
HAL Id: hal-03823655
https://inria.hal.science/hal-03823655v1

Preprint submitted on 21 Oct 2022

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

Distributed under a Creative Commons CC BY 4.0 - Attribution - International License

Quasi-limiting estimates for periodic absorbed Markov chains
Nicolas Champagnat, Denis Villemonais

To cite this version:
Nicolas Champagnat, Denis Villemonais. Quasi-limiting estimates for periodic absorbedMarkov chains. 2022.
⟨hal-03823655⟩

https://inria.hal.science/hal-03823655v1
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr


Quasi-limiting estimates for periodic absorbed
Markov chains

Nicolas Champagnat1, Denis Villemonais1

October 21, 2022

Abstract

We consider periodic Markov chains with absorption. Applying to it-
erates of this periodic Markov chain criteria for the exponential conver-
gence of conditional distributions of aperiodic absorbed Markov chains,
we obtain exponential estimates for the periodic asymptotic behavior of
the semigroup of the Markov chain. This implies in particular the expo-
nential convergence in total variation of the conditional distribution of the
Markov chain given non-absorption to a periodic sequence of limit mea-
sures and we characterize the cases where this sequence is constant, which
corresponds to the cases where the conditional distributions converge to a
quasi-stationary distribution. We also characterize the first two eigneval-
ues of the semigroup and give a bound for the spectral gap between these
eigenvalues and the next ones. Finally, we give ergodicity estimates in to-
tal variation for the Markov chain conditioned to never be absorbed, often
called Q-process, and quasi-ergodicity estimates for the original Markov
chain.

Keywords: Markov chains with absorption; periodic Markov chains; quasi-sta-
tionary distribution; mixing property; exponential forgetting; Q-process; quasi-
ergodicity.

2010 Mathematics Subject Classification. 37A25, 60B10, 60F99, 60J05.

1 Introduction

Let (X t , t ∈ Z+) be a Markov chain in E ∪ {∂} where E is a measurable space, ∂ ̸∈
E and Z+ := {0,1, . . .}. For all x ∈ E ∪ {∂}, we denote as usual by Px the law of
X given X0 = x and for any probability measure µ on E ∪ {∂}, we define Pµ =

1Université de Lorraine, CNRS, Inria, IECL, F-54000 Nancy, France
E-mail: Nicolas.Champagnat@inria.fr, Denis.Villemonais@univ-lorraine.fr
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∫
E∪{∂}Px µ(d x). We also denote by Ex and Eµ the associated expectations. We

assume that ∂ is absorbing, which means that X t = ∂ for all t ≥ τ∂, Px -almost
surely, where

τ∂ = inf{t ∈ I , X t = ∂} .

We study the sub-Markovian transition semigroup of X in E , (Pn)n∈Z+ , defined
as

Pn f (x) = Ex
(

f (Xn)1n<τ∂
)

, ∀n ∈Z+,

for all bounded or nonnegative measurable function f on E and all x ∈ E . We
also define as usual the left-action of Pn on measures as

µPn f = Eµ
(

f (Xn)1n<τ∂
)= ∫

E
Pn f (x)µ(d x),

for all positive measure µ on E and all bounded measurable f .
Many references (see for example [14, 5, 6, 9, 13, 17, 1, 15, 16, 18, 2]) pro-

vide criteria allowing to characterize the asymptotic behavior of the semigroup
(Pn)n∈Z+ in the following form: there exist a measurable function V : E → [1,+∞),
constants θ0 ∈ (0,1], α ∈ (0,1) and C ∈ R+, a probability measure νQS on E such
that νQS(V ) < +∞ and a measurable function η : E → R+ non-identically zero
such that η/V is bounded and νQS(η) > 0, such that∣∣θ−n

0 Pn f (x)−η(x)νQS( f )
∣∣≤CαnV (x) (1.1)

for all measurable function f : E →R such that | f | ≤V , all n ∈Z+ and all x ∈ E .
All the previously cited references assume some property of aperiodicity for

the process X , and (1.1) itself implies a weak form of aperiodicity that can be
formulated as follows: for all x ∈ E such that η(x) > 0 and all measurable A ⊂ E
such that νQS(A) > 0, Pn1A(x) > 0 for all n large enough. The purpose of this
note is to explain how (1.1) should be modified for periodic Markov chains, and
to examine the implications of this modified property for quasi-limiting esti-
mates, spectral properties of the semigroup, ergodicity of the Q-process and
quasi-ergodicity of the Markov chain X . In the rest of this introduction, we shall
recall all these properties when (1.1) holds true.

The property (1.1) implies that, for all x ∈ E such that η(x) > 0 and all mea-
surable A ⊂ E , ∣∣∣∣Pn1A(x)

Pn1E (x)
−νQS(A)

∣∣∣∣−−−−−→n→+∞ 0,

which means that νQS is a quasi-limiting distribution for the process X (see
e.g. [19]), and thus a quasi-stationary distribution (QSD) of X (see again [19]),
i.e. a probability measure ν such that

Pν(X t ∈ · | t < τ∂) = ν(·), ∀t ∈Z+.
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In addition, the absorption rate of the QSD νQS is θ0, i.e. PνQS (τ∂ ≥ n) = θn
0 (see

again [19]), and νQS(η) = 1. It is also easy to see that the measure νQS is the
unique QSD satisfying νQS(η) > 0 and νQS(V ) <+∞ and that the function η is an
eigenfunction of the semigroup, since Pnη = θn

0 η for all n ≥ 0. After giving the
setting of our results on periodic processes and basic properties of their QSDs in
Section 2, the quasi-limiting properties recalled above are extended to the pe-
riodic case in Section 3 below. Of course, exponential convergence of the con-
ditional distributions does not hold in general because of the periodicity of the
process [12, 23, 24, 20], yet we are able to obtain periodic exponential estimates
in total variation.

The property (1.1) also has consequences on the spectrum of the semigroup
(Pn)n≥0: given a nonzero function h : E ∪ {∂} →C such that h/V is bounded and
λh(x) = Ex (h(X1)) for all x ∈ E ∪ {∂} for some λ ∈C,

• either h(∂) ̸= 0, and thenλ= 1 and P1(h−h(∂))(x) = h(x)−h(∂) for all x ∈ E ,
so it follows from (1.1) that the function h is constant,

• or h(∂) = 0 and

– either νQS(h) ̸= 0 and then it follows from (1.1) that λ = θ0 and h =
νQS(h)η,

– or νQS(h) = 0 and then it follows from (1.1) that |λ| ≤αθ0.

