N

N

Wavenumber-explicit stability and convergence analysis
of hp finite element discretizations of Helmholtz
problems in piecewise smooth media
Maximilian Bernkopf, Théophile Chaumont-Frelet, Jens Markus Melenk

» To cite this version:

Maximilian Bernkopf, Théophile Chaumont-Frelet, Jens Markus Melenk. Wavenumber-explicit sta-
bility and convergence analysis of hp finite element discretizations of Helmholtz problems in piecewise
smooth media. 2022. hal-03771988v1

HAL Id: hal-03771988
https://inria.hal.science/hal-03771988v1

Preprint submitted on 7 Sep 2022 (v1), last revised 2 Feb 2024 (v2)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/hal-03771988v1
https://hal.archives-ouvertes.fr

WAVENUMBER-EXPLICIT STABILITY AND CONVERGENCE
ANALYSIS OF hp FINITE ELEMENT DISCRETIZATIONS OF
HELMHOLTZ PROBLEMS IN PIECEWISE SMOOTH MEDIA

M. BERNKOPF*, T. CHAUMONT-FRELET', AND J.M. MELENK*

ABSTRACT. We present a wavenumber-explicit convergence analysis of the Ap Finite Element
Method applied to a class of heterogeneous Helmholtz problems with piecewise analytic co-
efficients at large wavenumber k. Our analysis covers the heterogeneous Helmholtz equation
with Robin, exact Dirichlet-to-Neumann, and second order absorbing boundary conditions,
as well as perfectly matched layers.

1. INTRODUCTION

Time-harmonic wave propagation problems play a major role in a wide range of physical
and industrial applications. For the numerical treatment of such problems in heterogeneous
media, Galerkin discretization methods of finite element type constitute one of the most
efficient approaches currently available. Still, in the high-wavenumber regime where the
computational domain spans many wavelengths, the problem becomes highly indefinite, which
leads to substantially increased computational costs due to increased dispersion errors. As
a result, significant research efforts have focused in the past decades on understanding these
dispersion errors and the question of how to design finite element methods (FEM) able to
cope with them.

In the present work, as in | |, we focus on the scalar Helmholtz equation, which is
arguably the simplest, yet interesting, PDE model to analyze phenomena appearing in the
high-wavenumber regime. A first milestone towards a better understanding of the behavior of
finite element methods was achieved in the 90s in the seminal works [ ) ]. There, the
authors focus on homogeneous one-dimensional media, and present error estimates that are
explicit in terms of the wavenumber k, the mesh size h, and the polynomial degree p. They
also coined the term “pollution effect” for the dispersion errors observed in the numerics,
which expresses the observation that in the high-wavenumber regime, quasi-optimality of
the finite element solution is lost, unless the number of degrees of freedom per wavelength
is increased as k is increased. Similar estimates were obtain for two and three-dimensional
homogeneous media in the same period, but limited to the lowest-order case where p = 1
[ I

The pollution effect has been further analyzed in the 2000s, in particular using dispersion
analysis | ]. While dispersion analysis is extremely insightful from a practical viewpoint,
it is limited to homogeneous media discretized with translation-invariant grids, and right-hand
sides as well as boundary conditions are not taken into account.

The direct extension of the first-order result of | | to higher-order elements is non-trivial.
Indeed, the error analysis follows a duality technique commonly known as “Schatz argument”
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[ |, where the finite element error is abstractly used as a right-hand side of an adjoint
problem. One is then led to study the regularity of the solution to the adjoint problem with
an L? right-hand side, even if the actual right-hand side to the physical problem is more
regular. This is an issue when analyzing high-order methods, since their high convergence
rate do not apply to solutions with low regularity. The situation was unlocked in the 2010s
thanks to the key concept of regularity splitting [ , ]. The idea is to identify two
distinct contributions in the solution, namely, © = up + ua, where up only possesses finite
regularity, but behaves well in the high-wavenumber regime, whereas ua is highly-oscillating,
but analytic.

The splitting proposed in | , ] is based on low- and high-pass filters defined via the
Fourier transformation. For homogeneous media, it permits to establish the quasi-optimality
of the finite element solution under the assumption that

P
(1.1) K | g <kh> <c,

p op
for some problem-dependent # and ¢ and a generic constant ¢ that does not depend on k, h,
or p. We can also rewrite (1.1) as
(1.2) l;h <c¢; andp > cylogk,
where ¢; and co are again independent of k, h, and p. Informally, (1.2) suggests that the
finite element is stable if the number of degrees of freedom per wavelength is kept constant
(kh/p < ¢1) and the polynomial degree is mildly incrased in the high-wavenumber regime
(p > cologk). It also means that hp-FEMs are pollution free, provided the polynomial degree
p is increased logarithmically with the wavenumber. Together with the dispersion analysis
[ |, the stability condition (1.2) strongly encourages the use of high-order methods to
solve high-wavenumber problems to reduce the pollution effect. In fact, the performance of
high-order methods is also clearly observed numerically, and therefore, they are now widely
used in industry | , .
The idea of regularity splitting is actually not limited to finite element methods, and has
been widely used in the literature. Important examples include the sharp treatment of corner

singularities | | and unfitted meshes | ], as well as other discretization techniques
such as discontinuous Galerkin | ], continuous interior penalty | , | and
multiscale [ | methods. Besides, the technique is not only useful to derive a priori error

estimates, but is also important in the context of a posteriori error estimation | ,
]. We finally mention that the idea can also be extended to more complicated wave
propagation problems | ) .
Regularity splittings are thus an important ingredient of wavenumber-explicit analysis of
FEMs. Yet, the technique proposed in | , ] heavily relies on the Green’s functions
of the Helmholtz operator, and, as a result, it appears to be limited to homogeneous media.
So far, two alternative procedures to build a regularity splitting in heterogeneous media have
been proposed. On the one hand, an iterative argument based on elliptic regularity is proposed
in [ ]. This technique can handle general wave operators in piecewise smooth media,
but unfortunately, it only provides (1.1) with a constant ¢ depending on p, which prevents
the analysis of hp-FEMs, and do not lead to (1.2). On the other hand, novel ideas based on
semi-classical analysis have been recently introduced in | , , ]. While
this last splitting provides (1.1) and (1.2) with p-robust constants, it requires globally smooth
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parameters. In particular, the important case of piecewise constant parameters, modelling a
medium containing different materials, is not covered.

In this work, we modify the initial Fourier filtering approach of | , | and adapt it to
be able to develop a regularity splitting of solutions of wave propgation problems in piecewise
smooth media and subsequently apply a duality argument (“Schatz argument”) to Galerkin
discretizations. We cover several classes of scalar Helmholtz problems in heterogeneous media
with different types of boundary conditions, providing quasi-optimality under the resolution
conditions (1.1) and (1.2) with p-robust constants. The approach taken in the present work
is quite general and thus not limited to the scalar Helmholtz problems under consideration.

The remainder of this work is organized as follows. Section 2 presents the settings and key
notations for our work. We devise our regularity splitting in Section 3 and subsequently apply
it to Galerkin discretizations in Section 4. The analysis of Sections 3 and 4 is performed in
an abstract setting under general assumptions. In Section 5, we verify that these abstract
assumptions indeed hold true for several classes of relevant scalar Helmholtz problems, namely,
the heterogeneous Helmholtz equation with a) the classical impedance boundary conditions
and perfectly matched matched layers on a circular/spherical domain; b) exact boundary
conditions expressed in terms of the Dirichlet-to-Neumann operator; c) second order absorbing
boundary conditions. We also refer to [ | where in addition to the present examples the
case of the elasticity equation on circular domains with exact Dirichlet-to-Neumann boundary
conditions is analyzed with the present techniques. Appendix A presents technical results
about Dirichlet-to-Neumann operators which are of independent interest. Appendix B shows
analytic regularity for Helmholtz problems equipped with second order absorbing boundary
conditions.

2. ASSUMPTIONS AND PROBLEM SPECIFIC NOTATION

2.1. Geometry. We consider a Lipschitz domain Q ¢ R?, d € {2, 3}, with boundary I" := 9.
We set QF :=R%\ . We introduce the interior trace vi"'u := (u|q)|r and the exterior trace
ety = (ulg4)|r. We assume that (2 is partitioned into a set & of non-overlapping Lipschitz
subdomains such that Upc»P = Q. The internal interface (Upc»dP) \ T' will be denoted
Tintert- While the abstract results in Sections 3 and 4 do not require much regularity of I'
and Digerr, we flag at this point already that in the applications discussed in Section 5 the
assumptions on the geometry are such that I" and the pieces 0P, P € &2, of I'jntert are analytic
(Assumption 5.2).

We use the letter k& for the wavenumber. Since we are especially interested in the high-
wavenumber regime, we assume for the sake of simplicity that k is bounded away from zero,
ie, k>ky>0.

Throughout this work, C' will denote a generic constant that is independent of the wavenumber
k and other critical parameters such as the mesh size h and the polynomial degree p. The
constant may, however, depend on the operators appearing in assumptions (WP) and (AP)
below. It may also depend on the constant Cagine and Cretric introduced in Assumption 4.4
that describes the “shape regularity” of the elements of the mesh. If a, b,... are other
quantities appearing in the analysis, we employ the notation C,, . for a constant that is
additionally allowed to depend on a, b,.... Finally, we will employ explicit names together
with a subscript & for constants allowed to depend on the wavenumber.

2.2. Function spaces. The notations L?(Q2) and L?(T") stand for the usual Lebesgue spaces
of square-integrable complex-valued functions defined on €2 and T', respectively. For s, t > 0,
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H*(Q) and H'(T") are (possibly) fractional Sobolev spaces of functions defined on  and T.
H=%(Q) and H~(T') are then the (topological) antidual of H*(2) and H'(T"). For 0 <t < 1,
we introduce the “energy” space H'*(Q,T) := {u € H(Q): uw € HY(I')} with k dependent
norm

(2.1) lullf o = K2 llulld o + K~ fulfr + lul? .

We introduce this space with ¢ = 1 to handle second-order absorbing boundary conditions that
involve surface differential operators. One easily sees that for ¢t < 1/2 the space H'*(Q,T)
coincides with H'(Q), but we still employ the notation H*(Q,T') to unify our presentation.
In addition to Sobolev spaces, we will employ spaces of (piecewise) analytic functions. For
open sets w C R% and M, v > 0, we set

(2.2) A(M, vy, w) = {v € L*(w)|[|V"0[low < My max{n,k}", n € N},
where |V"0(2)|? = > laj=n %HDO‘U(Q:)]Q. The analyticity class
(2.3) A(M,~, P) = {ve L*(Q)|v|p € U(M,v,P) VPec P}

is a class of piecewise analytic functions on 2. We will also employ analytic functions defined
on the boundary I'. For the sake of simplicity, analyticity classes on I' are defined as traces
of analytic functions. That is, for an open neighborhood 7" of I" and v > 0, we set

A(M,~,T,T) == {({"V |V € A(M,v,TNQ)}.

By a slight abuse of notation, for a function g € L*(T") we will write g € 2A(M,~,T,T") to
indicate the existence of a function G € (M,~, T NQ,T) with 1{"G = g.

Remark 2.1. (i) Functions G € A(M,~,T N ) are analytic on 7'N Q and therefore have
a trace on I'. Indeed, for T'N € Lipschitz we have by the Sobolev embedding theo-
rem for t € N with ¢t > d/2 that H(T N Q) C C(TNQ). Hence, [|[V"G|porna) <
Cy"max(n + 2, k}* for all n € Ny for suitable C. In turn, this implies that the
Taylor series of G about each point xg € T'N ) converges with radius of convergence
1/(ev).

(ii) The choice of interior traces in 2A(M,~,T,T") is arbitrary. One could equivalently define
them as traces of functions analytic in subsets of Q*: It is shown in | , Lemma B.5]
that if G € A(M,~,T NQ), then there is a neighborhood 77 of T' (depending only on
7), constants M’, 4" and a G’ € A(M',~',T" N Q) with 4{"G = 1§ G’.

(iii) Let T be an open neighborhood of I and G € A(M,~,T \T). By (i), the traces "G
and G exist so that the jump [G] := 75" G — ™G exists. In view of the arguments
given in (ii), we have [G] € A(M',~',T',T) for some " and T depending only on ~y
and T and some M’ depending additionally on M. .

We note that if v <" and M < M’, then

A(M,~, P) Cc UM+, P), A(M,~,T,T) C UM,y ,T,T)
We also notice that the trace inequality
(2.4) E2 [vllsr + 0llss1/20 < Cs (kllvlls,2 + [[vllst1,2)

holds true for every s > 0. The analyticity classes are invariant under analytic changes of
variables and multiplication by analytic functions:
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Lemma 2.2 (] , Lemma 2.6)). Let wy, wy C RY be bounded open and g : wy — wa be
a bijection and analytic on the closed set wi. Let fi be analytic on the closed set Wy and
fo € A(M¢,v¢,w2). Then there are constants Ci, y1 > 0 depending only on fi, g, wi, wa,
and vy such that fi(f2og) € A(C1 My, y1,wr).

2.3. Time-harmonic wave propagation problem. Given f € L?(Q) and g € L?*(T), our
model problem consists in finding v € H**(Q,T') such that

(2.5) b (u,v) = (f,v) + (g,v) Vo € HY(Q,T)
with
(2.6) by, (u,v) = a(u,v) — (T qu,v) = (T pu, v),

where a(-,-) is a sequilinear form over H(Q,T') and the operators T} , and T, . are dif-

ferential operators acting on “volume” and “surface” functions. Before f)roviding a detailed

description of these operators, we first explain their “intuitive” meaning.

The sesquilinear form a(-,-) is meant to represent the “elliptic part” of the wave operator.

A typical example is the “grad-grad” form, but one may imagine other situation with the

elasticity operator for instance. The operator T} ¢ then accounts for the “frequency part” of

the operator, i.e., the time-derivative transformed into ik in the frequency domain. The most

basic situation is then T) ou = k%u, but we allow for more generality. Finally, Ty is an

operator on I'; relevant examples are the Dirichlet-to-Neumann maps or some approximation

of it.

We now summarize our assumptions (WP) on the wave propagation problem.

(WP1) The sesquilinear form b, : HY*(Q,T') x H'*(Q,T') — C is continuous, i.e., there exists
a constant C'_ > 0, possibly depending on k, such that

cont,k —

1t ks Yu,v € HY(Q,T).

by, (w, 0)| < Cogne gllullnerllv

(WP2) Problem (2.5) is well posed, i.e., for every f € L?(Q) and g € L?(T') it admits a
unique weak solution S} (f,g) == u € H"(,T), and the stability estimate

(2.7) 15, (fs 9t < Cogx(Lf

holds true with a constant ngl,kv possibly depending on k, but independent of f and
g (See also Remark 2.4).
Assumptions (WP1) and (WP2) simply state that the problem is well-posed and that the
direct and inverse operators are bounded with continuity constants C’C_Ont’k and sol k- Tor

0.0 +k2|gllor),

our quasi-optimality result we also need the solution to be (piecewise) analytic when the

right-hand sides are (piecewise) analytic.

(WP3) For each tubular neighborhood T' of T' there exists a constant y and there exists a
non-decreasing function 9 : [yg, +00) — R, both independent of k, and there exists a
possibly k-dependent constant C;la’ i such that for all v > ~q the following holds: for
all piecewise analytic data f € A(My,v, &) and all boundary data g € A(Mgy,~,T,T")
the solution S, (f,g) to Problem (2.5) satisfies S, (f,g) € A(M,,¥(y), &), ie., it is
again piecewise analytic, and

(2.8) M, < CpaiC

ana,k ~sol,k

k=N (M + kMy).
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Remark 2.3. (WP3) permits the data f, g to depend on k. In particular, the constants
M¢, M, may depend on k but (WP3) requires the constant M, to be bounded as given in
es).

