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Abstract. This article introduces multityped abstract categorial gram-
mars and show that a suitable composition operation can be defined.
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1 Introduction

Abstract categorial grammars (ACGs, [4]) is an expressive compositional frame-
work for both syntax and semantics. It is known to deeply encode several context-
free formalisms, such as context-free grammars (CFGs) or tree-adjoining gram-
mars (TAGs, [7]). However, just as for these symbolic grammatical formalisms,
large-scale grammars exhibit a combinatorial explosion of parsing ambiguity.
A widespread method to tackle this issue is to use statistics and probabilities,
leading for instance to probabilistic CFGs (pCFGs, [11,2]) and probabilistic TAGs
(pTAGsS, [10,3]). An important goal would then be to also extend ACGs with
probabilities or weights.

Yet, ACGs come with features that make this extension non-trivial. In par-
ticular, as Figure la illustrates with the main ACGs given as examples in this
article, ACGs can be composed by making the parse structures of a grammar %o
the surface structures of another ACG %erat, simply by function composition.
The resulting composition & = %05 © Gyerat is an ACG.

Introducing preferences to some specific structures at a given level, eventually
expressed by weights, requires to be able to distinguish between the structures
at this level. For instance, distinguishing between left or right branching trees
from other binary trees in A(Xiree) (done in Example 4), distinguishing between
derivation trees of A(Xgerivation) Where adjunctions occur high or deep, distin-
guishing between strings containing some specific sequences in A(X, ), etc. Such
distinctions, exemplified with dotted arrows in Figure 1 and informally called
distinguishing schemas, typically rely on defining an additional ACG to control
the generated structures, such as y_ree that maps A(X) tree) 10 A(Xiree) in
Figure 1b, pretty much in the same way as adding states in an automaton allows
for more fine-grained distinction between accepted inputs. This highlights an
important new grammatical object: the composition of an ACG (plain arrows on
Figure 1) with another ACG (dotted arrows) allowing for distinguishing between
parse structures of the former ACG, e.g., % a5 © Dr-tree-
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We then expect to have a well-behaved composition of these new grammatical
objects as well. In particular the result should indeed be one of these new gram-
matical objects, as Figure 1c illustrates (also see its formally defined couterpart
in Figure 5). We will see that the dotted arrows of Figure 1 correspond to specific
ACGs, namely relabelings. The difficulty we address here is then to combine these
new grammatical objects into equivalent ones that also make use of relabelings.

To this end, this article introduces multityped ACGs (mACGs). Multityped
ACG are the underlying discrete mathematical structures that will support
weighting extension (not presented here). It also shows that a suitable notion of
composition can be defined for multityped ACGs.

A(Ederivation)
(derivation trees)

gdeer

A(Etree)
(binary trees)

%25

A(Estr)
(strings)

(a) Standard ACG

composition
Distinguishing A(Za )
erivation
schem.a fO.I‘ some -} (derivation trees)
derivations Integrated distin- A(Zderivation)
17 uishing schema derivation trees
Distinguishing Gaterat & & ( )
schema for A g’ )
tree

left and right- ----%
branching trees “lr-tree
A(Elr-trcc)

(binary trees) Grne 0 Dronot

gt?s
A(Estr) A(Estr)
(strings) (strings)

(b) Addition of distinguishing schemas (c¢) Composition taking distinguishing
schemas into account

Fig. 1: Composition of ACGs

Section 2 sets the main mathematical notions used in the article and introduces
examples to be used through the different sections. It then briefly but formally
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introduces ACGs. Using these notions, Section 2.2 develops the motivations
and the directions for extending ACGs. Section 3 defines overloaded signatures
and multityped ACGs, and Section 4 addresses the problem of multityped ACG
composition.

2 Abstract Categorial Grammars

ACGs were introduced by [4]. With respect to other grammatical formalisms
(e.g., CFGs, TAGs, or combinatory categorial grammar, [13]), ACGs have the
following discriminating key features:

— An ACG actually defines two languages: an abstract and an object one. The
former can generally be seen as the set of admissible parse structures, while
the latter can be seen as the set of corresponding surface structures in a
broad sense: strings, for instance, but also logical formulas.

— The languages are sets of (linear) A-terms, that generalize both strings and
trees.

— A lexicon defines the relation between the abstract and the object language.
It is a homomorphism that interprets abstract structures as object ones.

— Because both abstract and object languages are sets of A-terms, ACGs have
built-in support for grammar composition.

2.1 Definitions

Definition 1 (Linear Implicative Type). Let A be a set of atomic types. The
set T4 of linear implicative types built upon A is inductively defined as follows:

—ifa€ A, thena € Jyu;
—if a,B8 € Ty, then (a — B) € Ty.

In order to save parentheses, we use the usual convention of right association,
i.e., we write @y —o g —o -+, —o a for (a1 —o (g —o -+ (a, o @) -+ +)).

Definition 2 (Type Morphism and Relabeling). Given two sets of atomic
types, A and B, a mapping h : T4 — I is called a type homomorphism (or a
type substitution) if it satisfies the following condition: Vo, 8 € Ta, h(aw — 5) =
h(a) — h(p).

A type substitution mapping atomic types to atomic types is called a type
relabeling.

Thus, a type morphism is fully defined by how it maps atomic types to linear
implicative types.

