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Introduction

Stochasticity plays an important role in infectious disease dynamics, but statistical inference of stochastic models is difficult. When trying to estimate the parameters θ of a complex stochastic epidemic model from some data D, the data D are typically an incomplete observation of the process, and the observed data likelihood P(D | θ) is intractable [START_REF] Philip | A tutorial introduction to Bayesian inference for stochastic epidemic models using Markov chain Monte Carlo methods[END_REF]. To work around this problem, one can decide to not use the likelihood (ABC, deep learning), to approximate the model (linear noise approximations [START_REF] Wallace | Linear noise approximation is valid over limited times for any chemical system that is sufficiently large[END_REF][START_REF] Fearnhead | Inference for reaction networks using the linear noise approximation[END_REF]), to estimate the likelihood (PMCMC [START_REF] Andrieu | Particle Markov chain Monte Carlo methods: Particle Markov Chain Monte Carlo Methods[END_REF][START_REF] Del Moral | The Alive Particle Filter and Its Use in Particle Markov Chain Monte Carlo[END_REF]), or to rephrase the problem.

Data Augmentation (DA) introduces the alternative problem of estimating the joint posterior P(θ, ν | D), instead of P(θ | D), where ν is some latent variable chosen so that the joint likelihood P(D | θ, ν) is tractable. The original problem then finds its solution by marginalizing over ν, P(θ | D) = P(θ, ν | D) dν. Data Augmentation has proven effective with MCMC [START_REF] Cauchemez | A Bayesian MCMC approach to study transmission of influenza: Application to household longitudinal data[END_REF][START_REF] Drummond | BEAST: Bayesian evolutionary analysis by sampling trees[END_REF][START_REF] Jewell | Bayesian analysis for emerging infectious diseases[END_REF],

for dealing with granular, subject-level data, and complex models. An important difficulty with DA is to explore the resulting high dimensional augmented state space effectively with MCMC. Each class of model requires designing specific proposals, and typically it is necessary to manually tune the proposal for the specific problem at hand. For instance in phylogenetic inference softwares like BEAST [START_REF] Drummond | BEAST: Bayesian evolutionary analysis by sampling trees[END_REF][START_REF] Bouckaert | BEAST 2: A software platform for Bayesian evolutionary analysis[END_REF], the latent state is the phylogeny to reconstruct. Many different tree moves are implemented to explore tree space effectively, and at every iteration, one is chosen randomly following certain probabilities. For a given model and dataset, it is necessary to manually tune those probabilities to achieve good mixing. Additionally, it is challenging to design a proposal such that mixing speed scales well with population size, which becomes necessary when dealing with even moderately large epidemics.

We propose a new data augmentation scheme to fit simple models to low granularity data -like incidence or prevalence data. This scheme is directly applicable to the large class of Markov jump processes.

Pure jump Markov processes are widely used for modelling infectious diseases, ecological and evolutionary systems. It is possible to represent them as solutions of Poisson-driven stochastic differential equations, which are integral equations with respect to a Poisson Random Measure (PRM) [START_REF] Ikeda | Stochastic Differential Equations and Diffusion Processes[END_REF]. This indicates a natural data augmentation parametrization (θ, ν) with θ the parameters of the process, and ν the discrete measure that the process is integrated against. A value of θ and a realisation ν of the PRM are enough to deterministically simulate the trajectory X of the process, and so the joint likelihood of θ and ν is easily computed as the probability of observing D given the trajectory X. Throughout the article, we will call this method PRM augmentation.

Different methods have already been proposed for the inference of Markov jump processes, some specific to epidemic models [START_REF] Cauchemez | A Bayesian MCMC approach to study transmission of influenza: Application to household longitudinal data[END_REF][START_REF] Neal | A case study in non-centering for data augmentation: Stochastic epidemics[END_REF][START_REF] Xiang | Efficient MCMC for temporal epidemics via parameter reduction[END_REF][START_REF] Neal | Forward Simulation Markov Chain Monte Carlo with Applications to Stochastic Epidemic Models[END_REF][START_REF] Fintzi | Efficient Data Augmentation for Fitting Stochastic Epidemic Models to Prevalence Data[END_REF], and some more general [START_REF] Rao | Fast MCMC Sampling for Markov Jump Processes and Extensions[END_REF][START_REF] Golightly | Bayesian inference for Markov jump processes with informative observations[END_REF][START_REF] Zhang | Efficient parameter sampling for Markov jump processes[END_REF]. In this article, we present PRM augmentation, used with Metropolis-Hastings sampling [START_REF] Metropolis | Equation of State Calculations by Fast Computing Machines[END_REF][START_REF] Hastings | Monte Carlo sampling methods using Markov chains and their applications[END_REF], and discuss its advantages and drawbacks, in terms of ease of use, speed, and insights, and illustrate this on some synthetic and real datasets.

PRM augmentation relies on a generalization of uniformization [START_REF] Jensen | Markoff chains as an aid in the study of Markoff processes[END_REF][START_REF] Rao | Fast MCMC Sampling for Markov Jump Processes and Extensions[END_REF][START_REF] Zhang | Efficient parameter sampling for Markov jump processes[END_REF]] that is directly applicable to any Markov jump process, with writing the Stochastic Differential Equation (SDE) being the only mathematical work needed. As such, it is a simulation-based method, which can be used easily to compare different models. We present two simulation algorithms that can be used in MCMC: an exact but slow scheme, and an approximate simulation schemes that scales better with the number of events to infer.

