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—— Abstract

Let Substri (X) denote the set of length-k substrings of a given string X for a given integer k > 0.
We study the following basic string problem, called z-SHORTEST Si-EQUIVALENT STRINGS: Given
a set S of n length-k strings and an integer z > 0, list z shortest distinct strings 71, ...,7% such
that Substry(T;) = Sk, for all i € [1, z]. The z-SHORTEST Sk-EQUIVALENT STRINGS problem arises
naturally as an encoding problem in many real-world applications; e.g., in data privacy, in data
compression, and in bioinformatics. The 1-SHORTEST Si-EQUIVALENT STRINGS, referred to as
SHORTEST Sk-EQUIVALENT STRING, asks for a shortest string X such that Substry(X) = Sk.

Our main contributions are summarized below:

Given a directed graph G(V, E), the DIRECTED CHINESE POSTMAN (DCP) problem asks for a
shortest closed walk that visits every edge of G at least once. DCP can be solved in O(|E||V|)
time using an algorithm for min-cost flow. We show, via a non-trivial reduction, that if SHORTEST
Sik-EQUIVALENT STRING over a binary alphabet has a near-linear-time solution then so does DCP.

We show that the length of a shortest string output by SHORTEST Si-EQUIVALENT STRING is in
O(k 4+ n?). We generalize this bound by showing that the total length of z shortest strings is in
O(zk + zn? + 2°n). We derive these upper bounds by showing (asymptotically tight) bounds on
the total length of z shortest Eulerian walks in general directed graphs.

We present an algorithm for solving z-SHORTEST S,-EQUIVALENT STRINGS in O(nk 4 n?logn +
zn?logn + |output|) time. If z = 1, the time becomes O(nk 4+ n?log? n) by the fact that the size
of the input is ©(nk) and the size of the output is O(k + n?).
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On Strings Having the Same Length-k Substrings

1 Introduction

We start with some basic definitions and notation on strings from [6]. Let X = X[0]--- X[n—1]
be a string of length | X| = n over an alphabet ¥ whose elements are called letters. For
any two positions ¢ and j > of X, X[i..j] is the fragment of X starting at position ¢ and
ending at position j. The fragment X[i..j] is an occurrence of the underlying substring
P = X[i]--- X[j]; we say that P occurs at position i in X. A prefiz of X is a fragment of the
form X[0.. j] and a suffiz of X is a fragment of the form X[i..n—1]. By XY or XY we denote
the concatenation of two strings X and Y, i.e., XY = X|[0]--- X[| X| — 1]Y[0]--- Y[|Y] — 1].

Let Substrg(X) denote the set of length-k substrings of a finite string X. We consider
the following basic problem on strings.

2-SHORTEST Sj-EQUIVALENT STRINGS

Input: A set Sy of n length-k strings over an integer alphabet ¥ = [0, nk) and an integer
z > 0.

Output: A list 7, = Ty,...,T, of z distinct strings over X, such that for all i € [1, z],
Substry (T;) = Sk and for every string T” not in 7, with Substr,(T") = Sk, |T'| > |T;], for
all i € [1,z]; or FAIL if that is not possible.

In particular, if z = 1 the problem consists in finding a shortest string X such that
Substrg(X) = Sg. In this case, we call the problem SHORTEST Sp-EQUIVALENT STRING. We
solve z-SHORTEST Si-EQUIVALENT STRINGS by considering the de Bruijn graph of order k
of §j; and reducing this problem to the problem of listing Eulerian walks on directed graphs.
Let us first recall a few basic definitions before formally defining the problem in scope. Given
Sk, the de Bruijn graph (ABG) of order k of Sy is a directed multigraph G, = (V, E), where
V is the set of length-(k — 1) substrings of the strings in Sk, and G, contains an edge (u,v)
if and only if the string S = u[0] - v is equal to the string u - v[k — 2] and S € Si. A walk in a
directed graph G(V, E) is a sequence of edges from F which joins a sequence of nodes from
V. An FEulerian walk in G is a walk which visits all edges in E at least once. Any string X
such that Substry(X) = S corresponds to an Eulerian walk W in the dBG of order k of Sk
and vice-versa. We formally define the problem of listing Eulerian walks in directed graphs.

2-SHORTEST EULERIAN WALKS

Input: A directed graph G(V, E) and an integer z > 0.

Output: A list W, = Wq,..., W, of z distinct Eulerian walks of G, such that for every
Eulerian walk W’ of G not in W,, |W'| > |W;|, for all i € [1, z]; or FAIL if that is not
possible.

If 2 =1, we call the problem SHORTEST EULERIAN WALK. Let us denote the total size
of W, (that is, the total length of the walks) by ||W,||. We show the following result?.

» Theorem 1. The z-SHORTEST EULERIAN WALKS problem can be solved in:
O(IE||V[log® [V| + 2|VI* + [[Wy]]) time;
or O(|E||V|10g? V| + 2(|EI[V| + [V[21og [V]) + [W.|]) time.
We also investigate the combinatorial bounds on the total length of z shortest Eulerian
walks in directed graphs. We show the following result.

» Theorem 2. ||W|| < |V||E| and this bound is asymptotically tight. Moreover, ||W,|| <
2|V||E| + 22|V| and this bound is asymptotically tight.

! We assume that basic arithmetic operations take constant time, which is the case when z = poly(| E|).
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By employing Theorem 2 we show the following result, where ||7.|| denotes the total
length of the strings output for z-SHORTEST Si-EQUIVALENT STRINGS.

» Theorem 3. ||T1|| = O(k + n?). Moreover, ||T.|| = O(zk + zn? + 22n).

By employing Theorem 1 and Theorem 3 we show the following result (recalling that the
size of the input in 2-SHORTEST Sk-EQUIVALENT STRINGS is ©(nk)).

» Theorem 4. The z-SHORTEST Si-EQUIVALENT STRINGS problem can be solved in O(nk +
n2log®n + zn?logn + ||T:]|) time. If z =1 this becomes O(nk + n?log?n).

