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We consider periodic Markov chains with absorption. Applying to iterates of this periodic Markov chain criteria for the exponential convergence of conditional distributions of aperiodic absorbed Markov chains, we obtain exponential estimates for the periodic asymptotic behavior of the semigroup of the Markov chain. This implies in particular the exponential convergence in total variation of the conditional distribution of the Markov chain given non-absorption to a periodic sequence of limit measures and we characterize the cases where this sequence is constant, which corresponds to the cases where the conditional distributions converge to a quasi-stationary distribution. We also characterize the first two eignevalues of the semigroup and give a bound for the spectral gap between these eigenvalues and the next ones. Finally, we give ergodicity estimates in total variation for the Markov chain conditioned to never be absorbed, often called Q-process, and quasi-ergodicity estimates for the original Markov chain.

Introduction

Let (X t , t ∈ Z + ) be a Markov chain in E ∪ {∂} where E is a measurable space, ∂ ̸ ∈ E and Z + := {0, 1, . . .}. For all x ∈ E ∪ {∂}, we denote as usual by P x the law of X given X 0 = x and for any probability measure µ on E ∪ {∂}, we define P µ = θ -n 0 P n f (x) -η(x)ν QS ( f ) ≤ C α n V (x) (1.1) for all measurable function f : E → R such that | f | ≤ V , all n ∈ Z + and all x ∈ E . All the previously cited references assume some property of aperiodicity for the process X , and (1.1) itself implies a weak form of aperiodicity that can be formulated as follows: for all x ∈ E such that η(x) > 0 and all measurable A ⊂ E such that ν QS (A) > 0, P n 1 A (x) > 0 for all n large enough. The purpose of this note is to explain how (1.1) should be modified for periodic Markov chains, and to examine the implications of this modified property for quasi-limiting estimates, spectral properties of the semigroup, ergodicity of the Q-process and quasi-ergodicity of the Markov chain X . In the rest of this introduction, we shall recall all these properties when (1.1) holds true.

The property (1.1) implies that, for all x ∈ E such that η(x) > 0 and all measurable A ⊂ E ,

P n 1 A (x) P n 1 E (x) -ν QS (A) -----→ n→+∞ 0,
which means that ν QS is a quasi-limiting distribution for the process X (see e.g. [START_REF] Méléard | Quasi-stationary distributions and population processes[END_REF]), and thus a quasi-stationary distribution (QSD) of X (see again [START_REF] Méléard | Quasi-stationary distributions and population processes[END_REF]), i.e. a probability measure ν such that

P ν (X t ∈ • | t < τ ∂ ) = ν(•), ∀t ∈ Z + .
In addition, the absorption rate of the QSD ν QS is θ 0 , i.e. P ν QS (τ ∂ ≥ n) = θ n 0 (see again [START_REF] Méléard | Quasi-stationary distributions and population processes[END_REF]), and ν QS (η) = 1. It is also easy to see that the measure ν QS is the unique QSD satisfying ν QS (η) > 0 and ν QS (V ) < +∞ and that the function η is an eigenfunction of the semigroup, since P n η = θ n 0 η for all n ≥ 0. After giving the setting of our results on periodic processes and basic properties of their QSDs in Section 2, the quasi-limiting properties recalled above are extended to the periodic case in Section 3 below. Of course, exponential convergence of the conditional distributions does not hold in general because of the periodicity of the process [START_REF] Ferrari | R-positivity, quasi-stationary distributions and ratio limit theorems for a class of probabilistic automata[END_REF][START_REF] Van Doorn | Survival in a quasi-death process[END_REF][START_REF] Van Doorn | Quasi-stationary distributions for reducible absorbing Markov chains in discrete time. Markov Process[END_REF][START_REF] Oçafrain | Quasi-stationarity and quasi-ergodicity for discrete-time markov chains with absorbing boundaries moving periodically[END_REF]], yet we are able to obtain periodic exponential estimates in total variation.

The property (1.1) also has consequences on the spectrum of the semigroup (P n ) n≥0 : given a nonzero function h : E ∪ {∂} → C such that h/V is bounded and λh(x) = E x (h(X 1 )) for all x ∈ E ∪ {∂} for some λ ∈ C,

• either h(∂) ̸ = 0, and then λ = 1 and P 1 (h-h(∂))(x) = h(x)-h(∂) for all x ∈ E , so it follows from (1.1) that the function h is constant,

• or h(∂) = 0 and either ν QS (h) ̸ = 0 and then it follows from (1.1) that λ = θ 0 and h = ν QS (h)η, -or ν QS (h) = 0 and then it follows from (1.1) that |λ| ≤ αθ 0 .

This last property quantifies the spectral gap of the operator P 1 . These spectral properties are extended to the periodic case in Section 4 below.

In addition, assuming that the Markov chain (X n ) n≥0 is an adapted stochastic process defined on a filtered probability space (Ω, {F m } m≥0 , {P x } x∈E ∪{∂} ), it follows from [START_REF] Champagnat | Practical criteria for r -positive recurrence of unbounded semigroups[END_REF] and [START_REF] Champagnat | General criteria for the study of quasistationarity[END_REF] that, under (1.1), for all x ∈ E ′ where E ′ := {y ∈ E : η(x) > 0}, the limit

Q x (A) = lim n→+∞ P x (A | n < τ ∂ ) for all A ∈ F m with m ∈ N, defines a probability measure on Ω under which the process (Ω, (F m ) m≥0 , (X n ) n≥0 , (Q x ) x∈E ′ ) is an E ′ -valued homogeneous Markov chain called the Q-process.
In addition, this process is exponentially ergodic with unique invariant measure η d ν QS in the following sense: for all measurable f :

E ′ → R such that | f | ≤ V /η, for all x ∈ E ′ , E Q x ( f (X n )) - E ′ f (x)η(x)ν QS (d x) ≤ C ′ α n V (x) η(x)
for constants C ′ ∈ R + and α ∈ (0, 1) as in (1.1). These properties of the Q-process are extended to the periodic case in Section 5 below.

