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1 | INTRODUCTION
The problem of nonlinear observer design has been widely investigated over the past decades (see, for example, 234510178) Tt jg
worth noting that a finite/fixed-time convergence of observed states to the real ones is preferable specially for the cases when
observers are used for systems with processes strongly restricted by time or for fault detection. A kind of separation principle
can be recovered for nonlinear systems with such a converging observer. To achieve finite-time stability of the observation error
equation, sliding-mode differentiators®!%' and homogeneity based observers!240U3E may be used.

The present paper, for which''is a preliminary version, addresses the problem of generalized homogeneity based finite/fixed-
time observers design for linear MIMO plants. In comparison with existing approaches the presented one has the following
advantages:

e it is applicable for high-order systems;

e it does not require special canonical forms of the system and output matrices or block decomposition as in'? (in some
cases block decomposition can be accompanied by significant computational errors);

e parameter tuning is based on solution of a system of linear matrix equations and inequalities, which allows to adjust the
settling time.

Moreover, due to application of the generalized linear homogeneity the proposed observers are robust (in an input-to-state
sense) in the presence of input disturbances and measurement noises.

The paper is organized as follows. The problem statement is introduced in Section 2. Section 3 considers preliminaries used in
the paper. The results on finite/fixed-time observer design are presented in Section 4. Finally, illustrative example and conclusions
are given in Sections 5 and 6, respectively.

Notation: R, = {x € R: x > 0}, where R is the field of real numbers; the order relation P > 0 for P € R™" means that P
is symmetric and positive definite; || - || denotes a norm in R” and || - ||  denotes weighted Euclidean norm (i.e. ||x|| p = V/xT Px

TThe material in this paper was partially presented at the 21st IFAC World Congress, Berlin, Germany'l,
This work is supported by the Russian Science Foundation under grant 21-71-10032.
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Hlﬁjln for A € R™"; I, € R™" is the identity matrix;

exp(A) denotes the matrix exponential for A € R™" (i.e., exp(4) = Zzo %) and it is the ordinary exponential if A is a
scalar; 4;(P) denotes i™ eigenvalue of a matrix P € R™", Amax(P) and A5 (P) denote its maximum and minimum eigenvalues,
respectively; R(4) denotes the real part of a complex number 4; £ (R”) denotes the set of essentially bounded measurable
functions f : R, — RP; a continuous function ¢ : R, U {0} - R, U {0} belongs to class K if it is strictly increasing and
0 (0) = 0. It belongs to class K if it is also unbounded; a continuous function f : R, U {0} x R, U {0} - R, U {0} belongs
to class KL if f(-,r) € K and f(r, -) is decreasing to zero for any fixed r € R,.

with x € R" and P > 0); ||Ally = SUp,cp» and |A|, = inf g

min

2 | PROBLEM STATEMENT

Let us consider the system in the form
{ x() = Ax(t) + Bu(t) + d. (1), )
y() = Cx(1) + d, (1),
where x € R” is the state variable, y € R¥ is the measured output, u : R — R’ is the control input, d, dy denote disturbances
and measurement noises, respectively, A € R™" is the system matrix, B € R™ is the matrix of input gains and the matrix
C € R¥" ig the output matrix which links the measured outputs to the state variables. The matrix pair (A, C) is assumed to be
observable and rank(C) = k.

The main goal of the paper is to propose homogeneity-based dynamic observers for the system (I)) with constructive tuning
rules. For non-perturbed case the observers must guarantee finite/fixed-time stability of the error equation. In the presence of
L -bounded disturbances and measurement noises the observers have to ensure robustness property in the sense of input-to-state
stability.

3 | PRELIMINARIES

3.1 | Stability Notions

Consider the following system
x(M) = f(x@®), x(0)=xp, 120, 2
where x(t) € R” is the state vector, f : R" - R” is a vector field.
According t0'°' an absolutely continuous function x(z, x) is called a solution of the Cauchy problem associated to (2 if
x(0, x) = x, and it satisfies the following differential inclusion

x € KIfI =co[] (]| fBe\N), 3)
e>0 u(N)=0
where co(M ) defines the convex closure of the set M, B(x, €) is the ball with the center at x € R” and the radius ¢, the equality
u(N) = 0 means that the measure of N C R" is zero. Let the origin be an equilibrium point of (3).
Note that the system (Z) may have non-unique solutions for a given x, € R” and may admit both weak (a property holds for
a solution) and strong stability (a property holds for all solutions) (see, for example,'>'1%)_ This paper deals only with the strong
stability properties, which ask for stable behavior of all solutions of the system (2).

Definition 1 (See the works %), The origin of (2) is said to be globally finite-time stable if it is globally uniformly asymp-
totically stable and there exists a locally bounded function T : R" — [0, +c0) such that any solution x(t, x,) of the system
satisfies x(t, xy) = 0, Vt > T(x;).

The function T is called the settling-time estimate (it can be not unique).

Definition 2 (See the work™). The origin of (2) is said to be fixed-time stable if it is globally finite-time stable and there exists
a bounded function T'(x), i.e., 3T, > 0: T(xy) < Tux» VX9 € R™.

ax?’

Let us give definitions of input-to-state stability notions that are widely used for robustness analysis of nonlinear systems.
Consider the system

(1) = f(x(@),d®), x(0)=xy 120, “
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where x € R", d € L (RP) is a disturbance and f € R" x R? - R”" is a continuous or discontinuous vector field that satisfies

Filippov conditions'™.