This last property quantifies the spectral gap of the operator P1. These spectral
properties are extended to the periodic case in Section 4 below.

In addition, assuming that the Markov chain (Xn)n≥0 is an adapted stochas-
tic process defined on a filtered probability space (Ω, {Fm}m≥0, {Px }x∈E∪{∂}), it
follows from [10] and [7] that, under (1.1), for all x ∈ E ′ where E ′ := {y ∈ E : η(x) >
0}, the limit

Qx (A) = lim
n→+∞Px (A | n < τ∂)

for all A ∈ Fm with m ∈N, defines a probability measure on Ω under which the
process (Ω, (Fm)m≥0, (Xn)n≥0, (Qx )x∈E ′) is an E ′-valued homogeneous Markov
chain called the Q-process. In addition, this process is exponentially ergodic
with unique invariant measure ηdνQS in the following sense: for all measurable
f : E ′ →R such that | f | ≤V /η, for all x ∈ E ′,∣∣∣∣EQx ( f (Xn))−

∫
E ′

f (x)η(x)νQS(d x)

∣∣∣∣≤C ′αn V (x)

η(x)

for constants C ′ ∈R+ and α ∈ (0,1) as in (1.1). These properties of the Q-process
are extended to the periodic case in Section 5 below.
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To conclude, (1.1) also implies the following quasi-ergodicity property, as
shown in [21] [ou autre référence de William ? Le papier sur (E’) ?] (see also [4, 8]):
for all measurable function f : E → [−1,1] and all x ∈ E and n ≥ 1,∣∣∣∣∣Ex

[
1

n

n∑
k=0

f (Xk )

∣∣∣∣∣ n < τ∂
]
−

∫
E

f (x)η(x)νQS(d x)

∣∣∣∣∣≤ C ′′

n

for some constant C ′′ ∈ R+ independent on n. This quasi-ergodic property is
extended to the periodic case and improved in Section 6 below.

Remark 1. All the results of this note can be easily extended to general unbounded
semi-groups (i.e. not necessarily sub-Markov) following the same approach as
in [9]. We restrict the presentation to sub-Markov semigroups to make simpler
the probabilistic interpretation of our results.

2 General assumptions and first properties of quasi-sta-
tionary distributions for periodic Markov chains

In all the sequel, we shall make the standing assumption that E is the disjoint
union of measurable sets A0, . . . , At−1 such that for all x ∈ Ai ,

P11A j (x) =
{

0 if j ̸= i +1,

P11E (x) if j = i +1,
(2.1)

with the convention i +1 = 0 if i = t −1. Then P is t periodic and Qn = Pnt for
all n ≥ 0 defines a sub-Markov semi-group on the set of bounded measurable
function on A0.

Remark 2. The last assumption corresponds to a particular case of periodicity,
which assumes a (weak) form of irreducibility. Other periodic situations may
occur when the state space is not irreducible and different periods may exist
in different irreducibility classes, or when the process becomes periodic after
leaving a transient set. In such situations, the results of this not may be extended
combining our arguments with e.g. those of [11].

We first observe that, under the above conditions, there is a one-to-one cor-
respondance between QSDs for Q and P .

Proposition 2.1. If νQS is a QSD for P with absorption rate θ > 0, then ν :=
νQS(·∩A0)
νQS(A0) is a QSD for Q with absorption rate θt .

4



Conversely, if a probability measure ν on A0 is a QSD for Q with absorption rate
θ, then the probability measure on E defined as

νQS = 1∑t−1
i=0 θ

−i /t νPi1E

t−1∑
i=0

θ−i /t νPi (2.2)

is a QSD for P with absorption rate θ1/t , and it is the only one such that ν =
νQS(·∩A0)
νQS(A0) .

Proof. Observing that, if νQS is a QSD for P , then νQS(A0) > 0 (since otherwise
νQS(Ai ) would be zero for all i using the QSD property), the first statement is
clear. For the second statement, we first notice that, if ν is a QSD for Q, then it
is clear that νQS as defined in (2.2) is a QSD for P . So it only remains to check

the uniqueness of this QSD. Let µ be any QSD for P such that ν = µ(·∩A0)
µ(A0) . It

follows from the first part of Proposition 2.1 that its absorption rate is θ1/t . It
then follows from (2.1) that, for all i ∈ {0, . . . , t −1},

θi /tµ(·∩ Ai ) =µPi (·∩ Ai ) =µ(·∩ A0)Pi =µ(A0)νPi .

Therefore,

µ=µ(A0)
t−1∑
i=0

θ−i /t νPi ,

which entails (2.2).

In the next result, we observe that the one-to-one correspondance between
QSDs for (Pn)n∈Z+ and (Qk )k∈Z+ does not extend to a one-to-one correspon-
dance to the QSDs for (Pn)n∈Z+ and (Pkt )k∈Z+ , which will explain the periodic
asymptotic behaviors observed in the results of the next section.

Proposition 2.2. If ν is a QSD for (Qk )k∈Z+ , then all convex combinations of

ν,
νP1

νP11E
, . . . ,

νPt−1

νPt−11E
(2.3)

are QSDs for (Pkt )k∈Z+ . Among them, only a single one is a QSD for (Pn)n∈Z+ .

Proof. It is clear that all the probability measures in (2.3) are QSDs for (Pkt )k∈Z+
with the same absorption rate, so all convex combinations of these measures are
QSDs. The unique one among them which is a QSD for (Pn)n∈Z+ is given by (2.2),
by Proposition 2.1.
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In the following sections, we shall assume in addition that Q satisfies the
property (1.1) on A0, i.e. there exist a measurable function V : A0 → [1,+∞),
constants θ0 ∈ (0,1], C ∈ R+ and α ∈ (0.1), a nonzero measurable function η :
A0 →R+ such that η/V is bounded and a probability measure ν on A0 such that
ν(V ) <+∞ and ν(η) > 0, such that∣∣∣θ−kt

0 Qk f (x)−η(x)ν( f )
∣∣∣≤CQα

kV (x) (2.4)

for all mesurable function f on A0 such that | f | ≤ V , all k ≥ 0 and all x ∈ A0.
Note that the absorption rate θ0 in (1.1) has been modified above as θt

0, so that
the QSD νQS defined in (2.2) has absorption rate θ0 instead of θ1/t

0 . Note also
that the last inequality implies, setting k = 1, that, for all x ∈ A0,

Q1V (x) ≤ (∥η/V ∥∞ν(V )+CQα
)

V (x). (2.5)

3 Quasi-limiting behavior of periodic Markov chains un-
der (2.4)

Our first results extends (1.1) to periodic Markov chains. Let us define

BV = {
f : E →Rmeasurable, s.t. ∀i ∈ {0, . . . , t −1}, |Pi ( f 1Ai )| ≤V on A0

}
.

