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Analytical Properties for a Stochastic Rotating Shallow
Water Model under Location Uncertainty

Oana Lang' | Dan Crisan?|  Etienne Mémin? |

Abstract

The rotating shallow water model is a simplification of oceanic and atmospheric general cir-
culation models that are used in many applications such as surge prediction, tsunami tracking
and ocean modelling. In this paper we introduce a class of rotating shallow water models which
are stochastically perturbed in order to incorporate model uncertainty into the underlying system.
The stochasticity is chosen in a judicious way, by following the principles of location uncertainty,
as introduced in [53]. We prove that the resulting equation is part of a class of stochastic partial
differential equations that have unique maximal strong solutions. The methodology is based on
the construction of an approximating sequence of models taking value in an appropriately chosen
finite-dimensional Littlewood-Paley space. Finally, we show that a distinguished element of this
class of stochastic partial differential equations has a global weak solution.

1 Introduction

Numerical ocean models still exhibit a limiting “irreducible imprecision” compared to measured quan-
tities in the turbulent regimes of the ocean dynamics. Air-sea interactions, small-scale turbulent
parameterization, boundary processes, mixing and biogeochemical fluxes are currently very badly
constrained in models, leading to large uncertainties for the prediction of climate and the modelling
of the ocean biogeochemical cycles. Problematic issues also occur for the short-time forecasting of
extreme events such as tropical cyclones and surges. The difficulty of parameterizing small-scale
physical processes effects together with the need of probabilistic ensemble forecasting and uncertainty
quantification calls for the introduction of new stochastic fluid dynamics models. To be deployed
efficiently, such models must be generic and fit general physical conservation laws. Our efforts are in
line with those advocated in [31],[56]-[3] (and references therein) towards developing generic “stochas-
tic physics” principles for fluid flows. Analytical solutions or accurate numerical simulations of these
models depend greatly on the mathematical knowledge we have on them. This study is a step toward
the development of physically meaningful (in a sense that will be described below) stochastic fluid
dynamics models.

The introduction of stochastic modeling principles for geophysical flows has been a focus of great
attention in climate study, meteorology and oceanography since the seminal works of [31] and [44].
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Most of the schemes proposed so far are built from pragmatic considerations or from homogenisa-
tion/averaging techniques coupled with linear or quasi-linear ansatz dynamics to encode the evolution
of the small-scale random processes (see [3l, 27, 30, 51, [56] and reference therein for extensive reviews
on the subject). In particular, pragmatic schemes built from parameters’ perturbation have shown
to bring some noticeable improvements in weather forecasting applications (see for instance [56] for
some examples). However, these schemes remain ad-hoc in their conception and lack of general solid
grounds to be extended to other models or configurations just as does classical physics. They also face
some theoretical issues, for example the control the variance brought by the random terms, which may,
beyond numerical stability, deeply change the asymptotic nature of the underlying dynamical system,
even for low noise magnitude (see [12] for an example of this phenomena on the classical Lorenz 63
model).

A new class of general models based on stochastic transport has been recently proposed [11, 53], 59].
This framework, referred to as modelling under location uncertainty (LU), has the advantage to be
derived from physical conservation laws expressed through the stochastic transport of fluid parcels.
As such, the LU models are directly extendable to classical approximations of geophysical dynamics.
One of their strong assets is that they enjoy proper energy conservation and provide new approaches
to subgrid modelling, expressed both in terms of fluctuation distributions, and spatial/temporal cor-
relations.

In this study we will introduce and analyse a rotating shallow water model (RSW) built under the
location uncertainty principle. We will begin by presenting the general principles undergoing the LU
scheme and provide a thorough description of the derivation of the stochastic rotating shallow water
under location uncertainty (LU-SRWS).

Modelling under location uncertainty
The LU principle relies on a decomposition of the Lagrangian displacement

dX; = ’LL(Xt,t) dt + O'(Xt,t) dBt, (1)

in terms of a large-scale velocity component u that is both spatially and temporally correlated, and a
highly oscillating unresolved component (also called noise) term odB; that is correlated in space, but
not in time. The noise is defined by a cylindrical Brownian motion B; [24] and its spatial structure is
specified, within the bounded spatial domain 2 < R? (d = 2 or 3), through a deterministic Hilbert-
Schmidt operator o : (L?(£2))? — (L?(£2))?, acting on square integrable vector-valued functions
f e (L%(2))%, with a bounded kernel & such that

o[, 1) = fg Sy @) dy,  Vf e (TA(Q) (2)

The random flow odB; is a centered Gaussian process with the well-defined covariance tensor:

Qa,y,t,5) = E| (o(w,1) dBy) (o(y, 5) dB,)" |

St —s)dt L 5, 2 )5 (4, 2, 8) d, (3)

where E stands for the expectation, § is the Kronecker symbol and T denotes matrix or vector
transpose. The magnitude of the noise is given by its quadratic variation, denoted here as a, and
which is here given by the diagonal components of the covariance per unit of time:

a(z,t)dt = Q(z, x,t,t). (4)



We remark that this variance tensor has the same unit as the diffusion tensor (m?-s~1). The turbulent
kinetic energy (TKE) is related to the integral over the whole volume of the variance tensor divided
by the decorrelation time: %tr(a) /7 . As the covariance is a self-adjoint compact operator the noise
can also be conveniently expressed, through its orthogonal eigenfunctions {®,,(e,t)}, weighted by
the eigenvalues A,, > 0 with >, _ A, < 0, in terms of the spectral decomposition:

o(z,t)dBy = Y ®p(2,t)dBy,  az,t) = . Op(x, )0 (x,1), (5)

neN neN

where " denotes n independent and identically distributed (i.i.d.) one-dimensional standard Brown-
ian motions. The specification of those basis functions from data driven empirical covariance matrices
enables us to construct specific noises, informed either by numerical or observational data.

Let us note that the noise and the decomposition ([1]) have been here defined in terms of It0 integrals.
They can be defined by using Stratonovich integrals (in place of It6 integrals) with additional regularity
assumptions, see [2].

The LU dynamics models are then derived in similar way as in the deterministic setting through
a stochastic version of the Reynolds transport theorem [l 53, 59] and the It6-Wentzell formula [40].
To note, a modelling framework based also on stochastic transport has been proposed in the geomet-
ric mechanics community [I7, 32]. This framework is termed Stochastic Advection by Lie Transport
(SALT). LU and SALT are derived from extended Newtonian principles and Hamiltonian derivation,
respectively. They are the two faces of the same coin, exhibiting different conservation properties,
namely energy preservation for the first and circulation conservation, for the second.

Stochastic transport

In a very similar manner as in the deterministic case, the stochastic flow dynamics in the LU framework
is derived from a stochastic Reynolds transport theorem (SRTT) [53] describing the rate of change of
a random scalar ¢ transported by the stochastic flow within a flow volume V. For incompressible
unresolved flows, V - 0 = 0, the SRTT can be written as

d; <f q(z,t) dx) = f (th +qV - (u— us)) dz, (6a)
V(t) V(o)
1
Dig = deg + (u — us) - Vgdt + 0dB; - Vg — iv - (aVq) dt, (6b)

where dig(z,t) = q(x,t + dt) — g(x,t) denotes the forward time-increment of ¢ at a fixed point =z,
Dy is introduced as the stochastic transport operator in [59] and us = %V - a is referred to as the
It6-Stokes drift (ISD) in [1]. The transport operator plays the role of the material derivative in the
stochastic setting. The ISD is defined by the variance tensor divergence and embodies the effect of
statistical inhomogeneity of the unresolved flow on the large-scale component. As shown in [1], it can
be considered as a generalization of the Stokes drift associated to surface waves propagation with the
emergence of a similar vortex force and Coriolis correction. For a compressible noise term the ISD
involves an additional term related to the noise divergence [59]. In the definition of the stochastic
transport operator in , the last two terms describe, respectively, an energy backscattering from
the unresolved scales to the large scales and an inhomogeneous diffusion of the large scales driven by
the quadratic variation of the unresolved flow components. The diffusion term provides in this setting
a matrix form of the Boussinesq eddy viscosity assumption. This generalizes hence this assumption
and provides to it a firm mathematical modelling ground in terms of the diffusion attached to time
uncorrelated velocity components. It is not anymore defined by a loose analogy with the molecular
dissipation mechanism. The backscattering term corresponds to an energy source that is exactly
compensated by the diffusion term.



For an isochoric flow with V - (u — us) = 0, one may immediately deduce from the following
transport equation of a scalar quantity:
th = 07 (7)

where the energy of such random scalar ¢ can be seen to be pathwise globally conserved through Ito
integration by part and adequate boundary conditions:

ds <L %qz da:) = (% L qV - (aVq) dz + % L(Vq)Tqu d:c) dt = 0. ()

)

~
Energy loss by diffusion  Energy intake by noise

This energy conservation for any realization can be interpreted in terms of an exact balance between
the energy brought by the noise and the one dissipated by the diffusion term. Physically, the agitation
generated by the small-scale component is globally exactly counterbalanced by the diffusion term.
The noise quadratic variation plays a fundamental role in this balance expression.

Navier-Stokes equation under location uncertainty
The SRTT and Newton’s second principle formulated in a distributional sense [53, [54] enables us to
derive the following (three-dimensional) stochastic Navier-Stokes equations in a rotating frame [1J:

Horizontal momentum equation :

1

Deu + f x (udt + 04dBy) = —;VH (pdt +dp?) + Ave (udt + o4dBy), (9a)
Vertical momentum equation :

1
Dyw = —;az (pdt +dpy) — gdt + vV?*(wdt + 0.dBy), (9Db)
Mass equation :
Dtp = 0, (9C)
Continuity equations :
Vi - (u — us) +0,(w—ws) =0, Vy-oydB;+ 0,0.dB, =0. (9d)

In the horizontal momentum equation u = (uy,u,)” (resp. oxdB;) stands for the horizontal (2D)
velocity component (resp. the unresolved random horizontal components); f = (262sin ©)k denotes
the Coriolis parameter varying in latitude ©, with the Earth’s angular rotation rate 2 and the vertical
unit vector k = [0,0,1]"; p is the fluid density; Vy = [0,, 0y]" denotes the horizontal gradient; p and
p¢ = dp7 /dt (informal definition) are the time-smooth and time-uncorrelated (martingale) components
of the pressure field, respectively; g is the Earth’s gravity value and v is the kinematic viscosity. In the
following, the molecular friction term is assumed to be negligible and dropped from the equations. In
the vertical momentum equation, w (resp. 0.dBy) is the vertical component of the three-dimensional
large-scale flow (resp. the unresolved vertical random flow). The two continuity equations ensure
volume conservation and mass conservation .