To conclude, (1.1) also implies the following quasi-ergodicity property, as shown in [START_REF] Oçafrain | Quasi-stationnarité avec frontières mobiles[END_REF] [ou autre référence de William ? Le papier sur (E') ?] (see also [START_REF] Breyer | A quasi-ergodic theorem for evanescent processes[END_REF][START_REF] Champagnat | Uniform convergence to the Qprocess[END_REF]): for all measurable function f : E → [-1, 1] and all x ∈ E and n ≥ 1,

E x 1 n n k=0 f (X k ) n < τ ∂ - E f (x)η(x)ν QS (d x) ≤ C ′′ n
for some constant C ′′ ∈ R + independent on n. This quasi-ergodic property is extended to the periodic case and improved in Section 6 below.

Remark 1. All the results of this note can be easily extended to general unbounded semi-groups (i.e. not necessarily sub-Markov) following the same approach as in [START_REF] Champagnat | Practical criteria for R-positive recurrence of unbounded semigroups[END_REF]. We restrict the presentation to sub-Markov semigroups to make simpler the probabilistic interpretation of our results.

General assumptions and first properties of quasi-stationary distributions for periodic Markov chains

In all the sequel, we shall make the standing assumption that E is the disjoint union of measurable sets A 0 , . . . , A t -1 such that for all x ∈ A i ,

P 1 1 A j (x) = 0 if j ̸ = i + 1, P 1 1 E (x) if j = i + 1, (2.1) 
with the convention i + 1 = 0 if i = t -1. Then P is t periodic and Q n = P nt for all n ≥ 0 defines a sub-Markov semi-group on the set of bounded measurable function on A 0 .

Remark 2. The last assumption corresponds to a particular case of periodicity, which assumes a (weak) form of irreducibility. Other periodic situations may occur when the state space is not irreducible and different periods may exist in different irreducibility classes, or when the process becomes periodic after leaving a transient set. In such situations, the results of this not may be extended combining our arguments with e.g. those of [START_REF] Champagnat | Quasi-stationary distributions in reducible state spaces[END_REF].

We first observe that, under the above conditions, there is a one-to-one correspondance between QSDs for Q and P . Proposition 2.1. If ν QS is a QSD for P with absorption rate θ > 0, then ν :=

ν QS (•∩A 0 ) ν QS (A 0 ) is a QSD for Q with absorption rate θ t .
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Conversely, if a probability measure ν on A 0 is a QSD for Q with absorption rate θ, then the probability measure on E defined as

ν QS = 1 t -1 i =0 θ -i /t νP i 1 E t -1 i =0 θ -i /t νP i (2.2)
is a QSD for P with absorption rate θ 1/t , and it is the only one such that ν =

ν QS (•∩A 0 ) ν QS (A 0 ) .
Proof. Observing that, if ν QS is a QSD for P , then ν QS (A 0 ) > 0 (since otherwise ν QS (A i ) would be zero for all i using the QSD property), the first statement is clear. For the second statement, we first notice that, if ν is a QSD for Q, then it is clear that ν QS as defined in (2.2) is a QSD for P . So it only remains to check the uniqueness of this QSD. Let µ be any QSD for P such that ν = µ(•∩A 0 )

µ(A 0 ) . It follows from the first part of Proposition 2.1 that its absorption rate is θ 1/t . It then follows from (2.1) that, for all i ∈ {0, . . . , t -1},

θ i /t µ(• ∩ A i ) = µP i (• ∩ A i ) = µ(• ∩ A 0 )P i = µ(A 0 ) νP i . Therefore, µ = µ(A 0 ) t -1 i =0 θ -i /t νP i , which entails (2.2).
In the next result, we observe that the one-to-one correspondance between QSDs for (P n ) n∈Z + and (Q k ) k∈Z + does not extend to a one-to-one correspondance to the QSDs for (P n ) n∈Z + and (P kt ) k∈Z + , which will explain the periodic asymptotic behaviors observed in the results of the next section.

Proposition 2.2. If ν is a QSD for (Q k ) k∈Z + , then all convex combinations of ν, νP 1 νP 1 1 E , . . . , νP t -1 νP t -1 1 E (2.3)
are QSDs for (P kt ) k∈Z + . Among them, only a single one is a QSD for

(P n ) n∈Z + .
Proof. It is clear that all the probability measures in (2.3) are QSDs for (P kt ) k∈Z + with the same absorption rate, so all convex combinations of these measures are QSDs. The unique one among them which is a QSD for (P n ) n∈Z + is given by (2.2), by Proposition 2.1.

In the following sections, we shall assume in addition that Q satisfies the property (1.1) on A 0 , i.e. there exist a measurable function V : A 0 → [1, +∞), constants θ 0 ∈ (0, 1], C ∈ R + and α ∈ (0.1), a nonzero measurable function η : A 0 → R + such that η/V is bounded and a probability measure ν on A 0 such that ν(V ) < +∞ and ν(η) > 0, such that

θ -kt 0 Q k f (x) -η(x)ν( f ) ≤ C Q α k V (x) (2.4) for all mesurable function f on A 0 such that | f | ≤ V , all k ≥ 0 and all x ∈ A 0 .
Note that the absorption rate θ 0 in (1.1) has been modified above as θ t 0 , so that the QSD ν QS defined in (2.2) has absorption rate θ 0 instead of θ 1/t 0 . Note also that the last inequality implies, setting k = 1, that, for all x ∈ A 0 ,

Q 1 V (x) ≤ ∥η/V ∥ ∞ ν(V ) +C Q α V (x).
(2.5)

3 Quasi-limiting behavior of periodic Markov chains under (2.4)

Our first results extends (1.1) to periodic Markov chains. Let us define

B V = f : E → R measurable, s.t. ∀i ∈ {0, . . . , t -1}, |P i ( f 1 A i )| ≤ V on A 0 .
Note that this set is non-empty since, by (2.5), it contains all functions of the form P j g for any j ∈ {0, . . . , t -1} and any function g such that |g | ≤

V ∥η/V ∥ ∞ ν(V )+C α
on A 0 and g ≡ 0 on E \ A 0 . Since V ≥ 1 and P is sub-Markov, it also contains all measurable functions bounded by 1.