Definition 3 (Skeleton of a Type). Let A be a set of atomic types and let
B = {0}. The skeleton of a type a € T is skela(a) where skels : Ty — 9&
is the relabeling mapping atomic types of Ta, i.c., elements of A, to the unique
atomic type o.

For instance, skel (NP — S) —o NP) = (0 —o o) —o 0.
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Definition 4 (Higher-Order Linear Signature). A higher-order linear sig-
nature is a triple X = (A, C, 1), where:

— A is a finite set of atomic types;

— C is a finite set of constants;

—7:C — Ty is a function that assigns to each constant in C a linear
implicative type in Ta.

Given, a higher-order linear signature X, we write Ay, Cyx, and Ts for its
respective components.

Definition 5 (Linear A\-Term). Let X be an infinite countable set of variables
and X be a higher-order linear signature (X and Cx disjoint). The set A(X) of
linear A\-terms built upon X' is inductively defined as follows:

— if ce Cx, then c € A(X);

— ifx € X, then x € A(X);

—ifx e X, te A(X), and x occurs free in t exactly once, then (A\x.t) € A(X);

—if t,u € A(XY), and the sets of free variables of t and u are disjoint, then
(tu) € A(X).

A(X) is provided with the usual notions of a-conversion, B-reduction, and 1-
reduction [1]. In this paper, all linear \-terms are identified up to a-conversion.
Let t and u be linear A-terms. We write t —g u and t =g u for the relations of
B-reduction and B-equivalence, respectively.

Definition 6 (A\-Term Homomorphism and Relabeling). Let ¥y and X
be two signatures. We say that a mapping h : A(X1) — A(X3) is a A-term homo-
morphism if it satisfies the following conditions: Vt,u € A(X1),z € X, h(zx) =z,
h(Ax.t) = Az. h(t), and h(tw) = h(t) (h(u)).

A A-term homomorphism that maps constants of X1, i.e., elements of Cx,,
to constants of Xy, i.e., elements of Cx,, is called a term relabeling.

Thus, a A-term homomorphism is fully defined by how it maps constants to
linear \-terms.

Definition 7 (Typing Context and Judgment). Let X' be a higher-order
linear signature X. A typing context I" is a finite multiset of pairs x : o such
that x is a variable and oo € Ty, .

A typing judgment I' Fx ¢ : « assigns the type o € Ty, to the term t € A(X)
in the context I' if I' Fx t : « is the root of a derivation tree obeying the rules of
Table 1.

We note t .5 o (or simply t - o when X is explicit from the context) for Fx t :
o, i.e., when the typing context is empty. We also note ' u:a=g Ak v:j
foru=gv, a=pand I' = A.
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Nr:akFst:
———— (var) ziafst:f (abs)
r:absz:a 'k Ar.t:a—pf
INkFxst:a—p IbkFsu:«
(cst) (app)
FEC:TE(C) Fl,FngtUZﬂ

Table 1: Inference rules, given a signature X

Ezample 1 (Tree Signature). We can define a signature Yy, for binary trees
with a binary symbol ¢ and two nullary symbols a and b as follows: Yo =
(ASieer CSiees T8 ) Where: Ag, = {T}; Cx,,, ={a,b,c}; and 75, (a) =T,
Tona(b) = T, 7500 () = T —o T — T

Terms of A(Xee) of type T include, for instance, the ones defined in Equa-
tions (la—1d) and which correspond to the trees of Figure 2.

toa = c(cabd) (cab) (1a) toc =c(c(cab)a)b (1c)
top, = ca(c(cba)b) (1b) tog = ca(cb(cabd)) (1d)
c c c
/\ /N /\
c a Cc c b a cC
VAR /N /\ 7\

c c c b c a b ¢
/N /N 7\ /N /N
a b a b b a a b a b
(a) Balanced (b) (¢)  Left- (d) Right-
tree Mixed branching branching

tree tree tree

Fig.2: Terms of A(Xirec)

Ezample 2 (String Signature). We define a signature Yy, for strings using the a
and b string symbols as follows: Xy, = (As,,.,Cx.,., Ty, ) Where:

— Ay, = {o} will allow us to define the complex type of strings o = 0 —o o for
which concatenation is functional composition (the Ad-term + = Af g. Az. f (g 2) :
0 —o 0 —o o) and the empty string is the identity (Az.z : o)

- Czstr = {CL, b}

TS (a) = TS (b) =0

For instance, the string ab corresponds to the term Az.a (b z) of A(Xy,); and it

duplication abab is Az.a (bz) + Az.a(bz) =Xz.a(b(a(bz)))(=a+b+a+Db).

Definition 8 (Simple Lexicon and Relabeling). Let Xy = (41,C1,71) and
Yo = (Az,C, 1) be two higher-order signatures. A lexicon £ : Xy — X5 is a
pair {F,G) such that:
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— F: A — T4, is a type homomorphism that interprets linear implicative
types built upon X1 as linear implicative types built upon Xs;

— G :Cy — A(X2) is a term homomorphism that interprets linear A-terms built
upon X1 as linear A-terms built upon Xo;

— the interpretation functions are compatible with the typing relation, i.e., for
any c € Cy, Fx, G(c) : F(71(c)) is derivable.

When F and G are respectively type and term relabelings, the lexicon is called a
relabeling.