We show how PRM augmentation compares to a recent data augmentation method [START_REF] Fintzi | Efficient Data Augmentation for Fitting Stochastic Epidemic Models to Prevalence Data[END_REF], and exhibits better complexity with respect to epidemic size. We also compare it to Particle MCMC as implemented in the R package pomp [START_REF] King | Statistical Inference for Partially Observed Markov Processes via the R Package pomp[END_REF], and find that PRM augmentation is competitive for moderate epidemic sizes.

Additionally, the natural distinction that is made between the mechanistic part, estimated through θ, and the stochastic part, estimated through ν, provides a way to evaluate model fit and to propose model improvements, similarly to bayesian latent residuals [START_REF] Lau | New model diagnostics for spatio-temporal systems in epidemiology and ecology[END_REF], via the posterior ν estimates. To demonstrate this, we apply the method to simulated data, and to 2013-2014 Zika data from French Polynesia. This allows us to test our method in the face of real data and its inherent uncertainties, and to offer new insights on the issue of incompati-bility between case count and seroprevalence data.

Theory

We show how a Markov pure jump process X on Z d with a fixed number of events K is solution to a Poisson-driven Stochastic Differential Equation (SDE), that is a SDE with integration with respect to a Poisson Random Measure (PRM). This equation indicates a natural algorithm to simulate the process X given a realisation of the PRM ν, and we explain how we implement this algorithm. A parameter value θ and a discrete measure ν uniquely determine a trajectory of the process, and are therefore enough to compute the likelihood of observing the data, P(D|θ, ν). Finally, we explain how we use this to build a Metropolis-Hastings sampler, with proposals for the parameters and for the discrete measure, and give an example for the SIR model with prevalence data.

Poisson driven Stochastic Differential Equations

Continuous time Markov chains, or Markov pure jump processes (MJP), are stochastic processes whose state is constant in between jumps, and jump only at exponential times, and that have the Markov property. The trajectories of such processes are right continuous, left limit, and piecewise constant. A complete presentation can be found in [START_REF] Stewart | Markov Processes: Characterization and Convergence[END_REF]. Such processes are widely used in stochastic modelling and for statistical inference. In that context, they are typically associated to an observation process, and designated as State Space Models or Partially Observed Markov processes, see SSM [START_REF] Dureau | SSM: Inference for time series analysis with State Space Models[END_REF] or the R package pomp [START_REF] King | Statistical Inference for Partially Observed Markov Processes via the R Package pomp[END_REF].

A Poisson random measure (PRM) is a generalization of Poisson processes to more general spaces, as a random variable that take discrete measure values. For a PRM, the number of points found in any measurable subset A follows a Poisson distribution, and the number of points found in two disjoint measurable subsets are independent. More precise definitions are given in the appendix A. An integral with respect to a PRM is again a random variable, and integration can be understood pointwise, Z(ω) = f dν(ω) = i f (x i ), where ν(ω) = δ xi . The idea is then to build a differential equation with respect to a PRM, where the PRM will indicate (a superset of) the jump times of the MJP, and the integrand will perform the events of the process, with the right rates. Many different such Poisson-driven Stochastic Differential Equations (SDE) can be written that have the right solution, and we present here only one of those, suitable for Data Augmentation.

We consider a MJP X with a state space E = Z d , and a finite number of events K. The k-th event happens with a rate r k : E → R + , and when it happens, the state of the system changes from x to x + µ k . Let (ν k ) k≤K be standard PRMs on R + × R + . The equation ( 1) is a Poisson-driven Stochastic Differential Equation (SDE), and its solution, if it exists, is a MJP with the same probability distribution as X.

X t = X 0 + k≤K t 0 R+ 1 u≤r k (X s -) µ k ν k (ds, du) (1) 
We provide a proof in the appendix B that solutions to (1) are càdlàg and Markov, and have the right infinitesimal generator. This is an established result that also extends to much more general settings, as Poisson-driven SDEs are well studied [START_REF] Ikeda | Stochastic Differential Equations and Diffusion Processes[END_REF]. A good introduction to this representation is provided in [START_REF] Bansaye | Stochastic Models for Structured Populations[END_REF] for the example of birth death processes, and designated as a trajectorial representation of the process. A difficulty in our case is that the process might imaginably lead to explosion. But in the particular case of epidemic models, explosion is never possible as the process is constrained by the available susceptible population, as we explain in the appendix.

Simulation of a Markov Jump Process

The equation (1) specifies a way to simulate the process. Each point of the (ν k ) is a potential event point. Consider all points of the (ν k ) k ordered by time, (t n , u n , k n ), where t n is the time of the point, u n is its value, and k n is its color. For each point in turn, compare the event rate r kn to the value u n of the point. If the point is below the rate, then the event happens, and we update the state of the system and the rates. Otherwise nothing happens, and we continue on to the next point. This yields the simplified algorithm 1, and is illustrated in Fig. 1.

input : The discrete measures (ν k ) k≤K , the rates (r k ), the increments (µ k ), and the initial condition X 0 ∈ E output: Trajectory (X t ) t Initialize t 0 = 0, X t0 = X 0 Iterate over the points of the (ν k ) k ordered by time, (t n , u n , k n ) n for n = 1 to ∞ do if u n ≤ r kn (X tn-1 ) then X tn = µ kn (X tn-1 ) else X tn = X tn-1 end end Algorithm 1: Simplified algorithm for the exact simulation of a MJP There is an obvious problem with algorithm 1 however. The (ν k ) have an infinite number of points on every time interval, so we cannot order all of their points by time. Instead we split R + × R + into rectangles A i,j , and define C i = j A i,j = [t i , t i+1 ] each time column. In each rectangle A i,j , the number of points N k i,j of ν k is finite almost surely, and ν k can be writ-

ten ν k = n≤N k i,j δ ( t i,j,k n , u i,j,k n
), with the points (t i,j,k n , u i,j,k n ) ordered by time. Equation ( 2) is equivalent to (1)

X t = X 0 + K k=1 ∞ i=1 ∞ j=1 N k i,j n=1 1 t i,j,k n ≤t 1 un≤r k (X t i,j,k n -) µ k (2) 
We never need the rectangles that are above the rate. We can use this fact to simulate the process with finite memory, by lazily drawing points for the rectangles only when they are needed. This exact algorithm is developed in the appendix D, as algorithm D1.