Theorem 3.1. Assume that P satisfies (2.1) and that Q satisfies (2.4). Then, there exists C < +∞ such that, for all f ∈ B V , n ≥ 1, j ∈ {0, . . . , t -1} and x ∈ A k for some k ∈ {0, . . . , t -1}, θ -(nt + j ) 0

P nt + j f (x) -θ -(t + j ) 0 P t -k η(x) νP k+ j f ≤ C ′ Q α n P t -k V (x), (3.1) 
where we extended ν by 0 to E \ A 0 , where the constant α ∈ (0, 1) is the same as in (2.4) and where

C ′ Q = C Q θ -2t 0 ∥η/V ∥ ∞ ν(V ) +C Q α 2 .
Proof. Let f ∈ B V , n ≥ 1 and j ∈ {0, . . . , t -1}. We have

θ -(nt + j ) 0 P nt + j f -θ -(t + j ) 0 t -1 i =0 P t + j -i η νP i f ≤ θ -(t + j ) 0 t -1 i =0 θ -(n-1)t 0 P t + j -i P (n-1)t P i ( f 1 A i ) -P t + j -i η νP i ( f 1 A i ) ≤ θ -(t + j ) 0 t -1 i =0 P t + j -i θ -(n-1)t 0 Q n-1 P i ( f 1 A i ) -νP i ( f 1 A i ) η ≤ C Q θ -(t + j ) 0 α n-1 t -1 i =0 P t + j -i V.
Now, given x ∈ A k for some k ∈ {0, . . . , t -1}, we observe that only a single term in the sum in the left-hand side of the last equation is nonzero, corresponding to the unique index i ∈ {0, 1, . . . , t -1} such that j

-i = -k, j -i = t -k or j -i = 2t -k.
In the first case, this term is P t -k η(x) νP j +k f ; in the second case, it is

P 2t -k η(x) νP j +k-t f = P t -k Q 1 η(x) νP j +k-t ( f 1 A j +k-t ) = P t -k η(x) θ t 0 νP j +k-t ( f 1 A j +k-t ) = P t -k η(x) νQ 1 P j +k-t ( f 1 A j +k-t ) = P t -k η(x) νP j +k f ;
and the third case can be handled similarly. So (3.1) is proved using (2.5).

As in the aperiodic case, the last result implies geometric estimates in Vweighted total variation for the long time behavior of the conditional distributions of the Markov chain given non-absorption. Theorem 3.2. Under the assumptions of Theorem 3.1, there exist constants C < +∞ and ᾱ ∈ (0, α) and a nonzero measurable function ϕ 2 : A 0 → [0, 1] such that ϕ 2 /η is bounded, such that, for all probability measure µ on E , all f ∈ B V , all n ∈ Z + and all j ∈ {0, 1, . . . , t -1},

µP nt + j f µP nt + j 1 E - t -1 i =0 (µ A i P t -i η)νP i + j f t -1 i =0 (µ A i P t -i η)νP i + j 1 E ≤ C ᾱn t -1 i =0 µ A i P t -i V t -1 i =0 µ A i P t -i ϕ 2 . (3.2)
If in addition n is large enough so that

C ′ Q θ -4t 0 α n t -1 i =0 µ A i P t -i V t -1 i =0 µ A i P t -i η ≤ 1 2 , (3.3)
where the constants C Q and α are those from (2.4), there exists a constant C ′ independent of n and µ such that, for all probability measure µ on E , all f ∈ B V and all j ∈ {0, 1, . . . , t -1},

µP nt + j f µP nt + j 1 E - t -1 i =0 (µ A i P t -i η)νP i + j f t -1 i =0 (µ A i P t -i η)νP i + j 1 E ≤ C ′ α n t -1 i =0 µ A i P t -i V t -1 i =0 µ A i P t -i η . (3.4)
Remark 3. As will appear in the proof below, the function ϕ 2 in the last result can be chosen positive in a large part of the support of η. More precisely, for any fixed ε > 0, the function ϕ 2 can be chosen such that

inf ϕ 2 (x), x ∈ E , η(x) ≥ ε,V (x) ≤ 1/ε > 0.
Proof. Let us first construct the function ϕ 2 . Let θ 2 ∈ (0, 1) be such that

θ 0 θ 2 t α < 1
and let ε > 0 be small enough so that ν(K ) ≥ 1/2, where

K := η ≥ ε, V ≤ 1 ε .
By (2.4), there exists n 0 ∈ N such that,

inf x∈K θ -n 0 t 2 P x (X n 0 ∈ K ) ≥ 1. Set for all x ∈ K ϕ 2 (x) := θ -t 2 -1 θ -n 0 t 2 -1 n 0 -1 k=0 θ -kt 2 Q k 1 K (x).
It is then easy to check (cf. e.g. Lemma 3.?? in [START_REF] Champagnat | General criteria for the study of quasistationarity[END_REF]) that, for all x ∈ A 0 , 