Definition 3 (See the work of Dashkovskiy et al“?). The system (4) is called

o Input-to-state stable (ISS), if there exist functions { € KL and 9 € K such that for any d € L (R?) and any x, € R"
lIx(@, o, DI < EIxoll, 1) + IClId ljg,1)> V2 2 0.

o Integral Input-to-state stable (iISS), if there are some functions 9,,9, € £, and { € KL such that forany d € L_(R”)
and any x, € R” the following estimate holds:

t

91 (llx, to,d)II)SC(IIXOII,tH/192(||d(S)|I)ds, Vi20.

0

3.2 | Implicit Lyapunov Function Method
The theorems given below present the Implicit Lyapunov Function (ILF) method for finite-time and fixed-time stability analysis.

Theorem 1 (See the work2l'), If there exists a continuous function
O: R, XR"->R
V,x)~ OV, x)
such that

C1) O(V, x) is continuously differentiable for Vx € R"\{0} and VIV e R ;
C2) for any x € R"\{0} there exist V- e R, and V* e R :

0(V—,x) <0< OV, x); (%)

C3) for Q = {(V,x) € R™!: Q(V,x) =0}
liH(l) V =07, Vlir& |x|l =0, | lﬁm V=+400;
V.vea Vea V xeQ
C4) the inequality
0
)
oV
holds for VIV € R, and Vx € R"\{0};
C5) the inequality
00V %) < 1490
0x oV

holds V(V, x) € Q, where 0 < y < 1 and ¢ € R, are some constants.

Then the origin of the system (2)) is globally finite-time stable with the following settling time estimate
]
T(xo) < _O,
ou

where V; € R, OV}, x) = 0.

The conditions C1, C2, C4 and the implicit function theorem? imply that the equation Q(V, x) = 0 implicitly defines a
unique function V' : R" \ {0} — R, such that Q(V'(x),x) = O for all x € R" \ {0}. Due to the condition C3 the function V'
can be continuously prolonged at the origin by setting V' (0) = 0. In addition, it is radially unbounded and positive definite.

The next extension allows to determine fixed-time stability using the ILF method.

Theorem 2 (See the work?l)). Let there exist two functions Q; : R +XR" = Rand Q,(V,x) : R, XxR" — R that satisfy the
conditions C1-C4 of Theorem[1] If
C6) the equality

0,(1,x) = 0y(1,x)
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holds for all x € R"\ {0};
C7) there exist ¢; and y; € (0, 1] such that the inequality

0Q1(V,X)f(x) <o yim 00,(V, x)
ox 14
holds forall V' € (0,1] and all x € {z € R"\ {0} : O,(V,z) =0};
C8) there exist ¢,, u, € R, such that the inequality
900,(V, x) 00,(V. x)

= 7 < e Vit
o JW=e oV

holds forall V' > l and all x € {z € R"\ {0} : Q,(V,z) =0},
then the origin of the system (2) is globally fixed-time stable with the following settling time estimate
T(xg) < —— + -
CiH1 Gy

3.3 | Generalized Homogeneity

The (standard) homogeneity is a symmetry of an object with respect to a group of dilations (x — e°x, where s € R, x € R").
The type of homogeneity dealing with non-uniform dilations is called generalized homogeneity=3.

Definition 4 (See the works?#2%), A mapd: R — R™" is called a linear dilation in the space R” if it satisfies:
e group property: d(0) = I, and d(t + s) = d(t)d(s) = d(s)d(?) for t, s € R;
e continuity property: d is a continuous map;

e limit property: lim,_,_ [|[d(s)x|| = Oand lim,_,,  [|d(s)x|| = 4+o0 uniformly on the unit sphere S = {x€R" : [[x|/=1}.

In this paper we deal only with linear dilations and omit the word "linear" for shortness. The dilation d is a uniformly
continuous group. Its generator is a matrix G4 € R™" defined by

d(s)—1
G4 = lim L
s—=0 N
The generator G, satisfies the following properties
d
%d(s) = Gad(s) = d(s)Gy, (6)
+00 siGi
mww@=§if, ™

where s € R.
Definition 5 (See the works?#27). The dilation d is said to be strictly monotone if 3 € R, such that [|d(s)||, < e?* for s < 0.

Thus, monotonicity means that d(s) is a strong contraction for s < 0 (strong expansion for s > 0) and implies that for any
x € R\ {0} there exists a unique pair (s, x,) € R, X .S such that x = d(s¢)x.
Note, that monotonicity property may depend on a norm || - ||,
Theorem 3 (See the work of Polyakov?Z). If d is a dilation in R”, then
o the generator matrix Gy is anti-Hurwitz, i.e.
RA(G) >0, i=1,..,n
and there exists a matrix P € R™" such that

PG4+ GiP>0, P>0. ®)

e the dilation d is strictly monotone with respect to the weighted Euclidean norm || - || = 4/(-, -) induced by the inner product
(x,z) = xT Pz with P satisfying (8, i.e.,

e® < |d(s)] 5 S d(s)||lq <P if s<0,

P < [d(s)], < A, < if 520, ©)
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where @ = 14, (P%de—% + P‘%Ggpi), B=Liin (P%de—% + P—%Ggpi).

Definition 6 (See the work of Kawski2®). A vector field f : R" — R” (a function g : R” — R) is said to be d-homogeneous
of degree v € R if

fd(s)x) = e”d(s)f(x), VxeR"\ {0}, VseR. (10)

(resp. g(d(s)x) = e g(x), VxeR"\ {0}, VseR)

A special case of homogeneous function is a homogeneous norm%: a continuous positive definite d-homogeneous function

of degree 1. Define the canonical homogeneous norm || - |[4 : R" = R, as [|x||q = e’x, where 5, € R such that ||[d(—s)x|| = 1.