This exact algorithm is O(n) in the number n of points that are considered. As a consequence, an important factor in its efficiency is the proportion of points that are considered but rejected. This is also true of classical uniformization, for which a constant upper bound must be chosen in advance. In contrast, here, the algorithm automatically adapts the upper bound to the variations of the rates, so that the rejection rate can be kept small.

What is more, we can further reduce the complexity by using an approximate simulation algorithm X = f (θ, ν). To do that, we take inspiration from tauleaping algorithms, and treat the rates as if they were constant on each time interval [t i , t i+1 ], r i k = r k (X ti ). We then count the points below the rate r i k in each interval. We store the number of points present in each A i,j for each event to make this faster. The only points left to consider one by one are the ones from the single A i,j such that r i k is in [u j , u j+1 ]. This approximate algorithm is written out in the appendix D, as algorithm D2.

Once equipped with efficient simulations, we can use this PRM augmentation scheme for parameter inference with MCMC. The black crosses are the points of the infection and recovery measures respectively. The orange curves are the rates of infection and recovery respectively. When a point is under the rate curve, then the event happens. When an infection happens, I (and the rates) increase, and when a recovery happens, I (and the rates) decrease. Initially there is one infected and the whole population is susceptible.

PRM-augmented MCMC

We want to estimate the posterior distribution of the parameter values θ and of the discrete measure ν of the model (X t ) = f (θ, ν), given the data D, that is P(θ, ν|D) ∝ P(D|(X t ))P(θ)P(ν) P(θ) is the prior distribution placed on θ, and P(ν) is the PRM distribution.

input : Parameter θ, discrete measure ν output: θ, ν Propose θ ∼ Q θ (.|θ) Propose ν ∼ Q ν (.|ν) Simulate X = f (θ , ν ) (or X = f (θ , ν ))
Compute the acceptance ratio α = P(D|X ) P(D|X) P(θ ) P(θ)

q(θ|θ ) q(θ |θ) Simulate u ∼ U ([0, 1]) if u < α then The move is accepted return (θ , ν ) else
The move is rejected return (θ, ν) end Algorithm 2: PRM Metropolis-Hastings proposal

Stochastic differential equation for a SIR model

To illustrate our method, we show how to apply it to the classical SIR model with case count data, and give both the deterministic (3) and stochastic (4) formulations of the model here, to show the correspondence between them.

S is the number of susceptible hosts, I the number of infected hosts, R the number of removed hosts, and C(t) the total number of cases, observed upon infection, up to time t.

β is the effective contact rate, and γ is the rate of recovery (inverse duration of infection), while ρ is the reporting probability, that is the probability that when an infection happens, we observe it.

dS dt = -β S N I dI dt = β S N I -γI dR dt = γI dC dt = ρβ S N I N = S + I + R (3) 
To make the notations less heavy in the SDE, we define the total rate of infection λ(s) = β Ss Ns I s . Also let ν I and ν R be independent PRMs on R + × R + with intensity the Lebesgue measure, for the events of infections and recoveries respectively.

Equations ( 3) and ( 4) and their terms are written in the same order so as to show the correspondence between them.

S t = S 0 + t 0 R+ -1 u≤λ(s -) ν I (ds, du) I t = I 0 + t 0 R+ 1 u≤λ(s -) ν I (ds, du) -1 u≤γI s -ν R (ds, du) R t = R 0 + t 0 R+ 1 u≤γI s -ν R (ds, du) C t = t 0 R+ 1 u≤ρλ(s -) ν I (ds, du) N t = S t + I t + R t (4) 
We also use more complex versions of the SIR model, by making the effective contact rate seasonal, by adding host demography, immigration, immunity loss (SIRS) or a latent class (SEIR). To obtain the corresponding SDE, we only need to add a new PRM for every event, and adapt the event rates.

For example, to add host demography, we add the four events of birth of susceptible, death of susceptible, death of infectious, and death of removed, with rates BN * , DS, DI, and DR, and the four independent PRMs, ν B , ν DS , ν DI respectively. To make the model seasonal, we would replace β by β(t) = β m + β v sin(2π + φ). The equations for these different models are given in the appendix E.

To perform inference on the model, we need an observation model, to link the epidemic trajectory to the data. For instance, incidence could be taken as a Poisson or Negative binomial draw from the binned infection counts C(t i ) -C(t i-1 ), and prevalence could be taken as a binomial draw from I t . We will use these observation models in our different analyses, and present them in the relevant sections 3.4, 3.5 and 3.6. In all cases, the observations are independent conditionally on the trajectory, and the full likelihood is simply the product of the observation likelihoods on all intervals.

Materials and Methods

OCaml implementation

The algorithm is implemented in the OCaml language [START_REF] Leroy | OCaml, an industrial strength programming language[END_REF], and the project repository is at: https://gitlab.com/bnguyenvanyen/ocamlecoevo

Metropolis-Hastings proposal

The proposal Q ν that we use in practice for ν consists in choosing n redraw slices of time from the simulation scheme, and in redrawing all points of these slices for all events. The proposal that we use for θ is a multivariate normal proposal adapted following Robust Adaptive Metropolis [START_REF] Vihola | Robust adaptive Metropolis algorithm with coerced acceptance rate[END_REF].