Q 1 ϕ 2 (x) ≥ θ t 2 ϕ 2 (x). (3.5) In addition, since 1 K ≤ η/ε and Q 1 η = θ 0 η, ϕ 2 (x) ≤ θ -t 2 -1 (θ -n 0 t 2 -1)(1 -θ 0 /θ 2 ) η(x), ( 3 
µP nt + j f µP nt + j 1 E - t -1 i =0 (µ A i P t -i η)νP i + j f t -1 i =0 (µ A i P t -i η)νP i + j 1 E ≤ θ -(n-1)t 0 µP nt + j | f | θ -(n-1)t 0 µP nt + j 1 E t -1 i =0 (µ A i P t -i η)νP i + j 1 E × × θ -(n-1)t 0 t -1 i =0 µ A i P t -i P (n-1)t P i + j 1 E - t -1 i =0 (µ A i P t -i η)νP i + j 1 E + 1 t -1 i =0 (µ A i P t -i η)νP i + j 1 E × × θ -(n-1)t 0 t -1 i =0 µ A i P t -i P (n-1)t P i + j f - t -1 i =0 (µ A i P t -i η)νP i + j f ≤ C α n t -1 i =0 µ A i P t -i V t -1 i =0 (µ A i P t -i η)νP i + j 1 E 1 + θ -(n-1)t 0 µP nt + j | f | θ -(n-1)t 0 µP nt + j 1 E t -1 i =0 (µ A i P t -i η)νP i + j 1 E . Since νP i + j 1 E ≥ νP i + j P 2t -i -j 1 E = νQ 2 1 E = θ 2t
0 > 0, we deduce that

µP nt + j f µP nt + j 1 E - t -1 i =0 (µ A i P t -i η)νP i + j f t -1 i =0 (µ A i P t -i η)νP i + j 1 E ≤ C α n t -1 i =0 µ A i P t -i V t -1 i =0 µ A i P t -i η 1 + θ -(n-1)t 0 µP nt + j | f | θ -(n-1)t 0 µP nt + j 1 E t -1 i =0 (µ A i P t -i η)νP i + j 1 E
for some constant C . Now, we use (3.3) to deduce from (3.1) that

θ -(n-1)t 0 µP nt + j 1 E ≥ t -1 i =0 (µ A i P t -i η)νP i + j 1 E -C ′ Q θ -(t + j ) 0 α n t -1 i =0 µ A i P t -i V ≥ θ 2t 0 t -1 i =0 µ A i P t -i η -C ′ Q θ -2t 0 α n t -1 i =0 µ A i P t -i V ≥ θ 2t 0 2 t -1 i =0 (µ A i P t -i η)νP i + j 1 E and θ -(n-1)t 0 µP nt + j | f | ≤ t -1 i =0 (µ A i P t -i η)νP i + j | f | +C ′ Q θ -(t + j ) 0 α n t -1 i =0 µ A i P t -i V ≤ ν(V ) + θ 3t 0 2 t -1 i =0 µ A i P t -i η, 9
where we used the definition of B V in the last inequality. Therefore,

µP nt + j f µP nt + j 1 E - t -1 i =0 (µ A i P t -i η)νP i + j f t -1 i =0 (µ A i P t -i η)νP i + j 1 E ≤ C α n t -1 i =0 µ A i P t -i V t -1
i =0 µ A i P t -i η for some constant C , so we have proved (3.4) and, thanks to (3.6), (3.2) for n satisfying (3.3).

Assume now that (3.3) is not satisfied. Then, using (3.1) in a similar way as above,

µP nt + j f µP nt + j 1 E - t -1 i =0 (µ A i P t -i η)νP i + j f t -1 i =0 (µ A i P t -i η)νP i + j 1 E ≤ θ -(n-1)t 0 µP nt + j f θ -(n-1)t 0 µP nt + j 1 E + ν(V ) θ 2t 0 ≤ ν(V ) t -1 i =0 µ A i P t -i η +C ′ Q θ -(t + j ) 0 α n t -1 i =0 µ A i P t -i V θ -(n-1)t 0 t -1 i =0 µ A i P t -i Q n (P i + j 1 A i + j ) A 0 + ν(V ) θ 2t 0 ,
where we made the abuse of notation that

A i + j = A i + j -t if t ≤ i + j ≤ 2t -1. Now, 1 A i + j ≥ P 2t -i -j 1 A 0 ,
so for all x ∈ A 0 ,

P i + j 1 A i + j ≥ P 2t 1 A 0 ≥ P 2t ϕ 2 ≥ θ 2t 2 ϕ 2 .
Therefore,In additon, using (3.5) and that (3.3) is not satisfied,

µP nt + j f µP nt + j 1 E - t -1 i =0 (µ A i P t -i η)νP i + j f t -1 i =0 (µ A i P t -i η)νP i + j 1 E ≤ C α n θ 0 θ 2 (n-1)t t -1 i =0 µ A i P t -i V t -1 i =0 µ A i P t -i ϕ 2 , so (3.2) is proved with ᾱ = αθ t 0 /θ t 2 < 1.
Remark 4. Under the assumptions of Theorem 3.1, the conditional distributions of X converge to a quasi-stationary distribution if and only if the measure

t -1 i =0 (µ A i P t -i η)νP i + j t -1 i =0 (µ A i P t -i η)νP i + j 1 E
does not depend on j . Indeed, in this case, this measure is a quasi-limiting distribution, hence the unique quasi-stationary distribution given in Proposition 2.1. Comparing the measures for j = 0 and j = 1 entails that, for all f ∈ B V , the equality

t -1 i =0 (µ A i P t -i η)νP i f t -1 i =0 (µ A i P t -i η)νP i +1 1 E = t -1 i =0 (µ A i P t -i η)νP i +1 f t -1 i =0 (µ A i P t -i η)νP i 1 E
10 should hold true. Choosing f = 1 A k , we obtain for all k ∈ {0, . . . , t -1},