In the sequel, given such a lexicon .Z = (F,G), Z(a) will stand for either
F(a) or G(a), according to the context and a := b will stand for .#(a) = b. We
also write Z(x1 : a1,...,@, : ) for the context z1 : Han),..., 2z, : Llan),

and A Fx, u: ) for A Fx, Lu): LHa).

Lemma 1. Let Z be a relabeling from Xy to Xs. Let t € A(X3) and N € A(X)
such that Z(N) =g t. There exists a unique M =g N such that Z(M) =t.

Proof. The -equivalence boils down to the two cases where either Z(N) or ¢ is
a redex and reduction is performed in one step.

The first case is Z(N) = (Az.u)v —3 t. Since relabelings preserve structures,
N has the form (Az.Ng)Ny. Thus M = No[z := Nq].

The second case is t = (Az.u)v —g Z(N). Since relabelings preserve struc-
tures, N has the form Ny[z := Nj]. Thus M = (Az.Np)N;.

Definition 9 (Abstract Categorial Grammar). An abstract categorial gram-
mar is a quadruple, 4 = (X1, X2, %, S), where:

— X1 and X5 are two higher-order linear signatures. They are called the abstract
vocabulary and the object vocabulary, respectively. Terms of A(X7) (resp.
A(X3)) are called abstract terms (resp. object terms).

— & X1 — Xy is alexicon from the abstract vocabulary to the object vocabulary.

— S is a set of distinguished abstract types of the abstract vocabulary.

Ezample 8 (Tree Interpretation). Using the signatures defined in Examples 1
and 2, we can now define an ACG %as = (Xiree, Zstr, Li2s, {1 }) where

— %os(T) = o, i.e., a tree (a term of A(Xce)) is interpreted as string.
— Zias(a) = a and ZLas(b) = 0.
— Zos(c) = Alr.l+r, where + is the concatenation of strings.

We then check that Lios(tas) = Lias(tap) = Las(tae) = Lias(tea) = a+b+a+b.

Definition 10 (Abstract and Object Languages). Let ¥ = (X1, Y5, %, S)
be an ACG. The abstract language of ¢ is A(9) = {t € A(X1)|3a € S,Fx, t:a}.
The object language of 4 is O(9) = {u € A(X)|3t € A(Y),u = L(t)}.

Given an ACG ¥ = (X, X5, %, S), the ACG parsing of a term u of A(Xs3)
amounts to finding ¢ € A(¥) such that Z(t) = u.
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Ezample 4 (ACG Composition). The ACG %25 of Example 3 defines the object
language O(%2s) = (alb)™.

Regarding the abstract language O(%;25), it contains any binary tree, such as
the ones exemplified in Figure 2. For instance, a + b+ a + b has five antecedents
by Zi2s (among which the terms corresponding to the trees of Figure 2).

Let us now assume we are only interested in left or right-branching trees. We
are going to define an ACG Hrtree = (Dirtree, Htrees Llr-tree, O) in which terms
of the abstract language are left or right-branching trees, and compose it with
%25 so that we do not need to redefine the string interpretation.

We define a signature X, tyee with Ax, ... = {7y, 71, T} and Cx, ... =
{au, by, ar, by, ar, by, ¢y, e b The type assigment 7, is such that: 7, .. (vy) =
Ty for v € {a,b} and w € {u,l,r}, while 75,_,... () = T} — T, — T; and
Th-tree (Cr) = Ty — T — T

The definition of A-tree : Ay rree — A(Zitree) is straightforward: Ay-tree (1) =
T for any v € {u,l,7} and A;-tree(ry) = z for any = € {a,b,c} and v € {u,l,7}.
Terms of A(%ir-tree) (When S = {T;,T,}) then only consists of left-branching or
right-branching trees, and they can be interpreted as strings by Zos © Lr-tree-
For instance, a + b + a + b now only has two antecedents by %o 0 Ar-tree: the
terms of A(%sx,,,...) that are interpreted by Ay tree as terms corresponding to
the trees of Figures 2c¢ and 2d.

2.2 Distinguishing between Structures

Albeit through quite a simple lexicon, Example 4 illustrates the composition
ability of ACGs. The lexicon A;.ree is actually an example of a relabeling. From
the Xt ee point of view, it means that c is not considered with the full generality
of the T'— T — T type, but either with the more specific type T; — T,, — T;
or the more specific type T, —o T;. —o T}.. On the other hand, its interpretation
by %2 remains unchanged.

We decided to restrict the admissible parse structures to left-branching
and right-branching trees. However, we eventually are interested in preferences
and ranking, not only in membership. So we want to distinguish left and right
branching trees (and possibly give them preference), but we don’t want to exclude
some other tree structures. For instance, we could add a constant ¢; with type
T, — Ty, — T}, and a constant ¢, with type T,, — T} —o T.. This is reminiscent
to adding states in tree automata to distinguish transitions triggered by a same
symbol. Because all these constants are interpreted as ¢, we could equivalently
assign c this set of types and possibly add a weight to each of its typings, pretty
much as weights can be added to transition of tree automata [6,9].

Note that, although ACGs in the examples feature abstract constants with
parameters of atomic type, the approach also extends to higher-order signatures
where abstract constants may have functions as parameters.

