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approximation estimates in H (curl)*

Théophile Chaumont-Freletf Martin Vohralik*s

October 17, 2022

Abstract

We design an operator from the infinite-dimensional Sobolev space H (curl) to its finite-dimensional
subspace formed by the Nédélec piecewise polynomials on a tetrahedral mesh that has the following
properties: 1) it is defined over the entire H (curl), including boundary conditions imposed on a part
of the boundary; 2) it is defined locally in a neighborhood of each mesh element; 3) it is based on
simple piecewise polynomial projections; 4) it is stable in the L?-norm, up to data oscillation; 5)
it has optimal (local-best) approximation properties; 6) it satisfies the commuting property with its
sibling operator on H (div); 7) it is a projector, i.e., it leaves intact objects that are already in the
Nédélec piecewise polynomial space. This operator can be used in various parts of numerical analysis
related to the H (curl) space. We in particular employ it here to establish the two following results:
i) equivalence of global-best, tangential-trace- and curl-constrained, and local-best, unconstrained
approximations in H (curl) including data oscillation terms; and ii) fully h- and p- (mesh-size- and
polynomial-degree-) optimal approximation bounds valid under the minimal Sobolev regularity only
requested elementwise. As a result of independent interest, we also prove a p-robust equivalence
of curl-constrained and unconstrained best-approximations on a single tetrahedron in the H(curl)-
setting, including hp data oscillation terms.

Key words: Sobolev space H (curl), minimal regularity, commuting projector, piecewise polynomial,
Nédélec space, hp approximation, error bound, constrained—unconstrained equivalence

1 Introduction

Let Q C R? be a Lipschitz polyhedral domain (open, bounded, and connected set) and I'y a Lipschitz
polygonal relatively open subset of its boundary 92 (details on setting and notation are given in Section 2
below). A central concept in numerical analysis of partial differential equations including the grad, curl,
and div operators, connected with the Sobolev spaces H&,N(Q), Hj x(curl,Q), and Hyn(div, ), is the
following commuting de Rham complex:
H{ N (9) N Ho x(curl, Q) RAN Hy x(div, Q) AN L2(Q)
J{P;L),grad lP}ZL),curl lP}ZL),div H;Z

Pp(Th) N Hn(Q) 5 Np(Th) N Ho(curl, Q) 2% RT,(Th) N Hon(div, )~ Py(Tr) N L2(S).

(1.1)
Assuming for simplicity in the introduction that €2 is simply connected and that I'y is connected, the
first line of (1.1) is the well-known exact sequence on the continuous, infinite-dimensional, level, see,
e.g., Arnold et al. [3] and the references therein. It in particular states that 1) each function from the
H) x(curl, Q) space whose weak curl vanishes is a weak gradient of a function from H{ \(€2); 2) each
function from the Hy n(div, 2) space whose weak divergence vanishes is a weak curl of a function from
Hj n(curl, Q); 3) each function from the L2(£2) space is a weak divergence of a function from Hy x(div, £2).
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Similarly, the second line is the counterpart of the first one on the discrete, finite-dimensional, piecewise
polynomial, level, see e.g., Boffi et al. [9] and the references therein. The passage between the first and
the second line is then the key interest in this contribution, where the three operators P} ograd PP eurl
and PP*™ should:

1. be defined over the entire infinite-dimensional spaces Hj x(Q), Hon(curl,Q), and Hy x(div, €);
be defined locally, in a neighborhood of mesh elements at most;

be based on simple piecewise polynomial projections;

= W N

be stable in L*(Q) for Ho n(curl, Q) and Hy x(div, €2) and in L*(Q) of the weak gradient for Hj x ()
(up to data oscillation);

5. have optimal approximation properties, i.e., that of local-best unconstrained L2-orthogonal projec-
tors;

6. satisfy the commuting properties expressed by the arrows in (1.1);

7. be projectors, i.e., leave intact objects that are already in the piecewise polynomial spaces.

There is an immense literature devoted to (1.1). A first consideration for the operators PP&= ppenr

and P} 4V i given by the canonical projectors, see Ciarlet [18], Nédélec [39], and Raviart and Thomas [41],
respectively. These satisfy many of the properties above, but, unfortunately, not property 1, since their
action is not defined on all objects from the entire infinite-dimensional spaces H&N(Q), Hy n(curl, Q),
and Hyn(div,€). The commuting diagram (1.1) has been addressed at the abstract level of the finite
element exterior calculus in, e.g., Christiansen and Winther [17], still leading to the loss of some of the
desirable properties, namely the locality. Simultaneous definition on the entire Sobolev spaces, locality,
commutativity, and the projection property have been achieved in Falk and Winther [30], though the
stability in the L?(Q) norms (up to data oscillation) and the local-best unconstrained approximation
properties have not been addressed. This has been recently addressed in [2]. Two different sets of
projectors, satisfying together (but not individually) all properties 1-7, were then designed in Ern and
Guermond [27, 28]. Finally an operator P} div satisfying the integrality of the requested properties has
been recently devised in Ern et al. [26, Section 3.1].

The first goal of the present contribution is to design an operator P} curl gatisfying the integrality of
the requested properties 1-7. Definition 3.3 is designed to this purpose, relying on (a slight modification
of) PY MY from [26], see Definition 3.1, and using similar building principles as in [26]. The main result
here is Theorem 3.6. The central technical tool allowing to achieve the commuting property is related
to equilibration in H (curl,§2). A first contribution in this direction is that of Braess and Schéberl [11].
Recent extensions to higher polynomial degrees are developed in Gedicke et al. [32, 33] as well as [16],
which we use here.

Our contribution stands apart from the existing literature namely in the satisfaction of property 5.
This leads to the result of equivalence of global-best (tangential-trace- and curl-constrained) and local-
best (unconstrained) approximations in H (curl, ), see Theorem 3.8. This result, not taking into account
data oscillation, has been recently established in [14], building on the seminal contribution by Veeser [43]
in the H'(Q)-setting and on [26] in the H (div, Q)-setting, see also the references therein. Here, we present
a direct proof. We take into account data oscillation, which actually turns out quite demanding.

Yet a separate, and involved, question in numerical analysis is that of deriving hp-approximation
estimates. This has been addressed in the H (div,Q2)- and H (curl, Q)-settings in particular in Suri [42],
Monk [38], Demkowicz and Buffa [22], and Demkowicz [21], see also the references therein. These ref-
erences feature a slight suboptimality in the polynomial degree p on tetrahedral meshes (presence of a
logarithmic factor), which has been removed in Bespalov and Heuer [7, 8] and recently in Melenk and
Rojik [37]. Unfortunately, none of these references allows for minimal Sobolev regularity. The result
in [26, Theorem 3.6] is equally fully h- and p-optimal, and this, moreover, under the minimal Sobolev
regularity, only requested elementwise. Deriving such estimates in the H (curl, Q)-setting is the last goal
of the present contribution. Theorem 3.10 (possibly under a technical restriction of convex patches)
in particular presents a fully h- and p-optimal approximation bound valid under the minimal Sobolev
regularity that is only requested separately in each mesh element. The key ingredients are here again
linked to (polynomial-degree-robust) flux equilibration in H (curl, 2) of [16], with the cornerstones being
the results in a single tetrahedron: on the right inverses by Costabel and McIntosh [20], and on the
polynomial extension operators by Demkowicz et al. [23, 24, 25].



This contribution is organized as follows: Section 2 fixes the setting and notation. The above-described
main results are collected in Section 3. The well-posedness of the central definition of our stable local
commuting projector is verified in Section 4, and the proofs of the three principal theorems are then
presented respectively in Sections 5-7. Finally, a result of independent interest, stipulating a polynomial-
degree-robust equivalence of constrained and unconstrained best-approximation on a single tetrahedron
in the H (curl, Q)-setting, including hp data oscillation terms, is presented in Appendix A.

2 Setting and notation

Let w, Q C R? be open, Lipschitz polyhedral domains; Q will be used to denote the computational domain,
while we reserve the notation w C € for its simply connected subsets. Notice that we do not require €2 to
be simply connected. We will use the notation a < b when there exists a positive constant C' such that
a < Cb; we will always specify the dependencies of C.

2.1 Sobolev spaces H', H(curl), and H (div)

We let L?(w) be the space of scalar-valued square-integrable functions defined on w; we use the notation
L?(w) := [L?(w)]?® for vector-valued functions with each component in L?(w). We denote by ||-||. the
L?(w) or L?(w) norm and by (-,-), the corresponding scalar product; we drop the index when w = €.
We will extensively work with the following three Sobolev spaces: 1) H'(w), the space of scalar-valued
L?(w) functions with weak gradients in L?(w), H'(w) := {v € L*(w); Vv € L?(w)}; 2) H(curl,w), the
space of vector-valued L?(w) functions with weak curls in L?(w), H(curl,w) := {v € L?(w); Vxwv €
L?(w)}; and 3) H(div,w), the space of vector-valued L?(w) functions with weak divergences in L?(w),
H(div,w) := {v € L*(w); V-v € L*(w)}. We refer the reader to Adams [1] and Girault and Raviart [34]
for an in-depth description of these spaces. Moreover, component-wise H'(w) functions will be denoted
by H'(w) := {v € L*(w); v; € H'(w), i = 1,...,3}. We will employ the notation (-,-)g for the integral
product on boundary (sub)sets S C dw.

2.2 Tetrahedral mesh, patches of elements, and the hat functions

Let T, be a simplicial mesh of the domain Q, i.e., UxeT, K = Q, where any element K € T}, is a closed
tetrahedron with nonzero measure, and where the intersection of two different tetrahedra is either empty
or their common vertex, edge, or face. The shape-regularity parameter of the mesh 7}, is the positive real
number K7, 1= maxgeT, hic/pK, where hi is the diameter of the tetrahedron K and pg is the diameter
of the largest ball contained in K. These assumptions are standard, and allow for strongly graded meshes
with local refinements, though not for anisotropic elements.

We denote the set of vertices of the mesh Tp, by Vp; it is composed of interior vertices lying in §2 and
of vertices lying on the boundary 0. For an element K € Tj, Fx denotes the set of its faces and Vg
the set of its vertices. Conversely, for a vertex a € Vj, T, denotes the patch of the elements of 7, that
share a, and wg, is the corresponding open subdomain with diameter h,,. A particular role below will
be played by the continuous, piecewise affine “hat” function ® which takes value 1 at the vertex a and
zero at the other vertices. We note that w, corresponds to the support of ¥»® and that the functions ¥®

form the partition of unity
dovt=1. (2.1)

acVy

By [v], we denote the jump of the function v on a face F, i.e., the difference of the traces of v from the
two elements sharing F' along an arbitrary but fixed normal.