µ A i P t -k+1 η µ A i P t -k η = t -1 i =0 (µ A i P t -i η)νP i +1 1 E t -1 i =0 (µ A i P t -i η)νP i 1 E .
Since the right-hand side, say γ, does not depend on k, we deduce that

µ A i P t -k η = aγ -i
for some constant a > 0. We deduce that

γ = t -1 i =0 (µ A i P t -i η)νP i +1 1 E t -1 i =0 (µ A i P t -i η)νP i 1 E = γ t -1 i =0 γ -(i +1) νP i +1 1 E t -1 i =0 γ -i νP i 1 E = γ 1 + 1 -γ -t νP t 1 E t -1 i =0 γ -i νP i 1 E .
Since νP t = θ t 0 ν, this equality is possible only if γ = θ 0 . Therefore, under the assumptions of Theorem 3.2, given X 0 ∼ µ such that t -1 i =0 µ A i P t -i V < +∞ and t -1 i =0 µ A i P t -i η > 0, the conditional distributions of X converge in total variation to a quasi-stationary distribution if and only if θ -i 0 µ A i P t -i η does not depend of i ∈ {0, . . . , t -1}.

Spectral properties of periodic Markov chains under (2.4)

Let P1 f (x) = E x f (X 1 ) for all x ∈ E ∪ {∂} and all f ∈ Bϕ 1 , where

BV = f : E ∪ {∂} → C s.t. ∃a > 0, Re(a f E ) ∈ B V and Im(a f E ) ∈ B V ,
where we denoted by Re(z) and Im(z) the real and imaginary parts of a complex number z, respectively. Theorem 3.1 can be seen as a quasi-compactness property and it hence implies a spectral gap property, as shown in the next result.

Corollary 4.1. Under the assumptions of Theorem 3.1, each eigenfunction h ∈

BV of P1 with eigenvalue θ ∈ C satisfies the following properties:

1. if h(∂) ̸ = 0 and if P x (τ ∂ < ∞) = 1 for all x ∈ E , then θ = 1 and h is constant; 2. if h(∂) = 0 and there exists i ∈ {0, . . . , t -1} such that νP i h = νP i (h A i ) ̸ = 0, then θ = θ 0 and h E = ν(h) t -1 i =0 θ -i 0 P i η, (4.1)
where the eigenfunction η of Q has been extended by 0 out of A 0 ;

3. if h(∂) = 0, νP i h = 0 for all i ∈ {0, . . . , t -1}, then |θ| ≤ θ 0 α 1/t . Proof. Observe that, for all f ∈ Bϕ 1 all j ∈ {0, . . . , t -1} and all x ∈ E ,

P j f (x) = P j ( f E )(x) + f (∂)(1 -P j 1 E (x)) (4.2) and P j f (∂) = f (∂). Assume first that h(∂) ̸ = 0. Then θh(∂) = P1 h(∂) = h(∂), so θ = 1.
Moreover, for all x ∈ E and all j ∈ N,

h(x) = P j (h E )(x) + h(∂)(1 -P j 1 E (x)).
Now, (3.1) and the fact that P x (τ ∂ < ∞) = 1 for all x ∈ E implies that θ 0 < 1 and, in particular, for all x ∈ E , P j (h E )(x) and P j 1 E (x) both converge to 0 when j → +∞ and thus h(x) = h(∂). Hence Point 1. is proved.

Assume now that h(∂) = 0 and that there exists i ∈ {0, . . . , t -1} such that νP i h ̸ = 0. We can assume without loss of generality that νP i h > 0. It then follows from (4.2) that P

1 (h E ) = θh E . Let k ∈ {0, . . . , t -1} be fixed. Since θ t 0 η = P t η = P k P t -k η is nonzero, there exists x ∈ A k such that P t -k η(x) > 0. For such an x ∈ A k , it follow from (3.1) that lim n→+∞ θ -(nt +i -k) 0 P nt + j h(x) = lim n→+∞ θ θ 0 -(nt +i -k) h(x) ≥ θ -(t +i -k) 0 P t -k η(x)νP i h > 0.
Therefore, θ = θ 0 . Since the convergence above holds for all x ∈ A k ,and, we have proved that, for all x ∈ A k , h(x) = θ -(t +i -k) 0 P t -k η(x)νP i h. In paticular, ν(h) = θ -i 0 ν(η)νP i h = θ -i 0 νP i h > 0, so the previous computation could be done with i = 0, thus entailing (4.1).

Assume finally that h(∂) = 0 and νP i h = 0 for all i ∈ {0, . . . , t -1}. Let k ∈ {0, . . . , t -1} and x ∈ A k such that h(x) ̸ = 0. Then (3.1) entails that, for all j ∈ {0, . . . , t -1}, θ -(nt + j ) 0

P nt + j h(x) = |θ| θ 0 nt + j |h(x)| ≤ C ′ Q α n P t -k V (x),
hence |θ| ≤ θ 0 α 1/t and Corollary 4.1 is proved.