2.8). n

For many model problems, the continuity constant C_

cont.x Of b does not depend on k, and

the three above assumptions are sufficient to proceed with our analysis. However, C'_

cont,k
may depend on k in general, for example, when considering Dirichlet-to-Neumann (DtN)
operators on general surfaces I, or when dealing with Maxwell’s equations | |. As a

result, we include an additional assumption to treat these cases.
(WP4) The linear operators Tj o: H'(Q,T) — H"(Q,T) and T p: H(T) — H(T)
admit splittings into linear operators

(2.9) T,;Q = R,;Q + Ag, T,;F = R,;F + Ag,

such that the “R part” is uniformly bounded in k, while the “A part” maps into
analytic functions. Specifically, we assume

(2.10) (R qu, v)| + [(By pu, v)| < Cllull1exllvll1,ex Yu,v € HY(Q,T).

In addition, there exists a constant C, , possibly depending on k, and there exist a

constant v, and a tubular neighborhood T (both independent of k) such that for all
u € HM(Q,T) we have Aqu € A(My, vy, P) and Ar (ulr) € A( My, vy, T,T) with

My < Cy pllullige, — BMy < gy lu

Lkt
(WP5) We finally assume that a(-,-) is uniformly-in-k continuous, i.e.,

(2.11) la(u,v)] < Cllullgallvllies  Yu,v € HH(Q,T).

2.4. Auxiliary positive problem. Our analysis hinges on an auxiliary problem that is
meant to be a “positive” version of the time-harmonic problem. We thus introduce the
sesquilinear form

(2.12) b (u,v) = a(u,v) — (T,::Qu,v) - <T,::Fu, v) Yu,v € HY(Q,T),

where Tp7, - H'(Q) — (H'*(Q))" and Tfp : HY(Q) — H'(Q) are problem specific abstract

(continuous linear) operators specifically chosen to conduct the analysis. In the simplest case

when T, , = +k% and T, = —ik, we can simply select T,;FQ = —k? and ler = (0. However,

allowing7f0r more generafity enables us to treat a much wider class of probléms.

The assumptions (AP) on the auxiliary problem are listed below.

(AP1) b} is coercive: there exist Cf, > 0 (independent of k) and o € C with |o| = 1 such
that

(2.13) Re(ob; (u,u)) > C:ger||u||it7k Vu € HYH(Q,T).

Thus, for f € H () and ¢ € H ('), we may define S(f,g) as the unique element of
HY4(Q,T) such that

(2.14) b;(S,j(f,g),’u) = (f,v) + (g,v) Yve HYM(Q,T).
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(AP2) There exists an integer Spmax > 0 and for each 0 < s < spax there exists a C’;hift ;>0

independent of k such that if f € H*(Z) and g € H*t1/3(T') we have S (f,9) €
H*2( &) with

(215)  ISE( D lsin,2 < Cli KIS

We further need the auxiliary problem to have similar Sobolev regularity properties as the
original wave propagation problem. This is measured by the sesquilinear form

bkA(u,v) = by (u,v) — b;(u,v) = (TkA’Qu,v) + (TkAIu, v) Yu,v € HY(Q,T),

0.0 + 1flls,2 + &2 gllor + lgllst1 /2|

where TkA’Q =T, q— T,:r o and T,fr =T, — T,j p- Similar to the discussion on assumption
(WP4) it is enough for many applications to assume that bkA is bounded uniformly in k. To

be fully general, however, we need a last splitting assumption.
(AP3) We have the splittings

(2.16) Tiro = Rea + Akas Tir = Rpp + ARy
The linear operator RkA’Q is of order at most one and satisfies for 0 < s < Spax
(2.17) IREqulls.o < Cs (Fulls,2 + kllullsrr,) — Yue HFY(2),

whereas the linear operator R,ﬁr is of order zero and satisfies
(218)  IBRrollarjor < C (K20l + Kol or) Vo BT,

Finally, there exists a constant Cﬁ > Possibly depending on k, and there exist a
constant fyﬁ and a tubular neighborhood T" of I' (both independent of k) such that for
all u € HY(Q,T) we have AQqu € A(My, 78, 2) and ARp(ulr) € A(My, 75, T,T)
with

(2.19) My < CRpllulline, kMo < CRgllulling

Remark 2.4 (on the stability assumption (WP2)). The stability estimate (2.7) does not
make minimal assumptions on the data f, g. However, the stability constant C__;, (2.7) is
closely related to the inf-sup constant

. by, (u; )]
2.20 infsup = inf sup
(2:20) Yiniup weHLH QL) ye ity 1l elvll e
if (AP1) and (AP3) hold. Let B, : H"(Q,T') — HY (€, T) be the operator induced by b, .
We claim that if B, is an isomorphism, in which case 1/¥ingsup = [|(Bf) ™" 1@,y m1H Q) S
then (2.7) holds with C_ |, = 1/7infsup- To see this, note that for solution u = S, (f,g) of
(2.5) there is v € HY(Q,T') with |lv||;x¢ = 1 such that satisfies

Fintsup el k0 < 1B (w,0)] = [(F,0) + (g, 0)] S KM If oo + k2 llgllo.r) o]l

so that (2.7) holds with C_) , = 1/Vinfsup- Conversely, if (2.7) holds, then the inf-sup constant
satisfies (2.21) below as we now show using the arguments used, e.g., in | , Prop. 8.2.7]
or | , Thm. 2.5]. The assumption (AP3) implies that B, is a compact perturbation of
a coercive operator. Since (2.7) implies uniqueness, the Fredholm alternative provides that
B, is an isomorphism. Since the norm of (B, )~! equals the norm of ((B;))~!, we compute
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the latter. To see this, let u € HY(Q,T) be arbitrary and z € H“(Q,T) solve, for all
we HY(Q,T)

by, (z,w) = by, (u,w) — b (u, w)

= (Tirqu, ) + (Tiyu, w) = (Riiqu + Afqu, w) + (Ripu + Apu, w)).

Noting
(T w)| S (k+CR llulllwlog:
(T, w)] S I ulorlwlor S (IR rullyzr + k28 kllulliie ) lwllor
S (K2 ullo.r + Kllull1 /o + CR k™ ulli s ) llwllor

S (k+ Cﬁ,kk_lm)Hqu,k,tHwHO,F-
By (2.7) and these bounds, we get

A —
|2l ks S (B2 + CR ) Cogy o llu

1kt
We conclude
sup by, (v, w)] vy b3 (u, )] (AP1) lullf ke
v [l rellvllee lullirelle = 2lliee ™ lullipe(lulliee + 11201k

and arrive at

1
2.21 : > .
( ) Tinisup A Cs_ol,k;(k3/ 2+ Cﬁ,k)

3. ABSTRACT CONTRACTION ARGUMENT

3.1. Filtering operators. Following | , |, a key ingredient of our splittings are
filtering operators defined using cut-offs in the Fourier domain. We need to filter both surface
and volume functions, leading to two pairs of filters.

On the boundary I', we can employ the surface filters introduced in | , Lemmas 4.2, 4.3].
Proposition 3.1 sums up their essential properties.

Proposition 3.1 (Surface filters). For eachn > 1, there exist two operators L} ., H' 1.« L*(T') —
L*(T) such that H}' .+ L] . =id. For 0 < s’ < s the operator H}' . satisfies

(3.1) VE gl ey < Conw k)~ glliory Vo € HA (D).

There exists a tubular neighborhood T of " that depends solely on the analyticity properties of I’
and there exists a constant ' > n depending only on 1 and I' such that L] g € A(M,n/,T,T)
with

(3.2) M < Cllgll-1/2,r-

Proof. The operators H I?F and LZ r are defined in | , Lemmas 4.2, 4.3] and the properties
of H ,Z r are shown there. For the properties of LZ r» we note the following: Let T' be a tubular

neighborhood on which the analytic continuation n* of the normal vector n exists and let, as in
construction in | ], G € H*t3/2(Q) be such that 8,G = g on I and 1Glls43/2,0 S lgllsr
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for —1/2 < s’ < s. Then L] g is defined as the restriction to I of n* - VL] oG. By

construction, L} G is analytic on R? with
19" oGlogs < COR™ HGlha Vi Ny,

We conclude from Lemma 2.2 that n* - VL] G € A(C||G||1,0,7',T,T) for some C, ' de-

pending only on 7 and I'. Without loss generality, n” > 7. We conclude with the estimate
O

Proposition 3.2 (Volume filters). For eachn > 1, there exist two operators L] rer H!o: L*(Q) —
L?(2) such that H”Q+LkQ =id. For0<s' <sand0 <e <1/2, the operator H} , satisfies

(3.3) 1 o flls, < Cowr k)| flls.r  Vf € H(2),
(3-4) I o f | -2 () < Cenk)™ vf e L*(Q)

for constants Cy ¢, Ce independent of f, k, and n. Finally, we have L] f € A(M,n, P) with
b k Q

(3.5) M < Callfllo0-
Proof. For all P € &, we set

(HRaf)|, = EHwEe e (Laf)|, = L)) e,

where Ep : H*(P) — H*(R?) is the Stein extension operator, [ , Chap. VI|, and H,;, and
L,y are the “full space” high and low pass filters introduced in | ]. Then, the proof of
(3.3) and (3.5) can be found in [ , Lemmas 4.2, 4.3].

Regarding (3.4), note that for 0 < e < 1/2 and a bounded Lipschitz domain 2, the space of
compactly supported smooth functions |Jpc 5 Cg°(P) is dense in H*(Q). It is easy to check
that, for all 0 < s <1,

1Hyifll —spa < Cs(nk) I fllopa  VF € LA(RY),

[ , Section 4.1.1]. For v € C§°(P) let v denote the trivial extension by zero on all of R?
of v. These observations give

((Hyp fv)al = | Y (HyeEp(f),0)p| = | Y (HyEp(f),Tp)gd
bez Pe7
< 3 1HwBp(Dlcpallpll g
Pe

Additionally, we have
[Hne Ep(f)ll —ere < Ce(mk)“[[Ep(f)llore < Ce(mk)~"[[fllo,ps  Ivllere S Cellvlle,p

which leads to

(o) < Cck) S I flloplvler

Pe»

Ce(nk) | fllollv

and the result follows since [|v]|c, 2 < ||v]|c.0- O
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Remark 3.3 (Other constructions of high and low pass filters). The presented high and low
pass filters are by no means the only possible constructions. It is, e.g., possible to construct
the low-frequency filter on bounded domains by truncating the expansion in eigenfunctions
of the Laplacian endowed with Neumann boundary conditions. See also [ , Sec. 6.1] for
similar considerations. .

3.2. A contraction argument. We employ the low and high pass filters to formulate a
preliminary decomposition result. For given right-hand sides, the decomposition consists of
the desired final splitting plus a reminder that is solution to the time-harmonic problem with
new right-hand sides that are stricly smaller in norm than the original ones. We thus call the
preliminary result a “contraction” argument.

Due to the duality between H®(Q) and H—¢(2), if f € L?(Q2) and g € L*(T"), we have with a
constant C. only depending on &,

(£,0) + (9, 0)] < Ce (KMl ey + 57 2lgllor) v
Recalling that b is coercive by (AP1), this leads to
(3.6) 1SF () ik < Ce (KAl ey + 57 2llgllor) -

Lemma 3.4 (Unified contraction argument). Let (WP) and (AP) hold. Let g € (0,1) and
s € [0, Smax] be given. Then, there exists a parameter n > 1 depending on q and s such that
for all f € H¥(2) and g € H**Y2(T') we can write

S];(fvg):uF+uA+S];(f’§))

1,k,Q Yv € Hl(Q)

where
up = S (H} of, H] 19) up = Sy (L of Liirg) + Sy (Agqur, AR pur),

and the pair (f,§) € H¥(P) x HTV/2(T) satisfies

(3.7) 1flls,2 + 19llst1/2r < alllflls,2 + lgllst1/2.0)-
In addition, we have up € H*T2(P) with

(3.8) lurlls2,2 < Cs (Il flls, + l9llsr1/2r) »

and up € A(M,n', P) for some ' > 1 depending only on n and T with
(3.9) M < CC, 1 Coo k(1 + kiZCﬁ,k)(”f”O,Q + lgll1/2,r)-

Proof. Let 17 > 1 to be fixed later on. For f € H*(Q) and g € H*TV/2(T), we set u == S (£, g).
We introduce
Up = S;(H27Qfa H]:»]J‘g)v UAT = S]; (LZQJC’ LZ,Fg)

so that u = up + ua 1 + 71 With
=S, (TﬁQuF,T,fFuF) = S,;(RkA’QuF,RkA’FuF) + Sy (AﬁQuF, AﬁFuF),
where we employed (AP3). We then introduce
UA T = Sg(AﬁQuF,AﬁFuF), f:: RkA,QuF, g = RﬁFuF,
leading to the splitting u = up + up + Sk_(f, g) with

ua = upa 1 +uan =S (L of L rg) + Sk (ARqur, A pur).



WAVENUMBER-EXPLICIT ANALYSIS OF HETEROGENEOUS HELMHOLTZ PROBLEMS 11

Before establishing the contraction estimate (3.7), we prove the regularity estimate (3.8).
Using (2.15) from (AP2) as well as the mapping properties (3.1) and (3.3) of the high pass
filters, we have

lurllss2,2 < Cs (IHE o llsio + KN H o f o0+ IH} 0ol s o + K72 H] rglor)
< (
< Cs (

2+ R0l + 19llesrjzr + K200 gl o)

)

which proves (3.8).

We next establish (3.7). Recalling the definition of f and §, estimates (2.17) and (2.18)
combined with trace inequality (2.4) show that

(3.10) 1 £lls.20 + 19]ls11/2r < C (K

The case s = 0 is treated separately. Fixing e = 1/4, we have from (3.6) and the properties
(3.1) and (3.4) of the high-pass filters

5+1,@) .

(3.6)
Blur e < Cobt (KH o -wo + 21 rgllor)

(3.1),(3.4)
<Ok (Kol + 2 0km) g o)

(3.11) <7 (I fllo. + llglhjar) -

where, since ¢ = 1/4 is fixed, we absorbed the constant C; in a constant C' independent of k
and ¢; we also used that /2 < 5~¢ since n > 1. We conclude from (3.10) and (3.11)

(3.12) I flloe + gl o < 7= ( r)-

We turn to the case 0 < s < Spax. With e = 0 in (3.6) we have together with the mapping
properties (3.1) and (3.3) of the high-pass filters that

Rllurlloe < Ck (ko oo + k21 ] pllor )
< Cokn) ||l + K2 0om) = 2llgll s o

Hence, we find

(3.13)

" (Iflls.2 + llgllss1/2r) -

We note the multiplicative interpolation estimate for 0 < r < s+ 2:

s+2—r

(3.14) lullr,z < Crllurllgn® llurllii3 -

Inserting (3.13) and (3.8) into (3.14) we find

(3.15) lurllror < Cok™=*=2 75" (

5,2 T ||9||s+1/2,r) .
Using (3.15) with » = s and r = s + 1, respectively, we find
£ lls.2 + 1Glls41/20 < Cs (K|lurlls,2 + Ellurlls11,2.)

