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Quasi-limiting estimates for periodic absorbed
Markov chains

Nicolas Champagnat!, Denis Villemonais!

October 21, 2022

Abstract

We consider periodic Markov chains with absorption. Applying to it-
erates of this periodic Markov chain criteria for the exponential conver-
gence of conditional distributions of aperiodic absorbed Markov chains,
we obtain exponential estimates for the periodic asymptotic behavior of
the semigroup of the Markov chain. This implies in particular the expo-
nential convergence in total variation of the conditional distribution of the
Markov chain given non-absorption to a periodic sequence of limit mea-
sures and we characterize the cases where this sequence is constant, which
corresponds to the cases where the conditional distributions converge to a
quasi-stationary distribution. We also characterize the first two eigneval-
ues of the semigroup and give a bound for the spectral gap between these
eigenvalues and the next ones. Finally, we give ergodicity estimates in to-
tal variation for the Markov chain conditioned to never be absorbed, often
called Q-process, and quasi-ergodicity estimates for the original Markov
chain.

Keywords: Markov chains with absorption; periodic Markov chains; quasi-sta-
tionary distribution; mixing property; exponential forgetting; Q-process; quasi-
ergodicity.

2010 Mathematics Subject Classification. 37A25, 60B10, 60F99, 60J05.

1 Introduction

Let (Xy, t € Z+) be a Markov chain in E U {0} where E is a measurable space, 0 ¢
E and Z, :=1{0,1,...}. For all x € Eu {0}, we denote as usual by P, the law of
X given Xo = x and for any probability measure u on E U {3}, we define P, =
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Jeui6Pxp(dx). We also denote by E, and E,, the associated expectations. We
assume that 0 is absorbing, which means that X; = 9 for all ¢ = 74, P,-almost
surely, where

19 =inf{r € I, X; = 0}.

We study the sub-Markovian transition semigroup of X in E, (P,) ez, , defined
as

Pnf(x) =Ex(f(Xn)lp<s,), VREZ,,

for all bounded or nonnegative measurable function f on E and all x € E. We
also define as usual the left-action of P,, on measures as

uPyf = [E,u (f(Xn)ﬂn<ra) = Lpnf(x) u(dx),

for all positive measure p on E and all bounded measurable f.

Many references (see for example [14} 5, 6} [9} 13} (17, 1}, (15} 16, [18} 2]) pro-
vide criteria allowing to characterize the asymptotic behavior of the semigroup
(Pn)nez, inthe following form: there exist a measurable function V : E — [1, +00),
constants 0y € (0,1], @ € (0,1) and C € Ry, a probability measure vgs on E such
that vgs(V) < +oo and a measurable function 1 : E — R, non-identically zero
such thatn/V is bounded and vgs(n) > 0, such that

1657 P f (x) =n(x)vos(f)| < CaV(x) (1.1)

for all measurable function f: E— Rsuchthat|f|<V,allneZ, andall x€ E.
All the previously cited references assume some property of aperiodicity for
the process X, and itself implies a weak form of aperiodicity that can be
formulated as follows: for all x € E such that n7(x) > 0 and all measurable Ac E
such that vqs(A) > 0, P,1(x) > 0 for all n large enough. The purpose of this
note is to explain how should be modified for periodic Markov chains, and
to examine the implications of this modified property for quasi-limiting esti-
mates, spectral properties of the semigroup, ergodicity of the Q-process and
quasi-ergodicity of the Markov chain X. In the rest of this introduction, we shall
recall all these properties when holds true.
The property implies that, for all x € E such that n(x) > 0 and all mea-
surable Ac E,
Ppll4(x)
Pylg(x)
which means that vqs is a quasi-limiting distribution for the process X (see
e.g. [19]), and thus a quasi-stationary distribution (QSD) of X (see again [19]),
i.e. a probability measure v such that

—vqs(A) 0,

n—+oo

Py(Xre-lt<1y) =v(), VieZ,.



In addition, the absorption rate of the QSD vqs is 0, i.e. Py (T = 1) = 0 (see
again [19]), and vqs(n) = 1. It is also easy to see that the measure vqs is the
unique QSD satisfying vqs(n) >0 and vgs(V) < +oo and that the function n is an
eigenfunction of the semigroup, since P,n = 6n for all n > 0. After giving the
setting of our results on periodic processes and basic properties of their QSDs in
Section |2} the quasi-limiting properties recalled above are extended to the pe-
riodic case in Section [3|below. Of course, exponential convergence of the con-
ditional distributions does not hold in general because of the periodicity of the
process [12, 123} 24} [20], yet we are able to obtain periodic exponential estimates
in total variation.