Note that ||d(s)x||4 = €*||x]|4 and
ld(=1In[|x|l)x]l = 1. 1D

The following lemma gives the necessary and sufficient condition of d-homogeneity of linear systems with nonzero degree.

Lemma 1 (See the work??). Let G4 € R™" be a generator of the dilation d(s) = %, s € R. Then the linear system x = Cx,
x € R", C € R™" is d-homogeneous of degree v € R if and only if

CGq— G4C =vC. 12)

The d-homogeneity property used in Definition 6 is introduced for some generator G4 and all s € R. Restricting the set of
admissible values for s, the local homogeneity can be introduced.

Definition 7. Let d;, be a dilation in R", 5, € RU, , and f; : R" — R" be a d,-homogeneous vector field in R". A vector field
[ :R">R"is (d, sy, f)-homogeneous with degree v, if

lim[e™"dy(—5) f(dy(s)x) — fo(x)] =0,
S5
forallx e Sy ={zeR" : ||z||do =1} if 5, € R and uniformly on S, if 5, € {—00,+00}.

The sign of homogeneity degree of asymptotically stable systems determines the type of convergence: negative homogeneity
degree implies finite-time stability but positive homogeneity degree guarantees nearly fixed-time stability=".

The homogeneity theory provides many other advantages to analysis and design of nonlinear control system. For instance,
some results about ISS of homogeneous systems can be found in®1“%33 Let us develop the result of*2 about ISS stability for
generalized homogeneity case.

Let
csfmax if § > 1,

nﬂxw—fumHdem,dw={m%”“<L (13)
VyelsS, deR?
be satisfied for some ¢ € R, 0,,x = Opmin > 0. Then following“2 one may obtain:
Theorem 4. Define Gy € R™", R(4,(Gy)) > 0,i =1,..,nand Gg € RP?, R(4;(Gy)) > 0, j = 1, .., p. Let F(d(s)x,d(s)d) =
exp(ns)d(s) f(x, d) for all x € R", d € R? and all s € R with degree n > — min; ;, R(4;(Gy)). Assume that the system (4) is
globally asymptotically stable for d = 0, then the system () is
ISS if min R(1;(Gg) >0
1<j<p
iISS if min R(4;(Gg)) =0 and n <0.
1<j<p

Proof. Under the introduced conditions F(d(s)x,0) = exp(ns)d(s) F(x,0) and the system x = F(x,0)is globally asymptotically
stable, therefore according to#27 there exists a continuously differentiable, positive definite and radially unbounded Lyapunov
function V' : R" — R, U {0} such that V' (d(s)x) = exp(xs)V (x) for any s € R and x > max, ., R(4,(Gy)) and

YD 7,00 < —a, |2
dy d
where a, b € R, . Note that in this case # + x > 0.
Let us use the coordinate transformation x = d(In ||x||4)y, which connects any x € R” \ {0} with the corresponding point
y € S. Note that

‘Sb Vy e s,

s‘ﬁifsz 1,
s%ifs < 1,

(= InlIx[ld]l < p(lxllldll  p(s) = {
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where @ > /i > 0 are obtained similarly to a, § in (@) with ||d|| = VdT Pd, P € RP* and
PG&+G§P20, P> 0.
The case f = 0 corresponds to min, _;., R(4,;(Gg)) = 0. Then let us consider the time derivative of the Lyapunov function V'
computed for the system () for all x € R” and d € R?:
Vo= llxlly™ 22 (v, d=In |l xlla)d)
Ixll§™ 22 72, 0) + [1xll™ 22 F (. d(= In | x[lg)d) = (2. 0)]

—allx|l7™ + bllx |y o (lld(=In l|x[lp)d])
—allxll3™ + blix Ny o (o(llxll )l

INIA

Therefore if § > 0 (min, ;., R(4,(Gg) > 0), then p(s)™! € K, and for ||d|| < % we have V' < —0. 5a||x||'7+K that
- d

implies ISS. If 0,;,& — k < 1§ < 0,0 > then
IxII2™ s (p(IxlDNdI) < o(lldDudllxlle),
o(s) = lifs<1,
T sKifs > 1
and for the Lyapunov function W (x) = In[1 + V' (x)] (it is continuously differentiable, positive definite and radially unbounded)

we obtain .
—allxllg” +bulllxllg)aClidl)

LV

< —all s 4 ho(ldl). B> 0,
which implies iISS for . Since ¥ > max, ., R(4;(G4)) can be chosen arbitrary, then we may assume that the inequality
Omin® — K < 1 is always satisfied. Since for min,;., R(4;(Gg)) > 0 the system is ISS (and iISS by the definition), the only
interesting admissible value is min; i<p R4 ; (G§)) = 0, then x has to be non positive. ]

W <

For the case min, .., R(1,;(Gg)) = 0 a relaxed constraint ¢, > 0 has to be satisfied, which follows the continuity of f.
In the case f is continuous with respect to both arguments, the condition (I3)) is satisfied. Note that only continuity with
respect to the second argument is not enough. For example, the system

. 1/x,, x, #0
x1=—x1+xlarctan<d{0’ 2 xz=0>’

Xy ==X,
is continuous with respect to d, globally asymptotically stable for d = 0, homogeneous with Gy = I,, G5 = 1, and not ISS.

In the case of locally homogeneous systems, ISS stability can be asserted through their homogeneous approximations at —
and at +oo similarly to">

Theorem 5. Let the vector field f be continuous and ((d,,d, ), +c0, f,,)-homogeneous with the generators Gy, . Gq,,
and ((d_,,d__), —oo, f_ )-homogeneous with the the generators Gy .G _ . If the origins of the systems x = f_ (x,0),
% = f(x,0)and x = f, _ (x,0) are globally asymptotically stable then the system @) is ISS.