Stochastic rotating shallow model under location uncertainty

The shallow water model is usually obtained from scaling reasoning in terms of horizontal and vertical
characteristic spatial scales with a ratio between them much smaller than one. Vertical integration to
recover an along-depth mean 2D (compressible) velocity field and again scaling assumption (through
Froude number — the ratio between the characteristic scale of current velocity and waves velocity — of
one, corresponding to the so-called long wave approximation) allowing to neglect vertical acceleration



and to get the predominance of the so called hydrostatic balance enable to derive the classical shallow
water system of equations. Notably, the Shallow water system is an instance of a 2D compressible
fluid dynamics model, driven by a divergent velocity arising from an along depth averaging of an
incompressible 3D velocity field. As such it involves a compressible version of the continuity equation
on the water surface height combined to a 2D momentum equation expressed through the balance
between the momentum material derivative and 2D forces. The full details of such derivation can be
found in classical geophysical fluid dynamics textbook, e.g. [67]. In the LU stochastic case, a derivation
similar to the derivation of the shallow water equation can be followed. However, the amplitude of the
small-scale random component must be appropriately scaled. For example, we cannot have a random
component whose amplitude is much bigger than the velocity variable. This is in particular important
for the vertical component where a wrong choice of the noise may destroy the hydrostatic balance. As
described in [9], for noises with a small enough ratio between the vertical and horizontal components
and Rossby number lower than one (i.e the effect of planetary motion and hence the Coriolis correction
is important and cannot be neglected) the LU stochastic representation of the shallow water equations
(LU-RSW) for a flat topography reads:

(Conservation of momentum)

Dyu + f x udt = —gVhdt, (10a)
(Conservation of mass)
Dih 4+ AV - udt = 0, (10b)

(Random pressure / noise balance)
1
f xodBy = —;Vdpg, (10c¢)

(Incompressible constraints)
V.0dB, =0, V-u,=0. (10d)

In the above system the gradient operator involved has to be understood as a 2D horizontal gradient.
The random balance provides a relation between the martingale pressure term and the noise. It has the
same form as the geostrophic balance but is related here to the time uncorrelated part of the pressure.
It can be shown that this stochastic system conserves path-wise the global energy (see appendix A of

[9):
ds fg g(h|u|2 + gh?) da = 0. (11)

The LU-RSW shares thus exactly the same energy conservation property as the deterministic one.
Beyond their formal resemblance this energy conservation property provides a strong physical link
between the two systems.

The objective of the paper is to present the mathematical analysis of this system. We answer the
following questions: Is it well posed? What kind of solutions does it admits? Are they global in time
or local? This is a set of prime classical questions that one can naturally ask about the new class of
stochastic PDEs.

Before describing further the type of mathematical results that have been obtained we need to
make some important remarks. The LU-RSW defined above corresponds to a large-scale stochastic
representation of a simplified ocean dynamics. Numerical implementation of this system requires to
work on grid of finite resolution and to introduce sub-grid diffusion terms to prevent the pilling up
of enstrophy at the resolution cutoff scale by cascading effects driven by transport equations. To



counterbalanced this artefact, numerical dissipation needs to be artificially introduced. This will be
done by viscosity terms, vAu and nAh, in the momentum and surface elevation equations, respec-
tively. Within a LU interpretation, these two Laplacian diffusion terms can be thought as emanating
from a subgrid unresolved isotropic Brownian velocity variables for which only the associated diffu-
sion is represented. This corresponds indeed to the simplest subgrid eddy-diffusivity models. Such
Laplacian diffusion can be extended to a general diffusion term of the form V - (asyVh) together with
a corresponding Ito-Stokes drift u,, = —1/2V - a4, for non homogeneous unresolved (subgrid) noise.
Nevertheless, in order to conserve mass, periodic or specific boundary conditions need to be imposed
on this unresolved noise term or on h: V- uj, = 0, huy, - nlag = 0, (asyVh) - njag = 0, with n the
normal to the domain.
In the following, we start by re-stating the system in an abstract form:

A general Class of SPDEs
We consider the following class of SPDEs
1
dus + (V (ur @ uy) + aur(V - ug) — uf Vug + f X ug + tht) dt + o - VudBy = vAudt + Ev (aVuy)dt

1
(12)
with «, 8 € R and, where

o u° represents the Ité-Stokes drift, 5 := %V -a

e o is the correlation operator, with V - odB; = 0

e a corresponds to the diagonal component of the covariance, a = oo™ .

The stochastic viscous LU-SRSW model can by obtain by choosing a = —1 and 5 = 0. The model
can be written as follows:

~ 1

du + Lyudt + fk x udt + gVhdt + LoudB; = vAudt + §£§udt (13a)
N 1

dh + Lyhdt + LohdBy = nAhdt + 5L?,hdt. (13b)

where

~

Lyu:=u-Vu, Lyu:=Lyu—L,su, Lsu:=0-Vu,
L2y :=V - (aVu)

In this paper, we prove that the system admits local (in time) pathwise strong solutions
continuous in W¥2-norm and square integrable in W**12-norm. Moreover, we show the existence of
a unique maximal solution. In addition, for the particular case a = 8 = —%, we prove that equation
has a global (in time) weak solution.

In the following we will use the composite notation X; = (u¢, ht). Then the LU-SRSW model
can be written in a more compact form:

1
dX; + A(Xt)dt + Q(Xt)dBt = iv . (CLVXt) + ’)/AXtdt (14)

where v = (v,7), 0 = (o, §) and

A v V- (u®u) +au(V-u) —u’ - Vu+ f xu+gVh
<h>_< V- (hu) + Bh(V - u) —u® - Vh >



and -
U o-Vu
5(i)=(5%n)

are two deterministic operators defined on W*2(T?) with values in L?(T?). Nonetheless, A(X;) and
G(Xs) need to be progressively measurable stochastic processes. Note that although it is enough to
impose that A(X;) is measurable in order for the integral Sé A(X;)ds to be well-defined, we need it to
be also adapted in order to make sure that the stopped process A(X;.,) is yet measurable. Therefore,
A(Xy) is progressively measurable. Note that the two diffusion coefficients v and 1 are not related to
each other i.e. one of them can be very small and the other one very big.

Remark 1. Note that if a is constant, then the term %V - (aVXy) generates a Laplacian. However,
this operator does not add to the difussivity of the equation, as it is required to make the transfer
from the Stratonovich noise to the Ité noise. This is the reason why it cannot be used in the proof
of well-posedness, and why we still need to add a proper diffusion operator to the original LU-SRSW
model.

Remark 2. Note also that one can write (L, + Dy)u =V - (u®u). We prefer to use the notations
introduced above though, as they better highlight the introduction of stochasticity in the advective term,
which is essential for the physical properties of the LU models. Nonetheless, we sometimes use below
also the second notation.

Remark 3. In the same spirit as the Remark on the supplementary Laplacian diffusion in a)
and b), the additional compressibility term oDy O, (for © = u or © = h) can also be interpreted in
terms of an unresolved noise of a specific form. In that case we seek a noise covariation ag such that:

1 1
—5(V-a0)- VO ~ 5V - (16V6) = aOV - u + co .

We will see that imposing such form for the unresolved noise with o = 1/2 allows us to extend a
local convergence result to a global one. Let us note however, that despite an immediate mathematical
interest, such model raises nevertheless immediate physical questions as without an additional global
constraint, mass conservation cannot be ensured. This deficiency limits in practice long simulation
run of the modified system.

Literature review

The deterministic nonlinear shallow water equations (also known as the Saint- Venant equations) have
been extensively studied in the literature. A significant difficulty in the well-posedness analysis of
this model is generated by the interplay between its intrinsic nonlinearities, in the absence of any
incompressibility conditions. In order to counterbalance the resulting chaotic effects, a viscous higher-
order term is usually added to the inviscid system. Various shallow water models have been introduced
in [68], [5]. In [47] the authors show global existence and local well-posedness for the 2D viscous
shallow-water system in the Sobolev space H* %(R?) x H*(R?) with s > 1 and « € [0,1). The
methodology is based on Littlewood-Paley approximations and Bony paraproduct decompositions.
This extends the result in [48] where local solutions for any initial data and global solutions for small
initial data have been obtained in H® x H® with s > 1. A similar result adapted to Besov spaces
was obtained in [49]. More recently, ill-posedness for the two-dimensional shallow water equations in
critical Besov spaces has been shown in [45]. Existence of global weak solutions and convergence to
the strong solution of the viscous quasi-geostrophic equation, on the two-dimensional torus is shown
in [6]. In [7] the authors construct a sequence of smooth approximate solutions for the shalow water
model obtained in [6]. The approximated system is proven to be globally well-posed, with height



bounded away from zero. Global existence of weak solutions is then obtained using the stability
arguments from [6]. Sundbye in [64] obtains global existence and uniqueness of strong solutions for
the initial-boundary-value problem with Dirichlet boundary conditions and small forcing and initial
data. In this work the solution is shown to be classical for a strictly positive time and a C° decay
rate is provided. The proof is based on a priori energy estimates. Independently, Kloeden has shown
in [38] that the Dirichlet problem admits a global unique and spatially periodic classical solution.
Both [64] and [38] are based on the energy method developed by Matsumura and Nishida in [52].
Local existence and uniqueness of classical solutions for the Dirichlet problem associated with the
non-rotating viscous shallow water model with initial conditions (ug, hg) € C?® x C* can be found in
[10]. The proof is based on the method of successive approximations and Hélder space estimates, in a
Lagrangian framework. Existence and uniqueness of solutions for the two-dimensional viscous shallow
water system under minimal regularity assumptions for the initial data and with height bounded away
from zero was proven in [13]. The possibly stabilising effects of the rotation in the inviscid case is
analysed in [I4] and [50]. In [21I] the authors have shown existence and uniqueness of a local strong
solution for a stochastic rotating shallow water model derived using the so-called Stochastic Advection
by Lie Transport (SALT) approach.

1.1 Contributions of the paper

Our paper presents some of the very first analytical results obtained for LU models. We obtain two
qualitatively different sets of results.

e We show that equation admits local (in time) strong solutions (both in analytical sense as
well as in probabilistic sense). More precisely we show there exists a pair (X, 7), where 7 is a
strictly positive stopping time and X (- A 7) is a predictable process such that, for T' > 0,

X(-a7)e L (Q C ([O,T]; WW(TQ)?’))
X1y, € L2 (Q,L2 (O,T; W“LQ(TQ)?’)) .

Moreover, we show the existence of a unique mazimal solution (X, 7)), in the sense of Definition
[k, see Section

As opposed to [21], in this paper we construct the approximation sequence using Littlewood-
Paley mollifiers. This is particularly suitable when looking at the “energy dynamics”, the
Littlewood-Paley decomposition allowing for a mathematically rigorous characterisation of the
concept of turbulence from physics. More precisely, the energy flux through a 3D sphere of radius
N = 27, in the Fourier (frequency) space, for an incompressible fluid, is given by

Iy(u) = , IN(u®u) - VInudz
T
where u is the velocity of the fluid and Jywu is the projection of u onto its Fourier modes which
have modulus smaller than N (see the Appendix for details). In [15] it has been shown explicitly
that using this decomposition, the energy flux through the sphere of radius N is controlled
mainly by frequencies of order IV:

0
PN ()] < O ) 27220027 Fyeu] 7
i=1



where jQi = Joit1 — Jo and j2¢ corresponds to the i-th Littlewood-Paley piece of u. As
highlighted in [15], this shows that the inter-scale energy transfer is controlled primarily by local
interactions. This is more of interest when we do not have the operator D,, in the model (and the
fluid is still compressible), since in this case the cancellations above do not hold automatically
and one needs to pay extra attention to the way energy dissipates at different scales. In our case
though, for the approximating sequence, the flux of energy is automatically zero at each dyadic
scale.