The property also has consequences on the spectrum of the semigroup
(Py)n=0: given a nonzero function h : E U {0} — C such that h/V is bounded and
Ah(x) =E,(h(X7)) for all x € E U {0} for some A € C,

e either h(0) #0,andthen A =1 and P;(h—h(0))(x) = h(x)—h(0) forall x€ E,
so it follows from that the function £ is constant,

e or h(0) =0and

— either vgs(h) # 0 and then it follows from that A =6y and h =
vos(h)n,
- orvgs(h) =0 and then it follows from that |A| < ay.

This last property quantifies the spectral gap of the operator P;. These spectral
properties are extended to the periodic case in Section 4] below.

In addition, assuming that the Markov chain (X}),>¢ is an adapted stochas-
tic process defined on a filtered probability space (Q, {Fn}m=0, {(Pxlxeruia), it
follows from [10] and [7] that, under (I.1), for all x € E' where E' := {y € E: n(x) >
0}, the limit

Qx(A) = lim Py(A|ln<Tty)
n—+oo

for all A e %, with m € N, defines a probability measure on Q under which the
process (Q, (Fm) m=0, Xn)n=0, (Qx)xeg) is an E’'-valued homogeneous Markov
chain called the Q-process. In addition, this process is exponentially ergodic
with unique invariant measure 1 dvqs in the following sense: for all measurable
f:E'—=Rsuchthat|f|<V/n,forall xe E,

Vi(x)

"EQX(f(Xn)) —fE,f(x)n(x)st(dx) <Ca" )

for constants C’ € R, and « € (0,1) as in (I.1). These properties of the Q-process
are extended to the periodic case in Section[5below.



To conclude, also implies the following quasi-ergodicity property, as
shown in [21] [ou autre référence de William ? Le papier sur (E’) ?] (see also [4}8]):
for all measurable function f: E — [-1,1]andallxe Eand n=1,

"
S_
n

Ey n<Tty

1 n

=) f(Xp) - f FONx)ves(dx)
" =0 E

for some constant C” € R, independent on n. This quasi-ergodic property is
extended to the periodic case and improved in Section[6 below.

Remark 1. All the results of this note can be easily extended to general unbounded
semi-groups (i.e. not necessarily sub-Markov) following the same approach as
in [9]. We restrict the presentation to sub-Markov semigroups to make simpler
the probabilistic interpretation of our results.

2 General assumptions and first properties of quasi-sta-
tionary distributions for periodic Markov chains

In all the sequel, we shall make the standing assumption that E is the disjoint
union of measurable sets Ay,..., A;_1 such that for all x € A;,
0 ifj#i+1,

P11, = 2.1
114;(x) {PIILE(x) i, (2.1)

with the convention i +1 =0if i = t —1. Then P is ¢ periodic and Q, = P for
all n = 0 defines a sub-Markov semi-group on the set of bounded measurable
function on Ag.

Remark 2. The last assumption corresponds to a particular case of periodicity,
which assumes a (weak) form of irreducibility. Other periodic situations may
occur when the state space is not irreducible and different periods may exist
in different irreducibility classes, or when the process becomes periodic after
leaving a transient set. In such situations, the results of this not may be extended
combining our arguments with e.g. those of [L1].

We first observe that, under the above conditions, there is a one-to-one cor-
respondance between QSDs for Q and P.

Proposition 2.1. If vgs is a QSD for P with absorption rate 6 > 0, then v :=

NAY) . . .
ng(s&o;’) is a QSD for Q with absorption rate 0",




Conversely, if a probability measure v on Ay is a QSD for Q with absorption rate
0, then the probability measure on E defined as
1 -1

= : 0"ty p; 2.2)
Y007 vPilE i

v Qs

is a QSD for P with absorption rate "', and it is the only one such that v =
vos(*NAo)
vos(Ao) *

Proof. Observing that, if vqs is a QSD for P, then vgs(A4p) > 0 (since otherwise
vqs(A;) would be zero for all i using the QSD property), the first statement is
clear. For the second statement, we first notice that, if v is a QSD for Q, then it
is clear that vqs as defined in is a QSD for P. So it only remains to check

the uniqueness of this QSD. Let u be any QSD for P such that v = £ ;&?;)). It

follows from the first part of Proposition that its absorption rate is 87, It
then follows from that, forall i € {0,...,r — 1},

0" (- N Ap) = pPi (-1 Ag) = (- N Ag) Py = pu(Ag) VP;.

Therefore,
-1
p=p(Ag) Y 07" vp;,
i=0
which entails (2.2). O
In the next result, we observe that the one-to-one correspondance between
QSDs for (Py)pez, and (Qi)rez, does not extend to a one-to-one correspon-

dance to the QSDs for (Py) ez, and (Pikez,, which will explain the periodic
asymptotic behaviors observed in the results of the next section.