Proof. The proof repeats the arguments of %>, O

4 | OBSERVER DESIGN

4.1 | Finite-time observer
Let us consider the following observer

d . - N

Ex(t) = AX(1) + Bu(t) — gpr(y(1) — Cx(0)), (14)
where x(f) € R" is the observer state vector and

grr (1) = CR(®) = Loc(®) + |1 Pc|*~/¢d (In | Pc I/ Lppc(),
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where ¢(f) = y(f) — Cx(t), d is a dilation with the generator G4, and P € R**, L .. € R™ L, € R™, v € [-1,0), ¢ € R,
are parameters of the observer, to be determined. Then the error equation in the disturbance-free case (d, = 0, d = 0) has the
following form

é=(A+LyC + || PCe||“~/¢d (In || PCel|'/¢) L p1C)e, 15)
where e = x — X.

Notice that homogeneous finite-time observers from"2 and'# are particular cases of . Indeed, selecting P = I, we derive
the observer studied in'#. If, additionally, for Ly = 0.5y P~'CT for some y € R,, R™" 3 P > 0 then becomes the
observer given in'Y. Such a generalization of the homogeneous observer yields some modifications in stability analysis of the
error equation and less conservative stability conditions.

Theorem 6. Letd, =0, dy =0and

e for some v € [—1, 0) the system of matrix equations and inequalities

AH-HA-A-Y,C=0, (16a)
CH =0, (16b)
H+H" +21I,>0, (16¢)

be feasible with H € R™", Y, € R"™;

o for Ly =(H + 1,)"'Y, and some & > 7 > 0, ¢, 0 € R, the system of matrix inequalities

T TrT TyT

<PA+A P+PL)C+CTLIP+YC+CTYT +¢P P>S0’ (172)

P -Z
P>0, Z>0, X>0, (17b)

X YT
> 1

< Y ep) 20, (17¢)
P>cTxc, (17d)
vPH +vHT P +2¢P > 0, (17e)
A2ET(WNZE(4) < ép, vielo,1], (17f)

be feasible with P, Z € R™", X € Rk Yy € R™* and E(A) = exp((VH + vI,)In 1) — I,.
Then the error equation with Lyp = P7'Y, P = X'/2, Gy = vH + eI, is globally finite-time stable.
Proof. 1. Let us show that the system é(f) = Ae() + LyCe(t) is d-homogeneous of degree v. According to LemmalI] the system
is d-homogeneous of degree v if and only if
(A+ LyC)Gyq — Ga(A+ LyC) =v(A+ L)C). (18)

Taking into account and L, = (H +1,)"'Y, (the matrix (H +1,) is invertible due to ), the equation is equivalent
to(A+ LyC)H — H(A+ L,C) = A+ LyC. The matrix H € R™", H = H + EI,, is also its solution for any € € R, i.e.
(A+ L,C)(H + EI,,) —(H + %I,,)(A + LyC) = (A+ LyC)H — H(A + L,). Choose the generator in the form G4 = vH +¢l,,,
where the parameter e is such that Gy is anti-Hurwiz according to (I7¢). Then the equation (I8) holds and

d(=s)(A + LyC)e = exp(vs)(A + LyC)d(—=s)e. (19)

IIL. The equality
LprCe = exp(—es)LprCd(s)e (20)
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holds. To prove this, it is enough to show that
C(exp(—es)d(s)—1,) =0. 21
Since
C(exp(—es)d(s) — I,) = C(exp((G4 — eln)s)d(s) -1,
=C Z+oo Si(Gd_EIn)l

i=1 il
the equality (2 holds if C(G4 — €I,,) = 0 which is implied by (I6b) with G4 = vH + ¢I,,. Then, using 1) it is easy to show
that (20) holds.
III. Choose ILF in the form Q = ||d(—In V)ell%, — 1 with 0 < P = PT € R™". Note that for (V, e) € Q we have V = |le||4.
Let us denote BCollle
)= LFCel o)
and show that 0 < A < 1for (V,e) € Qif holds. Since d(s)d(—s) = I, and Cd(s) = C exp(es) (according to (21))) for any
s € R and (ZI), then taking into account (T7d), we have
|PCe| = ||PCdA(nV)d(—InV)e||
=V¢|PCd(~InV)e]|
=V (e"d"(~InV)CTXCd(-InV )e)
< Ve (eTd"(~InV)Pd(~InV)e)"/
=Ve.
Then substituting this estimate to (22)) we obtain 4 < 1.
IV. Let us show that the function Q satisfies the conditions C1-C5 of Theorem|T] It is continuously differentiable on R, x
R" \ {0}. According to (9) we have

min{V"" VY z|lp £OWV,2) + 1 < max{V", V}|z|p

that imply for any z € R”\ {0} thereexist V- € R, and V* e R, : O(V~,2) < 0 < Q(V'*, z). Moreover, if Q(V, z) = 0 then,
obviously, the condition C3 of Theoremholds. Since % = -V 1ZId" (= In V(PG4 + GgP)d(— In V')z then implies
29 <0forVV € R +and z € R"\ {0}. So the condition C4 of Theorem |I| also holds. Therefore, the equation Q(V,z) = 0
implicitly defines a positive definite Lyapunov function candidate V' : R” — R.