2.3 Sobolev spaces with partially vanishing traces on {2 and w,

Let I'p, I'n be two disjoint, relatively open, and possibly empty subsets of the computational domain
boundary 0 such that 92 = I'p U T'y. We also require that I'n and I'y have polygonal Lipschitz
boundaries, and we assume that each boundary face of the mesh 7}, lies entirely either in I'p or in
Ix. Then L7(9) is the subspace of L?(Q2) functions of mean value 0 if Ty = 99, whereas Hj () is
the subspace of H'(Q2) formed by functions vanishing on I'p in the sense of traces, Hj () := {v €
H'(Q); v =0 on I'p}. Let ng be the unit normal vector on 9, outward to . Then Hy n(curl, ) is
the subspace of H (curl, ) formed by functions with vanishing tangential trace on I'n, Hy n(curl, Q) :=



{v € H(curl,Q); vxng = 0 on I'y}, where vxng = 0 on I'y means that (Vxwv,¢) — (v,Vxp) =0
for all functions ¢ € H'(Q) such that ¢xng = 0 on I'n. We will also employ the similar notation
Hjp(curl, Q) := {v € H(curl, Q); vxng =0on I'p}. Finally, Hy n(div, ) is the subspace of H (div, )
formed by functions with vanishing normal trace on I'y, Hy n(div, Q) := {v € H(div,Q); v-ng = 0 on
I'x}, where v-ng = 0 on 'y means that (v, V) + (V-v, ¢) = 0 for all functions ¢ € Hj ,(€2). Fernandes
and Gilardi [31] present a rigorous characterization of tangential (resp. normal) traces of H (curl, Q)
(resp. H(div,2)) on a part of the boundary 0€2.

We will also need local spaces on the patch subdomains w,. Let first @ € V}, be an interior vertex.
Then we set 1) H(wq) = {v € HY(wa); (v,1),, = 0}, so that H!(wg) is the subspace of those H'(wq)
functions whose mean value vanishes; 2) Hy(curl,w,) := {v € H(curl,wy); vxn,, = 0 on dwg }, where
the tangential trace is understood as above; and, similarly, 3) Ho(div,wq) := {v € H(div,wq); v-1,, =0
on dwg}. We will also need 4) H(curl,w,) := H(curl,w,). The situation is more subtle for boundary
vertices. As a first possibility, if @ € I'y (i.e., @ € V), is a boundary vertex such that all the boundary faces
sharing the vertex a lie in I'y), then the spaces H}(wq), Ho(curl,w,), Ho(div,ws), and HT(curl,w,)
are defined as above. Secondly, when a € I'p, then at least one of the faces sharing the vertex a lies
in I'p, and we denote by yp the subset of I'p corresponding to all such faces. In this situation, we
let 1) Hl(wq) == {v € HY(wa); v = 0 on p}; 2) Hy(curl,w,) = {v € H(curl,w,); vxn,, = 0 on
Owa \10}; 3) Ho(div,ws) = {v € H(div,wa); v'n,, = 0 on dwg \ vp}; and 4) HT(curl,w,) = {v €
H(curl,w,); vxn,, =0onvp}. In all cases, component-wise H}(w,) functions are denoted by H}(wq)-

2.4 Piecewise polynomial spaces

Let ¢ > 0 be an integer. For a single tetrahedron K € 7, we denote by P, (K) the space of scalar-valued
polynomials on K of total degree at most g, and by [P,(K)]? the space of vector-valued polynomials on
K with each component in P,(K). The Nédélec [9, 39] space of degree ¢ on K is then given by

N(K) = [Py (KPP + &x[Py(K)]°. (2.2)
Similarly, the Raviart—-Thomas [9, 41] space of degree g on K is given by
RTG(K) := [Py(K) + Py(K)w. (2.3)

We note that (2.2) and (2.3) are equivalent to the writing with a direct sum and only homogeneous
polynomials in the second terms. The second term in (2.2) is also equivalently given by homogeneous
(¢ + 1)-degree polynomials vy, such that z-v,(z) =0 for all ¢ € K.
We will below extensively use the broken, piecewise polynomial spaces formed from the above element

spaces

Pq('ﬁl) = {’Uh S L2(Q); 'Uh|K S Pq<K) VK € E},

N(Th) = {vn € L*(Q); vl € Ny(K) VK € Tp},

RT,(Th) := {vn € L*(Q); vp|x € RTH(K) VK € Tp}.

To form the usual finite-dimensional Sobolev subspaces, we will write P, (75) N H*(Q) (for ¢ > 1),

N,(Tn) N H (curl, Q), RT,(Tr) N H(div,Q) (both for ¢ > 0), and similarly for the subspaces reflecting
the different boundary conditions. The same notation will also be used on the patches 7.

2.5 L*-orthogonal projectors and elementwise canonical interpolators

For g > 0, let IT} denote the L?(K)-orthogonal projector onto Py (K) or the elementwise L?($2)-orthogonal
projector onto Py(7p), i.e., for v € L*(Q), I} (v) € Py(Ty) is, separately for all K € Ty, given by

(i (v),vn)k = (Vo) Kk Vup € Py(K). (2.4)

Then, IT} is given componentwise by II7. We will also use the L?(Q2)-orthogonal projector ngT onto
RT,(Th), given for v € L*(Q) also elementwise as: for all K € Ty, IlL(v)|x € RT4(K) is such that

(ML (v), o)k = (v, v1) K Yoy, € RT,(K), (2.5a)

or, equivalently,
I1 = i - . 2.5b
=7 (V)| K = arg vhe%%l(K)HU vl K (2.5b)



Let K € T, be a mesh tetrahedron and v € [C*(K)]® be given. Following [9, 41], the canonical
g-degree Raviart-Thomas interpolate I (v) € RT4(K), ¢ > 0, is given by

IRy (v)ng,mh)p = (Vng, rh)F Vrn € Py(F), YF € Fg, (2.6a)
IRy (v),7n)Kk = (v,7h)K Vry € [Pg—1(K)]?, (2.6b)

where n g is the unit outer normal vector of the element K. Following [9, 39], canonical ¢-degree Nédélec
interpolate I§ (v) € Ny(K), ¢ > 0, is given by

<I,/q\f(v) : TG,T'h>@ = <U . Tearh>e Vry € Pq(e), Ve € gK, (273)
(I} (v) x ng,rh)p = (VX ng,ma)p Y7y € [Peo1(F)]?, VF € Fg, (2.7b)
(IN(v),mh)x = (v,7h) K Vry, € [Py—a(K))?, (2.7¢)

where £ stands for the set of edges of K, 7. and (-, ). respectively denote a (unit) tangential vector
(the orientation does not matter) and the L2(e) scalar product of the edge e € €k, and where we
implicitly understand I (v) X ng and v X ng as two-dimensional vectors in the face F' in (2.7b). Less
regular functions can be used in (2.6)—(2.7), but v € [C1(K)]? will be sufficient for our purposes; we will
actually only use polynomial v. These interpolators crucially satisfy, on the tetrahedron K and for all
v € [C1(K)]?, the commuting properties

V- I}t (v) = I} (V-v), (2.8a)
Vx(If(v) = Iip(Vxwv). (2.8b)

2.6 Functional inequalities

We will need the four following functional inequalities.

First, from [19, Theorems 3.4 and 3.5], [36, Theorem 2.1], and the discussion in [13, Section 3.2.1],
it follows that for a polyhedral domain w C  with a Dirichlet boundary vyp given by some of its faces,
there exists a constant Cf,, such that for all v € Hy p(curl,w), there exists w € H'(w) N Hy p(curl,w)
such that Vxw = Vxwv and

[Vwllw < CLu|[Vxvll. (2.9)

When the vp has either a zero measure (in which case w can additionally be taken of mean value
zero componentwise) or coincides with dw and if w is convex, one can take Cr,, = 1, see [19] together
with [34, Theorem 3.7] for Dirichlet boundary conditions and [34, Theorem 3.9] for Neumann boundary
conditions. Actually, w can even be taken in H, &,D(w), though the above characterizations Cf, ,, = 1 may
be lost. We typically employ (2.9) with w taken as the vertex patch wq, where Ct,,,, only depends on
the shape-regularity parameter of the mesh x; .

Second, for any v € H'(w) of componentwise mean value zero on w or with the trace equal to zero
on vp C Jw which consists of at least one face of w, the Poincaré—Friedrichs inequality gives

[v]|w < CpFwhe|| VY- (2.10)

In the first case, Cpr,, < 1/7 for convex w, see [40, 5], whereas in the second case, Cpr,, < 1 when there
exists a unit vector m such that the straight semi-line of direction m originating at any point in w hits
the boundary Ow in the subset vp, see [44]. As above, we will employ (2.10) with w = wg, where Cpp ,,
only depends on the shape-regularity parameter of the mesh s, .

Third, for any mesh element K € T, v € H'(K), and ¢ > 0, there holds the hp approxima-
tion/Poincaré inequality

h
v — T (v)|| x < ChpmHVUHK (2.11)

for a generic constant Cy,, only depending on kg [4].

Finally, under the additional assumption that vp is connected, the Poincaré—Friedrichs—Weber in-
equality, see [31, Proposition 7.4] and more precisely [13, Theorem A.1] for the form of the constant, will
be useful: for all vertices @ € V, and all vector-valued functions v € H(curl,w,) N Hy(div,w,) with
Vv =0, we have

[V]lwa < Crrwh, VX, (2.12)

where Cppw only depends on the mesh shape-regularity k. Strictly speaking, the inequality is estab-
lished in [13, Theorem A.1] for edge patches, but the proof can be easily extended to vertex patches.



3 Main results

We present here our main results.

3.1 A stable local commuting projector in H(div)

We need to first recall the projector PP from [26, Definition 3.1]:

Definition 3.1 (A stable local commuting projector in H (div)). Let w € Hyn(div,Q) be given.
1. Define a broken Raviart-Thomas polynomial T, € RT,(Tr), on each mesh element, via

Th|K = arg min lw — wp | x VK €Ty (3.1)
w, ERT,(K)
Vwp, =II}, (V-w)

2. Define a Raviart-Thomas polynomial off € RT,(Ta) N Ho(div,ws), on each vertex patch, via

of :=a i 17 “r) —w VYa € V. 3.2
h e wheﬁn(%lf}\lHo(div,wa) || RT(’QZ) h) hHwa " ( )
V-wp =11} ($*V-w+Vy*-w)

3. Extending o5 by zero outside of the patch subdomain wq, define Pf’div (w) € RT,(Tn) N Hy n(div, )
via
PP (w) = gy, = Z op. (3.3)
acVy,

The above definition works on the entire space Hy n(div, ), in contrast to the canonical projector
I%T from (2.6). In Step 1, we simply project w to the RT, space elementwise, under the divergence
constraint. The intermediate field 7, is close to w but does not in general lie in Hy n(div,€2). This is
corrected patchwise in Step 2: a cut-off of 7, is made by the hat function ¥®, the canonical elementwise
projector I%T from (2.6) is applied in order not to increase the polynomial degree by one, and a suitable
divergence constraint given by the elementwise L? projection (2.4) of V-(1)%w) onto piecewise p-degree
polynomials is applied to crucially obtain the commuting property after Step 3:

VPP (w) = T2 (V-w). (3.4)

Remark 3.2 (Divergence constraint in (3.2)). The second term in the divergence constraint in (3.2)
is modified with respect to [26, Definition 3.1], where I} ($*V-w + Vp*-13,) is used instead. With
this modification, a supplementary term arises on the right-hand side of equation (4.8) in the proof of
Lemma 4.6 in [26]. This term writes and can be bounded as

(Vi (v = 77), I0) g, < ClIVY*||oo wa huse [0 = 77 [lwa [V Ellwe < Cllo = 77 (3.5)

where the constant C' only depends on the shape regularity parameter kT, , so that Lemma 4.6 and all
results in [26] still hold. This subtle switch from T, to w in the second term in the divergence constraint
n (3.2), however, turns out crucial for our developments here, insuring in particular the well-posedness
of Definition 3.3 below in that it makes (4.6) in Lemma 4.4 hold true.