Proposition 2.2. Ifv isa QSD for (Q)kez. , then all convex combinations of

VP1 VPt_l
v, yeees
VPl]lE VPt_lﬂE

(2.3)

are QSD:s for (Piy)kez, . Among them, only a single one is a QSD for (Py) pez, .

Proof. Itis clear that all the probability measures in are QSDs for (P kez,
with the same absorption rate, so all convex combinations of these measures are
QSDs. The unique one among them which is a QSD for (P,,) 4z, is given by (2.2),
by Proposition 2.1 O



In the following sections, we shall assume in addition that Q satisfies the
property on Ay, i.e. there exist a measurable function V : Ay — [1,+00),
constants 6y € (0,1], C € R; and «a € (0.1), a nonzero measurable function 7 :
Ap — Ry such that n/V is bounded and a probability measure v on Ag such that
v(V) < +o0 and v(n) > 0, such that

051 Qi f () —n(V(f)| < Coa*V(x) 2.4)

for all mesurable function f on Ag such that |f| < V, all k = 0 and all x € Ayp.
Note that the absorption rate 6 in has been modified above as 8%, so that
the QSD vqs defined in has absorption rate 6, instead of 03/ !, Note also
that the last inequality implies, setting k = 1, that, for all x € Ay,

Q1V(x) < (In/Vllewv(V) + Coa) V(). (2.5)

3 Quasi-limiting behavior of periodic Markov chains un-

der (2.4)
Our first results extends to periodic Markov chains. Let us define
By ={f: E —Rmeasurable, s.t. Vi € {0,..., 1 — 1}, |P;(f14,)| <V on Ap}.

Note that this set is non-empty since, by (2.5), it contains all functions of the
form P;g forany j € {0,..., -1} and any function g such that |g| < m
on Agand g =0on E\ Ay. Since V =1 and P is sub-Markov, it also contains all
measurable functions bounded by 1.

Theorem 3.1. Assume that P satisfies and that Q satisfies (2.4). Then, there
exists C < +oo such that, forall f € By,n=1, j€{0,...,t—1} and x € Ay for some
kefo,...,t—1},

0" i f 0 =0, P VP f] < Cpa PV, B)

where we extended v by 0 to E\ Ay, where the constant a € (0,1) is the same as
in 2.4) and where

Cp = Coby® (I Vlleov(V) + Coa)®.



Proof. Let feBy,n=1and je{0,...,t—1}. We have

-1
—(nt+j) —(t+))
90 ! Pnt+jf_90 ! Piyj-invPif
i=0

-1
< 9(;(”]) > yga(n_l)tpﬂjfip(n—l)tpi(fﬂAi) _Pt+j7i7IVPi(f1A,»))
i=0

-1
<, ;)PH 505 " Qut Py FLa) = VP (L) |
i=

-1
—@t+)) n-1
SCQQO Pan ZPHj—iV-
i=0

Now, given x € Ay for some k € {0,....,  — 1}, we observe that only a single term in
the sum in the left-hand side of the last equation is nonzero, corresponding to
the uniqueindexi€{0,1,...,t—1}suchthat j—i=—-k, j—i=t—kor j—i =2t—k.
In the first case, this term is P;_;n(x) vP itk f; in the second case, it is

Por i) VPjik—tf = Pk Qin(X) VP - (fla;,, )
=Py i) 0gvPjs k-t (fla;,, )
=Py vQ1Pjik—t(fla;,, ) =Prikn(X) VPjik f;

and the third case can be handled similarly. So is proved using (2.5). O

As in the aperiodic case, the last result implies geometric estimates in V-
weighted total variation for the long time behavior of the conditional distribu-
tions of the Markov chain given non-absorption.

Theorem 3.2. Under the assumptions of Theorem|[3.1} there exist constants C <
+o0 and & € (0, @) and a nonzero measurable function ¢, : Ay — [0,1] such that
@211 is bounded, such that, for all probability measure u on E, all f € By, all
neZyandall je{0,1,...,t -1},

BPnesif  EiloWhia Pi-imVPisif - o XiZoMia PV

<Ca . (3.2)
BPnevjLle X120 (ua PeoimVPisjlE EiZoHiaPr-ip2
Ifin addition n is large enough so that
s oar p o Mia PV 1
Cobot'a" = ———— ==, (3.3)
YiZoMaPei-im 2



where the constants Cq and a are those from [2.4), there exists a constant C' inde-
pendent of n and u such that, for all probability measure L on E, all f € 9By and
allje{o,1,...,t—1},

UPnrsif _ isgia PeoimVPisif |, o ZisgHiaPriV (3.4)
BPursjle LI PoimVPisjle|”  TiZgpiaPein |

Remark 3. As will appear in the proof below, the function ¢, in the last result
can be chosen positive in a large part of the support of . More precisely, for any
fixed € > 0, the function ¢, can be chosen such that

inf{@2(x),x€ E,n(x) =€, V(x) <1/} >0.
Proof. Let us first construct the function ¢,. Let 8 € (0, 1) be such that
6o\’
— <1
(92 ) *

and let £ > 0 be small enough so that v(K) = 1/2, where
cimfrzev=g
=4n=e V=—p.
n €
By (2.4), there exists ny € N such that,
)icggez‘”ﬂfumx(xno €eK)=1.