Denote by 0Q¢ the partial derivative of Q along (I3)). Taking into account (T9) and (Z0) we derive:

00°¢ = 2¢7d" (= InV)PA(—InV) (A + LyC + || PCe||*=9/¢d (In || PCe||'/¢) L1C) e

T
— v d(-=InV)e d(-InV)e
=V <<E(/1)LFTCd(— In V)e> Y <E(/1)LFTCd(— In V)e) (23)

—£eTd(—=In V)T Pd(—=1InV)e + eTd(—In V)TCTLITETE(A)TZE(A)LFTCd(— In V)e) ,
where E(1) = A¥°d(InA) — I, = exp((vH + vI,)InA) — I, and

Y= <P(A+L0C+LFTC)+(A+LUC+LFTC)TP+§P P )
P -z

1/2

is negative semi-definite according to (17a) with Ly, = P71Y.
Note that for a defined in Theorem 3] we have

2aP > PG4+ Gi P.

Then for (V, e) € Q and using (I7f), (T7d), (T7c) and ZT) we can obtain
00° <V (=&+ 4V LT CTYT Py Ce)
SVY(=E+ AV > ze"CT X Ce)
= VY (=E+ A2V || PCe|?) 24
=Vt -9

=71 14v 90
= 2aV v’

Finally, aplying Theorem|[I] we finish the proof. O
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Remark 1 According to Theorem I] the following settling time estimate holds:
2a Vv

(t=&v °

T(ey) <

where Vy € R, : O(V;,¢ep) =0
Remark 2 The presented observer is an extension of the results proposed in''2 and based on the use of weighted homogeneity
(the special case of generalized homogeneity). Indeed, applying the presented approach for the system in the block form

04, 0 - O
0 0 Ay - O
A= v v oo ], C=[[k 0], (25)
0 0 -« 0 A,_|n
o0 -0 0
where m is an integer, A/ 1; € IR"/ 1X0; sh; = rank(Aj 1J) Jj=2,....,m,n =k, Z:"zl n; = n, one obtains an observer with

the same structure as in the paper'2. Therefore the main advantage of this paper is not in the better transients or robustness
properties, but in the fact that the presented approach does not require block decomposition. Note that block decomposition in
some cases may be accompanied by errors associated with the calculation of right inverse matrices. It can be viewed also as a
nonlinear generalization of Luenberger observer, having non-asymptotic convergence rates for v # 0 and coinciding with it for
v=0ande=1.

In order to apply Theorem|[6]in practice we need to solve the nonlinear matrix inequality together with (I6a)-(T7¢). Due
to the smoothness of A°E(4) with respect to A € (0, 1], this can be done on a proper grid constructed over this interval. The
following proposition provides sufficient feasibility condition of the inequality (I7).

Proposition 1. The parametric inequality (17f) holds if there exists N > 0 such that

2v+e)Z+vH"Z +vZH vZ (I,+ H)
>
< v(I,+HT)Z M 20, (262)
P>0, M>0 Z>0, (26b)
em H . 1, .
aET (@) ZE(q) + ¢ (g, — g )M < EP, i=1,.,N, (26¢)

where0=¢,<q, <..<gqy=1,H,P,M,Z € R™,
Proof. Denote W (A) = A2zTET (1) ZE(A)z for some z € R”. Since (A°E(A)) = A¢~! [(Gd +VvI)EA) + Gg+ (v — e)I,,], then
wW'(A) = /lng((AeE(A))’T ZE(A) + Z(VD)Z(A2(N))z

—_ T —_
= A%1T <“§A)> w <“§A)> z— 12T Mz,

n n

where
W (2vz +GiZ+ZGy Z(Gyg+ (v —e), ))

GT+ (=) )Z M
The inequality W > 0 is equivalent to (26a). Then W’(1) > —4>*~'z" M z and

W) < Wi(g,)+ /lze—l(qi - A)ZTMZ
forany 4 € [¢;_;,¢;]. i = 1,..., N. Hence, the set of inequalities (26a)-(26c) imply (T71). O

The result of Proposition [T]allows to solve the parametrized system of matrix equations and inequalities (I6)), using the
following algorithm with fixed v, &, 0, 7:

Algorithm 1

Initialization: N =1, q, = 0 '.
N

Loop: While the system (1 b 1 c]) is not feasible, do T < Z U {q‘%ﬂl‘} and N « 2N.
i=1
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Corollary 1. The system of matrix equations and matrix inequalities (16)), (I7a)-(17d), (26a)-(26¢) is feasible provided that |v|
is sufficiently close to zero.

Proof. 1. Let us use the known block decomposition procedure discussed in'2, After transformation we obtain the system and
output matrices in the form (25)). Returning to (16a), (16b) with corresponding transformed matrices A and C it can be easily
shown that

is a solution of (16) with L, = 0.

II. Observability of the pair (A, C) implies feasibility of the matrix inequality with some positive definite matrices P, Z €
R™" and Y € R¥" The matrix inequalities and are also feasible for some positive definite X € R*** and sufficiently
large 6.

II1. Finally, we have that ||£(4)|| — 0 uniformly on 4 € [0, 1] as v — 0. Then, since (I7¢), is feasible for sufficiently small
|v|, the presented Algorithm 1 always finds the solution. O

Remark 3 According to Corollary 1 the proposed algorithm allows to tune the parameters for sufficiently small |v|. Note
that according to Remark 1 the settling time is inversely proportional to |v|. Thus, one can use Algorithm 1 multiple times with
a gradual increase of |v| in order to tune the parameters that provide smaller settling time. The relaxation of the conditions to
ensure feasibility for any v € [—1,0) is one of directions for future research.