3.2 A stable local commuting projector in H (curl)

We define here our stable local commuting projector in H (curl).

Definition 3.3 (A locally defined mapping from Hy n(curl, Q) to N,(Tn) N Hox(curl,Q)). Let v €

Hj n(curl, Q) be given.

1. Set w := Vxw, so that w € Hyn(div,Q) with V-w = 0, and define 7, € RT,(Tr) by (3.1) and
o8 € RT,(Ta) N Ho(div,wq) by (3.2) from Definition 8.1.

2. Define a broken Nédélec polynomial ¢p, € J\fp(’ﬁl), on each mesh element, via

L ‘= ar min ||lv —wv VK € Ty. 3.6
hlK gvhe./\/p(K)H nll i h (3.6)
VXvp=Th

3. Define a Raviart-Thomas polynomial 03 € RT,+1(Ta) N Hy(div,ws), on each vertex patch, via

o= arg min IV xetn, — vpllw, Va € V. (3.7
VR, €ERTpt1(Ta)NHo(div,wa)
Voo =1 (— Vg2 (V xv))
(Vh ) k=(Vp*Xen,rn)k VPR €[Po(K)]?,VKET,



4. Eztending 07 by zero outside of the patch subdomain wq, define

o=y OF, (3.8)

acVy
which gives
6}1 S R7;+1('Th) N H07N(div, Q) and Véh =0. (39)
5. For all tetrahedra K € Ty, consider the (p + 1)-degree Raviart-Thomas elementwise minimizations
0%k = a i IpJrl W) — v Ya € Vi, 3.10
il = arg o ERT, 1 (5) | W ol " 1)
"U}LZO

vh-nK:I%JE,} (w“&h)nK on OK

which gives

0p € RTp+1(Ta) N Ho(div,we) and V05 =0 Va € Vp, (3.11a)
o= > of. (3.11b)
acVy

6. Define a Nédélec polynomial h¢ € Ny(Ta) N Hy(curl,wy), on each vertex patch, via

@ .— ar min IR (%) — v Ya € Vj,. 3.12
h 8 o e (Ta) M H (curl ) MR (%) hHWa h (3.12)
Vxvp=op+15% (05 —5%)

7. Extending h{ by zero outside of the patch subdomain wq, define

PP (v) i=hy = > A, (3.13)
acVy
which gives
PP (v) € N,(Th) N Ho x(curl, ©). (3.14)

It is not obvious from Definition 3.3 that the operator P} s well defined. This is justified in
Section 4 below. We, on the other hand, immediately see:

Remark 3.4 (Definition 3.3). The operator P}f’curl is defined over the entire infinite-dimensional space
Hy n(curl, Q), is composed of simple piecewise polynomial projections, and is defined locally, in a neigh-
borhood of each mesh vertex.

The purpose of Step 1 is to prepare suitable piecewise polynomial data approximating Vxv following
Definition 3.1, which will also later ensure the commuting property with the operator P} div,

The purpose of Step 2 is to bring all further considerations from the infinite-dimensional level of
the given function v € Hy n(curl, Q) to the finite-dimensional level of ¢, € N,(73). In particular, all
subsequent steps only involve ¢, and other piecewise polynomials, which in particular justifies the use of
the canonical Raviart-Thomas and Nédélec interpolators Iz and I, in Steps 5 and 6.

At the continuous level Vi xv would belong to the Hy(div,wq) space, with the divergence being
equal to —V¢*-(Vxw), cf. [16, equations (4.4)—(4.5)]. In Step 3, we mimic this at the discrete level with
0. Contrarily to the continuous level, where Zaevh (VY%xv) = 0, on Step 4, 8, = Zaevh oy #£ 0,
though one may hope that d; =~ 0. One, in turn, immediately sees that V-0, = Zaevh V.07 = 0 by the
partition of unity (2.1), so that dj, is a divergence-free Raviart—Thomas polynomial.

The purpose of Step 5 is to achieve the decomposition of §;, by the divergence-free local contributions
o7 as per (3.11). This procedure is taken from [16, Section 5.1] and is crucial here. Its key ingredient is the
(non-traditional) additional constraint in (3.7) on orthogonality with respect to piecewise vector-valued
constants.

Finally, as in the H (curl)-equilibration of [16, Section 5.2], all this preparatory work allows us to pose
the local problem (3.12) in Step 6; in particular, the requested curl given by o + I (05 — d7) has to
belong to RT,(Ta) N Hy(div,we) and be divergence-free. In other words, Steps 3-5 serve to prepare this
crucial datum for problem (3.12); as for Steps 2, 6, and 7, these fully mimic Steps 1-3 from Definition 3.1.
In particular, the definition of P} ’Curl(v) can finally be finished in Step 7.



Remark 3.5 (Constraints in (3.1) and (3.6)). The divergence and curl constraints in respectively (3.1)
and (3.6) are not essential for the projectors P,f’div and P,f’curl and could be removed. Then, actually, the
modification of the divergence constraint in (3.2) of Remark 3.2 would not be necessary, since then the
use of T, or w in (3.2) would be equivalent. However, the use of constraints in (3.1) and (3.6) leads to a
slightly sharper constants in (3.17)—(3.19) and is a key for the hp-approximation result of Theorem 3.10.

Recall the L?(Q)-orthogonal projector IT% - from (2.5a). Our first main result is:

Theorem 3.6 (Commutativity, projection, approximation, and stability of P} <uth) Let a mesh T, of Q

and a polynomial degree p > 0 be fized. Then, the operator Pf’curl from Definition 3.3 is a commuting
projector since

Vx PP (v) = PP (V) Yo € Hy x(curl, Q), (3.15)
P}f’curl(v) = Yv S M)(ﬁ) N HO,N(CUIL Q) (316)

Moreover, P} <url pas optimal approzimation properties of an elementwise unconstrained L?-orthogonal
projector and is stable in that for any function v € Hyn(curl,Q) and any mesh element K € Ty, there
holds

lo — PP ()]

h cur 2 .
—I—(pleVx('u—P}f’ l(ru))HK) < Z { min )||'u—'uh||%(,

Kretie | N

hi 2
+ (p—l—K1|VXU — H%T(VXU)HK/) }, (3.17)

2

1BE @2 < 3 ol + (2| Vxw - T (Vxo)| 0 | s (3.18)

+1
K'eTk p

Pp,curl 2 2 Pp,curl 2 < 2 2 2

PP (0)]| 5 + ha||[ VX PP ()] S Y0 {Ilol% + hallVxvll5 ), (3.19)
K'eTk

where T collects the elements K' of Ty sharing a vertex with K or its neighbor and hg denotes the
diameter of Q. The constant hidden in < only depends on the shape-regularity parameter k1, of the mesh
Tr and the polynomial degree p.

We will prove Theorem 3.6 in Section 5 below. As stated, it shows that P} curl gatisfies all the
properties 1-7 of Section 1:

Remark 3.7 (Theorem 3.6). We remark that (3.15) is precisely the commuting property desired in
the middle column of (1.1), whereas (3.16) is the projector property. Moreover, (3.17) is the optimal
approzimation property: the first term on the right-hand side of (3.17) is the local-best (elementwise)
approzimation error, that of the L?-orthogonal projector onto N,(K'), without any constraint on the
curl, whereas the second term on the right-hand side of (3.17) is an hp data oscillation term, which in
particular disappears when ¥V xv is a piecewise polynomial. Finally, (3.18) is stability in the L*(Q)-norm,
up to hp data oscillation, and (3.19) is stability in the H (curl, Q)-norm, where the (physical) scaling by
hq is chosen for the curl term (other scalings, by at least the local mesh sizes hy, could be chosen as
well).

3.3 Equivalence of local-best and global-best approximations in H (curl) in-
cluding data oscillation

The results of Theorem 3.6 immediately lead to the following extensions of [14, Theorem 2J:

Theorem 3.8 (Equivalence of local-best and global-best approximations in H (curl) including data
oscillation). Let v € Hyn(curl,Q), a mesh Tr, of Q, and a polynomial degree p > 0 be fized. Then

hi 2
. 2 P

min v—v + E — ||V xwv I'LRT Vxv)l| g
vheN;(Th)mHo,N(cuﬂ,Q)” a K <p +1 I ( i )

Vv =Pl (Vxw) (3.20a)

. hi )2}
2 4
= E min v—v + [ ——||[Vxv —1II V Xv s
—~ [ h,e/\fp(K)” h||K ( 1” RT( )”K



and

2
. 2
min v—v + —||Vx(v—v
vy, €N, (Th)NHo,n (curl,Q) |:|| hH K%h <p +1 || ( h)K) :|

h 2
. 2 K
S | o= ol + (219 x0 - T (vxo)l ) |.

KeTy,

(3.20b)

Q

where the hidden constants only depend on the shape-regularity parameter k-, of the mesh T and the
polynomial degree p.

The constraint in (3.20a) uses the projector Py 4V from Definition 3.1. By the projection property
of P}’L”div on RT,(Tn) N Hy n(div, ), there immediately follows that P}:’div(va) = Vxv when Vxv €
[Pp(Tr)]3, since in this case Vxv € RT,(Tn) N Hp n(div, Q). Thus (3.20a) indeed extends [14, Theorem 2]
to the case when the datum v € Hy N(curl Q) has a non-polynomial curl, Vxv & [P,(75)]®. Remarkably,
both the tangential trace continuity and the curl constraint from the left-hand side of (3.20a) are removed
in the right-hand side of (3.20a). Finally, in (3.20b), only the tangential trace continuity constraint is
removed, but the simultaneous approximation of the curl is the best-possible.

