁ+wpu=wa%

—1 —1

which proves for the derivative of u, at the endpoints of 1.
At this point, we observe

+oo
Z b/ i(t)dt =2 Y bigi(9). (51)
i=p—1 - i=p—1
Recall the Legendre differential equation |31} eq. (C.2.3)]

(L=)Li(&) +i(i +1)Li(§) =0 VieN.

Integrating the above identity over (—1,&), € € (—1,1), yields

0i8) =~y (L~ ). (52

Recall the orthogonality property of the derivatives of Legendre polynomials [31, eq. (3.39)]:

! (i !
[ a-emer o = s (53)

Combining and , for all 7, j € Ny, we deduce

! oe2y—1 ) _ 1 ' —_er 4
| =000, = ey [ -

- : (54)
. 1 257;,1‘ (2+1)' - 2(51"]'
SR +1D22 136 —1) i+ 1) (20 4+1)
Using s < p — 2, we write
1
| 1w ~wyo)de - / 3 be \d5</ 53 by (6) e
-1 i=p—1 i=p—1
+o0 2 I 2 (4
. 3 2|b| -y <2bi| (i+s )')( st 1
- i:p_li(i+1)(2i+l)_i:p_1 2i+1(i—s)) (i+s)0i(i+1)
e 1) T2 91112 (4 N\ @) (p— s — 2
SRS U N s R e I W
(pts—Dlp—1p \ = 2i+1(i—s) (p+s=Dtp-1)p 0.1
which is the second bound in .
Finally, we introduce
3
up(f):/ u, (t)dt + u(—1). (55)
-1



We observe that u,(—1) = u(—1). Since L () = 1 = Lo(t), standard manipulations imply

/1 o (t)ydt @ 21/(—1)+/1 (/t ug(x)dx) dt

EED 1) [ S b0t — 20—+ S [ o
ol o / z;bzqﬁl(t)dth ( 1)+§b1/1¢1(t)dt

p—1 1

—Zbi/_1 Z_ iil (1 — ) LL() L (t)dt

& (- Z /1”+1 (1= )L (O L, () dt

D gny+ [ 1 < / t u"(x)dx) it~ [ Ot = (1) — u(-1),

-1 -1 -1

up(1) = up(=1)

B
[\

Using that u,(—1) = u(—1), we deduce u,(1) = u(1).
We are left with proving error estimates in the L? norm. To this aim, observe that

3

(@)~ upl&) = [ ()~ (o)t

-1
We arrive at
) @ S, ) da d b 56
u(f = Z ¢z x dt = Z sz ( )
i=p—1 - i=p—1
We prove certain orthogonality properties of the v; functions. Recall the identity [31, eq. (C.2.5)]:

Liy1(§) — Li 1 (§)

2% 1 Vi > 2, Lo(§) = L (€).

Li(§) =

Integrating over (—1,t), t € (=1,1), and using L;11(—1) = L;_1(—1), see |31}, eq. (C.2.6)], we

deduce
Liy1(§) — Li—l(ﬁ).

9ilt) = 2 + 1

Upon integrating the above identity over (—1,&), € € (—1,1), we arrive at

ffl Liy(t) dt — fi Li—(t) dt ¢ir1(§) — di—1(t)
2+ 1 n 2+ 1 '

Yi(§) =
With the notation ¢_1(§) = 0, we get

Pi(§)1(8)
1

= [CESCTES) (Gi+1()@j+1(8) + Gi-1(§)Bj-1(§) — Pir1(§)Pj-1(§) — di-1()Pj+1(E)) -

In , we proved that the ¢; functions are orthogonal with respect to the (1 — ¢2)-weighted L2
inner product. Therefore, testing the above identity by (1 — ¢2)~1 and integrating over (—1,1) we
arrive at

1
_ 1
/1(1 — &) (E);(€) dE = CERCED) Rigrgar + N1 = N1 o1 — N1 1), (57)
where, from ,
N {0 if¢<0ork<0,
Lk = 2601 .
WIE;@‘FU lf @, k > O
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We provide explicit values for the expression in . If j € {i — 2,4,i + 2}, then

/_1“ — )Ly (€)y;(€) dE = 0.