Setforall xe K
e L gt
— X).
92—}10[_1 o 2 kLK

P2(x):=
It is then easy to check (cf. e.g. Lemma 3.?? in [6]) that, for all x € Ag,
Q1p2(x) = 0592 (x). (3.5)

In addition, since 1x <n/e and Qi1 = 6yn,

6, -1
@, = 1)1 - 00/62)

@2(x) < n(x), (3.6)

so we have proved the properties of the function ¢, stated in Theorem [3.2{and
Remark[3]



Now, assume that 7 satisfies (3.3). It then follows from that there exists
a constant C such that

UPueif  Lio(a PeoimVPisjf

WPnrijle  XIS(ua PimVPiiLE
3 0y "' 1Pt 1 f]
- Ga(n_l)tﬂpnﬂjﬂE (X, (U4, P—imVPiy j1E]

-1 -1
x Ha(n_l)t Y M, ProiPin-1yiPivjle— ) (ua Prim)VPis j1g
i=0 i=0
1
+ pa) X
YicoWa, Pe—imVPiyjlE
e -1
x 65" Zﬂ\AiPt—iP(n—l)tPij_ (1 a, Pr-imVPisj f
i=0 i=0
gt ZicobiaPeiV 05" 1uPurjIf) )
i oWia, PPyl 06("_1”,uPnt+j11E (X120 (4, P—imVPisj1E]

Since VPj,jlg = VPiy jPy—i—jlp =vQp1p = 63" > 0, we deduce that

MPpryif Zf;(l)(u\A,.Pt-m)vPij
WPnejle  TI3 (g, PV Pisj L
nZicotia PV (| 0, " " uPurjIf| )

YoM, Pe-in 0, "V uPys i 1E [ZE28 (ya, Pe—imVPis j 1E]
for some constant C. Now, we use to deduce from that

<Ca

) o=l
Qa(n—l)t'uPnHj]lE = ;)(H\Aipt—imvpnjﬂ]s _ Céea(tﬂ)an ;)“\Aipt—iv
1= i=
P 0y pl)
> 03"y pya Proin— Cofg2 a Y iy PeeiV
i=0 i=0
9(2)t -1
= —= ) (U4, Pr-imVPisjlE
2 %
and
—(n-Dt =l PP
00"V UPprsjl fl < ;)(umipt_in)vpi+,-|f| +Cply " an Z;‘)H‘Aipt_iv
1= i=

=

3t\ -1
v(V) + i) fia, Pi-in,
2 |5

1




where we used the definition of 2y in the last inequality. Therefore,
UPnesif  X'a(a P—imVPisjf X A PV
HPnryjLE Z;ZQ(H\AiPt—in)VPHj]lE - Yz OH\A,Pr—m

for some constant C, so we have proved (3.4) and, thanks to (3.6), (3.2) for n
satisfying (3.3).

Assume now that (3.3) is not satisfied. Then, using (3.I) in a similar way as
above,

WPieif  ZicoWiaPe-imVPisif | 06" pPusif  v(V)

HPntsjle  XIZ0(u0, ProimVPisjle | 05V Py j1g 63!

_ VO ES i P+ Cofy @ S pa PV v
0, "V Ly Hia Pr-iQn(Pivjla, )|, ' 05

where we made the abuse of notation that A;, j = A;4j—,if < i+ j<2t—1. Now,
La;,; = Por-i-jla,, soforall x € Ay,

Piijla,, = Paila, = Porpr = 65"y,
Therefore,In additon, using (3.5) and that is not satisfied,

UPne+jf Z O(H\Alpt ﬂ])VPH]f
BPursle  YIZhu, PP jls|

a"(g )(n DY ZoHa, PV
62 Z;;:O,U\Aipt—ﬂpz’

