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WAVENUMBER-EXPLICIT STABILITY AND CONVERGENCE
ANALYSIS OF hp FINITE ELEMENT DISCRETIZATIONS OF
HELMHOLTZ PROBLEMS IN PIECEWISE SMOOTH MEDIA

M. BERNKOPF, T. CHAUMONT-FRELET, AND J.M. MELENK

ABSTRACT. We present a wavenumber-explicit convergence analysis of the hp
Finite Element Method applied to a class of heterogeneous Helmholtz prob-
lems with piecewise analytic coefficients at large wavenumber k. Our analysis
covers the heterogeneous Helmholtz equation with Robin, exact Dirichlet-to-
Neumann, and second order absorbing boundary conditions, as well as per-
fectly matched layers.

1. INTRODUCTION

Time-harmonic wave propagation problems play a major role in a wide range of
physical and industrial applications. For the numerical treatment of such problems
in heterogeneous media, Galerkin discretization methods of finite element type con-
stitute one of the most efficient approaches currently available. Still, in the high-
wavenumber regime where the computational domain spans many wavelengths, the
problem becomes highly indefinite, which leads to substantially increased compu-
tational costs due to increased dispersion errors. As a result, significant research
efforts have focused in the past decades on understanding these dispersion errors
and the question of how to design finite element methods (FEM) able to cope with
them.

In the present work, as in | ], we focus on the scalar Helmholtz equation,
which is arguably the simplest, yet interesting, PDE model to analyze phenomena
appearing in the high-wavenumber regime. Specifically, given a domain ) with
analytic boundary I' := 0 and f : Q — C our model problem is to find v : Q — C
such that

—k*uu—V-(AVu) = f inQQ,

AVu-n—Tyu = 0 onl,

where p, A are given piecewise analytic coefficients (with analytic interfaces where
i, A may jump), and T} is an operator acting on functions on the boundary.
For instance, T} could be the Dirichlet-to-Neumann (DtN) map of the exterior
Helmholtz problem in R%\ Q or T}, = ik in the simpler case of impedance boundary
conditions. The “homogeneous” Helmholtz equation where 4 = 1 and A = |
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is already largely covered in the literature, and the present work focuses on the
“heterogeneous” case where these coefficients are allowed to vary on §2.

A first milestone towards a better understanding of the behavior of finite element
methods was achieved in the 90s in the seminal works | , ]. There, the
authors focus on homogeneous one-dimensional media, and present error estimates
that are explicit in terms of the wavenumber k, the mesh size h, and the poly-
nomial degree p. They also coined the term “pollution effect” for the dispersion
errors observed in the numerics, which expresses the observation that in the high-
wavenumber regime, quasi-optimality of the finite element solution is lost, unless
the number of degrees of freedom per wavelength is increased as k is increased.
Similar estimates were obtained for two and three-dimensional homogeneous media
in the same period, but limited to the lowest-order case where p =1 | ].

The pollution effect has been further analyzed in the 2000s, in particular using
dispersion analysis | ]. While dispersion analysis is extremely insightful from a
practical viewpoint, it is limited to homogeneous media discretized with translation-
invariant grids, and right-hand sides as well as boundary conditions are not taken
into account.

The direct extension of the first-order result of | | to higher-order elements is
non-trivial. Indeed, the error analysis follows a duality technique commonly known
as “Schatz argument” | ], where the finite element error is abstractly used as
a right-hand side of an adjoint problem. One is then led to study the regularity of
the solution to the adjoint problem with an L? right-hand side, even if the actual
right-hand side to the physical problem is more regular. This is an issue when
analyzing high-order methods, since their high convergence rate do not apply to
solutions with low regularity. The situation was unlocked in the 2010s thanks to
the key concept of regularity splitting [ , ]. The idea is to identify two
distinct contributions in the solution, namely, to write © = up + ua, where up
only possesses finite regularity, but behaves well in the high-wavenumber regime,
whereas up is oscillatory but analytic.

The splitting proposed in | , | is based on low- and high-pass filters defined
via the Fourier transformation. For homogeneous media with analytic boundaries,
it permits to establish the quasi-optimality of the finite element solution under the
assumption that

kh kh\"
(1.1) — +k° () <c,

p op
for some problem-dependent § and ¢ and a generic constant ¢ that does not depend
on k, h, or p. We can also rewrite (1.1) as

kh
(1.2) ? <e¢; andp>cylogk,

where ¢; and ¢y are again independent of k, h, and p. Informally, (1.2) suggests
that the FEM is stable if the number of degrees of freedom per wavelength is kept
constant (kh/p < c¢1) and the polynomial degree is mildly increased in the high-
wavenumber regime (p > cglogk). It also means that hp-FEMs are pollution free,
provided the polynomial degree p is increased logarithmically with the wavenumber.
Together with the dispersion analysis | ], the stability condition (1.2) strongly
encourages the use of high-order methods to solve high-wavenumber problems to
reduce the pollution effect. In fact, the performance of high-order methods is also
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clearly observed numerically, and therefore, they are now widely used in industry
[BPG16, !

The idea of regularity splitting is actually not limited to finite element methods, and
has been used repeatedly in the literature. Important examples include the sharp
treatment of corner singularities | ] and unfitted meshes | ], as well as
other discretization techniques such as discontinuous Galerkin [ ], continuous
interior penalty | , ] and multiscale | | methods. Besides, the
technique is not only useful to derive a priori error estimates, but is also important
in the context of a posteriori error estimation | , ]. We finally mention
that the idea can also be extended to more complicated wave propagation problems
[MS21, CEV22].

Regularity splittings are thus an important ingredient of wavenumber-explicit anal-
ysis of FEMs. Yet, the technique proposed in | , | heavily relies on the
Green’s functions of the Helmholtz operator, and, as a result, it appears to be lim-
ited to homogeneous media. So far, two alternative procedures to build a regularity
splitting in heterogeneous media have been proposed. On the one hand, an itera-
tive argument based on elliptic regularity is proposed in [ ]. This technique
can handle general wave operators in piecewise smooth media, but unfortunately, it
only provides (1.1) with a constant ¢ depending on p, which prevents the analysis of
hp-FEMs, and does not lead to (1.2). On the other hand, novel ideas based on semi-
classical analysis have been recently introduced in | , , ]
While this last splitting provides (1.1) and (1.2) with p-robust constants, it re-
quires globally smooth parameters. In particular, the important case of piecewise
constant parameters, modelling a medium consisting of different materials, is not
covered. An advantage of | , | over the present splitting,
however, is that only finite (although global) regularity of the coefficients is re-
quired, as compared to (only piecewise) analyticity here. The two approaches are
thus complementary.

It should be stressed that both approaches, like in fact all k-explicit analyses of
numerical methods for Helmholtz problems, rely on k-explicit bounds qul , for the

solution operator of the continuous problem. If Cso1 i grows only polynomially in k,
then exponential approximability of high order methods can be exploited, as is done
in both approaches. We refer to a more detailed discussion of C_ solk 110 Remark 5

In this work, we modify the initial Fourier filtering approach of | , ] and
adapt it to be able to develop a regularity splitting of solutions of wave propagation
problems in piecewise smooth media and subsequently apply a duality argument
(“Schatz argument”) to Galerkin discretizations. We cover several classes of scalar
Helmholtz problems in heterogeneous media with different types of boundary con-
ditions, providing quasi-optimality under the resolution conditions (1.1) and (1.2)
with p-robust constants. The approach taken in the present work is quite general
and thus not limited to the scalar Helmholtz problems under consideration.

The remainder of this work is organized as follows. Section 2 presents the settings
and key notations for our work. We devise our regularity splitting in Section 3
and subsequently apply it to Galerkin discretizations in Section 4. The analysis
of Sections 3 and 4 is performed in an abstract setting under general assump-
tions. In Section 5, we verify that these abstract assumptions indeed hold true for
several classes of relevant scalar Helmholtz problems, namely, the heterogeneous
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Helmholtz equation with a) the classical impedance boundary conditions and per-
fectly matched matched layers on a circular/spherical domain; b) exact boundary
conditions expressed in terms of the Dirichlet-to-Neumann operator; ¢) second order
absorbing boundary conditions. We also refer to | | where in addition to the
present examples the case of the elasticity equation on circular domains with exact
Dirichlet-to-Neumann boundary conditions is analyzed with the present techniques.
Appendix A presents technical results about Dirichlet-to-Neumann operators which
are of independent interest.

2. ASSUMPTIONS AND PROBLEM SPECIFIC NOTATION

2.1. Wavenumber. We use the letter k for the wavenumber. Since we are espe-
cially interested in the high-wavenumber regime, we assume for the sake of simplic-
ity that k is bounded away from zero, i.e., k > kg > 0 for some ko > 0 that is fixed
throughout the present work.

2.2. Generic constants. Throughout this work, C' will denote a generic constant
that is independent of the wavenumber k and other critical parameters such as the
mesh size h and the polynomial degree p. The constant may, however, depend on
the operators appearing in assumptions (WP) and (AP) introduced in Sections 2.6
and 2.7 below. It may also depend on the constant Cygine and Chetric introduced in
Assumption 4.4 that describes the “shape regularity” of the elements of the mesh.
If a, b,... are other quantities appearing in the analysis, we employ the notation
Cap,... for a constant that is additionally allowed to depend on a, b,.... Finally,
we will employ explicit names together with a subscript & for constants allowed to
depend on the wavenumber.

2.3. Geometry. We consider a Lipschitz domain Q C R?, d € {2,3}, with bound-
ary ' := 9. We set QF := R\ Q. We introduce the interior trace vi"*u := (ulq)|r
and the exterior trace 7§"'u := (u|q4)|r. We assume that  is partitioned into
a set & of non-overlapping Lipschitz subdomains such that Upc»P = Q. The
internal interface (Upc 20 P) \ I will be denoted T'ipterr. While the abstract results
in Sections 3 and 4 do not require much regularity of I" and T'jyterr, we flag at this
point already that in the applications discussed in Section 5 the assumptions on
the geometry are such that I" and the pieces 9P, P € &, of I'jpterr are analytic
(Assumption 5.2). Notice that this assumption prevents the presence of corners
and edges, and therefore intersection points in particular.

2.4. Function spaces. The notations L?(£2) and L?(T") stand for the usual Lebesgue
spaces of square-integrable complex-valued functions defined on €2 and I'; respec-
tively. The notations ||-|jo,q and ||-||o,r stand for the usual norms of these spaces.
We also write (+,-) and (-, -) for the inner product of L?(Q) and L*(T) and (with a
standard abuse of notation) also for the usual (anti-)duality pairings. For s, ¢t > 0,
H*(Q) and H'(T") are (possibly) fractional Sobolev spaces of functions defined on
Q and . H~%(Q) and H*(T') are then the (topological) antidual of H*(€) and
H'Y(T). For all s, we denote by |- ||s,o the norm of H*(2), and if s > 0, by | |5,q its
semi-norm. We also use similar notations for H*(I"). For 0 < ¢ < 1, we introduce
the “energy” space HV(Q,T') == {u € H'(Q): u € H (')} with k-dependent norm

(2.1) [ullf ¢ = K2 [lullf o + & = ulip + uli o.
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We introduce this space with ¢ = 1 to handle second-order absorbing boundary
conditions that involve surface differential operators. One easily sees that for ¢ <
1/2 the space H%*(Q,T) coincides with H'(£2), but we still employ the notation
HY1(Q,T) to unify our presentation.

For r > 0, we will also use the broken Sobolev spaces

H"(2):={veL*Q)|v|p e H(P)VP e P}

with their norm and and semi-norm given by

(e S [ S (P S (]

prPe» prPe>

In addition to Sobolev spaces, we will employ spaces of (piecewise) analytic func-
tions. For open sets w C R% and M, v > 0, we set

(2.2) A(M,v,w) = {v € L*(W)||[V"0]l0n < My" max{n, k}" Vn € Ny},
where Ng := {1,2,...} and |V"v(z)|?> = > jal=n 2 D%v(z)|%. The analyticity class
(2.3) A(M,~y, P) = {veL*Q)]|v|lp € UM,~,P) VPc P}

is a class of piecewise analytic functions on 2. We will also employ analytic functions
defined on the boundary I'. For the sake of simplicity, analyticity classes on I' are
defined as traces of analytic functions. That is, for an open neighborhood T of I'
and v > 0, we set

AM,»,T.T) = {" V|V € AM,7, T NQ)}.

By aslight abuse of notation, for a function g € L?(T") we will write g € 21(M,~,T,T')
to indicate the existence of a function G € A(M,~, T NQ,T) with "G = g.

Remark 2.1. (i) Functions G € A(M, v, TNQN) are analytic on T N Q and there-
fore have a trace on I'. Indeed, for TN Lipschitz we have by the Sobolev
embedding theorem for ¢ € N with ¢ > d/2 that H{(T N Q) Cc C(TNQ).
Hence, [|[V"G||L=(rno) < CY" " max{n + 2,k}"** for all n € Ny for suit-
able C. In turn, this implies that the Taylor series of G about each point
zo € T N converges with radius of convergence 1/(e7).

(ii) The choice of interior traces in A(M,~,T,T) is arbitrary. One could equiv-
alently define them as traces of functions analytic in subsets of QF: Tt is
shown in [ , Lemma B.5] that if G € 2(M,~, T N ), then there exist a
neighborhood T” of T (depending only on ), constants M’, 4, and a function
G e A(M', ', T' N QT) with "G = 4G

(iii) Let T be an open neighborhood of T" and G € A(M,~, T\ T'). By (i), the
traces 7" G and Y§*'G exist so that the jump [G] := 1% G — "G exists.
In view of the arguments given in (ii), we have [G] € 2A(M’,~',T',T) for
some 7/, T" depending only on v and T" and some M’ depending additionally
on M. .

We note that if v <+ and M < M’, then
AUM,y, 7)) CcAUM' Y, 2),  AM,y,T,T)CAM,+,T.T).
We also notice that the trace inequality

(2.4) K2 [ollsr + 0llspa/o,0 < Cs (Kllvlls, 2 + [vllst1,2)
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holds true for every s > 0. The analyticity classes are invariant under analytic
changes of variables and multiplication by analytic functions:

Lemma 2.2 (] , Lemma 2.6]). Let wy, wa C R? be bounded open and g : wy —
wo be a bijection and analytic on the closed set wy. Let fi be analytic on the closed
set Wy and fo € A(My, vy, we). Then there are constants Cy, v1 > 0 depending only
on f1, g, w1, we, and vy such that f1(f20g) € A(C1 My, v1,w1).

2.5. Informal explanation of the proof of the main result and the as-
sumptions. We perform a general analysis under abstract assumptions given in
Sections 2.6 and 2.7 below. Before rigorously presenting the proof and stating the
requirements, let us rather informally present the key arguments and motivate the
main assumptions.

We consider a time-harmonic wave propagation problems of the form

T, qu—V-(AVu) = f inQ,
(2.5) he

Ohu+Tyru = g onl,

where A : Q :— R%*? is a piecewise analytic coefficient. The protoypical example is
the heterogeneous Helmholtz equation with impedance boundary conditions with

Ty qu= k2, T,;Fu:iku,

where @ : 2 — R is a piecewise analytic coefficient, and the superscript ~— reminds
us that, in general, there is negative zero-order term in the PDE. In what follows,
we will take g = 0 for simplicity.

Our goal is, given f € L%(f), to split the solution u as u = up + ua where
up € H*(2) with |up|e,2 < C| flloo and us is (piecewise) analytic, but with
a norm growing (in a controlled way) with k. An intuitive (but slightly inexact)
explanation of how this splitting is obtained is as follows.

Step 1. We introduce the following stable decomposition of the right-hand side:

f:fF+an

where fa is (piecewise) analytic, and fr € L(£2). This splitting is obtained through
filter operators defined using cutoffs in the Fourier domain. These are introduced
in Section 3.1 below. Crucially, fa contains the “low frequencies” of f so that it is
analytic, and fr consists of the remainding “high frequencies”.