Using the Littlewood-Paley mollifiers, we succeed in showing directly that the sequence of ap-
proximating solutions is Cauchy when k is large enough (k > 2), therefore there is no need to
use a tightness argument. The reason is that we now have enough regularity in order for the
truncation function to converge properly. Nonetheless, for k < 2 we need tightness arguments as
in this case the approximation does not contain a truncation and this does not allow us to prove
the Cauchy property straightaway. Note that our approach for constructing a strong solution
is different from the one used in [29] or [2§] in the sense that although the solution belongs to
a higher order Sobolev space, it suffices to prove the Cauchy property in L?. The advantage is
that we do not need to first show the existence of a smoother solution using some extra tightness
arguments (as in [28] for instance). Also, the calculations are simpler in L?. Nonetheless, the
uniform estimates corresponding to the approximating solution are proven in the higher order
Sobolev space of existence. As compared to [29], we use a truncation function instead of work-
ing with stopping times only. This keeps the proof shorter overall, as we do not need to show
separately an almost sure convergence of the corresponding stopping times.

For the particular case « = f = —1/2, we show that the system equation admits a global
analytically weak but probabilistically strong solution X (see Definition ) which belongs to
the space

X(-n7)e L*(2,C([0,T]; L*(T?)?))

Xly<r € L? (22,17 (0, T; WH(T?)?))  for T > 0.

The global character of the solution is due to a couple of term-cancellations which are specific
for this model and which are directly linked with the conservation of energy in L?(T?). More
precisely, we formally have that

<Xt, Ut - VXt> + %<Xt, (V . ’LLt)Xt> = 0. (15)

and
(Xp,uy - VX)) + (Xp, L2(X0)) + (G(Xy),G(Xy)) = 0. (16)

Note that in the proofs below we use these cancellation properties corresponding to the approx-
imating solution X%, instead of X. This is due to the fact that in the original equation we do
not have enough regularity to apply the Ité formula directly, so we need to work with X% first
and then X “inherits” the required properties. The cancellations and do not hold in
higher order Sobolev spaces W¥2(T?) with k > 1 and therefore the solution is only local (in the
sense of Definition [dh).

These properties are essential to ensure the existing of global solution (albeit weak), as we work
with a compressible system, and it is known that compressibility is a strong assuption which
usually creates many technical difficulties. However, through this special structure, the LU-
SRSW model retains the important features of a compressible fluid, while still allowing for a
clean mathematical analysis.



We are able to prove strong continuity in time of the solution due to the fact that we work
in a two-dimensional space. The key ingredient is Ladyzhenskaya’s inequality, which in 3D
has a slightly different form and therefore the solution would live in Cy, ([0, T]; L?(T?)) only in
that case. In 2D, weak continuity in time would not be sufficient for proving the global bound
from for the reason that we could not pass to the limit in the strong topology of
C([0,T7]; L?*(T?)) without imposing further conditions on the solution (i.e. such that suitable
interpolation results can be used).

Structure of the paper. In Section [2 we introduce some notations, definitions of solutions, and
preliminary results. In Section [3|we introduce the main results and we prove the existence of a maximal
solution. In section [6] we prove the existence of a global weak solution for a particular system which
belongs to the class In Section [5| we show that the local strong solution is pathwise unique. In
Section the existence of a local strong solution is proven. In the Appendix we give details about
the Littlewood-Paley projection, the a priori estimates, and the Cauchy property.

2 Preliminaries and notations

e We denote by T? = R?/Z? the two-dimensional torus. Let H be a Hilbert space on T?, endowed
with an orthonormal basis (e;)jen, and denote its dual by H*. In our case H = L*(T?) for the
construction of the weak solution and H = W"?2 with k > 1 for the construction of the strong
solution.

e Let (2, F,(Ft)i=0,P) be a filtered probability space and (B%);n a sequence of independent one-
dimensional Brownian motions adapted to the complete and right-continuous filtration (F;)=o.
That is, S := (2, F, (Ft)i=0, P, (B")ien) is a fixed stochastic basis.

e C([0,T]; H) is the space of continuous functions f : [0,7] — H that is f(t;) — f(to) in H for
any sequence (t;); < [0,T] such that t; — .

e Cy([0,T]; H) is the space of weakly continuous functions f : [0,7] — H that is f(t;) — f(to)
in H for any sequence (t;); < [0,T] such that ¢; — t;, where — denotes the convergence
with respect to the weak norm topology. This is equivalent to saying that the functions ¢ —
{p, f(t))a*x 1 belong to the space C([0,T]) for any ¢ € H*. A sequence ( f,), converges to f in

Cu([0,T]; H) if S[up] o, fayrrxi — @, [Yrrxu| — 0 for all ¢ € H*.
te|0,T

e Let € (0,1),p € [2,00) and let H be a Hilbert space. Then the fractional Sobolev space
WHP(0,T; H) is endowed with the norm

Hft fs“
e T N Y

In our case H = W~12(T?) for the weak solution and H = L?(T?) for the strong solution.

e Let f e C([0,T; WF(T?)) n L? (0,T; WEt1:2(T?)) with k > 0. We introduce the the space
S7.p,(k,2) of such functions, endowed with the norm

T /2
17150, 0m :=t;[10mT]ftf,;2+<fo |ft|i+1,2dt) for any p > 0.

e 2z x u:= (—u? ul) for a two-dimensional vector u = (u!,u?) and a unit vector z.

10



e (' is a generic constant and can differ from line to line.

Definition 4. Let S = (2, F, (F:), P, (Bt):) be a fized stochastic basis and k = 0.

a. A pathwise local solution of the LU-SRSW system is given by a pair (X, 7) where 7 : 2 — [0, 0]
is a strictly positive bounded stopping time and X : 2 x [0,00) x T? — R? is such that X.., is
Fi-adapted for any t = 0, with

X ., el? <_Q C <[07T]; Wk,Q(TQ)?)))

X<y e L? (Q, L? (07 T; WkH’Q(’]I‘Z)?’))
and the LU-SRSW system is satisfied locally i.e.

tAT

tAT tAT 1
Xinr = Xo+ J A(Xs)ds + f G(Xs)dBs + =
0 0 2 Jo

tAT
V- (aVXs)ds + vj AXds
0
holds P-almost surely, as an identity in L?(T?)3.
b. If T = oo then the solution is called global.

c. A pathwise mazimal solution of the SRSW system is given by a pair (X, T ) where T : 2 — [0, 0]
is a mon-negative stopping time and X : 2 x [0,T) x T2 — R3 is a process for which there exists
an increasing sequence of stopping times (7™),, with the following properties:

i. T =lim, 07" and P(T >0) =1
ii. (X,7") is a pathwise local solution of the LU-SRSW system for every n € N
. if T < oo then
lim sup | X[z = 0.

t—

d. A global weak (in PDE sense) solution of the LU-SRSW system is given by an (Fi)i-adapted
process X : £2 x [0,0) x T? — R3 which belongs to the space

L2 (2,C ([0,T]; L*(T?)*)) () L2 (2, L* (0,T; W2(T2)%))

and such that the following identity holds for any test function ¢ € W12(T?):

t t 1 t t
i) = ovip) + | Koo Aropis + [ X0 G00iB,— 5 [ @VXTo)ds = [ (VX Vs
0 0 0 0

where {, Ydenotes the inner product in L*(T?)? and A*,G* are the dual operators corresponding
to A and G respectively.

Assumptions on the stochastic fields: We impose the following condition on the correlation
operator o:
lollkr1,00 < 0.

This condition ensures that for any f € W2(T?) there exist some constants C' such that
lo- V£I5 < CIfIR 2
IV - (aVHI5 < ClIf

5,

where a = oo ?.
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3 Main results

In order to show that there exists a solution for the rotating shallow water model we introduce the
following (smooth) truncation function fr : R; — [0, 1] equal to 1 on [0, R], equal to 0 on [R+ 1, 00),
and decreasing on [R, R + 1], with fr(X:) := fr(|X¢|rz2), where |X¢|g2 := |ue|r2 + |ht|r2 for
arbitrary R > 0 and k > 0. When k& = 0 the truncation is not needed due to the cancellation
properties described above, and for this reason we consider that in this case fr = 1. When k > 0,
the truncation function enables us to construct a global strong solution for a truncated version of the
original model . Then we show that the truncation can be lifted up to a positive stopping time.
Moreover, the solution is shown to be maximal. The following two theorems are the main results of
the paper.

Theorem 5. Let S = (2, F,(F)i,P, (Bi):) be a fized stochastic basis and Xo € W*2(T?)3. Then
the stochastic rotating shallow water system admits a unique pathwise mazximal strong solution

(X, T) such that, for k =1,

Xonr, € L? (Q, C ([O,T]; Wk,z(TQ):a))

X<, € L? (Q,L2 ((),T; Wk+1’2(’]1‘2)3>>

for any stopping time T, such that (X, ,) is a local solution and lim 1, = T.
n—0oo

Theorem 6. Let S = (2, F,(F)i, P, (By):) be a fized stochastic basis and Xo € L*(T?)3. Let a =
8 = —% m . Then the LU stochastic rotating shallow water system admits an L?-valued
continuous global weak solution such that

T
sup [ X3 + f | X[f2ds < | Xol3 P —aus. (17)

s<T 0

4 Proof of Theorem 5| - Existence of a maximal strong solution

In this section we prove Theorem [5| that is we show that the system admits a maximal strong
solution. We first construct a local solution using a truncated Littlewood-Paley approximation and
we then show that the resulting solution is actually maximal.

4.1 Construction of a local strong solution

We recall in the Appendix the basic properties of the Littlewood-Paley projections. Here XNt —
(uF, RNR) where u™® and AVE are solutions of the truncated approximating system, that is a
truncated version of .

du™F + In(fk x InuF)dt + fr(XNF) (TN (Lgyunr + (14 @)Dy nir) Inu™ ) dt
+ jN(ﬁjNuS,N,RjNUNyR) + ng(VJNhJ\LR)dt + jN (EJJNUN’R) dBt (18)

1
= vAu" Rt + 3IN (L2Tnu") dt

dhN B4 fr(XNEY (TN (L unom + (14 B)D g unor) InEN)) di
+ IN(L gy usvn INEY ) + Ty (Lo InhNE) dB, (19)

1
= nARN Rt + 3IN (L2TN RN F) dt.

12



Remark 7. Note that in the above equations, the set of Brownian motions driving each element of the
sequence X NF are the same, hence the absence of the superscript N in their notation. This helps the
analysis of the Cauchy property. If we choose a different set of Brownian motions for each element of
the sequence, then we will need to assume their convergence in a norm that will imply the convergence
of the stochastic integrals.

This approximating system is well-posed by a straightforward extension of Theorem 1 Chapter 3
in [65] to the case when the systems is driven by a countable set of Brownian motions. The truncation
function fr : Ry — [0,1] is chosen to be 1 on [0, R], 0 on [R + 1,0), and decreasing on [R, R + 1],
Tr(Xy) == fr (| Xi¢|k2) where | Xi|x2 := [lu¢|r2 + |hefr,2 for arbitrary R > 0 and k& > 1. Similarly,
fr(ut) == fr(|ut|k2) and fr(he) := fr(|ht|k,2). To shorten the formulae, we will use the following
abbreviated notation

XNR._ N NR._ N pNR . N

and then the approximating truncated system can be rewritten in the following more compact form:

dX}) + AN(XMyat + gN(XN)dB, = yAX}Y (20)
where (AN(vN )1
N/vNy ._ u
A= ( Gy )
with

(AN (@) = I (fk x Inu™ ) + fru™ ) (In(Lgpunr + (1 + @)D g vor) Inu )

1
+ IN(L g usn e INUNT) + g TNV (TnhN ) — 3IN (L2TNu™F)

(AN (N2 = fr(WYT) (TN (Lgyuvn + (14 B)Dgy v r) Tk )
1
+ jN([,jNuS,N,RJNhN’R) — 5\7N (ﬁnghN’R)
and

SN (v Ny . jN(ﬁojNUN’R)>
g (X )'_ ( jN(ﬁajNhN’R> .