We complement these results with the following reduction of independent interest. Given
a directed graph G(V, E), the DIRECTED CHINESE POSTMAN (DCP) problem (also known
as the ROUTE INSPECTION problem) asks for a shortest closed walk that visits every edge of
G at least once. DCP can be solved using an algorithm for computing a min-cost flow [8]. To
this end, we can use the network simplex algorithm to solve DCP in O(|E||V]) time [28, 32].
We show here, via a non-trivial reduction, that if the SHORTEST Si-EQUIVALENT STRING
problem over a binary alphabet has a near-linear-time solution then so does DCP.

Motivation and Related Work. The main theoretical motivation for this work comes from
the following “gap” in the literature. Let My be a multiset (rather than a set) of length-k
strings. Counting (resp. listing) all distinct strings whose multiset of length-k strings is M
corresponds to counting (resp. listing) all node-distinct Eulerian trails (i.e., walks that do not
repeat any edges) in the de Bruijn multigraph of order k of My, [16, 17, 22, 3]. Counting all
node-distinct Eulerian trails can be done in polynomial time by employing the well-known
BEST theorem [34] (see also [21] for the analogous result on strings). Efficient algorithms
for listing z node-distinct Eulerian trails are also known [5, 24]. However, the analogous,
perhaps more basic, results for counting or listing all strings whose set of length-k strings is
Sy, are, to the best of our knowledge, unknown. Here we focus on listing by observing that
strings whose set of length-k strings is Sy correspond to Eulerian walks in the dBG of order &k
of 8. Counting remains wide open, as an analogous to BEST theorem for Eulerian walks is
unknown. Indeed, a fundamental difference is that My, by definition, gives the exact length
of all strings whose multiset of length-k substrings is My, while Sy gives only a lower bound.
The practical motivation for this work comes from the fact that the z-SHORTEST Sk-
EQUIVALENT STRINGS problem arises naturally as an encoding problem in many real-world
applications. In data privacy, the output strings can be used to construct reverse-safe
data structures for pattern matching when S, comes from a private string [2, 3]. In data
compression, the output strings can be used to represent compactly a set Sy of length-k
strings [26]. In bioinformatics, the output strings correspond to different possible genome
reconstructions [29] when Sy, is a set of sequences generated by a sequencing experiment.
Our work is in some sense related to Simon’s congruence [31]. Two strings are ~j-
congruent if they have the same set of subsequences of length at most k. For details on the
combinatorial properties of the congruence see [31, 25, 19, 18, 20, 1] and for some algorithmic
works see [15, 11, 33, 7, 10, 1, 12]. A long-standing open problem was to design an algorithm
which, given two strings S and T', computes the largest k for which S ~ T. Gawrychowski
et al. [12] have recently settled the problem optimally by showing a linear-time algorithm.

Paper Organization. In Section 2 we provide some basic definitions and notation. In
Section 3 we present the reduction from DCP to the SHORTEST Sp-EQUIVALENT STRING
problem. In Section 4 we show the combinatorial bounds on the length of a shortest Eulerian
walk and on the total length of z shortest Eulerian walks. From these bounds, we infer the
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bounds on the length of the strings output for z-SHORTEST Si-EQUIVALENT STRINGS. In
Section 5 we present our algorithm for solving the z-SHORTEST EULERIAN WALKS problem.
From this algorithm, we infer our solution to z-SHORTEST Si-EQUIVALENT STRINGS.

2 Preliminaries

We consider directed graphs G(V, E) such that there is at most one directed edge (u,v) for
any u,v € V (that is, all edges in E have multiplicity 1). For a graph G(V, E), we call
multiplicity function on G a mapping E — N. We denote by G, (V, E) the multigraph with
underlying graph G and multiplicity function p: G, is a version of G having p(e) copies of
each edge e € E. We call G, an eatension of G if > 0. We call v the head of an edge (u,v),
and we call u the edge tail.

A walk in G is any sequence W = ejes ... elw| of edges in F such that the head of e;
is equal to the tail of e; 41, for all i € [1,|W]| — 1]; |W| is the length of W. A walk may
traverse any edge multiple times. We denote by I(W) the tail of e1, by L(W) the head of
ejw| and by mult. (W) the number of times W visits e, for any e € E. A walk W is closed
(and in this case we call it a cycle) if I(W) = L(W), that is, if it starts and ends at the same
node. A walk W is Eulerian if it traverses all the edges of G at least once, that is, if the set
{ei}iep,w = E. A walk that does not traverse any edge twice is a trail.

Given a multigraph G,,, a walk W is Eulerian on G, if mult.(W) > p(e) for every e € E
and it is an Eulerian trail on G, if mult.(W) = pu(e) for every e € E. A (multi-)graph
G(V, E) is semi-FEulerian if it admits an Eulerian trail, Fulerian if it admits an Eulerian cycle,
and strictly semi-Fulerian if it is semi-Eulerian but not Eulerian. We denote by EW (G) and
ET(QG) the set of Eulerian walks and the set of Eulerian trails on G, respectively.

A graph G(V, E) is strongly connected if, for any two nodes u,v € V with u # v, there
exist both a walk from u to v and from v to u. The strongly connected components (SCCs
in short) of G are its inclusion-maximal strongly connected subgraphs. A graph is weakly
connected if replacing all of its directed edges with undirected edges yields a connected graph.

» Definition 5 (Flow). Let G = (V, E) be a directed graph and § : V- — Z be a function called
the supply. Let m (resp. M) be a function E — N U {400} called minimal (resp. maximal)
capacity. A flow on G with supply 0, minimal capacity m and maximal capacity M is a
function f: E — N such that:

Ve € E, m(e) < f(e) < M(e)
VweV, Y fle— D fle)=6(v)

e=(v,w)EE e=(w,v)EE

We denote this set of flows by F(G,d, m, M).

3 Reducing Directed Chinese Postman to Shortest Equivalent String

DIRECTED CHINESE PosTMAN (DCP)
Input: A directed graph G(V, E).
Output: A shortest closed Eulerian walk, or FAIL if that is not possible.