(3.16) a2
< Cy (752 + 0752 (Ifllo, + lgllss1/or) -
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At this point, since the constants appearing in (3.12) and (3.16) are independent of 7, f, g,
we can select 7 large enough (7 may depend on s) to obtain (3.7) with ¢ < 1. For the sake of
simplicity, we additionally select n larger than the constants vy of (WP4) and ’yﬁ of (AP3).
We next establish (3.9). For the first component ua 1, properties (3.2) and (3.5) of the low
pass filters show that

Lz,ﬂf € Q[(]Mf’ n, ‘@)’ LZ,FQ € Ql(Mg,n',T,T)
with
My <Clfllo, My <Cllgll-12r

and a tubular neighborhood T of T' and a constant 7’ > n that depend solely on 1 and T'.
Recalling (WP3) and that ' > n > 79, we have ua 1 € A(Mz,¥(1), &) with

My < CC,, C:ﬂ,kkil (My +kMg) < CCa:’la,k‘CS_Ol,k‘kil (s

ana,k s

0.0+ klgll—1/2r) -

We turn to the second component ua 11. From (3.11) we get [Jup||1 e S k7 (I flloe + llglli2r)-
Using (AP3), we arrive at

fir=Apqur € WMy, 8, 2) g = Appur € A(Myu, 748, T, 2)
with
My + kMg < Cx k™ (Iflloe + llgllij2r) -
Since we chose 1 larger than g and 'yﬁ, we also have
fH = AkA’QuF S Ql(]\4-.}"7117 77/7 @)7 g1 = AkAI‘UF S 2l(]\jg,ﬂa 77/7 T7 P)a
and it follows from (WP3) that ua i1 € A(Mir, 9(n'), &) with
My < CC, 1 O ok ™ (Mpz + kM) < CC Co kT CR k™ ([ f o + llgllyar) -

na,k
Estimate (3.9) now follows since
UA = UAT T UAT € Ql(MI + Mll,ﬁ(n/), @)
Relabelling the parameter 9(n’) as 7 and estimating generously |lg|l_1/or < l|gll1/2,r gives
the result.

3.3. Regularity splitting of time-harmonic solutions. The contraction result of Lemma 3.4
can be iterated to yield a splitting of the solution of Helmholtz problems into a part ugp with
finite regularity and an analytic part ua:

Theorem 3.5 (Abstract regularity splitting). Assume (WP) and (AP) . For all 0 < s <
Smax, and for each f € H*(Q) and g € H*tV/2(T') there is a splitting

S, (f,9) = up +ua
with up € HT2(P) satisfying

(3.17) luplls+2,2 < Cs (1flls,2 + lglls1/2r)
and up € A(M,~%, P) with
(3.18) M < Oy, OO (L E2CR L) (If log + llgllijz ),

and a constant % depending solely on s and the parameters appearing in (WP) , (AP) .
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Proof. The proof iterates the contraction argument in Lemma 3.4. To fix ideas, we select
q = 1/2 and denote by 7, 1, the parameters 7, i’ given by Lemma 3.4. Letting f© = f
and ¢(© := ¢, the splitting

S (10,99 = ug +uld) + 5 (70, gM),
holds true with contracted data
Hf(l)Hs,,@ + Hg(l)Hs—&-l/Z,F < (J(Hf(O)Hs,@ + ”9(0)Hs+1/2,r);
the regular part ul(?o) € H*2(P) satisfies
li o290 < Co (1F Vo0 + 9O lssrjor)
and the analytic part ug)) € AMO) 3, P) with

MO < g, (10+ k7208 (15 Oloa + lg @l jor) -

We can then repeat this argument to split S, (f @, g(l)), and so on, resulting in an inductive
definition of (f@, g0) € H5(2) x H+V/2(T), vl € H5+2(2) and ul?) € A(MD, ), 2) with

15Dl + 199120 < @ Ul + 19 ss1/20),
I 12,2 < Coa” (1F Ol + 19O llss12)

M® < quC;)l,k(l + k'_QCﬁk) (Hf(O)HO,Q + ||9(0)||1/2,F> .

u:Zug)—FZuX),

It follows that we have

i€Ng 1€Ng
—_— =
=ur =uA

where the two series converge due to the exponential decrease of Hf(i)Hs,y and Hg(i)||s+1/2,p.
Then, introducing v := 7, estimates (3.17) and (3.18) simply follows since ¢ = 1/2 and
ZQENO qt = 2. O

4. STABILITY AND CONVERGENCE OF ABSTRACT GALERKIN DISCRETIZATIONS

In this section, we utilize the splitting previously introduced to analyze Galerkin discretiza-
tions. We first establish quasi-optimality and error estimates for abstract discrete spaces.
These results are then applied to the particular case of the hp finite element method, where
explicit stability conditions are derived.

The proofs of this section hinge on duality techniques, and require properties of the adjoint
wave propagation problem. For the sake of simplicity, we assume here that the considered
wave propagation and auxiliary problems are symmetric in the sense that

(@) b (v,0) = b (@0, b (o,u) = b (@)
for all u,v € HY*(Q,T). We mention that (4.1) is not mandatory; however, without (4.1) one

needs to assume (WP) and (AP) for the adjoint problems, which we avoid here to simplify
the presentation.
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4.1. Abstract Galerkin discretizations. We start by considering a generic finite-dimensional
subspace V;, € HY(Q,T'). The corresponding Galerkin approximation uj, € Vj to the exact
solution u € HY(,T) of (2.5) is given by

(4.2) by, (un,vn) = (f,vn) +(g,vn)  Vvp € V.

The key approximation properties of V}, are captured by the following two quantities for
m > 1 and v > 0 and the (fixed) tubular neighborhood T" of T" given as the intersection of
the two tubular neighborhoods given by (WP4) and (AP3):

(4.3a) ™ = sup inf 1S, (f,9) — vnllik,
(f.9)eH™=1(2)x HM=1/2(T) Un€Vh
1, 5+l 1 /2.0=1

(4.3b) nge"p) = sup inf S, (f,9) — vnllitk
(f,9)€X(M s, 2) xU( Mg, T.T) VhEVR
Mf+kMg—l

To ease the presentation, we introduce the projection

II,v ;== arg min
h gthVh H

Lemma 4.1. Let u € HY4(Q,T) and assume that uj, € V}, satisfies
(4.4) b,; (u — Up, Uh) =0 VYo, €V}
Then, the estimate

(4.5) b (1 =, )| < € (14 Cro kO ) 1w =l ee

|1k

holds true for all v € H'(Q,T), where C is a constant independent of k, u, and v.
Proof. For the sake of brevity we write ej, := u — uy. For an arbitrary v € H(Q,T'), we have

by, (ens )| = lalen, v) = (Ty qen, v) = (T pen, v)

4.1 o o
D la(en,v) — (T57,70) — (T a0

(2.9) -
la(en, v)| + ’(Rk Qb en)| + |<Rk v, en)| + [(A 50U en) + <Ak71"v7 en)|

(2.10),(2.11) . .
< Cllenllierllvllier + (A oV €) + (A p0,en)|-

The analytic part is now treated using a duality argument. Indeed, using (4.1), we have
(Ap b, en) + (Ap 0. en) = by (Sy (A T, Ay p0), €n) = by (en, &) = by (en, ¢ — IIn9),
where ¢ = S; (A; U, Ay D). Then, using (WP4), we have

< O pyo ol

= inf ||S, (A, o0, A4,
ol 15 (i )~
and the conclusion follows from (WP1) since

(A Vs n) + (A rsen)| = [by (ens & — o) < Coop pllenllilld — Madll1z,k-
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Lemma 4.2. Assume that uw € HY'(Q,T) and uj, € Vj, are such that
(4.6) b, (u—up,vp) =0 Yo €V},

Then, there exist two constants p and u independent of k, u, and up such that

(A7) (= kn® = O ) llu = wnlh < o (14 Cogue s e ) 1w =

Proof. We introduce the Galerkin error ey, := u — uy. Recalling (2.13) and (4.6), there exists
a constant Cy independent of k, u, and wuy, such that

1
a)”ehH%,t,k < Rebf (en, oer) = [b] (en, en)] <

1672 (en, en)| + by (en, en)| = b5 (en, en)| + [by (en, u — Iyu)|.

Recalling Lemma 4.1, we may then write

||€hH%,t,k < CO|bkA(€h7 en)| + C1 (1 + Coont,kCa knf;zxp ) llenllr,enllu —

where C] does not depend on k, u or uj. On the other hand, we have

4.1
b2 (en,en) ‘= b2 (5, 7R)

2. 16 o o .
CL (R, ) + (REvem en) + (Ao, &) + (AL en, )

= b, (S}, (Rio@n: Rioren), en) + by (S, (Agoen, ALren), &)
b]:(eha ¢F) + b (eha ¢A)7
where ¢p = Sy (Rk 0Ch, Rk Feh) and ¢p = Sy (Ak 0Ch, Aﬁpﬁ).

|by; (en, dr)| = |b; (en, or — ITpor)]
< llenll1,e.klloF — Indr |1,k
< nWllenll1,x (”RkAQaHQQ + | Rerenllj2.0)
< CoknW)|

where Cs is independent of k, u and up,. Slmllarly, we have
bk (ens a)l < llenllerlloa — Hnoaller < CAA,kngeXI)A)Hehul,t,k7

which leads to
b8 (ens en)| < (Cokn® + CRuml2) ) llenll i

and
(4.8) (1= CoCakn™ = CoCRumi) ) llenllf i <

C (1 + Ccont +Cx knl(;(xp ) lenlleellu — pully ¢ k-

Estimate (4.7) then follows by setting 1/u = Comax(1,C2) and p = pCp and multiplying
both sides by of (4.8) by pu. O
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Theorem 4.3 (abstract quasi-optimality). Assume (WP) and (AP). Let s € [0, Smax],
f e H(P) and g € H*tY/2(T). Recall the constant p from Lemma 4.2, and assume that

1) A (o) - —  (exp)
(49) kn* + CA,knﬁ(vﬁ.) < 9’ Ccont,kCA,knﬁ(,y;) <L

Then, there exists C' > 0 independent of k, f, g, and there exists a unique up € Vy, such that
(4.2) holds, and for uw:= S, (f,g), we have

(4.10) |lu—uplliep < C inf |lu—vpl1tk
v EVE
Proof. Fix s € [0, Smax), f € H*(2), and g € H*t'/2(T'). Let uy be any element of Vj, such

that (4.2) holds true. We easily see that u := S, (f,g) and wj, satisfy the assumptions of
Lemma 4.2. Injecting (4.9) in (4.7), we have

gHu —upllier < 2pllu = Mpull e = 2p inf [Ju — a1k,
v EVY

so that (4.10) holds for all uj, satisfying (4.2) with C' = 4p/p.

Next, we observe that having established (4.10) for all uy, satisfying (4.2) implies, by linearity,

the uniqueness of the solution to (4.10). Since (4.10) corresponds to finite-dimensional linear

system, this proves the existence and uniqueness of uy,. ]

4.2. Application to hp-FEM. We now focus on the case where the discretization subspace
V4, is a piecewise (mapped) polynomial finite element space. We consider the case where the
mesh 7;, associated with the finite element space is aligned with the partition &?. Since we
are working with analytic interfaces, dedicated assumptions are required | .

Assumption 4.4 (Quasi-uniform regular fitted meshes). Let K be the reference simplex in
spatial dimension d = 2,3. The mesh 7}, is a partition of €2 into non-overlapping elements K
such that Ugep, K = Q. For each K € Ty, there exist a bijective mapping F : K — K that
can be written as Fix = Rg o Ax, where A and Rg are respectively an affine and analytic
mappings. Specifically, there exists constants Cifine, Cinetric,Y > 0 independent of K such
that

HA/KHLoo(f() < CaﬁinehKa H(A/K)_1||Loo([?) < Cafﬁneh[_(la
H(R/K)_IHLOO(]?) § Cmetrica anRKHLoo([() S Cmetrjc’}/nn! Vn S No.
Here, K = Ag(K) and hg > 0 denotes the element diameter. Furthermore, we assume the

that mesh resolves the interfaces of &2, i.e., each element K entirely lies in on subdomain
PeZ.

We introduce, for p > 1, the space S,(7y) as the space of piecewise mapped polynomials of
degree p:
S, (Th) = {u € H'(Q): u|,, o Fi € Py(K) for all K € Th} .

We note SP(T,) € HY(Q,T). We will require approximation operators that approximate
functions in the || - ||; 4 4-norm:

Proposition 4.5 (Interpolation errors). Let Assumption 4./ be valid. There is an operator
Iy, - H3(2) N HY() — Sp(Th) with the following properties:
(i) Iy is defined elementwise, i.e., (Inv)|k depends solely on v|x.
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(ii) For 1 <m < p and for allv € H™ (), we have

ERY2t kR (A\™
(411) o~ Tiwlh o < Com <1+<p> + 2 (2) ollmsn

p

(iii) Fix C > 0 and assume kh/p < C. For all 7, there exist constants o, C, solely
depending on 7y, Chetric 0f Assumption 4./, and C such that for all v € A(M,~, P),

(e () B () () )

(iv) Finally, if 0 < q < p, we have

R\ Y*t kh R\ ¢ kh \?
(413) o= Lyl < Coy <1+<) L kh (() +l<:<> )M.
p p b O~p

Proof. The construction is essentially that of [ , Thm. 5.5, where the approximation in
the norm ||V - |lo. + k|| - |0, is considered instead of || - ||1 5+ We will therefore be brief. The
operator I, is defined on the reference simplex and taken to be the one of | , Lemma 8.3],
which in turn is actually the operator IIE*3® (for d = 3) or the operator IIE*?*® (for d = 2)
of [ I

Proof of (ii): The p-dependence of the approximation properties are spelled out in | ,
Lemma 8.3] and the h-dependence follows from scaling arguments.

Proof of (iii): Denote by Ij, the operator on the reference simplex, and introduce for K € 7Ty,
and t € {0,1} the norm [[v|} ., x = HVUH2 K+ kQHUHLQ(K + klth\v]%t(aK). By standard

(412) |-

scaling arguments and the approximation propertles of T n (see the discussion in the proof of
[ , Lemma 8.3]) we get

kh  [kR\Y?>7P\
H’U —I}ﬂ]”l KK S < hd/2 1 _1 <1 +— + < ) ‘,U’2I?7
p p ’

where 7 := uo F is the pull-back of u to K. Noting that I}, is a projection onto Pp(f() (and
thus I}, a projection onto S,(7p)) we arrive at

kh  [(kh\Y*?
< /21yl l—i——i—() inf v —w|, %
p p wEPp(K) ’

lv = i
For v € A(M,~,Z), we can now proceed as in the proof of | , Thm. 5.5] using in
particular the approximation result | , Lemma C.2] for inf P (R) [v —wl, . This leads

to the desired result for ¢ € {0,1}. For ¢t € (0,1) the boundary estimate |v — Iv|.r then
follows by the interpolation inequality.
Proof of (iv): If ¢ < p, the function
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is non-decreasing. Hence, since h < C', we have

h p h q h pP—q
<h+‘77> :(h+0'y> <h+0'v)
< o 1pd c piq_ —qpa P —q pa
= Oy C+o, = 0y hipy™" = (pyoy) 2t

where p, < 1. It is then clear that p§ < C, 4p~%, and it follows that

ho\? A%
< — .
(rrz) = ()

Then, estimate (4.13) follows from (4.12). O

Our key result concerning finite element discretization is established under an additional
assumption of polynomial well-posedness that we detail now:

Assumption 4.6 (Polynomial well-posedness). There exist constants a,, as, ac, C > 0,
independent of k such that

(4.14) Conag < Ok,
(4.15) Coorr < Ok,
(4.16) Coonti T Cagp + K 2CR ) < COe.