If j =4, then
1
| 0= i) de =3+,
where
i1 2 . ; Jo ifi=1,
1= (20 +1)2 (i +1)(i +2)(2i + 3) viel, 2 { CESYE (i_l)f@i_l) if i > 2. (58)
If j =i+ 2, then
1(1 )i () dé = : 2 _—y 59
/_1 — &) OYi(8) dE = T2+ 1)(2i+5) (+1)@E+2)(2+3) (59)
If j =i— 2, then
' (1 2)—1 (€)W dé — i .— _(2i+1)1(2i—3) ’ (i—l)i2(2i—1) ifi >3, 60)
/_1 _f w1§w1—2(€) 5__ 4 - 0 1f@§2 (

In light of the above orthogonality properties, we can estimate the L? approximation error as
follows:

flu — “pHoj : Z bi; < Z

1=p—1 0.7 bi=p-1
;

b; b/ (1= &3 1 (&)np;(€)de

Z b;% (20 + 24 + 2%+ 2%).

i=p—1
We cope with the four terms on the right-hand side separately. We begin with J¢:

+00

2941 . 2 . 2
Zgl“”j ;1“" 21—|—1) G+ D(+2)2i+3)
B i+ )l ((i—s) 1
Zzl (2 +1b‘|2(¢—s)!> ((i—i—s)! (i+1)(i+2)(2i+1)(2i+3))
1) (p— s —1)! 1 Hu(
T (p+s=Dlplp+1)2p-1)(2p+1)

Next, we focus on 3%, i > 2:

o0 +oo
2% ! 2 1 ) 2
i—ma%Q:,pl) |b | 3 - i= maxz(z:,pl) |bl| (22 + 1)2 (’L — 1)2(22 — 1)
+oo . .
_ 2 2 (it ) (i —s)! 1
B i axz(;p_l) <2i +1 i (i — s)'> ((z +8) (i —1)i(2i — 1)(2i + 1)>
D (p—s—1) 1
T lets=Dp-2)p-1)(2p-3)(2p 1)
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As for the term J%, we proceed as follows:

+oo +oo
. 1 2
bi 2:1 bz 2 .
i;p;' "= iz;' ‘(2z‘+1)(2¢+5) (i +1)(i +2)(2i + 3)
B *i 2 ‘b'|2(i+s)! (i — s)! 1
_i:pfl 20 4+1"7" (i —s)! ) \ (i +8) (i +1)(i +2)(20 +3)(2i +5)
(p—s—1) 1 Hu(sm‘ 2
p+s—!plp+2)(2p+1)(2p+ 3) 0T
Eventually, we cope with the term 3¢, i > 3:
+oo too
i 2 1 2
> b= > il o
i maap—1) e (20 +1)(26—3) (i—1)i(2i —1)
B *f 2 |b_‘2(i—|—s)! (i —s)! 1
_i:p_l 2i4+1""" (i—s) ) \(i+s) (i—1)i(2i —3)(2i — 1)
< (p—s—1) 1 Hu<s+2>’ 2A_
(p+s=Dp-2)(p—1)(2p—-5)(2p - 3) 0.1

Collecting the five bounds above concludes the proof.

B Proof of Theorem (2D case)

The continuity properties follow from the definition of the operator P,-. Therefore, we only
focus on the error estimates. We split the proof into several steps. Recall that P; and P} are the
projections in Lemma [3.3| along the z and y directions, respectively.

Some identities. The following identities are valid:
0yPyu =P, (0yu), 0:Pju =P} (0zu). (61)

We only show the first one as the second can be proven analogously. For all y € (—1,1), after
writing Pu(z,y) in integral form with respect to the 2 variable, we have

Pru(z,y) = /11 K/Z agP;u(z,y)dx> +axu(—1,y)} dt +u(—1,y)

/i [(/tl agpgu(x,y)dx> +8wu(—1,y)] di 4 u(—1,y)

x t P—2 . 1
@, @@ /_1 [(/_133 (; 2’;1 /_1u(s7y)Li(s)ds> Li(x)dx> +yu(~1,y)

Taking the partial derivative with respect to y on both sides yields

dt +u(—1,y).

ayP;fu(x, y)

x t p—2 . 1
= /_1 [(/_1 o (Z 22;_ 1 /_1 ayu(s,y)Li(s)ds> Li(x)dx> + 0,0,u(—1,y)

=0
@7, G0), G5)
Proyu(z,y).

dt + o0yu(—1,y)
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L? estimates. Using the definition of Pp, the triangle inequality, the one dimensional approxi-
mation properties , the stability properties , and the identities (61) we write

lu—=Ppullyg < [Ju—Prull, 5+ |Py (u—Piu
< pe?|ost

Ho@
+ Hu PY uHO@—Fp_QH(“)Q (u —Pyu)

+p 72 ||02u — PYO2

“HOQ Ho@

Tlloz P ullg 6 + Nl = PRully g wullo -

=Pr uHOQ

The assertion follows using again the one dimensional approximation properties (13]).