However, we first have to precisely define multityped ACGs, and check what
the implications on ACG operations such as composition are. In particular,
the relabelings can introduce distinction between structures at any level when
composing ACGs. We therefore expect them to combine in order to define an
equivalent distinction for the resulting composed ACG.
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3 Multityped Abstract Categorial Grammars

3.1 Overloaded Signatures

The main differences between simple signatures and overloaded ones is the rela-
tional nature of the type assignment, and the addition of the skeleton constraint.

Definition 11 (Overloaded Signature). An overloaded signature is a triple
II = (A, C,7T), where:

— A is a finite set of atomic types;

— C is a finite set of constants;

— 7t C = Py(Ta) is a function that assigns to each constant in C a non-
empty finite set of linear implicative types in Ta;

— a constant’s types share a skeleton: Ve € C,Va, 8 € 77 (c), skel(a) = skel(3)

Given a signature IT = (A, C, 1), we write Ty for T4 and A(IT) for A(C).

Ezxample 5. We can now formally define the overloaded signature IT mentioned in
Section 2.2 as a follow up to Example 4. IT = (A,C,7") where: A = {T,,T;,T,};
C = {a,b,c}; 71 is given by Table 2.

Note that II satisfies the skeleton constraint. It would not be the case, for
instance, if a was additionally given an implicative type such as T} — T,..

T,
a: <71y,
T,

b' ;’M7 . ﬂ—oTu_oj_'l7
: Tl, c: T T T,

Table 2: The overloaded signature IT

Typing judgments are still defined by induction on the typing rules featured
in Table 1, but for the typing rule of constants which is slightly amended as

a € 1rr(c)

follows: (cst+).

me: o
It can be shown (see Section 3.3) that to any overloaded signature IT corre-
sponds a triple (Zﬁ, YA Rir) where Zg (the type carrier of IT) and X% (the
term carrier of IT) are simple signatures and Zyy : Eg — Eﬁ is a relabeling,

such that I' 7 M : o iff there exists t € A(X;) such that Z(t) = M and
I'y7t:a (see Lemma 2). The reverse also holds (see Lemma 3).
7

3.2 Lexicons and Multityped ACGs

We now want to define a lexicon .Z 1 between an overloaded signature II and
a simple signature Y. A guiding principle is to refer to the carriers of II and
to the relabeling % : Zg — X4 that simulates IT (see Lemma 2). We can
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then consider the simple lexicons .7 : 21‘;7 — Y and Z1 : Eﬁ — . These
two lexicons respectively act on the linear implicative types, and on the linear
A-terms built upon 7.

To preserve typing judgments, we require .27 and .4 to comply with the
diagram in Figure 3a: forany I' b0 t 1 o, L7 (I b o t 1 o) =5 LR (I o
7 7 I

t : ). From Section 3.3, this is equivalent to requiring that for any I' Fg M :
a, there exists t € A(X) such that Z;(t) = M and L7(I') s Z7(t) :
L7(a) =g LYN[Nun) Fs LAM) : LM[]~y) Where I' =21t 1, .., Ty ¢ a

and [IMe, =21 : [@t]egy s Tn t [Qnleg-

%
g Py A
X — 2,

T
“o l A/‘
11 <o

$7 2 s Lh =z

7
zgl A/‘ Jlgl /,S,”IA
X 3

(a) Diagram of a lexicon £t : [T — ¥ (b) Maps defined by two ACGs with a shared
vocabulary

Fig. 3: Diagrams describing mACGs

Thus, we define the lexicon Z* from IT to X such that Vo € I77, £ (a) =
Z7(a) and YM € A(Il), LT (M) = £*(M). In particular, £+ maps II-
equivalent (atomic) types to the same type.

Definition 12 (Lexicon). Let IT = (A,C, 1) be an overloaded signature and
X a simple signature. A lexicon from I to X is a pair £+ = (F,G) such that:

— F : 91 — Jx is a type homomorphism that interprets linear implicative
types built upon II as linear implicative types built upon X;

— G : A(Il) = A(X) is a term homomorphism that interprets linear A-terms
built upon II as linear A-terms built upon X;

— the interpretation homomorphisms are compatible with the typing relation:
Ve e C\Va € 77 (c), b G(c) : F(a)

— the type homomorphism maps the skeleton equivalence to the equality: Va,b €
A,a ~pg b= F(a) = F(b)

We write L7 (a) for F(a), LT (M) for GIM), £+(I') for F(I"), and (" b1
M :q) for LT(I) by LT (M) : L1 (a).

As for simple lexicons (see Definition 8), it is sufficient to define a lexicon on
the domain signature.
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Conversely, given a lexicon .ZT : I — ¥, one defines £7 : Eg — X the
type lexicon of £+ and L4 : ¥4 — X the term lezicon of £+ as follows:

L7(t) =L o Rn(t) ift € A(ZT) Z7(a) = 2% (a) ifae Ty
LNM) =L (M) ifMeAZy)  LNo]y) =2 () if[a]u, € Txyp

Then: .Z+ and .Z7 act the same on linear implicative types; £+ and £/
act the same on linear A-terms; and .27 and .24 comply with the Figure 3a.