Lemma 4.7 (Approximation factors for hp finite elements). Assume that p > 14+aa+2ac+as.
Then, we have

1/2—t
(417) 9™ < gy <1+<IZL) M:)

(h) h <kh> sTQc ij{u"rO(s—‘rOéc' 1 < ]{h >

1/2—t
(4.18) ™) < Oy o k7 (1 + (kh> + kh)
p p

107 all ’y > 0~

Proof. Let 1 <m < p, and fix (f,g) € H™ () x H™ Y2(I') with
[fllm=1,2 + lgllm-1/20 = 1.
Employing the notation v := S, (f, g), Theorem 3.5 provides the splitting u = up +ua, where
up € H™T1(Q) with
[upllmt1,22 < Cm
and up € A(M,~y,, &) with
ML CC

ana,k

CS—OLk(]_ + k72cﬁ7k) S Ckaa+015+ac‘
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Applying (4.11), we have

ERNY?T kR R\
|M~hwmwsa(u(p> Lk Q)nwmﬁy

p

1/2—t m
< (H(%) ) (1"
P p p

On the other hand, since p > 1 + a, + as + 2a. by assumption we can use (4.13) with
q = 0a+ s+ ac+ 1 and v =1}, showing that

kh 1/2715 kh h aatastac+1 k;h p
upA — Lpuafjiere < | — +— = +
lua— 1 HH<@G (%) (2) e( ) )
P P p O D
ER\ Y2 kh R Qatostactl kh \?
e () ) ()7 ()
P P P O D
1/2—t Qatastac
<c, H(%)/ LU h(kh) +k(kh ) |
P p pAPp O D

Then, we have

lu — Inull1ek

< |lup — Inur

Lk T llua — Thuallise

1/2- m aatastac »
< Cm,q <1 + <k;jh> + k;f) <<Z> + Z (?) 4 kaa+as+ac+1 <Ukhp> > ’
Vi

and (4.17) follows from the definition of 7™ in (4.3a).
Consider now (f,g) € U(My,v, P)xU(Mgy,~,T,I') with My+kM, = 1, and set v == S, (f,g).
We know from (WP3) that u € A(M,,I(v), Z) with

M, < CCy 1 Cog k™ (Mg + kM) = C

ana,k ana,k

CCOLy okt < Okt
It then follows from (4.13) with ¢ = @ + a5 + 20 + 1 and v = 9(7) that

kh 1/27t kh h, aa+as+2ac+l kh p
[ — Tpullep < Cq okt (1 + () +— () +k < ) :
p p p T9(+)P

and (4.18) follows from the definition of n%eXp ) in (4.3Db). O

Our main result is then a direct consequence of Theorem 4.3 and Lemma 4.7.

Theorem 4.8 (discrete stability of hp-FEM). Let (WP) and (AP) as well as Assump-
tions 4.4 and 4.6 hold true. Then, for all co > 0 there exists a constant ci solely depending
on ¢z, a and the constants appearing in (WP) and (AP) such that whenever

(4.19) ? < and p>142ac+ ay + as+ cologk

the Galerkin solution upy, € Sp(Tp) of (4.2) exists and is unique and satisfies

(4.20) lu—unpllige < C  inf  flu— vppll1ek-
Vhp€ P( h
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Proof. Let co > 0 and fix p > 1+ 2a¢ + ay + a5 + coInk. Then, we have in particular that
Ink <1/(e2)(p—1/2), so that for any o, b > 0

B < ()

and

_ -1/2
KR\ P12 p-1/2 seno-1/2 [l \T
. b < b/CQ 71 — .
(421) b (ap) B (e ) (0) o “

Since p > 1+ 3a by assumption, we can use (4.17) with m = 1. Since t < 1, picking o = o
and b = o, + as + ac + 2 in (4.21), we have

—]./2 aatoastoac+1 p
e §C<1+ (kh) +kh> (kh+ (kh) | potautact? (kh) )
p p p p 0P
LR\ 12 LR 3/2 LR\ /2 LR\ Qatostactl/2 kh \P~1/2
() () ) e )
D P P D Oyp

(qatastact2) /o \ P2
<C (1 + ¢ 1/2 + 03/2) 01/2 i C?a+as+ac+1/2 n (e Cl)
Oy

IN

We then employ (4.18) with v = ¥(v, ), leading to

Ccont kCA knq(ge(xp))

<C, a E2ac—1 14 (kh)l/Q—t+ @ <h>2ac+1 <M>aa+as _|_l€aa+ozs+1 < Lh )P
- p p p p TY(+)P
1/2 3/2 1 2ac+aat+as—1/2 p—1/2
o () B ) ()7 e ()
p p p p 0Y9(y)P
Qetaatas p—1/2

Cl1+ (kh>1/2 + (kh>3/2 (kh>2 e | pectaatos (KR

p p p T9(v)P

(2ac+aatas)/ca p=1/2
<C (1 + 01/2 + Ciﬂ) Cfac+aa+as+l/2 + <€ 61) ;
T9(vx)

IN

where we have used (4.21) with o = T9(v3) and b = 2a. + an + a5. Finally, since k > kg, a
similar reasoning shows that

A (exp) ac (eXP) Qac (exp)
CA,k 19( 2) < Ck My 2) < Ck ( 2)

(2actaatas)/ca p-1/2
< Cy (1 +al?y 03/2) groetaatastl/2 (e c1>

TY(v3)
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At this point, we assume that

e(as+ac)/c2 €(2ac+as)/02 e(2ac+as)/02
(4.22) a<l S Tle<1, S o<1, S <,
o To(7y) To(r)

leading to the simplified expressions

. elactas)/ca (20c+as) /2
kn(l) + CAA’knée( pA)) < Cagae (1 + . /e > 1/2
"

e(2actas)/ca 1/2
C'cont kCA knq(g( P)) < COémOés (1 + %) Cl/ .
Ta

and

Then, we see that requiring, in addition to (4.22), that

ac+as /02 2ac+as)/c2 €(2ac+as)/c2 1/2 .
Cocas | 1+ — | ¢/ <min(p/2,1),
Ot T9(vx) T9(v3)

the requirements of Theorem 4.3 are met, leading to the result. [l

5. APPLICATION TO WAVE PROGAGATION PROBLEMS

In this section, we verify that the Assumptions (WP), (AP) of Section 2 are in fact satisfied
for a variety of time-harmonic wave propagation problems. We emphasize that the assump-
tions (WP1), (WP2), in particular, Assumption 4.6, are assumed and have to be proved
separately.

We will consider the heterogeneous Helmholtz equation below and in all examples the sesquilin-
ear form a(-,-) will be of the form

(5.1) a(u,v) = (A(z)Vu, Vv).

=

The strong form of problem (2.5) is
(5.2) Liu:=~-V-(A@@)Vu) - k*n*u=f inQ, Opsu—Tyru=g onl,

with the co-normal derivative 9, ,v :=n - (AVv)|r and the outer normal vector n. Hence, in
all examples the volume operator is given by 7, , = k?n?. The complex-valued coefficients

A € L*®(Q,GL(CY) and n € L*>®(Q, C) are assumed to satisfy the following:

(5.3a) Re(€7A(2)€) > amm|é]?  VEe€C! VzeQ,
(5.3b) VP A| Loo(@\Pipgers) < Cavip!  Vp € Ny,
(5.3¢) VPR Lo (@\Pingens) < Cr¥ipt VP € No.

Remark 5.1. The coefficients A and n are allowed to depend on k. We merely require
that the constants in (5.3a)—(5.3c) not depend on k. Therefore, equations including volume
damping, classically written in the form —V - (AVu) — k?n?u + ikmu with some m satisfying
the condition that ||[V?m||pee(o\ryes) < Cmyimp! for all p € Ny are included in this setting.
Also certain PML-variants lead to k-dependent matrices A, which are included in this setting.
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The strong form of problem (2.14) will be
(5.4) Liu:=-V-(A@@)Vu) +ku=f inQ, Op U — ,jru =g onT

so that T;", = k*. The problems (5.2), (5.4), which we discuss in more detail in Sections 5.1—

5.3, thus differ in the boundary conditions, i.e., the operators T} . and T,j I
Throughout this section, we will assume:

Assumption 5.2. The boundary I' and the interface Ijnierr are analytic.

5.1. Heterogeneous Helmholtz problem with Robin boundary conditions and PML.
The heterogeneous Helmholtz problem with Robin boundary conditions corresponds to the
choice

T]; ru = 1kGu
in (5.2) for some function G that is analytic in a fixed tubular neighborhood T of I'. In (5.4),
we select Tk =0 Note that the fact that we allow for complex-valued coefficients A and n,
which covers forms of PML where the path deformation into the complex plane is based on
the use of polar/spherical coordinate | ) |. Specifically, it can be seen following
the discussion in | , Remark 2.1] and the expression of A given in | , Eq (1.11)]
that (WP3) holds true if the damping parameter is small enough (the width of the PML,
however, is not constrained).

Lemma 5.3 ((AP) for Robin b.c.). Let Assumptzon .2 and (5.3) be valid. Let G be analytic
in a tubular neighborhood T' of I'. For L, Lk given by (5.2) and (5.4) with Ty r = ikG and
T,:F = 0 the following holds with t = 1/2:

(i) b} is bounded uniformly in k, and (AP1) holds with o = 1.

(i) ||S+(fa Dl <C [kileHo,Q + k71/2||g||07p], and (AP2) holds for any fived Smax >

(#ii) The splittings of Ty o — T/ and T — T of (AP3) are given by RkA’Qu = k2(n?+1)u,
A rq =0 and Rk ru = ikGu, A,ﬁr = 0 and hence satisfy (AP3) for any fized spmax > 0.
Proof. Proof of (i), (iii): Continuity of b: follows by inspection. The coercivity (AP1) of
b} with o =1 follows from (5.3a) and T} . = 0.
Proof of (i1): The coercivity of b;’ implies for u := Slj( f,9)

ok SIf )l + (g, w)r| S 5™

The trace inequality &||v|or S ||v]l1,0 + Ellvlloo S [|v]l1k then implies the a priori bound.
The validity of (AP2) follows from standard elliptic regularity theory for Neumann problems,
using that I and ['jerr are smooth. The fact that A is Co%d_yalued instead of pointwise SPD
is discussed in more detail in the proof of Lemma 5.4 below.

Proof of (iii): follows by inspection. O

Lemma 5.4 ((WP) for Robin b.c.). Let Assumption 5.2 and (5.3) be valid. Let G be analytic
in a tubular neighborhood T' of I'. Assume (WP2). Then:
(i) (WP1) holds with Cr. . , = O(1), and (WP3) holds with C,,, ,, = O(1) (both uni-
formly in k).
(i) (WP4) holds with R} qu = k*n2u, Apq =0and R . = ikGu, A . = 0. In particular,
for the constants in Assumption 4.6, we have C, ., = O(1) (uniformly in k) and
CA,k =0 and C’A7k =0.

—-1/2 L1/2

lu
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(iii) (WP5) holds.
Proof. Proof of (i): C_ ., = O(1) follows by inspection. To see (WP3), we first discuss

cont,k
the case that the matrix A is pointwise SPD as this case is essentially covered by the lit-
erature. Specifically, we observe that the function v = S_(f,g) with f € 91(0]7, F ),

g € A(Cy,v5, T,T), satisfies, upon setting e = 1/k,

55) —e2V - (AVu) — n’u =2 f in Q,

. €20, ,u=¢e(eg+iGu) onT,
The regularity of solutions of these problems form has been addressed in , Lemma 4.13]
and | , Prop. 5.4.5, Rem. 5.4.6]. The procedure is as follows: the regularity can be ana-

lyzed locally and the boundary or the interface may be flattened by (local) changes of variables
so that one is reduced to the analysis on balls (interior estimates and transmission problems),
half-balls (boundary estimates). Note that that Lemma 2.2 (and | , Lemma 4.3.4]) pro-
vide that the analyticity classes are invariant under bi-analytic changes of variables. Hence,
one may apply | , Prop. 5.5.1] (interior analytic regularity), | , Prop. 5.5.3] (bound-
ary analytic regularity for Neumann problems) as well as [ , Prop. 5.5.4] (interface
analytic regularity) if Tingers 7 0, to problem (5.5). Considering as an example the case of
boundary regularity, we apply | , Prop. 5.5.3] with the following choices

Ca=0(Ca), Ch=0, Ce=0(Cp), Cr=0(&C;), Co, =0(Cy), Cay=0(Cpa),
Ya=004), % =0, % =00m2), v =00y, e =0(y), Ca =0(Q),

where 7,2 and C,2 are the analyticity constants of the coefficient n? and the O(-)-notation
absorbs the modification of constants due to the analytic change of variables. By combining
the finitely many local contributions, we arrive at

IVPull L2(0\Dypgenr) S C7F max{k, p}P (k2C5 + k71 Cq + k™I Vull 2 (@) + llull2(0))
< CHP max{k,p}p(kszf—F k1O + C;)kafl(cj?-# kC3))
< OyP max{k, p}PCL  k~ (Cr+kCy)  Wp>2

where we applied the stability estimate (2.7) as well as C ) ; 2 1. The stability estimate (2.7)
shows that the bound is valid for p € {0,1} as well, so that S,;(]?, g) € Ql(CC’S;ka‘_l(Cf—l—
kC5),7v, Z), ie., (WP3) holds with Conak = O(1).
For the case that the matrix A is not SPD but merely satisfies (5.3a), we note that the
proof of | , Props. 5.5.1, 5.5.3, 5.5.4] relies on a (piecewise) HZ2-regularity result for
the principal part of the operator (cf. | , Lemmas 5.5.5, 5.5.8, 5.5.9]), which in turns
hinges on the difference quotient technique of Nirenberg. We note that the condition (5.3a)
provides a coercivity that makes the difference quotient technique applicable for Neumann and
transmission problems so that also [ , Props. 5.5.1, 5.5.3, 5.5.4] holds for complex-valued
coefficients A, n satisfying (5.3).
Proof of (i), (iii): By inspection.

O

Under the assumption (WP2) we have the following quasi-optimality result for the hetero-
geneous Helmholtz equation with Robin boundary conditions:
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Theorem 5.5 (Robin b.c. and PML). Lett = 1/2. Let Assumption 5.2 and (5.3) be valid. Let
G be analytic on a tubular neighborhood of I'. For the problem (5.2) with T, = ikG assume

polynomial well-posedness of the solution operator S, of Assumption 4.6. In the discretization
setting of Assumption 4.4, for each co > 0 there are constants c1, C > 0 independent of h, p,
and k such that under the scale-resolution condition (4.19) the quasi-optimality result (/.20)
holds.

Proof. Combine Lemmas 5.3 and 5.4 with the stability Assumption 4.6. U

5.2. Heterogeneous Helmholtz problem in the full space. The heterogeneous Helmholtz
problem with Sommerfeld radiation condition in full space R? is to find U € H_(R?) such
that

—V - (AVU) — k*n’U = f in RY,

5.6 _
(56) |6rU—ikU|:o(H1:||1Td) for [|z]| — oo,

is satisfied in the weak sense. Here, 0, denotes the derivative in the radial direction. We
assume f, A, and n (which are defined on R?) to be local is the sense that there ex-
ists a bounded Lipschitz domain Q C R?, such that supp f C Q, supp (4 — I) C Q and
supp (n — 1) € Q. Problem (5.6) can be reformulated using the Dirichlet-to-Neumann op-
erator DtNy: HY/2(I') — H~Y%(T"), which is given by g — DtN.g == d,w := n - Vw, and

w € HE (RT\ Q) is the unique weak solution to
—Aw—k*w=0 in R\ Q,
w=g on I,

Opw — ikw| = o (qu%) for ||| — co.
The heterogeneous Helmholtz problem in the full space is to find v € H'(Q) such that
Lyu:=-V-(AVu) — k’n’*u=f inQ,

(5.7) B
Onyu— Ty pu:=0p,u—DtNyu=g onT.

For g = 0, the solution u of (5.7) is then the restriction to 2 of the solution of (5.6). The
coupling interface I' between the interior and exterior domain may be chosen to be arbitrary
as long as the exterior domain is non-trapping | , Def. 1.1] and T' itself is analytic.
If d = 2, we assume that diam ) < 1, which ensures that the single layer operator Vj :
H~1/2(') - HY*(I") appearing below is boundedly invertible.

We define the operator DtNg as the map DtNy : g — 9,u®*", where u®** solves

(5.8a) —Au™ =0 in R%\ Q,
(5.8b) u™ =g onT,
s a - [0/l as o] — oo for d = 3
' bln||z|| + O(1/||z||) as |z| — oo for some b € R for d = 2.