S0 is proved with @ = a6/6} < 1. O

Remark 4. Under the assumptions of Theorem[3.1} the conditional distributions
of X converge to a quasi-stationary distribution if and only if the measure

i oWia, PioimVPiyj
Y ()4, Pr—imVPiyjlE

does not depend on j. Indeed, in this case, this measure is a quasi-limiting
distribution, hence the unique quasi-stationary distribution given in Proposi-
tion[2.1] Comparing the measures for j = 0 and j = 1 entails that, for all f € By,
the equality

t—1 t—1
(Z(uAiPr—m)VPif > (4, Pr—imVPi1 1
i=0 i=0

t—1
(Z(IJA Pi_in)vP;lg

1

t
(Z(ﬂA P in)vPin f

1

10



should hold true. Choosing f = 1,4,, we obtain for all k € {0,..., -1},

MaPr-kn Y20 a, Pe—im VP LE
M, Pe-kn X0 (g, ProimVPilE

Since the right-hand side, say y, does not depend on k, we deduce that

#\Aipt—kﬂ =ay™
for some constant a > 0. We deduce that

B Yo WA, Pr—im VP 1g Y5 Yy Dvpi 1

B 1-y tvPlg
Y= -1 . 1 =Y =1 —iyp.] Yitt =10 —iyp.1p ]
2 iso(Wa, Pe-imvPilE i—oY 'VPilE Yoy 'vPilg

Since vP; = 6}v, this equality is possible only if y = 6. Therefore, under the
assumptions of Theorem given X, ~ u such that Z;;l Ha, Pe-iV < +oo and
Zf;l M|, Pe-in >0, the conditional distributions of X converge in total variation
to a quasi-stationary distribution if and only if 6, i M4, Pt-in does not depend of

ief{0,...,t—1}.

4 Spectral properties of periodic Markov chains under (2.4)
Let ﬁlf(x) =k f(Xy)forallxe Eu{d}andall f € ‘@ww where
By ={f : EU{0} — Cs.t. 3a> 0, Re(af|p) € By and Im(af|z) € By},

where we denoted by Re(z) and Im(z) the real and imaginary parts of a complex
number z, respectively. Theorem 3.1]can be seen as a quasi-compactness prop-
erty and it hence implies a spectral gap property, as shown in the next result.

Corollary 4.1. Under the assumptions of Theorem each eigenfunction h €
By of P with eigenvalue 6 € C satisfies the following properties:

1. ifh(0) #0 and ifPy(t5 <oo) =1 forall x € E, then 0 = 1 and h is constant;

2. if h(0) = 0 and there exists i € {0,...,t — 1} such that vP;h = vP;(h|,) # 0,

then =0y and
-1
hig=v(h) )6, P, 4.1)
i=0

where the eigenfunctionn of Q has been extended by 0 out of Ay;

3. ifh(0) =0,vP;h=0forallie€{0,...,t—1}, then|0| < Ooal't.

11



Proof. Observe that, for allfeg:}(p] all je{0,...,t—1}and all x€ E,
Pif(x) = Pi(f|)(x)+ f(0)(1 - P;1E(x)) (4.2)

and P; f(0) = f(9).
Assume first that #(0) # 0. Then Oh(d) = P, h(d) = h(d), so O = 1. Moreover,
forallxe Eandall jeN,

h(x) = P;(hlg)(x) + h(0)(1 — P;1g(x)).

Now, and the fact that P, (75 < oo) = 1 for all x € E implies that 8y < 1 and, in
particular, for all x € E, P;(h|g)(x) and P;1g(x) both converge to 0 when j — +oo
and thus h(x) = h(9). Hence Point 1. is proved.

Assume now that h(90) = 0 and that there exists i € {0,..., ¢ — 1} such that
vP;h # 0. We can assume without loss of generality that vP; i > 0. It then fol-
lows from that P;(h|g) = Oh|g. Let k € {0,...,t— 1} be fixed. Since 961] =
Pn = Py P;_in is nonzero, there exists x € Ag such that P;_;n(x) > 0. For such
an x € Ay, it follow from that

—(nt+i-k)
: —(nt+i-k) _ 1 —(t+i—k)
Jlim 6, MR P jh(x) = nleroo(e_O) h(x)=0,"""""Y P,_n(x)vPih > 0.
Therefore, 6 = 6. Since the convergence.above holds for all x € Ay,and, we have
proved that, for all x € A, h(x) = Ha(t”_k)Pt_kn(x)vP,-h. In paticular, v(h) =
0,'vmvP;ih = 6;'vP;ih > 0, so the previous computation could be done with
i =0, thus entailing (4.1).

Assume finally that h(0) = 0 and vP;h =0 for all i € {0,...,t—1}. Let k €
{0,...,t—1} and x € A such that h(x) #Z 0. Then entails that, for all j €
{0,...,t—1},

6]

R nt+j
0" Pyry jh(0)| = (6—) |h(x)] = Coa" PV (x),
0

hence |0] < 8pa'’? and Corollary[4.1]is proved. O

5 Ergodic behavior of the Q-process of periodic Markov
chains under (2.4)

We now study the Q-process of X, i.e. the law of X conditioned to never be ab-

sorbed. We define E’ = Uf;é {x € A;, P;_in(x) > 0}. Letus denote by (Q, (% ;>0, (Xn) n=0, (Px) xeE)
be a filtered probability a space such that, under Py, the process X has the same

distribution as the Markov process with semi-group (P;),=0 and initial condi-

tion x.