Note that this set is non-empty since, by (2.5), it contains all functions of the
form P j g for any j ∈ {0, . . . , t−1} and any function g such that |g | ≤ V

∥η/V ∥∞ν(V )+Cα
on A0 and g ≡ 0 on E \ A0. Since V ≥ 1 and P is sub-Markov, it also contains all
measurable functions bounded by 1.

Theorem 3.1. Assume that P satisfies (2.1) and that Q satisfies (2.4). Then, there
exists C <+∞ such that, for all f ∈BV , n ≥ 1, j ∈ {0, . . . , t −1} and x ∈ Ak for some
k ∈ {0, . . . , t −1},∣∣∣θ−(nt+ j )

0 Pnt+ j f (x)−θ−(t+ j )
0 Pt−kη(x)νPk+ j f

∣∣∣≤C ′
Qα

nPt−kV (x), (3.1)

where we extended ν by 0 to E \ A0, where the constant α ∈ (0,1) is the same as
in (2.4) and where

C ′
Q =CQθ

−2t
0

(∥η/V ∥∞ν(V )+CQα
)2 .
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Proof. Let f ∈BV , n ≥ 1 and j ∈ {0, . . . , t −1}. We have∣∣∣∣∣θ−(nt+ j )
0 Pnt+ j f −θ−(t+ j )

0

t−1∑
i=0

Pt+ j−iηνPi f

∣∣∣∣∣
≤ θ−(t+ j )

0

t−1∑
i=0

∣∣∣θ−(n−1)t
0 Pt+ j−i P(n−1)t Pi ( f 1Ai )−Pt+ j−iηνPi ( f 1Ai )

∣∣∣
≤ θ−(t+ j )

0

t−1∑
i=0

Pt+ j−i

∣∣∣θ−(n−1)t
0 Qn−1Pi ( f 1Ai )−νPi ( f 1Ai )η

∣∣∣
≤CQθ

−(t+ j )
0 αn−1

t−1∑
i=0

Pt+ j−i V.

Now, given x ∈ Ak for some k ∈ {0, . . . , t −1}, we observe that only a single term in
the sum in the left-hand side of the last equation is nonzero, corresponding to
the unique index i ∈ {0,1, . . . , t−1} such that j−i =−k, j−i = t−k or j−i = 2t−k.
In the first case, this term is Pt−kη(x)νP j+k f ; in the second case, it is

P2t−kη(x)νP j+k−t f = Pt−kQ1η(x)νP j+k−t ( f 1A j+k−t )

= Pt−kη(x)θt
0νP j+k−t ( f 1A j+k−t )

= Pt−kη(x)νQ1P j+k−t ( f 1A j+k−t ) = Pt−kη(x)νP j+k f ;

and the third case can be handled similarly. So (3.1) is proved using (2.5).

As in the aperiodic case, the last result implies geometric estimates in V -
weighted total variation for the long time behavior of the conditional distribu-
tions of the Markov chain given non-absorption.

Theorem 3.2. Under the assumptions of Theorem 3.1, there exist constants C <
+∞ and ᾱ ∈ (0,α) and a nonzero measurable function ϕ2 : A0 → [0,1] such that
ϕ2/η is bounded, such that, for all probability measure µ on E, all f ∈ BV , all
n ∈Z+ and all j ∈ {0,1, . . . , t −1},∣∣∣∣∣ µPnt+ j f

µPnt+ j1E
−

∑t−1
i=0(µ Ai

Pt−iη)νPi+ j f∑t−1
i=0(µ Ai

Pt−iη)νPi+ j1E

∣∣∣∣∣≤C ᾱn

∑t−1
i=0µ Ai

Pt−i V∑t−1
i=0µ Ai

Pt−iϕ2
. (3.2)

If in addition n is large enough so that

C ′
Qθ

−4t
0 αn

∑t−1
i=0µ Ai

Pt−i V∑t−1
i=0µ Ai

Pt−iη
≤ 1

2
, (3.3)
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where the constants CQ andα are those from (2.4), there exists a constant C ′ inde-
pendent of n and µ such that, for all probability measure µ on E, all f ∈BV and
all j ∈ {0,1, . . . , t −1},∣∣∣∣∣ µPnt+ j f

µPnt+ j1E
−

∑t−1
i=0(µ Ai

Pt−iη)νPi+ j f∑t−1
i=0(µ Ai

Pt−iη)νPi+ j1E

∣∣∣∣∣≤C ′αn

∑t−1
i=0µ Ai

Pt−i V∑t−1
i=0µ Ai

Pt−iη
. (3.4)

Remark 3. As will appear in the proof below, the function ϕ2 in the last result
can be chosen positive in a large part of the support of η. More precisely, for any
fixed ε> 0, the function ϕ2 can be chosen such that

inf
{
ϕ2(x), x ∈ E ,η(x) ≥ ε,V (x) ≤ 1/ε

}> 0.

Proof. Let us first construct the function ϕ2. Let θ2 ∈ (0,1) be such that(
θ0

θ2

)t

α< 1

and let ε> 0 be small enough so that ν(K ) ≥ 1/2, where

K :=
{
η≥ ε, V ≤ 1

ε

}
.

By (2.4), there exists n0 ∈N such that,

inf
x∈K

θ
−n0t
2 Px (Xn0 ∈ K ) ≥ 1.

Set for all x ∈ K

ϕ2(x) := θ−t
2 −1

θ
−n0t
2 −1

n0−1∑
k=0

θ−kt
2 Qk1K (x).