Remark 5.6. The reason for choosing the particular condition (5.8¢c) at oo is that it ensures
the representation formula

u™ (@) = = (Vodu™)(w) + (Kou™)(x)
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with the usual single layer 170 and double layer potential IN(O for the Laplacian; see, e.g.,
[ , Thm. 8.9] or [ , Lem. 3.5]. This particular choice will reappear in the analysis
of the difference DtN;, — DtNy in Lemma 5.7. For our choice of condition at oo, one has the
Calderén identity

uext % 4 KO _V'O uext
(5.9) - ,

an uext _ DO 1 K(/] 871 uext

where V), Ko, K|, and Dy denote the single layer, double layer, adjoint double layer, and the
hypersingular operator, respectively (see, e.g., | , | for the precise definition). By
definition, we have 9,u®™* = DtNou®™!. From the Calderén identity (5.9), one easily concludes

(5.10) (DtNoueXt, uex‘c)F — —<D0U6Xt,ueXt)F _ (Voanuext7 8nuext)F S 07

where we employed that Dy is positive semidefinite and V) is positive definite, | , Thm. 6.23,
Cor. 6.25]. -

For the auxiliary problem (5.4), we select T ,j r = DtNp.

In order to show that Problem (5.7) fits into the framework of Section 4 we need to analyze
the operators DtN; and DtNg:

Lemma 5.7. Let Q C R, d e {2,3}, be a bounded Lipschitz domains with smooth boundary
I'. Then the following holds:
(i) —(DtNou,u) > 0 for all u € H/?(T).
(ii) The operator DtNg is a bounded linear operator H*t1/2(I') — H~Y2(') for every
s> 0.
(iii) Let QT be nontrapping with analytic boundary T'. Let the ball Br(0) satisfy Q C Br(0),
and set Qr := Br(0)\I'. Let s > 0 be given. Then

DtN;, — DtNo = kB + [, A]

where the linear operators B: H*(I') — H*(T) and A: H5(I') — C*°(QR) satisfy for all
ue H(T)
1Bullsr < lullses Au € A(CK?||ullsr, 7, Qr)

with f = 7/2 4+ d/2, and constants C, v > 0 independent of k. Here, the operator
[0.A] realizes the jump of the normal derwative of Av and is given by [0,AJv =
n-V(Av)|oy —n-V(Av)|q (see (A.9)).

(iv) LetT = dB1(0) C R3 be the unit ball in dimension d = 3. Then DtNy—DtNy: H*(T) —
H*(T) satisfies, for every s > 0,

IDtNu — DtNoullsr < kllullsr  Vu € H(T).

Proof. Proof of (i): —(DtNou,u) > 0 is asserted in (5.10).

Proof of (ii): Follows from regularity properties of elliptic boundary value problems. Alter-
atively, it could be the representation of the (exterior) DtNg as DtNg = V; ' (—1/24 Kp) and
the mapping properties of Vy and Ky as given in, e.g., | , Thm. 3.2.2].

Proof of (i1i): See Appendix A.

Proof of (iv): For I' = 0B1(0) C R3, the operator DtNj, has an explicit series representation
in terms of spherical harmonics. That is, denoting by Y,” the standard spherical harmonics,
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a function u € L*(T') can be expanded as

00 L
UZZ Z uy'Y,".

{=0 m=—¢

One has the norm equivalences Hu||%{s(r) ~ >0 an:—e [u'|2(€ + 1)% for every s > 0, see,

e.g., | , Sec. 2.5.1]. The operators DtNy and DtNj can be written as
00 ¢ 00 ¢
DtNou=—Y_ Y (£+)uf'y;", DtNpu = > > ze(k)up'y;™,
(=0 m=—¢ =0 m=-¢
with explicit estimates for the symbol z;(k) given in | , Sec. 2.6.3]. The formulas for
DtNy and DtNy immediately give
00 ¢
(5.11) DtNgu — DtNow = » > (z(k) + £+ Dug V",
=0 m=—/¢
From | , Lem. 3.2, eqn. (3.28)], where the operator DtNj has opposite sign, we have
(5.12) (+1—k<—Rezl(k)<l+1+k.
Consequently, we immediately have
(5.13) IRe zg(k) + £+ 1| < k.
From | , Thm. 2.6.1, eqn. (2.6.24)] we have
(5.14) 0 <TImz(k) <k.
Combining (5.13) and (5.14) yields
(5.15) |ze(k) + €+ 1| < 2k.

For u € H*(I") and with the previous estimate we have

00 l
IDtNgu — DtNoulZp ~ > > (£+1)%|ze(k) + £ + 1*[uf[?Y;"
{=0 m=—¢
0o J4
< (262D D (C+ D)y Py ~ (2k)?||ull2r
=0 m=—¢
which yields the result. ]

Lemma 5.8 ((AP) for full space problem). Let Assumption 5.2 and (5.3) be valid. Let Q*
be non-trapping. For L, L; given by (5.2), (5.4) with Ty r = DtNy, and TI:F = DtNy the
following holds with t = 1/2:
(i) b} is bounded uniformly in k, and (AP1) holds with o = 1.
(i) ||S,:'(f, Dier <C [k_IHfHo,Q + k_1/2||g||0,p], and (AP2) holds for any fized Symax >
0

(iti) The splitting of T} o — T;Q in (AP3) is given by R,ﬁgu = kX (1 + n?)u, A,ﬁg2 = 0.
The splitting of Ty, - — T,:F in (AP3) is given by Rﬁpu = kB and AkA’F = [0, A] with
the operators B, [[angl]] given by Lemma 5.7(11i); we refer to Remark 2.1(iii) for the
interpretation of [0, A] mapping into the analyticity classes of the form A(M,~,T,T).
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w) For the case T = 0B;(0) C R3, the statement (iii) holds true with the operator A2 =0
k,I

and the operator Rﬁr = B = DtNy — DtNy of order zero bounded uniformly in k as
described in Lemma 5.7(1v).

Proof. Proof of (i): Continuity of b: follows by inspection. The coercivity (AP1) of b; with
o =1 follows from (5.3a) and the positivity of —T}'. = —DtNg by (5.10).
Proof of (i1): Set w := S,j(f,g). The a priori bound

(5.16) lwllie + klwlog + [wljor S 158 (F9)lluwe S E I llog +E2llgllor

follows by Lax-Milgram. To show the shift theorem asserted in (AP2), we reformulate the
problem solved by w = S]j(f, g), i.e.,

—V - (AVw) = f — Kw in Q, Opw — DtNow = ¢ onT.

as a transmission problem. We define the function

w in Q
w = ~ ~
w™ := —Vy(DtNopyw) + Koyw  in Q7.

By the mapping properties of the potentials %, I~(0, [ , ], we have for any bounded
domain 2
(5.17) 1@ g2y S llwllie = 153 (Fs@)lluwe S F I fllog +E2llgllo,r-
The function w satisfies
—V - (AV®) + K*w = f in Q, —~Aw =0 inQF,
[w] =0 onT, [Ohw] =g onT.

Let Q D> Q with 0Q smooth. Let X € Cgo(ﬁ) with ¥ = 1 on a neighborhood of Q. Upon

writing A for the extension of A by the identity matrix and the characteristic function xq of
Q

~

~V(AV(x@)) + k*loxd = f in O,
[xw] =0 onT,
[On(xw)] =g onT,

xw =0 on o9.

(5.18)

with f = f in Q and f = 2V@ - Vy + @Ay in Q\ Q. Since A satisfies (5.3a) with Q replaced
by , the Lax-Milgram Lemma gives for the solution xw of (5.18)
(5'19) HV<X&7)HL2(§) + H(l + kQXQ)(X{E)”Lz(()) 5 HfHH—l(ﬁ) + HgHH—1/2(1")

1l + ol S 1o+ o + 11, gy

The function yw satisfies an elliptic transmission problem with piecewise smooth coefficients
in the equation and smooth interface I'UT'jpterf. Although the coefficient A is complex-valued,
it satisfies (5.3a) and, as discussed in the proof of Lemma 5.3, (piecewise) H?-regularity as
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formulated in | , Prop. 5.4.8] are available. Such an HZ-regularity gives yw € H2(Q\
(Dinters UT)) and consequently w = (X{D)‘Q € H?(Q\ Tingert) together with

[[w

2,0\ Tineerr = IXWl2,00Tyiers S I+ kg]lQX@Ho,ﬁ + [lgll1 /2,0 + HXle,ﬁ
S fllog + 12V (x@) - Vx + (x@)Axllg g + ¥ llwlloo + lgl1/2.0

(5.19) (5.16)
S flloe + lgllyzr + Fllwloa < Ifloe + lgliyzr + & 72lgllor-

Proof of (iii), (iv): follows from Lemma 5.7. O

Lemma 5.9 ((WP) for full space). Let Assumption 5.2 and (5.3) be valid. Let Q% be non-
trapping. For L, , L\ given by (5.2), (5.4) with T, . = DtNy, and T,/ = DtNy the following
holds with t = 1/2 if (WP2) holds: ’ ’

(i) (WP1) holds with Ci ;. = O(kP) with 3 given by Lemma 5.7, and (WP3) holds with

anax = O(1) (uniformly in k).

(ii) Let the operators B and [0,A] be given by Lemma 5.7(iii). Then (WP4) holds with
Ry qu = k*nu, Apq = 0 and the choices Ry = DtNg + kB, A = [0,A]. In
particular, for the constants in Assumption 4.6 we have C(;)nt,k + C;k + Cjk = O(k?)
with B given by Lemma 5.7.

(iii) For T = 0B1(0) C R3 the assumption (WP4) holds with Ry qu = k*nu, Apq =
0 and the choices R,;F = DtNg and A,;F = 0. In particular, for the constants in
Assumption 4.6 we have C__ 4+ Cy ;. + Cﬁ,k =0(1).

(iv) (WP5) holds. ’ ’

Proof. Proof of (i): The full space problem corresponds to the choice T} u = DtNju. As
in the proof of Lemma 5.8 u is the restriction to € of the solution of the following full-space
transmission problem:

—V - (AVu) — k*n*u = f in QUOT,
[u] =0 on I,
[[8nu]] =g on .

u satisfies radiation condition.

From now on the proof is completely analogous to the Robin case of Lemma 5.4 replacing the
use of Neumann conditions by transmission conditions on I.

Proof of (ii): We decompose T,;F = DtNy = DtNy+ (DtN; —DtNy) = (DtNo—i—kB)—i—[[&nfl]] =:
R+ A,;F. The operator A,;F is of the form given in (WP4). For the operator Ry, we
observe using the mapping properties of DtNy and B

‘(R;;rua v)| < [(DtNow, v)| + k[(Bu, v)| S [lull1j2,rl[vll1 /2,0 + Ellullorv

lor

t=1/2
S u

Lkl 1tk

Proof of (iv): By inspection. O
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Bayliss-Gunzburger-Turkel | Engquist-Mayda Feng
_ 1+ik _ 1+ik _ 3
= — 5k a= 5 a=—g
—2k2_ 3tk 4 3 . 1 . 1 i
B= w1 p=ik—5 |B=ik—5— g
TABLE 5.1. Parameters for 2"¢ -order ABCs for I' = 9B;(0) C R?; taken
from | , Table 3.2].

Fixing the computational domain §2 and the coupling boundary I' on which the DtN-operator
is employed, we have the following quasi-optimality result:

Theorem 5.10 (full space). Let t = 1/2. Let Assumption 5.2 and (5.3) be valid. For the
problem (5.2) with T, . = DtNy, assume polynomial well-posedness of the solution operator S,
of Assumption /.6. In the discretization setting of Assumption /4.4, for each co > 0 there are

constants c1, C' > 0 independent of h, p, and k such that under the scale-resolution condition
(4.19) the quasi-optimality result (4.20) holds.

Proof. Combine Lemmas 5.8 and 5.9 with the stability Assumption 4.6. O

5.3. Heterogeneous Helmholtz problem with second order ABCs. Various boundary
conditions that are formally of higher order than the Robin boundary conditions have been
proposed in the literature, notably for case of a sphere in R?. Our theory covers those

proposed by Bayliss-Gunzburger-Turkel | |, Enquist-Majda | , | and Feng
[ |, see | , Sec. 3.3.3, Table 3.2] for a comprehensive comparison. We denote by Ar
and Vr the surface Laplacian and the surface gradient on I' (see, e.g., | , Sec. 2.5.6)).

The model problem for a heterogeneous Helmholtz equation with second order absorbing

boundary conditions is to find u such that
90 Liu:=~-V-(AVu) - E’n*u=f inQ,
(5:20) 8nAu—T,;Fu::BnAu—(Bu—i—aApu):g on I,

for k-dependent parameters «, [ satisfying

1 1
(5.21) Ima#0 and |Ima]~E and |Reo¢|§ﬁ7 18| ~ k
for K > kg > 0. The choices of o and g proposed by Bayliss-Gunzburger-Turkel, Engquist-
Mayda, and Feng are given in Table 5.1 as presented in [ , Sec. 3.3.3, Table 3.2]. The

coefficients A, n in (5.20) are assumed to satisfy (5.3b), (5.3¢) and, instead of (5.3a), A is
assumed to be pointwise SPD, viz.,

(5.22) TA@)E > amulé* >0 VEeC\{0} zeQ.

Remark 5.11. Our analysis covers operators 7; | of the form (5.20) for smooth I', which
is the form of the second order ABCs for spheres. It is expected that second order ABC for
general I' have similar structure and k-scaling properties. "

We select Tijr = aAp. Then we have:
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Lemma 5.12 ((AP) for 2"¢ order ABCs). Let Assumption 5.2 be valid. Let the coefficients
A, n satisfy (5.3) and A additionally (5.22). For L, , Lif of (5.2), (5.4) with Ty r given by
(5.20)—(5.21) and kap = aAr the following is true fort =1:
(i) b is bounded uniformly in k, and (AP1) holds for some o depending on o in (5.21).
(i) IS¢ (f9)ll1ke < C [k fllog + k2 lglor], and (AP2) holds for smax = 0.
(iii) The splittings of T, o — Ty, and Ty — Ty of (AP3) are given by RkA’Qu = k2(n?+1)u,
A,ﬁQ =0 and RkAIu = Bu, A,ﬁr = 0 and hence satisfy (AP3) for any fized smax > 0.

Proof. Proof of (i): The Laplace-Beltrami operator Ar: HY(I') — H~Y(T) is a bounded
linear operator since I' has no boundary. Furthermore, we have —(aAru, u) = a(Vru, Viu).
Setting o := @/|a| we estimate

(5.23) — Re(a(T,:Fu, u)) = Re(oa)(Vru, Vru) = Re(aa)]u\iFZk*Hulip,

where, in the last step, we employed the assumptions Ima ~ k=% and |Rea| < k72 so that
|a| ~ 1/k. Since the coefficient A is assumed to be SPD and satisfy (5.22), the coercivity of
b} of (AP1) holds. The uniform-in-k boundedness of b} is easily seen.

Proof of (i1): The a priori estimate for S,:r( f,g) follows from coercivity and continuity of bz.
The function w = S,j(f, g) satisfies

(5.24) ~V - (AVw) = f — k*w in Q, Onw = g+ alArw onT.

Note that for f € L?(Q) and g € L*(T') we have by Lax-Migram, which follows from (i), and
la ~ k=1 (cf. (5.21))

(5.25) IVwllog + kllwlloe + &2 whir < k7 fllog + & 2gllo,r-

The following surface PDE is satisfied
alArw =—g+ 0y, w onl,
which gives, since I' is a smooth, compact manifold without boundary,

o~k

(5.25)
(526) [wlor S Elglor+k0n,wlor+llwlhe < & Y21 floa+Elgllor+Elnw]or.