Remark 3.9 (Mixed finite element discretization). The result (3.20a) includes the projector PP in
its constraint, which may appear as an arbitrary choice. In contrast, the following estimates may have a
more direct application: if p > 1, Q is convex, either I'p = () or 'y = (0, and the mesh Ty, is quasi-uniform
in that hx =~ h := maxgreT, hx' for all K € Ty, we have

min —op|* + Z (||V><v— (VXU)HK)

v €N, (TR )NHo,n (curl, Q

V x v, =124 (V xv) KeTh (3.21)
hx 2]
. 2 P
=~ min |[v—v + Vxv —1II Vxv ,
z Lhwpmn e+ (550 fer (V50)x

where the hidden constant only depends on the shape-regularity parameter k7, of the mesh T, and the
polynomial degree p and where

I (Vxw) = arg min |V — wy (3.22)
w;LERE(n)QHO,N(diV,Q)
V*whzo
is the global L*(Y)-orthogonal projection of Vxv onto the divergence-free subspace of the Raviart-Thomas
space RT,(Tr) N Hon(div, Q). Indeed, the constrained minimization problem (3.22) naturally arises in
the mized finite element discretization of the curl—curl problem, consisting in finding
. 2
vp = ar min v — v|7,
e TS L
V xv;, =124 (V xv)

e., vp, € Np(Tp) N Hox(curl,Q), py € RT,(Tn) N Hon(div,Q), and gn € Pp(Tr), of mean value zero
when I'p = 0, such that

(vp,wr) 4+ (pr, Vxwy) = (v,wp) Vwp € N,(Tn) N Hy n(curl, Q),
(VX’U}L, Th) + (qh, V"I‘h) = (VX’U, ’I"h) Vr), € 'Rﬂ;(’Th) N HO,N(diV, Q),
(V'ph, Sh) = 0 Vsp € ’Pp('ﬁ«b)

Unfortunately, our current proof of (3.21) only holds under the above fairly restrictive assumptions on
the domain and the mesh, and it remains an open question whether (3.21) holds in more general settings.
We also remark that (3.20a) and (3.21) are equivalents of [26, Theorem 3.3] in the Hy n(curl, Q) context.

We will prove Theorem 3.8 and property (3.21) in Section 6 below.

3.4 Optimal hp approximation estimates in H (curl)

We finally introduce an hp approximation estimate, an equivalent of [26, Theorem 3.6] in the H (curl)-
setting. It is optimal with respect to both the mesh size h and the polynomial degree p for arbitrary
Sobolev regularity indices s > 0 for the approximated function and ¢ > 0 for its curl, where, importantly,
these additional regularities are only requested elementwise.



Theorem 3.10 (hp-optimal approximation estimates in H (curl) under minimal Sobolev regularity). Let
v € Hox(curl,Q), a mesh Ty, of Q, and a polynomial degree p > 0 be fized. If Vxv & [Pp_1(Tw)]* (for
p > 1), assume in addition that T'p = 0 and that the patch subdomains wg are conver for all vertices
a €Vy,. Let

v|lg € H*(K) VK € Th, (3.23a)
(Vxv)|x € HY(K) VK €T, (3.23b)
for fized regularity exponents s > 0 and t such that s >t > max{0,s — 1}. Then
2
SV TN [ LS > (219 - o) |
_ Z |:<hrlr(1in{p+1,s} HUHHS >2 . ( hi hr;in{p-s-l,t} Hvva t >2} (3-24)
A= ANEIE 1o p+1 (p+1)f )

where the hidden constant only depends on the shape-regularity parameter k7, of the mesh Tn and the
reqularity exponents s and t.

Remark 3.11 (I'p = () and convex patch subdomains w,). The above assumptions on I'p = @ and
on the convex patch subdomains wge are only needed to treat the terms hi /(p + 1)||[Vx(v — vp)||k and
the associated data-oscillation terms in the form hg /(p + 1)||Vxv — Il (VXx0)| k. and hg /p||Vxv —
H’;{%(VXU)HK, see the Proof of Theorem 3.10 in Section 7 below. Shall the terms hi /(p + 1) in the
second terms on the left- and right-hand side of (3.24) be replaced by hy, then these assumptions are not
necessary.

4 Well-posedness of Definition 3.3 of P/ scurl

In this section, we establish that the operator P} “ul from Definition 3.3 is well defined. Let v €
Hj n(curl, Q) be fixed.

Lemma 4.1 (Problem (3.6)). For each mesh element K € Ty, problem (3.6) for up|x is well defined. It
can equivalently be stated by its Euler-Lagrange optimality conditions which read: find ¢y, € Ny(K) with
V Xty = 1, such that

(thyvp)k = (V,0h)K Vop, € N, (K) with Vxvy, = 0. (4.1)

Proof. As we take w := Vxwv in (3.1), we have V-w = V-(Vxwv) = 0, so that 7, € RT,(K) from (3.1) is
divergence-free. Consequently, the minimization set in (3.6) is nonempty, cf., e.g., [9, equation (2.3.62)]
which gives

VXN, (K) = {vy, € RTH(K); Vv, = 0}. (4.2)
Consequently, the convex minimization (3.6) is well posed and its Euler-Lagrange optimality conditions
read as (4.1). O

Lemma 4.2 (Problem (3.7)). For each mesh vertex a € V, problem (3.7) for 0% is well defined.
Moreover, (3.9) holds.

Proof. Problem (3.7) is, on a first sight, over-constrained; the orthogonality with respect to piecewise
vector-valued constants r; adds additional constraints to a well-posed problem without it. It, however,
by construction fits the framework of [16, Theorem A.2], which ensures existence and uniqueness of 0.
Indeed, let ¢ := ¢’ :=p+1, ¢® := (—V¢*-(Vxw)), and 7% := Vip®x¢p,. Then, we only need to verify
Assumption A.1 of [16], which requests

¢® € I*(wa) and T8 € RT,1(Ta), (4.3a)
(¢*,1),, =0 when a ¢ I'p, (4.3b)
(T8 Van)wa + (9% @h)we =0 Vau € P1(Ta) N Hl (wa). (4.3¢c)

Requirement (4.3a) is obvious. As for (4.3b), we have
(=V*(Vxw), Do, = =(Vx0, Vi)y, = (V-(VX0), 900, = (Vx0)1, 9% o0,
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by the Green theorem for a vertex a not being part of I'p. Finally, let g, € P1(7a) N H!(wg). Then,
again by the Green theorem,

—(VY*(Vx0),qn)w, = (V-(VYP*%X0),qn)w, = —(VYP* %0, Vp)w, -
Consequently, since (axb)-c = b-(cxa) for vectors a, b, c € R3,

4.1
(VYo 5, V) — (VI (VXV), g ) = (th — v, Vi x Ve )i (2
————

EN,(K) with Vx(VgnxXVya)=0
from the Euler-Lagrange conditions (4.1).
As for (3.9), 6, € RTp+1(Tn) N Hyn(div, Q) is obvious since the contributions 8, after extensions by

zero outside of the patch subdomains wg, belong to RT,4+1(7x) and are Hy n(div, Q2)-conforming. The
divergence-free property is then immediately seen from the partition of unity (2.1) which gives

V=Y Vo= [ (-Vy*(Vxwv))| =0.
acVy, acVy,

O

Lemma 4.3 (Problem (3.10)). For all tetrahedra K € T;, and all vertices a € Vi, problem (3.10) for
0| i is well defined. Moreover, properties (3.11) hold.

Proof. Theorem B.1 from [16] yields all claims for ¢ = ¢’ = p + 1, provided that the assumption
(5h, rh)K =0 YV, € [Po(K)]B, VK €T, (44)

is satisfied. Let K € Ty be fixed. Property (4.4) is a simple consequence of the orthogonality assumption
in (3.7), of definition (3.8), and of the partition of unity (2.1), which altogether give

3.8 91 .
(On, 7n)Kc w > (6K ) > (O = VY xun, Th)K G0,
acVg acVk

O

Lemma 4.4 (Problem (3.12)). For each mesh vertex a € Vy, problem (3.12) is well defined. Moreover,
(3.14) holds.

Proof. The convex minimization (3.12) is well posed if the minimization set in (3.12) is nonempty. Im-
portantly, here, w, is simply connected and the essential (no tangential flow) boundary in Hy(curl,wg)
is connected; indeed, following the definition in Section 2.3, the no tangential flow is imposed either on
the whole Owg, or on all faces not sharing the vertex a plus possibly some more faces, which forms a
connected set. Consequently, we have

VX (Np(Ta) N Hy(curl,wg)) = {vy, € RT,(Ta) N Ho(div,we); Vv, = 0}, (4.5)
so that the minimization set in (3.12) is nonempty when
o + I-(07 — 07) € RT,(Ta) N Ho(div,wa) and  V-(of + IL(07 — 7)) = 0. (4.6)

The first requirement in (4.6) is immediate from (3.2), (3.7), (3.11a), and (2.6); please note the crucial
use of the canonical elementwise Raviart-Thomas interpolate I, which reduces the order (p+ 1) down
to p, while preserving the homogeneous Neumann boundary condition. We also stress that we crucially
only employ If,’w- to the piecewise polynomials 87 and 6;'. As for the divergence constraint in the second
requirement in (4.6), we have from (3.2)

V.ol = T oV (Vxv) + V(T xv)) = T (V42 (Vxv)).
We have, in turn, from the commuting property (2.8a) and (3.7)
VeI (07) = I} (V-07) = I} (I (= V™ (Vx))) =TI} (= V- (Vxw)),

whereas 87, and consequently I7(d7), are divergence-free from (3.11a).
Finally, (3.14) is an immediate consequence of h$ € N, (T,)NHo(curl,wg) and of the definition (3.13).
O
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5 Proof of Theorem 3.6

We prove the claims of Theorem 3.6 separately. Let the assumptions of Theorem 3.6 be satisfied.
Lemma 5.1 (Commuting property (3.15)). The commuting property (3.15) holds true.
Proof. We have

prf,curl(v) (3.13) Z Vxhy (3:12) Z {of + I, (07 —67)} = Z ol + I%T< Z (o3 — 6;:))

acVy acVy acVy acVy
(3.8)
3.11b 3.3 iv
CLY SN ot 4 I (3 - 00) = 3 o B PP (Vw),

acVy acVy

where we also have crucially used the linearity of the canonical elementwise Raviart—-Thomas interpolate
I+ from (2.6) in the third step.
O

Lemma 5.2 (Approximation property (3.17)). The approzimation property (3.17) holds true.

Proof. Let a mesh element K € 7T;, be fixed. We proceed in two steps.
Step 1. We first bound the term % |Vx (v - P,f’curl('u)) From the commuting property (3.15),

we have Vfo’curl('v) = P}’L”diV(VX'v)7 so that

lic-

h cur h iv
S 1lVx @ = PP @) = SS90 - PR (Txw)]
- 2y 1/2 (5.1)
§{ Z <p+1 |val‘[§,’z7-(V><v)||K,> }
K'eTk

from [26, Theorem 3.2, bound (3.6)], also using that V-(Vxwv) = 0, the shape-regularity of the mesh
yielding hx =~ hg, and the characterization (2.5b).