Ezample 6 (Lexicon from an Overloaded Signature). Using the overloaded sig-
nature of Table 2 and the simple signature X, defined in Example 2, we can
define the lexicon:

T, 11, T, =0 a:=a b:=b c:=XANr.l+r

Because a is assigned the three atomic types T, T;, and T, these types are
skeleton equivalent and are required to be interpreted by the same type of T4 Saer

Definition 13 (Multityped ACG). A multityped abstract categorial grammar
(mACG) is a quadruple 9+ = (I, X, £, S) where:

— I is an overloaded signature;

— X is a simple signature;

— LTI — X is a lexicon from II to X;

— S is a set of distinguished abstract types of Jrz.

Definition 14 (Abstract and Object Languages of a Multityped ACG).
Let 9% = (II,%,£7,8) be an ACG. The abstract language of 4% is A(9™T),
where A(91) ={t € A(II)|3a € S,k t:a}.

The object language of 4T is O(91) = {u € A(X)|Ft € A(GT),u=LT(t)}.

Ezample 7 (Multityped ACG). We can now define the multityped ACG ¥+ =

(IT, Y4y, LT, {T;, T,}) from the lexicon of Example 6. As in Example 3, £ (t2,) =
L (tw) = L (tae) = LT (tag) = a+ b+ a+ b (the t; are defined in Equa-
tions la—1d). However, only to. = ¢ (c(cab)a)b and tog = ca(cb(cab)) can be

given a type in IT (T} and Ty, resp.). They both belong to A(¥4T).

3.3 Multityped ACGs as Commutative Diagrams

This section shows that overloaded signatures are actually as expressive as simple
signatures. Indeed, as illustrated in Figure 3a, an overloaded signature II can be
simulated with two simple ones linked with a relabeling %7 : Eﬁ — X4 Asa
result, overloading preserves properties of simple higher-order linear signatures.
We identify types that can occur at the same position in terms of A(IT).

Definition 15 (Skeleton Equivalence). Let IT be an overloaded signature.
Then ~p7 is the smallest equivalence relation such that:

— if there exists a constant ¢ € II such that o, B € 77 (c), then a ~i §3;



Multityped Abstract Categorial Grammars and their Composition 11

— if ag —o ay ~g Bg — B1, then ag ~p1 Bo and oy~ Bi;
— if ag ~p1 Bo and oy ~g7 B1, then ag —o aq ~1 By —o Bi;

We say a and B are II-equivalent for a ~p (.

Note that skeleton equivalence implies skeleton equality. Then, we define the
relabeling, its domain and its codomain.

Definition 16 (Carriers). Let IT = (A,C,71) be an overloaded signature.

— The type carrier Zg = (A, C", 7o) of II is the simple signature where C' =
WA{c*|aert(c)} and 79 : c* — a.
ceC

— The term carrier X4 = (A/~;,C, 1) of II is the simple signature where
T1 e [0y, and o € TS is any type of c;

— The carrier relabeling %y : Eﬁ — Zj‘j of IT is the relabeling such that
Ve* € C', Z(c®) =c andVa € A, Zr(a) = [a]~y -

The domain Eg of Z7 is called the type carrier of II, for it builds the same
linear implicative types as II. Moreover, to each constant ¢ of II corresponds
|7*(c)| constants ¢® : o in 57, one for each @ € 77 (c). Therefore, type-checking

aterm u : § € A(II) corresponds to checking whether there is some ¢ : 5 € A(Zg)
such that Z(t) = u, as Lemma 2 shows.

The codomain Z’I/} of Z7 is called the term carrier of II, for it builds the
same linear A-terms as II. So that Eﬁ is a simple signature, its set of linear
implicative types is the quotient of 777 by the skeleton equivalence ~ .

As for the carrier relabeling #Z;7, it maps the duplicated constants ¢® to their

generators ¢ and the types « to their equivalence classes [a]~ .

Lemma 2 (Carriers). Let II = (A,C,7t) be an overloaded signature. Let
2T =(A,C", 1) be its type carrier, S5 = (A/ ~m, C,m1) be its term carrier and
Xt El‘? — X be its carrier relabeling.

Then I' b M : « iff there exists t € A(C") such that Z(t) = M and
r }—2197* t:a.

Lemma 3 proves that, in turn, any relabeling defines an overloaded signature
satisfying a similar property.

Lemma 3 (#-Overloaded Signature). Let Xy = (Ag,Co,79) and X1 =
(Ay,Cq,71) be simple signatures and % : Xy — X1 a relabeling. Define the
signature overloaded with #Z (or %-overloaded signature) as I = (Ao, C1,7T)
the overloaded signature with 7+ : ¢ — 79(Z1(c)).

Then I' Fp, M : o iff there exists t € A(Cy) such that Z(t) = M and
I'ks,t:a.

Notice the signature overloaded with the carrier relabeling of IT is I, i.e., for
any overloaded signature II, I1, = II. Conversely, given the simple signature
Yo and X', and the relabeling # : Yy — X, we have that Xy and Egg are

isomorphic, X7 and Eﬁ@ are isomorphic, and #Z and %y, are isomorphic.
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4 The Composition Problem

Lexicons of multityped ACGs map overloaded signatures to simple signatures.
Therefore, composition of ACGs cannot be as simple as lexicon composition since
their domains and codomains are of different kinds. We show that a well-behaved
composition for mACGs can be defined using a pullback in a specific construction.
This pullback turns out to be the construction provided by [8] to show ACGs
are closed by intersection with regular languages. This section reminds this
construction and shows that it is indeed a pullback.