12



Theorem 5.1. Under the assumptions of Theorem|3.1}, we have the following prop-
erties:

(i) Existence of the Q-process. There exists a family (Q) xep' of probability mea-
sures on () defined by

lim Py(Aln<1s)=Qx(A)
n—-+00

for all x € E', for all &,,-measurable set A and for all m = 0. The pro-
cess (Q, (F ) n=0, Xn) n=0, Qx)xep) is an E'-valued homogeneous Markov
chain.

(ii) Semigroup. The semigroup of the Markov process X under (Qy)xcp is given
for all bounded measurable function ¢ on E', all j € {0,...,t — 1} and all
n=0 by

0, —(nt+j) P+ j(@n21-i- ) (%)
N¢—i(X)

t—1
Puesjp(x) = ) Lanp () N GRY)
i=0

where, forallke 7.,
M= 05 Py,
where the functionn has been extended by 0 to E\ Ay.

(iii) Exponential contraction in total variation. The Markov process X under (Q+) xeg’
admits as unique invariant probability measure

1—0

va,( Ni—i)- (5.2)

In addition, there exist constants C < +oo and « € (0, 1) such that, for all j €

{0,...,t—1}, alln = 0, all probability measure i’ on E' such that |4, (P’ )<
+00 for alli € {0,...,t — 1} and all measurable h : E' — R such that for
all k € {0,...,t -1} and all x € Ay, Pr(hn,—i)(x) < V(x) (o1, equivalently,

Prh(x) < V(x)/n(x)),

-1 P,V
sCa”Zu’Ai( = ) (5.3)
i=0 Ne-i

t—1

-1
1 Puirjh—Y 007 1 (A VP j(An2s—i—j)
i=0

Furthermore, for all probability measure (i on E' and all j € {0,...,t -1},

—0, (5.4)
n—oo
TV

t7
HPui— Y 08 W (ADVP (-N2e-i))
i=0

where || - | rv denotes the total variation norm.
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Proof. We introduce I'y, = 1,,<;, and define for all x € E' and m, = 0 the proba-
bility measure

F,x: Tm
O Ec(Th)

X

so that the Q-process exists if and only if Qf,;x admits a proper limit when m —
oo. Fix je{0,...,t—1}and k= 0. Let kg e {j —t+1,..., j} be such that k = ngt + ky
for some integer ny. For all n = 0 such that nt + j = k, we have by the Markov
property

Ex(Tnevj | Fr) Px, (nt+j-k<1,)
Ex (Fnt+j)

TR TR (nt+ j<p)

—((n—no)t+j—k0)
— H_kﬂ 00 P(n—l’lo
— Y0 k<T@

yt+ j—ko LE(X)

Hg(nHj)PnHj]lE(x)
Assume that x € A; N E’ for some i € {0,...,t—1}. By Theorem almost surely,

—@r+j-k
90( H O)Pzr—(i+k0)77(Xk)VPi+jllE

li Ey (Fnt+j | gk)
m ——— —(1+]
60

n—+oo [y (Fnt+j)

=0y Li<r, )
P in(x)vPiyjlg

Pot—(i+kp)n(Xi)
P:_in(x) )

—(np+1)t
:0() 0 ]]-k<‘[a

Since the limit is independent of j € {0, ..., t — 1}, we deduce that %’1&"%") — M
almost surely when m — +oo. Since in addition

(trk—k) P2t—it k=1 M(X)
[EkaZHO(t+k ko) L2t—i+k—koT _
Py_in(x)

1,
we can apply the penalization’s theorem of Roynette, Vallois and Yor [22} Theo-
rem 2.1], which implies that M is a martingale under P, and that Qi;x (A) con-

verges to Ex (M1 ,) for all A € %, when m — oo. This means that Q, is well
defined and

dQx
d[px 9}6

= M;. (5.5)

Note that, in view of the expression of M. and by definition of E’, (X;,n = 0)

is E'-valued Q-almost surely for all x € E’. The fact that X is Markov under

(Q@x)xepr can be easily deduced from the last formula (see e.g. [5}, Section 6.1]).
Point (ii) is a direct consequence of and of the definition of My, ;.

14



We can now prove (5.3): this a direct consequence of (3.1) with

-1

pldx) =y

izo Ne-i(x)

| 4, (d).