Step 2. We bound Hv—Pf’Curl('u) HK Consider for this purpose ¢}, defined in (3.6). Using the linearity
and projection property of the elementwise canonical Nédélec interpolate IR, from (2.7), the partition of
unity (2.1), and definition (3.13)

o= PP ()] =

v—u,+ Z {IR (%) — hg}H
K

a€Vgk

<o —wnllx + D [ IRAW%%) = hifl,. -
a€Vg

We now bound the two terms separately.
Step 2a. We bound ||v — ¢p|| k. Using the second inequality in (A.2) of Lemma A.1 below, we have

hk
v—1 = min |v-w <( min ||lv—wv + ——||Vxv - IIE, - (Vxv ),
ol =, min o —wlc S (| min ool e (Vx0)
VXvp=1h

for a constant actually only depending on the shape-regularity parameter x7; .
Step 2b. Let a vertex a € Vi be fixed. We bound HI}{/(waLh) —thw . Theorem 3.3 and Corollary 4.3
of [15] give

i IR (%) — v < i IR (%) — 5.2
UILGM(TQI)I%III‘IIQ(CUTLQ}G_) H N(,(/) h) hHWu ~ ¢€H(I)r(lé1?rl,wa) H N(w h) SOHwa’ ( )
Vxvp=0p+15, (07 —87) Vxp=o)+15,(67—57)

where again the constant beyond < only depends on the shape-regularity parameter k7, . This result
builds on [24, 20] and [12] and extends [10, 29, 13] to vertex patches in H (curl).

By the characterization (3.12) for the above left-hand side and by a primal-dual equivalence for the
above right-hand side as in, e.g., [13, Lemma 5.5], we obtain

IR (%% en) = 3|, < Sup {(of + Iz (67 — 07), @)wn — (IR (V"0), VX@)us . (5:3)
weH" (curl,wg)
IVXllwg=1
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Fix now ¢ € Hf(curl,wy) with ||Vx¢||,, = 1. From (2.9), there exists 1 € H}(w,) (of mean value zero
componentwise when a is an interior vertex or when a € I'y, and zero on vp when a € K), such that
Vx1 = Vxp and

VY llwa < CLwa [VXellw, S 1. (5.4)

Moreover, (2.10) also gives
1% ]lwa < CPFwa P [Vl (5.5)

In the second term on the right-hand side of (5.3), ¢ can be exchanged for 1. This is also true for the first
one: from (4.6) and (4.5), there exists wy, € N, (Ta)NHo(curl,wg) such that Vxwy, = o+ I (05 —6%),
so that

(o5 + TRy (0 = 07), P)uwa = (VXWh, @)uy, = (Wi, VXP)uy,

a a o (5.6)
= (’wh,VX’l/J)wa = (Uh + I%T(Bh - 6h)7¢)wa'
Integrating by parts, the second term on the right-hand side of (5.3) becomes
(IR W), VXtp)ug = = D (IR (6%0n), Vxtp) g
K'€Ta
o o (5.7)
=- Z (VX (I (Y %en)), ¥) i + Z (N W) xmr], ) P,
K'€Ta FeFint

where Fi denotes the interior faces of T plus, for boundary patches, the faces in I'y; the other faces
do not appear because of the presence of the hat function ¢® and/or due to the zero trace in H}(wq) on

TD-
Step 2bi. We address the jump term in (5.7). The trace inequality [|]|% < | Vo] x |19 || xr +R gt |90 ]| %
for any K’ € T, sharing F, the Cauchy-Schwarz inequality, and the Poincaré-Friedrichs inequality (2.10)

lead to
1/2
{ > ||¢|%} S L2V, -

FeFint

The stability of the elementwise Nédélec interpolate and the fact that ||¢?||c w, = 1 give, for F € Fint,

IR (% en) xmp]lle < [llenxnelle,

where henceforth < adds a dependence on the polynomial degree p. The above right-hand side is now in a
form of a standard residual-based estimator. Thus, introducing the face bubble function ¥* as a product
of the three ¢¥® of the vertices of F' (supported on wp corresponding to the (two or one) tetrahedra
sharing F'), denoting {r := [t XnF] together with its constant extension to wp, noting that

(Vxv, ¢rtpT ) — (0, VX(CFYT))up = 0
since (rYf" € HY(wr), Crp! is zero on dwp \ F, and v € Hyn(curl, ), and using standard scaling
arguments as in, e.g., [6, page 172], leads to
lenxnelllE = I€FIF S ([enxnr], Crv™)r
= (v = 13, VX(CPYT))wp = (VX (0 = tn), CrYT e
< v = enllor VX (€T wr + (Th = VX0, CptT o,

where we have also used that V¢, = 73, from (3.6). The second term above is treated by Lemma A.3
below with 1 = ¢zt on each element K in the face patch subdomain wg. This yields

R p
Vo~ M (V) [V (€t

(Th - VX’U, CFwF)wF S

By the inverse inequality,

IVx(Crt ) lwr S hop Y llwrs  IVCFY ) lwr S hoplICrET |l

whereas the constant extension of {r from F to wp and [[t7||oc wp, < 1 give

1CFY Nl S B2NICE -
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Thus, altogether,
h
1/2 w
BZICE e S 11 =l + 225

This yields the desired components in (3.17), using (5.4), the mesh shape regularity, and the defini-
tion (3.6) of ¢j, together with the constrained—unconstrained equivalence result of Lemma A.1 below,
which allows to pass from ||v — ¢4]|x to min,,enr (k) ||v — vnl|xr plus the oscillation terms on each
simplex K.

Step 2bii. We now address the volume term in (5.7) together with (5.6). On each K’ € T, using the
commuting property of the canonical interpolators (2.8b),

V(IR (% en)) = I (VX (%)) = I (VY Xy + 9V xey,).

Regrouping, since elementwise Vx¢, = 75, from (3.6), and using the Cauchy—Schwarz inequality
together with (5.5), (5.4), and the mesh shape regularity,

(oh — Iy (V*Vxin), ¥, = (0 — Iy (7)),
< lloft = Trg (V70 llwa 9]l

[Vxv — T (Vxv)||

A

A

1/2
{ > IIVXUH%T(VXU)II%/} husa [V e

K'eT,

1/2
i 2
s{ > (M||V><v—H%T<V><v>|K/) } ,

K'eTa

where we have also used 1 < 1/(p + 1) and, crucially, recalling (2.5b), (3.2) where w = Vxwv, and
Remark 3.2, the bound

1/2
lor — Iy (@) llw, < { > Ivxe - H%T(va)ll%} (5.8)

K'eTq

from [26, Lemma 4.6], where we note that the data oscillation terms disappears since V-(Vxwv) = 0.
We now start to estimate the remaining term. By the Cauchy—Schwarz inequality together with (5.5)
and (5.4), we have

(Irg (07 — 65 = Vi xun), ¥, S (105 — VY Xthllwg + 107 lwal 19w,
S hu 10 = VY xenlw, + 1167wl

where we have also employed the stability of the elementwise Raviart—-Thomas interpolate. We now
employ definition (3.7) and, crucially, [16, Theorem A.2] (cf. also Lemma 7.3 therein for the rewriting
of the data oscillation term). We have already verified in the proof of Lemma 4.2 that our setting
fits the assumptions of [16, Theorem A.2]. We additionally note that Vi¢®xwv lies in Hy(div,w,) with
V- (Vi*xv) = =Vip*-(Vxv). This leads to

(5.9)

1/2
_ hi 2
||ez—wamh||wa5||Wx<v—bh>||wa+hw:{ > (FEIVxw - (Vo) ) }

K'e€Ta
1/2 (5.10)

i 2
ghwj||vbh||wa+hwj{ Z <pf1|vaH’7’37-(V><v)||K,) }

K'eTq

Thus, definition (3.6) of ¢j, together with the constrained—unconstrained equivalence result of Lemma A.1
below yields the desired bound for the first term in (5.9).

Finally, we bound ||6||.,. The construction of d;, and 8§ from steps 4 and 5 of Definition 3.3 fits
the framework of [16, Theorem B.1] with ¢ = ¢’ = p 4+ 1, as we have already verified in the proof of
Lemma 4.3. Thus, using [16, estimate (B.6b)], (3.8), and (2.1), we have, for any K’ € T,

0%l < [10n]l ke =

)

> (6f - VY xuy)

bEVys

K’

so that the bound on [|6%|,, follows from that on [|68% — Vh®xey ., (this final estimate extends the
bound (3.17) from neighbors of K to the neighbors of neighbors of K).
O
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Lemma 5.3 (Projection property (3.16)). The projection property (3.16) holds true.

Proof. When v € N,(Ts) N Hyn(curl, ) is a Nédélec piecewise polynomial, the right-hand side in the
approximation property (3.17) is zero, so that immediately P} eurl ) = v follows. O

Lemma 5.4 (Stability properties (3.18) and (3.19)). The stability properties (3.18) and (3.19) hold true.
Proof. The triangle inequality gives

s rl rl
1B ) < flo = P @) + 0l
Thus (3.18) follows from (3.17) and the orthogonal projection stability

min ||v —vu||x < ||V 5.11

o= vl < ol G.11)

As for (3.19), we only need to treat the second term, since (3.18) bounds the first one as hg/(p+1) <
hg. The triangle inequality gives

hal| T PL )], < ha[9x(w — PR @)+ hal|Txo

lic

and the first term above is estimated as in (5.1), with the weight hq in place of hi/(p + 1), and, as
n (5.11), | I (Vx0)|| ., < IVxv|k. O

6 Proof of Theorem 3.8 and of (3.21)

The proof of properties (3.20a) and (3.20b) follows straightforwardly from Theorem 3.6, whereas the
proof (3.21) will turn out slightly more involved.