The full proposal P is obtained by mixing three MH proposals, one that only updates ν, δ θ ⊗Q ν , one that only updates θ, Q θ ⊗δ ν , and one that updates both ν and θ jointly, Q θ ⊗Q ν , given weights β ν , β θ and β θ,ν respectively. The number of time slices that are redrawn in Q ν , n redraw , as well as the proposal weights β ν , β θ , and β θ,ν , are important hyper-parameters that need to be optimized for the problem at hand.

Quantitative method comparison

We compare four methods for different inference tasks. The first two methods are the PRM augmented MCMC that we have presented, either with exact simulations or approximate simulations. The third one is a recent subject-level data augmentation MCMC method that uses Gibbs sampling to effectively redraw individual infection histories, presented in [START_REF] Fintzi | Efficient Data Augmentation for Fitting Stochastic Epidemic Models to Prevalence Data[END_REF]. The last one is Particle MCMC (PMCMC) with approximate simulations using binomial event counts, that we implemented using the R package pomp [START_REF] King | Statistical Inference for Partially Observed Markov Processes via the R Package pomp[END_REF].

Exact PRM augmentation and subject-level augmentation are both exact methods, in the sense that the MCMC converges to the true posterior distribution of the model. Approximate PRM augmentation and PMCMC converge to an approximate posterior distribution, because of the approximate simulations. Additionally, PMCMC relies on a particle filter to evaluate the likelihood by integrating out the stochasticity of the model, at every MCMC iteration. In consequence, its results depend on the number of particles used for the filter.

To compare these four methods quantitatively, the criterion we use is the effective sample size in multiple dimensions, defined in [START_REF] Vats | Multivariate output analysis for Markov chain Monte Carlo[END_REF] as

mESS(n) = n |Λ| |Σ| 1 p
where n is the number of samples, p the number of dimensions estimated, |.| the determinant, Λ the covariance structure of the posterior, and Σ the asymptotic covariance matrix of the Markov chain. Λ can be estimated with the sample covariance matrix, and Σ with the batch means covariance matrix. The measure of the computational time complexity of an algorithm is then the number of seconds per effective sample s/mESS. This comparison using the ESS cannot be fully quantitative for PMCMC, since the MCMC only integrates over the parameter space, but not over the space of stochastic trajectories, as this is done using Sequential Monte Carlo.

Simulated prevalence datasets

These four methods are compared across a range of simulated datasets with increasing population sizes. Daily prevalence data was simulated for the simple SIR model from Eq. ( 4), for population sizes N of 500, 1000, 2000, 4000 and 8000 individuals. The other parameter values are given in Appendix E.1.

The model used for inference was the SIR model with prevalence data. For the comparison between exact PRM augmentation and subject-level augmentation, we followed [START_REF] Fintzi | Efficient Data Augmentation for Fitting Stochastic Epidemic Models to Prevalence Data[END_REF], and chose binomially distributed observations, C k ∼ Bin(I k , ρ). For the comparison between approximate PRM augmentation and PMCMC, we had to switch to negative binomial prevalence counts, because the particle filter required very high number of particles with the binomial observations. The overdispersion parameter allows more variance, and an additional degree of freedom, which tends to make inference by MCMC easier. We fix the over-dispersion ω, and we have C k ∼ N B(ρI k , ω).

The prior distributions and parameters inferred were different for both comparisons, and the details are in Appendix E.1. For the exact methods comparison, we followed [START_REF] Fintzi | Efficient Data Augmentation for Fitting Stochastic Epidemic Models to Prevalence Data[END_REF], and placed a Dirichlet-Multinomial prior on the initial compartment sizes S 0 , I 0 and R 0 , and also inferred β, under a Gamma prior. For the approximate methods comparison, we only inferred β.

Subject-level augmentation was run for 10 thousand iterations, and the number of subject paths redrawn per iteration was scaled up with population size, from 10 for 500 individuals to 160 for 8000. PMCMC was run for 100 thousand iterations, with 200 particles for all population sizes. There was no notable difference between estimation with 200 or 400 particles, for all population sizes. PRM-augmented MCMC was run for one million iterations, after a phase of sampling from the prior and a phase of adaptation of the proposal Q θ .

SEIRS seasonal model simulation and inference

5 years of data were generated with a deterministic SEIRS model with seasonality and vitality. On infection, the hosts go through the Susceptible, Exposed, Infectious, Removed, and then back to the Susceptible class. The equations of the model and the parameter values used are given in the appendix E.2. The parameter values are chosen so that the infectious curve settles in the attractor of the system and displays a clear periodic signal of period 1 year. We also used the same SEIRS model but without seasonality, that is, where β(t) is constant (β m = 0), which is designated as the constant SEIRS model.

Inference was then done with the stochastic seasonal model, and with the stochastic constant model, using PRM-augmented MCMC. The data are the cases counted on infection, with a Poisson distribution:

C k ∼ Poisson (ρ(C(t k ) -C(t k-1 )))
The parameter prior distributions are detailed in the appendix E.2.