Step 2. The analytic part ua of the splitting is essentially obtained by solving (2.5)
with f replaced by fa. Assuming that (2.5) possesses appropriate regularity shifts,
ua will indeed be (piecewise) analytic, but include oscillations with frequency O (k)
that have to be expected for Helmholtz problems.

Step 3. The subtle part of the analysis is to show that the H?(Z) norm of
up = u — up does not grow with k. The reason why this can happen is that up
solves (2.5) with a right-hand side fr that does not contain the natural frequency k
of the equation (it is made up of the higher-frequency content of f). To rigorously
quantify this in our analysis we consider an auxiliary coercive problem that acts as
a parametrix for high-frequency data. Specifically, we show that, in an appropriate
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sense, up ~ Up, where up solves the auxiliary problem

4o~ ~ .
- uF—V~(AVuF) = fF m Q,

(2.6) me
Optir + T,;fraF = 0 onl.

The operators T,;f o and T,: r appear only in the analysis, to which they are tuned,
but not in the numerical realization. For the Helmholtz equation with Robin bound-
ary conditions, we can select T,: o="Trq= —k?u and T,: r = 0. The superscript
T reminds us that, in general, the PDE in (2.6) will contain a positive zero-order
term. Since fr € L%(f)), we cannot expect more than H?(Z?) regularity for up.
However, since (2.6) is a coercive problem, we have by Lax-Milgram and elliptic
regularity ||r|2,2 < C| frllo,.o < C| fllo,o which is the desired scaling. A nice way
of summarizing this last step is that for high-frequency data, we are allowed to flip
the “bad sign” in the Helmholtz problem.

We now summarize the key properties that makes such a proof work for the case
Trag = —TJQ = k2, Tpr = ik and T,:F = 0. We then expand on how these
properties may be generalized, leading to our main assumptions below.

We formulate a first set of assumptions on the wave propagation problem itself.
These are given in (WP) in Section 2.6 below. Consider first the case T} o =
—k%u and Ty, r = tk, for which the following properties are essential: (1) The
sesquilinar form associated with the problem is uniformly continuous w.r.t. the
| - l1,¢,6 norm (with ¢ = 1/2 in this case). (2) For f € L?(2), (2.5) admits a unique
solution u € H'(Q2). In general, ||ul|1;x is not bounded by C| f|lo.o with a C >0
independent of in k, but we will require that the growth be merely polynomial in k.
(3) If the right-hand side f in (2.5) is (piecewise) analytic, then so is the solution
U.

These are exactly the assumptions given in (WP1), (WP2), and (WP3), up
to one possible generalization. Namely, in (WP1), we allow for the continuity
constant of the sesquilinear form to grow (polynomially) in k. In exchange, we
require in (WP4) that the operators T, and T]: o Mmay be split into operators
that are uniformly bounded in £ and smoothening operators that maps into sets of
analytic functions. Roughly speaking, we allow polynomial growth of the continuity
constant, if this additional growth is compensated by analytic regularity. Such
considerations are crucial when dealing with DtN operators on general surfaces,
since the DtN operator does not have to be uniformly bounded in k. We also
allow for more general second-order terms than —V(AV-) in (WP5) as long as the
corresponding sesquilinear form a is uniformly continuous in k.

We then need a set of assumptions on the auxiliary problem (2.6). First, as seen
from the above discussion, it is key that (2.6) is coercive and that it possess a k-
uniform L2(Q2) to H?(Z) regularity shift. These requirements are stated in (AP1)
and (AP2). The final assumption is that the wave propagation problem (2.5)
and the auxiliary problem (2.6) are suitably linked to one another, in such a way
that ugp ~ up. These assumptions are expressed by considering the differences
TkA’Q = leﬂ —T), o and T,ﬁr = T;F —T} r- Notice that in the case of the impedance

boundary condition considered above, we have T,ﬁﬂ = 2k?; and T,CA’F = ik. The

crucial point that enables our analysis is then that T@Q and T,,ﬁF are compact op-
erator (considering functions in H'(Q) and H'/?(T")) with norm suitably controlled
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in k. Specifically, the powers of k in the operator norms are compensated by the
smoothening degree of the operators. (AP3) essentially states this requirement,
while allowing for a generalization similar to (WP4). More precisely, we allow
the difference operator T,ﬁQ and T,CAI to have norms polynomially bounded in &, if
this is compensated by smoothening properties, i.e., if the parts of the operators
responsible for the growth in & map into sets of analytic functions. Again, such a
generalization is required to handle, e.g., DtN operators.

We finally mention that in the discussion above, we have considered regularity shifts
from L?(Q) to H?(2?). However, our assumptions are slightly more general, as we
also consider shifts between H" () and H""2(2). The goal of this last generaliza-
tion is to derive regularity splittings where the regular part lies in H"*+2(%) with
r > 0, provided that f € H"(2).

2.6. Time-harmonic wave propagation problem. Given f € L?(Q) and g €
L?(T), our model problem consists in finding u € H*(Q,T") such that

(2.7) by (u,v) = (f,v) + (g,v) Yo € HY(Q,T)
with
(2.8) by, (u,v) = a(u,v) — (T} qu,v) — (T}, pu,v),

where af(-,-) is a sesquilinear form on H>!(2,T') and the operators Ty o and T 1
are differential operators acting on “volume” and “surface” functions. Before pro-
viding a detailed, formal description of these operators, we first explain why b, is
decomposed in the form given.

The sesquilinear form a(-,-) is meant to represent the “elliptic part” of the wave
operator. A typical example is the “grad-grad” form in the scalar Helmholtz case,
but one may imagine other situation such as the elasticity operator. The operator
T}, o then accounts for the “frequency part” of the operator, i.e., the time-derivative
transformed into ik in the frequency domain. The most basic situation is then
Ty qu = k2u, but we allow for more generality. Finally, T}, r is an operator on I
relevant examples are the DtN map or some approximation of it.

We now summarize our assumptions (WP) on the wave propagation problem.
(WP1) The sesquilinear form b, : H“*(Q,T') x H»*(Q,T') — C is continuous, i.e.,

there exists a constant C’;nt’k > 0, possibly depending on k, such that

\b;(u,v)| < C(;)nt,kHqu,t,k |U||1’t,k Vu,v € Hl’t(QJ—‘)'

(WP2) Problem (2.7) is well posed, i.e., for every f € L*(Q) and g € L?(T")
it admits a unique weak solution S; (f,g) = u € H"(Q,T), and the
stability estimate

(2.9) 15y (f,9)]

holds true with a constant CS;L . that may depend on £, but is independent
of f and g (See also Remark 2.4).

Assumptions (WP1) and (WP2) simply state that the problem is well-posed

and that the direct and inverse operators are bounded with continuity constants

Clont r and C;ol, x- For our quasi-optimality result we also need the solution to be

Lk < Copp(lf o + K]

o,r)

C
(piecewise) analytic when the right-hand sides are (piecewise) analytic.
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(WP3) For each tubular neighborhood T of T" there exists a constant vy and there
exists a non-decreasing function 9 : [yg, +00) — R, both independent of k,
and there exists a possibly k-dependent constant C;la’ « such that for all
7 > 7o the following holds: for all piecewise analytic data f € A(My,v, &)
and all boundary data g € A(M,,~,T,T") the solution S, (f,g) to Prob-
lem (2.7) satisfies S; (f,g) € A(M,,V(y), P), ie., it is again piecewise
analytic, and

(2.10) M, <C

ana,kcs_ol,kkil(Mf + kMg)
Remark 2.3. (WP3) permits the data f, g to depend on k. In particular, the
constants My, My may depend on k but (WP3) requires the constant M, to be

bounded as given in (2.10). .

For many model problems, the continuity constant Cgont’k of b, does not depend
on k, and the three above assumptions are sufficient to proceed with our analysis.
However, Cgom,k may depend on k, for example, when considering DtN operators
on general surfaces I', or when dealing with Maxwell’s equations [ ]. Asa
result, we include an additional assumption to treat these cases.

(WP4) The linear operators Ty ,: H'*(Q,T) — H"*(Q,T) and T, .: H(T) —

H~*T) admit splittings into linear operators
(2.11) Tig=R o+A4g. Tyr=R.r+Ar

such that the “R part” is uniformly bounded in %, while the “A part”
maps into analytic functions: We assume

(2.12) |(Ry.qus v)| + [(By pus v)| < Cllul[vepllv]l1,e Yu,v € HY(Q,T),

and we assume the existence of a constant Cy ; (possibly depending on

k) and a constant v, and a tubular neighborhood T' (both independent
of k) such that for all w € HY(Q,T) we have Aqu € A(M,,v5, <) and
Ar (ulr) € A(M,y, v, , T,T) with

My < Cy plulliee,  EMy < Oy plluller-
(WP5) We assume that a(-,-) is uniformly-in-k continuous, i.e.,
(2.13) ja(u, v)| < Cllullnllvliesr Vu,ve HYQ,T).

2.7. Auxiliary positive problem. Our analysis hinges on an auxiliary problem
that is meant to be a “positive” version of the time-harmonic problem. We thus
introduce the sesquilinear form

(2.14) b (u,v) = a(u,v) — (T,:Qu,v) - (T,:Fu,w Yu,v € HYH(Q,T),

where T, © HM(Q) — (H“(€))" and T/p : H'(Q) — H™'(Q) are problem
specific (continuous linear) operators chosen to conduct the analysis. In the simplest
case when T = +k? and Tor = —ik, we can simply select T,:Q = —k? and
T,:' r = 0. However, allowing for more generality enables us to treat a much wider
class of problems.

The assumptions (AP) on the auxiliary problem are listed as follows:

(AP1) b} is coercive: there exist Cit,, > 0 (independent of k) and o € C with

|o| = 1 such that

(2.15) Re(obf (u,u)) > Clellull?,  Vue HY(QT).
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Thus, for f € H~Y(2) and g € H Y(I'), we may define S} (f,g) as the unique
element of H*(2,T') such that
(2.16) bi (8§ (f.9),v) = (f,v) + (g,v) Ywe HY(QT).

(AP2) There exists an integer s$max > 0 and for each 0 < s < syax there exists a

Ciis.s > 0 independent of k such that if f € H*(#) and g € Hs+1/2(T)

we have S (f,g) € H*"?(2) with

2.17) 1S5 (f:9)lsr2.2 < C:;;ift,s k2|11

We further need the auxiliary problem to have similar Sobolev regularity properties
as the original wave propagation problem. This is measured by the sesquilinear form

bkA(um) = by, (u,v) — bz(u,v) = (TkA,QUW) + <T£Fu,v> Yu,v € HLt(Q, r),

0.0+ | flls.o2 + k2| gllo.r + HgHs+1/27F}'

where TkA’Q =T}, — T and TkA’F = T} — T, . Similar to the discussion on
assumption (WP4) it is enough for many applications to assume that bkA is bounded

uniformly in k. To be fully general, however, we need a last splitting assumption.
(AP3) We have the splittings

(2.18) Tfq = R+ Afg,  Tfr = Ror + ARr.
The linear operator RkAﬂ is of order at most one and satisfies for 0 < s <
Smax

(219)  [RPqulles < Co (Rllulloor + klulssr0)  Vue HFY(P),

whereas the linear operator R,f:r is of order zero and satisfies
(220)  [RErolerjor < C (2 00lor + klolaaor) Vo€ HFVAT),

Finally, there exists a constant Cﬁ x> Possibly depending on £, and there

exist a constant ’yﬁ and a tubular neighborhood T of T' (both independent
of k) such that for all u € H“*(Q,T) we have A,ﬁﬂu € A(My, v, #) and
Agr(ulr) € A(M,,~§,T,T) with

(2.21) M, < Cipllulliee, kM, < O3 pllulluone

Remark 2.4 (On the stability assumption (WP2)). The stability estimate (2.9)
does not make minimal regularity assumptions on the data f, g. However, the
stability constant C_; . (2.9) is closely related to the inf-sup constant

e by (u,0)
w€HH QD) yepri(a,r) ||ul

Le kvl ek
if (AP1) and (AP3) hold. Let By : H*(Q,I') — H“(Q,T) be the operator
induced by b, . We claim that if B, is an isomorphism, in which case 1 /Yinfsup =
1(B) "Ml 1@y mre@.ry, then (2.9) holds with Cg = O(1/(kYintsup))- To see
this, note that for the solution u = S; (f,g) of (2.7) there is v € H"(Q,T') with
[lv]]1,6,5 = 1 such that

Fintsup[ullek < [y (w,0)] = [(f,0) + (g, 0)] S G Fllog + 52 lglor)oll,e

so that (2.9) holds with C_, , = O(1/(kVinfsup)). Conversely, if (2.9) holds, then
the inf-sup constant satisfies (2.23) below as we now show using the arguments used,

(222) ’}/infsup =
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e.g., in | , Prop. 8.2.7] or | , Thm. 2.5]. The assumption (AP3) implies
that B, is a compact perturbation of a coercive operator. Since (2.9) implies
uniqueness, the Fredholm alternative provides that B,  is an isomorphism. Since

the norm of (B, )~* equals the norm of ((B;)')~!, we compute the latter. To see
this, let u € HY(Q,T') be arbitrary and z € H*(Q,T) solve, for all w € H»*(Q,T),

by (z,w) = by (u,w) — b;:(u, w)
- (TkA,Qua ”UJ) + <TkA,I‘uv w> - (Rlﬁﬂu + AkA,qu ’LU) + <RkA,Fu + AkA,l"uv w>
Noting

(Tau,w)| < (k+ CR p)llull1,e.kllw]

0,05

(Thruw, o)l S ITEruloxlwllor S (I1RErul/or + K 2CR lullin) lwllor

S (W 2hullorr + Kl jax + CRA 2 ul ) lwlor

S (k+ CRpk ™) ull 1]

0,r-
By (2.9) and these two bounds, we get

Izl S (K% + CRLCo Nl ,e.5-
We conclude

b~ v=u—
AT

s [bfwuw)]  APD [ e
w0 ||l kllvll1ek llwll1epellw = ]2,k

~ ek Clellees + 120ex)

and arrive at

1
2.23 infsup < .
(2:23) Jinfoup C;)l,k(k3/2 + Cﬁ,k)
| ]
3. ABSTRACT CONTRACTION ARGUMENT
3.1. Filtering operators. Following | , ], a key ingredient of our split-

tings are filtering operators defined using cut-offs in the Fourier domain. We need
to filter both surface and volume functions, leading to two pairs of filters.

Before providing proper mathematical definitions, we sumarize the ideas behind the
construction of the filtering operators. To this end, consider a function f € L?(R%)

together with its Fourier transform f The decomposition
f=xnf+ 1 =x2)f,
where x,, is the characteristic function of the ball B, (0), induces the splitting
f=Lf+HY,

where L and H" are the inverse Fourier transforms of Xn]? and (1 — X,,)J/”\, respec-

tively. By construction the Fourier transform of L"f is supported in B(0,7) so
that we call L" a low-pass filter, whereas H" is referred to as a high-pass filter.
Crucially, L"f is analytic, which is key in the construction of the analytic part of
the solution splitting. Next, we extend the above construction to handle functions
defined on the boundary I', and deal with piecewise analyticity instead of global
analyticity.
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On the boundary I, we can employ the surface filters introduced in | , Lem-
mas 4.2, 4.3]. Proposition 3.1 sums up their essential properties.

Proposition 3.1 (Surface filters). For each n > 1, there exist two operators
L} v Hlp: L2(T) — L*(T) such that H)l o + L] = id. For 0 < s’ < s the
operator HJ! 1. satisfies

(3.1) I pgll e () < Csor M) *llgllmre ey Vg € H¥(I).

