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method
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Abstract. Laser pipe-cutting system, a special machine tool, has been widely
used in the precision machining of metal pipe. The geometric errors remarkably
affect the machining accuracy of products. Error modeling and sensitivity analy-
sis are key issues to improve the product quality. In this paper, the geometric
error model of the laser pipe-cutting system which contains 70 geometric errors
is established based on multi-body theory and Lie group. The coupling effects
caused by two chucks are considered as the spatial angular deviation in modeling.
The sensitivity analysis for the geometric error model is conducted to identify the
essential sensitivity errors based on an improved Sobol method with quasi-Monte
Carlo algorithm. The results show that not only the linear positioning errors, but
also the squareness errors and parallelism errors play crucial roles in the machin-
ing accuracy. Based on the result, the essential sensitivity errors are calibrated
and the machining accuracy is improved.

Keywords: Lie group, geometric error model, Sobol method, error sensitivity
analysis.

1 Introduction

Precision pipes producted by laser cutting are widely used in medical equipment, aero-
space and other fields. The feeding accuracy of the pipe feeding system plays an im-
portant role in the product quality. Considered as a multi-body system, the geometric
error model of the laser pipe-cutting system needs to be established to predict the devi-
ation between the desired and actual position of the working point.

Over the past decades, scholars have employed many approaches in the geometric
error modeling, and got many noteworthy achievements. Abbaszadeh-mir [1] used ho-
mogeneous transform matrix (HTM) to build the geometric error model of a five-axis
machine tool, and identified the sensitive errors based on the sensitivity Jacobian ma-
trix. Zhu [2] established the geometric error model of a five-axis machine tool consid-
ered of the PIGEs and PDGEs based on HTM. To express the kinematic chain more
clearly, the Lie group [3] is introduced to formulate the geometric error model which
only needs to establish the reference frame and end effector frame. Cheng [4] studied



the geometric error model of a five-axis machine tool based on POE model and identi-
fied the essential errors with Morris sensitivity analysis. Xiang [5] established a novel
method to represent PIGEs and PDGEs using POE model, which was applied to the
five-axis machine. Also, the Lie group describes the motion according to its geometric
property. Hence, the Lie group theory is suitable for solving kinematic problems of
multi-degree-of-freedom complex machinery, and is widely used.

Based on the geometrical error model, sensitivity analysis can estimate the influences
of each errors on machining accuracy and identify the critical errors. Common sensi-
tivity analysis methods can be determined as local sensitivity analysis and global sen-
sitivity analysis. As a well-known global sensitivity analysis approach, Sobol method
[6] is applied to the sensitivity analysis for complex multi-body system, which can es-
timate the contribution and coupling effect of errors in the whole workspace. Zou [7]
applied the Sobol method to a three-axis diamond turning machine, and identified the
crucial errors between 18 geometric errors. Xia [8] established the geometric error
model of a gear grinding machine tool and analyzed the error sensitivity based on Sobol
method, which reduced the tooth surface errors by 68.75%.

Few researches of geometrical error modeling have been made about the machine
tools with two chucks or two spindles, except Liu [9]. In [9], he considered the dual-
spindle ultra-precision drum roll lathe as a combination of a five-axis machine tool and
a virtual C’ axis which was ignored in the error modeling. Therefore, the aim of this
paper is (I) to establish the geometrical error model of the laser pipe-cutting system
considering the coupling effect between two chucks, (II) to identify the essential sensi-
tivity errors for the calibration.

The rest of the paper is organized as follows. In Section 2, the geometrical error
model of the laser pipe-cutting system is established based on the topological structure
and Lie group. The global sensitivity analysis of the error model is implemented to
identify the essential sensitivity errors using an improved Sobol method in Section 3.
Finally, the conclusions are presented in Section 4.