Ergodic behavior of the Q-process of periodic Markov chains under (2.4)

We now study the Q-process of X , i.e. the law of X conditioned to never be absorbed. We define

E ′ = t -1 i =0 {x ∈ A i , P t -i η(x) > 0}.
Let us denote by (Ω, (F \n≥0 , (X n ) n≥0 , (P x ) x∈E ) be a filtered probability a space such that, under P x , the process X has the same distribution as the Markov process with semi-group (P n ) n≥0 and initial condition x. (i) Existence of the Q-process. There exists a family (Q x ) x∈E ′ of probability measures on Ω defined by

lim n→+∞ P x (A | n < τ ∂ ) = Q x (A)
for all x ∈ E ′ , for all F m -measurable set A and for all m ≥ 0. The process (Ω, (

F n ) n≥0 , (X n ) n≥0 , (Q x ) x∈E ′ ) is an E ′ -valued homogeneous Markov chain.
(ii) Semigroup. The semigroup of the Markov process X under (Q x ) x∈E ′ is given for all bounded measurable function ϕ on E ′ , all j ∈ {0, . . . , t -1} and all n ≥ 0 by

P nt + j ϕ(x) = t -1 i =0 1 A i ∩E ′ (x)θ -(nt + j ) 0 P nt + j (ϕη 2t -i -j )(x) η t -i (x) , (5.1) 
where, for all k ∈ Z + , η k := θ -k 0 P k η, where the function η has been extended by 0 to E \ A 0 .

(iii) Exponential contraction in total variation. The Markov process X under (Q x ) x∈E ′ admits as unique invariant probability measure

1 -θ 0 1 -θ t 0 t -1 i =0 νP i ( • η t -i ).
(5.2)

In addition, there exist constants C < +∞ and α ∈ (0, 1) such that, for all j ∈ {0, . . . , t -1}, all n ≥ 0, all probability measure µ ′ on E ′ such that µ ′ A i ( P t -i V η t -i ) < +∞ for all i ∈ {0, . . . , t -1} and all measurable h : E ′ → R such that, for all k ∈ {0, . . . , t -1} and all x ∈ A 0 , P k (hη

t -k )(x) ≤ V (x) (or, equivalently, P k h(x) ≤ V (x)/η(x)), µ ′ P nt + j h - t -1 i =0 θ t -i 0 µ ′ (A i )νP i + j (hη 2t -i -j ) ≤ C α n t -1 i =0 µ ′ A i P t -i V η t -i . (5.3)
Furthermore, for all probability measure µ ′ on E ′ and all j ∈ {0, . . . , t -1},

µ ′ P nt + j - t -1 i =0 θ t -i 0 µ ′ (A i )νP i + j ( • η 2t -i -j ) T V ----→ n→∞ 0, (5.4) 
where ∥ • ∥ T V denotes the total variation norm.

Proof. We introduce Γ m = 1 m<τ ∂ and define for all x ∈ E ′ and m, ≥ 0 the probability measure

Q Γ,x m = Γ m E x (Γ m ) P x ,
so that the Q-process exists if and only if Q Γ,x m admits a proper limit when m → ∞. Fix j ∈ {0, . . . , t -1} and k ≥ 0. Let k 0 ∈ { jt +1, . . . , j } be such that k = n 0 t +k 0 for some integer n 0 . For all n ≥ 0 such that nt + j ≥ k, we have by the Markov property

E x Γ nt + j | F k E x Γ nt + j = 1 k<τ ∂ P X k nt + j -k < τ ∂ P x nt + j < τ ∂ = θ -k 0 1 k<τ ∂ θ -((n-n 0 )t + j -k 0 ) 0 P (n-n 0 )t + j -k 0 1 E (X k ) θ -(nt + j ) 0 P nt + j 1 E (x) . Assume that x ∈ A i ∩ E ′ for some i ∈ {0, . . . , t -1}. By Theorem 3.1, almost surely, lim n→+∞ E x Γ nt + j | F k E x Γ nt + j = θ -k 0 1 k<τ ∂ θ -(2t + j -k 0 ) 0 P 2t -(i +k 0 ) η(X k ) νP i + j 1 E θ -(t + j ) 0 P t -i η(x) νP i + j 1 E = θ -(n 0 +1)t 0 1 k<τ ∂ P 2t -(i +k 0 ) η(X k ) P t -i η(x) =: M k .
Since the limit is independent of j ∈ {0, . . . , t -1}, we deduce that

E x (Γ m |F k ) E x (Γ m ) → M k almost surely when m → +∞. Since in addition E x M k = θ -(t +k-k 0 ) 0 P 2t -i +k-k 0 η(x) P t -i η(x) = 1,
we can apply the penalization's theorem of Roynette, Vallois and Yor [22, Theorem 2.1], which implies that M is a martingale under P x and that Q Γ,x m (A) con-

verges to E x (M k 1 A ) for all A ∈ F k when m → ∞. This means that Q x is well defined and d Q x d P x F k = M k . ( 5.5) 
Note that, in view of the expression of M k and by definition of

E ′ , (X n , n ≥ 0) is E ′ -valued Q x -almost surely for all x ∈ E ′ .
The fact that X is Markov under (Q x ) x∈E ′′ can be easily deduced from the last formula (see e.g. [5, Section 6.1]). Point (ii) is a direct consequence of (5.5) and of the definition of M nt + j .

We can now prove (5.3): this a direct consequence of (3.1) with

µ(d x) = t -1 i =0 1 η t -i (x) µ ′ A i (d x).
In particular, for all x ∈ E ′ ,

δ x P nt + j - t -1 i =0 θ t -i 0 1 A i (x)νP i + j (hη 2t -i -j ) T V -----→ n→+∞ 0,
and so (5.4) follows from the dominated convergence theorem. It only remains to check that (5.2) is the only invariant distribution for P . Note that, because of (5.4), all invariant measure must be of the form

t -1 i =0 a i νP i + j ( • η 2t -i -j )
for some a i ≥ 0 such that the last measure does not depend on j ∈ {0, . . . , t -1}. Since νP k has support in A k , identifying the last measure for j = 0 and j = 1, we deduce that all the constants a i must be equal, so that there is a unique invariant measure given by

j -1 i =0 νP i ( • η t -i ) j -1 i =0 νP i η t -i = j -1 i =0 νP i ( • η t -i ) j -1 i =0 θ i 0 .
This ends the proof of Theorem 5.1.