4.1 Composition as Pullback

In this section, consider two mACGs: ¥;" = (Ily, X9, %", So) on the one hand
and 9" = (I}, X1, %", S1) on the other hand. We aim to provide a well-behaved
definition of their composition %, o %,F.

Figure 3b illustrates the composition problem. We look to extract a triangle

defining a lexicon, like in Figure 4a, from this diagram. The term lexicon of this
triangle should be .Z{! o Z!.

G > R
DRGNS A S
2. w7
- a0 l ./zoA
h = s
7
27| L/g{‘
2
(a) A solution to the composition problem (b) A solution (X}, £}, 221!) is better than

with X, the lexicon .7 = 31‘70 Z.,and a solution (X2, 2 #°) if there exists a
the relabeling Z = %, © %« unique Z: X9 — X}

Fig. 4: Solutions to the composition problem

A possibility is to find a simple signature X, which is mapped to both type
carriers Zl‘i and Egl. A lexicon %, : X, — Zgl means the overloading of I1; is

accounted for in X,. And, with a relabeling Z, : X, — Ego, X, is a finer type

carrier than Z]go. For Y., %, and %, are not given but to be found, Figure 4a
depicts them with dotted arrows. Thus, we obtain a new lexicon .Z71 from the
(%11, © %+)-overloaded signature (see Lemma 3) to the simple signature X;: the
type lexicon of £* is %7 0 .Z,, and the term lexicon of £+ is L o L.

Now, a given situation of our composition problem may lead to several
solutions for X, %, and Z.. To discriminate them, we say the solution triple
(XL L1 RL) is a better solution than the solution triple (X9, £0 #0) if there
exists a unique simple lexicon ¢ : X9 — X! such that £0 =5 £! o £ and
K° =5 X! o Z. See Figure 4b for the corresponding diagram.
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The best solution of the composition problem in Figure 4a with respect to
the order in Figure 4b is actually called the pullback. Pullbacks are universal
constructions in category theory [12]. The category at hand here is the one where
objects are the (simple) signatures and arrows are the lexicons.

However, the pullback as the best solution to the composition problem in
Figure 4a comes with two issues. First, the pullback may not exist in some
situations. Second, the pullback is actually the minimum for the order in Figure 4b
when the Z! are not restricted to relabelings (the arrows of our category are
simple lexicons). As such, there is no reason a priori for Z, to be a relabeling in
the pullback triple (X, %, Zy).

In Section 4.2, we revisit a signature construction by [8]. We name it fiber
product signature, for this construction is built upon the fiber product of atomic
types and linear implicative types, and the fiber product of constants and linear
A-terms. We show the fiber product signature is not only a solution to Figure 4a
but, furthermore, the pullback X, , and the associated %, is indeed a relabeling.

Moreover, [8] shows the associated %, generates the object language of gOJr,
up to the relabeling Zp7,: O((X,, 2%,2*7%;1(50») = %’I}ll((’)(%oﬂ)

Thus, defining the lexicon £+ = <.$1‘70 L, Lo L), the multityped ACGs
&;" and ¢, compose into the multityped ACG ¥, 0%, = (2., X1, L, %1 (Sy))
(here X, is seen as the (%, o %x)-overloaded signature; see Lemma 3).

Notice that, similarly to simple ACGs, the object language of the composition
is the image of the abstract language under the composition:

O(%Jr o %OJF) = $1+(O(go+)) = gfr ° goJr(A(goJr))

Ezample 8 (Composition of Multityped ACGs). Example 7 introduced a multi-
typed ACG for which admissible abstract structures are left and right-branching
trees. We now want to enforce these trees to be the derived trees of a tree-
adjoining grammar. To this end, we follow the construction provided by [5] (not
detailed here) and define Xgerivation With the atomic types {T,,T} (T, stands for
the place where adjunction is possible) and the constants of Table 3.

We then define the ACG gder2t = <Ederivationa 2(31‘697 czﬂder2t7 {T}> where gdeth
is the lexicon of Table 3 (with the corresponding initial and auxiliary trees of
the equivalent tree-adjoining grammar on the right-hand side). The (usual)
composition of ACGs % o5 0 Yyeror generates binary trees that are, in addition,
the derived tree of a given tree-adjoining grammar.

For instance, the term t3. = c¢(c(cab)a)b corresponding to the tree of
Figure 2¢ has two antecedents by %ierat: by I (ar (aI)by,) and b I (b (al) ay,).
Both are, of course, antecedents of a + b+ a + b by % a5 © Gaeras-

The construction of Section 4.2 will allow us to define the composition of the
multityped ACG 4T and Zyeroy (see Example 9 for the resulting lexicon), where,
in order to avoid even more types and constants, Yqerivation can be considered
as a trivial multityped ACG with the identity as relabeling. The admissible
parse structures are derivation trees that are furthermore interpreted as left and
right-branching derived trees.
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ar, by Ty —T —T Quy by 0 T a,b: Ty — T, I:T,
T:=T To =T —oT Ay = a by :=0b I =)Xz.x
ar = Art.r(cat) b :=Art.r(ctd) a:=Art.r(cta) b:=Art.r(cht)

c c c c
N\ N\ A\ A\
a cl cl b & a b &

Table 3: The signature Xqerivation and the lexicon Zyerot

4.2 Kanazawa’s Construction

[8] defines the construction of a simple ACG to demonstrate the closure of string-
encoding (resp. tree-encoding) ACGs under intersection with regular languages
(resp. regular tree languages). The construction actually generalizes to any simple
signature that is the codomain of both a lexicon and a relabeling. In this paper,
we name this construction the fiber product and introduce a dedicated notation.