In particular, for all x € E/,

-1
8xPuivj— Y 007 L, (VP j(hN2r—i—)
=0

—0,
n—+00
TV

and so (5.4) follows from the dominated convergence theorem.
It only remains to check that (5.2) is the only invariant distribution for P.
Note that, because of (5.4), all invariant measure must be of the form
-1
Y aivPiyi(-M2-i-)
i=0
for some a; = 0 such that the last measure does not depend on j € {0,...,t — 1}.
Since v Py has support in A, identifying the last measure for j =0 and j =1, we
deduce that all the constants a; must be equal, so that there is a unique invariant
measure given by
-1 -1
I VPl XTIy vPiC-n-p)
j—1 - -1 ni
Z?:O VPlT] t—i Z{:O 9(1)

This ends the proof of Theorem[5.1} O

6 Quasi-ergodic behavior of periodic Markov chains un-

der (2.4)

Related to the asymptotic behavior of the Q-process is the so-called quasi-ergodicity [8],
given in the next result.

Theorem 6.1. Under the assumptions of Theorem|[3.1} there exists a constant C <
+o00 such that, for all bounded measurable f : E — [—1,1], all probability measure
@ on E such thatp‘Ai (n¢=i) >0 for somei€{0,...,t—1} and p‘A[Pt_iV < +oo0 for
allie€{0,...,t—1}, forallN=0

—r -1
- L Y VP(fPi—m)
r =
CEDua PV
TN+ T pa, M=)

Ey

1 N
_— X N<T
N+1mX::0f( m) 0

(6.1

15



Remark 5. Notice that, for f =1, ¥ -V vPL(fP_im) = 0f X1, v(n) = 16, so the

-t
measure Vqg := 0% Z,tc_:}) vPy(-Ps_n) is a probability measure, called the quasi-
ergodic distribution.

In the last result, we do not recover the full the quasi-ergodic theorem of [4]
since they obtain convergence for all f € L (vqr). However, it does not seem that
condition is sufficient to imply the conditions of [4] (see [3]). However,
allows to improve the convergence in theorem into what could be called a
convergence in conditional probability.

Corollary 6.2. Under the assumptions of Theorem|[3.1} for all bounded measur-
able f : E — R, all probability measure p on E such that i 4. (n¢-;) > 0 for some
ief0,...,t—1} and,u‘AiPt_iV <+ooforallief0,...,t -1},

1 N atl‘—l
limP,| | —— X)) — — vPy(fP;_ >e| N<13|=0, Ve>D0.
lm u( N+1mZ:0f( m ==, egb ¢(fPr—em) )

(6.2)

Proof of Theorem[6.1} In all the proof, the constant C denotes a constant that
may change from line to line. First notice that

t—1 L. t—1
> 9(;(’+])Vpi+j(f772t—i—j) =00%" Y VPisj(fPo—i-jm)
=0 =0
—1-i -1
=00"| Y. VPisj(fPi—ijm+ Y VPirj—i(fPar—i=jn)
=0 e
-1

=60y" > VPr(fPikm).
k=0

Hence, introducing n =0 and k € {0,...,  — 1} such that N = nt + k and denoting
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am) = Z?:(l) M, (M=) 9_(’”")ka+,~ 1g, it follows from Theoremthat

—f -1
aw: Zf(Xm) nt+k<ty| - " N vPo(fPi_m)
=0
nt+k
= mif(Xm) nt+k<‘ra

Yiz Zt ZoMia, M=) 6, k Z)VPk+l]]-E6 j)VPi+j(f772t—i—j)
tZ?Z ,U\Ai(nt—i)eo( WPy ilp

- 0o N uPN1g— @l 1
HaNuPNﬂEﬂ(m N+1,7

t-1t-11IN=-j)/t]

—(mt+j) —[(n—-m)t+k—j]
(N+ 1).11(77) z;,) Z(,) Zo |90 ! Hia, Pmr+ (f90 P(n—m)t+k—j]1E)
i=0j m

Z 60 [.LPNI[E

_Ba(mt+j)#\AiPmt+j(f772t—i—j)Ha(kH)VPkH]lE)
~1 -1 LIN=))/
9—(k+i)VP 0 —(mt+j) P ( )
(N+ l)u(n) g; mZ: 0 kil ) M4, Pmesj(fN20-i-

— 14, (ﬂr—i)95(i+j)VPi+f(f’72f—"—f)|

1 t=lt=l . I[((N=D/t]+1 1
= > fa,e-1) 0y (k+l)VPk+l]]-E9 ])Vpi+j(f772t—i—j) UL ‘

,U(’?)z =0j=0

N+1 el
(6.3)

It can be checked using Theorem 3.1] that the first term of the right-hand-side is
bounded by

nzf;(l)ﬂ\AiPt_iV
(N + D)
and that each of the three other terms are bounded by
C Z’l[ 0 IJ\A P iV
N+1 (N+Da@m -