French Polynesia Zika data

The Zika epidemic from 2013-2014 in French Polynesia was an early epidemic, preceding the large wave of Zika in the Americas. It has already been the subject of several modelling and inference studies [START_REF] Kucharski | Transmission Dynamics of Zika Virus in Island Populations: A Modelling Analysis of the 2013-14 French Polynesia Outbreak[END_REF][START_REF] Cauchemez | Association between Zika virus and microcephaly in French Polynesia, 2013-15: A retrospective study[END_REF][START_REF] Champagne | Structure in the variability of the basic reproductive number (R0) for Zika epidemics in the Pacific islands[END_REF]. We chose to use the data composed of the weekly case counts for Moorea Island, and of seroprevalence data from a cohort of 196 people from the archipelago. The case count data has been made available in [START_REF] Mallet | Bilan de l'epidemie a virus Zika en Polynesie Francaise, 2013-2014[END_REF][START_REF] Champagne | Structure in the variability of the basic reproductive number (R0) for Zika epidemics in the Pacific islands[END_REF], and the seroprevalence data in [START_REF] Aubry | Zika Virus Seroprevalence, French Polynesia, 2014-2015[END_REF][START_REF] Champagne | Structure in the variability of the basic reproductive number (R0) for Zika epidemics in the Pacific islands[END_REF].

An interesting feature of the epidemic, that has been previously noted [START_REF] Kucharski | Transmission Dynamics of Zika Virus in Island Populations: A Modelling Analysis of the 2013-14 French Polynesia Outbreak[END_REF][START_REF] Champagne | Structure in the variability of the basic reproductive number (R0) for Zika epidemics in the Pacific islands[END_REF], is that the case count data and seroprevalence data seem to tell a different story. On the one hand, the case count data indicates that the epidemic progressed very fast, and when it is considered alone for inference, it is estimated that the whole population got infected. On the other hand, the seroprevalence data indicates that only around 50% of the population got infected in reality. To account for this feature of the data, in [START_REF] Champagne | Structure in the variability of the basic reproductive number (R0) for Zika epidemics in the Pacific islands[END_REF] an additional parameter was introduced to limit the epidemic to a portion of the population, so as to fit the model to both sources of data simultaneously.

In our case, we instead fit a SEIR model with immigration to the data, using PRM-augmented MCMC, to better understand this incompatibility. We model the cases as counted on infection (E → I), with a Poisson distribution of observation, as for the simulated seasonal data. We model seroprevalence as a binomial draw from the removed population, A ∼ Bin(M, R ts /N ), where A is the number of seropositive (97), M is the number of people tested (196), and R ts /N the proportion of removed at the time of the study. The two sources of data are considered as independent, so the full likelihood is the product of the two components. The details of the model and the prior distributions are given in the appendix E.3.

The PRM-augmented MCMC is run for 200000 iterations for convergence and adaptation of the covariance matrix [START_REF] Vihola | Robust adaptive Metropolis algorithm with coerced acceptance rate[END_REF], then for 10 6 iterations, from which 1000 samples are kept.

Results

Correctness of PRM-augmented MCMC

To prove that our implementation of PRM-augmented MCMC is correct, we checked that it yielded the same posterior estimates as a subject-level data augmentation method with Gibbs sampling, presented in [START_REF] Fintzi | Efficient Data Augmentation for Fitting Stochastic Epidemic Models to Prevalence Data[END_REF]. Figure 2 shows that after enough MCMC iterations, the parameter marginal and pairwise posterior estimates with the two methods cannot be distinguished.

Efficiency of PRM-augmented MCMC

The comparison between exact and approximate simulations in Fig. 3 shows that the exact scheme scales linearly with population size, but that the approximate scheme is much less costly. In this example, for a population of 8000, a million iterations took a bit less than 4 hours with the approximate method, but close to 11 hours with the exact method, on an Intel Xeon X5570 CPU, 2.93 GHz. As population size increases, stochasticity plays a less important role, and it becomes increasingly advantageous to use the approximate simulations. For small populations and with high time resolution however, it might be better to use exact simulations to avoid the bias caused by approximation. As both schemes rely on the same data structure for ν, it is easy to switch from one to the other, and would be straightforward to implement switching between them when required during estimation.

The PRM-augmented MCMC also proved much more efficient than the subject-level data augmentation method described in [START_REF] Fintzi | Efficient Data Augmentation for Fitting Stochastic Epidemic Models to Prevalence Data[END_REF], as is shown in Fig. 4. MCMC samples from the joint posterior distributions for β the effective contact rate, pS 0 the initial proportion of susceptibles and pI 0 the initial proportion of infectious. pS 0 and pI 0 are parameters of the multinomial prior on the initial conditions. In blue, PRM augmentation, and in orange, subject-level augmentation. 2250 samples kept from respectively 900 (resp. 9) thousand iterations, after 100 (resp. 1) thousand iterations of burn-in for PRM augmentation (resp. subject-level augmentation). Complexity, in number of seconds of run time (wall clock) per iteration, as a function of host population size. On a binary logarithm scale for the population size, and on a decimal logarithm scale for the complexity. In blue, the exact simulation algorithm, and in orange, the exact simulation algorithm. To read the graph, lower is better, and a linear curve indicates a power-law relationship. The grey lines are reference relationships for exponents 0 (constant complexity), and 1 (linear complexity). The Gibbs sampler from [START_REF] Fintzi | Efficient Data Augmentation for Fitting Stochastic Epidemic Models to Prevalence Data[END_REF] is more statistically efficient in terms of iterations, as it yields around 1 effective sample every 100 iterations, against 1 every 6000 iterations for PRM augmentation. However, every one of its iterations is much more costly. In theory, the complexity for an iteration of subject-level augmentation scales with the square of the population size. The cost of resampling a subject's history grows linearly with the number of events, and the number of histories to redraw per iteration also grows linearly with population size to maintain mixing. This quickly becomes problematic, even with moderate population sizes. In contrast, the mixing in the case of PRM augmentation doesn't vary much with population size, only the cost of an iteration does. In practice, the graph indicates an exponent of 2.5 for subject-level augmentation, and 1 for PRM augmentation.