There exists a tubular neighborhood T of T' that depends solely on the analyticity
properties of T' and there exists a constant ' > n depending only on n and T' such
that L] g € A(M,n',T,T) with

(3.2) M < Csllgll-1/2,r-

Proof. The operators HIZ,F and LZ,F are defined in [ , Lemmas 4.2, 4.3] and
the properties of H, . are shown there. For the properties of L} ., we note the
following: Let T" be a tubular neighborhood on which the analytic continuation n*
of the normal vector n exists and let, as in construction in [ ], G € HT3/2(Q)
be such that 0,G = g on I' and [|G||y13/2,0 S [l9lls,r for —1/2 < ' < s. Then
L] rg is defined as the restriction to I of n* - VL] G. By construction, L} oG is
analytic on R¢ with

19727 o Glloge < COR)™HGlia  VneN.
We conclude from Lemma 2.2 that n* - VL] oG € A(C|G|l1,0,7',T,T) for some C,

1’ depending only on n and I'. Without loss generality, n” > 1. We conclude with
the estimate ||G|1.0 < ll9ll-1/2,r- O

Proposition 3.2 (Volume filters). For each n > 1, there exist two operators
L} o, H o L*(Q) — L*(Q) such that H}l o + L} o = id. For 0 < s’ < s and
0 <e < 1/2, the operator H,?Q satisfies

(3:3) I o fllsr,2 < Cs(nk)” (I flls,0 V€ HY(Z),

(3.4) VB ol < Cob) <[ floss VF € LAQ)

for constants Cs s, C. independent of f, k, and n. Finally, we have LZ,Qf €
A(M,n, P) with

(3.5) M < Caol|fllo.0-

Proof. For all P € &, we set

(#200)|, = el (Llaf)| = Ew(EeD) |p,

where Ep : H*(P) — H*(R?) is the Stein extension operator, | , Chap. VI],
and H,y and L,y are the “full space” high and low pass filters introduced in | ]
Then, the proof of (3.3) and (3.5) can be found in | , Lemmas 4.2, 4.3].
Regarding (3.4), note that for 0 < € < 1/2 the space of compactly supported
smooth functions (Jpc 5 C6°(P) is dense in H*(Q). It is easy to check that for all
0<s<1

(3.6) [ Hyp fll - e < Cs(nk) || flloga V€ L*(RY),
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[ , Section 4.1.1]. For v € C3°(P) let v denote the trivial extension by zero on
all of R? of v. These observations give

|(Hyyfov)al = Z (Hpe Ep(f),v)L2(P) Z (Hye Ep(f);UpP) L2 (me)

pPez pPez
< D 1HwEp()l—cpalTplle pa-
pPex

Additionally, we have

(3.6)
[HyeEp(f)l-ere < Ce(nk) [ Ep(f)lloge < Ce(nk)™|fllo,p,
~ e<1/2
HUHE,Rd S C€||v||€,P7

which leads to

(H o fsv) 20| < Ce(nk) ™= Y Iflo.pllvlle.p < Co(mk) 5 (If logllvlle, 2,
Pez
and the result follows since ||v]|e,2 < ||v]|c.Q- O

Remark 3.3 (Other constructions of high and low pass filters). The presented
high and low pass filters are by no means the only possible constructions. It is, e.g.,
possible to construct the low-frequency filter on bounded domains by truncating
the expansion in eigenfunctions of the Laplacian endowed with Neumann boundary
conditions. See also | , Sec. 6.1] for similar considerations. .

3.2. A contraction argument. We employ the low and high pass filters to formu-
late a preliminary decomposition result. For a given right-hand side, the decompo-
sition consists of splitting of the desired form plus a remainder that is the solution
to the time-harmonic problem with new right-hand side that is stricly smaller in
norm than the original one. We thus call the preliminary result a “contraction”
argument. This contraction argument is key in our analysis, and established in
Lemma 3.4 below. _

Due to the duality between H®(2) and H~5(f2), we have for f € L*(Q) and g €
L?(T') with a constant C. depending only on ¢ € [0, 1]

1(F0) + (9,0 < Ce (KM geqoy + 5 2lgllor ) lwlin Vo € H'(9).
Since b} is coercive by (AP1), this leads to
(3.7) 157 (s ) e < Ce (K71 gy + B lgllor) -

Lemma 3.4 (Unified contraction argument). Let (WP) and (AP) hold. Let
q € (0,1) and s € [0, Smax) be given. Then, there exists a parameter n > 1 depending
on q and s such that for all f € H*(2) and g € H*/2(T) we can write

Sy (f.9) = up +ua + S (£.9),
where

Up = Slj(HIZ,Qf’ HIZ,I‘g) up = SQ(LZ,QJC’ LZ,FQ) + Sl;(AkA,QuF’ AkAIuF)’
and the pair (f,§) € H*(P) x H*Y2(T) satisfies
(3.8) 1flls,2 + 13lls+1/2,0 < a([[flls,2 + lglls+1/2,7)-
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In addition, we have up € H¥ () with

(3.9) ur|ls+2,2 < Cs (1flls,2 + llglls1/2.7) »
and up € W(M,n', P) for some n' > 1 depending only on 1 and T’ with
(3.10) M < CC,,, 1 Coo s L+ E2CR (I lloo + llglly2.r)-

Proof. Let n > 1 to be fixed later on. For f € H*(Q) and g € H**Y/%(T), we set
u =5, (f,9). We introduce

Uur = S;(H]g,ﬂf7 H]ZI‘Q)? UA,I = Sk;_ (LZ,va LZ,Fg)
so that u = up + ua 1 + 11 With
rpi=—Sg (T,ﬁ‘QuF,T,ﬁ‘FuF) = —Sg(RﬁQuF, R,ﬁrup) - Sy (A,f"QuF, Aﬁrup),
where we employed (AP3). We then introduce
UATT = *Sk_(AkA,QUF,AkA,rUF), f= *RkA,QUE g = *RkA,rUFv
leading to the splitting u = up +ua +5; (f, g) with
UA = UAT T UA T = S];(LZ,va Lz,pg) - SI;(AkA,QUFv AkA,FuF)'

Before establishing the contraction estimate (3.8), we prove the regularity estimate
(3.9). Using (2.17) from (AP2) as well as the mapping properties (3.1) and (3.3)
of the high pass filters, we have

luF || s12,2

(AP2) ,
< O (I of oo + k[ H] of
(3.1),(3.3)
<

0.9 + |H} rgllst1/2r + ks+1/2||HZ,r9||0,r)

|s,9 + ]fs(kn)_stH&@ + ||g||s+1/2,F + ks+1/2(/€77)_3_1/2H9H5+1/2,F)

s.2+ lglls1/2r) 5

¢ (I1f
< (II/]
which proves (3.9).

We next establish (3.8). Recalling the definition of f and §, estimates (2.19) and
(2.20) combined with trace inequality (2.4) show that

(3.11) 1£lls.2 + [Glls41/20 < C (K uplls,2 + klluplls41,2) -

The case s = 0 is treated separately. Fixing ¢ = 1/4, we have from (3.7) and the
properties (3.1) and (3.4) of the high-pass filters

(3.7)
Bluel e < Cole (K o oo + 5 21H] cgllor)

(3.1),(3.4)
< Ck (K k)W oo+ k2 k) 2 g o)

(3.12) <Cn=f (Iflo.2 + llglly2r)

where, since € = 1/4 is fixed, we absorbed the constant C. in a constant C' inde-

pendent of k and ; we also used that 77/2 < ~¢ since n > 1. We conclude from
(3.11) and (3.12)

(3.13) 1o + 3120 < €0 (I fllo. + lgllijr) -
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We turn to the case 0 < s < Spax- With e = 0 in (3.7) we have together with the
mapping properties (3.1) and (3.3) of the high-pass filters that

Rlurlog < Ck (k7 1H] of log + k2|1 H] rglor)
< Clkn) =l f o, + K20k =7 gl 2.0
Hence, we find

(3.14) k2 luellogn < Con™ (Iflls. + llglls1/2r) -

We note the multiplicative interpolation estimate for 0 < r < s + 2:

s

27 .
(3.15) [uellr,2 < Crlluello ™ llurll 33, -
Inserting (3.14) and (3.9) into (3.15) we find
r—s— _S.i‘+2—7‘
(3.16) lupllro < Cok"= 72755 ([ flls.2 + llgllsr1/2,r) -

Using (3.16) with » = s and with r = s+ 1 in (3.11) we find
1lls.2 + 1lls1/20 < Cs (B lurlls,2 + klluplls41,2.)
2 g1
<Cy (77 4577 (Ifllso + lgllor/or) -

At this point, since the constants appearing in (3.13) and (3.17) are independent
of n, f, g, we can select 7 large enough (n may depend on s) to obtain (3.8) with
q < 1. For the sake of simplicity, we additionally select n larger than the constants
7o of (WP4) and 7% of (AP3).
We next establish (3.10). For the first component ua 1, properties (3.2) and (3.5)
of the low pass filters show that

Ll of €A(My,n, ),  Ll.g€AM,yy,T,T)

(3.17

with

My < Clflloso, Mg < Cligll-r/ar
and a tubular neighborhood T of T' and a constant 7 > 7 that depend solely on 7
and I'. From (WP3) and 0’ > n > v, we get ua 1 € A(My,9(n'), &) with

M < C, C;ka_l (Mf + qu) < Cca:la,kC;)l,kk_l (HfHO,Q + k||g||71/2,1“) :

ana,k

We turn to estimating ua j1. From (3.12) we get [Jup|/1.cx S k7° (HfHOQ + ||g||1/2’p).
Using (AP3), we arrive at

fir = AR qur € A(My 11,75, 2), gu = Agrur € A(My11,7%, T, 2)
with
My + kMg < CR k™ (I flloe + llgllizr)
Since we chose 1 larger than v and 74, we also have
fII = AkA’QuF S Ql(Mf,Ihnlv 32), gi1 = AkA’FuF S Ql(MgJIan/aTa F)a
and it follows from (WP3) that ua i € A(Mi, d(n'), &) with
M < Cc;qa,kcs;l,kk_l (MfJI + kMg,H) < Cc;la,kcsgl,kk_2cﬁ,k (Hf”O,Q + ||g||1/2,1“) :
Estimate (3.10) now follows since

Up ‘= UAT T UATT € Q‘(MI +M11719(77/)7 (@)
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Relabelling the parameter ¥(n’) as " and estimating generously ||g[|—1 /2,0 < [|g/l1/2,r
gives the result.

3.3. Regularity splitting of time-harmonic solutions. The contraction result
of Lemma 3.4 can be iterated to yield a splitting of the solution of Helmholtz
problems into a part up with finite regularity and an analytic part ua:

Theorem 3.5 (Abstract regularity splitting). Assume (WP) and (AP). For all
0 < 5 < Smax, and for each f € H*(P) and g € H*TY/?(T) there is a splitting

S (f,9) = ur +ua
with up € HST2(P) satisfying

(3.18) lurlls+2.2 < Cs (Iflls,2 + lglls41/2,r) »
and up € A(M,~%, P) with
(3.19) M < Cpro i CC51 . (L + E2CR 1) I f loe + gl /2,0),

and a constant % depending solely on s and the parameters appearing in (WP),

(AP).

Proof. The proof iterates the contraction argument in Lemma 3.4. To fix ideas,
we select ¢ := 1/2 and denote by 7, 1, the parameters 1, " given by Lemma 3.4.
Letting f(© := f and ¢(©) := ¢, the splitting

S (9 = u? + ) + 5 (1D, 91),
holds true with contracted data
1F 05,2 + 19V 120 < aUlF P Ns.2 + 19 ss1/2,0);
the regular part ul)) € H¥"2( %) satisfics

0
luf sz, < Co (15Ol + 19 lss1/2.r)
and the analytic part ug)) e A(MO n, P) with
MO < O, (1487208 (17 Vo + 19l a.r)

We can then repeat this argument to split S,;(f(l),g(l)), and so on, resulting in
an inductive definition of (f(,¢®) € H*(2) x H**Y/(T), u](;) € H*"2(2) and
uX) € A(MD 1y, P) with

1Dl + 19D e /zr < N lle + 19 s1/2.0),
li?llss2.20 < st (15Nl + 19112,

MO < ¢'CCG 1+ k2C84) (17 lo.e + 192 ) -

It follows that we have ‘ ‘
u = Zu%)—i—ZuS),

i1€Ng 1€Np
—_—— N——

=up =uA
where the two series converge due to the geometric decrease of the factors ¢°. Then,
introducing v} := 7., estimates (3.18) and (3.19) simply follow since ¢ = 1/2 and
> 4eNo q" = 2. O
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4. STABILITY AND CONVERGENCE OF ABSTRACT GALERKIN DISCRETIZATIONS

In this section, we utilize the splitting introduced in Theorem 3.5 to analyze
Galerkin discretizations. We first establish quasi-optimality and error estimates
for abstract discrete spaces. These results are then applied to the particular case
of the hp finite element method, where explicit stability conditions are derived.
The proofs of this section hinge on duality techniques, and require properties of
the adjoint wave propagation problem. For the sake of simplicity, we assume here
that the considered wave propagation and auxiliary problems are symmetric in the
sense that

(4.1) b, (v,u) = b, (a,v), b (v, u) = b (W, D) Yu,v € HYH(Q,T).

We mention that (4.1) is not mandatory; however, without (4.1) one needs to
assume (WP) and (AP) for the adjoint problems rather than the primal problem,
which we avoid here to simplify the presentation.

4.1. Abstract Galerkin discretizations. We start by considering a generic finite-
dimensional subspace Vj, C H#(Q,T). The corresponding Galerkin approximation
up, € Vi, to the exact solution u € H(Q,T) of (2.7) is given by

(4.2) by, (un,vn) = (f,vn) + (g, vn) Yoy, € V.

The convergence analysis of the Galerkin method is based on a duality argument and
thus hinges on the ability of V}, to approximate solution to the (adjoint) Helmholtz
problem. Following previous works on the subject | , ,

], the key approximation properties of V}, are encoded in real numberb 7,
called approximation factors. Specifically, for m > 1, v > 0, and the (fixed) tubular
neighborhood T of T' given as the intersection of the two tubular neighborhoods
given by (WP4) and (AP3), these adjoint approximation factors n(™), n,(yeXp) are
defined as follows:

(4.3a) ™) = sup inf (1S, (f,9) — vnll1eks
(f,9)€H™ () x H™= /(1) hEVh
[ fllm—1,2+gllm—1/2,r=1

(4.3b) nﬁf"p) = sup inf ||S. (f,g9) — vl

(f,9) €A(My v, P) xA(My,7,T.T) VhEVh ek
My4+kM,=1/2
To ease the presentation, we introduce the projection
Mo = argvrhggh lv — vpll1,ek-

Lemma 4.1. Let u € HY(Q,T) and assume that uy, € Vi, satisfies
(4.4) by (u—up,vp) =0 Yo, € V.
Then, the estimate
(45) g = un,v)| <0 (14 CouuCaumy?)) | e

holds true for allv € HY*(Q,T), where C is a constant independent of k, u, and v.
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Proof. For the sake of brevity we write ej, := u—uy,. For an arbitrary v € H%!(Q,T),
we have

_ 4.1y, o - -
by, (en,v)| =" |b; (v, en)| = |a(v,en) — (T}, o0, en) — (1), 10, en)|
(2.11) L L o L
< la(@,en)] + (R o0, €n)| + [(Ry, p0, n)| + [(Ag o0, €n) + (Ag 10, €n)|
(2.12),(2.13)
Cllenllvekllvller + (A s €n) + (Ay 0, €n)|-

The analytic part is now treated using a duality argument: Using (4.1), we have
by setting ¢ = S) (A o7, 4}, 10)

o 4.1 _ _ N _ _
(Ap B, &)+ Ap 5,70 =) b (Si (Ag B, Ag 1), @) = by (en, 8) = by (en, —T11,0).