It is then easy to check (cf. e.g. Lemma 3.?? in [6]) that, for all x ∈ A0,

Q1ϕ2(x) ≥ θt
2ϕ2(x). (3.5)

In addition, since 1K ≤ η/ε and Q1η= θ0η,

ϕ2(x) ≤ θ−t
2 −1

(θ−n0t
2 −1)(1−θ0/θ2)

η(x), (3.6)

so we have proved the properties of the function ϕ2 stated in Theorem 3.2 and
Remark 3.
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Now, assume that n satisfies (3.3). It then follows from (3.1) that there exists
a constant C such that∣∣∣∣∣ µPnt+ j f

µPnt+ j1E
−

∑t−1
i=0(µ Ai

Pt−iη)νPi+ j f∑t−1
i=0(µ Ai

Pt−iη)νPi+ j1E

∣∣∣∣∣
≤ θ−(n−1)t

0 µPnt+ j | f |
θ−(n−1)t

0 µPnt+ j1E
[∑t−1

i=0(µ Ai
Pt−iη)νPi+ j1E

]×
×

∣∣∣∣∣θ−(n−1)t
0

t−1∑
i=0

µ Ai
Pt−i P(n−1)t Pi+ j1E −

t−1∑
i=0

(µ Ai
Pt−iη)νPi+ j1E

∣∣∣∣∣
+ 1∑t−1

i=0(µ Ai
Pt−iη)νPi+ j1E

×

×
∣∣∣∣∣θ−(n−1)t

0

t−1∑
i=0

µ Ai
Pt−i P(n−1)t Pi+ j f −

t−1∑
i=0

(µ Ai
Pt−iη)νPi+ j f

∣∣∣∣∣
≤Cαn

∑t−1
i=0µ Ai

Pt−i V∑t−1
i=0(µ Ai

Pt−iη)νPi+ j1E

(
1+ θ−(n−1)t

0 µPnt+ j | f |
θ−(n−1)t

0 µPnt+ j1E
[∑t−1

i=0(µ Ai
Pt−iη)νPi+ j1E

])
.

Since νPi+ j1E ≥ νPi+ j P2t−i− j1E = νQ21E = θ2t
0 > 0, we deduce that∣∣∣∣∣ µPnt+ j f

µPnt+ j1E
−

∑t−1
i=0(µ Ai

Pt−iη)νPi+ j f∑t−1
i=0(µ Ai

Pt−iη)νPi+ j1E

∣∣∣∣∣
≤Cαn

∑t−1
i=0µ Ai

Pt−i V∑t−1
i=0µ Ai

Pt−iη

(
1+ θ−(n−1)t

0 µPnt+ j | f |
θ−(n−1)t

0 µPnt+ j1E
[∑t−1

i=0(µ Ai
Pt−iη)νPi+ j1E

])
for some constant C . Now, we use (3.3) to deduce from (3.1) that

θ−(n−1)t
0 µPnt+ j1E ≥

t−1∑
i=0

(µ Ai
Pt−iη)νPi+ j 1E −C ′

Qθ
−(t+ j )
0 αn

t−1∑
i=0

µ Ai
Pt−i V

≥ θ2t
0

t−1∑
i=0

µ Ai
Pt−iη−C ′

Qθ
−2t
0 αn

t−1∑
i=0

µ Ai
Pt−i V

≥ θ2t
0

2

t−1∑
i=0

(µ Ai
Pt−iη)νPi+ j 1E

and

θ−(n−1)t
0 µPnt+ j | f | ≤

t−1∑
i=0

(µ Ai
Pt−iη)νPi+ j | f |+C ′

Qθ
−(t+ j )
0 αn

t−1∑
i=0

µ Ai
Pt−i V

≤
(
ν(V )+ θ3t

0

2

)
t−1∑
i=0

µ Ai
Pt−iη,
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where we used the definition of BV in the last inequality. Therefore,∣∣∣∣∣ µPnt+ j f

µPnt+ j1E
−

∑t−1
i=0(µ Ai

Pt−iη)νPi+ j f∑t−1
i=0(µ Ai

Pt−iη)νPi+ j1E

∣∣∣∣∣≤Cαn

∑t−1
i=0µ Ai

Pt−i V∑t−1
i=0µ Ai

Pt−iη

for some constant C , so we have proved (3.4) and, thanks to (3.6), (3.2) for n
satisfying (3.3).

Assume now that (3.3) is not satisfied. Then, using (3.1) in a similar way as
above,∣∣∣∣∣ µPnt+ j f

µPnt+ j1E
−

∑t−1
i=0(µ Ai

Pt−iη)νPi+ j f∑t−1
i=0(µ Ai

Pt−iη)νPi+ j1E

∣∣∣∣∣≤ θ−(n−1)t
0 µPnt+ j f

θ−(n−1)t
0 µPnt+ j1E

+ ν(V )

θ2t
0

≤
ν(V )

∑t−1
i=0µ Ai

Pt−iη+C ′
Qθ

−(t+ j )
0 αn ∑t−1

i=0µ Ai
Pt−i V

θ−(n−1)t
0

∑t−1
i=0µ Ai

Pt−i Qn(Pi+ j1Ai+ j )
A0

+ ν(V )

θ2t
0

,

where we made the abuse of notation that Ai+ j = Ai+ j−t if t ≤ i + j ≤ 2t−1. Now,
1Ai+ j ≥ P2t−i− j1A0 , so for all x ∈ A0,

Pi+ j1Ai+ j ≥ P2t1A0 ≥ P2tϕ2 ≥ θ2t
2 ϕ2.

Therefore,In additon, using (3.5) and that (3.3) is not satisfied,∣∣∣∣∣ µPnt+ j f

µPnt+ j1E
−

∑t−1
i=0(µ Ai

Pt−iη)νPi+ j f∑t−1
i=0(µ Ai

Pt−iη)νPi+ j1E

∣∣∣∣∣≤Cαn
(
θ0

θ2

)(n−1)t
∑t−1

i=0µ Ai
Pt−i V∑t−1

i=0µ Ai
Pt−iϕ2

,

so (3.2) is proved with ᾱ=αθt
0/θt

2 < 1.