The main goal of this section is to reduce DCP to SHORTEST Si-EQUIVALENT STRING.
We first show a simple linear-time reduction that uses an alphabet of size O(|V]). We then
show a more involved near-linear-time reduction that uses a binary alphabet. The latter
reduction has the following important implication: if SHORTEST Si-EQUIVALENT STRING
over a binary alphabet has a near-linear-time solution, then so does DCP.
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3.1 Large Alphabet

» Lemma 6. Given a directed gmthG(V, E), we define é(V,E) such that V.=V U {a,b},
where a,b are two bogus nodes, and E = E U {~(a,u)7 (u,b)} for an arbitrary node u € V.

Then from any shortest Eulerian walk on G, we can compute a shortest Eulerian closed
walk on G in constant time.

Proof. Let W be a shortest Eulerian walk on G. By definition, the bogus node a does not
have any ingoing edge, and then since W must traverse edge (a,u), it has to start with a. By
a symmetrical argument, it must end with b. The rest of the walk is on G, and since a and b
are connected only to u, the latter is the second and second-to-last node crossed by W. The
edges traversed by W between these two visits of u form a closed Eulerian walk W on G.
If a shorter Eulerian cycle on G would exist, we could, by a rotation, make it start
and end at u. Then, we could add edges (a,u) and (u,b) at the beginning and at the end,
obtaining an Eulerian walk on G shorter than W, a contradiction. Thus W is a shortest
closed Eulerian walk on G, and we can compute it from W in constant time by removing the
first and last edge traversed by W. |

» Theorem 7. Any instance of DCP can be reduced to an instance of the SHORTEST Sy-
EQUIVALENT STRING problem in linear time.

Proof. Let Zpcp = G(V, E) be an instance of DCP. We define G(V, E) as in Lemma 6.
A walk W in G can be expressed as a sequence v, ..., vy of nodes from V such that
(vi,vi41) € E for every i = 0,...,|W| — 1. Equivalently, such a walk W can be seen as a
string vg . . . v|y| over V such that its set of length-2 substrings So(W) is included in E. By
definition, W is Eulerian if and only if So(W) is exactly E, so finding a shortest Eulerian
walk W in G corresponds to finding a shortest string over V such that S(W) = E, which is
an instance of the SHORTEST S2-EQUIVALENT STRING problem. Finally, by Lemma 6, a
solution to DCP on G can be obtained from an Eulerian walk W on G in constant time. <

3.2 Binary Alphabet

We reduce any instance G(V, E) of the DIRECTED CHINESE POSTMAN problem to an instance
of SHORTEST k-EQUIVALENT STRINGS over a binary alphabet ¥ = {0, 1}; we assume that G
is weakly connected, otherwise the problem has a trivial solution FAIL.

For a given integer £, we denote by 0, the constant string consisting of ¢ zeros. We assign
to every v € V two binary strings v4, vg over {0, 1} such that:

For every v € V, v4 and vg are different from each other and from any wa and wg for

w # v in V, so that one can identify v by knowing only v4 or vg.

All strings v4 and vp start and end with a 1, and they all have the same length /.

» Observation 8. The length £ can be chosen to be in O(log |V ).

Proof. We need two unique binary strings v4, v for every v € V. Since there exist 2¢
distinct binary strings of length o, we seek the minimum length ¢ such that 2¢=2 > 2|V/|,
because we restrict to strings starting and ending with 1. The observation follows. |

Let k = 3¢. Our reduction models both nodes and edges of G with appropriate string
gadgets. The node gadgets are defined as length-k strings s(v) := v - 0y - vp, for every
node v € V. Let Sy := {s(v) | v € V} be the set of such gadgets. We model each edge
(u,v) € E as a length-(7¢) string gadget s(u) - 0p - s(v). We define the set S of length-k
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tuw =] ua |0/ s |0/ va |0/ s
I ]
r 1

a
: - |
o

Figure 1 The configuration described in the proof of Lemma 10.

strings input to SHORTEST Si-EQUIVALENT STRING as the set of length-k substrings of
all the edge gadgets: S := U, ,)epSubstri(s(u) - 0 - s(v)). Note that S; € S. Since
£ = O(log|V]), each edge gadget has length 7¢ = O(log|V]) so it has O(log |V|) substrings of
length k = 3¢ = O(log|V]). Therefore S contains O(|E|log|V]) strings of length O(log |V]).

» Observation 9. FEvery occurrence of 0y in an edge gadget starts at position £, 3¢, or 5¢
of the edge gadget (i.e., it is one of the occurrences explicitly used for the construction). It
follows that there are no spurious (i.e., not coming from one of the described occurrences in
the edge gadgets) occurrences of 0y in the strings in S.

Proof. Every string v4 or vp starts and ends with a 1, so they cannot overlap an occurrence
of 0y. Since we never concatenate two copies of 0y, the result follows. |

We now want to prove the correspondence between walks on GG and strings having their
length-k substrings in S. The following lemma is a first step in that direction: we show that,
given a string T with Substr,(T) C S, the node gadgets never overlap in T, and that their
succession precisely corresponds to adjacency relations between nodes in G.

» Lemma 10. Let G(V, E) be a directed graph and let S be the set of length-k strings defined
above. Let T be a string with Substr,(T) C S. If, for some u,v € V, T has a substring t,,,
such that (i) ty., has s(u) as a prefiz, (ii) t, ., has s(v) as a suffiz, and (iii) t, , has no other
substrings of the form s(w) for w € V, then t,, = s(u) - 0¢ - s(v) and (u,v) € E.