H' estimates. First, we cope with the bound on the derivative with respect to . Adding and
subtracting P, u, and using the triangle inequality yield

10z (u — [0 (u + |0, Py (u =T +T. (62)

p)lo.g < HOQ U)HO,Q

As for the term T7, we use the one dimensional approximation properties and get

T Sp~ o (63)

“HO,Q'
As for the term Th, we use the second stability estimate in and get

Ty < |00 (u — Pgu)HO@ er*lH@ﬁ(u - Pgu)HO@.

Thanks to the identities and the one dimensional approximation properties , we can
estimate the term 75 from above as follows:

Ty S [|0su = Powull, o + 0 020 = Pyoull, o S o7 (10205 ull, o + 10205ull, 5) - (64)

ullog
Collecting the estimates and in , we arrive at

[0z (u — Ppu)llo,@ Spt (’|8;+21LH0 Q + H@ 654_1””0 .0 + H32azuH0@) :

With similar arguments for the y derivative term, we deduce (17)).

H? estimates. We begin by showing an upper bound on the second derivative with respect to z.
Using the triangle inequality, the one dimensional approximation properties , the stability

properties , and the identities , we obtain
192 (u < |02t =Pyl g + 10275 (w = PRl 5
Sp 0z ully g + 1102 (u = PRl o = 77057

“)Ho,é

ullog ullo g + 195w = PRoRull,

< (05 2ully 6 + 192050l 5) -
Analogously, we can prove

195 (u

Wl 52 (195720l 6 + l0302u], 0 ) -

Eventually, we cope with the mixed derivative term. Using the triangle inequality and the identi-
ties 7 we get
1020, (u — H@ 0y ( Ho ,Q

= ||3m 3yufP$5'yu ||

+ 020, P2 (u —
H 2 Py Oy (u

||0Q Ho,@ (65)

o Q yu)”&@ =: Sl + SQ.

We estimate the two terms S7 and S5 separately. Using the one dimensional approximation prop-

erties (|13]), we can write

S1 S o705 oyl - (66)

23



On the other hand, using the one dimensional approximation properties and the stability
properties , we get,

Sy S 1020y (u —

9o+ P 11020 (u = PRull, o

=[]0y (Opu — ny)my || ~+p ||8 u—PyGZ )|| 0.0 (67)
*(lo:05 ull, g + ||323WIIO,@) :
Collecting the estimates and in , we arrive at
1020y (u = Ppu)llg 5 S (H58+13 ull, ot |02 8s+1u|| S+ ||328;u||0@) .

Combining the estimates on all second derivatives terms, we obtain (|L8)).

C Proof of Theorem (3D case)

The continuity properties follow exactly as in the two dimensional case. Thus, we only show the
details for the approximation properties. We split the proof in several steps. Recall that Py, Py,
and P; are the projections in Lemma @ along the z, y, and z directions, respectively.

Some identities. Analogous to their two dimensional counterparts in , we have the following
identities:

0y Piu="PI(yu),  0,PYu=PYdu),  IyPiu=P:(dyu),

68
0:PYu = PY(9.u), 0:Pyu =P, (0ru), 0:Pyu =P, (0.u). (68)

L? estimates. The triangle inequality and the one dimensional approximation properties
imply

lu = Ppully 5 < |lu—Pp + ||PE (u — PYPLu) < ’S’2||8;+2u||0 | P2 (u— PYPLu)

Ho,@fvp

ullog loa-

We focus on the second term. To this aim, we use the stability properties (14), the triangle
inequality, the one dimensional approximation properties , and the identities (68]), and deduce

|75 (u = PYPiu)|, 5 < Hu—PyPZuHO 5+ 0 2| 05u = PyP; O 4

< |l —PYul|, +||7>y HOQ+p 2|‘82u7Py82u|| 5+ 02| PY(O2u — PLoZu)

<peT 2||as+2u|| +;|u P? u” +p72||32u—P;82u|| +p*8 4|}32<9§a§*2uy|0@
+p” 2l|8§u—7’;8§u||0,@ +p 4||8£8§u—7’;8§8§u||0@

Ho,@

The L? estimates eventually follow from the one dimensional approximation properties .
H' estimates. We show the details for the z derivative, as the other two cases can be dealt with
analogously. The triangle inequality and the one dimensional approximation properties imply
102 (w = Ppu)lo g < (02w = Pru)l|, o + [|0:P (u = PEPyu))|
S pfsfl ||aasc+2

e
uHOQ + |02 Py (u — PyPu Ho,@'

We focus on the second term on the right-hand side. The stability properties and the identi-
ties entail

18Py (u = PEPyu) 5 S [|0zu = PYP;0zul|y 5+ p72||07u — PYP;0Zul|, 5 = T1 + To.