Definition 17 (Fiber Product, [8]). Let X, X1, and Xy = (Ay, Co, 7o) be
simple signatures. Let £ : Yo — X be a simple lexicon and Z : X1 — X a
relabeling. Their fiber product signature is the signature Xy x5 Xy = (A, C, 1)
with the lexicon %, : Xy Xx X1 — X1 and the relabeling %y - Xy X5 X7 — Xy
such that:

— the set of atomic types of the fiber product Xy X s Xy is the fiber product of
the atomic types of Xo and the linear implicative types built upon Xy over £
and #: A= {a’ | a € Ay, B € Tx,, L a) =Z(B)}

— the set of constants of the fiber product Xy X 5, X1 s the fiber product of
the constants of Xy and the linear A-terms built upon X7 over £ and Z%:
C={enp|ceCyFx N:B such that LbFx, c:10(c)) =Z(Fx, N:B)}

— T assigns a constant cn.g to anti(7o(c),5), a most specific common anti-
instance of 1o(c) and B, with anti(ay — a1,By — 1) = anti(ag, By) —o
anti(aq, f1) and anti(a, B) = a® for a € Ay

— %, forgets the baseline: YaP € A, Z.(a”) = B; Ven.p € C, ZLi(eng) = N

— R forgets the adornement: VaP € A, Z.(aP) = a; Ven.p € O, Zu(cnp) = c

Ezample 9 (Fiber Product Signature Resulting from the Composition of mACGs
in Ezample 8). Table 4 provides the signature YXgerivation X Ztree as in Example 8.
It follows the construction given in Definition 17 above with Yy = Yyerivation,
X1 = Yirtree, and X = Yy ee. It corresponds to the diagram of Figure 5. Note
that, in order to avoid having even more types and constants, we are in the
special case where the top most signature Ily = Ygerivation 1S simple, i.e. the
relabeling is the identity on Ygerivation-

[8] showed that the fiber product signature makes the square diagram in
Figure 6 commute: Lo %, = % o %,. Thus, Xy x5 X1 is a solution to our
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Aua,, Ty s bubu;Tu : anti(T, Tu) = TT“
auu.l:Tl 5 bUbL:Tl : TTL
Gty bub,er, T
Arr b1 (eq ag 0):(Ty—oTu)—oTu—Ty * T 1% —o TT4 —o TT
Arxrt.r(c; ay t):(Ty—oT))—oTy—oT) Th—=T _opTu _o77h
Qrxrt. v (e) ag 8):(T)—Tp)—oTu—oTy * Tal 07 —o TT —o TT7
ArX\rt. v (cp ay t):(Typ—oTy )—oTyr—oTy - TaTTH’T“ T o Tu
Arxrt.r(cray t):(Ty—oTy) —oTy—oTy . TaTr—OTl — TTT S TTl
Qrxrt. 1 (er aw £):(Tp—oTy)—oTr—oTy - Ta' 17 —o TTr — TTr
bl)\r t.r (¢ tby):(T)—oTy)—oT;—T,, - TaTLAOTu —o TTL % TTu
bixre.r (e tby):(Ty—oTy)—oTy—Ty + TaTL*TZ —o TTl —o TTl
binrt. 7 (e tby):(Ty—Tp) —oTy—Ty. - Th=Tr 7T T
Binrt. v (cp t by ):(Tr—oTy)—oTy—oTy * TIr—Tu _opTu o pTu
Binr t. v (e t by ) (Tr—oT})—oTu—omy - Ta' b —o TT —o T

Ty—oT, T, T,
bl)vrt.'r(c,,.tb,.):(T,.AOT,.)AOT,LAO’T,. . TaT T — T

Ty —oT, T)—oT,
Axrt.r (et ay):(Ty—oTy)—oT;—oTy, * Ta v —o Ta “

. pTi—T; Ty —T)
AX\rt. 7 () t ay):(Tj—oTy)—oTy—oT) * Ta - Ta

. Ty —T, Ty —oT,
AXrt. 1 (cp t ay):(Tj—oTy)—oTy—oT, * Ta "o Ta "

Ty —oT, Ty —oT,
Axrt.r (crtap):(Tr—oTy)—oTy—oTy * Tar “ —o Tau “

. T—oTy T, —oTy
Axrt.r (cptap):(Tp—oTy)—oTy—oT) * Ta " - Ta “

Ty —oT, Ty —T,
a)mt.r(crtar):(T,«AOTr)—OTu—OT,« : Tar " —o Tau "

. Ty —oT, Ty —oT,
b)\r t.r (g by t):(Ty—oTy)—oTy—oTy -+ Ta “ —o Ta “ “

L I —Ty Ty —oT]
b/\'r t.r (cp by t):(Tj—oTy)—oTy —Ty -+ Ta - Ta “

Ty —oT Ty —oTh
Dxrt.r () by £):(Tj—oTy)—oTy—oTy - La' ~ —0 Tg v

Ty—oT, Ty—oT,
brrt. v (cr by £):(Trp—oTy)—Tp—oTy Lo & —0Tg" 7%

L Tr—oTy T,—T)
b)\'rt.r(cr by t):(Ty—oT))—Tyr—Ty -+ TaT - Tar

Ty —oT, Ty —oT,
b)\r t.r (cp by t):(Trp—oTy)—oTp—oT) * TaT " —o TH.T "