Proof. Let ¢, ., be a substring of T satisfying conditions (i)-(iii), so that ¢, ,[0..k — 1] =
s(u) =ua - 0p-up for some u € V. Note that the length-k substring « starting at position ¢
of 4., has O¢ as a prefix. By the definition of S and Observation 9, every length-£ string in S
with Oy as a prefix has it also as a suffix, thus 0, is also a suffix of « (inspect Figure 1). Let o/
be the length-k substring starting at position 2¢ of ¢,,,. String o has up as a prefix, and it
has an occurrence of 0, at position £ (the suffix of «). Since o’ € S, and since it has a 0y in a
central position, we know that o' is equal to up -0p- w4 for some w € V such that (u,w) € E.
Let now f be the length-k substring of ¢, ,, starting at position 3¢. We know that, since 0y is
a prefix of 3, it is also its length-¢ suffix. Thus, the length-k substring 3’ starting at position
40 of t,,,, has w4 - 0 as a prefix; by looking at S we find that 5’ = s(w). Now, by definition
of ty.., the string 8" has to be s(v). Thus, w = v, (u,v) € E, and t,, = s(u) - 0¢ - s(v). <«

» Proposition 11. Let G(V, E) be a directed graph, let S and Sy be the sets of strings defined
above, and let T be the set of strings of length at least k + 1, having prefiz and suffiz in Sy
and such that Substr,(T) C S for all T € T. The mapping

o : W = ((vo,v1), (v1,v2),...,(vR-1,vR)) = T = s(vg) - 0p - s(v1) - ... 0g - s(vR)

defines a bijection between the set of walks on G and T. From any T € T, ¢~ *(T) can be
computed in O(|T|) time. Moreover, given a walk W, the set of edges traversed by W is
exactly the set of (u,v) € E such that up - 0g - va are substrings of @(W).
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Proof. The mapping is well defined between the given sets and it is injective by the definition
of the string gadgets. Consider an arbitrary string 7' € 7. Let u,v € V be nodes such that
s(u) € Sp is a prefix of T and s(v) € Sy is a suffix of T. Let t be the second leftmost occurrence
of any string from Sy in T' (the prefix and suffix of T" are in Sy, and since the length of T is
at least k + 1, they do not coincide, thus there are at least two occurrences of strings from
So). We have t = s(w) for some w € V, and then T has a prefix ¢, ,, satisfying conditions
(i)-(iii) of Lemma 10. Then (u,w) € E, and t,, = s(u) - 0 - s(w). By induction, we can find
a sequence of nodes ug = u,u; = w,...,ur = v such that T' = s(ug) -0 -...- 0¢ - s(ugr), and
such that (u;,u;11) € E for every ¢ =0,..., R — 1. This gives us a walk W = ug, u1,...,ur
on G with (W) = T. The mapping ¢ is therefore surjective, hence it is a bijection. Its
inverse map can be computed in O(|T|) time, by storing the encodings s(v) for v € V in a
dictionary, and linearly constructing the list of v from the occurrences of s(v) in T. <

We are now ready to prove the main result of this section.

» Theorem 12. Any instance G(V, E) of DIRECTED CHINESE POSTMAN with output W
can be reduced in O(|E|log |V| 4+ |W|) time to an instance of SHORTEST Sy-EQUIVALENT
STRING with n = |S,| = O(|E|log |V|) strings over the binary alphabet and k = O(log |V]).

Proof. Let G(V, E) be a directed graph. We construct a graph G from G with bogus nodes
a and b as in Lemma 6 and we construct sets So and S on G as described at the beginning
of this section. S contains O(|E|log |V|) strings, each of them having length O(log |V]) bits,
and it can be constructed in O(|E|log [V|) time by listing the binary encoding of the integers
we assign to the nodes. We now prove that we can compute a shortest Eulerian walk in G

from the output of SHORTEST Si-EQUIVALENT STRING, and Lemma 6 concludes the proof.

Indeed, from the bijection in Proposition 11, every string in T gives rise to a unique walk
in G. Let T be a solution to SHORTEST Si-EQUIVALENT STRING with & = S. Since node a
does not have any ingoing edge in G, by the definition of S, the length-(k — 1) prefix of s(a)
cannot be a suffix of any string in S. Since T contains every string in S, the string s(a) must
be a prefix of T. By symmetry, the string s(b) is a suffix of T'. Finally, since s(a) # s(b) by
definition of the node gadgets, T has length at least k£ + 1 and therefore T' € T .

Now, by Proposition 11 we can get in O(|T|) time a unique walk W = vy, ..., vg such
that T = s(vg) - O - s(v1) - ... - s(vg). The edges traversed by W are exactly edges (u,v) € E
such that up - 0y - v4 is a substring of 7. But since T' contains every string from S, and
since ug - 0p - v4 € S for every (u,v) € E‘, the walk W traverses every edge in G and it is
therefore Eulerian. Furthermore, it is minimal, as otherwise some shorter Eulerian walk W’
would give rise to T" = @(W’) shorter than T. But then 77 would be a shorter string with
Substr(T") = S. It follows that W = @~ (T is a shortest Eulerian walk of G. By looking
at the bijection of Proposition 11, we get |T'| = O(|W|k) = O(|]W|log |V]) bits, so the total
reduction time is O(|E|log |V | + |[W|). <

4 Combinatorial Bounds

The main goal of this section is to prove Theorem 2; in particular, to provide bounds on
the quantities |[W;|| and ||W.|| for a directed graph G(V, E). In Section 4.1, we prove the
upper bound |[W;|| < |V]|-|E], and show that it is asymptotically tight. In Section 4.2, we

prove the bound ||[W,|| < z|V| - |E| + 2?|V|, and show that it is asymptotically tight as well.

Finally, in Section 4.3, we employ Theorem 2 to prove Theorem 3.
Firstly, let us observe that there are three types of graphs to consider.
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Figure 2 A directed graph where the shortest Eulerian walk has length Q(|V||E|) = Q(|V]?).

» Observation 13. Every directed graph has either 0, 1, or infinitely many distinct Eulerian
walks.

Proof. Any directed path has exactly 1 Eulerian walk. It is easily seen that any other
directed acyclic graph has none, and that any directed graph with 2 or more Eulerian walks
must have a directed cycle:?> This cycle may be repeated any number of times, yielding
infinitely many distinct Eulerian walks. |

As the first two types of graphs are trivial with respect to this analysis, in the rest of the
section we focus on graphs having infinitely many distinct Eulerian walks.

4.1 Length of a Shortest Eulerian Walk

» Lemma 14. For any directed graph G(V, E), we have ||W1|| < |V|- |E|.