As for the term T3, the triangle inequality, the identities , and the one dimensional approxi-
mation properties imply

T1<||3 u—"P} 0y u|| ~ + ||73 (Opu— P, 0zu || <p~°~ 1||8 65+1uH ~ + ||73y (Opu— P, 0xu H
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The second term on the right-hand side can be estimated using the stability properties , the
identities , and the one dimensional approximation properties :

| PY(0u—P;0yu)|| |61u—77§61u}|0@ + p*2||818§u77>;8183u)||

< |
0,Q ~
St (0.0l g + 10:0805 ).

0,9

With similar arguments based on substituting d,u by 92u, we find an upper bound for Tb:
—s—1 2 2 202 052
7 S (0305l + 192020l + 11920502 2l )
Collecting the above estimates, we arrive at

102 (0 = Pp)llg g S 2 (1105 2ully g + 10205l 6 + [[0:05+

18) “Ho,@

+[[0:3505 Ml g+ 10205ull g + 8205ull, o + 1020502 2ull, 5).

By similar arguments on the y and x partial derivatives, we deduce .

H? estimates. First, we show the details for the second x derivative, since the second y and z
derivatives can be dealt with analogously. The triangle inequality, the one dimensional approxi-

mation properties , and the identities imply
192 (w = Ppully g < 1102 (w = Pru)ll g + 19275 (v = PEPLu)l

Q
—s||9s+2 2 2
S|z ully g + 105w — Py P OGull, -
We are left with estimating the second term on the right-hand side. Applying a further triangle
inequality, the one dimensional approximation properties , and the stability properties 7
we arrive at

[|02u — 73977282uH07@ < ||07u — Pg@guHo ot |PY(07u — P ozu

p"pY )Ho,@
Spt|ozo; + ||02u — P02

ulo0 ullo g+ P77 10205u = Poz0yul|, 5

<o (l9205ull, o + [9205ull, o + 1020502 u] )
Collecting the two above estimate above gives
[02(u =Py g S 27" (03 2ully g + 10205ull, g + [0202ully g + 020502 2u]l, 5) - (69)

Next, we focus on the mixed zy derivative and observe that the yz and xz counterparts are dealt
with analogously. Using the triangle inequality, the one dimensional approximation properties ,
the identities , and the stability properties leads us to

1820, = Pyp0ayully 5 < [|0a0yu = PsOuOyul, o + | P (00yu — PLPEOLOyu

Sp[05 0l 6 + 10,000 — 0, PYPEOLul| 5 + P |0,02u — 0, PYPEO2u| 5

)Ho,@

= p_‘g’|a;+1ayuH0’@ + T35+ Ty.

We estimate the terms A and B separately. First, we focus on A. Using the triangle inequality, the
one dimensional approximation properties , the identities , and the stability properties ,
entail

Ty < Hayawu — 8y"P;j@qu0@ + Haypgaxu — ayPI-’j@quO,@
< p‘SHaﬂcai““Ho,@ + |0y 0zu — Plf@y@muHO@ +pt Haj@wu - P;@;@wuHOQ
<p (Hawa;HuHO@ +110:0,05ull4. 5 + Hawagag—luum) .
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Next, we focus on the term B. Using the triangle inequality, the one dimensional approximation
properties , the identities , and the stability properties , leads to

T, < p~t||0,07u — 0, PLO:
S s

uHO’ 5+ p~ |0y PLOZu — 0, PYP; O
+p70,05u — P; 0,07

“Ho,@

loa ullo g+ P77 (10205u = Paz0ul|, 5

< (1020511, 5 + 1920,02], 6 + 0202052 o) -

Collecting the above estimates gives

10:0yu = Po0:0,ully g S P (05 Dyully g + 110205 ully o + 19:0402ull 00,0502~

u”o,@ UHO,@

e205ull, o + 020,05l o + 10203050, 5) -

u”o@
(70)

Bound ([21]) follows combining the estimates on the second derivative term , the mixed derivative
term (|70]), and the corresponding estimates for similar derivative terms.
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