Remark 4. Under the assumptions of Theorem 3.1, the conditional distributions
of X converge to a quasi-stationary distribution if and only if the measure∑t−1

i=0(µ Ai
Pt−iη)νPi+ j∑t−1

i=0(µ Ai
Pt−iη)νPi+ j1E

does not depend on j . Indeed, in this case, this measure is a quasi-limiting
distribution, hence the unique quasi-stationary distribution given in Proposi-
tion 2.1. Comparing the measures for j = 0 and j = 1 entails that, for all f ∈BV ,
the equality(

t−1∑
i=0

(µ Ai
Pt−iη)νPi f

)(
t−1∑
i=0

(µ Ai
Pt−iη)νPi+11E

)

=
(

t−1∑
i=0

(µ Ai
Pt−iη)νPi+1 f

)(
t−1∑
i=0

(µ Ai
Pt−iη)νPi1E

)
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should hold true. Choosing f =1Ak , we obtain for all k ∈ {0, . . . , t −1},

µ Ai
Pt−k+1η

µ Ai
Pt−kη

=
∑t−1

i=0(µ Ai
Pt−iη)νPi+11E∑t−1

i=0(µ Ai
Pt−iη)νPi1E

.

Since the right-hand side, say γ, does not depend on k, we deduce that

µ Ai
Pt−kη= aγ−i

for some constant a > 0. We deduce that

γ=
∑t−1

i=0(µ Ai
Pt−iη)νPi+11E∑t−1

i=0(µ Ai
Pt−iη)νPi1E

= γ
∑t−1

i=0 γ
−(i+1)νPi+11E∑t−1

i=0 γ
−iνPi1E

= γ
(

1+ 1−γ−t νPt1E∑t−1
i=0 γ

−iνPi1E

)
.

Since νPt = θt
0ν, this equality is possible only if γ = θ0. Therefore, under the

assumptions of Theorem 3.2, given X0 ∼ µ such that
∑t−1

i=0µ Ai
Pt−i V < +∞ and∑t−1

i=0µ Ai
Pt−iη> 0, the conditional distributions of X converge in total variation

to a quasi-stationary distribution if and only if θ−i
0 µ Ai

Pt−iη does not depend of
i ∈ {0, . . . , t −1}.

4 Spectral properties of periodic Markov chains under (2.4)

Let P̂1 f (x) = Ex f (X1) for all x ∈ E ∪ {∂} and all f ∈ B̂ϕ1 , where

B̂V = {
f : E ∪ {∂} →C s.t. ∃a > 0, Re(a f E ) ∈BV and Im(a f E ) ∈BV

}
,

where we denoted by Re(z) and Im(z) the real and imaginary parts of a complex
number z, respectively. Theorem 3.1 can be seen as a quasi-compactness prop-
erty and it hence implies a spectral gap property, as shown in the next result.

Corollary 4.1. Under the assumptions of Theorem 3.1, each eigenfunction h ∈
B̂V of P̂1 with eigenvalue θ ∈C satisfies the following properties:

1. if h(∂) ̸= 0 and if Px (τ∂ <∞) = 1 for all x ∈ E, then θ = 1 and h is constant;

2. if h(∂) = 0 and there exists i ∈ {0, . . . , t −1} such that νPi h = νPi (h Ai ) ̸= 0,
then θ = θ0 and

h E = ν(h)
t−1∑
i=0

θ−i
0 Piη, (4.1)

where the eigenfunction η of Q has been extended by 0 out of A0;

3. if h(∂) = 0, νPi h = 0 for all i ∈ {0, . . . , t −1}, then |θ| ≤ θ0α
1/t .

11



Proof. Observe that, for all f ∈ B̂ϕ1 all j ∈ {0, . . . , t −1} and all x ∈ E ,

P̂ j f (x) = P j ( f E )(x)+ f (∂)(1−P j1E (x)) (4.2)

and P̂ j f (∂) = f (∂).
Assume first that h(∂) ̸= 0. Then θh(∂) = P̂1h(∂) = h(∂), so θ = 1. Moreover,

for all x ∈ E and all j ∈N,

h(x) = P j (h E )(x)+h(∂)(1−P j1E (x)).

Now, (3.1) and the fact thatPx (τ∂ <∞) = 1 for all x ∈ E implies that θ0 < 1 and, in
particular, for all x ∈ E , P j (h E )(x) and P j1E (x) both converge to 0 when j →+∞
and thus h(x) = h(∂). Hence Point 1. is proved.

Assume now that h(∂) = 0 and that there exists i ∈ {0, . . . , t − 1} such that
νPi h ̸= 0. We can assume without loss of generality that νPi h > 0. It then fol-
lows from (4.2) that P1(h E ) = θh E . Let k ∈ {0, . . . , t − 1} be fixed. Since θt

0η =
Ptη = Pk Pt−kη is nonzero, there exists x ∈ Ak such that Pt−kη(x) > 0. For such
an x ∈ Ak , it follow from (3.1) that

lim
n→+∞θ

−(nt+i−k)
0 Pnt+ j h(x) = lim

n→+∞

(
θ

θ0

)−(nt+i−k)

h(x) ≥ θ−(t+i−k)
0 Pt−kη(x)νPi h > 0.

Therefore, θ = θ0. Since the convergence above holds for all x ∈ Ak ,and, we have
proved that, for all x ∈ Ak , h(x) = θ−(t+i−k)

0 Pt−kη(x)νPi h. In paticular, ν(h) =
θ−i

0 ν(η)νPi h = θ−i
0 νPi h > 0, so the previous computation could be done with

i = 0, thus entailing (4.1).
Assume finally that h(∂) = 0 and νPi h = 0 for all i ∈ {0, . . . , t − 1}. Let k ∈

{0, . . . , t − 1} and x ∈ Ak such that h(x) ̸= 0. Then (3.1) entails that, for all j ∈
{0, . . . , t −1}, ∣∣∣θ−(nt+ j )

0 Pnt+ j h(x)
∣∣∣= ( |θ|

θ0

)nt+ j

|h(x)| ≤C ′
Qα

nPt−kV (x),

hence |θ| ≤ θ0α
1/t and Corollary 4.1 is proved.

5 Ergodic behavior of the Q-process of periodic Markov
chains under (2.4)

We now study the Q-process of X , i.e. the law of X conditioned to never be ab-
sorbed. We define E ′ =⋃t−1

i=0{x ∈ Ai , Pt−iη(x) > 0}. Let us denote by (Ω, (F\n≥0, (Xn)n≥0, (Px )x∈E )
be a filtered probability a space such that, under Px , the process X has the same
distribution as the Markov process with semi-group (Pn)n≥0 and initial condi-
tion x.