Then, using (WP4), we have
6—TThol1,0. = | 0—T1n 01,0, = Inf[S; (Ay, o0 A r?)—whll1es < Oy kﬂfgexri)HUHl ths
and the conclusion follows from (WP1) since

|(Ar o7 8) + (Af 15,80 = b5 (en 6~ )| < Cropy pllenllniellé— T f1en. O
Lemma 4.2. Assume that u € HYY(Q,T) and uy, € Vi, are such that
(4.6) by (u—up,vp) =0 Yo, € V.

Then, there exist two constants p and p independent of k, u, and up such that

(4.7) (u (1 + Coont,kCa knfge(xri))) (kn(” +Cx k%e(XpA))))

(1 + Ocont kCA knfge(XI:) ) ||u -

Proof. We introduce the Galerkin error ey = u — up. Recalling (2.15) and (4.6),

we estimate with Cy := 1/Cf .

1
a”eh\\it,k < Rebjf (en,oen) < |b; (e, en)| <

|bic (ens en)| + [by (en, en)| = |5 (en, en)| + by, (en,u — Myu)].

With Lemma 4.1 we may then estimate

lenll? i < Colb(ensen)] + Cr (1+ Conpe Cagn§s™) ) lemlnsllu =

where € does not depend on k, u or up. On the other hand, we have upon setting
or =Sy (Rk thka rén) and ¢ =S, (A} th,A,ﬁFﬁ):

4.1
b2 (en, en) =) b2 (@7, 7m)

218
O (RA 7w, on) + (RErer, &) + (ARger, &) + (AR ren, on)

(Si (Riaen, Riven),en) + by, (S, (AR oen, AL ren), en)

= by
b, (en, ¢r) + by (en, ).
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Using Lemma 4.1, we can then write

by, (en, ow)| = |b), (en, o7 — IInoR)]

L. 4.1
< O (14 Ok Caanlse, ) lenlnellér — e
(4.3a) ex o
e (1 + Coont kCa iy ) Dllenllen (I1BEaek o2 + | RErerll/2.0)
(AP3)

< 02 (1 +Ccont kCA knﬁe(xp—) ) kn(l)HehHItk’

where C5 is independent of k, u, and uj,. Note that in the above estimate, we only
use (AP3) for the operators RkA’Q and Rﬁr, i.e., equations (2.19) and (2.20), which
does not introduce any dependence on k in the constant Cy. Similarly, we have

L. 4.1 ex
b (ens o)l < C (14 CopenCaanly®) ) llenlleallén = Wudallvo
< C (14 CoapeaCaine® ) CRunSER el o

which leads to
b8 (ensen)] < Ca (14 Coon i O™ ) (k™ + CR i) ) llenl v

with C5 independent of k, u, and wj. Therefore,

(4.8) (1 — CoCs (1 + C’Cont +C knée(xp) ) (k:n(l) + Cﬁ,kﬁéii?))) ”eh”%,t,k <

Ya)
C1 (14 Croue O™, ) len el =
Estimate (4.7) then follows by setting 1/u = Cpymax(1,C3) and p = pC; and
multiplying both sides of (4.8) by pu. O

Theorem 4.3 (abstract quasi-optimality). Assume (WP) and (AP). Let s €
[0, Smax), f € H*(P), and g € H*TY/2(T'). Recall the constant u from Lemma J.2,
and assume that

1 A (exp) K —  (exp)
(49) k77( ) =+ CA,knge(.y%) S Za C'cont kCA kn;( Ii) S L.

Then, there exists C' > 0 independent of k, f, g, and there exists a unique up € Vj
such that (4.2) holds, and for u = S, (f,g), we have

(4.10) lu —unlliex <C inf flu—vnl1ek
v EVY

Proof. Fix s € [0, 8max), f € H*(Z), and g € H*T1/2(T'). Let uy, be any element of
Vi, such that (4.2) holds true. We easily see that u := S, (f,g) and u satisfy the
assumptions of Lemma 4.2. Injecting (4.9) in (4.7), we have

1 .
N — <2 —1II =2 f
5 |u —unll1ek < 2pllu —Tpull1ek p, mf |

so that (4.10) holds for all uy, satisfying (4.2) with C :=4p/pu.

Next, we observe that having established (4.10) for all uj, satisfying (4.2) implies,
by linearity, the uniqueness of the solution to (4.10). Since (4.10) corresponds to
finite-dimensional linear system, this proves the existence and uniqueness of u,. O
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4.2. Application to hp-FEM. We now focus on the case where the discretization
subspace V}, is an hp-FEM space of piecewise (mapped) polynomials. We consider
the case where the mesh 7}, associated with the finite element space is aligned with
the partition & and excludes hanging nodes. Since we are working with analytic
interfaces, dedicated assumptions are required | ].

Assumption 4.4 (Quasi-uniform regular fitted meshes). Let K be the reference
simplex in spatial dimension d = 2, 3. The mesh 7} is a partition of Q into
non-overlapping elements K such that Uger, K = Q. For each K € Ty, there
exists a bijective mapping Flk : K — K that can be written as Fx = Rk o Ak,
where Ak is affine and Ry is an analytic map. Specifically, there exist constants
Cafine, Cretric, ¥ > 0 independent of K such that

”A/K”Loc(}?) < CafﬁnehK7 H(AIK)71||L00(]A() < Cafﬁneh]_{lz

||(R/I()71||Loo([~() S Cmetrica anRK”Loo(f() S Cmetric’)/nn! n S I\IO-

Here, K = AK([A() and hx > 0 denotes the element diameter. We assume (“no
hanging nodes”) that the element maps of elements sharing an edge or a face
induce the same parametrization on that edge or face. (See | , Sec. 8.1] for a
precise formulation for the case d = 3 and | , Def. 2.4.1] for the case d = 2.)
Furthermore, we assume that the mesh 7j, resolves the interfaces of &, i.e., each
element K lies entirely in one subdomain P € Z. .

For p > 1, we introduce the space S,(7s) as the space of piecewise mapped poly-
nomials of degree p:

Sp(Th) = {u € H'Q): ul,; 0 Fic € Py(K) for all K €T, }.

We note SP(T,) € HYH(Q,T). We will require approximation operators that ap-
proximate functions in the || - ||1,,,5-norm:

Proposition 4.5 (Interpolation errors). Let Assumption 4.4 be valid. There is an
operator Iy, : H*(2) N HY(Q) — S,(T) with the following properties:

(i) Iy, is defined elementwise, i.e., (Inv)|x depends solely on v|g.

(ii) For 1 <m < p and for allv € H™TY(2), we have

kR0 kR (RN
@) o= folha < G (15 (545 (5) ol
p p p
(iii) Fiz C > 0 and assume kh/p < C. For all , there exist constants oy, Cy

solely depending on 7y, Chetric of Assumption 4.4, and C such that for all
v € AM,y, Z),
(4.12)

N ho\P kh \P
.y < 14 (2 Al 22 )
o W,t,k_cw(+<p) Y () e (22

(iv) Finally, for v e A(M,v, P) and 0 < g < p, we have

ERN\Y?t kn R\ ? kh \P
(4.13) lv = Ipvllen < Cqqy (1 + () +— (() +k () ) M.
p p p O4P
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Proof. The construction is essentially that of | , Thm. 5.5], where the approx-
imation in the norm ||V - |lo.2 + k|| - jo,o is considered instead of || - ||1,+,5. We will
therefore be brief. The operator I is defined on the reference simplex and taken
to be the one of | , Lemma 8.3], which in turn is actually the operator ﬁ%md’?’d
(for d = 3) or the operator ﬁ%rad’Zd (for d = 2) of | ].

Proof of (ii): The p-dependence of the approximation properties are spelled out in
[ , Lemma 8.3] and the h-dependence follows from scaling arguments.

Proof of (iii): Denote by 1), the operator on the reference simplex, and introduce
for K € T, and ¢t € {0,1} the norm |[v]]7,, x = ||Vv||2LQ(K) + k2||v||2L2(K) +
k1_2t|v|%{t(8K). By standard scaling arguments and the approximation properties

of T, (see the discussion in the proof of | , Lemma 8.3]) we get
kho | (kBP0 L
o= il e 02 (1 (B ) Plas

where 4 := u o F is the pull-back of u to K. Noting that ]A'h is a projection onto
P,(K) (and thus I, a projection onto S,(75)) we arrive at

kh (kh\Y? R
Lk K S p/2=1p=1 <1 + o + (p> inf _ [0—w|, .

v = Ihv _
wePy(K)

For v € A(M,~, &), we can now proceed as in the proof of | , Thm. 5.5] using
in particular the approximation result | , Lemma C.2] for inf ., (R [U—wl, %.
p ’

This leads to the desired result for ¢ € {0,1}. For ¢t € (0,1) the boundary estimate
|v — Iy, r then follows by the interpolation inequality.
Proof of (iv): If ¢ < p, the function

p—q
hl—>< h )
h+oy

is non-decreasing. Hence, since h < C', we have

h p h q h p—q
<h+‘77> N <h+‘7'v> <h+‘7'v>

C o\ .
< oy tht (c + ) = 0y ThIpE1 = (pyo) " hph,
Oy

where p, < 1. It is then clear that pf < ., ;p9, and it follows that

h P h\?
< — .
<h+07) < Cur <p>

Then, estimate (4.13) follows from (4.12). O

Our key result concerning finite element discretizations is established under an
additional assumption of polynomial well-posedness that we detail now:



22 M. BERNKOPF, T. CHAUMONT-FRELET, AND J.M. MELENK

Assumption 4.6 (Polynomial well-posedness). There exist constants c,, as, ac,
C > 0, independent of k such that

(4.14) Conar < Ck*,

4.15 Cor . < CE,
sol,k

(4.16) Coontr + Cap +E2CR ), < Ok

Lemma 4.7 (Approximation factors for hp finite elements). Assume that p >
14+ a, 4+ 2a¢ + ag. Then, we have

1/2—t
(4.17) "™ < Cpasa. (1 + (kh) + kh)
P P
h
+ —
P

m QaFastac
(h> (kh> + kaa+as+0tc+1 ( kh >P
p P o

for all m > 1, and

kY2t kR
(4.18) n{™P) < Oy k7 (1 + (p> =

2ac+1 st
G (G e (G)
p p 09(y)P

Proof. Let 1 <m < p, and fix (f,g) € H™ (£) x H™Y/2(T') with

for all v > 0.

[fllm—1.2 + 1|gllm-1/20 = 1.

For v = S (f,g), Theorem 3.5 provides the splitting u = ur + ua, where up €
H™1(Q) and up € A(M, v}, P) with

lur||m+1,2 < Cm—1,
(4.19) M < CO-

ana,k

Coork(1+ kszﬁvk) < Ckoatastac,

It is convenient to abbreviate

kY2t kR
(420) Ft,k,h,p =1+ (> + — 1.
p p

Applying (4.11), we have

R\™ R\™
_ < — < ' _
1y —_— m vyl 9 —_— sfuy iy
lur — Inupl1,6 < C Ftkhp(p) lupllm+1,2 CmFtlchp(p> .
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On the other hand, since p > 1 4 «, + a5 + 2a by assumption, we can use (4.13)
with ¢ = a, + a5 + ac + 1 and v = ~;;,, showing that

h aaptastac+1 kh p
lua — Tnuallie ke < CoFykohp ((p) +k ( > M

Oy D

(4.19) h Qatastac+1 kh P
S quanraerath,k,h,p <) + L ( >
p Oy, P

aptastac P
< CoFikhp h <kh> + koatastactl <kh ) :
p\P Onyr P
lu—Thulliex < lur — Tnur|1er + lua — Tnuall ek

R\™  h [kh\ Tt kh \?
< OmgFrny (() +— () ke tastact] () ) :
p J AN 2 Oyx P

and (4.17) follows from the definition of (™) in (4.3a).
Consider now (f,g) € U(My,v, P) x U(My,~,T,T') with My + kM, = 1/2, and set
w =5, (f,9). We know from (WP3) that u € A(M,, (), &) with

M, < CCL,, Oy xk™ (M + kM) = CF,, ,CCLy k™1 < Okeetoml,
It then follows from (4.13) with ¢ = aa + as + 2a. + 1 and v = J(y) that

B h Qatas+2ac+1 kh p
lu = Tnullien < Crak® T R, onp ((P) +k < ) )

T9(v)P

Then, we have

and (4.18) follows from the definition of n.(yexP) in (4.3b). O
Our main result is then a direct consequence of Theorem 4.3 and Lemma 4.7.

Theorem 4.8 (discrete stability of hp-FEM). Let (WP) and (AP) as well as
Assumptions 4.4 and 4.6 hold true. Then, for all co > 0 there exist constants cq,
C' depending solely on cy and the constants appearing in (WP), (AP), Assump-
tions 4.6, 4.4 such that under the scale resolution condition

kh
(4.21) — < and p>142ac+ ay + ag + cologk
p
the Galerkin solution un, € Sp(Tn) of (4.2) exists, is unique, and satisfies
4.22 uU—u <C inf uU—v .
(4.22) | mpllier < B Lo [l = vnpll1,e.k

Proof. We may assume that kh/p < ¢; <1 so that easy calculations show

(4.23) sup Fkhp = F1k,h,ps
t€0,1]
LR\ /2 kh\ /2 b\ 32
(4.24) Fikhp ( ) <1+ () + <> <1+ 01/2 + c;;/z <3.
p p p

Let co > 0 and fix p > 1 4 2a + an + ag + cologk. Then, we have in particular
that logk < (p — 1/2)/ca, so that for any o, b > 0

Kb < (eb/w)p*w,
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and

Eh\P~1/2 p=1/2 ;eq\pP—1/2 eb/ce p=1/2
(425) kb () S <€b/c2) (—1) :( pn Cl) .

op o

Since p > 1 + 2a + @, + g by assumption, we can use (4.17) with m = 1. Since
t <1, picking 0 = 0, and b = @, + a5 + ac + 2 in (4.25), we get

(4.17),(4.23) kh kh aatoastac+1 Lh p
kn(l) < CFl,k,h,p — + () + kaa+as+ac+2 ( )
p D U’Yfp

- 1/2 antastact+1/2 —-1/2
"2 30 (lm) + <kh)  foatastact2y /2 (kh )p
- p p i Ty D

(datastact2)/co p=1/2

G'Ah*

We then employ (4.18) with v = 9¥(v, ), leading to

_ _ (exp)
Ccont,kCA,knlg(,:;)

R\ 2T [ p\ e tes kh \?
S (DR e
P p To(4)P

(4.23),(4.24) 1 20ctaatas—1/2 p—1/2
< 3C | k! <h> (kh> _|_O.;(1/)2k_2ac+aa+o¢s ( kh >
b p ! T9(7)P

(4.25)

—1/2
(2actaatas)/c2 P

_ (&
< 3C C?ac+(¥a+as+1/2 Oﬁ(%y/)Q ( Cl) )

T9(vx)

where we have used (4.25) with o = T9(v7) and b = 2. + a5 + as. Finally, since
k > ko, a similar reasoning shows that

A (exp) ac ), (exp) 2a., (exp)
CRag) S OF Mye) < CF 04
—1/2
(2actaatas)/ca P
20 +aatas+1/2 —1/2 €
=3Ca |4 *”m®<0ACJ
19(’)’A)

At this point, we assume in addition to ¢; < 1 that

eloatastact2)/ca e(2actaatas)/ca e(2actaatas)/cs
(426) ——————¢ <1, <1, ——— <1,
O T9(vx) 790R)

which leads to the simplified expressions (using p > 1)

(datactas+2)/ce (2actaatas)/ca
14 Uw_{l/z elGaTdeTasTE/ o2 " U;(l/f) erereTe C}/2
T B T9(v3)

(2act+aa+ag)/c2
CooninCan1S®. < Capa, <1 to [T ) Az,
T9(vx)

kO +CR ) < Casia

and

9(vy) — (va)
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Then, we see that requiring, in addition to (4.26), that
Velaatactas+2)/ca  /eRactaatas)/cs  y/eRactaatas)/cs 1/2
Cac;as 1 + + + ¢

1
O T9(vx) TH(vR)
!
< min(u/4,1),

then the requirements of Theorem 4.3 are met, which leads to the result. g

5. APPLICATION TO WAVE PROGAGATION PROBLEMS

In this section, we verify that the Assumptions (WP), (AP) of Section 2 are in fact
satisfied for a variety of time-harmonic wave propagation problems. We emphasize
that Assumption (WP2) and, in particular, the polynomial stability assumption
expressed in (4.16) is assumed and has to be proved separately. We discuss cases
where such a stability property holds true in Remark 5.3 below.