Proof. Let us first assume that G is strongly connected. Letting ey, ..., e g be the edges
of E, we inductively build a walk which traverses all of these edges in the given order, and
which has length at most |V|- |E|. The walk starts as the single edge e;. Inductively, given a
walk W’ that crosses ey, ..., e,—1 and traverses at most |V|- (h—1) edges for any h € [2, |E|],
there is a walk W connecting the head of e, to the tail of ey, since G is strongly connected.
Moreover, W traverses at most |V| — 1 edges: indeed, if W goes through the same node
twice, we can remove the cycle that it forms doing so. As a result, W/Wey, is a walk that
crosses eq, ..., ey and traverses at most |V|-h edges. The claim follows when h = |E|, noting
that a shortest walk cannot be longer than the one that we have just described inductively.

Consider the general case of G and Wy = {WW}. Walk W induces a topological order on
the SCCs of G, as otherwise the walk cannot traverse all the edges, and these SCCs form a
chain graph of the form G; — Gz — -+ — Gy (see [5]). Since each G;(V;, E;) is strongly
connected, we can apply the above argument, so that W traverses at most |V;| - |E;| edges
there. Overall, since |E| =k — 1+ Zle |E;|, W traverses at most k — 1 + Zle V|| Es| <
k=14 V|- T8, 1B < |V]- || edges. <

We now show in Lemma 15 that the bound in Lemma 14 is asymptotically tight by
providing an example of a graph G with |[Wy|| = Q(|V|- |E|) = Q(V|?).

» Lemma 15. There is an infinite family of directed graphs, such that each graph G(V, E)
satisfies |[Wy| = (V] - | EI).

2 Note that some directed graphs with cycles may still allow 0 Eulerian walks.
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Proof. We construct G as follows for any given n > 3 (inspect Figure 2): we start from
two sets A, B of n nodes each, and the set of n? edges F = {(a,b) | a € A,b € B} (i.e.,
A, B induce a complete directed bipartite graph with edges directed from A to B). We
then add two more nodes z,y and add edges (z,a) for all a € A, and edges (b,y) for all
b € B. We further connect y to x by adding n — 2 new nodes uq,...,u,_2 and all edges of
P={(y,u1)} U{(up—2,2)} U{(us,uiy1) | i =1,...,n—3}. In total, this graph has |V| = 3n
nodes and |E| = n? + 3n — 1 = O(|V|?) edges.

Let us now see why the length of a shortest Eulerian walk W of G is Q(|]V] - |E|). By
definition, W, must traverse all the n? edges in the set of edges F. Without loss of generality,
let (a1,b1),...,(ay2,b,2) denote the order in which W traverses the edges in F. Let i < n?,
and let us consider the point when W has just traversed (a;,b;) for the first time: to be
able to reach the next (a;+1,b;+1), the walk necessarily needs to traverse the whole of P.
This means that W needs to traverse all n — 1 edges of P once for each i = 1,...,n% — 1.
Furthermore, it must also traverse at least one time all the remaining 2n edges of the
form (z,a) for all a € A, and (y,b) for all b € B. This leads to a total length of at least
(n—1(n*=1)+2n=n3-n?+n+1=Q(|V|-|E|), proving the claim. <

4.2 Total Length of z Shortest Eulerian Walks

» Lemma 16. For any directed graph G(V, E), if ¢c1 < ... < c, are the lengths of the walks
in W,, then c; < |V|(i — 1+ |E|), for all i € [1, 2], and we have ||W,|| < z|V| - |E| + 22|V|.

Proof. First observe that if G is acyclic, then it has at most one Eulerian walk, and by
Lemma 14 its length is at most |V| - |E|, so the claim holds for z = 1.

We can then assume that G has a cycle, let C be the shortest one. Given an Eulerian
walk W, the length of the next shortest walk is always bounded by |W| + |C|. In fact, let us
consider a walk W’ defined starting from W, to which we add a tour of cycle C' when W
traverses for the first time a node of C. Walk W' is Eulerian as it contains W, and it has
length exactly |W|+ |C|. The next shortest walk with respect to W cannot be longer than
W', and so its length must be bounded by |W|+ |C| < |W|+ |V].

Now we can prove by a simple induction that the i-th shortest length for an Eulerian
walk is at most ||[W1 ||+ (i — 1) |V| < |V|(i — 1 +|E]), where the base case ¢ = 1 is trivial (and
bounded by Lemma 14) and the inductive step holds as the length of the shortest longer walk
increases by at most |V|. Hence, [[W,|| < Y7, (Wil + (i — 1) [V]) < 2|V||E| + 2%|V]. =

We now show in Lemma 17 that the bound in Lemma 16 is asymptotically tight.

» Lemma 17. There are infinite families of directed graphs, such that each graph G(V, E)
satisfies either ||W,|| = Q(z|V| - |E|) or ||W.|| = Q(2%|V]), respectively.

Proof. As clearly the i-th shortest Eulerian walk, for any 4, is not shorter than the shortest
one, we have |[W,|| > z - |[Wi]], so the first family follows from Lemma 15 (shown in
Figure 2). As for the second, simply consider a directed cycle with an incoming pendant edge
and an outgoing one: more formally, the directed cycle (vy,v2),..., (vjy|—2,v1) of length
|[V| — 2, plus two nodes z,y and the edges (z,v1) and (vi,y). Any Eulerian walk must
start from the source node x, traverse the whole cycle at least once (say, ¢ > 0 times),
and then follow the edge (vi,y). As different walks must traverse the cycle a different
number of times, it follows that the i-th shortest Eulerian walk has length 2 4+ i(|]V| — 2), so
Wl = Sy @+ iV = 2) = Q(2|V]). -

We can conclude from Lemma 17 that a better worst-case bound than Q(z|V|-|E|+22|V|)
is not possible, so Lemmas 14, 15, 16, 17 yield directly Theorem 2.
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4.3 Total Length of z Shortest Equivalent Strings

Let us now prove Theorem 3, which infers upper bounds on the total length of a solution to
Z-SHORTEST Si-EQUIVALENT STRINGS. We use the following observation:

» Observation 18. Let S; be a set of n strings each of length k, such that there exists a
string T with Substr,(T) = S. Let G(V, E) be the dBG of order k of S. It holds (i) |E| = n;
and (i) [V| <n+1.

Proof. (i) It follows from the definition of dBG: each edge corresponds to a string from S
and reciprocally, if S € Sy there is an edge between S[0..%k — 2] and S[1..k — 1], which
corresponds to S. Therefore |E| = |S| = n.