4.2 | Fixed-time observer

Consider the observer d
Eﬁ(t) = AX(®) + Bu(t) — gp, (¥(1) — Cx(1)), 27

where x(f) € R” is as before and
gr (V) = CE0) = Loc() + 3 [IPcI7d (In | B NI'/) + [ Bre |7 (= In | P I'/<)] L s (0),

where ¢(t) = y(t) — Cx(t), d is a dilation with the generator G, and P, € R*%, i = 1,2, L, € R™ L, € R™k v € [-1,0),
€ € R, are parameters of the observer, to be determined.
The error equation with d, = 0, d y = 0 has the form

é= (A + LyC + LB Cel|“=/<d (In]| B, Cel| /<) Ly, C + LI ByCel|«/<d (~ In || ByCe]| /) LFxC)e, (28)

where e = x — Xx.
Let us define
Ef(ﬂ) = % {(51ilié“)v‘ed(ln(él/11/1;‘[)) + (52/11/15‘[)5‘Vd(— ln(ézﬂlﬂg"')) — ZIn} s
6 =1(61,6,) and A = (4, 4,) fori =1,2.
Theorem 7. Letd, =0, dy =0and

e for some v € [—1, 0) the system of matrix equations

AH-HA-A-Y,C =0, (292)
CH =0, (29b)
H+H" +21I,>0, (29¢)
2¢l,—vH —vH" >0 (29d)

be feasible with H € R™", e € R,;
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o for Ly=(H +1,)"'Y,and some & > 7> 0,5 = (5,,6,), 6; €ER,, i = 1,2, 0 € R, the system of matrix inequalities

X YT
>

< y 0P> >0, (30a)
P>CTxcC, (30b)
vPH +vHT P +2¢P > 0, (30c)

PA+ATP + PL TITP+Y TYT + &P P
+ +PLC+CTLIP+YC+C +¢ <0, (30d)

P -Z,
P>0, Z,>0, X>0, (30e)
/1%5;”(/1)2,.5;5(1) < ép, Vi e[0,1]1x[0,1] (30f)

be feasible with P, Z, € R™" X € Rk 'y e R™,
Then the error equation with Ly, = P7'Y, P, = §,X'/2, Gy = vH + €I, is globally fixed-time stable.

Proof. 1. According to the proof of Theorem@the system é(f) = Ae(t) + LyCe(?) is d-homogeneous of degree v. Note that it is
d,-homogeneous with degree —v due to

(A+LyC)Gy, — Gy (A+LoC) = Gy(A+LyC) = (A+LyC)Gy,

where d,(s) = P Gy, = 2¢el, — G4 and the inequality guarantees Gy, to be anti-Hurwitz matrix.

IL Let us define Q;(V,e) = [|d(—1InV)e||%, — 1 and Q,(V,e) = V*||d(In V)e]||3, — 1. Note that for V € R, : Q;(V,e) =0
we have V' = ||e|| 4 i = 1,2, where d, (s) = d(s) and d,(s) = exp(2es)d, (—s) (the inequality guarantees that d, is strictly
monotone dilation).

The function Q;, i = 1,2 satisfies the conditions C1-C4 of Theorem (see the proof of Theorem @ Note that Q,(1,z) =
0,(1, z) for all z € R". In order to complete the proof we need to show that the conditions C7-C8 of Theorem [2| hold.

L Let P, = 5P, 5, € R, i = 1,2 with P = X'/2. Analogously to the proof of Theorem@we have 0 < A, = % <1
with Q,(V, e) = 0 if (29b), hold. The same result remains true for Q,(V, e) = 0 since:

IPCe|l = | PCA(=In V)d(In V)e|| = V<[ BCA(In Vel < V= (eTd” (in V) Pd(In V)e) /> = V<.
IV. Let 0Q¢ be the derivative of Q; along , then we have

00° = YDy d,(=InV)e ! d,(=InV)e
i E(A)Lp Cdi(—InV)e ES ()L, Cdi(—InV)e

where
Y= ( P(A+LyC+Ly,C)+H(A+LyC+L; ,C)TP P >
P 0/’

A=Ay, A =V2e (0, 1]ifi=1land 4, = 1/V? € (0,1]if i = 2.

Repeating the considerations of the proof of Theorem |6| we derive that li l) implies 007 < ‘EZIT‘TVHWZ% , where a,
1

corresponds to Theorem |3|for the generator G4 . Due to X > LyT p-1y according to (30a)), then for Q¢ we have
p g d, 0 g 2

005 <V (=& + 42V LT CTY PV Ce)
SV (=& + A7V *2e"CT X Ce)
= V=V (=& + A2V %z|| PCe|)?) (31

=V -¢&)

< &t Vl—v@,
= 2a, oV

where a, corresponds to Theorem@for the generator G . Thus, all conditions of Theorem@hold and the error equation @) is
fixed-time stable. O
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Remark 4 According to Theoremfor Uy =My ==V, ¢ = 52’;7, c, = %T_T we have
1 2
2a, 2a,

T . < .
mx S ey T G &

Proposition 2. The parametric inequality (30f) holds if there exists N > 0 and 0 = g; < q; < ... < gy = 1 such that