2 Geometric error modeling based on Lie group

The pose of the multi-body system with respect to the base frame can be described by
Lie group theory. For an open chain with n-dof, the forward kinematic can be written
as:

T = %161 ... g&nbn . T(0) (1)

where ¢ and 6, represent the twist and joint variable of the nth joint. T (0) is the initial
transformation matrix. The equation (1), which is known as POE model, can be used in
error modeling of multi-body system. More details can be referenced to Dai [10].

In classical machine tool modeling, the two open-chain kinematic loops, which are
workpiece and tool kinematic loop, are closed at the tool-workpiece contact point. The
geometric error model is established based on the relative position and orientation of
the contact point between two loops. The schematic diagram of the laser pipe-cutting
system is illustrated in Fig.1. In the system we introduced, the main chuck and feeding



chuck clamp the pipe simultaneously, which means the workpiece kinematic loop is
not a serial chain. According to the characteristics above, the workpiece kinematic
model is divided in two levels. The first level is the transformer from the bed to the
jaws, named as 0-7/-2-3.N and 0-4-5.N, which computes the clamping concentricity of
two chucks. Based on the concentricity errors, the pose of pipe is deduced to estimate

the actual location of the working point as the second level.
3:jaws 6:pipe  4:DD motor2  5:jaws

1

¥y 2:DD motor 1] / ’J
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(a)illustration in CAD model (b)topological structure

Fig. 1. Structural diagram of the laser pipe-cutting system

As Fig.1 shown, the main chuck with 4 orthogonal jaws is fixed on the bed. The
feeding chuck with only 2 jaws is located on a linear motor which provides the motion
in X-direction as the feeding process. The jaws move to the central axis until the pipe
is clamped by two chucks simultaneously. The twists of each part related to the machine
frame are as follow:

f&y=[0 0 0 1 0 0]
é,=[1 0 0 0 0 o]

$331=832=[0 0 0 0 1 0]" @
fs=[1 0 0 0 0 0]

$asa=%&s2=[0 0 0 0 1 0]

$4s3=E6a=[0 0 0 0 0 1]7

where &,3 4, &3, are the twists of jaws on the feeding chuck. &45 1, €452, €453, €454 are
the twists of jaws on the main chuck. Based on the design of opposing-jaw linkage, the
relationships between jaw motion variables are Yy3 1 = —Ys3,, Yys1 = V455, Z453 =

_Z4-5.4—'
According to Dai [10], the ideal POE models of each jaws are obtained as:

£01X01 . pé12012 . p&231V23.1 .
Py3 1 = eb01%o1 . g$12012 . @é231%231 . p o (0)

ef01X01 . 812012 . pl232t23a2 . Py32(0)
Pysy = 2504004 . p&a5.1Yas1 * Pys1(0)
Pysy = 2504004 . péas2Vas2 * Pys»(0)
Poss = e$04004 . pas3Yas3 . Pys5(0)

Pysy = e$04904 . e$45.4Y45.4 * Pys 4(0)

P03.2

(3



According to the definition from both ISO 230-1 and ISO 230-7, 70 error compo-
nents of PIGEs (position-independent geometric errors) and PDGE (position-dependent
geometric errors) are taken into consideration, as shown in Table 1.

Table 1. Error components of pipe feeding system

Adjacent bod- PDGEs PIGEs
ies Squarenes errors  Parallelism errors
0-1 8xxo1~ Gxvo1 Oxzo1 _ _

Exx01~ €xvo1~ €xzo1

122 Oxx12> Oxyiz> Oxz12
Exx12> Exy12> €xz12

- Kxz12,Kxy12

2-3.1 Oyx231> Oyyazas Oyzaza

Byx231+ Byz2za -
Eyx23.1> €yy23.1> €yz231

Syx2 1) 1)
32> Oyy232> Oyz232
2-3.2 v Y v Byx232+ Byz2sz -

Eyx23.2> Eyy232> Eyz23.2

0-4 Oxx04~ Oxvoa> Oxzoa
Exx04~ €xyoa> €xz04

- Kxz04r Kxyoa

4-51 Oyxas1> Oyyasis Oyzasa

ﬁyX45.1’ ﬁyZ45.1 -
Eyxas5.1> €yyasi> €yzssa

4-52 8yxas2~ Oyyasz> Oyzasa

Byxaszs Byzasz -
Eyx452> Eyyas2> €yzas2

4-53 0,x453> Ozvass> Ozz453
€zx45.3> €zv453> €27453

ﬁZX45.3' BZY45.3 -

4_54 6ZX4—5.4— N 52)’4—5.4— N 5ZZ4—5.4-
Ezxasa~ Ezvasa~ €z7454
With the errors in Table.1, the actual POE models of the jaws can be written as [4]:

ﬁZX45.4-J 182Y45.4

o1 _Eo1X, &2 &2 8,0 8231 8231 _Ey5 Y34 .
ePDGEeEm 01 es12012 eé231%231 . p . (0)

Pg3q = P : eglaEeszGE ’ elleE eljDGE

PSsp = epggpetoion - eli2 eftz ef1201z . gltazol22 of2saasz - Py, (0)
Pisi = ehthpepbpe ™0 - epiielietisiis - P, (0) “
Pés, = oSt pedyt pefoston - efiszobis oTusavisa . pyc, (0)

P&, . S04 %04 6504904 $s53 8453 6545-3245-1 - Pys 5(0)

= €p1GECPDGE " €p1GECPDGE
e _ 8o %os 80,004 . 6454 8454 -F4saZss .
Pos.4 = €plGeeppGr® €picreppeEe 54451 Pos4(0)

Based on the equations (3) and (4), the position error of each jaw can be obtained as:
Eon = [Exv  Eyn Ean 0]" = Pgy — Pon 5)

where N represents the number of N-th jaw. E,, E,, E, stand for the position errors in
each direction. According to equation (5), the concentricity error can be deduced. As
for the feeding chuck, a pair of opposite jaws, with the errors Ey3 1, Ey3., , clamp the
pipe. The concentricity error of the feeding chuck is deduced as:



Eyo31 + Exosz2 Eyoz1 + Eyos Es031 + Ezo3a
Eyo3 = ———— > > » Eyoz = - 2 T Eyp3 = ——— 2 - (6)

As for the main chuck, two pairs of opposite jaws orthogonally, with the errors
Eos1,Eos.2, Egs.3, Egs.4, clamp the pipe. The tips of the main chuck jaws are bearings,
which can not apply constraints in X-direction to the pipe. The concentricity error of
the main chuck is:

Eyos1 + Eyos2 Es053 + Eyosa

Eyos = yf ; Ezos = - 3 ™

According to (6) and (7), the spatial angular deviations of the pipe along Y- and Z-
axis can be written as:

E,os — E E,os — E
6, = 205 — L2703 ;6 = y05 — Eyo03 8)
Log = Lz — Loy — X Log =Lz — Loy — X
Then the actual position of working point is:
PI;V = TTanS(Ex03, Ey03, EZO3) : egzgz - egyey . PW (9)

The geometric error model of the laser pipe-cutting system can be formulated as:
E=Py—Py=[E E, E O (10)

The geometric error model established in this section is the theoretical basis for the
sensitivity analysis and error calibration.

3 Error sensitivity analysis based on improved Sobol method

Sobol method is one kind of global sensitivity analysis method, which is suitable for
not only linear model but also nonlinear model. In this section, an improved Sobol
method based on quasi-Monte Carlo sampling is applied to identify the essential error
components for the laser pipe-cutting system. As defined in [11], the computation pro-
cess can be formulated as:

V= k}:ﬂmm (F(49),, - FA)

f@m—£(4D),)

m= 1( (11)
k
V== Y (P = £(4D), )
Ti kazl m
v, Vi
Sixy Smm %



where 4, B are the sampling matrices needed for the quasi-Monte Carlo algorithm
which represent the random input of geometric errors. f (A or B) is the output function
based on the error model established in Section 2. V; and Vy; represent the variance of
the first-order and total effect of the i-th geometric error component, respectively. S;
and Sr; are the first order and total sensitivity coefficient of the volumetric error model.