(ii) Since there exists T' with Substr,(T") = Sk, we know that there is a walk W traversing
every edge in G. It follows that all e € E (except possibly for the first and last edges traversed
by W) are such that the head of e coincides with the tail of some ¢’ € E, and symmetrically,
the tail of e coincides with the head of some e¢” € E. We conclude that there cannot be more
than |E| + 1 distinct nodes, thus |V| < |E|+1=n+1. <

Let S; be a set of n strings each of length k; we know that if G(V, E) is the dBG of
order k of S, a (shortest) string T' such that Substry(T) = S has length & — 1 + |W]|,
where W is a (shortest) Eulerian walk on G. From Theorem 2 and Observation 18 we
get that |[Wi|| < |V]-|E] < n?+mnandso ||Ti]] < k—1+n?+n= O(k+n?). Using
again Theorem 2 and Observation 18, we get that ||[W,|| < z|V] - |E| + 22|V| and so
|| .|| < 2(k —1+n?+n)+2%(n+1) = O(zk + zn? + 2?n). We have arrived at Theorem 3.

5 Listing z Shortest Eulerian Walks

The main goal of this section is to prove Theorem 1; in particular, to provide an efficient
algorithm for solving z-SHORTEST EULERIAN WALKS. In Section 5.1, we start by providing
the state-of-the-art results for listing z best flows in a directed graph; the underlying
algorithms form the main computational routine of our algorithm, which is provided in detail
next. Finally, in Section 5.2, we employ Theorem 1 and Theorem 3 to prove Theorem 4;
namely, to provide an efficient algorithm for solving z-SHORTEST Si-EQUIVALENT STRINGS.

5.1 Main Algorithm

In general, we can equip a graph G(V, E) with a cost function C' : E — N. Given a flow
f € F(G,6,m, M) for some supply function §, and minimal (resp. maximal) capacities
function m (resp. M), the cost of f is C(f) = > .. C(e)f(e). Let us now formally define
the problem of listing z best flows (i.e., flows of minimal cost) from the set F(G,d, m, M) of
all feasible flows (with respect to the given conditions) in a directed graph.

z-BEST FLOWS

Input: A directed graph G = (V, E), a supply function §, a minimal capacity function m,
a maximal capacity function M, a cost function C' (all taking finite values), a min-cost
flow f, and an integer z > 0.

Output: A list F of z flows in F(G,d,m, M), such that for every flow f’ not in F,
C(f") > C(Fi]), for all i € [0, z— 1], and ordered such that C(F[0]) < --- < C(F[z —1]);
or FAIL if that is not possible.

A min-cost flow f can be computed for any G using one of the following results.
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» Lemma 19 ([13, 27, 28, 32]). Given any directed graph G(V, E), computing a min-cost
flow takes O((|E|log [V|)(|E| + |V |1log |V])) time or O(|E||V|log |V |log K|V|) time, where
K is the maximum cost of any edge of G.

The following recent result for the z-BEST FLOWS problem is known [23]; see also [14, 30].

» Lemma 20 ([23]). The 2-BEST FLOWS problem can be solved in O(z|V|3) time or in
O=(|E||V] + [V[*log|V])) time.

Main Idea. We list Eulerian walks as follows: we construct semi-Eulerian multigraphs G,
which are extensions of G obtained by duplicating some edges. Recall that each Eulerian
walk in G' can be seen as a trail in the semi-Eulerian extension G, for some multiplicity
function p such that, for every edge e, u(e) = mult.(W). We will therefore treat Eulerian
walks on G and Eulerian trails on G, as if they were the same objects, and use the fact

that these semi-Eulerian extensions of G form a partition of the sets of Eulerian walks on G.

Our algorithm has two steps: first, listing the extensions, and then, listing the trails in each
extension, using the algorithm given in [5]. For the first part, we need the following:

» Proposition 21. Let G = (V, E) be a directed graph and let M = NF be the set of all
possible multiplicity functions on G. We have the following set equality:>

EW(G) = | | ET(G,) (1)

pneM

Proof. An Eulerian walk W on G is an Eulerian trail on the semi-Fulerian multigraph
obtained by taking as many copies of each edge as the number of times W traverses it. <«

To list semi-Eulerian extensions, we will use flows. For Eulerian extensions, the balancing
conditions are precisely a flow problem, as specified in the following proposition.

» Proposition 22. Let G be a directed weakly connected graph, and p be a multiplicity

function on G. The multigraph G, is Eulerian if and only if the balancing conditions hold:

Z wlu, w) — Z w(w,u) =0 for any fixedu € V

(u,w)EE (w,u)EE

and is semi-Eulerian if the equality above holds or if it exists (a,b) € V' such that:

Z plu,w) — Z w(w,u) =0 for any fized uw € V' \ {a, b}
(u,w)eE (w,u)EE

Z wla, w) — Z ww,a) =1 Z (b, w) — Z p(w,b) = —1
(a,w)EE (w,a)€E (byw)EE (w,b)eE

Proof. This is a reformulation of the well-known Euler’s theorem [9] in the directed case
with multiplicities. |

For any directed graph G(V, E) and for v € V, we write 1, for the indicator function on
V of v; namely, for every u € V, 1,(u) =1 <= u =v. We define:
For every v,w € V, a supply function 0,4, : u — 1,(u) — L, (u). If v = w, this is the null

function, and if v # w, the function has value 1 on v, —1 on w, and 0 on any other node.

For every n € NU {co}, a function ¢, on E constantly equal to n.

3 We use squared cup to underline that the sets ET(G,) are pairwise disjoint.
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» Observation 23. An exstension G, of a directed weakly connected graph G with multiplicities
wu is semi-Eulerian if and only if

1% S U f(G76v,waclacoo)

(v,w)ev?

Proof. This is a reformulation of the balancing conditions (Proposition 22). <

The semi-Eulerian extensions of G exactly correspond to flows on G with supply function
of the form 6, ., with (v, w) € V2. However, we would like to treat all cases by solving a
single flow problem in order to avoid solving O(|V|?) of them separately.