We show below that the approximating truncated system converges to a truncated form of the
original system which is given by

dX; + A(Xy)dt + G(X;)dB; = yAX, (21)
where (_,Zl( V)>1
a0 = (G )
with

(A@) = fk x u® + fr(uf) (Lyr +(1+ a)DuR)uR) + (Lys.rult) + gV () — %LguR

(AGR)? = fa(h™) ((Lon + (1 + BYD )RR + (L,anh®) — L30T

960 = ( o ).

13
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Theorem 8. Assume that for any T > 0
5 5 T 5 p/2
i sup B | sup |5~ X0+ | (168 - XM as) | o0 (22
N=o M=N | tef0,1] 0 ’

and there ezists a constant C = C(R) independent of N such that

t p/2
| o 151 ([ 1) | < 2
0

Nz=1 te[0,T

for any p >0 and k = 1. Then there exists a predictable and progressively measurable process X with
paths in the space
C([0,T]; Wh2(T2)) () L2(0, T; WH+12(72))

satisfying
3 t p/2
B[ s 10, + ([ 1K) | <c (21)
te[0,T7] 0
such that
3 3 T 5 p/2
lim E | sup [XY - X5+ lim E (J ||X§—Xt|§2dt> = 0. (25)
N—oo | 4ef0,7] N—o0 0 ’

The complete proofs for (22|) and are provided in Appendix.

Proof of Theorem [8, The existence of the limiting process X follows immediately from Cauchy

property . The bound follows from Fatou’s lemma. From , , we can deduce, by
using a standard interpolation argument, that for any € € (0,1), we have that

lim E| sup |X;¥ — X[} o =0 (26)
N—w | 4ef0,7] ’

that is the convergence of (X)y holds in W*~2(T?). We use this result to pass to the limit in
the approximating equation. The convergence of all the linear term is immediate so we oly show teh
convergence of the nonlinear terms. Explicitly, XV = (a!, N ) satisfies the system given by —.
The convergence of the linear terms is straightforward, hence we write in more detail the convergence
of the nonlinear terms. We want to show that

t<fR(X MY (IN(Lgyan + (14 0Dy an)INXY) = fr(X)(Lo + (1 +6)Da) X, pyds 2=5> 0 (27)

in L?(P). For the advective term we will use thatﬂ

[RXM)Lan XY = fr(X)LaX, @) < frRXV)K(@Y —a) - VXN, )|
+ fr(X)|Ca- V(XY = X), 0l (28)
+ [fr(XY) = fr(X)|[@"™ - VXN, o).
and show the convergence of each of the three terms on the right hand side of the above inequality.

The arguments are identical to that contained in [21I] pp. 14-15, where we use that fact that we
have also convergence in W*~2(T?2) and therefore we do not need to move derivatives onto the test

'Note that we can write the approximating term without the projection operator Jy in front of it
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functions . For the divergence term in we can use a decomposition similar to to obtain

that?l
fot<fR(XN) (14 0)D g ) XN) = fR(X)((1 + 0)Da) X, )ds =550 in - L(P).

We show in Section that the | - |2 norm is continuous, that is |X||;2 € C([0,T];R). Then
X e C([0, T]; Wk2(T?)). .

Corollary 9. There exists a stopping time T and a predictable and progressively measurable process
X () € C([0,7]; WRA(T?) [ L2(0, 73 WH12(T?))

such that for any p >0 and k > 1

T ) p/2
| s Xl + ([ 1) | <C (29
te[0,7] 0
and for any € > 0
E[ sup [X{ — Xi[f_c2] ——0. (30)

te[0,r] N—o
The following proposition is immediate.

Proposition 10. Let Xg = XF e WE3(T?)3 (k> 1), XE: 2 x [0,0) x T2 — R? the global solution
of the truncated model (R > 0). Then the pair (X,7%), with X : 2 x [0,77) x T2 — R3 such
that Xy = X for t € [0,7%] is a local solution of the original model (14).

4.2 Maximal solution

We introduce below the result which states that the local strong solution constructed in the previous
section is actually maximal. Note that the property of being a maximal solution is not influenced
directly by the different form of the model, but by the structure of the a priori estimates.

Proposition 11. Given Xo € W*2(T?)3 and R > 0, there exists a unique mazimal solution (X, T)
of the original model such that
lim sup | X[z = o0 (31)

t—

whenever T < 0.

Proof. E|Existence: If we choose R = n in Proposition |10 then (X™,7™) is a local solution of the
system . Also, X"+ satisfies the truncated system for R = n on the interval [0,7"]. By the
local uniqueness, it follows that

X" 7y = X" o, (32)
Define 7 := lim 7" and

n—00

Xl = X"[jo,rm- (33)

2Observe that, as opposed to [2I] here we have convergence directly in strong probabilistic sense, that is in the
probability space (2. This means that we do not need an extra probability space and a Yamada-Watanabe argument.
This is due to the Cauchy property and the uniform a priory estimates (23]).

3 A similar proof for k = 1 can be found in [21].
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We need to show that holds. If lirrgo 7" =T < o0 then
n—

1,2 = limsupn = co.

lim sup || X/ ‘1,2 > limsup || X7,
n—o0 n—o0

t—>T

Uniqueness. Assume that (X ,T) is another solution with (X , fn), n > 1 being the corresponding
sequence of local solutions converging to the maximal solution. By the uniqueness of the truncated
equation it follows that @ = a on [0, 7" A 7"]. By taking the limit as n — oo it follows that X = X on
[0, 7 A T). We prove next that 7 = T, P — a.s.. Assume that

P(we 2, T (w)#T(w)) >0.

Note that
Pwe,T(w)#T W) <P(E")+P(=?)

where

—

(1 [1]

)

= {weQ,T(W)<OO77:(W)<7_-(w)}
- {we, T <»T W) <Tw}.

We prove that P (El) =P (E2) = 0. The two sets are symmetric so we show this only for the first
one. From the definition of the local solution, observe that

E[ sup |Xt|k,2]<oo
s€[0,7™ (w)]

hence

P (w €, sup [Xilko = oo) =0.
s€[0,77 (w)]

However, if T (w) < 0 and T (w) < 7" (w) then

0= sup [Xfr2= sup [Xlk2< sup X,
<[0,7 () 5e[0,7(w)) sef0,77 ()]

k,2-

It follows that P(we 2,7 (w) < 0, T (w) < 7" (w)) = 0 and therefore

PEY=lmPwe 2,7 (w) <o0,T(w) <7 (w) =0

n—o0

which gives the claim. =

Corollary 12. Let (X, T) be the mazximal solution constructed in Proposition . Then the process
t — X, ,..r 15 such that

X . rel? (Q, C <[O,T]; W’“(T?)?’))

X1, .n € L2 (Q,L2 (O,T; Wk+1’2(11‘2)3)>

for any T > 0. In particular,
E[IX 2R 7 p10] <0 (34)

for any R,T > 0.
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Proposition 13. Let (X,T) be the mazimal solution constructed in Proposition . Then
P(T=7)=1

Proof. One can observe that 7 < 7™ for all M > 0, and therefore T < T P—a.s.. We show that
T <T P—a.s.. On the set {T = o0} the inequality is trivially true, so we only need to show that

P ({w €Q:T(w) <o Tw) < %(w)}) —1.

Note that
e Q1 X (@) gz <0} = | Jlwe 21Xl pprn < M} = | Jlwe 2: 7V (w) < 7 (@)}
M M
and

Jlwe 2:mV(w) < #M(w)} c fwe 2: T(w) < 0,7 (w) < T(w)}.
M
From Proposition [12] we deduce that
P({fwe 2:|X(w)|~nappi10<0}) =1, VNeN, T>0.

and since limsup, 4 | X (w)[¢k+1,2 = o0 on the set {T < w0}, we deduce that

P({weQ:T(w)<oo,TN(w)AT<7'(w)}> =1, VNeN, T>0,

therefore

P ({w € :T(w) <o, ™ (w) < T(w)}) =P (ﬂ {we2:T(w) <o, ™ wW)AL< 7'(w)}> =1

L>1

Then we have

P ({w €R:T(w) <mw,Tw) < ’f’(w)}) >P (ﬂ{w €:T(w) <o, ™ (W) < 7A'(w)}> =1
N

5 Pathwise Uniqueness

Theorem 14. Let (XRﬁl,Tﬁ’l), (XR’Z,T]\]}’Z) be two solutions of the truncated LU-SRSW system,
which take values in the space L? (Q, C ([O, T1], Wk’Q(T2)3)) N L? (Q, L? (0, T; Wk+1’2(T2)3)) and start
from the initial conditions X}, X3 € WF2(T?)3, respectively. Then there exists a constant C' = C(M)
independent of R such that

tAT

E[IX] 7] < el

where X B = X1 _ XE2 gnq fﬁ = T]\I}’l A T]\]}’Q. In particular, the truncated LU-SRSW system has
a unique solution in the space

12 (2,C([0,T], WR(T2)) ) o L2 (2, L(0, T; WH12(12)%))
. . t .
here it = sup XU+ | 1K s > M)
se|0,t 0
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Proof We show that

d| X7 < O (]

k2) [ X5 R odt + dD, (35)

where D, is a local martingale given by

dD; =2 | Y (@l 0% (Loaf)) + (0°Rf, 0* (Lohf')) | dB:.

lal<k
Then
AT, 5/\?}\}
c f 12, ds ) N f 1 Z, | dr
Ele Jo X7 g lBa | <1 %ol + J e Jo dB,
0

where

1Z] = | ko + X2,
That is .

E[IX72 72| < O Kol

since the stopped process D, ,-r is a martingale and therefore its expectation is zero. We will now

M
prove that (35]) holds, using Lemma
We can write

~ - 1
= <Q(aR) — fk x al* + vAult + gVAR + 3V (aVaff)> dt + L,ul*dB; (36a)

- _ 1 _ _
— (Q(hR, a®) + nARE + 3V (thﬁ)) dt + LohEdB;. (36b)

Q(a") i= fRIXE)V-(uf"? ("))~ fr(X )V (u (uf™) )+ fr(XE) oy (Vous™?) — fr(XE) oy (V™)

QAR a™) = fr(XB)V-(h"*u?) = FR(XB)V-(h{" ) + Fr(XE) BR (Vuy™?) = fr(XE) B (Voug™)

By the It6 formula
d|0° X3 + 29[ 0° X [ 3dt
(<aeut O (f x O+ gVBR)) + (2l 0 Qa")) + @R, PQRR, u)) dt
+<59£ alt, 0% L altydt + (0 Lohlt, % Lohlydt + dD;

for a multi-index 6 with |0] < k All the terms which do not contain a stochastic integral are controlled
as functions of C'(e, R, 0)| Z| HXH%’TLC(&, J) ||XH%+L2 using Lemma|31} We choose C'(¢, ) < «y such that
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all terms which are controlled by C/(e, §) ||XH%+1,2 on the right hand side cancel out the term 27HXH2+1’2
on the left hand side. Then holds as requested and therefore the two solutions are indistinguishable
as processes with paths in L? (£2,C ([0, T7, Wk72(']I'2)3)) N L?(2,L? (0, T; Wk+1’2(']l‘2)3)).