We also compared PRM augmentation with approximate simulations to Particle MCMC (PMCMC) with approximate simulations, to evaluate the possibilities for larger populations. Figure 5 indicates that the cost of the two methods is similar for small populations, but that PMCMC then gains the advantage. This is because the cost of the Euler-multinomial simulations used in the PM-CMC method does not scale with population size, whereas the approximate PRM simulations cost does.

The expected run time of PRM-augmented MCMC inference for a given analysis cannot be easily estimated, but it will scale with the total number of events of the system. This will scale with the population size, but also the time period of the data, the magnitude of the epidemics, and the number of different events (model complexity). For the specific analysis presented here, of a short epidemic and a SIR model, with a population of 64 thousand, one effective sample required around 20 seconds (on a X230 Thinkpad laptop, with an Intel Core i5 CPU, 2.6 GHz). Therefore, this analysis could be run for a population of several hundred thousand, but several millions would be too costly.

Model diagnosis

To see the Markov jump process as the solution of an SDE with respect to a PRM is to create a separation between the noise driving the process, contained in the PRM, and the mechanism of the process, described by the parameters of the process. By inferring θ and ν jointly, then, we are hoping to capture the mechanistic part in θ, and the noise part in ν, provided that the process explains the data well.

In fact, the variables ν act as Bayesian latent residuals [START_REF] Lau | New model diagnostics for spatio-temporal systems in epidemiology and ecology[END_REF]. If the posterior distribution of ν is very different from its prior distribution of a standard PRM (intensity one), then our hypotheses about the noise in the model are wrong. A pattern found in the posterior for ν means that the pattern in the data is not entirely captured by the mechanism proposed, or said another way, that the model is underfitting the data. The nature of the pattern in the posterior for ν can then provide clues to improve the model to capture the pattern. The posterior samples for ν can thus be used both to evaluate model fit, and to improve the model. In black, the simulated daily case count data. In blue, in the first column, simulations with the true θ value, and ν sampled from its prior distribution. In orange, in the second column, posterior samples for the seasonal model. In green, in the last column, posterior samples for the constant model. The average effective contact rate βm, the initial conditions 0 , I 0 , R 0 ), and the discrete measure ν are estimated. For both models, 250 ν samples are kept for estimation, out of 500000 iterations after convergence.

We illustrate this with an example on the SEIRS model, in a seasonal and a constant version (see 3.5, page 12). We generate some data with the seasonal model, then compare the fit of this true seasonal model to the data, to the fit of constant model to the data. We can see in F ig. 6, (a) that we are able to fit the constant model to the seasonal data. To evaluate the fit, we can look at the posterior samples of ν. We define the point density of ν for event k and for a time slice i as the number of points by unit of volume,

d k i = ν(C k i ) |C k i | .
The posterior ν estimates (Fig. 6,(b)) for the true seasonal model are very similar to the prior. However for the constant model, the infection point density rises at the start of every epidemic season, and falls at the ends. For the constant model to reproduce the data, it is necessary to have more infections than expected at the start of the epidemic season, and less than expected at the end. That is, the seasonal signal (Fig. 6,(c)) is captured in the posterior for ν, for us to notice and then include into the model.

In this example, the seasonal signal is already obvious in the data, and would be included in the model from the start. Even though that is a bit artificial, it leads to two interesting remarks. First, even though the constant model explains the seasonal data very badly, we are still able to fit it to the seasonal data. This shows that the MCMC is able to reach a priori very unlikely discrete measure values, and so that we are able to explore the discrete measure space well. Second, if we look at the estimates for the other events, we can see that recovery is nearly the symmetric of infection. The model doesn't really make a difference between more infections and less recoveries, or variation in infection rate, and variation in recovery rate. This shows that this procedure is not a replacement for actually including time-varying parameters [START_REF] Cazelles | Accounting for non-stationarity in epidemiology by embedding time-varying parameters in stochastic models[END_REF], with a prior chosen to reflect how likely we expect those variations to be.

French Polynesia Zika epidemic

We use PRM-augmented MCMC to fit a simple SEIR model to case count and seroprevalence data from Moorea Island, with the aim of understanding the incompatibility between both sources of data better. Details about the data and model can be found in the Methods, section 3.6.

Not surprisingly, the fit with PRM-augmented MCMC shows that the model cannot correctly capture the data, if we restrict ourselves to realistic incubation and infectious periods, as shown in Fig. 7. The posterior ν distribution displays peaks in point density at the beginning of the epidemic, most notably for the event of becoming infectious, and for the event of infection. This means that trajectories of the model that fit to the data have more infections and shorter incubation periods than would be expected by intrinsic noise alone, but only at the start of the epidemic. There is no reason to expect that this could happen. Said another way, in the initial period, cases happen faster than the model can follow. More realistically, this could be explained by an increase in the reporting probability as the epidemic becomes noticed, or also by population structure [START_REF] Champagne | Structure in the variability of the basic reproductive number (R0) for Zika epidemics in the Pacific islands[END_REF][START_REF] Kucharski | Transmission Dynamics of Zika Virus in Island Populations: A Modelling Analysis of the 2013-14 French Polynesia Outbreak[END_REF]. 

Discussion

Epidemiological data is ever more abundant and complex, and can help us better understand the dynamics of infectious diseases, answer important theoretical questions and address public health problems. Existing inference methods, however, are quickly becoming a limiting factor, because of a prohibitive computational cost, a difficulty in applying the method to arbitrary models, or both. The search for new methods has progressed in different directions, to build methods that are both faster and more easily transferable to different models.