Let G = (V, E) be a directed graph, and G5+ = (Vs4, Es+) be an extension of G with
Vie = VU {s,t} for some s,t ¢ V and E,; = EU (U,er (5,0) U (Uper (v,1)). We will
compute flows on G, by defining a maximal capacity function equal to c., on every edge, a
minimal capacity function m with m|g = c; and m|(g,_ ,\g) = co, and a supply function d; ;.

Because we set the minimal capacity to be 1 on every edge in E, and since the flow can
enter and exit G from any node via the edges from s to every v € V, there is almost an
equivalence between flows in F(Gs 4, 05,4, M, Coo) and semi-Eulerian extensions of G, except
for the following detail: a flow also contains information about the starting and ending
point of some trail in the extension, as it specifies which nodes are connected to the bogus
nodes. So multiple flows that differ only in the edges they use to connect to the bogus nodes
correspond to the same extension of GG: this happens when the extension is in fact Eulerian.

» Proposition 24. Let G = (V, E) be a directed graph and let f € F(Gs ., 05, M, Co0). There
is a unique i € V such that f(s,i) =1, and a unique o € V such that f(o,t) = 1. The flow f
takes value 0 on every other edge with tail s or head t.

Proof. The node s has supply 1. Since there are no ingoing edges for s, the outgoing flow
has to be 1, so only one node i has f(s,i) = 1. The node ¢ has supply —1. Since there are
no outgoing edges for ¢, the ingoing flow has to be 1, so only one node o has f(o,t) = 1. <«

We call i = en(f) the entrance of f and o = ex(f) its exit. Note that en(f) and ex(f) are
not necessarily distinct. We can now formally describe the relation between the flows in
F(Gs,, 054, m, Cso) and the walks in G. We will make use of a function WalkToFlow that
takes a walk on G and returns a specific flow on G5+, as defined in the following proposition.

» Proposition 25. Let G = (V,E) be a directed weakly connected graph and G, the
graph extended with the additional nodes s,t, as defined above. For each FEulerian
walk W on G with multiplicity function p, there is a unique flow WalkToFlow(W) €
F(Gst,0s4, M, Co0) such that (i) WalkToFlow(W)|g = u, (i) en(WalkToFlow(W')) = I(W)
and (iii) ex(Walk ToFlow(W)) = L(W'). For every multiplicity function p, we then have the
following partition:

ET(G,) = |_| Walk ToFlow ™ (f)

fEF(Gs,t,0s,6,m,Co0)
fle=p

In particular, the sets WalkToFlow ™ (f) for f € F(Gspt,0s6,m,Co0) are monempty and
pairwise disjoint.
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Proof. Let p be a multiplicity function such that an Eulerian walk W with multiplicity u
exists on G, or in other terms, that G, is semi-Eulerian. From Observation 23 we know that
wis a flow in F(G, &y, €1, Coo) for some nodes v, w € V, namely v = I(W), w=L(W). It
is easy to verify that conditions (i)-(iii) uniquely define the following flow:

ule) ifeek
WalkToFlow(W) : e — ¢ 1 if e=(s,I(W)) or e = (L(W),¥)
0 otherwise

Now, for every flow fo € F(Gs,4, 054, m,Cs0), the set WalkToFlow™!(fy) is the set of
Eulerian trails in G4y, starting at en(fy) and ending at ex(fp). To get all the Eulerian
trails having a given multiplicity p, we need to consider all the flows agreeing with p on G,
regardless of their entrance or exit. Hence we have:

ET(G,) = |_| WalkToFlow ™ (f)

fe]"(Gs,t;‘ss,tamchO)
fle=p

The sets WalkToFlow ™ *(f) for f € F(Gsy, 654, m, o) are pairwise disjoint because they
are defined as reciprocal sets for the mapping WalkToFlow, and are nonempty. Indeed, for a
flow f € F(Gs,t,0s,¢,m, o), the balancing conditions hold in G|, (Observation 23). One
can then choose an Eulerian trail W in Gy, starting at en(f) and ending at ex(f). We
then obtain a partition of ET(G ). <

To compute shortest walks, we need to assign costs to the flows, which are equal to the
lengths of the corresponding walks. This is achieved by defining a cost function Cyaks on

E.\E = C0 (the
function constantly equal to 0). Note that this definition coincides with the definition of the

G, such that Cyaiks|E = ¢1 (the function constantly equal to 1), and Cyaiks

minimal capacity function m that we use, but we distinguish the two functions for clarity.

» Observation 26. Let us equip graph G, with the cost function Cyas. For any Eulerian
walk W on G, the total cost of the flow WalkToFlow(W') on G, is the length of W.

Proof. By the definition of WalkToFlow (Proposition 25), for a walk W of length ¢ we have

> WalkToFlow(W)(e)C(e) = >  WalkToFlow(W)(e) = ¢ <
eckE, ¢ eck

» Proposition 27. Let G(V, E) be a directed weakly connected graph. It holds

EW(G) = | ] Walk ToFlow ™ (f)
fEF(Gs,t,0s,t,m,Co0)

Proof. It follows directly from Proposition 21 and Proposition 25. |

Let G(V, E) be a directed graph, z > 1 be an integer, and A € NU {co}. By F, 4 we
denote the min(z, | F(Gs,t, ds.c,m, ca)|) minimal cost flows (with cost function Clyaiks and an
arbitrary but fixed order on flows having the same total cost) in F(Gs , 0s,, M, CA).

We now prove that we can list z shortest Eulerian walks in a directed graph G by
computing only F, .
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» Proposition 28. Let G = (V, E) be a directed weakly connected graph and z > 0 be an
integer. We equip the extension Gs; with the cost function Cyes. Consider the set of flows
F..0o and a subset Fs of F. oo containing exactly one representative of each class in F o
under the relation f ~ f' <= f|lg = f'|&.

Then, each of the min(z, |[EW (G)|) shortest Eulerian walks on G has multiplicities f|g
for some f € Fs, i.e., each of them is an Eulerian trail in some extension Gy, with f € Fj.