For the weak solution (k = 0) the stopping we have I%im T]\I}’l = }%im Tﬁ’l = o0 and the ”weight”

—00 —00
Z is given by
2
12] = (I1XH13 + [ X2)3)

therefore it is bounded in L2(£2, L?(0,T)).

6 Proof of Theorem [6] - Existence of a global weak solution
Fora=p4= f% the main system can be rewritten as
dX; + A(Xy)dt + G(X,)dB; = yAX,
In this case the truncation function fzr = 1 and then the approximating system can be rewritten asﬁ
Xy + AN(xMyat + N (XN)dBY = yAXx)

WhereE|

AN(XNY = Ik x Iyul¥ + JN(EgNuNJNUN) + IN(D gyun INUN) + INgV (INRY) — $TN (L2Tnu™)
IN(L 7 un INDY) + TN (D gy v INRY) — %jN (L2TNhN)

and
_ (T (Lo, UN)
GH(XY) = < Tn(Codnit) > '

Remark 15. Note that when writing the approximation system above we could drop the projection
operator Jn as XV is already a solution of a system which lives in the projected space (see the Appendix
for details). However, we prefer to keep this notation in order better highlight the properties of the
approrimating sequence.

Proof of Theorem [6] From Theorem [16]and Proposition[17] we deduce that we can choose a weakly
(i.e. in distribution) convergent subsequence (XV7);. By the Skorokhod representation theorem,

there exists a probability space (f},]} , I@’) and a sequence of processes (X N; ); which has the same

distribution as (X7) ; and converges P-almost surely in the Skorokhod topology of the paths space.
That is, there exists X such that lim; ,, XNi = X P — a.s. in C([0,T]; W~"2(T?)?). Since X7 and
XN have the same distribution they also satisfy the same SPDE (and the same a priori estimates)
and for any test function o € C*(T?) we can write (we write XV instead of X™7)

t
@) = @)= | (G Loy + @ D) + (1 x )+ 90 Vi) = il A ) ds

1t . L .
v 3 | @@y = | @ o eany

“We will use the same notation A"V and GV, but taking into account that fr = 1, we can discard the truncation
function when writing the approximating system.
®Note that A is a particular form of A, for a = § = f%.
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B0y = = [ (G B+ G Dl =i A = 502 (€2 ) ds
f<h 2" )dB,.

We can easily pass to the limit in the linear terms. For the nonlinear term:

t t
[ 1. Exgeor — e Er s < [ 10 — e Exyortds + [ K Eago — B
0 ° 0

t t
< f [0 — o £ plads + f - Vo, a — a,)|ds
s 0

1/2 " 1/2
( f oY — a3 N¢2d8> ' ( INCRE —a|%ds)
2, r 1/2 " 1/2
< ( sup wumonQ) ( [ ra —as|%ds) ¥ (f las - Vol3laY —an%ds)
s€[0,T] 0 0
¢ 1/4
c(fo |4l — )24, ) +O(
T T 1/4
<c< sup [ — a2 (f a2 2o + [ msnizds)>
s€[0,T] 0 0

T 1/2
C(lel2.2) ( sup [ —%121,2[ | %,2)618)
s€[0,T] 0

- 50

N—o
The convergence of the stochastic integrals holds true as a direct application of [35]: see similar cal-
culations for similar stochastic integrals with transport noise in [2I] Proposition 3.12. We obtain a
martingale solution and combining this with the pathwise uniqueness property, we conclude that the
solution is pathwise. The term in the equation for h converge with similar arguments. Then the limit
X satisfies the following system, for any test functions ¢ € WH2(T?2):

T
N - - ~N
2) ( up (= u5|2—1,2J;) s |3 o (s ¥ o + liig
S

elo0,T

1/2
%,2)d5>

1o/

1ot ad

t ~ ~
iy 9 = o, ) — fo (¢tor 20> + €1, D3, 99 + (T X 1y 99 + gChs, Vi) = WV, Vi) ) dis
t
- 1 J <fL5, (*Cg)*90>d8
f <u87 §0>dB

iy = i)~ [ (<ﬁs,<5a5>*w>+<ﬁs, @~ 1(Vhe V) Slhe, (£2)" 90>>
f (o (L) >dB,.

We have so far that X € C,, ([0,77], L*(T?)?), but due to Propositionit is actually in C' ([0, T'], W*2(T?)?)
for any k > 0. Since the solution is continuous, the control in can be obtained from the control
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in (37)) using Fatou’s lemma:
2 r 2 N2 r N2
sup | X3 + f X2 pds < lim inf <sup 1! H2+f I |\1,2ds) <.
s<T 0 N—ow \s<T 0

Note that for the time integral we can apply Fatou directly (we actually used this in the convergence
of the nonlinear term above), but we need continuity to ensure that we can pass to the limit also in
the supremum norm. 0

Theorem 16. For each N, there exists a unique L*-valued continuous untruncated solution XtN
and a constant C' independent of N such that

T
sup (sup P [ %,2ds) < ¢ %ol (37)
N s<T 0

Proof of Theorem [16. As described above, the (untruncated) approximating system can be written
as
1
dXN + AN(xXMydt + gN(xN)aBN = SN (V- (aVINXY)) + vAXNdt

that is
du™ + fk x IyuNdt + In(L 7y un Inu )dt + Tn (Dgy v Inu™) dt

+ gIn(VINEN)dt + Tn (Lo Tnu™) dBY
1
= vAuldt + 3IN (L2Tnu™) dt

dhN + TN (L 7 v InhY)dt + T (D v InhY )dt
1
+ IN (Lo InBN) dBY = nARNdt + 3IN (L2TNRN) dt.
By the It6 formula

dIX 13 + 29| X |3 0t = —20GY, AN (XY ))dt + (X, Tn (L5 (TN X)) dt
= 26X, GN(X)aBl +(GN(X[Y), GV (X))t

Note that the nonlinear terms cancel out in the first scalar product, more precisely

1
INXY, Inul -V (InXN)) + §<L7NXtN7 (V- Invu ) InX{Y) =0

by integration by parts. Similarly, using that u® = %V -a and a = oo,

CINXD, Inud™ V(I XNY + XN, I (C2(In X)) + GV (XN), 6N (X)) = 0.

This is the reason why we do not need a truncation in the weak solution case. The only term which
does not vanish on the right hand side is g(u®, VhV). However, this can be controlled by | X H%Q
and therefore we have

t
N N
1XN3 + fo IXN|2 ds < O Xol3

which gives the required bound. Note that since V - 0dB; = 0, the control holds pathwise. =
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6.1 Tightness
Proposition 17. The approzimating sequence (XV) y is relatively compact in the space C ([0, T]; W~ 12(T?)3).
Proof. By a standard Arzela-Ascoli theorem the following embedding is true:

L*(0,T; L(T2)) () WH(0, T; W™123(T2)) < C([0, T); W™H(T2)).

Let BX := B1(0, K)nB2(0, K) with BY(0, K) € L*(0,T; L?(T?)3) and B2(0, K) e W2P(0, T; W~12(T?)3).
We want L := hm supP (XN ¢ BK) = 0. By Lemma [18 and Lemma [22[ we have

K—o N
N2
E| sup HX HQ HXNH
I < lim su s€[0,77] n Wh-p(0,T;W—1,2(T2)) _0
T Ko Np K2 Kr -
which proves the assumption. O

Lemma 18. Let XV be the solutions of the approzimating sequence. Then
xNerp (Q; WP (0,T; W_I’Z(T2)3)>

with p € (2,00) and B € [0 ,2) such that pB > 1, and there exists a constant C = C(8,p,T, R)
independent of N such that

[HXNH)/\)ﬂp 0,T;W—1.2(T2)3 )] <C.

Proof. Recall that

|2 = X122
HXN”Wﬁp 0,T;W—1.2(T2)) ZZJ HXNHW 1,2( J J ’t—s‘l"'ﬂp )dtds. (38)

We have to show that there exists a constant C' = C (T) independent of N such that

E [”XtN - XéVH;;)/\)flz('p)] < C|t - S|p/2. (39)

Using Lemma below we have that for any test function ¢ € W'2(T?), using Ladyzhenskaya in-
equality (for 2D) )
Ko, AM(XY)] < Cllgln 2| X3

<
< Cleli2 XY 2IVXY |2

that is )
JAM(XM) 12 < CIXN 2 VXN |2
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and therefore using Holder and Cauchy-Schwartz inequalities

?|

t ~
f JAN (XY |y odr

p _
]<CE

+ p

[ 1272 ]
i t p/2 t p/2

. < [ nxﬁ%m) ( [ |VX,%V%dr)

T p/2
< CE | (t—s)"? sup |X]N|} U vy \%dr> ]

re(s,t] 0
T y4
( [ rvxy \%dr) ]
0

provided we can control sup up to any power p. The same argument is used to control the term which
contains the Laplacian. Finally, for the stochastic integral we use that

<C(t-5)?, |E [ sup | XY r] E

re[s,t]

< C(t —s)P?

K, GV (X DI < Cllole0)lell2) X 12

and
1GN (XM |12 < C(0)| XD |2

Then using the Burkholder-Davis-Gundy inequality we have

e | ([ 167 e >121,2dr>p/2]
([ cwnxy |%dr)p/2]

< O(p,0)(t — s)"°E [ sup IXivé’]

re(s,t]

t
f IGY (XV)| 1 2dB,

] < CHE

<C(pE

< C(t—s)P2

Note that the first integral in is controlled similarly due to the same Lemma Therefore
holds. g

Remark 19. Note that we can do the same for test functions ¢ € W*2(T?) and this gives us a control
in W=R2(T?). Therefore the solution is in C([0,T]; W52(T?)3) with k > 1.
6.2 Continuity of the map ¢t — || X;|s2 with £ >0

The following results proves the continuity of the norm processes both for the week and for the strong
solution. In both cases, the arguments are the same, the only difference is the use of different sets of
estimates of the approximating sequence

Proposition 20. The map t — | X¢|r2 is strongly continuous for any k = 0.
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Proof of Proposition [20.
Case k > 2 (strong solution). We use here the estimates in Lemma in the Appendix. With
arguments similar to the ones from the proof of Lemma [18| we show that there exists C' such that

4
E[(1Xul22 — 1X32)"] < Clt — s
More precisely, for the approximating sequence (X)y we have
4
22)"]

t 4
<0 3w | (] (R PIE @EDPGAT) + AN AG ) ar)
|6|<k s

B[ (XY, - 1XY

OV E l(—z j t<a@X§7aGGN<X£V>>dBr)4

|0|<k
t o N
( [
S

< Ci(t—9)°E [ sup X1 2
re(s,t]

< ChE

2
o N o N
2t IV Brs + ()X ui+1,2> es:

([ kg >>12dr>2]

+ C’z(t —5)°E [ sup HX,{V iz]
re(s,t]
<Ot —s)?

Then ] . ,
E| (1%}, — 1% 22)'] < Cte -9,

Case k = 0 (weak solution). Similar calculations hold due to Lemma [22| below. o

2 4]<1' 'fIE[ XN
k) | <liminfE | (X

ko — IXY

Remark 21. For the estimates in the proof of Proposition we actually use a control in the norm
|- |l7k.2 but given the fact that we know that the solution X ezists and its W12 norm is L2-integrable

t
we can choose epsilon in Lemma (23)). in the Appendiz so that all terms which involve f ||X||%+172d1“
S

disappear, and therefore the control is then true in the norm | - |2 as required.