Proof of Theorem 3.8. Step 1. We first show (3.20a). Since the second terms are identically present on
both sides of the equivalence (cf. [26, Remark 3.4]), we only need to consider the first ones. As the
inequality trivially holds with the > sign, we only need to bound the first term of the left hand side
of (3.20a) from above. From (3.15), we immediately have

i 2 p,curl 2
min v—v <|v-P v 6.1
thAG:(Th)ﬁHo,N(CHrl,Q)H h’” = H h ( )H , ( )
Vth:P}f‘diV(vxv)

so that the result follows from the local approximation property (3.17) by summing over all mesh elements
K € Tp, and invoking the mesh shape-regularity.
Step 2. We now show (3.20b). This again trivially holds with >, since

V x (N (Tn) N Ho n(curl, Q) C {vy, € RT,(Tn) N Hox(div,Q); Vv, =0} (6.2)

thus both terms on the right-hand side of (3.20b) are the elementwise versions of those on the left. For
the converse estimate, we bound the left-hand side of (3.20b) by

2
curl curl
o — BPem(@)2 4+ 3 (nw (v P} (v))HK)

KeTn

and again invoke (3.17). O

Proof of (3.21). Step 1. We recall that here, p > 1, T, is quasi-uniform, and 2 is convex with either
I'p = 0 or 'y = (). The second term on the left-hand side of (3.21) is again the same as on the right-hand
side, so we only need to treat the first one. Let

. 2
= ar min v .
Ch & wn €N (Th)NHo x (curl, ) o]

V xv, =2 (V xv)— PP Y (V xv)

Note that ¢, is only nonzero when the datum v € Hyn(curl,©2) has a non-polynomial curl, Vxv ¢
[Po(Th)]? (or Vxv & RT,(Th) N Hox(div, Q). Since PP™ (v) + ¢, lies in N, (T5,) N Ho x(curl, Q) and
satisfies Vx (PP (v) + ¢;) = T2 (Vxw), it is clear that

min v — || < |lv — PP (0)| + )
U’LE%(TMOH&N(CWLQ)H wll <] ()] (Gl

V x v, =124 (V xv)
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The first term on the right-hand side above is as in (6.1), so we only treat the second one.
Let

I 2

ar min vl2:

¢ g vEHo n(curl,Q) H ” )
V><u:l‘[l;b,div(vxv)_P’f,div(va)

¢ is again only nonzero when the datum v € Hy n(curl, ) has a non-polynomial curl. Since the curl
constraint in the above minimization problem is given by a Raviart—-Thomas piecewise polynomial, we
infer from the definition of ¢, the commuting property (3.15), and the stability (3.18) that

IS lIClls

where the constant hidden in < only depends on the shape-regularity parameter «7;, of the mesh 7, and
the polynomial degree p. By a primal-dual equivalence, as in, e.g., [13, Lemma 5.5], we have

IChll < 1P (C)

,div ,div
IKll=" sup  {(I™(Vxv) = PP (Vxwv),¢)}.
@EH, p(curl,Q)
IV xell=1

Let now ¢ € Hyp(curl, Q) with ||[Vx¢| = 1 be fixed. Following (2.9) (recall that Q is convex with
either I'p = 0 or I'y = 0), there exists ¢p € H'(Q) N Hyp(curl, Q) such that Vxi = Vxep and
V| < CrLal Vx| = Vx|l = 1. Since Vx¢, = DY (Vxv) — PP (Vxw), we can exchange ¢
for 1, so that
(I (Vxv) — PP (Vxw), @) = (T (Vxv) — PP (Vxw), 1p)
= (™ (Vxv) — Vxv,9) + (Vxv — PP (Vxv), ).

We will treat the two arising terms separately.
Step 2. Let now ¢ € Hj 1,(Q) be such that

(Vq, Vo) = (¢, Vv) VYo € Hjp(Q). (6.3)
Defining x := 19 — Vg, we have, recalling the notation from Section 2.3,
x € Hyp(curl, Q) N Hyn(div, ) with V-x =0, (6.4)

together with Vxx = VX1 = Vx¢p. Moreover, by the Green theorem, the right-hand side in (6.3)
equivalently writes as (¥, Vv),, = —(V-4,v),,. Thus, since  is convex with either I'p = @) or I'y = 0,
the elliptic regularity shift, see, e.g., [35, Theorem 4.3.1.4], gives ¢ € H?(Q) with

IV(VQI S IVl < [Vl
Thus, in addition to (6.4), there also holds x € H!(Q) with
VXl < IV + VIVl < IV, (6.5)

and we have . .
(I (Vxv) — Vxv, 1) = (I (Vxv) — Vxv, X).
Denote henceforth w := Vxwv. From the definition (3.22) of the projector HfL’diV, we can subtract
any x5 € RT,(Th) N Hon(div, Q) with V-x, = 0; we choose x5 := PP (x) following Definition 3.1,
yielding

(I (w) = w, x) = (I (w) —w,x — PP (x0) < [T (w) - wl|[x — PP 00

Now the equivalence of global-best and local-best approximations from [26, Theorem 3.3] gives, using
that V.w =0,

1/2
1 () — ]| < { > ||M—ns;7<wv>|%(} ,
KeTy

where again the constant of < only depends on the shape-regularity parameter x7; of the mesh 7, and
the polynomial degree p. In particular, it seems impossible to estimate HH%dW(w) — wHK7 locally on
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each K € Tj. Similarly, the approximation properties of the projector P} A from equation (3.6) of [26,
Theorem 3.2] lead to

1/2 1/2
_ prdiv < ~ — wp||? < R2|IV x| <h||V
|x — P} (X)HN{ > w i - willfep > nkIVxli ¢ < h|Vxl,

KeTn KeTn <

where, recall, h := maxgeT, hi. Thus, since T, is supposed here quasi-uniform, so that h < hg for all
K € Tp, and using 1 S 1/(p+ 1) as in the proof of Lemma 5.2, we conclude

1/2
| h 2
(I (Vxw) — Vxv, x) 5{ Z <ZH_I(1||vaH§,’zT(va)||K) } :

KeTy

Step 3. Denote w := Vxwv as above. Consider 73, given by (3.1). Using the partition of unity (2.1),
the linearity and the projection property of the elementwise Raviart—Thomas interpolate I%T of (2.6),

we have
Th — Z (’qDaTh) = I%T(Th) = Z (I%T(waTh)).

ac€Vy aeVy

Thus, also using (3.3),
(w— PPN (w),¢) = Y (Vow — ¢ + Ty (%) — ofl, ) .
acVy

Consider now any g5, € P1(Ta) N H}(wg) for a fixed a € V. Since w € Hy n(div, Q) with V-w = 0 and
by the constraint in (3.2), we see, employing the Green theorem,

(V*w =, V), =—(V-@w —0of),qn), = —(Ve*w — I (VY*w)),qn), = 0.

On the other side, on each simplex in the patch K € T,, the Green theorem, (2.6), and the commuting
property (2.8a) of I, give

(V1 — Ir(%70), Van) o = = (V- (070 — Igr(0%70)), an) 5o + (0070 — D (W%70)) ke, G ) o e
= —(Vym, — I (VY 71),qn) . = 0.

For the last two properties, we have also employed the assumption p > 1.

We now choose q;, € P1(Ta) NH}(wg) such that Vg, = 1), the componentwise mean value of 1 on the
patch subdomain w,. Thus, the Cauchy—Schwarz inequality and the Poincaré—Friedrichs inequality (2.10)
give

(V*w — Y1y, + I (V1) — of, ¢)wa = (Vow — 1y, + I (V7)) — o, 2p — E)wa
S b, (Hl/}aw — 7 |w, + HI'II)?,T(waTh) - O',C:HWG) VY|, -

Now, from the definition (3.1) of 7, as a local constrained minimizer, from the constrained-unconstrained
equivalence of [26, Lemma A.1] (recall that V-w = 0), and redeveloping w = V xv, we see

1/2
[%w — P *Thlw, < llw — Thllwa { Z [Vxv — H%T(VX”)”%(’} :
K'eTq

Similarly, it follows from (5.8) that

1/2
[Ty o) — o2 < { 5 ||va_n%,,<m>|g<,} |
K'eTa

Hence, the shape-regularity of the mesh yielding finite overlap between the patches, the Cauchy—Schwarz
inequality, and using 1 < 1/(p + 1) as in the proof of Lemma 5.2, we see

N L 2 1/2
(Vxv — PP (va),qp)g{ > <p+K1|V><'UH%T(V><v)||K) } |Vp] .

KeTy <1

This finishes the proof. O
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7 Proof of Theorem 3.10

We proceed in the spirit of [26, Section 5]. The main point is to derive an estimate of the form of <
in (3.20b) which is p-robust, i.e., where the hidden constant is independent of the polynomial degree p, for
the price of lowering the approximation polynomial degree on the right from p to p— 1. For this purpose,
we only consider p > 1 and present alternatives of Definitions 3.1 and 3.3 where all instances of the
elementwise Raviart-Thomas and Nédélec interpolators I, If,’;,}, and I}, are removed. In addition,
we simplify Definition 3.3, as commuting will not be needed here.

We start with reworking Definition 3.1:

Definition 7.1 (Alternative of Definition 3.1). Let v € Hyn(curl,Q) be given. For w := Vxv €
Hj n(div, Q) with V-w = 0 and polynomial degree p > 1:
1. Define a broken Raviart—Thomas polynomial T, € RT,—1(Tr), on each mesh element, via

|k = arg min )||w—wh||K VK € Tp. (7.1)

whERﬁ_l(K
V~w;L=O

2. Define a Raviart-Thomas polynomial o € RT,(Ta) N Ho(div,wq), on each vertex patch, via

of = ar min Cr _aw Ya € V. 7.9
h gwh,GRﬁ(Ta)ﬁHo(div,wa)||¢ h h”Wa h ( )
Vowy, =I17 (V¢ -w)

3. Extending oy by zero outside of the patch subdomain wq, define op € RT,(Tn) N Hox(div, Q) via

oy = Z op. (7.3)

aceVy

Definition 7.1 takes the same form as [26, Definition 5.2], up to the fact that the divergence constraint
in (7.2) is modified in that we use IT} (V% -w) in place of Vi) 7y,. Similarly to Remark 3.2, we now in-
spect the (beginning of) the proof of [26, Lemma 5.3]. Here a term (gq, 9)w, = (I (*V-0)+V9*-7r).,
appears (notation from the proof of [26, Lemma 5.3]), which has to be replaced by (IT-(¢4*V-v +
Vi)*v),¢),,. This makes appear the same supplementary term and its bound as in (3.5). Thus, [26,
Lemma 5.3], recalling (2.5b) and V-w = V-(Vxwv) = 0 (current notation), so that there are no oscillation
terms, lead to

1/2
v, — ot < { > IVxw - H’%{#(va)lli} : (7.4)
KeTa

where crucially the hidden constant only depends on the shape-regularity parameter s, .
We now rework Definition 3.3.

Definition 7.2 (Alternative of Definition 3.3). Let v € Hy n(curl,Q) be given. Forp > 1:

1. For w := Vxwv yielding w € Hyn(div,Q) with V-w = 0, define 7, € RT,—1(Tn) by (7.1) and
of € RT,(Ta) N Hy(div,wq) by (7.2) from Definition 7.1.

2. Define a broken Nédélec polynomial vy, € Np—1(Tr), on each mesh element, via

Lh|k = arg An/lin (K)||'v — vk VK €Ty, (7.5)
Vh p—1
V Xvp=Tp

3. Define a Raviart-Thomas polynomial 05 € RT,(Ta) N Ho(div,ws), on each vertex patch, via

0y :=arg min J\V?/}“XLh — Vp|w, VYa € V. (7.6)
v €RT,(Ta)NHo(div,wa)
Vv, =M} (=V§*-(V xv))

4. Define a Nédélec polynomial h® € N, (Ta) N Ho(curl,wy), on each vertex patch, via

h$ :=ar min A —w VYa € Vj,. 7.7
h gv;lGJ\fp(Ta)ﬂHo(curl,wa)Hw h hHw“ h ( )
Vxv,=05 465

5. Extending ht by zero outside of the patch subdomain wq, define

hy = Z h € N, (Tn) N Ho n(curl, Q). (7.8)

acVy,
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Compared to Definition 3.3, Definition 7.2 avoids the construction of d;, on Step 4 and of the correction
terms O on Step 5. As in (3.8), we can still set

8n = Y 05 € RT,(Tw) N Hon(div,Q) with V-8, =0, (7.9)
acVy

but the commuting property Vxhy = o}, from (3.15) is here lost in that from (7.8), (7.7), and (7.3),

Vxhy, = Z Vxhj = Z(o‘;ﬂf+9ﬁ):0h+5h- (7.10)

acVy acVy,

This will be sufficient here, as in Theorem 3.10, the minimization does not have a constrained curl. It is
also to be noted that the minimizations in (7.6) avoid the additional elementwise orthogonality constraint
of (3.7). Commuting could be achieved by further lowering the degree p —1 to p — 2 and constructing an
appropriate 05, but the above adjustments will also be helpful for us in deriving p-robust bounds.
Definition 7.2 is well-posed, which can be easily verified as in Section 4; namely, o 4+ 6% € RT,(7a)N
Hy(div, wg) with V(o +05) = 0. We now modify the reasoning of Step 2b from the proof of Lemma 5.2,
extending to the wg-patch setting the hp-reasoning of Lemmas A.2 and A.3 from Appendix A below.