Throughout, we will consider the heterogeneous Helmholtz equation, and in all
examples the sesquilinear form a(-,-) will be of the form

(5.1) a(u,v) = (A(x)Vu, Vv).
The strong form of problem (2.7) is
(5.2) Lyu:=—k’n’u—V-(A(@)Vu)=f inQ, On,u—Tyru=g onl,

with the co-normal derivative 9, ,v :=n - (AVv)|r and the outer normal vector n.
Hence, in all examples the volume operator is given by Thag= k?>n?. The complex-

valued coefficients A € L*°(Q, GL(C?)) and n € L>(£,C) are assumed to satisfy
the following: A is uniformly elliptic, i.e.,

(5.3a) Re(67 A(2)€) > amm|é]*>  VE€CT? VzeQ.
Furthermore, A and n are piecewice analytic, specifically,
(5.3b) VP Al Lo (0\Pieerr) < Ca¥ip! VP € No,

(5.3¢) VPRl Lo (@\Tinerr) < Cnvip! VP € No,
for fixed constants Cy,v4 and C,,vy.

Remark 5.1. The coefficients A and n are allowed to depend on k. We merely
require that the constants in (5.3a)—(5.3c) not depend on k. Therefore, equations
including volume damping, classically written in the form —k%n?u + ikmu — V -
(AVu) with some m satisfying the condition that ||VPm/|| e o\rjmerr) < Cm¥h,p! for
all p € Ny are included in this setting. Also certain PML-variants with k-dependent
matrices A are included in this setting. .

The strong form of problem (2.16) will be

(54) Liu:=-V-(A@)Vu)+ku=f inQ, Onu — T,:Fu =g onl
so that T,:Q = k2. The problems (5.2), (5.4), which we discuss in more detail in
Sections 5.1-5.3, thus differ in the boundary conditions, i.e., the operators T} 1. and
Tyt

Throughout this Section 5, we assume:

Assumption 5.2. The boundary I' and the interface I'jyef are analytic. "
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Remark 5.3. The polynomial stability assumption is known to hold true in a vari-
ety of situations. The growth of the stability constant is governed by the trajectories
of the rays (solutions to the bi-characteristic equation) associated with the wave
propagation problem. This is intuitive to understand: if some rays are trapped,
more time will be needed for the energy to leak out of the domain, resulting in a
larger stability constant. On the mathematical level, the connection between waves
and rays can be made rigorous through semi-classical analysis | , , 1,
and three scenarios must be distinguished.

First of all, we say that the problem is non-trapping if all rays escape the domain
in finite time, i.e., there are no trapped rays | ]. In this case, it is well-
known that C’S;l,k is bounded uniformly in k. Early works on the subject have
focused on the scattering problem from a Dirichlet obstacle (see e.g. | , D,
but the estimate also applies to problems with heterogeneous media under radial
monotonicity conditions on the coefficients (see, e.g., | D).

The next situation to consider is the case of “weak” trapping | ]. In this
case, rays may be trapped, but all the trajectories of trapped rays are unstable.
This is for instance the case for the scattering problem from a Dirichlet obstacle
consisting of two balls or two squares. In this case, although rays may be trapped
between the two parts of the obstacle, polynomial well-posedness holds true. For

instance, it is known that C_, , < logk for the case of two balls | ], and that
Coir S k? for the case of two squares | ]. Similar estimates holds true

when the weak trapping is generated by space-varying coefficients | ].
Finally, the case of “strong” trapping arises when trapped rays have stable trajec-
tories. This is for instance the case when scattering from a “C' shaped” obstacle.
In can be shown that polynomial stability does not hold true for all frequencies
[ ]. However, the set of frequencies causing the super-algebraic growth is, in
a sense, small. Specifically, it is shown in [ ] that polynomial stability holds
true even in this case with C_;, < EG4+D/2 up to excluding a set of frequencies
of arbitrarily small measure. 7

The above stability bounds are stated for a Helmholtz problem with a radiation
condition at infinity or, equivalently, an exact DtN operator. However, these bounds

still hold true if the DtN operator is replaced by a PML, see [ ]. Bounds for
impedance boundary conditions are also given, e.g., in | , ]. Higher-
order absorbing boundary conditions are also considered in | ] n

5.1. Heterogeneous Helmholtz problem with Robin boundary conditions
and PML. The heterogeneous Helmholtz problem with Robin boundary condi-
tions corresponds to the choice

T,;Fu = ikGu

in (5.2) for some function G that is analytic in a fixed tubular neighborhood T of T'.
In (5.4), we select T,: r = 0. Note that we allow for complex-valued coefficients A
and n, which allows us to cover forms of PML where the path deformation into the
complex plane is based on the use of polar/spherical coordinate | , ]
Specifically, it can be seen following the discussion in | , Remark 2.1] and the
expression of A given in | , Eq (1.11)] that (WP3) holds true if the damping
parameter is small enough (the width of the PML, however, is not constrained).
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Lemma 5.4 ((AP) for Robin b.c.). Let Assumption 5.2 and (5.3) be valid. Let G
be analytic in a tubular neighborhood T of T'. For L, , L} given by (5.2) and (5.4)
with Ty 1 = ikG and T,IF = 0 the following holds with t = 1/2:
(i) by is bounded uniformly in k, and (AP1) holds with o = 1.
(ii) 1S5 (f,)lher < CEflloo+Egllor], and (AP2) holds for any
fized spmax > 0.
(iii) The splittings of T o — T,::Q and Ty 1 — T,::F of (AP3) are given by R,ﬁQu =
E2(n?+1)u, A2, =0 and R pu = ikGu, A2 = 0 and hence satisfy (AP3)
for any fixed sn;ax >0. 7 ,

Proof. Proof of (i), (iii): Continuity of bz' follows by inspection. The coercivity
(AP1) of b with o = 1 follows from (5.3a) and T}/ . = 0.
Proof of (ii): The coercivity of b implies for u := S} (f, g)

ullf o6 S 10 0]+ (g, w)r] S &I fllogllu

The trace inequality k||v]jo.r < |[vll1,0+klv]lo.0 S [|v]l1,e,% then implies the a priori
bound. The validity of (AP2) follows from standard elliptic regularity theory for
Neumann problems since I' and Tjpters are smooth. The fact that A is C¢*%-valued
instead of pointwise SPD is discussed in more detail in the proof of Lemma 5.5
below.

Proof of (iii): follows by inspection. O

o2 + k72 gllork?[[ullo.r.

Lemma 5.5 ((WP) for Robin b.c.). Let Assumption 5.2 and (5.3) be valid. Let
G be analytic in a tubular neighborhood T of T'. Assume (WP2). Then:
(i) (WP1) holds with C,. , = O(1), and (WP3) holds with C_, , = O(1)
(both uniformly in k).
(ii) (WP4) holds with Ry qu = k*n*u, Ao =0 and R = ikGu, Ay = 0.
In particular, for the constants in Assumption /.6, we have Cc:)nt,k =0(1)
(uniformly in k) and Cy , =0 and Cﬁ,k = 0.

(iii) (WP5) holds.

Proof. Proof of (i): C ., = O(1) follows by inspection. To see (WP3), we
first discuss the case that the matrix A is pointwise SPD as this case is essentially
covered by the literature. Specifically, we observe that the function v = S, (f,9)

with fe QI(C’]?, V5 Z), g € U(Cy,v5,T,T), satisfies, upon setting ¢ = 1/k,
—£2V - (AVu) — n’u =2 f in 9,

(5.5) ) o
%O, u =¢(eg+iGu) onT,

The regularity of solutions of these problems form has been addressed in | ,
Lemma 4.13] and | , Prop. 5.4.5, Rem. 5.4.6]. The procedure is as follows:
the regularity can be analyzed locally and the boundary or the interface may be
flattened by (local) changes of variables so that one is reduced to the analysis
on balls (interior estimates and transmission problems) or half-balls (boundary
estimates). Note that that Lemma 2.2 (and | , Lemma 4.3.4]) provide that the
analyticity classes are invariant under bi-analytic changes of variables. Hence, one
may apply | , Prop. 5.5.1] (interior analytic regularity), | , Prop. 5.5.3]
(boundary analytic regularity for Neumann problems) as well as | , Prop. 5.5.4]
(interface analytic regularity) if Tipgers # 0, to problem (5.5). Considering as an
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example the case of boundary regularity, we apply | , Prop. 5.5.3] with the
following choices

CA = O(CA), Cb = 0, CC = O(Cn’z), Cf = 0(62017), CGl = O(€C§), CG2 = 0(1),
Y4 =0(a); W =0,% =0(e), 74 =00f), Y6 =0(vg), 76 =0(1),

where 7,2 and C,2 are the analyticity constants of the coefficient n? and the O(-)-
notation absorbs the modification of constants due to the analytic change of vari-
ables when transforming to a half-ball. By combining the finitely many local con-
tributions, we arrive at
IVPull L2 (@\Pypenr) S CHF max{k, pyP(k™2C5 + k™05 + k7| Vul 12 () + llull22(0))
S CAHP max{k,p}p(k720f+ kT'Cy + C’S_Ohkkfl(Cf—F kEC3))
S CAP max{k,p}pCS;ka_l(Cf—i— kEC3) Vp > 2,
where we applied the stability estimate (2.9) as well as C_, , 2 1. The stability
estimate (2.9) shows that the bound is valid for p € {0, 1} as well, so that Sk_(f, g) €
QI(CCS_Oka_l(C'J:—i— kCg),7, 2), i.e., (WP3) holds with C_ , , = O(1).
For the case that the matrix A is not SPD but merely satisfies (5.3a), we note that
the proof of | , Props. 5.5.1, 5.5.3, 5.5.4] relies on a (piecewise) H2-regularity
result for the principal part of the operator (cf. | , Lemmas 5.5.5, 5.5.8, 5.5.9]),
which in turns hinges on the difference quotient technique of Nirenberg. We note
that the condition (5.3a) provides a coercivity that makes the difference quotient
technique applicable for Neumann and transmission problems so that also | ,
Props. 5.5.1, 5.5.3, 5.5.4] holds for complex-valued coefficients A, n satisfying (5.3).
Proof of (ii), (iii): By inspection. O

Under the assumption (WP2) we have the following quasi-optimality result for the
heterogeneous Helmholtz equation with Robin boundary conditions:

Theorem 5.6 (Robin b.c. and PML). Let t = 1/2. Let Assumption 5.2 and (5.3)
be valid. Let G be analytic on a tubular neighborhood of T'. For problem (5.2) with
Ty, r = kG assume the polynomial well-posedness of the solution operator Sy of
Assumption 4.6. In the discretization setting of Assumption 4.4, for each co > 0
there are constants c¢;, C' > 0 independent of h, p, and k such that under the
scale-resolution condition (4.21) the quasi-optimality result (4.22) holds.

Proof. Combine Lemmas 5.4 and 5.5 with the stability Assumption 4.6. g

5.2. Heterogeneous Helmholtz problem in the full space. The heteroge-
neous Helmholtz problem with Sommerfeld radiation condition in full space R? is
to find U € HL (R?) such that

—k*n*U — V- (AVU) = f in RY,

5.6 -
(5:6) 10,U — ikU| = o (||x||Td> for || — oo,

is satisfied in the weak sense. Here, 0, denotes the derivative in the radial direction.
We assume f, A, and n (which are defined on R?) to be local is the sense that f,
A — 1, and n — 1 are compactly supported.

To approximate the problem with a FEM, we introduce a bounded Lipschitz domain
Q0 C RY such that supp f C €, supp (A — I) C Q, and supp (n — 1) C Q. Since we
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have a lot of freedom in the choice of 2, we will assume that it has been designed
so that
(5.7) T := 99 is analytic and QT = R?\ Q is non-trapping, [ , Def. 1.1].

Problem (5.6) can then be reformulated on € using the Dirichlet-to-Neumann oper-
ator DtNy: HY/2(T') — H~'/2(T"), which is given by g ++ DtNyg := 9w :=n - Va,

and w € HL _(R%\ Q) is the unique weak solution to
—Aw —k?w =0 in QF,
w=gq on I,

19,w — ikw| = o (||x||%) for ||| — oo.
The heterogeneous Helmholtz problem in full space is to find u € H'(Q) such that

Lyu:=—kn’u—V-(AVu)=f in Q,

(5.8) _
On u — TkIu = 0Op,u—DtNpu=g onl.

For g = 0, the solution u of (5.8) is then the restriction to €2 of the solution of (5.6).
If d = 2, we assume that diam 2 < 1, which ensures that the single layer operator
Vo : H-Y/2(T') — H'Y?(I") appearing below is boundedly invertible.

We define the operator DtNy as the map DtNg : g — 9,u®**, where u®** solves

(5.92) —Au™t =0 in QF,
(5.9b) u =g onT,

90w - {0/l as ] = oo for d = 3
bln ||z +O(1/||z]]) as ||z|| = oo for some b € R for d = 2.

Remark 5.7. The reason for choosing the particular condition (5.9¢) at oo is that
it ensures the representation formula

u™ (@) = —(Vo0,u™) (@) + (Kou™")(x)

with the usual single layer ‘70 and double layer potential I?O for the Laplacian; see,
e.g., | , Thm. 8.9] or | , Lem. 3.5]. This particular choice will reappear
in the analysis of the difference DtN; — DtNy in Lemma 5.8. For our choice of
condition at oo, one has the Calderén identity

uext %+K0 _VO uext
(5.10) = ,
Opusxt —Dy % - KJ, Opusxt
where Vy, Ky, K{j, and Dy denote the single layer, double layer, adjoint double
layer, and the hypersingular operator, respectively (see, e.g., | , ] for the
precise definition). By definition, we have 9, u®* = DtNqu®*®. From the Calderén
identity (5.10), one easily concludes

(511) (DtNoueXt,UEXt)Lz(p) — 7(D0uext7uext)L2(F) o (VoanUeXt,anUEXt)L2(p) S 0’

where we employed that Dg is positive semidefinite and Vj is positive definite,
[ , Thm. 6.23, Cor. 6.25]. ]
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For the auxiliary problem (5.4), we select T, ,j' r = DtNp.
In order to show that Problem (5.8) fits into the framework of Section 4 we need
to analyze the operators DtNj and DtNj:

Lemma 5.8. Let Q C R?, d € {2,3}, be a bounded Lipschitz domains with smooth
boundary I'. Then the following holds:
(i) —(DtNou,u) >0 for all u € HY*(T).
(i) The operator DtNg is a bounded linear operator H*+/?(I') — H*~Y/2(T") for
every s > 0.
(iii) Assume (5.7). Let the ball Br(0) satisfy Q@ C Br(0), set Qr := Br(0) \ T.
Let s > 0 be given. Then

DtNy, — DtNg = kB + [0, A]

where the linear operators B: H5(T') — H5(T) and A: H*(T) — C®(QR)
satisfy for all u € H*(T)

| Bullsr < llullsr Au € A(CKP ||ulls.r, v, )

with 8 = 7/2 4 d/2, and constants C, v > 0 independent of k. Here, the
operator [[8n121]] realizes the jump of the normal derivative of Av and is given
by [0, Ao :==n - V(Av)|gr —n - V(Av)|q (see (A.9)).