Lemma 22. There exists two constants Cy and Cy such that

T
L JAY (XM ds < €y (400)
T
fo IGN (XN 1 5ds < Co. (40b)

Proof. We proceed below with the analysis for the nonlinear terms, as the one for the linear term
follows directly with the same type of arguments. Using the fact that (£, + Dy)u = V - (u® u) and
Ladyzhenskaya’s inequality we write

Ko, V- (u@u))| = KV, u®u)l
< Cle
< Cle

ull}

1,2

12)|ull2] Vul2.

Therefore
IV (w@u)|?, 5 < Clula|Vuls
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and - .
f IV (u@u)|?, 5ds < csupqizf [Vul3ds < |Xol3.

s<T

The nonlinear part in the equation for h is done similarly, using the fact that u-Vh+(V-u)h = V- (hu).

The control for J |AN (XN)|_12ds holds as requested. For the control of f IGY (XY _1.2ds we

0 0
proceed in the same manner, using the fact that V - 0 = 0 and therefore we can write o - VX =
V- (cX). o

7 Appendix A: Littlewood-Paley approximations

In this section we introduce the Littlewood-Paley decomposition which is used to construct the ap-
proximating sequence of solutions. For more details on this topic in the periodic domain see [25],
[66].

Consider the orthonormal basis (ey)yezz of L2(T?) with ey(z) := e forany z € T2. Any
function f € L?(T?) can be written as

= 2 F(N)e*®  for any e T2, (41)
\eZ?

where f()) are the Fourier coefficients (or Fourier modes) of f given byﬁ

A~

1 v
FO) = oz |, Fwe vy (12)

Consider the sequence of subsets (B;); < Z* given by
Bj:={\=(\1,\2) € Z*|[\n| < 27,m = 1,2}

For any dyadic integer N = 27 one can define Jy f : T?> — C such that

N
Inf () = > M+ YT (e (43)
Jj=1 )\EB]'\B]',1 AeBo
Then J;f : T? — C given by
Jof ()= > f(N)e* (44a)
/\EBQ
Jif(z) = Z FN)EN for j=1 (44b)
)\EB]'\BJ 1

are the Littlewood-Paley blocks and we can write
N
Inf(x Z (45)

The Littlewood-Paley decomposition of f € L?(T?) is given by

= Jif (@), (46)
=0

SNote that f : Z2 — R is the Fourier transform of f. In we have the Fourier series of f in x € T2
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The Littlewood-Paley decomposition is based on a decomposition of the function f into a count-
able sum of functions for which the corresponding Fourier transforms are supported on ’blocks’ of size
27, Jn corresponds to a localisation of the function f to frequencies of order N. These blocks provide
a decomposition of the frequency space associated with f. From we can see that

Infx)= > e f(N) (47)

)\EBN

and the corresponding decomposition can also be written as a convolution:

Inf(z) = ( Z ei’\'x> * f(x). (48)

/\EBN

An important feature which is more explicitly described using the LP decomposition is the regularity
of the functions: this can be characterised in terms of the decay properties of its corresponding dyadic
blocks with respect to the summation index. Such a representation allows one to obtain a better
control on the derivatives, since the dyadic blocks are orthogonal to one another. More precisely, by
Plancherel’s identityﬂ the Sobolev norm of f can be expressed as

| Flwmzcrzy = 1275075 flz2cm2) ez (z2) -

By generalising this for blocks from LP(T?) one can introduce the Besov spaces see e.g. [25] Definition

2.9. Let A% = (—A)S/2, s > 0, be the fractional laplacian operator on T?. We introduce below the

main properties of the Littlewood-Paley blocks, based on Lemma 2.7 and Proposition 2.8 in [25]E|
S

The Bernstein type inequalities can be proven using the fact that Asf(X\) = |A|*f(\), with \ € Z2.
Lemma 23. Let f € WF*2(T?),k > 0 and Jif, InNf as above, with j = 0, N > 0. Then

1. There exist some constants Cq,Cy such that

1T fll 2 (r2y < Callfl 2 (r2) (49)
|TNfllz2(r2y < Col fllp2(re (50)
it. For any j1 # jo one has that
JjiJjp f = 0.

iii. (Bernstein inequality 1) There exist some constants C, C > 0 such that

| J3A° fllL2(r2) < 29[, 2 (r2) < 27 flL2(r2) (51)

iv. (Bernstein inequality 2) There exist some constants 0 < Cy; < Co such that

Cr29 ;£ 2 cry < 1A fllp2rey < Co2 | J; £ 2 roy- (52)

Remark 24. Let a be a multi-index of length |a| = k. For s = 2a and N = 27 we have

|50 )l z2(n2y) < ONZJ; fllzzcrz) < ON| flp2re)-

"See e.g. Lemma 2.11 in [25]
8For complete proofs see [25).
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Using and we can write
10°F 7202 < D 156 F)I3.

j=1
Then
£y < 3 ONT; 12,
j=1
and

1
If— «7NfH12/vk,2(qr2) < 2 HJJ'fH%/vkz(w) < NHin\;kﬂa(wy
j=N+1

8 Appendix B: A priori estimates and Cauchy properties

In the next lemma we give the proof of .

Lemma 25. For any p > 0 and R > 0 there exists a constant C independent of N such that

T p/2
| o 151, ([ 1 )| < o) &
N=1 | tefo,1] 0

Proof. Note that by Jensen’s inequality we have for p < 2 ﬂ we have

T p/2 T p/2
sup | X2, + < | |Xivrz+1,2dt> ]< (E[ sup | X3, + | |\X§Vr|z+1,2dt]>
te[0,7] 0 te[0,77] 0

E

ie.
. - p/2
E |:HXN||ST7pﬁ(k72):| < (E |:HXNH‘ST,2,(I€,2)j|) :

Let 6 be a multi-index of length k. By the It6 formula

d0° X5 + 2907 XYV 3t = —2¢0° XY, 00 AN (X))t
— (XN, OGN (XN )ydB, + (OGN (XY, °GN (XN))dt.

After taking the absolute value, integrating in time and taking the supremum over s € [0,¢] with
0 < s<t<T, and then taking the expectation with respect to P, we have that

t
< CE[|Xo|2,] + CE [ [ e oo av >>|ds]

|

+CE U: (OGN (XN), 9GN (XN )>|ds]

¢
E [ sup ‘|X§VHi2 + 2’Yf HXéVHz-Fl,QdS
s€[0,t] 0

t
+ CB || [ @x,0'% (1) as.
0

We control each of these terms separately using the results below and then apply the Gronwall lemma
to obtain a bound for E [HXNHgT’2 (m)]’ Given the definition of A, G, £, D, we need to estimate the

9For p > 2 see Remark
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following termﬂ The rotation term:
Ty i= (0", 8T (e x Inu )] = K" g, 7 (fk x Ina™))|
< CLR )| INE" 7110 + Co(R,v) | TNEN[F

2
k2

< ) TN oz + Colw) 5 Wi
The advection term, which contains also the It6-Stokes drift:
Ty = (%", fr(@™) T (L gyan INTN) + & TN (L g asn TnEN))|
Taking into account the fact that L,u = (u — u¥) - Vu we need to estimate two quite similar terms:

Ty = K*a, fr(i)00 T (£ gyan T )
= K" i, fr(a™) o TN (L gy an TN )|

= Cfr(@™)| Y, @a, fr@™)o’ (Ina)e’ P (Vanat))
B<6-1

< Cfr(a™)|IniN k12 Y, 10°Tna™]a]0? 2 (V Tni™) |4
B<H—1

< O(R)|INGN [jr12) Tnt™ [ k.2
< C1(R, )| INN (7112 + Ca(Rw) [T [7 o

< LI INE 1 0 + Co) g L TwiV

With exactly the same arguments but without moving one derivative on the left term we have
Tyy = | = ("a™, 0° In (L g asv Tn))|

< C|Ina" 2| TnaN Iyl

~
< C(lafes1.2) | TNz 2

k.2

k.2

So we have

R y R . .
Ty < Cl(y)§||jNuN”%+l,2 + Cz(V)gHJNuNI r2 T Cla)| Ina™}

For the third term we have

Ty o= (1 + @)%, fr(a™)d" T (D gyan T )|
= (L+ )" i, fr(@™)" " In (D gy an Ina))|

= (L+a)Cfr@@™) | Y @1, fr@@™)o% (V- Tya™)d =P (gva))
B<0-1

< 1+ )CrrEM|INN Jer12 > [0°(V - TIni™) a1 P (Tni™) 4
B<H-1

(1 + @)CR)| TNt 41,2 T 2
(1+ ) (C1(R, )| Tni" [j 410 + C2(R, )| Ina™F 2)

2
k2 |-

<
<

R . R y
< 1+ 0) ()G 1 s + o) 19"

The constants C, C;, i = 1,2 differ from line to line.
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For the fourth term we have

Ty := (%™, 8 Tn (V(TInh™M)))|
C| TN |2 TnEN [5s12

C1() [ TIntN 7 2 + Com) | TnAN 711 9

<
<

We combine T5
Ts .= [, 0° Iy (L2Tna )|

and Tg
Ty := [(R™N, 0 I (L2TNEN)))

with the quadratic variation term to obtain
@KV, Ty (LLINXY)) + @GN (XN), oGV (X2 )| < CIXV .
The control for T is similar to the one for T5 and we have

Tg := KRN, fr(BN)" Tn (L gy an INEN) + 8 TN (L g asn INEY )|
< C1(B, )| INE" 412 + Co(R, )| Ina™ 75 + Cla)| TR |7 o

R . R y 5
<G (77)§|‘-7NhNH%+1,2 + 02(77)§|‘-7NUNH%,2 + C(a)|Tn A" 2.