6 Quasi-ergodic behavior of periodic Markov chains under (2.4) Related to the asymptotic behavior of the Q-process is the so-called quasi-ergodicity [START_REF] Champagnat | Uniform convergence to the Qprocess[END_REF], given in the next result.

Theorem 6.1. Under the assumptions of Theorem 3.1, there exists a constant C < +∞ such that, for all bounded measurable f : E → [-1, 1], all probability measure µ on E such that µ A i (η t -i ) > 0 for some i ∈ {0, . . . , t -1} and µ A i P t -i V < +∞ for all i ∈ {0, . . . , t -1}, for all N ≥ 0

E µ 1 N + 1 N m=0 f (X m ) N < τ ∂ - θ -t 0 t t -1 ℓ=0 νP ℓ ( f P t -ℓ η) ≤ C t -1 i =0 µ A i P t -i V (N + 1) t -1 i =0 µ A i (η t -i )
. (6.1)

Remark 5. Notice that, for f ≡ 1, t -1 k=0 νP k ( f P t -k η) = θ t 0 t -1 k=0 ν(η) = t θ t 0 , so the measure ν QE := θ -t 0 t t -1 k=0 νP k (•P t -k η) is a probability measure, called the quasi- ergodic distribution.
In the last result, we do not recover the full the quasi-ergodic theorem of [START_REF] Breyer | A quasi-ergodic theorem for evanescent processes[END_REF] since they obtain convergence for all f ∈ L 1 (ν QE ). However, it does not seem that condition (2.4) is sufficient to imply the conditions of [START_REF] Breyer | A quasi-ergodic theorem for evanescent processes[END_REF] (see [START_REF] Benaïm | A general result on the existence of a quasi-ergodic distribution[END_REF]). However, (2.4) allows to improve the convergence in theorem 6.1 into what could be called a convergence in conditional probability. Corollary 6.2. Under the assumptions of Theorem 3.1, for all bounded measurable f : E → R, all probability measure µ on E such that µ A i (η t -i ) > 0 for some i ∈ {0, . . . , t -1} and µ A i P t -i V < +∞ for all i ∈ {0, . . . , t -1}, lim

N →0 P µ 1 N + 1 N m=0 f (X m ) - θ -t 0 t t -1 ℓ=0 νP ℓ ( f P t -ℓ η) > ε N < τ ∂ = 0, ∀ε > 0. (6.2)
Proof of Theorem 6.1. In all the proof, the constant C denotes a constant that may change from line to line. First notice that

t -1 j =0 θ -(i + j ) 0 νP i + j ( f η 2t -i -j ) = θ -2t 0 t -1 j =0 νP i + j ( f P 2t -i -j η) = θ -t 0 t -1-i j =0 νP i + j ( f P t -i -j η) + t -1 j =t -i νP i + j -t ( f P 2t -i -j η) = θ -t 0 t -1 k=0 νP k ( f P t -k η).
Hence, introducing n ≥ 0 and k ∈ {0, . . . , t -1} such that N = nt + k and denoting

μ(η) = t -1 i =0 µ A i (η t -i ) θ -(k+i ) 0 νP k+i 1 E , it follows from Theorem 3.1 that E µ 1 N + 1 N m=0 f (X m ) nt + k < τ ∂ - θ -t 0 t t -1 ℓ=0 νP ℓ ( f P t -ℓ η) = E µ 1 nt + k + 1 nt +k m=0 f (X m ) nt + k < τ ∂ - t -1 i =0 t -1 j =0 µ A i (η t -i ) θ -(k+i ) 0 νP k+i 1 E θ -(i + j ) 0 νP i + j ( f η 2t -i -j ) t t -1 i =0 µ A i (η t -i ) θ -(k+i ) 0 νP k+i 1 E ≤ |θ -N 0 µP N 1 E -μ(η)| θ -N 0 µP N 1 E μ(η) 1 N + 1 N m=0 θ -N 0 µP N 1 E + 1 (N + 1) μ(η) t -1 i =0 t -1 j =0 ⌊(N -j )/t ⌋ m=0 θ -(mt + j ) 0 µ A i P mt + j f θ -[(n-m)t +k-j ] 0 P (n-m)t +k-j 1 E -θ -(mt + j ) 0 µ A i P mt + j ( f η 2t -i -j ) θ -(k+i ) 0 νP k+i 1 E + 1 (N + 1) μ(η) t -1 i =0 t -1 j =0 ⌊(N -j )/t ⌋ m=0 θ -(k+i ) 0 νP k+i 1 E θ -(mt + j ) 0 µ A i P mt + j ( f η 2t -i -j ) -µ A i (η t -i ) θ -(i + j ) 0 νP i + j ( f η 2t -i -j ) + 1 μ(η) t -1 i =0 t -1 j =0 µ A i (η t -i ) θ -(k+i ) 0 νP k+i 1 E θ -(i + j ) 0 νP i + j ( f η 2t -i -j ) ⌊(N -j )/t ⌋ + 1 N + 1 - 1 t . (6.
3)

It can be checked using Theorem 3.1 that the first term of the right-hand-side is bounded by

C α n t -1 i =0 µ A i P t -i V (N + 
1) μ(η) and that each of the three other terms are bounded by

C N + 1 t -1 i =0 µ A i P t -i V (N + 1) μ(η)
.