(iv) Let T' = 0B;1(0) C R? be the unit ball in dimension d = 3. Then DtN; —
DtNy: H*(T') — H*(T') satisfies, for every s > 0,

[IDtNgu — DtNoul[s,r S Elluls,r Yu € H*(T).

Proof. Proof of (i): —(DtNou,u) > 0 is asserted in (5.11).

Proof of (ii): Follows from regularity properties of elliptic boundary value problems.
Alternatively, one could appeal to the representation of the (exterior) DtNg as
DtNy = Vo_l(—l/Z + Ko) and the mapping properties of V and Ky as given in,
e.g., | , Thm. 3.2.2].

Proof of (iii): See Appendix A.

Proof of (iv): For T' = dB1(0) C R3, the operator DtNj, has an explicit series rep-
resentation in terms of spherical harmonics. That is, denoting by Y, the standard
spherical harmonics, a function v € L?(T") can be expanded as

u:Z Z uy'Y,"

=0 m=—1¢

Omne has the norm equivalence ||u|@ls(r) ~ > Efnz% |u*|?(€ + 1)%¢ for every
s >0, see, e.g., | , Sec. 2.5.1]. The operators DtNy and DtNy, can be written
as

¢ ¢
DtNou = — i Z (0 + Dugry,", DtNyu = i Z ze(k)uy*Yy",

=0 m=—¢ =0 m=—/

with explicit estimates for the symbol z,(k) given in [ , Sec. 2.6.3]. The
formulas for DtNy and DtN, immediately give

oo L
(5.12) DtNju — DtNou = > > (2e(k) + £+ Dup ¥,
=0 m=—¢
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From | , Lem. 3.2, eqn. (3.28)], where the operator DtN has the opposite sign,
we have
(5.13) l+1—k<—-Rezl(k)<l+1+k.
Consequently, we immediately have
(5.14) |Reze(k) + 0+ 1] < k.
From | , Thm. 2.6.1, eqn. (2.6.24)] we have
(5.15) 0 <TImze(k) <k.
Combining (5.14) and (5.15) yields
(5.16) |ze(k) + €+ 1| < 2k.
For u € H*(T') and with the previous estimate we have
oo L
IDtNgu — DtNoulZp ~ Y > (4 1) |ze(k) + £ + 1*[up"]?
=0 m=—¢
) 4
< @R Y0 30 VP PY ~ (28) ulr
=0 m=—¢
which yields the result. O

Lemma 5.9 ((AP) for full space problem). Let Assumption 5.2 and (5.3), (5.7)
be valid. For L; , L} given by (5.2), (5.4) with Ty, r = DtNy and T,:F = DtNy the
following holds with t = 1/2:
(i) b is bounded uniformly in k, and (AP1) holds with o = 1.
(ii) 1S (fsDllrex < Ok fllog + k5 llgllor], and (AP2) holds for any
fized Smax > 0.
(iii) The splitting of T} ¢ — T,:Q in (AP3) is given by RkAﬂu = k2(1 + n?)u,
AkA)Q = 0. The splitting of Ty, — T,:F in (AP3) is given by RkA,Fu = kB
and ARp = [0,A] with the operators B, [0,A] given by Lemma 5.8(iii).
(See also Remark 2.1(iii) for the interpretation of [0, A] as a mapping into
analyticity classes of the form 2A(M,~,T,T).)
(iv) For the case T = 0B1(0) C R3, the statement (iii) holds true with the operator
AﬁF = 0 and the operator R,ﬁr = B = DtN;, — DtNy of order zero bounded
uniformly in k as described in Lemma 5.8(iv).

Proof. Proof of (i): Continuity of b follows by inspection. The coercivity (AP1)
of bz with ¢ = 1 follows from (5.3a) and the positivity of fT,::F = —DtNg by
(5.11).

Proof of (ii): Set w := S;(f,g). The a priori bound

(5.17) |lw

e+ klwlog + [wljar S ISEL9)her Sk fllog + 52 lgllor

follows by Lax-Milgram. To show the shift theorem asserted in (AP2), we refor-
mulate the problem solved by w = S} (f,9), i.e.,

—V - (AVw) = f — k*w in Q, Onw — DtNow =g onT.
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as a transmission problem. We define the function

~ w in Q
w = ~ . ~
w™ = —Vo(DtNoy"™w) + Koy w  in QF.

By the mapping properties of the potentials ‘N/o, f(o, [ , |, we have for any
bounded domain

(5.17)

(518) @l g1 @y S lwlle = 155 (f 9l S kI flloq +k2lg]

The function w satisfies
—V - (AV@) +E*w = f inQ, —Aw=0 inQF,
[w]=0 onT, [Orw] =g onT.

0,I"-

Let Q DD Q with 9 smooth. Let y € cge ((NZ) with x = 1 on a neighborhood of €.
Upon writing A for the extension of A by the identity matrix and the characteristic
function xq of 2, we have

~V(AV(x@)) + K lox@ = f i,
[xw] =0 onT,
[0n(xw)] =g onT,

xw=0 on Q.

(5.19)

with f = f in Q2 and f=2Vw-Vy+ @Ay in Q\ €. Since A satisfies (5.3a) with
Q) replaced by 2, the Lax-Milgram Lemma gives for the solution xw of (5.19)

(520) V@) | @y + 101+ E2x) @ 2y S 1l @y + lglliory
Sl + lglhar S 1floa + lglhyzr + 181 g

The function yw satisfies an elliptic transmission problem with piecewise smooth
coefficients in the equation and smooth interface I'UTjytere. Although the coefficient
Ais complex-valued, it satisfies (5.3a) and, as discussed in the proof of Lemma 5.4,
(piecewise) H?-regularity as formulated in | , Prop. 5.4.8] is available. Such
an H2-regularity gives x@ € H2(Q\ (Tinters UT)) and consequently w = (X@)|Q €
H?(Q\ Tintert) together with

[wll2,0\Dingerr = XD 2,0\ Dinierr S 1 + E2Lox@llg g + l9ll1 /2.0 + X0,
S I flloso + 12V (x@) - Vx + (x@) Axllg gy + B lwlloo + l9ll/2r

(5.20) (5.17)
S fllos + lglyzr + K llwllon < [1flloe + lgllyzr +£/Zlglor-

Proof of (iii), (iv): follows from Lemma 5.8. O

Lemma 5.10 ((WP) for full space). Let Assumption 5.2 and (5.3), (5.7) be valid.
For Ly, Ly given by (5.2), (5.4) with Ty, . = DtNy and T,7 . = DtNg the following
holds with t = 1/2 if (WP2) holds:

(i) (WP1) holds with C__ . , = O(k?) with B3 given by Lemma 5.8, and (WP3)

holds with C_, . = O(1) (uniformly in k).

ana,
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(ii) Let the operators B and [0,A] be given by Lemma 5.8(iii). Then (WP4)
holds with Ry qu = kE2nu, A,;Q = 0 and the choices Ry = DtNo + kB,
A,;F = [[anl]] In particular, for the constants in Assumption /.6 we have
Coontrs T Cap + C’ﬁ’k = O(kP) with B given by Lemma 5.8.

(iti) For T = 9B1(0) C R? the assumption (WP4) holds with R qu = k’nu,
A,:)Q = 0 and the choices R; . = DtNy and A,;F = 0. In particular, for the
constants in Assumption 4.6 we have C_j  , +Cy ) + Cir=0().

(iv) (WP5) holds.

Proof. Proof of (i): The full space problem corresponds to the choice T, ju =
DtNju. As in the proof of Lemma 5.9, the function wu is the restriction to € of the
solution of the following full-space transmission problem:

—V - (AVu) — k*n’u = f inQuUQT,
[u] =0 onT,
[Onu] =g on I'.

u satisfies the radiation condition.

From now on the proof is completely analogous to the Robin case of Lemma 5.5
replacing the use of Neumann conditions by transmission conditions on I'.

Proof of (ii): We decompose T, v = DtNy = DtNo + (DtNy, — DtNy) = (DtNg +
kB) + [0,A] =: Ry + Ay . The operator A, 1. is of the form given in (WP4).
For the operator Ry, we observe using the mapping properties of DtNy and B

‘<R;,F“7 ”)‘ < [(DtNou, v)| + k [(Bu,v)| S ||UH1/2,F||U||1/2,F + kllullo,r([v]lo,r
t=1/2
S llulleklvlle e
Proof of (iv): By inspection. a

Fixing the computational domain ) and the coupling boundary I" on which the
DtN-operator is employed, we have the following quasi-optimality result:

Theorem 5.11 (full space). Let t = 1/2. Let Assumption 5.2 and (5.3), (5.7) be
valid. For problem (5.2) with Ty, = DtNy assume the polynomial well-posedness

of the solution operator S, of Assumption 4.6. In the discretization setting of
Assumption 4.4, for each ca > 0 there are constants c¢1, C > 0 independent of h,
p, and k such that under the scale-resolution condition (4.21) the quasi-optimality

result (4.22) holds.
Proof. Combine Lemmas 5.9 and 5.10 with the stability Assumption 4.6. O

Remark 5.12. In practice, it is hard to realize the operator DtNj exactly. Pos-
sible numerical realizations of DtNy include FEM-BEM coupling | | or to
truncate the series in the case of spherical T' | ]. An analysis of the additional
variational crimes incurred is beyond the scope of the present analysis. .

5.3. Heterogeneous Helmholtz problem with second order ABCs. Various
boundary conditions that are formally of higher order than the Robin boundary
conditions have been proposed in the literature, notably for case of a sphere in
R2. Our theory covers those proposed by Bayliss-Gunzburger-Turkel | I,
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Bayliss-Gunzburger-Turkel | Engquist-Mayda Feng
1+ik 1+ik i
a:_2(1t-k2) a= 5 a&="3
_9Qk2_3ik 4 3 i . i
g = 2(7:1<—21)+4 B=ik—3 6:”‘3*%*@
TABLE 5.1. Parameters for 2"¢ -order ABCs for I' = 9B;(0) C
R?; taken from | , Table 3.2].
Enquist-Majda | , | and Feng | ], see [ , Sec. 3.3.3, Table 3.2]
for a comprehensive comparison. We denote by Ar and Vr the surface Laplacian
and the surface gradient on T' (see, e.g., | , Sec. 2.5.6]). The model problem

for a heterogeneous Helmholtz equation with second order absorbing boundary

conditions is to find u such that
Lou:=—k*n’u—V-(AVu) = f inQ,
(5.21) F (AVe)
Onsu—Typu:=0p,u— (Bu+alAru)=g onl,

for k-dependent parameters «, § satisfying
1 1
(5.22) Ima#0 and |[Imal~ Z and |Rea| < 7 18] ~ k

for £ > kg > 0. The choices of a and 8 proposed by Bayliss-Gunzburger-Turkel,
Engquist-Mayda, and Feng are given in Table 5.1 as presented in | , Sec. 3.3.3,
Table 3.2]. The coefficients A, n in (5.21) are assumed to satisfy (5.3b), (5.3c) and,
instead of (5.3a), A is assumed to be pointwise SPD, viz.,

(5.23) EHA@)E > amm|€? >0 VEeC?\ {0} Vae.

Remark 5.13. Our analysis covers operators T . of the form (5.21) for smooth I,
which is the form of the second order ABCs for spheres. It is expected that second
order ABC for general I" have a similar structure and k-scaling properties. .

We select T,:'F = aAr. Then we have:

Lemma 5.14 ((AP) for 2"? order ABCs). Let Assumption 5.2 be valid. Let the
coefficients A, n satisfy (5.3) and A additionally (5.23). For L, , L} of (5.2), (5.4)
with Ty, given by (5.21)~(5.22) and T,:F = aAr the following is true for t = 1:
(i) b is bounded uniformly in k, and (AP1) holds for some o depending on «
in (5.22).
(i) IS¢ (£, D)ler < C [k fllow + 57 2llgllo,r], and (AP2) holds for smax =
0.
(iii) The splittings of Ty o — ,;"Q and Ty 1 — T,::F of (AP3) are given by Rﬁgu =
k2 (n? + 1)u, ARq =0 and Rgpu = Bu, Agp = 0 and hence satisfy (AP3)
for any fixed spax > 0.
Proof. Proof of (i): The Laplace-Beltrami operator Ar: H(I') — H-}(T) is a
bounded linear operator since I" has no boundary. Furthermore, we have —(aAru, u) =
a(Vru, Vru). Setting o := @/|a| we estimate

(5.24) - Re(a(T,:Fu, u)) = Re(o0a)(Vru, Vru) = Re(oa)|ul 12k~ |uli



WAVENUMBER-EXPLICIT ANALYSIS OF HETEROGENEOUS HELMHOLTZ PROBLEMS 35

where, in the last step, we employed the assumptions Ima ~ k= and |Rea| < k=2
so that |a| ~ 1/k. Since the coefficient A is assumed to be SPD and satisty (5.23),
the coercivity of b of (AP1) holds. The uniform-in-k boundedness of b; is easily
seen.

Proof of (ii): The a priori estimate for S,j' (f, g) follows from coercivity and conti-
nuity of b". The function w = S} (f, g) satisfies

(5.25) —V-(AVw) = f — kK*w in £, On,w = g+ aArw on T
Note that for f € L*(Q) and g € L?(I") we have by Lax-Milgram, which follows
from (i), and |a| ~ k=1 (cf. (5.22))
(5.26) IVwlog + klwlo.g + & lwlie S k7 flloq + k" 2llgllor-
The following surface PDE is satisfied

aArw =—g+0Op,w onl,

which gives, since I" is a smooth, compact manifold without boundary,
(5.27)
|| ~E™L

[wllar < et

nA nA

In order to estimate |0, Aw||0$p we introduce an auxiliary matrix-valued function
A € C°(Q, GL(C?)) that satisfies (5.3a) as well as A = A in a neighborhood of T.
We introduce an auxiliary function @ € H'(Q) as the solution of

(5.28) —V-(Ad)=0 inQ, w=w onT.

By the smoothness of T' and A, the map w +— 8, ,@ maps H'/2(I') — H~ /(T
and H3/2(T) — H'Y?(T") so that by interpolation it maps H*(T') — L?(T") with the
a priori estimate

(5.29) [On,@]lor S llwll1,r-

By interior regularity, we have additionally that @w € C°°(f2) and for each open
Q' cc Q there is Cqr > 0 with

(5.30) [@]l2,00 < Cor[[@l[1.0 S w12

Let x € C>(Q) with x = 1 in a neighborhood of T" and such that Alsuppy = Alsupp x-
The function w — x € H}(Q) solves

-V (AV(w — Xw)) f—kw+z inQ,

5.31
( ) =0 on I

for the function z := V - (A(xw)). Since A = A near T' and therefore —V -
(AV(xw)) = 0 near ', we get in view of (5.30) that z € L?(Q) with

(5.32) Izllo.e < lwll/2,r-

As discussed in the proof of Lemma 5.4, elliptic regularity implies w — yw € H?(Q2\
Finterf) with
(5.33)
(5.26),(5.32)
0.0+ K wloq + [Izllo.c S I fllo.0 + k2] Igllo,r-

lw — x@||2,0\r
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Since x = 1 near I', we conclude

[0nawllor < 10n,@llo.r + [[0n, (w = x@)[or S |0n,@llo,r + Cllw — x|

(5.29),(5.26),(5.33) o
S £ llo.e+E7“|lgllor-

2, Tintert

Inserting this estimate in (5.27) yields

laArwllz,r < 1f oo + &2 lgllo.r-

Noting that (5.25) is a Neumann problem for w, we get from elliptic regularity for
Neumann problems the desired statement (AP2).