For MCMC, one such advance has been the development of adaptive methods [START_REF] Haario | An adaptive Metropolis algorithm[END_REF][START_REF] Gareth | Examples of Adaptive MCMC[END_REF][START_REF] Vihola | Robust adaptive Metropolis algorithm with coerced acceptance rate[END_REF]. They can relieve the user from the burden of designing proposals taking into account the particular structure of the model, as the adaptive method aims to discover that structure automatically. The adoption of these methods for complex models takes time. In the case of stochastic processes, the problem is complicated by the very large (infinite dimensional) latent variable space to explore. As a consequence, a large part of the data augmentation methods for stochastic processes tend to concern themselves with Gibbs sampling, or Metropolis-Hastings component-wise updates when Gibbs sampling cannot be achieved.

For Markov jump processes, an efficient sampler based on uniformization [START_REF] Jensen | Markoff chains as an aid in the study of Markoff processes[END_REF] was proposed in [START_REF] Rao | Fast MCMC Sampling for Markov Jump Processes and Extensions[END_REF][START_REF] Zhang | Efficient parameter sampling for Markov jump processes[END_REF]. They make a clever use of uniformization to apply a method from Markov chains to MJPs. This method does not scale well to large state spaces however, and so it is not practical in the case of stochastic epidemic models.

Instead, data augmentation methods targeted specifically at stochastic epidemic models have also been developed these last 20 years [START_REF] Cauchemez | A Bayesian MCMC approach to study transmission of influenza: Application to household longitudinal data[END_REF][START_REF] Neal | A case study in non-centering for data augmentation: Stochastic epidemics[END_REF][START_REF] Jewell | Bayesian analysis for emerging infectious diseases[END_REF][START_REF] Neal | Forward Simulation Markov Chain Monte Carlo with Applications to Stochastic Epidemic Models[END_REF][START_REF] Fintzi | Efficient Data Augmentation for Fitting Stochastic Epidemic Models to Prevalence Data[END_REF]. They typically use component-wise updates, the effectiveness of which depends crucially on the degree of posterior independence of the different components. In these methods, the latent variables represent the subject-level disease histories. This is a centered parametrization [START_REF] Papaspiliopoulos | A General Framework for the Parametrization of Hierarchical Models[END_REF], as the latent variables ν are a sufficient statistic for θ. By opposition, one can also use a non-centered parametrization, in which the latent variables ν and θ are a priori independent, or phrased another way, ν is an ancillary statistic for θ.

In the centered case, when the data brings little information, θ and ν are very correlated and separate updates for θ and ν must be very conservative. In that case, non-centering can be much more effective, as θ and ν will be nearly independent. If instead the data is very informative, then the reverse is true, and the centered parametrization will mix better than the non-centered one. This question of centering and non-centering is crucial for mixing speed in the case of component-wise updates, and has already been discussed in the literature around stochastic epidemic models [START_REF] Neal | A case study in non-centering for data augmentation: Stochastic epidemics[END_REF].

For typical stochastic epidemic models, it is often possible to re-parametrize the model in terms of uniform random variates, for instance, and thus to obtain a non-centered parametrization. This can be the basis for non-centered simulation-based MCMC [START_REF] Neal | Forward Simulation Markov Chain Monte Carlo with Applications to Stochastic Epidemic Models[END_REF]. However, the parametrization is ad hoc and must be found by the modeller. In constrast, we believe PRM augmentation provides a canonical non-centered parametrization, and thus it is a good choice for low-granularity data like we have shown here. For the case when the data is more informative, it should be possible to design joint adaptive proposals that could move reasonably far in trajectory space.

Indeed, the increased efficiency compared with the subject-level data augmentation method from [START_REF] Fintzi | Efficient Data Augmentation for Fitting Stochastic Epidemic Models to Prevalence Data[END_REF] can be in part attributed to this. The subject-level augmentation is a centered parametrization, and the cost of using Gibbs sampling to obtain new histories is that only one history can be resampled at a time. Another method of conditional resimulation that should scale better with population size is however presented in [START_REF] Pooley | Using model-based proposals for fast parameter inference on discrete state space, continuous-time Markov processes[END_REF]. The use of approximate simulations enables PRM-augmented inference of epidemics in sizable populations of several hundred thousands. The current implementation, however, does not permit its application to large populations, and PMCMC (with appproximate simulations) proved more efficient for increasing population sizes. PRM-augmented MCMC presents an interesting tradeoff for moderately large population sizes, and a possible alternative to linear noise approximations [START_REF] Fintzi | A linear noise approximation for stochastic epidemic models fit to partially observed incidence counts[END_REF] or PMCMC [START_REF] Andrieu | Particle Markov chain Monte Carlo methods: Particle Markov Chain Monte Carlo Methods[END_REF]. Further research on simulations and proposals for PRM augmentation may still provide large efficiency gains. At the same time, the method is easily used in practice, as it is akin to a simulation-based method, that one can directly transpose to new models, with no lengthy and error-prone mathematical derivations or implementation.

However, we would like to argue that the main advantage of PRM augmentation is that it is in a sense a natural parametrization of the model, which makes our assumptions about the nature of the stochasticity very clear. It leads to a clear separation between the process mechanism, desribed by θ, and the process noise, described by ν, that facilitates interpretation and is very useful for model diagnosis (section 4.3). The procedure is identical to the one presented in [START_REF] Lau | New model diagnostics for spatio-temporal systems in epidemiology and ecology[END_REF][START_REF] Max | Model diagnostics and refinement for phylodynamic models[END_REF], with two differences. First, the ν samples are obtained as part of the inference, and not after. That way, we don't need to be able to compute ν = f -1 (θ, X) (and in our case, f is not injective). Second, and most importantly, we have a clear meaning for what the latent residuals ν represent, so that it is easy to interpret deviations from the prior.