12



Theorem 5.1. Under the assumptions of Theorem 3.1, we have the following prop-
erties:

(i) Existence of the Q-process. There exists a family (Qx )x∈E ′ of probability mea-
sures onΩ defined by

lim
n→+∞Px (A | n < τ∂) =Qx (A)

for all x ∈ E ′, for all Fm-measurable set A and for all m ≥ 0. The pro-
cess (Ω, (Fn)n≥0, (Xn)n≥0, (Qx )x∈E ′) is an E ′-valued homogeneous Markov
chain.

(ii) Semigroup. The semigroup of the Markov process X under (Qx )x∈E ′ is given
for all bounded measurable function ϕ on E ′, all j ∈ {0, . . . , t − 1} and all
n ≥ 0 by

P̃nt+ jϕ(x) =
t−1∑
i=0

1Ai∩E ′(x)θ−(nt+ j )
0

Pnt+ j (ϕη2t−i− j )(x)

ηt−i (x)
, (5.1)

where, for all k ∈Z+,
ηk := θ−k

0 Pkη,

where the function η has been extended by 0 to E \ A0.

(iii) Exponential contraction in total variation. The Markov process X under (Qx )x∈E ′

admits as unique invariant probability measure

1−θ0

1−θt
0

t−1∑
i=0

νPi ( ·ηt−i ). (5.2)

In addition, there exist constants C <+∞ andα ∈ (0,1) such that, for all j ∈
{0, . . . , t−1}, all n ≥ 0, all probability measureµ′ on E ′ such thatµ′

Ai
( Pt−i V
ηt−i

) <
+∞ for all i ∈ {0, . . . , t − 1} and all measurable h : E ′ → R such that, for
all k ∈ {0, . . . , t − 1} and all x ∈ A0, Pk (hηt−k )(x) ≤ V (x) (or, equivalently,
P̃k h(x) ≤V (x)/η(x)),∣∣∣∣∣µ′P̃nt+ j h −

t−1∑
i=0

θt−i
0 µ′(Ai )νPi+ j (hη2t−i− j )

∣∣∣∣∣≤Cαn
t−1∑
i=0

µ′
Ai

(
Pt−i V

ηt−i

)
. (5.3)

Furthermore, for all probability measure µ′ on E ′ and all j ∈ {0, . . . , t −1},∥∥∥∥∥µ′P̃nt+ j −
t−1∑
i=0

θt−i
0 µ′(Ai )νPi+ j ( ·η2t−i− j )

∥∥∥∥∥
T V

−−−−→
n→∞ 0, (5.4)

where ∥ ·∥T V denotes the total variation norm.
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Proof. We introduce Γm = 1m<τ∂ and define for all x ∈ E ′ and m,≥ 0 the proba-
bility measure

QΓ,x
m = Γm

Ex (Γm)
Px ,

so that the Q-process exists if and only if QΓ,x
m admits a proper limit when m →

∞. Fix j ∈ {0, . . . , t −1} and k ≥ 0. Let k0 ∈ { j − t +1, . . . , j } be such that k = n0t +k0

for some integer n0. For all n ≥ 0 such that nt + j ≥ k, we have by the Markov
property

Ex
(
Γnt+ j |Fk

)
Ex

(
Γnt+ j

) =1k<τ∂
PXk

(
nt + j −k < τ∂

)
Px

(
nt + j < τ∂

)
= θ−k

0 1k<τ∂
θ
−((n−n0)t+ j−k0)
0 P(n−n0)t+ j−k01E (Xk )

θ
−(nt+ j )
0 Pnt+ j1E (x)

.

Assume that x ∈ Ai ∩E ′ for some i ∈ {0, . . . , t −1}. By Theorem 3.1, almost surely,

lim
n→+∞

Ex
(
Γnt+ j |Fk

)
Ex

(
Γnt+ j

) = θ−k
0 1k<τ∂

θ
−(2t+ j−k0)
0 P2t−(i+k0)η(Xk )νPi+ j1E

θ
−(t+ j )
0 Pt−iη(x)νPi+ j1E

= θ−(n0+1)t
0 1k<τ∂

P2t−(i+k0)η(Xk )

Pt−iη(x)
=: Mk .

Since the limit is independent of j ∈ {0, . . . , t −1}, we deduce that Ex (Γm |Fk )
Ex (Γm ) → Mk

almost surely when m →+∞. Since in addition

Ex Mk = θ−(t+k−k0)
0

P2t−i+k−k0η(x)

Pt−iη(x)
= 1,

we can apply the penalization’s theorem of Roynette, Vallois and Yor [22, Theo-
rem 2.1], which implies that M is a martingale under Px and that QΓ,x

m (A) con-
verges to Ex (Mk1A) for all A ∈ Fk when m → ∞. This means that Qx is well
defined and

dQx

dPx Fk

= Mk . (5.5)

Note that, in view of the expression of Mk and by definition of E ′, (Xn ,n ≥ 0)
is E ′-valued Qx -almost surely for all x ∈ E ′. The fact that X is Markov under
(Qx )x∈E ′′ can be easily deduced from the last formula (see e.g. [5, Section 6.1]).

Point (ii) is a direct consequence of (5.5) and of the definition of Mnt+ j .
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We can now prove (5.3): this a direct consequence of (3.1) with

µ(d x) =
t−1∑
i=0

1

ηt−i (x)
µ′

Ai
(d x).

In particular, for all x ∈ E ′,∥∥∥∥∥δx P̃nt+ j −
t−1∑
i=0

θt−i
0 1Ai (x)νPi+ j (hη2t−i− j )

∥∥∥∥∥
T V

−−−−−→
n→+∞ 0,

and so (5.4) follows from the dominated convergence theorem.
It only remains to check that (5.2) is the only invariant distribution for P̃ .

Note that, because of (5.4), all invariant measure must be of the form

t−1∑
i=0

aiνPi+ j ( ·η2t−i− j )

for some ai ≥ 0 such that the last measure does not depend on j ∈ {0, . . . , t −1}.
Since νPk has support in Ak , identifying the last measure for j = 0 and j = 1, we
deduce that all the constants ai must be equal, so that there is a unique invariant
measure given by ∑ j−1

i=0 νPi ( ·ηt−i )∑ j−1
i=0 νPiηt−i

=
∑ j−1

i=0 νPi ( ·ηt−i )∑ j−1
i=0 θ

i
0

.

This ends the proof of Theorem 5.1.