We remark in passing that the above arguments can be boostrapped to show (AP2)
for smax > 0. We refer to [Ber21, Rem. 6.5.7] and in particular to the bootstrapping
argument for the analytic regularity assertion (WP3) in Appendix B of [BCFM22]
for more details.

Proof of (iii): By inspection. |

Lemma 5.15 ((WP) for 2"@ order ABC). Let Assumption 5.2 be valid. Let the
coefficients A, n satisfy (5.3) and A additionally (5.23). For L, , L} of (5.2), (5.4)
with Ty 1 given by (5.21)~(5.22) and TI:CF = aAr the following is true for t = 1 if
(WP2) holds:
(i) (WP3) holds with C_,, , = O(1) (uniformly in k).
(i) (WP4) holds with R qu = k2(n? + 1)u, AL =0 and R = aAru +
Bu, A,;F = 0. In particular, for the constants in Assumption 4.6 we have
Coont e =0(1) and C ;= C4r=0.

CO

(iii) (WP5) holds.

Proof. Proof of (i): See [BCFM22, App. B] for the proof. To give some details, by
local changes of variables and the invariance of the analyticity classes under analytic
changes of variables (see Lemma 2.2), the analysis is reduced to balls or half-balls.
For the regularity of S, (f,g) with f € A(My,v¢, &), g € U(My,~4,T,T") one
obtains from [BCFM22, Thm. B.5] (and the analytic changes of variables) for a
tubular neighborhood T of €2 for

||vp+2UHL2(TﬁQ) < max(p, k)p+2fy” [kz*sz + kilMg + k71|\u||17t7k} Vp € Ny,

where v depends on ¢, 74, but is independent of k. Together with corresponding
estimates in the interior of €, this shows (WP3) with C, , , = O(1).

Proof of (ii), (iii): By inspection. O

Theorem 5.16 (2"? order ABC). Let t = 1. Let Assumption 5.2 and (5.3) be
valid.  For problem (5.2) with Ty . given by (5.21)~(5.22) assume the polynomial
well-posedness of the solution operator S,  of Assumption 4.6. In the discretization
setting of Assumption 4.4, for each co > 0 there are constants c¢1, C' > 0 inde-
pendent of h, p, and k such that under the scale-resolution condition (4.21) the
quasi-optimality result (4.22) holds.

Proof. Combine Lemmas 5.14 and 5.15 with the stability Assumption 4.6. (]
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APPENDIX A. DIRICHLET-TO-NEUMANN MAPS VIA BOUNDARY INTEGRAL
OPERATORS

The main goal of the present section is prove Lemma 5.8(iii). To that end, we
rewrite the Dirichlet-to-Neumann operators DtN; and DtNj in terms of boundary
integral operators.

A.1. Preliminaries. Let Q C R?, d = 2, 3, be a bounded Lipschitz domain with
analytic boundary I' := 9§2. We denote by Q7 the exterior domain, i.e., QT =
R?\ Q. Throughout this section we assume Q% to be non-trapping, see | ,
Def. 1.1]. Furthermore, we assume that the open ball Bg of radius R around
the origin contains €2, i.e., @ C Br. We set Qg == (QU Q)N Br = B \T.
Following standard notation we introduce the interior and exterior trace operators
it yg%t by restricting to I' and the 4i™ and ~{*' by setting, for sufficiently
smooth functions v, we have vi"v = n - 4" (Vo) and v§*'v = n - 7% (Vv), where
n is the outer normal vector on I'. Furthermore, we denote by Vi, Kj, Kj and
D, the single layer, double layer, adjoint double layer and hypersingular boundary
integral operators, see | , Sec. 6.9 and 7.9]. The single layer and double layer
potentials are denoted Vj, and Kj. Finally, given a coupling parameter n € R \ {0}
we introduce the combined field operator A4j , by

;9,77 = % + K;; + V.

‘We remind the reader of the exterior Calderén identities
ext 1 _ ext
Yoo U 5 + Kg Vi Yoo U
ey, —Dy. - K ety

Given Dirichlet data u, the Dirichlet-to-Neumann operator DtNy can be expressed
for any k£ > 0 by a complex linear combination of the two equations in the Calderén
identity: For any n € R\ {0} we have

1 1
(A1) %m(DtNku) = (2 + K;C + i?]Vk) DtNiu = (—Dk + Z"I](—§ + Kk)) U.

Our analysis relies on invertibility of the combined field operator A;w as an operator
mapping H?(T") into itself. Wavenumber-explicit estimates for || (A}m)*1 |20y L2 ()

are discussed in [ , Sec. 1.4]. For nonttrapping Ot c R, d =2, 3it is known
that ||(Af,) " rzmyer2m) S E5/4 <1+ k|j7/|4) for all k > ko and n € R\ {0},
see | , Thm 1.11]. This bound can be sharpened assuming |n| ~ k. In fact, for
non-trapping QT C R% d = 2,3 and || ~ k there holds

(A.2) ||(A;c,n)_1HL2(F)eL2(F) <1

for all k& > ko, see | , Thm. 1.13]. In Proposition A.1, we collect mapping

properties of some boundary integral operators:

Proposition A.1. Let QF be non-trapping, T be analytic and n € R\ {0} fized. If
d =2, assume additionally diam Q < 1. Then
(i) Ao,—y =5 + Ko —inVy: H¥(I') — H*(T) is boundedly invertible for s > 0.
(i) Ay, = L4+ K +inVo: H*(T) — H*(T) is boundedly invertible for s > —1.
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(iii) For k > 0 the combined field operator A} , = 14+ K} +inVy: H¥ (L) — H*(D)
is boundedly invertible for s > —1.
(iv) For k>0 and s > —1/2 the following operators are bounded:
(A3) Vie: H-Y/2+5(D) — HY2+5(D), Ky: HY*$(D) — HY?+3(T),
' K H-Y/2s(T) — HY/2Hs(T), Dy,: HY?+5(1) — H-1/2+3(T)
(v) For k > ko > 0 one can decompose
(A1) Vi — Vi = Sv +7i" Ay, Ky — Ko = Sk + 7" A,
K} — Kj = Sgr + 7" Ay, Dy — Do = Sp — 4" Ag

with linear maps Ay : H-3/2(T) — C=(Q) and Ag: H-Y/2(T) — C*=(Q)
and bounded linear operators Sy, Sk, Sk, and Sp having the following
mapping properties for s > —1:

ISvull—1 o4 r < Co,ork™ = ul| 1 jap s r, 1/2<s <s+3,
(A5) | Skull—1/24s 1 < Cs,s'k_(1+s_s:)||U||1/2+s,r7 1/2<s <s+3,
Sk ull—g 2450 < Oy ok~ (Fs=s )||U||—1/2+s,r, 3/2 < s <s+3,
[Spull—3/24s,0 < Cs,s/kf(lﬁfs/)||U||1/2+s,r, 3/2<s' <s+3.
The operators Ay and Ay have the mapping property
(A.6) Avf € UCVHIf|l-s/20:7w, Q) Vf e H(T),
(A7) Akt € WCKKIS l-rjor, e, Q) Vf e HTVAD),

with constants Cyv, vy, Ck, vk independent of k > ko. For t > 0 the
following mapping properties hold true:

(A.8) [Svuller < Cok™Hully,r, [Sruller < Cellulle,rs

' ISk uller < Cillulle.r, [1Spuller < Cikllullir
Proof. For Item (i) see | , Lem. 3.5(1ii)]. For Item (ii) in the case s > 0
see [ , Lemma 3.5(iv)]. We turn to the case s € [—1,0]. Note that the ad-

joint of Ay _, is precisely the operator A . Furthermore, by Item (i) the operator
Ay _y: HY(T') — HY(T') is boundedly invertible in particular for ¢ € [0,1]. Hence,
due to the adjoint of A, being Ap ,, we find that Ap, : H*(I') — H*(T') is also
boundedly invertible for s € [—1,0]. For Item (iii) see [ , Thm. 2.27]
in the case s € [—1,0] as well as | , Sec. 6.1]. Consequently, by | ,
Lem. 2.14] invertibility holds for any s > 0. The mapping properties (A.3) in
Item (iv) are standard, see, e.g., | , Rem. 3.1.18(c)]. For (A.4) and (A.5) in
Item (v) see | , Lem. A.1] for the cases 1/2 < ' and 3/2 < s'. The
limiting cases ' = 1/2 and s’ = 3/2 follow by inspection of the proof, a multi-
plicative trace estimate, and the estimates for the potentials gv, g)c appearing in
[ , Lem. A.1]. (A.7) is likewise shown in | , Lem. A.1]. (A.8) is

just a simplification of (A.5). O

A.2. Decomposition of the Dirichlet-to-Neumann map. Before proceeding
with the proof of Lemma 5.8(iii) let us introduce the jumps of the trace operators:

(A.9) [ul =76""u —"u,  [Onu] = 7i""u — 71" u.
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For linear operators A mapping into spaces of piecewise defined functions we define
the operator [A] and [0, A] analogously, e.g., [A]u = [Au].

We now collect further technical results from | ]. We closely follow the notation
and results of | ]. Asin | ] we assume

(A.10) Cylk <|n| < Chk

for some C),, > 0 independent of k.

In the following Proposition A.2 we extend the results of | , Lem. 6.3] to a

wider range of Sobolev spaces.

Proposition A.2 ([ , Lemma 6.3]). Let Q C RY be a bounded Lipschitz do-
main with an analytic boundary T. Let g € (0,1). Then one can construct operators
L?i}q, Hf}fqg on H=Y(T') with the following properties:
(i) Ly f+ Hy f = f for all f € H-YT).
(it) For —1 < s' < s there holds ||[H. 7/ f|lsr < Cosr(q/k)*= || flls.r-
(iii) L1 f is the restriction to T' of a function that is analytic in a tubular neigh-

q
borhood T of I' and satisfies

IV"LE fllor < Cqk®2~7 max{k,n}"|[f|-1/20  VYn € N,
IVPLE Fllor < Cok®/ 192 max{k, n}"|| fl_10 Vi € No.
Here, Cs ¢ is independent of q, k; the constants Cy, v, > 0 are independent of k.

Proof. For Ttems (i), (ii) in the case —1 < ¢’ < s < 1 and Item (iii) see | ,
Lem. 6.3 and Rem. 6.4]. The crucial extension is the estimate stated in Item (ii)
in the case —1 < ¢’ < s for s > 1. In the proof of | , Lem. 6.3] the operators
HypJ and LiY are explicitly constructed. We collect the important ingredients of
the proof of | , Lem. 6.3] in the following. On the compact manifold T" consider

the eigenvalue problem for the Laplace-Beltrami operator
(A.11) —Arp =Xy onT.

There are countably many eigenfunctions ,,, m € Ny, with corresponding eigen-
values A2, > 0, which we assume to be sorted in ascending order. Without loss of
generality, these eigenfunctions are normalized in L?(T). The functions (¢.m,)men,
may be assumed to be an orthonormal basis of L?(I") and an orthogonal basis of
HY(T). With u,, == (u, ;) we have

[eS) 9]
(A.12) e = > lum* and [lufp =" (1+ A7) |uml*
m=0 m=0

For s € R we introduce the sequence space h® by

oo

h® = {(um)meN: Z (14 22) % um|* < oo} .
m=0

The mapping ¢: u — ({U, Pm) )men, then provides an isomorphism between the

Sobolev space H*(T") and the sequence space h® for s € [—1, 1], with corresponding

norm equivalence, see | , Lem. C.3]. However, as we will see below ¢ is in fact

an isomorphism for all s > —1. Inspection of the proof of | , Lem. 6.3], in

particular the proof of the estimate for Hp 7, reveals that

g fllsrp < Cs o (a/k)* ™ (150



40 M. BERNKOPF, T. CHAUMONT-FRELET, AND J.M. MELENK

holds for all —1 < & < s, for which ¢: H*(I') — h® and ¢: H¥ (I') — h* are
isomorphisms. Hence, the proof is complete once we establish that ¢: H*(I') — h*
is an isomorphism for all s > 1. We show the case s = 2.

The inclusion h? — H?(I'): Let u = Y >°  tmpm be such that > o (1 +
A2 )2 um|? < oo, Let ulV = ZT]XZO Um®Pm. By the above construction, vV — u in

HY(T) and ||ull1,r = ||(wm)men]|n:. Furthermore, we have
N 2 N 2 N
||AF(UN _UM_l)H(Q),F: Z Um Arpm = Z Um)‘gnWm = Z ‘UM|2)‘:1n7
m=M o,r m=M o,r m=M

which converges to zero as N, M — oo. Here we used (A.11), the fact that
the eigenfunctions are an orthonormal basis of L?(T), and the assumed conver-
gence > (1 + A2))2|um|*> < co. Therefore, (u™)yen, is a Cauchy sequence in
HY(T,Ar) = {u € H}T): Aru € L*T)}, endowed with the graph norm. Con-
sequently (u’)yen, converges in H(T', Ar). Since Ar : HY(I',Ar) — L*T) is

continuous, we conclude Aru = ZmENo U AT Py = — ZmGNO Um A2, om. Finally,
by elliptic regularity we can now estimate
(A.13) ul3r SHArulde = Y [fnl*Am = [(tm)mens 72,

m&ENy

and [[ul|3 1 < [|(tm)men, |72 follows by (A.13) together with (A.12).

The inclusion H?(I') < h?: Let u € H*(T) be given with the representation
U= UnPm, where the sum converges in H'(I'). Since u € H?*(T') we have
—Aru =: f € L3(T'). In the following we express the coefficient u,, in terms of f,,.
Note that

>\72num = A%(% S0m> = <VFU7VI‘90m> = <f» Spm> = fm-
Hence, we have A2 u,, = f, and consequently

LS L)
Z )‘;Ln‘um|2 = Z |fm|2 < 0.
m=0 m=0

Finally, using (A.13) as well as the fact that ||u|l1,r = ||(4m)men, ||n1, we find

[ (wm)mens Iz = 11 (wm)meno 71+ 1(wm)meno h2 = llullf r + | Arull§ o S [lull3 -
This concludes the proof for s = 2. Interpolation between s = 1 and s = 2 yields the
result for s € (1,2), see | , Lem. C.3]. Inductively one proceeds for the space

H?"(T') by similar arguments. Instead of Ar one performs the same arguments for
AL O

In the following we will prove an extension of | , Thm. 2.9] in Theorem A.4
below. The proof of Theorem A.4 relies on a decomposition of the volume potential
Vi, which we present below for the readers’ convenience.

Proposition A.3 (| , Thm. 5.3]). Let I" be analytic and q € (0,1). Then
‘7]6 = ‘70 + gV,pw + AVV,pwa

where the linear operators §V7pw and .Zv#,w satisfy the following for every s > —1:
(i) Svpw: HY?+3(T) — H3+3(Qg) with

||§V,pw<P||S’,QR < CS’,sq2(qk_1)1+s_s ||80||—1/2+5,F, 0<s <s+3.
Here, the constant Cy s > 0 is independent of ¢ and k > ky.
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(ii) Avpw: H-V/2T5(0) — H2(Bg) N C>(QR) with
IV" Ay putllo,an < Covgmax{n +1,k}" ¢l /20 ¥n € No.
Here, Cy, 74 > 0 are independent of k > ko but may depend on q.

Theorem A.4 (Extension of | , Thm. 2.9]). Let T be analytic, and let s > 0.
Fiz g € (0,1). Then the operator Aj , can be written in the form

2777 — A671 —+ RA’ —+ k[[./zlilﬂ + Handz(Q]]a

where the linear operator Ry satisfies

(A.14a) [Rarulls+1,0 < Ckflulsr,
(A.14b) |Raru|lsr < Ckllulls—1,r,
(A.14c) [Rarulls,r < qllulls,r,
(A.14d) |Raulls—1,r < qllulls—1,r,

and the linear operators Ay, Ay: H=Y(I') — C°°(T) satisfy
(Ad5a)  Aip € A(CyCrp v D), Crp =klel-spar + k2[¢ll-1r,
(A15b) A € A(CyCo 70, 1), Cop = kol _s/ar.