In order to estimate ||8,, ,w||o,r we introduce an auxiliary matrix-valued function A € C*(£2, GL(C?))

that satisfies (5.3a) as well as A = A in a neighborhood of I'. We introduce an auxiliary func-
tion w € H'(Q) as the solution of

(5.27) ~V-(Aw)=0 inQ, d@=w onT.

By the smoothness of ' and A, the map w + 9, ;1 maps H'/?(T') — H~Y*(T) and H3/*(') —
H'Y2(T") so that by interpolation it maps H'(I') — L?(T'") with the a priori estimate

(5.28) 10n4@llor S llwllr-

By interior regularity, we have additionally that @ € C*°(€2) and for each open ' CC Q
there is Cqy > 0 with

(5.29) [@ll2.0 < Corll@ll < l[wlly/zr
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Let x € C*(£2) with y = 1 in a neighborhood of I' and such that Alsuppy = Alsuppx. The
function w — xw € HZ(Q) solves

=V (AV(w — xw))

—w
for the function z := V - (A(x)). Since A = A near T' and therefore —V - (AV(xw)) = 0
near ', we get in view of (5.29) that z € L?(Q) with

(5.31) Izllo.e S llwll1/2,r-

As discussed in the proof of Lemma 5.3, elliptic regularity implies w — x@ € H2(Q \ Tintert)
with

+z inQ,
(5.30) g 2w+2z in

onI

(5.25),(5.31)
(5:32) | ot S I Flo2 +Rlwlog +lzloe S 1flog+ kY2

Since xy = 1 near I', we conclude

ha(w = x0)[lor S [10n,0llor + Cllw = x@llz,0\0

n A 0
(5.28),(5.25),(5.32)
S 1flog + K72

Inserting this estimate in (5.26) yields
laArwlar S [ flloq + k72 gllor

Noting that (5.24) is a Neumann problem for w, we get from elliptic regularity for Neumann
problems the desired statement (AP2).
We remark in passing that the above arguments can be bookstrapped to show (AP2) for

na interf

Smax > 0. We refer to | , Rem. 6.5.7] and in particular to the bootstrapping argument
for the analytic regularity assertion (WP3) in Appendix B for more details.
Proof of (iii): By inspection. O

Lemma 5.13 ((WP) for 2"¢ order ABC). Let Assumption 5.2 be valid. Let the coefficients
A, n satisfy (5.3) and A additionally (5.22). For L; , L} of (5.2), (5.4) with Ty v given by
(5.20)—(5.21) and T, F = aAr the following is true for t =1 if (WP2) holds:

(i) (WP3) holds with C_ O(1) (uniformly in k).

ana, k=
(i) (WP4) holds with R qu = k2(n? 4+ 1)u, Apq=0and Ry = aAru+ pu, A = 0.
In particular, for the constants in Assumption /.6 we have C__ , k= =0(1) and C;k =
C’Ak =0.
(iii) (WP5) holds.

Proof. Proof of (i): See Appendix B. To give more details, by local changes of variables and
the invariance of the analyticity classes under analytic changes of variables (see Lemma 2.2),
the analysis is reduced to balls or half-balls. For the regularity of S, (f, g) with f € A(My, s, 2)),
g € A(Mgy,~4, T)I" one obtains from Theorem B.5 (and the analytic changes of variables) for

a tubular neighborhood T of €2 for

VP2l L2 (rnay S max(p, k)P4 [k My + k= My + k™ Hlulliks]  Vp € No,

where v depends on 7y, 74, but is independent of k. Together with corresponding estimates
in the interior of €, this shows (WP3) with C_ . = O(1).

ana,k —

Proof of (i), (iii): By inspection. O
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Theorem 5.14 (2"¢ order ABC). Lett = 1. Let Assumption 5.2 and (5.3) be valid. For the
problem (5.2) with T) . = DtNy, given by (5.20)-(5.21) assume polynomial well-posedness of
the solution operator S,  of Assumption 4.0. In the discretization setting of Assumption 4./,
for each co > 0 there are constants c¢1, C' > 0 independent of h, p, and k such that under the
scale-resolution condition (4.19) the quasi-optimality result (4.20) holds.

Proof. Combine Lemmas 5.12 and 5.13 with the stability Assumption 4.6. O

APPENDIX A. DIRICHLET-TO-NEUMANN MAPS VIA BOUNDARY INTEGRAL OPERATORS

The main goal of the present section is prove Lemma 5.7(iii). To that end, we rewrite the
Dirichlet-to-Neumann operators DtN; and DtNy in terms of boundary integral operators.

A.1. Preliminaries. Let Q C R? d = 2, 3, be a bounded Lipschitz domain with analytic
boundary T' := 9Q. We denote by Q7 the exterior domain, i.e., QF := R4\ Q. Throughout
this section we assume QF to be non-trapping, see | , Def. 1.1]. Furthermore, we
assume that the open ball Br of radius R around the origin contains €, i.e., Q C Br. We
set Qr == (QUQT)N Bg = Br \ I'. Following standard notation we introduce the interior
and exterior trace operators 75", v5%¢ by restricting to I' and the " and 7§*! by setting, for
sufficiently smooth functions v, we have "y = n - 4i" (Vo) and 7% = n - 4§ (Vv), where
n is the outer normal vector on I'. Furthermore, we denote by Vi, Ky, K and Dy, the single
layer, double layer, adjoint double layer and hypersingular boundary integral operators, see
[ , Sec. 6.9 and 7.9]. The single layer and doulbe layer potentials are denoted V) and Kj.
Finally, given a coupling parameter n € R\ {0} we introduce the combined field operator A;cm
by
ko = % + Kj, + inVj.
We remind the reader of the exterior Calderén identities

ext ext

v6* % + K, =V Y5 u
ety —-Dy, % - K, 7ty

Given Dirichlet data u the Dirichlet-to-Neumann operator DtN; can be expressed for any
k > 0 by a complex linear combination of the two equations in the Calderén identity: For
any n € R\ {0} we have

1 1
(A.1) z,n(DtNku) = <2 + K;lc + i?]Vk> DtNjpu = <—Dk + Z'T](—i + Kk)> U.

Our analysis relies on invertibility of the combined field operator A}, , 88 an operator map-
ping H*(I') into itself. Wavenumber-explicit estimates for ||(A), 77)_1H r2(M)r2(r) are dis-
cussed in | , Sec. 1.4]. For non-trapping QF c R% d = 2, 3 it is known that

3/4
(AL ) " 2y rary S K2/ (1 + ’j) for all k > kg and n € R\{0}, see [ , Thm 1.11].
’ n

This bound can be sharpened assuming |n| ~ k. In fact, for non-trapping Q C R? d=2,3
and |n| ~ k there holds

(A.2) 1(Ak) 2@y 2 S 1
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for all k > ko, see | , Thm. 1.13]. In Proposition A.1, we collect mapping properties of
some boundary integral operators:

Proposition A.1. Let I' be analytic and n € R\ {0} fized. If d = 2, assume additionally
diam 2 < 1. Then
(i) Ao—y =35+ Ko—inVy: H*(I') — H*(T) is boundedly invertible for s > 0.
i) Al =14+ Kl +inVy: H5(T) — H5(T) is boundedly invertible for s > —1.
0 — 2 0 n
(iti) For k > 0 the combined field operator Aj , = :+ K}, +inVe: HS(T) — H() is
boundedly invertible for s > —1.
(iv) For k >0 and s > —1/2 the following operators are bounded:
(A 3) Vi H71/2+S(F) N H1/2+S(P), K H1/2+s<r) N H1/2+S(F),
’ Kllc H_1/2+8(F) N H_1/2+8(F), Dy H1/2+8(F) N H—1/2+8(F)

(v) For k > ko > 0 one can decompose
Ve = Vi= Sy +90"Av, K~ Ko= Sk +7§" Ax,
K}, — Ky = S+ Ay, Dp— Do = Sp+{"Ax

with linear maps Ay : H3/2(T) — C®(Q) and Ag: H-Y2(T') — C=(Q) and bounded
linear operators Sy, Sk, Sk, and Sp having the following mapping properties for

(A.4)

s> —1:
[Svull—1/24sr < Cs,s’kf(HS*S/)HU\L1/2+S',F7 1/2<s <s5+3,
(A5) 1Skl /246 < Cs,s’k_(1+s_8/)”uH—1/2+s’,F) 1/2< s <s+3,
[Skrull—1 /2460 < Cs k™ lu|| 3 /9101, 3/2<s <543,
I1Spullijatsr < Cok™ " lull gp9r,  3/2< <s+3.
The operators gv and EK have the mapping property
(A.6) Avf € OVEIIf | -sj2r,w, Q) Vf e H (D),
(A.T) Axf € UCk||f-1jor 7k, Q) Vfe HTVAD),

with constants Cy, vv, Ck, vk independent of k > kqg. Fort > 0 the following mapping
properties hold true:

(A8) ISvuller < Cok™ uller, [Skuller < Celluller,
’ [Skruller < Celluller, [Spuller < Ciklluller.
Proof. For Item (i) see | , Lem. 3.5(ii)]. For Item (ii) in the case s > 0 see | ,

Lemma 3.5(iv)]. We turn to the case s € [—1,0]. Note that the adjoint of Ay _,, is precisely
the operator Aj . Furthermore, by Ttem (i) the operator Ao —,: HY(I') — H'(T') is boundedly
invertible in particular for ¢t € [0,1]. Hence, due to the adjoint of Ay _, being Af G
find that Ap,: H*(I') — H*(T') is also boundedly invertible for s € [~1,0]. For Item (iii)

see | , Thm. 2.27] in the case s € [—1,0] as well as | , Sec. 6.1]. Consequently,
by [ , Lem. 2.14] invertibility holds for any s > 0. The mapping properties (A.3) in
Item (iv) are standard, see, e.g., | , Rem. 3.1.18(c)]. For (A.4) and (A.5) in Item (v)
see [ , Lem. A.1] for the 1/2 < s’ and 3/2 < ¢/, respectively. The limiting cases

follow by inspection of the proof, a multiplicative trace estimate, and the estimates for the



34 WAVENUMBER-EXPLICIT ANALYSIS OF HETEROGENEOUS HELMHOLTZ PROBLEMS

potentials given in [ , Lem. A.1]. (A.7) is likewise shown in [ , Lem. A.1].
(A.8) is just a simplification of (A.5). O

A.2. Decomposition of the Dirichlet-to-Neumann map. Before proceeding with the
proof of Lemma 5.7(iii) let us introduce the jumps of the trace operators:
(A.9) [u] = 7§ u — i, [Onu] = §u — vt

For linear operators g mapping into spaces of piecewise defined functions we define the
operator [A] and [0, A] analogously, e.g., [A]u == [Au].

We now collect further technical results of | ]. We closely follow the notation and results
of | . Asin | | we assume

(A.10) Cylk < |l < Cyk

for some (), > 0 independent of k.

In the following Proposition A.2 we extend the results of | , Lem. 6.3] to a wider range

of Sobolev spaces.

Proposition A.2 ([ , Lemma 6.3]). Let Q C R? be a bounded Lipschitz domain with an
analytic boundary T. Let g € (0,1). Then one can construct operators Ly7, HyY on H—'(T)
with the following properties:
(i) L?quf —I—Hfff’;gf = f forall f € H-Y(T).
(ii) For —1 < s' < s there holds | Hy fllo.r < Cow(a/k)*™ | fllsr-
(iii) Lgfqgf is the restriction to I' of a function that is analytic on a tubular neighborhood T
of I and satisfies

IVPLEE fllor < Cok*~y max{k, n}"|| fl 120 ¥n € No,
IVPLEY fllor < Cok™* g max{k, n}* || f|-1r  ¥n € No.
Here, Cs ¢ is independent of q and k; the constants Cq, 74 > 0 are independent of k.

Proof. For Ttems (i), (ii) in the case —1 < s’ < s <1 and Item (iii) see [ , Lem. 6.3 and
Rem. 6.4]. The crucial extension is the estimate stated in Item (ii) in the case —1 < &’ < s for
s > 1. In the proof of | , Lem. 6.3] the operators H?fqg and L?if are explicitly constructed.
We collect the important ingredients of the proof of [ , Lem. 6.3] in the following. On
the compact manifold I' consider the eigenvalue problem for the Laplace-Beltrami operator

(A.11) —Arp=X%p onT.

There are countably many eigenfunctions ¢,,, m € Ny, with corresponding eigenvalues
A2 >0, which we assume to be sorted in ascending order. Without loss of generality, these
eigenfunctions are normalized in L?(I"). The functions (¢, )men, may be assumed to be an
orthonormal basis of L?(I') and an orthogonal basis of H(T"). With w,, == (u, ¢,) we have

) 0
(A.12) lullor = fuml>  and  Jullfr =Y (14 X7, |um|*.
m=0 m=0

For s € R we introduce the sequence space h® by
oo
h = {(um>meN: (14 A% |um|? < oo} :

m=0
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The mapping ¢: u — ((u, ©m) )men, then provides an isomorphism between the Sobolev space
H*(T") and the sequence space h® for s € [—1, 1], with corresponding norm equivalence, see
[ , Lem. C.3|. However, as we will see below ¢ is in fact an isomorphism for all s > —1.
Inspection of the proof of | , Lem. 6.3], in particular the proof of the estimate for Hlf”fqg ,
reveals that

1HES fllse < Coor(a/R)* | fllsr

holds for all —1 < &' < s, for which ¢: H*(T') — h® and ¢: H¥(I') — h* are isomorphisms.
Hence, the proof is complete once we establish that ¢: H*(I') — h® is an isomorphism for all
s > 1. We show the case s = 2.

The inclusion h? — H?(T): Let u = > oo _qum@m be such that Y oo (1 + A2))2|um|* <
0o. Let ul¥ = ZT]XZO UmPm. By the above construction, v — u in HY(T') and |lulj1r =
I[(wm)men|lpr. Furthermore, we have

2 2

N
= = Z ’umP)‘?n’

o,r =M

N
Z Um Ar ©m
m=M

1AR (@™ = u™ I =

N
D umAn @
=M

which converges to zero as N, M — oo. Here we used (A.11), the fact that the eigenfunctions
are an orthonormal basis of L%(T"), and the assumed convergence > oo_q(1 4+ A2,)?|u,|? < cc.
Therefore, vV is a Cauchy sequence in H'(I', Ar) = {u € H(T"): Aru € L?*(T")}, endowed
with the graph norm. Consequently u’¥ converges in H*(T', Ar). Since Ar : H'(I', Ar) —

o,I"

L?(T") is continuous, we conclude Aru = ZmeNo U ArOm = — ZmENo Um A2, om. Finally, by
elliptic regularity we can now estimate
(A.13) ulsr S IArullie = D |fml*Ah = |(tm)mer, [z

meENy

and HuH%F S 1/ )men, |72 follows by (A.13) together with (A.12).

The inclusion H%(T') < h%: Let u € H%(T') be given with the representation u = Y ov_q Um@m,
where the sum converges in H'(T'). Since u € H*(T') we have —Aru = f € L*(T). In the
following we express the coefficient u,, in terms of f,,,. Note that

A?num = )‘zn(u7 Som) = (VFU, VFSOW) = (f? Som) = fm-

Hence, we have A2 u,, = f,, and consequently

0o o0
S Al = 37 Ul < .
m=0 m=0

Finally, using (A.13) as well as the fact that ||u|l;r = ||(wm)men]|pt, we find

1) mero Iz = 11 (um)meno I + (um)mes lrz = luli p + 1Arulgr < [lull3r.

This concludes the proof for s = 2. Interpolation between s = 1 and s = 2 yields the result
for s € (1,2), see | , Lem. C.3]. Inductively one proceeds for the space H**(I") by similar
arguments. Instead of Ar one performs the same arguments for Af. 0

In the following we will prove an extension of | , Thm. 2.9] in Theorem A.4 below. The

proof of Theorem A .4 relies on a decomposition of the volume potential T7k, which we present
below for the readers’ convenience.