2v+e)Z,+vH"Z, +vZ,H —R; R,
—-R! M; 0|20,
RT 0 S,

—2vM, —vH" M, - vM,;H > 0,
-2vZ,—vH"Z,—vZ,H >0,

P>0, M;>0, §,>0 Z >0,

Zw,-T(qJ‘)Z,‘wi(qJ') + Z}fl-T(qJ')Zi”i(q]‘) + qjgs_l(qj - qj—])(Mi + S,-) < éP, J

where H,P,M,, Z,,S; e R™", R, =vZ,(H + 1,),i =1,2 and

@;(q;) = 0.5¢5(q;65_) V" "9d(=1) In(g;85_))),
%;(q;) = 0.5¢5(q;6) " Vd(=1)*" In(g;5))),
M, = 557d" (- In 6,)M,d(~In 5,).
Proof. 1. Consider the function
W) = 2272 (D Z,E(A)z,

where 4 € [0, 1]? and z € R" is an arbitrary non-trivial vector. Since

0= _ —_ —ive—v —i
= (v =6, +Gy) [B2 = (46,27 d(— In(4,6,437)) + 1]
Then
vZ, + GZZi +Z7Z,G4 —-R R
% = /lfs‘lzTa)T —RT 0 0wz,
‘ RT 0 0
E2(A)
where = [ (4,6,A27)7d(= In(4,6,A2) | R = Z(Gyq + (v — €)1,) = vZ,(H + 1,).
1
Using the inequality (32) we derive 5
W, _ _
— > AT - A S
04,

where

W,(2) = (48,2272 21 dT (— In(4, 6,227 ) M,d(~ In(4,8,227)).

On the other hand, since
allli —
e
where y; = (4,6,427)°"d(~ In(4,6,43™")), then the inequality implies the estimates

conclude

AtZNyl (2(e —=vIM, — GEM; — M,Gy) vz,

EPS
for A € [0,1] x [0, 1] and

Wi(A) < Wi(q;. Ay) + 237 (g; — 42T [55““”dT(— In6,)M,d(~1n5,) + S,»] z

forall 4, € [qj_l, qj].
II. Rewrite W;(4) in the form
Wi(A) = 2" B,(A))" F(4,) B(4))z,

P> Q21262 (— In 6,) Myd(— In 6))z — 427127 S,z

0%,(1)

1,...

> 0,

’N5

0%, (1)
04,

(32)

(33)

(34)

(35)

(36)

> 0. Hence we

(37
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where
e—vaT(_
E(A2) — (}”2 dl( In 4,) ) Zi(i;_vd(_lnﬂz) In),
0.52€(A;55_) D' @=9d(=1) In(4,65_;
Bi(’ll) = 05/115 ] 3_1()—])i(£—v) « i)+]n( 1951 N
525 (4,6,) d((=1)"*"In(4,5,))
It is easy to check that

W) < Wi(2) 1= 2T BT (470 zdc i 0 ) Ba)z,
- 0 2Z

Due to 1| we have > 0and W;(1) < W(/ll, 1) for all 4, € [0, 1]. Then we can rewrite (37) in the form
Wi(4) < Wi(q;. 1) + A2, — 4)z" [65““”&(— In8,)M,d(—1n5,) + S,-] z
Therefore, the inequality (36) implies W () < 6~'z7 Pz for all 4 € [0, 1] x [0, 1]. O

Based on this proposition, an algorithm for solving the parametrized system (29), (30) can be presented, analogously with the
finite-time case.

Algorithm 2

Initialization: N =1, q; = ()

l
N
Loop: While the system (2 | is not feasible, do £ « Z U {% } and N < 2N.
i=1

Corollary 2. The system of matrix equations and matrix inequalities (29a)-(30¢), (32)-(36) is feasible provided that |v| is
sufficiently close to zero.

Proof. The proof repeats the statements of the proof of Corollary 1. Indeed, according to the proof of Corollary 1 (29a))-(29¢)
and (30a)-(30¢) are feasible, and [|Z2 ()| — 0 on A € [0, 1]* as v — 0. Then, since (29d), — are feasible for sufficiently
small |v|, Algorithm 2 always finds the solution. O

Note that Remark 3 is also valid for Algorithm 2.

S | ROBUSTNESS ANALYSIS

Note, that the system (I5)) is d-homogeneous of degree v. Indeed, due to (I6b) we have:
(A+ LyC + || PCd(s)e||“=9/¢d (In || PCd(s)e|'/¢) LprC) d(s)e =
(A+ LyC) d(s)e + (exp(vs — es)[| PCe||*=9/¢d (In(exp(s)[| PCe||'/¢)) L1 C) d(s)e =
(A + LOC) d(s)e + (exp(vs —e3)||PCe||V9/cd(s)d (ln ||13Ce||1/€) LFTC) d(s)e =
exp(vs)d(s) (A + LyC + || PCe||“=9/¢d (In || PCe||'/¢) L1C) e.
In the similar way it is easy to show that is locally homogeneous at —co and at +o00, namely (d,, —o0, f__ )-homogeneous
with negative degree v, and (d,, +o0, f, . )-homogeneous with positive degree —v,

fow= (A+ LoC + 1B Cell=/d (In | B, Cel /<) Ly, C ) e,
Fou = (A + LyC + LI ByCel|©/ed (~ In || B,Cel|'/°) LFxC> e.

Using homogeneity property a qualitative assessment of robustness can be presented for the observers (14) and (27). Consider
the system (1)) with nonzero d, : R, — R"and d, : R, — R*.In this case the perturbed error equations take the form

¢=(A+LyC)e+ Lyd, +d, +|P(Ce+d)||*9/d (In || P(Ce + d )||'/¢) Lpr(Ce+d,) (38)
and

= (A+LyC)e+ Lyd, +d,

- . - - 39
+§ (1P, Ce +d[|*=/¢d (In || P,Ce + d ||'/¢) + || P,Ce + d, || “=/d (~In || P,Ce + d ||'/¢)) L (Ce +d,). (39)
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Then, the following result may be obtained.

Corollary 3. Consider the perturbed error equation (38) and assume that all conditions of Theorem [6| are satisfied. Then the
system (38) is ISS if ~0.51 4, (vH +vHT +2¢l,) < 1 and iISS if =051 4, (VH + vHT +2el,) = 1.