The constant C' and the tubular neighborhood T of I' are independent of k > ko and
q; the constants Cy, 74 > 0 are independent of k > ko (but may depend of q).

Proof. We perform a similar splitting as in the proof of | , Thm. 2.9]. The
starting point of our analysis is the decomposition

1 int/ Qo e . int (17 r T
oy = 5+ K+ 97" (Svpw + Avpw) + 075 (Vo + Svpw + Avpw),

with Sy and Ay, as in Proposition A.3, see [ , Eq. (6.4)]. Adding and
subtracting iV, and noting Vo = v§"Vp we find

1 : it - . S L int S ~
;c,n = 5 + K(l) + ZVO + 'ﬁnt(s\/,pw + AV,pw) + 1(7] - 1)76nt‘/() + ZnFY(Z)nt(SV,pw + -AV,pw)

= Ay, + V(S + Avpw) + (0 — D9 Vo + inri™ (Svpw + Avipw)-
Using the filters H1' and Ly of Proposition A.2 we define
(A.16a)
Rar = HY (7S + " Svp + 0 = DVo )
A=~k o (mjv,pw . (%”@V,pw iyt Sy + (7 — 1)V0)) ,
Ay = —xaAv pu-

The mapping properties of A; and A, stay the same as in [ , Thm. 2.9]. We
are left with the mapping properties of R4/. In the following the parameter ¢
appearing in Proposition A.2 and A.3 is still at our disposal'. We fix it at the end
of the proof to ensure the estimates (A.14c) and (A.14d).

Step 1: We estimate the term i(n— 1) H'V; in various norms. We heavily use the
estimates for Hp 77 and Vj given in Proposition A.2 and (A.4) in Proposition A.1.

Do not confuse this q with the one appearing in the statement of the present theorem.
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First estimating 7, then using the properties of Hy'"; in Proposition A.2 and finally
the mapping properties of Vj we find

li(n — VHR ) Voulls+1,r < CRIHE G Voul[s+1,r < Ck[[Voul[s+1,r < Ckllulls,r,
li(n — D) Hp Voulls,p < Ck|[HpG Voullsp < Ck[[Voul|s,r < Ckllulls-1,r,

li(n = DH I Voullsr < CRHp G Voullsr < Ck(g/F)[Voullst1.r < Cqllullsr,
li(tn = DHpdVoulls—1.r < Ch|HpJ Voulls—1.0 < Ck(g/F)[Voullsp < Cllulls—1r-

In the Steps 2 and 3 below we will again heavily use the properties of H['"/ given
in Proposition A.2. Furthermore, we often apply the results of Proposition A.3,
especially Item (i). Below, we will write certain exponents in a nonsimplified way
to indicate the corresponding choices of Sobolev exponents when applying Propo-
sition A.3.

Step 2: We claim:

(A.17) ||H17“L,qu’)’{nt§V,pwuH8+1,F < Cqkllul|s,r,
(A.18) ||H11},qu’7{m§V,pwu”8,F < Cgklufls—1,r,
(A.19) |55yl < Ol
(A.20) IHR Y™ Sy putlls—1,0 < O ||uls—1,p-

To see (A.17), we calculate
IHE G Svpuwtllsrrr < CI™ Sy putlssir < ClSvputllsisszo
< O (g™ R || = Cakulls -
By a similar calculation, we obtain (A.19):

” H’neg int

P9y Sy puwllsr < Ca/kINi™ Sy pwtllsiir < C?llullsr

In the case s € [0,1/2), we perform a multiplicative trace inequality and find

IR 1™ Sy pwtills—r.r < Cla/k) ™4™ Sy puwullo.r

_s > 1/2a 1/2
< C(a/k) Sy gl ol Svpwullys

1/2 1/2
< Cla/R)~ 1 [q2(ak™) A7 [ ah ™) T o
= Cq?llulls-1r-
In the case s > 1/2 we perform a standard trace estimate and find
Hle“L,edq'Yi”tSV’pwu”Sfl,F < C(I/k”'ﬁntSV,pwuHSI < CQ/k||SV,pwuHs+3/2,Q

< Cq/kqQ(qk71)1+(571/2)7(s+3/2)HUHS_LF
(A.21) = Cq2||u|‘5717rl
The two previous estimates show (A.20). Analogously to (A.21), we find (A.18):

IHE 9™ Sy pott]l s < Clvi™ Sy pwtllsr < Cakllulls-1.r-
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Step 3: We claim:

(A.22) ||77H17‘l,qu76nt§V,pwuH5+1,F < C(ZQk”uHSIﬂ
(A.23) ||77H;,€qg78”t§v,pwu| o1 < CPk|lulls-1 1,
(A.24) ||77H1:lzg76nt§V,pwu| R CQBHUHS,F;
(A.25) InHE 5" Sy puwtlls—1,0 < Cg®llufls—1.r-

For (A.22) we estimate

InH G 76" Sv pwullssrr < CEIG™Svpwullsirr < CEISv puullssa/z0
< Ckg?*(qk ™) DDy 1 = gkl r-
By a similar calculation, we show (A.23):

||77Hg7qur>/(§nt§‘/7pwu||s7r < CkQ/kH’Yénth,pwuHs-&-l,F < Cq3||u

Is,F-
In the case s € [0,1/2), we perform a multiplicative trace inequality and find
InHE A Sy putll e < Chla/k) ™ g™ Sv

—s > 1/20a 1/2
< Ch(a/k) " Sy putlly/ ol Svputll o
1/2 [

o,

1/2
< Ck:(q/k)_SH qz(qk—1>1+(s—1/2)—o} qz(qk—1)1+(s—1/2)—1} ulls—1.r

= C¢*|lulls—1r-
In the case s > 1/2 we perform a standard trace estimate and find
InHE A" Svpwtlls—rr < Cha/kIg™ Svpulls.r < Cha/klISvputlssi .0
< Ckafkq?(qh™ ") ETV2=CH |y p
(A.26) = C¢*|Jufls—1,r-
The two previous estimates show (A.25). Analogously to (A.26), we assert (A.24):

InHE e Sy puu

ant

s, ' > Yo NV,pwu s, >~ U¢g Ul|s—1,I"-
5,0 < KlNg" Svpwtllsr < Cqkluf

Step 4: The definition of the operator R4/ in (A.16a), the triangle inequality, and
appropriate choice of ¢ yields mapping properties of R4/ as stated in (A.14). O

Finally, a simple application of | , Cor. 7.5] for non-trapping Q* with analytic
boundary is the following:

Lemma A.5. Let QT be non-trapping (| , Def. 1.1]). Let T be analytic, T
be a tubular neighborhood of I and Cy,, Cy,, vg > 0. Then there exist constants C,
v > 0 independent of k > ko such that for all g1 € A(Cy,, 74, T), g2 € A(Cyy, 74, T)
the solution ¢ € L*(T') of

e ® = Elg1] + [0n92]
satisfies
¢ = —[0n], CAS Q[(C’l‘;5/2(cg1 +Cy,)s 7 QR)-

Proof. We apply | , Cor. 7.5] with s4 = 0. By Proposition A.1(iii) the operator
A; o L*(T) — L*(T) is boundedly invertible. The result follows immediately from
[ , Cor. 7.5] together with the bound (A.2). O
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Proof. Proof of Lemma 5.8(iii):
Step 1: We derive a splitting of (Agc,n)*1 similar to the results of | , Thm. 2.11].
Fix ¢ € (0,1). Let

- 1 1
q = (¢min« 1, — , — .
{ (A5 1)l zrs (ryerrs )" 1(A5.1) 1||Hsl(r)<—Hsl(F)}
Note that by Proposition A.1 the operator Aj,: H*(I') — H'(T') is boundedly

invertible for ¢ > —1 and therefore ¢ is well defined and ¢ € (0,1). Theorem A.4
applied with this g gives a decomposition

k= Aog + R4 [A]L
with R = R4 and A = kA + 8nj2, as in Theorem A.4. By construction
(A27)  [[(A5) ' Rllmeryemey <G and |[(Af1) " Rllgs-1ryene—1ry < 4.
Hence, A6’1 + R is boundedly invertible by a geometric series argument, since
(A.28) (Apy + R)™" = (I+ (A ) R) ™ (4p )~
with the norm estimates

(A.29) 1A 1 + R) M Ma=yer=@) < (1= (A1) ™ sy ().
(A29b) [[(Ah1 + R) Mlge—rmyem—1y < (1= @) (A1)l me—1 )y mre—1(r).-

By Proposition A.1 the operator A} ,: H(T') — H*(I') is boundedly invertible for
t > —1. We may decompose (A;c,n)_l as follows

(A30)  (Ah,) "= (AL +R)THQ, Q= —(A,) A4, + R)TY,

since

I = (A, At = (AL (Ap L + R) ™+ (47,)Q
= (Ah, + R+ [AD(Ap, + R) ™' + (4,)@Q
=T+ [AJ(Ap, + R) '+ (4;,)Q-

Step 2 We rewrite the difference DtNy, — DtNy using the combined field operators
of (A.1). Using n as in (A.10) for DtNy and n = 1 for DtNg we find

(A.31)

DtNy —DtNg = (A}, )" [~ D + in (=1/2 + Ki)] = (Ay 1)~ [-Do + i (—1/2 + Ko)] .

Adding and subtracting Dy and Kj in (A.31), employing the splitting of Dy — Dy
and Kj— Ky given in (A.4) in Proposition A.1, and applying the splitting of (A;C’I)’1
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in (A.30) we find
DtNy, — DtNg = —(A},,,) " [Dx — Do] — (4},,,) "' Do

+in(Ay,) "t Ky — Ko] +in(A,) ™" [=Y/2 + Ko
+ (A51) 7" Do —i(Ag 1)~ [1/2 + Ko

= (Ab1) "Dy — (Ap 1 + R)~'Do — QDg
— (Ah + R)7'Sp — QSp + (A ,) i Ak
+in(Ap, + R) 7 Sk +inQSk +in(Aj,,) " Ak
+in(Ay; + R) 7 [=Y/2 + Kol +nQ [-1/2 + Ko]
—i(Ap ) =Y + Ko

= FSO + ASO

with the Finite Shift Operators (FSO) and the Analytic Shift Operators (ASO)
given by

FSO = (A1) "Do — (Ah1 + R)"'Do — (Aj1 + R)~'Sp +in(Ay, + R) 'Sk
+an(Apy + R)7H Y2+ Kol —i(Aj1) 7 [1/2 + Ko,
ASO = —QDy — QSp + (A},) 1Aim Ak
+inQSk +in(Ay,) " Ak +inQ [~1/2 + Ko) .
Step 3 (Analysis of FSO): We claim
(A.32) FSO = kB,

where B : H*(I') — H*(T") is a bounded linear operator with ||Bu|sr < |ulls,r,
as asserted in the present lemma. Using the mapping properties of (Ag’l + R)~!
in (A.29a) as well as (A.3), (A.8) and Proposition A.1(ii) we find

1(A61 + RB) ' Spullsr S ISpullsr < Kllulls,r,
k(A1 + B) 7' Skullsr < kllSkullsr < kllullsr,
kI (AGy + R)™H [=Y/2+ Kolullsr S kIl [=Y/2+ Kol ulls,r < Ellulls,r,
1(A6 ) ™" =2+ Ko ulls,r < || [=Y/2 + Ko] u

or S lullor
The assertion (A.32) therefore follows once we have shown
1(A6,1) ™" Do — (4G 1 + R) ™' Doullsr < kllulls.r-
To that end, we write using (A.28)
(A5,1) ™ Do — (Ahy + R) ™ Do = (A1)~ Do — (I + (Aj1) " R) ™ (4h1) ' Do

o0

= [I = (I +(4h) "R (4h1) " Do = — [ D (=1)" (A5, ) ' R)" | (A1)~ Do

n=1

Applying the previous calculations, a geometric series argument with (A.27), the
mapping properties of (Afj ;)" in Proposition A.1(ii), the estimate ||Rulsr <
Ellulls—1,r given by Theorem A.4, again the mapping properties of (Aj )

L and
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finally the mapping properties of Dy given in (A.3) in Proposition A.1, we find
H(Aé),l)ilD()f(Ai),l + R)™'Doul|s,r

[0 Ry ] () R ) Do

n=1

1 _ _ -
TQH(Ag),l) "R(AG 1) Doulls,r S 1 R(AG 1)~ Doulls,r

< kll(AG 1) Doulls—1,r S El[Doulls—1.0 < Kllullsr-

s,

IN

Hence, the assertion in (A.32) follows, which concludes the analysis of the finite
shift operators FSO.
Step 4 (Analysis of Analytic Shift Operators ASO): We have

ASO = —QDo — Q[Sp — inSx — in (=12 + Ko)] + (4},,) " [imi" Ax + 1" Ax]-
Step 4a (Analysis of —QDy): With the definition of @ in (A.30) we have for
f e H(T)
—QDof = (A},)) "' [AI(AG, + R) "' Do f
= (A1) {RLAD(AG, + B)7'Dof + [0nA] (A, + R) ™ Dof}-

In order to apply Lemma A.5, we use the mapping properties of A; and Ay given
in Theorem A.4 and estimate

E|[(Ab 1 + R) " Dofll—s /2.0 + kY[ (Ay1 + R) " Dofll-1,r
S KAy + R) ' Doflls—1r S kY2 Doflls—1r S EY2| flls,rs

where we used the trivial embedding H*~(I") ¢ H~Y(TI") ¢ H~3/%(T"), the fact that
k+k%¥? < k%2, the mapping property (A.29b), and finally the mapping properties
of Dy given in (A.3). Hence, for the tubular neighborhood T given in Theorem A.4
we find

A1(Ay + R)'Dof € WCEY?| fllsr,m, T),
Az(AIO,l + R)_lDOf € Ql(01k||f| S,FaryhT))

for constants C1, 11 > 0 independent of k. Lemma A.5 is applicable and yields, for
constants C1, 1 > 0 independent of k, the representation

(A.33) ~QDof = [0uvjl, v} € UK £l 0,1, Q).
Step 4b (analysis of —Q [Sp — inSk — in (—1/2 + Kj)]): We estimate
EY2)(Apy + R) M [Sp — inSk —in (—1/2+ Ko)] fll-1.,r
S E2||(AGy + R) M [Sp — inSk — in (=2 + Ko)] fls
S kY2 [Sp — inSk — in (=Y2 + Ky)) flls.r
<K flls,rs

where we first use the trivial embedding H*(I') ¢ H~(T'), the mapping prop-
erty (A.29a), the mapping properties of Sp, Sk, and Ky given in (A.8) and (A.3)
as well as |n| < k. Proceeding as in Step 4a we find the representation

(A.34)

~Q[Sp — inSx —in (=2 + Ko)] = [0,03], v} € A(Cok® >4 > f||,.r, 32, Q)
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to hold true, for constants C~'2, F2 >0 igdependegt of k.
Step 4c (analysis of ( ;C’n)’l[in'yé”tAK +7int Ag]): For f € H*(T) the mapping
properties of Ay imply Ag f € A(Crkl fll-1/2,0, 7K, ), see (A.7). Upon extending

Ax f by zero outside of 2, we find Lemma A.5 to be applicable, which yields
(A.35)

(A ) I A +4iMt A f = [0a08], v} € A(CsEY 2| £l 1 jo.0, A3 Q)

with constants Cs, 73 > 0 independent of k.
Step 5: Collecting the representations (A.33), (A.34), and (A.35) gives

ASO = [0,4],  Au € ACE* 2 ||u|, 1,7, Q)
with A as in the assertions of the present lemma. Hence, the splitting
DtN, — DtNy = kB + [9, A]
with B and A as asserted, holds true. This concludes the proof. ([l
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