6 Quasi-ergodic behavior of periodic Markov chains un-
der (2.4)

Related to the asymptotic behavior of the Q-process is the so-called quasi-ergodicity [8],
given in the next result.

Theorem 6.1. Under the assumptions of Theorem 3.1, there exists a constant C <
+∞ such that, for all bounded measurable f : E → [−1,1], all probability measure
µ on E such that µ Ai

(ηt−i ) > 0 for some i ∈ {0, . . . , t −1} and µ Ai
Pt−i V <+∞ for

all i ∈ {0, . . . , t −1}, for all N ≥ 0∣∣∣∣∣Eµ
[

1

N +1

N∑
m=0

f (Xm)

∣∣∣∣∣ N < τ∂
]
− θ−t

0

t

t−1∑
ℓ=0

νPℓ( f Pt−ℓη)

∣∣∣∣∣
≤ C

∑t−1
i=0µ Ai

Pt−i V

(N +1)
∑t−1

i=0µ Ai
(ηt−i )

. (6.1)
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Remark 5. Notice that, for f ≡ 1,
∑t−1

k=0νPk ( f Pt−kη) = θt
0

∑t−1
k=0ν(η) = tθt

0, so the

measure νQE := θ−t
0
t

∑t−1
k=0νPk (·Pt−kη) is a probability measure, called the quasi-

ergodic distribution.

In the last result, we do not recover the full the quasi-ergodic theorem of [4]
since they obtain convergence for all f ∈ L1(νQE). However, it does not seem that
condition (2.4) is sufficient to imply the conditions of [4] (see [3]). However, (2.4)
allows to improve the convergence in theorem 6.1 into what could be called a
convergence in conditional probability.

Corollary 6.2. Under the assumptions of Theorem 3.1, for all bounded measur-
able f : E → R, all probability measure µ on E such that µ Ai

(ηt−i ) > 0 for some
i ∈ {0, . . . , t −1} and µ Ai

Pt−i V <+∞ for all i ∈ {0, . . . , t −1},

lim
N→0

Pµ

(∣∣∣∣∣ 1

N +1

N∑
m=0

f (Xm)− θ−t
0

t

t−1∑
ℓ=0

νPℓ( f Pt−ℓη)

∣∣∣∣∣> ε
∣∣∣∣∣ N < τ∂

)
= 0, ∀ε> 0.

(6.2)

Proof of Theorem 6.1. In all the proof, the constant C denotes a constant that
may change from line to line. First notice that

t−1∑
j=0

θ
−(i+ j )
0 νPi+ j ( f η2t−i− j ) = θ−2t

0

t−1∑
j=0

νPi+ j ( f P2t−i− jη)

= θ−t
0

(
t−1−i∑

j=0
νPi+ j ( f Pt−i− jη)+

t−1∑
j=t−i

νPi+ j−t ( f P2t−i− jη)

)

= θ−t
0

t−1∑
k=0

νPk ( f Pt−kη).

Hence, introducing n ≥ 0 and k ∈ {0, . . . , t −1} such that N = nt +k and denoting
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µ̄(η̄) =∑t−1
i=0µ Ai

(ηt−i )θ−(k+i )
0 νPk+i1E , it follows from Theorem 3.1 that∣∣∣∣∣Eµ

[
1

N +1

N∑
m=0

f (Xm)

∣∣∣∣∣ nt +k < τ∂
]
− θ−t

0

t

t−1∑
ℓ=0

νPℓ( f Pt−ℓη)

∣∣∣∣∣
=

∣∣∣∣∣Eµ
[

1

nt +k +1

nt+k∑
m=0

f (Xm)

∣∣∣∣∣ nt +k < τ∂
]

−
∑t−1

i=0

∑t−1
j=0µ Ai

(ηt−i )θ−(k+i )
0 νPk+i1E θ

−(i+ j )
0 νPi+ j ( f η2t−i− j )

t
∑t−1

i=0µ Ai
(ηt−i )θ−(k+i )

0 νPk+i1E

∣∣∣∣∣∣
≤ |θ−N

0 µPN1E − µ̄(η̄)|
θ−N

0 µPN1E µ̄(η̄)

1

N +1

N∑
m=0

θ−N
0 µPN1E

+ 1

(N +1)µ̄(η̄)

t−1∑
i=0

t−1∑
j=0

⌊(N− j )/t⌋∑
m=0

∣∣∣θ−(mt+ j )
0 µ Ai

Pmt+ j

(
f θ−[(n−m)t+k− j ]

0 P(n−m)t+k− j1E

)
−θ−(mt+ j )

0 µ Ai
Pmt+ j ( f η2t−i− j )θ−(k+i )

0 νPk+i1E

∣∣∣
+ 1

(N +1)µ̄(η̄)

t−1∑
i=0

t−1∑
j=0

⌊(N− j )/t⌋∑
m=0

θ−(k+i )
0 νPk+i1E

∣∣∣θ−(mt+ j )
0 µ Ai

Pmt+ j ( f η2t−i− j )

−µ Ai
(ηt−i )θ−(i+ j )

0 νPi+ j ( f η2t−i− j )
∣∣∣

+ 1

µ̄(η̄)

t−1∑
i=0

t−1∑
j=0

µ Ai
(ηt−i )θ−(k+i )

0 νPk+i1E θ
−(i+ j )
0 νPi+ j ( f η2t−i− j )

∣∣∣∣⌊(N − j )/t⌋+1

N +1
− 1

t

∣∣∣∣ .

(6.3)

It can be checked using Theorem 3.1 that the first term of the right-hand-side is
bounded by

Cαn

∑t−1
i=0µ Ai

Pt−i V

(N +1)µ̄(η̄)

and that each of the three other terms are bounded by

C

N +1

∑t−1
i=0µ Ai

Pt−i V

(N +1)µ̄(η̄)
.

The only non-immediate bound is for the second term of the right-hand-side
of (6.3), which is bounded by

C

(N +1)µ̄(η̄)

t−1∑
i=0

t−1∑
j=0

⌊(N− j )/t⌋∑
m=0

Cαnθ
−(mt+ j )
0 µ Ai

Pmt+ j ( f P2t−i− j V )

≤ C ′αn

(N +1)µ̄(η̄)

t−1∑
i=0

t−1∑
j=0

⌊(N− j )/t⌋∑
m=0

θ
−(mt+ j )
0 µ Ai

P(m+1)t+t−i V.
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by a first application of Theorem 3.1. A second application of Theorem 3.1 then
proves that

θ
−(mt+ j )
0 µ Ai

P(m+1)t+t−i V ≤ θ−(t−i )
0 µ Ai

Pt−iην(V )+Cαnµ Ai
Pt−i V ≤C ′µ Ai

Pt−i V.