36 WAVENUMBER-EXPLICIT ANALYSIS OF HETEROGENEOUS HELMHOLTZ PROBLEMS

Proposition A.3 (| , Thm. 5.3]). Let I be analytic and q € (0,1). Then
where Ehe linear operators §V7pw and -/Z(V,pw satisfy the following for every s > —1:
(i) Svpw: H™Y25(T) — H3*5(QR) with
Hgv,prOHS’,QR < Cs/,sq2(qk_1>1+s_8/H(P||—1/2+s71“7 0<s <s+3.
Here, the constant Cy ¢ > 0 is independent of q and k > k.
(ii) Ay pw: H1/2H5(T) — H?(Bg) N C*(QR) with
V" Avpute
Here, the constants Cy, 74 > 0 are independent of k > ko but may depend on q.

Theorem A.4 (Extension of | , Thm. 2.9]). Let T be analytic and let s > 0. Fiz
q € (0,1). Then the operator Ay can be written in the form

fn = Ab1 + R + k[AL] + [0nA2]],

where the linear operator R4 satisfies

lo,0r < Cgygmax{n +1, k}nHHSOHf?)/z,F Vn € Np.

(A.14a) |Ratllossr < Cllullar,

(A.14b) |Rau|sr < Ckllu||s—1,r,

(A.14c) [Rarullsr < gllullsr,

(A.144d) | Rau|s—1,r < qllulls—1,r,

and the linear operators Ay, Ay: HY(T') — C°°(T) satisfy

(A.15a) A1 € UCiCrp 70, T, Crp = kllel-sor + k7 @ll-1r,
(A.15b) Asp € W(CyCop,7g. T),  Cap = klll| 321

The constant C' and the tubular neighborhood T of I' are independent of k > kg and q; the
constants Cq, 74 > 0 are independent of k > ko (but may depend of q).

Proof. We perform a similar splitting as in the proof of | , Thm. 2.9]. The starting point
of our analysis is the decomposition
1 . ~ U ~
;{,7] = 5 + K(l) + ’Yint(SV,pw + AV,pw) + ZnV(Z)nt(Vb + SV,pw + -AV,pw)a

with gV,pw and .Zv’pw as in Proposition A.3, see | , Eq. (6.4)]. Adding and subtracting
iVp and noting Vo = "V, we find

1 . . . . o -
Ay = 5 T Ko+ iV + 1" (Svpw + Avipw) +i(n = D)6 Vo + 5™ (Svpw + Avpw)

= A6,1 + ’ﬁm(gV,pw + AVV,pw) + i("? - 1)76nt‘70 + infy(gnt(g‘/,pw + AVV,pw)'
Using the filters lefqu and L?qu of Proposition A.2 we define

(A16a) Ry =H{Y (%”tgv,pw + iy Sy + (0 — l)Vo) :
./11 =—kxo <Z'77/~lv,pw + L?,qu (’Yintg‘ﬂpw + iWVénthmw +i(n — 1)%>) )

AV2 = _XQAVV,pw .
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The mapping properties of A and A, stay the same as in | , Thm. 2.9]. We are left with
the mapping properties of R /. In the following the parameter ¢ appearing in Proposition A.2
and A.3 is still at our disposal'. We fix it at the end of the proof to ensure the estimates (A.14c)
and (A.14d).

Step 1: We estimate the term i(n— 1) HpVp in various norms. We heavily use the estimates

for H{fzg and Vj given in Proposition A.2 and (A.4) in Proposition A.1. First estimating 7,
then using the properties of H{fqu in Proposition A.2 and finally the mapping properties of

Vo we find
li(n = VDHEZVoulls+a,r < CEIHETVoullstir < CE[[Voul|st1,r < Ckllullsr,
li(n — D) Hp Y Voullsr < CE|HE Voullsr < Ck[|[Voulls r < Ck|lulls-1,r,
li(n — D Hy Y Voullsr < CEI|HE Voullsr < Ck(q/k)||[Voul|s+1,r < Cqllullsr,
li(n — D Hp Y Voulls—1,r < Ck[|Hy 7 Voulls—1,r < Ck(q/k) < Oqllufls-1,r

In the Steps 2 and 3 below we again heavily use the properties of Hy. g given in Proposition A.2.
Furthermore, we often apply the results of Proposition A.3, espemally Item (i). Below, we
will write certain exponents nonsimplified in order to 1nd1cate the corresponding choices of
Sobolev exponents when applying Proposition A.3.

Step 2: We claim:

(A.17) | HEI9™ Sy gt

(A.18) HHFZg’ﬁntSprUHsF < quHUHs 1T
(A.19) IR Sy putt]ls 0 < Cq?[lullsr,
(A.20) HnggﬂntSV,pwUHs—Lr < O¢?||u|s—1,r-

To see (A.17), we calculate

IHE A Sy pwttllsr < Cli™Svpwullsirr < CllSvpwullsis20
< O (qh™ ") ORISRy = Caklulsr-

By a similar calculation, we obtain (A.19):

| HE A" Sy s < Ca/KlI™ Sy puul

In the case s € [0,1/2), we perform a multiplicative trace inequality and find
VR 3y o1 < Cla/B) Sy putlor
< Cla/R) 1Syl ol Svpurllsly
< C(q/k)"! q2(qk71)1+(s—1/2)*1r/2 [qZ(qk71)1+(571/2)*2 1/2 lalls-rr

= C¢*|lulls-1,r.

Do not confuse this q with the one appearing in the statement of the present theorem.
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In the case s > 1/2 we perform a standard trace estimate and find

IHE 99" Sy pwlls—1,0 < Ca/k7 ™ Sy pwtillsr < Ca/k|Svpwtllsia/o0
< Cq/kg?(qh™ )TV 1y g p

(A.21) = O’ ||ulls—1,r-
The two previous estimates show (A.20). Analogously to (A.21), we find (A.18):
”H;Lilg'ﬁnth,pwu s < C|‘%nt§V,pwu||S,F < COqk|lulls-1,r-

Step 3: We claim:

(A.22) InH95" Syl s1,0 < Cq?Kllull s r,
(A.23) InHE A" Sy puullsr < Cq?klulls—1r,
(A.24) InHE A" Sy putllsr < Cq®llullsr,
(A.25) InHEEAE" Sy ol 1.0 < CqPllufls—1r.

For (A.22) we estimate

InHE A5 Sy ot s 1.0 < CEIV Sy pwtllsrar < CEIISvpuwtllsis20
< quQ(qkfl)1+(s+1/2)7(s+3/2)HUHS7F _ C’q2]<;Hu

5T
By a similar calculation, we show (A.23):
||77H121i1976nt§V,pw“|18,1“ < CkQ/kH'Yénth,pw“HSJrl,F < Cq3||u||5,r-
In the case s € [0,1/2), we perform a multiplicative trace inequality and find
||77H12L7qu73ntgv,pwu||s—1,r < Ck(q/k) ™ 46" Svpuwtiflor

s 5 1/2a 1/2
< Cla/k) Sy putll allSvpuwull )

1/2 1/2
< Clg/k)™H |qA(gh™) D0 2 (g AT gy
= Cq3||u|]5_1’p.
In the case s > 1/2 we perform a standard trace estimate and find

InHE A" Svpudlls1.0 < Cha/kIG" Svpwullsr < Cka/kISvputls /2o
< Chq/kg?(gh~Y)HEUD=HYD |y 1
(A.26) = C¢*[[uls-1,r-
The two previous estimates show (A.25). Analogously to (A.26), we assert (A.24):

int

Svpwttllsr < K" Svpwtllsr < Cq?k|ulls—y,r-

int

InHp3 70
Step 4: The definition of the operator R4/ in (A.16a), the triangle inequality, and appropriate
choice of ¢ yields mapping properties of Ras as stated in (A.14). O

Finally, a simple application of | , Cor. 7.5] for non-trapping Q1 with analytic boundary
is the following
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Lemma A.5. Let Q be non-trapping (| , Def. 1.1]). Let T" be analytic, T be a tubular
neighborhood of I' and Cy,, Cg,, 74 > 0. Then there exist constants C, v > 0 independent of
k > ko such that for all g1 € A(Cy,, 74, T), g2 € A(Cyy, 74, T) the solution ¢ € L*(T') of

kn® = klg1] + [Ong2]

satisfies

p==[0wl,  veACK*Cy +Cg),7, ).
Proof. We apply | , Cor. 7.5] with s4 = 0. By Proposition A.1(iii) the operator
Al g L?*(T') — L3(T") is boundedly invertible. The result follows immediately from | ,
Cor. 7.5] together with the bound (A.2). O
Proof. Proof of Lemma 5.7(iii):
Step 1: We derive a splitting of (A}, n)*l, similar to the results of | , Thm. 2.11]. Fix

g€ (0,1). Let

1 1
q = q¢min« 1, — , — .
{ 1(AG.1) s ryerrs@y 1(AG 1) 1||H3—1(F)eHS—1(F)}

Note that by Proposition A.1 the operator A ;: H(I') — H'(T) is boundedly invertible for
t > —1 and therefore ¢ is well defined and g € (0,1). Theorem A.4 applied with this ¢ gives
a decomposition

;c,n = A6,1 + R+ [[A]]7
with R = Ry and A = Ml + &L.,Zg, as in Theorem A.4. Note that by construction

(A.27) (¢ 6,1)_1RHH5(F)<—H5(F) <¢ and ||( /0,1)_1R||H5*1(F)<—H5*1(F) <q.
Hence, A’OJ + R is boundedly invertible by a geometric series argument, since

(A.28) (Apy +R) ™= (I + (Ap )" R) " (Ap) ™

with norm estimates

(A.29a) 1(Ap1 + B arsyerrsmy < (1= @) 1(A01) gy (ry,
(A.29b) 1(A01 + B) Ml (yems—) < (1= ) (A5 1) ™ s (ryers—1(r)-

By Proposition A.1 the operator A; HY(T') — HYT) is boundedly invertible for ¢ > —1.

We may decompose (A}, ) 1 as follows

(A.30) () = (A1 + R+ Q, Q= —(A5,) ' [Al(Ap, + R) T,

I = (A, (AL = (AL, (Ap: + R) ™+ (4;,)Q
= (Apy + R+ [AD(AG, + R~ + (44,)Q
= I+ [A](Ap1 + R) " + (4;,,)Q.

Step 2 We rewrite the difference DtN; — DtNg using the combined field equations. Using
the combined field equations (A.1) with for n as in (A.10) (for DtNg) and n = 1 (for DtNp)
we find

(A.31) DtNj — DtNp = ( ;’n)_l [—Di +in (=12 + Ki)] — ( 6’1)_1 [—Dg +i (=12 + Kj)] .



40 WAVENUMBER-EXPLICIT ANALYSIS OF HETEROGENEOUS HELMHOLTZ PROBLEMS

Adding and subtracting Dy and K in (A.31), employing the splitting of Dy — Dy and K}, — K
given in (A.4) in Proposition A.1, and applying the splitting of (A;%l)_l in (A.30) we find
DNy, — DtNo = —(A},,) ™" [Dx — Do] — (A},,) " Do
+ (A ) Ky — Ko] +in(Ay,) 7 [<1/2 + Kol
+ (Ab1) "Dy —i( 6,1)_1D0 [—1/2 + Ko]
= ( 6,1)_1D0 — (Ao + R)'Dy — QDy
— (Ah1 + B)"'Sp — QSp — (Ag,) 1" Ak
+in(Ap; + R) 'Sk +inQSk +in(Ay,) " Ak
+in(Ap, + R) 7' =2+ Kol + inQ [—1/2 + Ko
—i(Ap1) 7! [<1/2 + Ko
= FSO + ASO
with the Finite Shift Operators (FSO) and the Analytic Shift Operators (ASO) given by
FSO = (A1) ™ Do — (Af 1 + R) ™' Do — (Agy + R)™'Sp +in(Agy + R) ™' Sk
+in(Apy + R) ™ [=Y2 4+ Ko —i(Ap,) T [ + Kol
ASO = —QDy — QSp — (A},,)) " Ak
+inQSk + in(Ay,) " Ak +inQ [—1/2 + Ko .
Step 3 (Analysis of FSO): We claim
(A.32) FSO = kB,

where B : H*(I') — H*(T') is a bounded linear operator with ||Bul||sr < ||ullsr, as in the

~

asserted of the present lemma. Using the mapping properties of (A(L1 + R)"!in (A.29a) as
well as (A.3), (A.8) and Proposition A.1(ii) we find

1461 + B) ™' Spullsr < Spullsr < Klfullsr,
klI(Apy + B) ™ Skullsr < KlSkullsr S kllullsr,
k(4G + R) ™' [=Y2 + Kol ullsr S kIl [=1/2 + Kol ulls,r < Kllulls.r,
146,07 [=Y2 + Kol ullsr < [ [=1/2+ Kol ullsr < lluflsr-

The assertion (A.32) therefore follows once we have shown

146, ™" Do — (Ag,1 + B) ™" Doullsr < Klfulsr-
To that end, we find using (A.28)

( 6,1)71D0 — (Apy + R)"'Dy = (A{J,l)ilDO (I +( 6,1)71R)71( 6,1)71D0

oo

= [T —(I+(Ah) 'R (Ah1) 'Do = — | Y _(—1)"((A4p1)"R)" | (A1) " Do.
n=1
Applying the previous calculations, a geometric series argument with (A.27), the mapping
properties of (A671)*1 in Proposition A.1(ii), the estimate ||Rullsr < k| ulls—1,r given by

~
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Theorem A.4, again the mapping properties of (/16,1)_1 and finally the mapping properties
of Dy given in (A.3) in Proposition A.1 we find

1(Ap,1) " Do—(Ap; + R) ™" Doulls,r

= D=0 (46,0 R (A1) R) (A1)~ Dou
n=1 s, I’
1 _ _ _

Sil_q”( 01) " R(A51) " Doullsr S | R(A51) ™ Doullsr

< kll(A6 1)~ Doulls—1r < Kl Doulls—1,r < kllulls,r-

Hence, the assertion in (A.32) follows, which concludes the analysis of the finite shift operators
FSO.
Step 4 (Analysis of Analytic Shift Operators ASO): We have

ASO = QDo — Q[Sp — inSxc — in[~Y/2+ Kol + (A},) " i Ax — 1" Ax].
Step 4a (Analysis of —QDg): With the definition of @ in (A.30) we have for f € H*(T)
—QDof = (4;,)) " TAI(Ah, + R)™' Dof
= (Ah,) " [F[AD(AGy + R) ™' Do f + [0nA2](AG 1 + R) ™' Dof] .