Ty —oT,
I)\z.z:T“,wTu : Tau *
LT —T;

Do ory—1, 0 Ty
Ty —oT,
IAz.z:T,var : TaT "

Table 4: Constants of Ygerivation X 2tree
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1s, ..
derivation
Ederivation X Etree > Ederivation > Z‘derivation

L Lderat
< Lder2t
ﬂ(lﬁr—tree

er—trcc Etree
Zios oflr_h.eel /
Lras
Estr

Fig. 5: Solution to the composition problem for Example 8

composition problem pictured in Figure 4a. For the reminder of this section, let
consider an arbitrary fiber product signature as depicted in Figure 6.

R
Yo Xy X1 — 2o

Fig. 6: The fiber product signature Xy x5 Xy

To prove the fiber product signature is the pullback, we prove the stronger
property that, for any pair of Xy and X;-judgments mapped to the same X-
judgment under £ and &%, there exists a unique typing judgment built upon
Yo X5 X1 which is mapped to that pair under %, and .%,.

First, we prove this property for types. The unique type built upon the fiber
product is the most specific common anti-instance built for the fiber product.

Lemma 4. Let a € Iy, and f € Tx, such that L) = Z(B). Then v =
anti(a, B) is the unique v € Txyx g5, such that Z.(v) = a and L () = S.

Proof. For the proof legibility, we will write anti(I, A) for the context z; :
anti(aq, 1), .., Tn ¢ anti(ay,, B,) when I' = z1 : aq,..., 2y : a and A = 2 :
By &y : Br. In particular, anti(@, &) = @.

By induction over «.

When « is atomic, so is 7. By construction of the fiber product, v = o =
anti(a, B).

When « is an arrow type, so is Z((). Since inverse relabelings preserve
syntactic structures, so is 3, and the induction hypothesis applies twice.

On typing judgments, the property actually has more interest when formulated
up to p-equivalence.

Lemma 5. Let mo = ' Fx, t : « and 1 = A by, N : 3 such that L(my) =3
H(m1). Then m, = anti(I, A) by xox, M : anti(o, B) is the unique m, up to
B-equivalence such that Z.(m.) =g 7o and L (7)) =p 1.
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Proof. By induction over the Xy-judgment.

When t is a constant, I is an empty context. Since %, preserves structures,
suitable judgments feature terms S-equivalent to a constant. By construction of
the fiber product, -, cn.g : a? is the unique solution.

When t is a variable z, then N =z, I' =z : « and A = x : 3. Necessarily,
M = z and Lemma 4 applies.

When t = Az. u, then o = g —o 1 by inversion lemma. Since %, preserves
structures, M is -equivalent to an abstraction over z. Since & preserves struc-
tures, N =g Az. P. By subject equivalence, I" -5, Az. P : §. By inversion lemma,
B8 = Po —o P1. The induction hypothesis applies to I,z : ap Fx, v : a1 with
Ax: fo s, P:p1and yields O,z : v Fxyxeox, @ @ 71- By construction of
anti, y9 —o 1 = anti(a, ).

When ¢t = uv, then Lemma 1 yields N =5 N,, V,,. Since N is linear, subject
equivalence applies: A Fx, Ny N, : f. Thus, the last rule in this judgment is
an application and the induction hypothesis applies to both premises. It yields
Ou Fsoxss M, :anti(of — o, 5" — ) and O, Fxyxyx, M, :anti(a/, ). By
construction of anti, the typing judgment ©,, 0, kg, M, M, : anti(a, §) holds.

This property on typing judgments also holds for syntactic equality. One
could even drop the linearity of the A-terms, for this version does not need subject
expansion.

Theorem 1. The fiber product signature is the pullback.

Proof. Let X' be a simple signature with two lexicons F' and G such that
Fo% =3 Go.Z. From Lemma 5, we build the lexicon (F,G) (sce Figure 4b).
Given a X’'-judgment I" b5 t : «, we define the lexicon (F, G)(I" bx t : «) as the
unique Xy X 5 X1-judgment Lemma 5 builds from the premises F(I' Fyx/ ¢ : @)
and G(I' k5 t: o). The lexicon (F,G) can take no other value, for it would go
against the uniqueness proven in Lemma 5.

5 Conclusion

We have introduced multityped ACGs and showed how to compose them. The
need to address the issue of the combinatorial explosion of parsing ambiguity
by means of probabilistic or weighted ACGs motivated this extension. The
proposed construction, as a fiber product, shows how the resulting ACG uses
the overloadings of each of the ACG. For instance, in Figure 4a, X, and the
relabeling %, depend both on %y, and Z,. Since, as discussed in Section 2.2,
the overloaded signatures seem to be the relevant place to introduce weights, it
shows that the weights of a parse structure of an ACG %fr , when considered as
an object structure of an ACG ¥, should be able to play a role in the parse
structure of the resulting ACG 9+ = ¢4, 0%,". Further work will take advantage
of this feature, which fully apply to higher-order ACGs as well, to explore ways
towards weighted ACGs.
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