The geometric errors are divided into five types, and the sample ranges of each type
are given in Table 2. The number of sampling point for each error is set to 20000.
Hence, A and B are constructed as 20000x70 sampling matrics. Based on the assump-
tion of small displacement, the sum of first-order sensitivity coefficient is close to 1.
For 70 errors, the average sensitivity coefficient is 1/70~0.015. In our analysis, we
define the essential sensitivity error as the component whose sensitivity coefficient is
larger than 0.03.

Table 2. The ranges of all geometric error components

Error types Error ranges
Linear positioning errors [-10pm,10um]
Straightness errors [-Tpum,1pum]
Angular errors [-Surad,5urad]
Squareness errors [-5prad,5urad]
Parallelism errors [-5prad,5urad]

The sensitivity analysis of geometric errors will be discussed under the conditions
below. The distances of jaws’ motion are set as, Y,3; = 20, Y51 = 20, Z,55 = 20,
which represent the jaws clamping the pipe. The DD motors are fixed at the initial
degree, 6,, = 6,4 = 0. The position of feeding truck is varied considered as the feed-
ing motion, X=100,450,800mm.

The results of sensitivity analysis of the feeding system are shown in Fig 2. Accord-
ing to the Fig 2, Sy; of each error component is slightly larger than S; but almost equal.
The result above means that the coupling effect between various errors is small and can
be ignored. So, the discussion about sensitivity is based on the analysis of S;.

The first, second and last three columns show the sensitivity coefficients of each
error component along X, Y and Z direction when X=100,450,800mm. For EY, the lin-
ear positioning error of the linear motor plays an absolutely important role which the
sensitivity efficient is above 0.40. The reason is that the linear motor controls the feed-
ing along X direction directly, and the main chuck can not apply the constraint to the
pipe in axis direction. The straightness errors of feeding-chuck jaws are also essential
errors, which represent the clamp error of the feeding chuck.

Ey and E 7, which are considered as the radial errors, depend on the distance between
the pipe surface and the laser. As the second and last three columns of Fig 2 shown, the
linear positioning errors of jaws are the main errors. This is clearly because the pipe
pose is depended on the jaws in YoZ plane. Also, the straightness and angular errors of
jaws are essential sensitivity errors because the jaws are arranged orthogonally. Com-
pared with Ey, the squareness and parallielism errors of Ey and E; are important fac-
tors. As the feeding process continued (X=100,450,800mm), the sensitivity coefficients
of linear positioning and angular errors of jaws, the squareness and parallelism errors



between aligned axis are increased. The distance between main chuck and feeding
chuck is closer, and higher accuracy of the clamp is needed.

E, E e (X=100,450,800mm) E, E E,
Error direcfion Error direction

(a)first order sensitivity coefficient (b)total sensntivity coefficient

(X=100,450,800mm)

Fig. 2. Sensitivity coefficient of each error component along X direction mo-
tion(X=100,450,800mm)

Based on the geometric error model and sensitivity analysis, we choose the linear
motors with higher feed accuracy. The transmission mechanism of the jaws is redesign,
including the feeding accuracy of actuators, the tolerance between the jaws and the
slideway. The parts are assembled with multiple adjustments to guarantee the square-
ness and parallelism errors at a minimum value. As a consequence, the machining qual-
ity of the laser cutting system is improved.

4 Conclusion

In this paper, the geometric error model of a laser pipe-cutting system based on Lie
group is established. The coupling effect of clamps by two chucks are involved in mod-
eling considered as the angular deviation. To identify the essential sensitivity errors, an
improved Sobol method is imposed to compute the sensitivity coefficients of 70 errors
along the feeding direction. The results indicate that the concentricity of each chucks
caused by jaws play an important part in the position deviation of pipe. The squareness
and parallelism errors are also essential which can not be ignored.

Based on the analysis, the accuracy of product is improved. In the future, the opti-
mization of the clamping force and stiffness will become the research topic considering
the deformation of pipe.
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