The control for 77 is similar to the one for T35 and we have

Ty = (1 + B) KRN, fr(h™)o? Tn (D gy an INRN))|
(1+ B)C(R)|INAN |k s1.2]|lTna™ k2
(1 + 8) (CL(R, ) |TINEN R 41.2 + Co(R,m)| TN |7 o)

2
k2 -

<
<

R - R
< (1+5) (o) g WA s+ Cati) g W™

For the stochastic integrals we use the fact that
KXY, "GN (XD < CIX)Y IR 2

This is true since V - ¢ = 0 and there exists C such that |o|;2 < C, by the initial assumptions. Then
we apply the Burkholder-Davis-Gundy inequality to obtain

s s 1/2
E[sup [[ @ ot x| < o [ etx, 6 (¥ pas)
s€[0,t] 1JO 0
< CE | sup | X[}, | +C(T).
rel0,s]
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Note that all these bounds are independent of N. Summing up we have

<E[|Xol 2]

4
E [ sup [ X7, + 27] | XY 1741 20
s€[0,t] 0

sup | Inig 72| + C(a)E

t
+ C1(R,V)E U |Twvaly \zﬂ,zds] + Cy(R,V)E
0 s€[0,t]

- |JNa;V|z,2ds]
s€[0,t]

t
+ LR E | [ 1N o] + CoR )
0

p wNa;Vuz,Q]
s€[0,t]

+ C1(n)E [ sup [ Tnid |7 2
s€[0,t]

t
+ Co(n)E [ [ 1w |%+1,2ds]

t
+ C1(llalg+1,2,V)E UO |~7N11§V|%+1,2d8] + Ca(lalgr1,2,V)E [ sup |~7Nﬁﬁv|2,2]

s€[0,t]

t
(R )E [ [ 1awi |z+1,2ds] + Co(RmE | sup [T |2,

s€[0,t]

+ C(a)E [ sup |‘7Nﬁfj|i,2ds]
s€[0,t]

t
£ (R M)E [ [NEE |2H,2ds] + Co(Rm)E
0

sup ||JNﬂ§V||ﬁ,2d8]
s€[0,t]

t
+ Cr(lalksrzsmE [ fo | |i+1,2ds] + ColallosrzmE [ sup |TwhY u]

s€[0,t]

+ C1(v,0)E [ sup \|X7J,VH%2
re[0,s]

+ Gy, O)E [ [1x |z+1,2dr]

+ e[ [ X1t + o)

with § = (o, 8). By choosing the constants to depend appropriately on v and 1 we have

t
N N 3
E [ sup | X% + QVL | X 74120 | < 1 XolR 2

s€[0,t]

t t
(R VE { | rJNaerH,zds] + Gy (R )E [ | uNhNﬁH,st]
0 0

+ Co(R,v)E | sup HJNﬂNH%,Q

s€[0,t]

+ Co(R,n)E [ sup |~7N71NH%,2]

s€[0,t]

t
+ C1(7)E U \jNXNiH,zdS] + Co(7)E [ sup |InXN[7o | +C(T)
0

s€[0,t]

N t ) N
< |02 + O(T) + Cr(R,)E UO JNeri+1,2ds] + Co(R,y)E

up HJNXN@,Q] |

s€[0,t]

By Gronwall lemma and using the fact that Jy X~ = X% (since X is already in the projected space)
we deduce that there exists a constant C' = C'(R) such that

E[1XV Isr00 | < C(R)
and therefore holds. o
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Remark 26. We provided above the control of all terms in L?(T?). When p = 2 one needs to apply
the Ité6 formula for the map x — xP. The same type of control is then needed in L*(T?) but an extra
term HXNHZ;2 needs to be carefully taken into account when applying the Gronwall lemma. However,
no other technical differences appear, and therefore we do not redo the calculations for this case. An
exact application of the It formula for P when p = 2 can be found for instance in [39)].

Proposition 27. (Cauchy property) The approzimating system (X™)n is Cauchy in
L*(2,0([0,T], LX(T?)*) n L*([0,T], WH*(T?)?))

and

T p/2
lim sup E| sup ||X'tN —XtMHg +E <f HX;V —XSM%zd3> =0
N=©0M=N | te[0,T] 0 ’

where X N = (ay ,hN ) is the truncated approzimating solution.

Proof of Proposition [27. We first show that

t
lim sup E| sup HXtN —XtMH% +E [J HX;V —ny%st} =0 (54)
N=oo M=N | tef0,1] 0 ’

and then by Jensen’s inequality holds. To further shorten the formulae we can write

dX = (FN(X)Y) = KN(X)) = LY (X)) dt = W (X])dB, (55)
i.e.
duy = (FN(a)) — KV (@) + LY (a]))dt — W (@ )dBy (56a)
dhy = (FN (b)) — KN (YY) + LY (h))dt — W (R{Y)d B, (56b)
where
FN(XN) == yaX)
i.e.

FN@NY :=vAaY, ENGBN) = nARY
and v = (v,n). Also
KN (X)) = KXY = Kia(XT)
wherd™}
KY(XN) = frRXN) (TN (Lgyay + (1 +8)Dgyan) InXY)
= frRXM)INY - (Inia" InXN) + 6 fr(XV)D gy an TIn XN
and § = («, B).
More precisely:
K () i= fr(a™) (In (Lgyan + (L+ @)Dy an) Ina'Y)
= fREXMINY - (Iva" T (@™)T) + afr(XN)D gy o Ty
= frR(XN)INY - (Ini" @ Tna) + afr(XN)D 7, av Ini™
= K71 (@) + aKpy(a”)

1YWhen not necessary, we will omit the subscript ¢ in what follows.
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K{V(h) = fR(hN) (jN (‘CJNﬂN +(1+ ﬁ)DJNﬂN) jNiLN)
= fREXM)INY - (Ina InEN) + BFR(XN)D gy an InEY
= K{y (PY) + BK{3(h")

K (@) i= IN(Lgyusn INGY ), K3 (RN) i= In(L gy usn InEY)

Finally
WN(XN) = Iy (Lo InXNY)
WN@N) = Iy (Loanu™), WNIY) == Iy (LoTnh™)
N N
DY (V) 1= = g T0(T - @V (X)) 4 PV o )
that is !
L) i= =5 In(V - (aV(Ini™)) + IngV (InhY) + fl x Tnu™

. 1 .
LY(RY) i= =5 In(V - (aV(Inh™))

We need to control the difference between XN — XM More precisely, we have:

d| X7 = XM5 + 29X - XM gdt < 2K - XM KN (XY - KXt
+ 2l (X~ XtM,LiV(XiV) — Li'( VM)>|dt
2K = X W) = W (X)ldB, (57)
+ W) = WM ), W (X - WM (X))t
=T'+1?+1% 4+ 1

where ') i € {1,2, 3,4}, correspond, respectively, to the absolute values of the terms above. Note that
E[I®] = 0. Based on the lemmas below we have

E[I'] < CuOE[IX)" — XM5] + Co( B [1X7 — XM 0 2]
+ 0 (COE[IXP — XM 3] + E[Tn])

COE[IXY - %3] + S@ g5z,

+
< CUOE[IXN = KMI] + Cole) (B[IXY 2] — E[IXM 2,1 ])
+ CLO,OE[IXY — XME] + Co(6,OF | Tgn +Tox |

X
OR[N - %3] + S@ g g,
<O, R [ XY — XM3] + ]\c;(i’ ]\),E [ X7 o]
Fl
< C@, O E[|IXY - XMI3] + MCA N

We used above that, in absolute value,

K <Ky +0Kq9 + Ky
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more precisely
[KN(XY) = KM < K (XY) = Ky (X)) + 8K TH(XY) — Ky (X)) + [K31(XM) — K3 (X))
and that T)?N = Tg}\} + T)?;\? is estimated as follows

E|TH] < CLOE[IXN - XM3] + Co(OE[IXY — XM o]
< CLOE[IXY = XM ] + Ca() (B[IXV R sr2] + E[IXY[E12])
<C

HOE[IXY = XMI3] + Cale)

and -
_ C g C
D2
BT < o m B IRal < 51y
as per Lemma [2§ below. Next we have
Ci(a) . . Cs(a) -
2 1 N M2 2 N2
E[r?] < O g [1xv gV 2@ g g
é’(a) N |12 o N |12
S M AN (EXY k2] +ENIXTE2])
cr’
<
M AN
and
C(a) . y
4 N2 M2
]E[F ] < M AN (E [HX ”kz,Q] +E[HX Hk,Q])
cr
<
M AN
Then
ENXY - XM+ om | [ 13V - 32, s < X0 - XM 1 ovo.o) [ E[EN - %M ds 4+ S L
[ = XM 3] + 20 | [ 1~ XY, | ds < 15 - X1+ a0 [ B[ - XYoo+ 57 T

where I' = ' . By Gronwall lemma

; . . . C'T ;
B[ - XM E] < (153 - X8 + 7oy ) <07 (58)

By taking the supremum for ¢ € [0,T] in using the Burkholder-Davis-Gundy inequality to control
the stochastic integrals, we deduce from that

g - . . Cc'T
lim sup E| sup | XN — XM|2| < lim sup <XN — XM + > G107
Jim sup L[m % - XV | < Jim, sup (17 - X313+ 37

=0

where we assumed that the initial sequence is convergent. The analysis of each I'* is quite tedious and
we will take care of each of the terms separately. We first look at the nonlinear terms and then at the
more simple linear ones. This is all done in the two Lemmata below.
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Lemma 28. With FNM KNM [NM ywNM gnd T i e {1,2,3,4}, defined as above, the following
hold:
A. There exist some constants C(e, R, 9),C(€,7,9),C(k, R,a,€,d) such that

E (KXY — XM KN (X)) = KM(X))] < Cle, R OE[| XY — XM3]
C(k,R,a,¢€,0)

v N v M
+ 0(6777 5>E [HX - X H%,Q] + M AN

B. There exists a constant C(a, R) such that
C(a,R)

E KXY = X7 LY (X)) = LX) <
C. There exists a constant C(a, R) such that

C(a,R)
M AN’

E KX = XM Wil (X3 = wi(XM)l] <
Proof of Lemma[28: A. We use the following notation: KV:M(XN XM) .— KN(XN) -
KM(XM),
Note that
[EN(XY) = KM < K (XY = KX+ [T X - KX
< KN (XY) = K (X)) + 8| BTH(XY) — Ky (XM)] + [K31(XM) — K3 (X))
then

a. In the equation for /Y — M we have KNM(hN MY = ﬁ’M(fLN, hM) +ﬁK{\;’M(ﬁN, hM):

al. For the first term, which contains KN M(hN hM), we provide the detailed analysis
in Lemma [30] below. Summarising, we have:

E|IGY — M, KM (Y, M)

= E[[(BY — M, In frXM)V - (Ina™ InhY)) = T fr(XM)V - (Tua™ Tuh™))|]
< C(, RIE[|IXY = XMI3] + C(e, ME[I X o]+ SR,

a2. The second term, which contains ﬁKNM(hN hM), is handled as follows:

[N — BM R M (RN M)
= [N = BM, fr(XN)IN(INEYY - Ini™) = fr(XM) T (T bV - Taa))|
C(|N = M3 + €| fr(XM) IN(INANY - Ina™) = fr(XM) Tar(Taeh™'V - Tnra™) |3
=: Cle)|RN — AM |3 + eT}%
C(e)| XN — XM|3 + T

N

and we want to keep the second term small. We can write

Do < | In (fREXNINENY - Ini — fr(XM) T hM Y - Tai™) |3
+ [(In = Tn) XM TV - Ty (3
< T]%l + T]%Q.
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Then we have

D o
TV < 7 NHfR(XM)thMV N
2 v M\ || 1 ~ M 12

<

< R 2
C(R)

< .
M AN

For T;;\}l we can do the same type of calculations as those from Lemmabelow to obtai

£[15!] < Ce. DE[IXY - KV3] + CleE[IXY - XM 2] + ST,
Then
E[TR] <E[T0!] + &[]
< C(e, RE[| XY — XM|3] + Ce, 1)E [|| X ] C]\YJ(kA?\;

and therefore

B[ KRN = M EM (BN, M) | < Cle, RIE[IXY = XM3] + Cle, nE )X
In conclusion,
E |G — M BN (XY, X)) |
< B[N = WM BN Y WM + BE [[BY = RV REY (RN R |
< Cle R AE[IXY - K3 + Cle,, BE[|IXY — X3 ,] + Sl P

M AN

again with different values for the constants C.

b. In the equation for AV — A we also need a control on KNM(hN hM) Using that

(KRN — BM K3 (BY) = KT (RM))] = [ = M, I (L gyusv TnRY) = JM(ﬁyMa&MJMﬁM)N

. . Cl(a
< OO — RV + S
. . Cla
COIXY - XM+ SO ]3

the control for the corresponding expectation is given by

C(a,e)

M/\NE[

C(a,e,k, R)
MAN

2Note that here and everywhere else, the values of the constants C' differ from line to line and we keep track of their
dependence on the parameters R, ¢, 7, k, 5.