Lemma 7.3 (p-robust patch estimate). Let v € Hon(curl,Q) be given. Consider a vertex a € Vi, with
a ¢ I'p and assume that the associated patch subdomain we, is convex. Then, if o and h are respectively
given by Definitions 7.1 and 7.2, we have

. hi _ 2
oo~ 12, 5 5 |, in o= ol o+ (P20 - Vo)l ) |
KeTa & P!

where the hidden constant only depends on the shape-regularity parameter k7, of the mesh Tp.

Proof. Taking into account definition (7.5) and the constrained—unconstrained equivalence established in
Lemma A.1 (employed with p — 1 in place of p), we only need to show

1/2
h B 2
w%h—hznwasnv—bhnm{ > (M Vo - W (7o)l } .

KeTa

From the definition (7.7), as in (5.2), [15, Theorem 3.3] gives

a _ ha < 3 a _
[¥%en — Ay llw, N(PEH%EM)IW th — @llwa

VXxep=0o,+07

= sup {(a'ﬂ + 07, 0)w, — (W, chp)wa},
peH' (curl,wg)
IVxpllug =1

where we have, for the equality, employed the primal-dual equivalence as in (5.3). Fix now ¢ €
Hf(curl,wg) with |[Vxe|lw, = 1. We invoke 1 € H!(wa) N H(curl,w,) satisfying Vxp = Vxe

and

VY lw, < CL,waHVXQOHwa RS (7.11a)
[Y|wa < CPFweltw, [V lwa, (7.11b)

as in (5.4)—(5.5). Also, as in (5.6), since o + 05 € RT,(Ta) N Ho(div,w,) is divergence-free, there exists
wy, € N,,(Ta) N Hy(curl,wg) such that Vxw;, = o + 0§, and we can exchange ¢ for 1, i.e.,

T := (o5 + 05, P)wa — (V%en, VXP)u, = (o] + O, )y — (V% en, VXU,
Let now q € H}(w,) be such that
(Vq,Vv)w, = (¥, Vv)u, Yo € HE (wq)- (7.12)
Defining x := 19 — Vg, we have, recalling the notation from Section 2.3,

X € H(curl,wg) N Hy(div,w,) with V-x = 0, (7.13)
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together with Vxx = Vx4 = Vx¢p. Moreover, by the Green theorem, the right-hand side in (7.12)
equivalently writes as (¢, Vv),,, = —(V-4,v),,,. Thus, since we suppose w, convex and a ¢ I'p, so that
vp = () and only the Neumann boundary condition is prescribed on the whole dwg, see Section 2.3, the
elliptic regularity shift, see, e.g., [35, Theorem 4.3.1.4], gives ¢ € H?(w,) with

VIV llwa S NV llwa <V ]lwa-
Thus, in addition to (7.13), there also holds x € H'(w,) with
IVXllwa < IVPllwa +1V(VOllwa S N1V llwa- (7.14)

Finally, since Vxx = Vx4 and, by the Green theorem (recall the complementarity of the boundary
conditions of H}(wg) and Hy(div,ws)), (6 + 0%,Vq)w,, = 0, we can further equivalently write

T = (o + 07, X)ws — (@%th, VXX)wy-

We will now work on this term.
Using the chain rule
Vx(¥%x) = Vi xx +¢*V xx, (7.15)

and since (axb)-c = b-(cxa) and exa = —axc for vectors a, b, c € R3, we arrive at

T = (o) + 65, X)wa + (ths VXX )w, = (th, VX(V*X))w,
= (oh + 6 — VY Xun, X)wa — (ths VX(V*X))wq -

Moreover, the Green theorem gives
(Vxv, (X))wa = (v, VX ($*X))we = 0,
so that altogether, also adding and subtracting Y7,

T = (Ug + 02 - v’l/}aXl’h - T)ZJG'VX’U, X)wa - (Lh -0, VX(W’X))%
= (op —%1H + 05 — VU*Xh, X)ws + (Th — VXU, 0X)w, — (th — 0, VX (YOX))w, -

In the remainder of the proof, we estimate the above terms separately, in four steps.
Step 1. The chain rule (7.15), the Cauchy—Schwarz inequality, mesh shape-regularity, and the
Poincaré-Friedrichs—Weber inequality (2.12) (recalling (7.13)) give

VX (X)) lwa = VXX + PV XX lwa <V [loo wa IXNlwa + VXX lwa ST, (7.16)

so that the Cauchy—Schwarz inequality yields

—(en =0, VX(¥*X))wa S llth = Vlluwa-
Step 2. As for (7.16), using (7.14) and (7.11a),
IV@*x)lwa S 1.

Thus, employing Lemma A.3 for each K € T, and the Cauchy—Schwarz inequality, we infer

h
(Th = VX0, "X = Y (70 = VX0, 0% S Y (KHvaH’?{%(va>!|K||V<¢“x>||K)

KeT, KeTa
b 2y 1/2
5{ > (KHM—H%%(VMHK) } :
KeTa p

Step 3. The Euler-Lagrange conditions of (7.6), where it is important that no additional elementwise
orthogonality constraints as in (3.7) appear, give

(65 = Vi xth, X)wy = (0 = V" Xth, X = Xt e

for
= ar min —w . 7.17
Xh gwhe'Rﬁ(Ta)r‘wHo(div,wa)”X llea (7.17)
V"U}h,:o
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We now crucially rely on the hp-approximation estimate of [26, Theorem 3.6] for 2 = wg, recalling that
X € Hy(div,wg) has been prepared such that V-x = 0 and x € H'(w,), so that we can take s = 1
in [26]. This gives

1/2
hx 1/2 2 he, 1/2 _ he,
Ix — Xnllwa 5{ > ( (Ixl + 1V xll%) ) } S (IxlZ, +1Ivxl2,) "~ < ==, (7.18)

KeT, +1 p p

where we have concluded by (2.12), Vxx = VX, (7.14), and (7.11a). Thus,

a a a h a
(65 = V0"t X 5 167 = V0"t , "

Finally, relying on [16, Lemma A.3], as in (5.10), we have

9y 1/2
169 — Vi xup o, < B 1||th||wa+hwa{ 3 <hK||van%;(va)||K> } . (7.19)

KeTa

note that this bound is indeed p-robust, as the above oscillation term is not of hp type. Now, since p > 1,
we conclude

1/2
i - 2
(O — VY xih, X)we S v — thllw, + { > <K||V><UH%71-(V><U)||K> } :
KeTa p

Step 4. As above in Step 3, we employ x, from (7.17) and (7.18). Together with the Euler—Lagrange
conditions of (7.2) and the Cauchy—Schwarz inequality, this gives

(o = Th, Xwa = (08 = V*Th X — Xn)wa < llof — ¥ Tnllwa X — Xnllwa
N 9y 1/2
S{ > (K|V>< ~ I 1(V><’U)||K) } ,
KeTa p
where we have employed (7.4) and mesh shape-regularity in the last bound. O

We are now ready to derive a p-robust variant of the inequality < from (3.20b) with a lowered
polynomial degree on the right-hand side.

Proposition 7.4 (p-robust one-sided bound). Let v € Hy n(curl,§2), a mesh Ty, of , and a polynomial
degree p > 1 be fired. If Vxv & [Pp—1(Th)]?, assume in addition that I'p = 0 and that the patch
subdomains wq are convex for all vertices a € Vy,. Then

2
min v—op|*+ < Vx(v—wv )]
R €N (Th)NHo,n (curl,Q) {” all K; || ( n)llx
K 2 (7.20)
< min v—vh2—|—< Vxv —HP1V><'U >}7
) R ol (5 HTxw)li

where the hidden constant only depends on the shape-regularity parameter k7, of the mesh Tp.

Proof. We bound the left-hand side of (7.20) by

RS> (nwwhh)nK)Q]

KeTn

using hj, from Definition 7.2. We now estimate the two above terms separately, in two steps.
Step 1. The triangle inequality gives, for ¢, given by (7.5),

v —hull < [lv—enll + [len — b
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Thus, the constrained—unconstrained equivalence from Lemma A.1 (employed with p — 1 in place of p)
give the desired result for the first term above. As for the second one, definition (7.8), the partition of
unity (2.1), and an overlap estimate imply

len = hal> = Y

KeTn

so that the desired bound follows from Lemma 7.3 when Vxv & [P,_1(74)]. The assumption I'p = 0,
which implies @ ¢ T'p when a lies on the boundary 952, together with the assumption that the patch
subdomains w, are convex for all vertices a € V}, is only used in Lemma 7.3 to gain the factors hg /p in
place of hg in front of ||Vxv — HI.;{;(VXU)HK. These terms, however, simply disappear when Vxwv €
[Pp—1(Tr)]3, so that (7.20) holds in this case as well.