The only non-immediate bound is for the second term of the right-hand-side of (6.3), which is bounded by

C (N + 1) μ(η) t -1 i =0 t -1 j =0 ⌊(N -j )/t ⌋ m=0 C α n θ -(mt + j ) 0 µ A i P mt + j ( f P 2t -i -j V ) ≤ C ′ α n (N + 1) μ(η) t -1 i =0 t -1 j =0 ⌊(N -j )/t ⌋ m=0 θ -(mt + j ) 0 µ A i P (m+1)t +t -i V.
by a first application of Theorem 3.1. A second application of Theorem 3.1 then proves that θ -(mt + j ) 0

µ A i P (m+1)t +t -i V ≤ θ -(t -i ) 0 µ A i P t -i ην(V )+C α n µ A i P t -i V ≤ C ′ µ A i P t -i V. Noting that μ(η) ≥ t -1 i =0 µ A i (η t -i ) inf 0≤ℓ≤2t θ -ℓ 0 νP ℓ 1 E ,
we have proved Theorem 6.1.

Proof of Corollary 6.2. In all the proof, the constant C denotes a constant that may change from line to line. The result follows from Chebychev's bound and lim

N →+∞ E µ 1 N + 1 N m=0 f (X m ) - θ -t 0 t t -1 ℓ=0 νP ℓ ( f P t -ℓ η) 2 N < τ ∂ = 0, (6.4) 
which follows from a similar computation as before. First set

f = f - θ -t 0 t t -1 ℓ=0 νP ℓ ( f P t -ℓ η) = f -ν QE ( f ).
We have (6.5) We shall use the bound, for all 0 ≤ n < m ≤ N and all i ∈ {0, . . . , t -1},

E µ 1 N + 1 N m=0 f (X m ) 2 N < τ ∂ = 1 (N + 1) 2 N m=0 E µ f 2 (X m ) | N < τ ∂ + 2 (N + 1) 2 0≤n<m≤N E µ f (X n ) f (X m ) | N < τ ∂
E µ A i f (X n ) f (X m )1 N <τ ∂ = E µ A i f (X n ) f (X m )1 m<τ ∂ P X m (N -m < τ ∂ ) -θ N -m-k-j 0 η t -k (X m )νP k+ j 1 E + θ N -m-k-j 0 νP k+ j 1 E E µ A i f (X n )1 n<τ ∂ E X n f (X m-n )η t -k (X m-n ) -θ m-n-k ′ -j ′ 0 η t -k ′ (X n )νP k ′ + j ′ ( f η t -k ) + θ N -n-k-k ′ -j -j ′ 0 νP k+ j 1 E νP k ′ + j ′ ( f η t -k ) E µ A i f (X n )η t -k ′ (X n ) ,
where j ∈ {0, . . . , t -1} is such that Nmj ∈ t Z, k ∈ {0, . . . , t -1} is such that i + mk ∈ t Z, j ′ = kk ′ (such that mnj ′ ∈ t Z) and k ′ ∈ {0, . . . , t -1} is such that i + nk ′ ∈ t Z.

Let us first deal with the last term of the last equation: for all fixed n ∈ {0, . . . , Nt } and all p ∈ Z such that pti > n et (p + 1)ti -1 ≤ N , using that j ′ = kk ′ , that k ′ only depends on n and that θ -kj 0 νP k+ j 1 E = θ -N -i 0 νP N +i 1 E since

N + i -k -j ∈ t Z, (p+1)t -i -1 m=pt -i θ N -n-k-k ′ -j -j ′ 0 νP k+ j 1 E νP k ′ + j ′ ( f η t -k ) E µ A i f (X n )η t -k ′ (X n ) = θ -n-i 0 νP N +i 1 E µ A i P n ( f η t -k ′ ) (p+1)t -i -1 m=pt -i θ -k 0 νP k ( f η t -k ) = 0, since ν QE ( f ) = 0.
Combining the last two inequalities and using Theorem 3.1, we deduce that, for all i ∈ {0, . . . , t -1},

2 (N + 1) 2 0≤n<m≤N E µ A i f (X n ) f (X m )1 N <τ ∂ ≤ C (N + 1) 2 0≤n<m≤N θ N -n-k-k ′ -j -j ′ 0 νP k+ j 1 E νP k ′ + j ′ ( f η t -k ) µ A i P n ( f η t -k ′ ) + C ∥ f ∥ 2 ∞ (N + 1) 2 0≤n<m≤N α N -m θ N -m 0 µ A i P m+t -k V + α m-n θ N -n-k-j 0 µ A i P n+t -k ′ V ≤ C t N ∥ f ∥ 2 ∞ θ N 0 (N + 1) 2 sup 0≤ℓ<2t (νP ℓ 1 E ) ν(V ) µ A i (η t -i ) + C ∥ f ∥ 2 ∞ θ N 0 (N + 1) 2 µ A i P t -i V 0≤n<m≤N α N -m + α m-n ,
where we used in the last inequality that θ -m 0 µ A i P m+t -k V ≤ C µ A i P t -i V because m + tk = ℓti for some integer ℓ and θ ℓt 0 Q ℓ V (x) ≤ CV (x) for all x ∈ A 0 by (2.4), and similarly for θ -n 0 µ

A i P n+t -k ′ V . Using that 0≤n<m≤N α N -m + α m-n ≤ 2N 1 -α ,
we have proved that

2 (N + 1) 2 0≤n<m≤N E µ f (X n ) f (X m )1 N <τ ∂ ≤ C (µ) ∥ f ∥ 2 ∞ θ N 0 N + 1 ,
where the constant C (µ) depends on µ.

Theorem 5 . 1 .

 51 Under the assumptions of Theorem 3.1, we have the following properties:

Now, it follows from Theorem 3.1 that, for N large enough, given i ∈ {0, . . . , t -1} such that µ A i (η t -i ) > 0,

where ℓ ∈ {0, . . . , t -1} is such that N -ℓ ∈ t Z. Hence, there exists a constant c(µ) > 0 depending only on µ such that, for all N , P µ (N < τ ∂ ) ≥ c(µ)θ N 0 . Therefore, (6.4) follows from (6.5) and Corollary 6.2 is proved.