2]

B[N = M, KM (Y, M) < COB[IXY — X3+

< C(OE[|XY - XM3] +
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We presented the detailed analysis for AN — A but exactly the same type of calculations hold for

@’V — @M. Putting all these together we obtain

E[|KXY — XM KN(XY) - KM(EX)]
X = K (XN + E[XY = XM RGN = K (X)]
E[|KXY = XM KT (XY) - Kiy (XY)]

C(k,R,a,¢,0)

SN M2 oN M2
< Cle, ROB[IXY = XM ] + Cle,y, ) [|IXY = XM|3 ] + S0

which is exactly the control we were looking for.
B. For LVM(XN XM) .= [N(XN) - LM(XM);

BN =M I (V - (aINVEN)) = T (V - (aTu VAM)))

= (VAN = MY aTEVRNY +(V (RN — M), a T3 VRMY

= (VRN = M), a(TEVAM — T2VRN))

= a(V (BN = WM, T3V (M = BY) + (T3 — TR)VARY)

= —al T (V (BN = M), T (V (RN = hM))) — el (BN = h™), (TR — Ti) VAY)
= a(hN = M, (JJ% - J&)Ah’% — a| T (VRN = M3

C(a)

S NAM

Ci(a) in  sm CZ()
< )y _ gy, Cole)
Ci(a) on Cs(a)
SV AM MHX - X HQJFNAM

Then

B[N — B, I (V- (0w VRY)) — (¥ - (@ VR))] < U [N - M 3] 4 X0 e

< OO (5 [10¥98) + B[R] + <2 B[R, ]

Cla, R)
< .
M AN

C. For WN-M(XN XMy .— WwN(XN) - wM(XM):

a. The stochastic term:
(KR = RT W RN = WM (RM)) | = (B = B, I (Lo InBY) = Tar (Lo TN )]
Since V - 0dB; = 0,
(X = XM w N (XY —w M) =0

and therefore the stochastic term vanishes.
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b. The It6 correction:

C(a)

> N > M >N > M
NN = M), N () - WM (M) < 20

HXN . XM

2
|2,2
and then

C(a)
M AN

E IV (XY) = wH (XM, N (XY - w x| < E[I XY - XM|3,]

Remark 29. Note that we moved FN — FM to the left hand side above since we have
Che! = b EY(RY) = FM () = byt — i ARY — ARyT) = —n|[V (R — )3
and likewise for u so

X=X RN = X)) = XY = X AXY - AXN = V(XY - X3

Lemma 30. Let € > 0 and R, v, k as above. For any M, N > 0 there exist some constants which may
depend on €, R,~,k such that the following control holds:

E[[KRY — WM, In fr(XMNV - (InvaY InAN)) — T fr(XMV - (e T k™))
C(k, R)
M AN

<O RE[|XY = XM|3] + Cle, ME[I XY = XM|7 ] +
Proof of Lemma [30: Using the fact that

IN RNV I INEN) — Tar frXM) (Tna™ Ta M)
= In (frRXN TN InEN — fr(XM) Tnpa™ TahM)
+ (In — Tu) FrR(XM) Tara™ T hM

we can write

T = [(AN — B Iy fr(XN)V - (I InEN)) = Ta fr(XM)Y - (T Ty b))
= KV(RN = M), Iy (frRXN)InaN InhY — fr(XM)Tva™ Tuh™) + (T — Tu) fFrROXM) T T M)
< KINVRN — BM), frXN) I InhN — fr(XM) T Ty b))
+ K(TIn = Ta) V(RN = BMY, Tapa™ TpehMS] = T + T2,

We start with the second term for which the analysis is simpler:

E[T%] = E[[{(In = D) V(RN = BM), Jara™ Tagh™)]]
C(k)

< Cle,VE[IXN — xM :

|%2] +
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This control is similar to (but simpler than) the control obtained for =2 below so we do not re-do all
the detailed calculations. To control the expectation of the first term (i.e. E [Tl]) we use the fact
that

E[T']=E [Tl]l{XN,XMeB(O,RJrl)}] +E [Tl]l{XN,XMgéB(O,RJrl)}]

+E [Tl]l{X’NeB(0,R+1)\B(0,R),XM¢B(0,R+1)}] +E [Tl]I{XNGB(O,R),XMgéB(O,R+1)}]
— F'+E?+ E3+ FL

and we control each of these four terms separately below.

Analysis for E': Note that we can write

KIn (BN = BM), fr(XM)V - (Ina InhY)) — fFRIXMV - (Tt Taeh™ ) xx xvepo.ren
) ] . { ( )}
(I InEN) = XM (Tna™ Taeh™ ) xn xnepo.riny

XY (Ina" Inh™ = Tva™ T h DI v xaepo.ri

For Z! we have
E[Z'] = B [KInV (R = M), fr(XV)(Ina Tk = Tua Tub DIL v sorepopiy |
< R [|V(RY — PM)2] + E[HfR (XY (Ina InhY = Tua™ T hM) 31 v XMEB(O,R+1)}]
2
2] +

< E[|V(RY — M) [\\JNQNJNhN T T M 131~ xmes, R+1)}]
[IV (RN —RM)|5] + +DE[| XY — XM|3]

< eE
< C(e,7)E [HXN—XMHLQ]+C(67R)E[HXN—XMH§]-

We used above the fact that

VRN — MM < [aN (RN — RMY| + R (@Y — aM))|
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and @V, A™ € B(0,R + 1). For Z2 we have, using that JyV (A — AM) = V(AN — M),
E[2*] =E _|<V(71N — M), | fr(XY) - fR(XM)|JMﬂMthM>|]1{XN,XMeB(o,R+1)}]
<E [|fr(XN) = fr(XMIV RN = WM, T TubDIL g xvepo,reny
<E[|X VN = D) || T Tah o1 g goneponiny |
<E[IX VN = D) o) Tar ™ Lol TashM 41 v e o ey
<E]| X V(N - BM)HzHJMﬁMHk—Lz||JM7LM||k—1,2]1{XN,XMeB(o,R+1)}]
<E[|X (RN =B v sveo.ne |
1 ro. . . . .
——E| (BN = WM 8N = XM ol g sanepo,men |
CE) g [ 19 (Y — B o] X — XM FT XY — XY 0 v
M AN 2 2 k+1,27{XN XMeB(0,R+1)}
< O |2 A — RMFTIRY — RMIET XY — XMET Y - XM 0 o
SV AN k2 2 k41,2 2 k41,25 {XN XMeB(0,R+1)}
< Ck) E_HXMQ XN_XMHkLHHX-N_XMHIHl—l HXN XMHkHHXN—XMHkLH Tion <
SV AN 2 k41,2 k+1,20{XN XMeB(0,R+1)}
Ck) 1. )
=7 el - M”k+1,2]1{XN,XMEB(O,R-i-l)}]
C(k)
< vEL XM )2 ) XN — XM o XN — XMy 2l 3w xmep 0R+1)}
CE [|XM RN - x-S v g
= k2 M N k+128(XN XMeB(0,R+1)}
e ()
<E|IXME 21 g xoveno.mrnpl XY = XM Jag e | XY = XMy ]
[ v omy CR) N o
<E XN - xM XN - xM
C(R)| By ez
C(R) C(k)

E[| X7 - XM3] + E[IX"Y = XM[R1].

2(M A N)?

That is, using the uniform control obtained in Lemma [unifcontrol]:

In conclusion

_ - 8 § Cy(k 8 §
E[=2] < CRE[IEY - X3 + L @ [IX, 5]+ E[1IXY1E, 1)
~ . . Co(k, R
<C@EMXN—XW@+A?N£.
. . y Ck,R
E' < C(e, RE[|XY — XM|3] + C(e, NE| W]*QA;

Analysis of E?: We have

0 = [ frRXNINAN Ina — fr(XM) T hM Tna™ |3 < C| XN — XM 3.
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That is
E* < CE[|XV - XV|3].

Analysis of E3: We have

0 = | fR(X™M)Inh"Y Tnva® — fr(XM)Tah™ Tara™ |3 < CIXY = XM3.

That is
E3 < CE[|XN - XM|3].

Analysis of E4: We have
|FrXN) TNk Ty — fr(XM) Tah™ Tna (5 = | fr(XM)ANaN |3 < O(R) < C(R)|IXY — XM,
since | XN — XMy = || XMy — | XN|2] = (R+1) — R=1s0 | XV — XM|2 > 1. That is
E' < C(RE[|XY - XM[3].
Summing everything up we have

E[T]<E[T']+E[T?]
C(k,R)
M AN

1ol +
which concludes the proof. O
Lemma 31. Let (X', 71),(X?2,72) be two local solutions and

i=ul— u2, 2 =71 A 72, X' = (uiahi)a X:= (12, B)7

(0°X,°Q(h,w))| < Cle, B)| X[Rs12 + Cle, R, DI Z]1 X7 2

with )
12 = (I x* k2)

Proof. We have V - (uh) = u-Vh+ h(V -u) = L,h + Dyh for any vector u and scalar h. Note that

we can write

’i@ + X2

Q(h,u) = frR(XY) (L' + (1 + B)Dyht) — fr(X?) (Ly2h? + (1 + B)D,2h?)
and we can decompose this as

Q(h, ) = frRIX")(Lgh' + (1 + B)Dyh') + frR(X?) (L2 + (1 + B)Dy2h)
+ | fr(XY) = fRX®)|(Ly2h' + (1 + B)D,2h")
=T+ 15+ T5.
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For L,h one can use the fact that for any multi-index 6 of length |6]| < k

6°X, 0% (u- Vh))| = [+ X, 0% Y (u - Vh)))|
< CJo™ X 20" (u - VA)|
<O X]s Y Ol ula|o®Ihl4
j<6-1
S ; 1/2 1 1/2 g 1/2 i 1/2
< Co" X o uly 07 uly |0~ h |y * |09~ Ay
- 1/2 1/2 1/2 1/2
O X w12 lully % olul) 2 101 5 101
C| X |lk+1.2]wlk2k2
Cl (67 R)
2

NN

|u

k2l -

€ —
< SIX sz + J1ul

Similarly, for D, h we use that

(1 + B)K"X, & (W(V - )| = (1 + B)K" X, 0" (A(V - u)))]
<@+B)CI" X2 D) Clohla|"uls

j<b6-1
€ - Cy(e, R
<(1+p5) <2||X|%+1,2 + Gle k) iZ) :

2

%,2 u|

Summing up we have

K°X, 0% (Luh + (1 + B)Dyh))| < Cle, B)| X hs1.2 + Cle, R, B)|hlR 2l o-
Now apply this for T;,i = 1,2,3:
v C(E, 5) v C(E7R7 6) _
@X,ET < S2 KR+ SRR I8 R ol
v 0(67/8) v 0(67 Ra 6) 1
(0’ X, °Th)| < 3 |\XH12¢+1,2 t——s | x> 12~c,2|u2|i,2 h i,z
°X, °Ts)| < C|fr(X") = fRX)IX [es12lh! |r2lu? k2
< O X k2l X k+1.200" k20?52
C<67 B) v C(G, R75) v
< SO, o+ SR R o ol X R
Define ) )
Z = | X R ol e + 1X 25l 7 + 1R R 2l e < (IX MR 2 + X33 2)
and )
Z = (| X 5o+ 1X21%2)" -
Then B
K?X,°Q(h,u))| < C(e, B)| X[} 112 + Cle, R, B)| Z||| X |7 o-
m]
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