Proof. The proof of Corollary [3]is a direct consequence of Theorem [4] O

A similar result can be provided for the fixed-time observer:

Corollary 4. Consider the perturbed error equation and assume that all conditions of Theorem /| are satisfied. Then the
system @[) is ISS with respect to additive disturbances d,, and measurement noises d,.

Proof. The proof of Corollary ]is a direct consequence of Theorem 3] O
The quantitative analysis is out the scope of this paper and needs further research developments (for example, with the use of

results 205738y

6 | EXAMPLE

In the following simulations we use the same linear model as in'2, where finite- and fixed- time observers were designed by
preliminary applying the block decomposition. Consider the system (IJ), where

0o 1 0 0 0
0 —0.1818 2672 0 1.818 1000
4=l0 o o 17| o ’C‘<0010>’

0 04545 —31.181 0 ~4.545

the pair (A, C) is observable.
Define the observers in the form (14), with the parameter v = —0.25. The parameters of the finite-time observer

T T =
. . : _ (0.1818 —0.0331 —0.4545 0.0826 _ [ —1219 —0.5925 0.0012 —0.5583 _
are obtained applying Algorithm 1, where L, = ( 0,362 0 31.131) s Ler = (5oor 00080 % —0.8237) » P=

1 0 0
(G608 0007 ) are the gain matrices, Gg = [ ~09%3 0759 0 ) is the generator, the dilation d(s) = exp(Gys) for s € R, and

0.1136_ 0 0 0.75
the parameters (e, 7,0, &) = (1,1, 1.5, 1.01) are used. The parameters of the fixed-time observer are obtained applying Algorithm

T T =
_ (0.1818 —0.0331 —0.4545 0.0826 _ ( —2.4381 —2.0756 0.0015 —1.1281 _ ( 25730 —0.2022 : .
2, where L = ( 0 -2672 0 31.181) s Lp = ( 0.0017 —0.0159 —2.4359 —2.5546) P = (—0.2022 24168 ) are the gain matrices,

I 000
Gy = <—0-8455 0750 0 ) is the generator, and the parameters (e, 7,6, £,,&,, 6,,6,) = (1,1,6,1.01,1.01,9,0.1) are used.
01136 .0 007

Numerical simulatlcfns (Fig. have been done using explicit Euler method with the step size h = 0.001. Since any
generalized homogeneous system is diffeomorphic to a standard (weighted) homogeneous one, the performance of the presented
observers is expected to be comparable to the work of 12, Indeed, according to the comparison results between the finite- and
fixed-time observers one can draw conclusions similar to'2: for the fixed-time algorithm the convergence time sensitivity is low
with respect to initial conditions; for the finite-time observer it is possible to see that the convergence time increases drastically
as the norm of the initial conditions increases; since locally (close to the origin of the error system) the fixed-time algorithm
almost coincides with the finite-time one, it has almost the same sensitivity with respect to measurement noises. Note that in a
particular realization, the sensitivity with respect to (bias) disturbances may vary significantly for the finite-time and fixed-time
algorithms (see Fig. 3). This confirms that we can obtain comparable transients and robustness properties as in# without the
use of block decomposition that is the main advantage of the proposed results.

The simulation results are shown with using the logarithmic scale in order to demonstrate fast convergence rate of the
observers.

Note that settling time estimates (according to Remark 1 and Remark 4) may be quite conservative. For example, for x(0) =
10(0, 1, #/4,0) the obtained estimates are T'(e,) < 246.3 (finite-time estimation) and T,,,, < 1841.9 (fixed-time estimation)
while according to simulations we have T'(e;) ~ 14.6 for both cases. Relaxation of LMIs and less conservative settling time
estimates are possible directions for further research.
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0 2 4 6 8 10 12 14 16

FIGURE 1 Simulation plot of ||e|| for four different initial conditions x(0) = (0, 1, z/4,0), x(0)
10%(0, 1, 7 /4,0), x(0) = 1030, 1, /4,0): FT — finite-time observer, Fx — fixed-time observer

100, 1, 7 /4,0), x(0) =

10 10 20 30 40 50 60 70 80 t 10 10 20 30 40 50 80 70 80 90 10t0
a) b)
FIGURE 2 Simulation plot of ||e|| for the finite-time a) and fixed-time b) observers with measurement band limited noise of
power 1073 and initial conditions x(0) = 10%(0, 1, z/4,0)"

o

|
o

llell

o

5 10 15 20 25 30 35 40 5 5 o 5 10 15 20 25

a) b)

FIGURE 3 Simulation plot of ||e|| for the finite-time a) and fixed-time b) observers with d_(r) = (0,0.5+ 0.2 sin?,0,0.5sin )"
and initial conditions x(0) = 10%(0, 1, = /4, 0)T

7 | CONCLUSIONS

The paper is devoted to finite/fixed-time observer design for linear MIMO systems. The key feature of the presented method is
that there is no requirements on transformation of the system to a canonical form. The parameters tuning is based on solution of
linear matrix equations and inequalities. The qualitative analysis of observers’ robustness against bounded measurement noises

and disturbances has been studied, namely, it is shown that the observers are iISS/ISS stable. Numerical examples demonstrate
effectiveness of the proposed observers.
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Note that the proposed observer provides the finite-time convergence of the error variables without using delayed or discontin-
uous terms. In addition, as it is shown in''Z, homogeneity-based observers have a better precision in the presence of measurement
noise comparing with high gain observers as in®?. These advantages and simple tuning in the LMI form make it promising to
use the proposed results in practice, e.g., in real-time observer-based control systems.
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