The only non-immediate bound is for the second term of the right-hand-side
of (6.3), which is bounded by

1LIN=j)/1]

C —

(N+ 1))

||M|

C'a -1 L(N=-j)/t] _mte]
S NI T 7] P _: V.
(N+1) i) ; ; mZ::O 0 Hia, Fm+1)e+t—i
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by a first application of Theorem3.1] A second application of Theorem[3.1]then
proves that

Ba(mﬂj)ﬂmip(mﬂ)mt—iv = Ga(t_i)ﬂmiP;_iT]V(V)+Ca”u‘AiPt_iV < C'p‘AiPt_l-V,
Noting that

) = tZluA (i) inf 05°vPeL,
we have proved Theorem[6.1] O

Proof of Corollary[6.2 In all the proof, the constant C denotes a constant that
may change from line to line. The result follows from Chebychev’s bound and

N<ty|=0, (6.4

1 N Qat t—1 2
(m ry;of(Xm) s ZE)VPJ(fPr—m))

which follows from a similar computation as before. First set

gt -1

f=f==r X vP(fPegm = f = vou().
=0

We have
1 N

(N +1)2 mzzo

Ey N<14| = Ey [f*(Xm) | N <715

m=0

1N
(m Zf(Xm))

2

T N2 Osn;:nSNlEu [f(X) f(Xm) N <75] (6.5)

We shall use the bound, forall0=sn<m<Nandallie{0,...,t—1},

By, [0 f (X)L, ]
=By, [ FOG) F O Lmar, (Px, (N =m0 <75) =00 " T (X vPys 15|
+9év‘m‘k‘jvpk+j]15 Ep, [f(Xn)]ln<Ta ([EXn (f XNk Kim-n)
_96”‘”‘k/‘j/77t_k/ (Xn) VP4 jr (fnt—k))]
+0) R b L E VPR (P k) By, (F X ek (X))

where j € {0,...,t -1} issuch that N-m—j € tZ, k € {0,...,t — 1} is such that
i+m—ketZ, j'=k—-k' (suchthat m—n—j €tZ) and k' € {0,...,t— 1} is such
thati+n—-k'etZ.
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Let us first deal with the last term of the last equation: for all fixed n € {0, ..., N—
t} and all p € Z such that pr—i > net (p+1)t—i—1< N, using that j' =

k— k', that k" only depends on n and that Hak_ijkJrjIlE = GEN_"VPNH 15 since
N+i-k-jetz,

(p+D)i—i-1 o
—n—k-k—j-j' - -
> 9(1)\/ " T Py jLE VP (FN k) Epus, (FX)n i (Xn)
m=pt-i
. i (p+Di—i-1 i
=00"""VPN1iLE A, Pu(fN 1) > Bakka(fnt_k) =0,

m=pt—i

since Vg (f) =0.

Combining the last two inequalities and using Theorem 3.1} we deduce that,
forallie{0,...,t—1},

2 - _
—_— E X Xm)l
N1 OSH;@ ., [FX0) f(Xim) L]
C N-n—k-k—j-j' - =
s—— Y 6, " T VPe L VPR (F1 =) 1A, P (f1 =)
(N+1) 0sn<msN
ClfIIZ _ _ o Nen—k—i
+ 002 Z a mQ(I)V mﬂ\AiPmH—kV"'am n90 " ]ﬂ\AiPn+t—k’V
(N+ 1) 0<n<msN
CINIIflI%, 05
<—F pP,1 v _i
N+ 12 o:l;fz;(v 1) VIV 4, (M=)
CIflI%,6)
cO ey T (@ a),
(N+1) 0Osn<msN

where we used in the last inequality that 6™ ) 4 Prm+r—kV < Cpjs,Pr-iV be-

cause m+ t—k =¢t— i for some integer ¢ and Hth[ V(x) = CV(x) forall x € Ag
by (2.4), and similarly for 6"y 4. P+ V. Using that

Z (aN—m+am—n) < 2N

0=n<msN T 1-a’
we have proved that
2 AT C I1f13, 65"
Pre— E X f (X))l <— - © 9
(N + 1)2 Osrz;msN ,U[f( n)f( m) N<ra] N+l

where the constant C(u) depends on .

19



Now, it follows from Theorem[3.1]that, for N large enough, given i € {0,..., -

1} such that Hia, (Me=i) >0,

1 .
Pu(N <70) 2Py, (N <75 = Sp,(1-00 ' VPirrLp

where ¢ € {0,...,t—1}issuch that N—¢ € tZ. Hence, there exists a constant c(u) >
0 depending only on y such that, for all N, P, (N < 75) = c(u)8). Therefore,

follows from and Corollary[6.2]is proved. a
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