Noting that

µ̄(η̄) ≥
t−1∑
i=0

µ Ai
(ηt−i ) inf

0≤ℓ≤2t
θ−ℓ0 νPℓ1E ,

we have proved Theorem 6.1.

Proof of Corollary 6.2. In all the proof, the constant C denotes a constant that
may change from line to line. The result follows from Chebychev’s bound and

lim
N→+∞

Eµ

[(
1

N +1

N∑
m=0

f (Xm)− θ−t
0

t

t−1∑
ℓ=0

νPℓ( f Pt−ℓη)

)2 ∣∣∣∣∣ N < τ∂
]
= 0, (6.4)

which follows from a similar computation as before. First set

f̄ = f − θ−t
0

t

t−1∑
ℓ=0

νPℓ( f Pt−ℓη) = f −νQE( f ).

We have

Eµ

[(
1

N +1

N∑
m=0

f̄ (Xm)

)2 ∣∣∣∣∣ N < τ∂
]
= 1

(N +1)2

N∑
m=0

Eµ
[

f̄ 2(Xm) | N < τ∂
]

+ 2

(N +1)2

∑
0≤n<m≤N

Eµ
[

f̄ (Xn) f̄ (Xm) | N < τ∂
]

(6.5)

We shall use the bound, for all 0 ≤ n < m ≤ N and all i ∈ {0, . . . , t −1},

Eµ Ai

[
f̄ (Xn) f̄ (Xm)1N<τ∂

]
= Eµ Ai

[
f̄ (Xn) f̄ (Xm)1m<τ∂

(
PXm (N −m < τ∂)−θN−m−k− j

0 ηt−k (Xm)νPk+ j1E

)]
+θN−m−k− j

0 νPk+ j1E Eµ Ai

[
f̄ (Xn)1n<τ∂

(
EXn

(
f̄ (Xm−n)ηt−k (Xm−n)

)
−θm−n−k ′− j ′

0 ηt−k ′(Xn)νPk ′+ j ′( f̄ ηt−k )
)]

+θN−n−k−k ′− j− j ′
0 νPk+ j1E νPk ′+ j ′( f̄ ηt−k ) Eµ Ai

(
f̄ (Xn)ηt−k ′(Xn)

)
,

where j ∈ {0, . . . , t − 1} is such that N −m − j ∈ tZ, k ∈ {0, . . . , t − 1} is such that
i +m −k ∈ tZ, j ′ = k −k ′ (such that m −n − j ′ ∈ tZ) and k ′ ∈ {0, . . . , t −1} is such
that i +n −k ′ ∈ tZ.
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Let us first deal with the last term of the last equation: for all fixed n ∈ {0, . . . , N−
t } and all p ∈ Z such that pt − i > n et (p + 1)t − i − 1 ≤ N , using that j ′ =
k −k ′, that k ′ only depends on n and that θ−k− j

0 νPk+ j1E = θ−N−i
0 νPN+i1E since

N + i −k − j ∈ tZ,

(p+1)t−i−1∑
m=pt−i

θ
N−n−k−k ′− j− j ′
0 νPk+ j1E νPk ′+ j ′( f̄ ηt−k ) Eµ Ai

(
f̄ (Xn)ηt−k ′(Xn)

)
= θ−n−i

0 νPN+i1E µ Ai
Pn( f̄ ηt−k ′)

(p+1)t−i−1∑
m=pt−i

θ−k
0 νPk ( f̄ ηt−k ) = 0,

since νQE( f̄ ) = 0.
Combining the last two inequalities and using Theorem 3.1, we deduce that,

for all i ∈ {0, . . . , t −1},

2

(N +1)2

∑
0≤n<m≤N

Eµ Ai

[
f̄ (Xn) f̄ (Xm)1N<τ∂

]
≤ C

(N +1)2

∑
0≤n<m≤N

θ
N−n−k−k ′− j− j ′
0 νPk+ j1E νPk ′+ j ′( f̄ ηt−k ) µ Ai

Pn( f̄ ηt−k ′)

+ C∥ f ∥2∞
(N +1)2

∑
0≤n<m≤N

αN−mθN−m
0 µ Ai

Pm+t−kV +αm−nθ
N−n−k− j
0 µ Ai

Pn+t−k ′V

≤ C t N ∥ f ∥2∞θN
0

(N +1)2 sup
0≤ℓ<2t

(νPℓ1E )ν(V )µ Ai
(ηt−i )

+ C∥ f ∥2∞θN
0

(N +1)2 µ Ai
Pt−i V

∑
0≤n<m≤N

(
αN−m +αm−n)

,

where we used in the last inequality that θ−m
0 µ Ai

Pm+t−kV ≤ Cµ Ai
Pt−i V be-

cause m + t −k = ℓt − i for some integer ℓ and θℓt
0 QℓV (x) ≤CV (x) for all x ∈ A0

by (2.4), and similarly for θ−n
0 µ Ai

Pn+t−k ′V . Using that

∑
0≤n<m≤N

(
αN−m +αm−n)≤ 2N

1−α ,

we have proved that

2

(N +1)2

∑
0≤n<m≤N

Eµ
[

f̄ (Xn) f̄ (Xm)1N<τ∂
]≤ C (µ)∥ f ∥2∞θN

0

N +1
,

where the constant C (µ) depends on µ.
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Now, it follows from Theorem 3.1 that, for N large enough, given i ∈ {0, . . . , t−
1} such that µ Ai

(ηt−i ) > 0,

Pµ(N < τ∂) ≥Pµ Ai
(N < τ∂) ≥ 1

2
µ Ai

(ηt−i )θN−i−ℓ
0 νPi+ℓ1E

where ℓ ∈ {0, . . . , t−1} is such that N−ℓ ∈ tZ. Hence, there exists a constant c(µ) >
0 depending only on µ such that, for all N , Pµ(N < τ∂) ≥ c(µ)θN

0 . Therefore, (6.4)
follows from (6.5) and Corollary 6.2 is proved.
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