In conclusion, PRM-augmented MCMC is a practical method for the inference of sizable epidemics where stochasticity cannot be ignored. As a simulationbased method, one can easily apply it to many different models, and the PRM samples obtained make it possible to diagnose, compare, and propose better models.
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 1 Figure 1: Exact simulation of a SIR process with respect to an infection and a recovery measures.The black crosses are the points of the infection and recovery measures respectively. The orange curves are the rates of infection and recovery respectively. When a point is under the rate curve, then the event happens. When an infection happens, I (and the rates) increase, and when a recovery happens, I (and the rates) decrease. Initially there is one infected and the whole population is susceptible.
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 2 Figure 2: Posterior estimates for the simulated dataset with 500 individuals.MCMC samples from the joint posterior distributions for β the effective contact rate, pS 0 the initial proportion of susceptibles and pI 0 the initial proportion of infectious. pS 0 and pI 0 are parameters of the multinomial prior on the initial conditions. In blue, PRM augmentation, and in orange, subject-level augmentation. 2250 samples kept from respectively 900 (resp. 9) thousand iterations, after 100 (resp. 1) thousand iterations of burn-in for PRM augmentation (resp. subject-level augmentation).
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 3 Figure 3: Comparison of the time complexity for exact and approximate simulations.Complexity, in number of seconds of run time (wall clock) per iteration, as a function of host population size. On a binary logarithm scale for the population size, and on a decimal logarithm scale for the complexity. In blue, the exact simulation algorithm, and in orange, the exact simulation algorithm. To read the graph, lower is better, and a linear curve indicates a power-law relationship. The grey lines are reference relationships for exponents 0 (constant complexity), and 1 (linear complexity).
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 4 Figure 4: Complexity of PRM-augmentation and subject-level augmentation. The complexity is given in number of seconds of run time (wall clock) per effective sample (see 3.3), as a function of population size. To read the graph, lower is better, and a linear curve indicates a power-law relationship. PRM-augmentation is in blue, and subject-level augmentation in orange. The grey lines are reference relationships for exponents 1 (linear complexity), 2 and 3.
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 5 Figure 5: Complexity of PRM-augmented MCMC and Particle MCMC. The complexity is given in number of seconds of run time (wall clock) per effective sample (see 3.3), as a function of population size. To read the graph, lower is better, and a linear curve indicates a power-law relationship. PRM-augmentation is in blue, and Particle MCMC in orange. The grey lines are reference relationships for constant (0) and linear (1) complexity.
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 6 Figure 6: Comparison of the fit of the seasonal and the constant model to simulated seasonal data.In black, the simulated daily case count data. In blue, in the first column, simulations with the true θ value, and ν sampled from its prior distribution. In orange, in the second column, posterior samples for the seasonal model. In green, in the last column, posterior samples for the constant model. (a) Daily case counts in the data (black), and from MCMC samples. (b) Number of points by unit volume by slice of time for infection events in the posterior samples for ν. The solid line is the mean, and the envelope the square deviation of the distribution. (c) Auto-correlation function of the function in (b) (Mean, and square deviation envelope).The average effective contact rate βm, the initial conditions 0 , I 0 , R 0 ), and the discrete measure ν are estimated. For both models, 250 ν samples are kept for estimation, out of 500000 iterations after convergence.
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 7 Figure 7: Fit of the SEIR model to the Zika data from Moorea island, 2013-2014. In black, the data. In blue, posterior samples for the stochastic model. The first panel represents the weekly number of cases, in the data, and in posterior samples. The following panels represent the average and standard deviation of the density of points by unit of volume, in the ν posterior samples, for the events of infection, S → E, leaving the exposed class, E → I, and recovery, I → R. 1000 samples were kept from 10 6 iterations after convergence.

This is a non-centered data augmentation scheme[START_REF] Papaspiliopoulos | A General Framework for the Parametrization of Hierarchical Models[END_REF], meaning that θ and ν are a priori independent. We can use the Metropolis-Hastings algorithm[START_REF] Metropolis | Equation of State Calculations by Fast Computing Machines[END_REF][START_REF] Hastings | Monte Carlo sampling methods using Markov chains and their applications[END_REF], in the same way as for a deterministic system. At every iteration of the MCMC, one draws new values θ and ν from the proposal, simulates the corresponding trajectory with f or f , (X t ) = f (θ , ν ), computes the likelihood to observe the data P(D|(X t ) ), then accepts or rejects the move according to the Metropolis-Hastings ratio.Since this parametrization is non-centered, we can use independent proposals for θ and ν and still hope to obtain good mixing, as long as the data is weakly informative about ν. For the parameters θ, we can use any proposal Q θ that we would use with a deterministic model, for instance an adaptive Gaussian kernel. The novelty is for the discrete measure ν, and we explain here a possible proposal. The points of a PRM from disjoint subsets are independent. Thus, if ν is a PRM sample, we can choose a subset of ν, erase its points, redraw new points from the PRM process, and obtain a new (correlated) PRM sample. The support space of ν is already split into time slices C i for simulation purposes, so we reuse these slices for proposals. Our proposal therefore consists in choosing a fixed number of time slices randomly and then redrawing their points. This proposal Q ν is reversible with respect to the PRM prior, and thus can be used for MCMC, as we detail in the appendix C.If Q θ is the proposal for the parameters, with density q θ , then Q ν and Q θ can be used jointly to form a Metropolis-Hastings proposal, as shown in algorithm 2.
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