Proof. We prove that each of the min(z, |[EW (G)|) shortest Eulerian walks on G corresponds
to trails in the following set:

B= | | ET(Gy,)
f€F,

From the definition of F' and Observation 26, the walks in B are minimal, in the sense
that any walk in EW(G) \ B is at least as long as any walk in B. This implies the result if
|B| > min(z, |[EW(G)|). To prove that |B| > min(z, |[EW(G)|), we will show that if |B| < z,
then B = EW(G), and this will complete the proof. If |B| < z, we have:

B= | | ET(Gy,) = | | || WalkToFlow™(f") (by Proposition 27)
fEFs fEFs f'~f
o || [ walkToFlow™'(f)= | | WalkToFlow '(f), so
JE€Fs f'€F2 00 fE€Fz 00
fi~f
IB| > Z |WalkToFlow ™ ()| > | F2 ool
fEF2 00

where the last inequality follows from the fact that we are considering the disjoint union
of nonempty sets (Proposition 25). Recall that |F, | = min(z, |F(Gs4, s, M, c0)]), s0 if
IB| < z, then |F, | < z and F, oo = F(Gs,t, 05,6, M, o). By Proposition 27, it follows that

|[EW(G)| = L] WalkToFlow ™ (f)| < |B,
FEF(Gs,t,0s,6,m,Co0)

so |B| > |[EW(G)|, and in fact B = EW(G) from the trivial inclusion. <

In order to compute flows in F(Gj ¢, 05+, M, oo ) by means of existing algorithms, we need
to define an equivalent problem having finite maximal capacity on each edge, as the known
algorithms are not constructed for infinite maximal capacities.

» Lemma 29. Let G(V,E) be a directed graph and z > 1 be an integer. We have that
Jrz,oo = -Fz,|V\(z—1+|E|)'

Proof. Let F = fy,... (resp. F' = f§,..., fx) be the list of feasible flows for the maximal
capacity function ¢y (resp. CIV|(2—1+] EI))7 ordered by increasing cost and such that the order
on flows having the same total cost is arbitrary but fixed. Note that the list F' may be infinite.
Each flow in the list F’ is trivially in the list F. If F = F’ the lemma holds. Otherwise,
let f; be the minimal cost flow in F' which is not in F”, so that f; = f] for every j <i. If
1 < z, then by Proposition 27 there is at least one Eulerian walk W in WalkToFIowfl(fi),
and this walk has length Cyans(f;). But from Lemma 16, the length of W is also at most
[V|(z — 14 |E|), so f; € F' (since the flows which appear strictly before in the list F’ are
less than z), which gives a contradiction. Therefore the first mismatch (if any) between F'
and F’ has to be after the z first elements, and F. oo = F. |v|z—14|E|)- <
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Algorithm 1 EW-List(G(V, E), z).

1: if G is not weakly connected then

2: return FAIL

3 s |VI+ 1Lt |V|+2; Vip < VU{s,t} > Add two bogus nodes
4: By <+ EU{(s,v),(v,t) v eV} > Add 2|V| bogus edges
5: Construct G ¢, 0s,¢, M, C|v|(z—14|E])> ad Cyalks accordingly

6: f < Best-Flow(Gs 1, ds.t,m, €|v|(z—14|E])» Cwalks) > Lemma 19
7: I < 2-Best-Flows(G ¢, 65,6, M, €|v| (2= 14| B|)s Cwalks; f; 2) > Lemma 20
8: Fs « list(f|g for f € F) > We keep only the values flows take on the initial graph
9: Remove duplicates in Fy if any > Duplicates might arise from the loss of information
10: EW « 0; i + 0;

11: while [EW| < z do

12: EW < EW U {ET-List(G p,[;], z — [EW|)} > List Eulerian trails on extended G [5, 24]
13: 141+ 1; > Retrieve the next best flow
14: if i =|F,| then > We have consumed all best flows
15: break;

16: if |EW| > z then

17: return EW

18: else

19: return FAIL

» Lemma 30. Given a directed graph G = (V, E) and an integer z, Algorithm 1 terminates
and solves the z-SHORTEST EULERIAN WALKS problem on G.

Proof. Algorithm 1 computes z flows with minimal cost in F (G54, dst,m, o) (for the
cost function Cyaks) as defined in Proposition 28, or all of them if there are less than z
(Line 7), from Lemma 29. The set F; is defined in Lines 8 and 9 as in Proposition 28; and in
Line 12, the function ET-List computes, if they exist, the z — |EW| shortest elements from
EW(Gy,) for every f € F, (where |[EW| is, at each step, the number of Eulerian walks

already computed), so we know that no more than z Eulerian walks are computed in the end.
The function is implemented by means of the algorithm provided in [5] or the one in [24].

The correctness then directly follows from the equivalence proved in Proposition 28. <

» Lemma 31. Given a directed graph G = (V, E) and an integer z, Algorithm 1 requires:
O(|E||V]log? V] + 2|V > +||WL|) time;
or O(|E||V[log? [V| + 2(|E||V| + [V [* log |V]) + [[Wx]|) time.

Proof. Computing a min-cost flow takes O(|E||V|log? |V|) time by Lemma 19 because the
maximum cost of any edge is 1. Finding z flows with minimal cost (or all of them if there
are less) takes O(z|V|?) time or O(z(|E||V| + |[V|?1log|V])) time by Lemma 20. Listing z
Eulerian trails takes O(||W,||) time by applying the algorithm of [5] or the one of [24]. =

Lemmas 30 and 31 imply Theorem 1.

5.2 Listing z Shortest Equivalent Strings

Any instance of the z-SHORTEST Si-EQUIVALENT STRINGS problem can be reduced to some
instance of the z-SHORTEST EULERIAN WALKS problem in linear time. In particular, this
reduction consists in constructing the dBG of order k of S, in O(nk) time [4]. The resultant
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dBG is the directed graph G(V, E) given as input to z-SHORTEST EULERIAN WALKS. By
Observation 18, the total number of nodes in V' is O(n) and the total number of edges in E
is also O(n). Any Eulerian walk W in G corresponds to a string of length k — 1+ |[W|: k—1
is the length of the first node of the walk to which we concatenate one letter for each of the

|W| edges of the walk. Thus by employing Theorem 1 and Theorem 3 we obtain Theorem 4.
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