Step 2. From (7.10), the partition of unity (2.1), (7.3), and adding and subtracting ¥V x¢p,

2

<4y 0% - b2,

K acVy

S (0% — k)

acVik

VX (v = hn)llx = [[VXv —on = bnllx =

S (Tx(w— )+ > (Ve — o) — 8

acVi acVk

D (VX = tn))lwa + D [0V Xt = 0o + 100

acVk acVk

K

IN

Recalling that the constraint in (7.5) gives VXt = 75, we estimate the three terms separately.
For the first term, we estimate

1/2
[*(Vx(v = tp))llwa < ITh = VXV[|wg S { > IIVxv— H’;;%(va)II%} ;
KeTa

relying on (7.1) and the p-robust constrained—unconstrained equivalence of [26, Lemma A.1] (recall that
V-(Vxwv) =0.) For the second one, we use (7.4) to see that

1/2
19V %t — ol s{ > |va—H€;%<Wv>|I%(} :
KeT,

For the third one, we infer

> (O — Vi xup)

a€EVk

< Y167 = Vit xn]|u,

K acVik

1] =

where we have used (7.9) and (2.1). For the arising term, we can now use (7.19). Thus, multiplying
IVx(v—hp)|x by hx/(p+1), using that hx/(p+1) < hi/p as well as 1/(p+1) < 1, and invoking the

mesh shape-regularity, the proof is finished. O
Denote

2 : 2 hi ’
m? = vaM(Th%gO,N(CUTLQ) {|’u —opl]” + K; <p+1|V><('v - 'uh)||K) } (7.21)

and min{g,s} 2 min{g,t} 2
orcane ) = (ol )+ (M5 xolaran ) (7.22)

From (3.20b) in Theorem 3.8 and the characterization (2.5b), we have
9 . 9 hk . 2

we s 3| mn o wleor (S 90wl . (7:23)

KeTn

where the hidden constant can depend on k7, and the polynomial degree p. From Proposition 7.4, in
turn,
hx

2
2 < E ; _ 2 . B
m- 3 min v—v + min Vxv —w , 7.94
KeT, [”heNP‘l(K)H i ( p whem;_l(K)H hHK) } (7.24)

where p has to be greater or equal to 1 but the hidden constant is independent of p. These are the
two ingredients necessary for the proof of Theorem 3.10 in the spirit of the proof of Theorem 3.6 in [26,
Section 5.2J:
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Proof of Theorem 3.10. Recalling the notations (7.21)—(7.22), we need to show that

m* S Z [V 1,6, (V)]
KeTh

where the hidden constant only depends on k7, , s, and t. We distinguish two cases that we later combine
together.

Case 1. Suppose p < s. On each tetrahedron K € T, we have from (2.2) and (2.3) that [P,(K)]® C
N, (K) and [P,(K)]* C RT,(K). Thus the elementwise regularity assumptions (3.23) and [4, Lemma
4.1] give

hK ? 2
. 2 .
min |[v—v 4+ | —— min Vxv —w <[v s.t(V)]%,
i fo- ol (2w i) S e a0
where the hidden constant only depends on k7;, s, and t. Thus, from (7.23), there exists a constant
C’,.Wh p,s,¢+ only depending on x7;,, p, s, and ¢ such that

m2 S Cnrh,p,s,t Z [UK,p+1,s,t(’U)]2~

KeTn
Defining 7 ; := maxo<p<s Crr, ps,t; only depending on k7, s, and ¢, there holds, for all 0 < p < s,
2 2
m” < C;Th,s,t Z [UK.,p-‘rl,s,t(v)] . (725)
KeTn

Case 2. Suppose p > s. Since p is an integer, this implies that p > 1, so that we will be able to
apply (7.24). As above, reducing p + 1 to p on the right-hand side,

h , 2
e |V><v—wh||K) < [0 pes (@),

. 2
mn v—v +
o= wnllic ( D wneRT, -1 (K)

m

vp ENp_1(K)
where the hidden constant only depends on £7;,, s, and t. Now, actually, min{p, s} = s = min{p+1, s} and
p+1 < 2p, sothat 1/p® < 2%/(p+1)*%. Similarly, due to the assumption s > ¢, min{p,t} =t = min{p+1,¢}
and 1/p! < 2'/(p+ 1)!. As a consequence, we can rise p back to p + 1 on the right-hand side,

h , 2
LS )|va—wh||K) < [okpsrs (@),

. 2
min V- +
o= onle+ (P n

'uhG.N;_l(K

where the constant beyond < still only depends on k7;,, s, and ¢t. Thus, using (7.24),

m? < C/Efrh,s,t Z [UK,erl,s,t('U)}Q (7.26)
KeTy,

for C*

K

Conclusion. The claim (3.24) follows from (7.25) and (7.26) for the constant max{C%

#
KTy, 18,87 CHT}L ,s,t}

B only depending on x7;, s, and ¢ for all p > s.

only depending on x7;,, s, and ¢.
O

A p-robust equivalence of constrained and unconstrained best-
approximation in H (curl) on a tetrahedron

In this Appendix, we extend [14, Lemma 1] to functions v with nonpolynomial curl, in the spirit of [26,
Lemma A.1]. This is a consequence of the breakthrough result of Costabel and McIntosh in [20, Proposi-
tion 4.2]. Interestingly enough, the constant hidden in the inequality is here independent of the polynomial
degree p.

Lemma A.1 (Equivalence of constrained and unconstrained best-approximation on a tetrahedron). Let
a polynomial degree p > 0, a tetrahedron K, and an arbitrary v € H(curl, K) be fized. Let

Thp:=arg min  |[Vxv — wyl k. (A1)
whER'TT',(K)
V-’u)h:()
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Then

hx
min ||lv—wv < min |jv—wv <( min ||lv—wv + ——||Vxv — 5~ (Vxv ),
i lo — el < min o —onllie S min o = wnllic o+ 255 w7 (V0|

VXvp=Th
(A.2)
where the hidden constant only depends on the shape-reqularity ki := hi /px of K.

Proof. The first inequality is obvious, since the second minimization set has an additional curl constraint.
In order to show the second one, denote respectively

Ly, = ar min v—v A3
pimarg | min o= osllx (43)
VX’U;L:Th
and
ip = a i v—v A4
ho=arg %H(K)II nllx (A4)

the constrained and unconstrained minimizers. We then need to show
< T hie P
[v—tnlx S llv—tnllx + mHVXU — M (Vx0) ||, (A5)

where < means inequality up to a constant only depending on the shape-regularity x .

Using (A.1) and (4.2), 7, — V% € {wy, € RT,(K); V-w, = 0}. Thus, we can use [20, Proposi-
tion 4.2], cf. also the reformulation in [12, Theorem 2], stipulating the existence of ¢, € N,(K) with
VX =1, — VXt such that

lenllx S min ek (A.6)

@weH (curl,K)
VXLp:T;L—VXZh

Shifting now the right-hand side of (A.6) by &5, we arrive at

< min — .
lenllx < (PeH(Curl,K)HSO nllx

VXp=T1p

A primal-dual equivalence as in, e.g., [13, Lemma 5.5] implies (as in Section 2.3, Hy(curl, K) is composed
of those ¢ € H(curl, K) that verify ¢ xnyx = 0 on 0K in appropriate sense)

min w—ll|lx = sup Th, @)k — (Lh, VX @)K
LpeH(curl,K)H | . {(Tn, )i — ( )i }
VXep=T1y Vx| k=1
< sup  {(Vxv, @) — (&, VX@)k}+  sup  (1h — VX, )k
@EHy(curl,K) @€EHy(curl,K)
IV xep|lx=1 IV xepllx=1

hi
< min - + ——||Vxv — I, ~(Vxv)|,.,
S _min e =l + | e (Vx0)]
VXep=Vxv
where, to estimate the second term on the middle line, we have used the technical result of Lemma A.2
below.
Consequently, since v € H(curl, K) satisfies the curl constraint above,

- hi
lenllx < H’U7Lh||K+m||VXU*HpRT(VXU)HK~ (A7)

Now note that (¢p, + &n) € Np(K) with Vx(¢p + 5) = 7, Thus, ¢, + &5, belongs to the minimization
set in (A.3), and the minimization property (A.3) of ¢j, implies ||v — e ||k < [|v — (¢n + in)|| k. Thus, by
virtue of the triangle inequality and using (A.7), we altogether infer

. . - hx
v —enllx < v —=(pn+ i)k <llv—tnllx + lenllx < v —allx + mHva — W (Vx) ||,

i.e., (A.5), and the proof is finished.
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Lemma A.2 (hp data oscillation). Let the assumptions of Lemma A.1 be verified. Then

h
sup  (Th — VX0, @)k S —— || Vxw — e (Vx0)| .,
wEHy(curl,K) P+ 1

IV % @llc=1

where the hidden constant only depends on the shape-reqularity ki := hi /px of K.

Proof. Fix ¢ € Hy(curl, K) with ||Vx | g = 1. From (2.9), there exists 1 € H'(K)N Hy(curl, K) such
that Vx1 = Vx¢p and
IVl < [[Vxelx =1.

Since 7, € RT,(K) with V-1, = 0, there exists wy, € N,(K) such that Vxwy, = 75,. Thus, by the Green
theorem,

(th — Vxv,0)k = (Vx(wp —v),0)k = (wp — v, Vxp)g = (wp, — v, VX)) g = (Th — VX0, ¥) K,
and we conclude by the following Lemma A.3. O

Lemma A.3 (hp data estimate). Let the assumptions of Lemma A.1 be verified. Let 1p € H'(K). Then

h
(7= Vx| S 5 [[Vx0 — M (V)| | Vb e,

where the hidden constant only depends on the shape-reqularity ki = hi /px of K.
Proof. Let ¢ € H}(K) be such that
(Vq,Vo)g = (¢, Vo)g Yo € HY(K). (A.8)
Defining x := ¥ — Vg, we have
x € H(div, K) with V-x = 0. (A.9)

Moreover, by the Green theorem, the right-hand side in (A.8) can be equivalently written as (¢, Vv)x =
—(V-p,v)g. Thus, since K is convex, the elliptic regularity shift, see, e.g., [35, Theorem 4.3.1.4], gives
q € H*(K) with

IVIVollx S IVYlx < [IVYllk,

where < means inequality up to a constant only depending on the shape-regularity kx. Thus, in addition
to (A.9), there also holds x € H'(K) with

IVxlx < IVYlx +V(VYllx S VY- (A.10)

Now, since from (A.1) 1, — Vxv € H(div, K) with V-(7, — Vxwv) = 0, there follows by the Green
theorem
(1, — Vxv,Vq)k = 0.

Consequently,
(1 — Vxv,¥)k = (T — VX0, X) K- (A.11)
Let respectively
‘= ar min —w
Xh gwheka)HX nllx
V-wh:O

and

Xh = ar min —w

Xh gwhem;(K)Hx nllx

be the constrained and unconstrained Raviart-Thomas approximations of x. The Euler-Lagrange con-
ditions of (A.1) allow us to subtract xj (but not xp) in (A.11), so that the Cauchy—Schwarz inequality
and, crucially, the p-robust constrained—unconstrained H (div) equivalence of [26, Lemma A.1] (note that
V-x = 0) lead to

(Th =V xv, X))k = (Th = VX0, X =xn)K < |70 = Vx0llkl[x =Xnlx S 70 =V <0l xlx = X0l K (A12)
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Now, since RT,(K) contains by (2.3) polynomials up to degree p in each component and since the
minimization for xy is unconstrained, the hp approximation bound (2.11) gives

- hx
- < ——||V . A.13
I~ %l S L1 9x (A13)
Finally, in addition to (A.1), let
T 1= i Vxv —w ,
e, B e

ie., from (2.5b), 7, = Il (Vxw). It follows once again from the p-robust constrained-unconstrained
H (div) equivalence of [26, Lemma A.1] (note that V-(Vxwv) = 0) that

lTh — Vxvllx S 170 — VXl = |[|[Vxv = Ty (Vxv) || .- (A.14)

Thus, the desired result is a combination of (A.11), (A.12), (A.13), and (A.14) together with (A.10). O
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