In order to apply Lemma A.5, we use the mapping properties of A; and As given in Theo-
rem A.4 and estimate

k|[(AG1 + R) " Dofl|—3/2r + kd/2||(A6,1 +R)"'Dof|l-1r
S EY2)[(Apy + R) T Doflls—1.r S kY2 Doflls—1.r S KA |ls s

where we used the trivial embedding H*~1(T") ¢ H~1(I') ¢ H=%/%(I"), the fact that k+k%? <
k%2 the mapping property (A.29b), and finally the mapping properties of Dy given in (A.3).
Hence, for the tubular neighborhood T given in Theorem A.4 we find

Al( 6,1 + R)_lDOf € Q[(Clkd/QHfHS,vaYbT)a
Aa(Ap 1+ R) "' Dof € A(Cikl|flls,rs 1, T),

for constants C1, 71 > 0 independent of k. We find Lemma A.5 to be applicable, which yields
the representation, for constants C', 71 > 0 independent of k,

(A.33) —QDof = [0wvfl,  vp € KT flgr,F1, Qr).
Step 4b (analysis of —Q [Sp — inSk — in[—1/2 + Ko]]): We estimate
K2)|(AG 4+ R) 1 [Sp — inSk — in[~Y/2+ Ko]] £l 1.0
S K2(Apy + R)M[Sp — inSk — in[=1/2+ Ko]] fllsr
S kK2 [Sp — inSk — in [=V/2+ Kol] flsr
S KPP fllsr,

where we first use the trivial embedding H*(T') C H~(T), the mapping property (A.29a), the
mapping properties of Sp, Sk, and K given in (A.8) and (A.3) as well as |n| < k. Proceeding
as in Step 4a we find the representation

(A34)  —Q[Sp —inSk — in[-V2+ Kol = [0,03], v} € A(Cok>*H2HL|| £, 1, Fa, QUp)
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to hold true, for constants 6’2, 2 > 0 independent of k.
int int

Step 4c (analysis of (A%’n)_l[invo Ax — AK]): For f € H*(T") the mapping properties

of A are such that Axf € A(CkE| fll=1/2,0, 7K, §2), see (A.7). Upon extending Ax f with
zero outside of 2, we find Lemma A.5 to be applicable, which yields the representation

(A35) (AL, i Ak — VM A f = [00vF], v} € A(CSE 2T fll -1 j2r, A3 ),

with constants 5’3, ~3 > 0 independent of k.
Step 5: Collecting the representations derived in (A.33), (A.34), and (A.35), we find

ASO = [0,4],  Aue A(CE> 2|l 1, ~, Qr)
with A as in the assertions of the present lemma. Hence, the splitting
DtNj, — DtNg = kB + [0, 4]
with B and A as asserted, holds true. This concludes the proof. ]
APPENDIX B. ANALYTIC REGULARITY FOR SECOND ORDER ABSORBING BOUNDARY
CONDITIONS

The present section develops similar results as | , Sec. 5.5] for a model problem with
second order boundary conditions. We start by introducing general notation: For d > 2 and
R > 0let B C R? denote the ball of radius R with center in the origin. Let BE C R? be a half
ball with radius R, i.e., B;EF = {x € Bgr: 4 > 0}. Furthermore, let I'g := {x € Br: x4 = 0}.

We consider functions u that satisfy
(B.1) -V - (AVu) = f in B,
‘ Op,u~+ aVr - (ArVru) = a1/29+G on I'g,

with the conormal derivative 0, ,u =mn - (AVu). We assume that solutions u of (B.1) satisfy

(B.2) a(u,v) = /13+(AVU) -V + a/ (ArVru) - Vro

Ir
= / fv+/ (@g+a)w  Wwe C3°(BE).
Bh T'r
To describe the parameter «, it is convenient to introduce, for fixed 6 > 0, the sector
Sp:={aeC||arga| <m—06}.

B.1. The shift theorem in tangential direction. The proof of Lemma B.2 uses the well-
established difference quotients method of Nirenberg that can be found, e.g., in [ ,
Sec. 6.3]. For j € {1,...,d — 1}, the j-th unit vector e; € R% and h € R\ {0} we in-

troduce the translation operator Tjh by (Tjhv)(x) = v(z + hej) and the difference quotient
(Djhv)(x) = h™Y(v(z + he;) — v(z)). Inspection of the proof of | , Sec. 5.8.2, Thm. 3]
shows that for fixed 0 < r1 <9

(B.?)) 633j’U S LQ(BTQ) — HD?UHL?(BTl) < Ha’BjUHLQ(BTZ) V‘h‘ <Tre—rmm,

as well as

(B.4) HD?UHLQ(BH) S Cv V‘h‘ S ro — T - HafijLQ(Brl) < Cv-
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Lemma B.1. Let G, u € HY(B}). Letr, § > 0 withr+0 < R be given. Let y € C§°(R%R)
be a cut-off function with suppx C B,ys5/2 and x =1 on B;,. Then there exists a constant
C > 0 depending only on the spatial dimension, such that

~h(y ph
GD, " (xDy,u)
I'r

<

- - h
C (57MG paap ) + VG 2y, ) (7 IVl s,y + INVDE ul o ) -

/

Proof. Let x’ be another cut-off function with suppx’ C B,is, X

= 1 on suppy and
V|| < C6~L. Then, for h sufficiently small (depending only on r, §)

GD;h(XD?u) :/ X'GD;h(XD;-Zu).
FR 1—‘R

Let v = D;h(XD;-lu). Scaling B} to a half ball of radius 1, we denote by G the scaled
version of x'G and by v the scaled version of v. It is also convenient to define ¢ as the
solution of the Neumann problem —Aw = 0 in B} and 8,9 = ¥ on dB; . Note that o = 0
on B} \ I'1. Furthermore, fFl v = 0 and therefore the solvability condition for the above
Neumann problem is satisfied. We then have

R_(d_l)/ X/G'U = / éi}\ = / @8n¢ - / va : V1/1
I'n OBy oBf Bf

< ||Va||L2(BI+)||Vw”L2(BT)
< RV G| g2 18] 17207

Since ¥ = 0 on dB; \ I'1, we estimate ||@\||H_1/2(aB;r) < Cloll g-1/2(r,y- To estimate this last

norm, we write w = XD?u and denote by @ the corresponding scaled function. We observe
for p € C3°(I'1) and h sufficiently small (depending only on 4, r, R)

/Fl(Djh/R@)w' =

~ h/R
<@ 2 1D} Foll 2 e

@D;L/Rgp
Iy

B3)
< @l 2y 192l L2y
< @l g2y llellmrry)-

Hence, | D;"/®@| -1,y < C||@] 12 (r,) uniformly in A. Similarly, (B.3) shows
HD;jh/R@HB(rl) < 0z, W] r2ryy < Cllw | gy
uniformly in h. By interpolation, we arrive at

1DZ ]| gr1r2p,y < Cll@N e,y < Clll g gy < CIVD] 2y,
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where the penultimate estimate follows from the trace inequality and the last one by a Poincaré
inequality, which is applicable due to the support properties of w. In conclusion, we arrive at

—h h
GD%, (Xij w)
g

< CIVIO) 2 IV D%, W) 2

_ — h
< C (076G asr, )+ IVG o)) (7 1Vl 2y + IV DR ul o ) -
([l

Lemma B.2. Let A € Cl(EE), Ar € Cl(f;) be matriz-valued functions that are pointwise
symmetric positive definite with lower bound on the eigenvalues Amin > 0. Let o € Sp. Let
fe LQ(BJRF), g€ L*(TR) and G € Hl(B;{?). Then there exists Cgar, > 0 depending only on 0,
a lower bound on Amin, and an upper bound on ||Al|r~ + R||V Al L~ + ||Ar| r~ + R||VAr| L
such that any solution u of (B.1) satisfies for all v, § > 0 withr+0 < R

|1/2

IV2ullr2(s,) + |2 Viull 2,y <

(B.5) Coa (Il 25 + 020, o5) + 6 G ooy + 19 o

+ 67 IVl o) + a2 [ Vrulagr, ) ).
Proof. Step 1: A calculation reveals that o € Sy implies the existence of ceoer > 0 such that
(B.6) [y1 + aya| > ceoer(y1 + |ly2) Vy1,y2 > 0.

Step 2: Let x € C5°(R%R) be a cut-off function with supp x C B, .52 and x =1 on B,. We
assume furthermore | Vx|~ < C671, and 9, x = 0 on I'g, see | , Lemma 5.5.21] for a

similar construction. For h sufficiently small, we select the test function v = —Dj_hXQD;Lu in
(B.2) and get

(B.7) a(u, 7D;hX2D§Lu) _ /B+ ijhxzDgLu/F (al/QngG)D;hXQD?U
R

R

We treat the left-hand and the right-hand side separately. We proceed as in the proof
of | , Sec. 6.3, Thm. 1]. We have

- / (AVu) -V(D;"\*D}) = / D}(AVu) - V(x*Dj)
Bj Bf;

- /13+((Tfh A)(DyVu) + (DjA)Vu) - V(x*D;m)

R

= /B (T} A) (DY) + (D} A)Vu) - (xPV D} + 2V XD}

R
_ / (G AYVDL) VDT 4 R
R

with Ry given by

_ h h h— h 2 h— h—
Ry — /B (A DIV VDI + (DEAVu - (PVDIT + 2 VX DI

R
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Hence, we can estimate

—1 h h
|Rvot] < C6 HAHL‘X’HXVD]'UHLZ(BE)HDJ'u‘|L2(B:r+5/2)

h
+ CHVAHLOO ||VUHL2(B:F6/2) HXVDJ 'U,HLQ(BE)

_ h
+O(5 1||VA”L°°||vu”L2(B:r6/2)HD]UHLQ(B+ )

r+6/2

Analogously, we get

— / (ArVr) - VrD;"x*Dlu = / X*((7]'Ar)Vr D) - Ve DM+ Ring
I'r I'r

with

| Rona| < CO | Ap||zoe XV D ull 2 (r ) |1 D ul| 2
+ C|VAp|| 2= IVrull g2, , ) IXVe Dl 2r
+ C5 Y|V Ap|| oo | Vrul| 2 (r

r+6/2)

h
’Dju”LQ(F

r46/2) | r46/2)"

For the right-hand side of (B.7), we get with (B.3) applied to v = —Dj_hXZD;‘u and Lemma B.1

—h. 2 7h— -1 ph h
/B+ fD; "X Dju| < C”fHLz(B;FM/Q) <5 HDjUHLz(BjM/Q) + XV Dj UHLz(BE)) 5

R
/ ng_hxzD?ﬂ
I'r

—h.21h—
GDj X Dj U
Ir

< Cllgllzar, s, (5_1HD?“HL2(FT+5/2) + ||XVFD?U||L2(FR)) :

h h—
= ’/ Dj GX2Dju
Ir

< O (571G gy + IVl o)) (67 IVl ) + NV DLl o) -

Step 3: Using (B.6) we get

Ccoer /
B+

R
< |(L(’U,, _Dj_hXQD;lu) — Ryol — aRbnd|

/ fD; "D
By

X*((r) A)V D) - VDI + |o / XQ((TfA)vFDyu)-va}u>
g

< + + |Ryol| + ||| Rpnal-

1/2 —h 2 yh
/FR(a 9+ G)D;"x"Dju
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Using the lower bound for A and Ar and the above estimates together with (B.3) we find
ceoermin (IXT DSl ) + 0l IXVEDYul3a(r, ) <
(112 5 N0 i3, + 1l IV Dl

+1lgll g2, )0 ol 210, ull 2, o) + 19l 22, )l XV Dy ull 2y

+ (5_1”G”L2(Bj+5) + HVGHLQ(BL_&)) (5_1“Vu”L2(Bj+5) + HXVD;'Z“HB(BL&))

+ (Al + 01V AllL=)d IV ull 2y IXV DY ull 25,

OV A8Vl e

+ (4|l + 8V Arl|ze)lald ™ [ Vrull 2(r, o) IX Ve D] ull 2(r )

+ 8|V Ar |z ol 2 Tl ) )-

The Cauchy-Schwarz inequality with epsilon allows us to absorb the terms \|XVD§LUH L2(BY)

and || XVFD?UH £2(ry) from the right-hand side into the left-hand side and we get

1
2Ccoer min (HvahuHL2(B+) + |O‘H|XVFD§ZUH%2(FR)) <

O (U122, 0 1000l 228, 0y + NbalF
+H9HL2 B}, ) 1’a‘1/2”813u”L2(FT+5)+>‘m1an”L2(F +5)
,1 71
+ (070G sy + VGl ) 0 IVl s
2
+ RO (7MG oy ) + IVC 2 ,))
+ Ak (14l +6||VA|rLoo>26 2| Vul, g

min

+ OV Aled 2 Va2,

5)
5)
I Ar||ze + 8|V Arllz)?|ald || VrullFer, )

n’lll’l(

+ 8|V Ar| < ol 2V rulZaqr, ) )-

From (B.4), we get in the limit A — 0 that V9, ,u € L*(B;}) and Vrd,,u € L*(T}) together
with

IVVarull (s, + lal VeVl 2, <
(B3) Cotan (125, + N9lz2(r, o) + 6~ NG o, + IV Gl
+ 67Vl g, + o207 Vel e, ) )

with Cstap, > 0 depending only on 6, a lower bound on Ay, and an upper bound on || A|| e +
R||V Al g + [[Ap[[Le + R[|VAp|| .
Step 4: We complete the proof by controlling |92 Jull e (B This follows from the differential
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equation
d
2
—Ag@2 0=+ D (O Aij)Oeju— Y A0, Ouu.
t,j=1 (4.5)#(d,d)

We have Ay = e(;Aed > A\pin and therefore
/\minuagduHH(Bj) < Hf”m(Bj) + C5HVAHL°°5_1HVUHH(Bj) + HAHLWHVVQB’UHB(B,T)-

Noting % > 1 together with (B.8) concludes the proof.
U

B.2. Control of the tangential derivatives. For functions v = (v;);e1, (I some finite index
set) defined on R? we introduce the notation

]!
5o C S SR
i€l aeNg: |af=p

Analogously, the notation |V?,v| for 2’ € R4~! indicates that & € N%~! in the sum. We

proceed as described, e.g., in | , Sec. 5.5.3 and 5.5.4]. We write V,/ for the tangential
derivatives in contrast to [ , Sec. 5.5.3], where V, denotes the tangential derivatives and
introduce
1
M;%,p(f) =y Sup (R— r)p+2|]VZ,fHL2(B+),
P: R/2<r<R "
1
Mppr(9) =~ sup (R—r)""?|Vglleer,),
P: R/2<r<R
Ng,(v) = z%supR/2§r<R(R - T)p+2‘|v2vgf””L2(Bi) ifp >0,
R, = .
g SUPR/a<r<p(R — 1)V 2|V P05 ifp=-1, -2,
1 +2
Nipr(v) i= § 9 Prrasenlf = R wlazey - forp 2 6
SUpg/a<r<r(R — )PV "0l 2(r,) for p= -2, —1,
1 R—r
Hpgp(v) = sup (R — )P V20| 12 gty + ——— V2V 125+ | 5
. [p = 1! rp2<r<r PUMABD) T [p] e A
where
[p]! := max{p, 1}!.
Analogous to | , Lemmas 5.5.15 and 5.5.23] is

Lemma B.3. Let p € Ny. Let A € CPTL(B}), Ap € CPTL(T},) be matriz-valued functions
that are pointwise symmetric positive definite with lower bound on the eigenvalues Apin > 0.
Let f € HP(B}), g € HP(T}), G € HPYY(B}) and o € Sy. There exists a constant Cp > 0
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depending only on the same quantities as the constant Cgtap, tn Lemma B.2 such that

Npp(u) + ] 2 Npy  p(u) < CB{Mz'ap(f) + Mp,r(9) + Hrp(G)

p+1 1
p+1 R\ R\? - »—
+Z< q ><(2> VA oo gy + | 5 q||ve 1A||Loo(3;) [M]Nh,p_q(U)
q=1

+ N;%,pfl (u) + N;{,p72 (u)

p+1
p+1\ [R\? p—q!
+\a|1/2(2< ) (5) 19 Arl g P BN, o

q=1 q

+ Npp-1,0(u) + Nz’z,p—z,r(U)> }

Proof. The proof follows the lines of the proofs of [ , Lemmas 5.5.12, 5.5.15 and 5.5.23].
We abbreviate a = An, where n is the outer normal vector on I'g. The derivative Dg‘,/u with
o' e Ng_l satisfies

D f —{V - (AVD% u) — DI (V - (AVu))},

—V - (AVD% u) = DY o
On DY u+ aVr - (AprVrDS u) = DS (a'?g1 + g2)
+ oV - (ArVy DS u) — D (V- (ApVgu))}

+ {(a . VD;",/U) — D% (a- Vu)} )

l‘/

The remainder of the proof proceeds analogously to the proof of | , Lemmas 5.5.12
and 5.5.23] and uses Lemma B.2 with § = Ipt; . Specifically, the terms arising from A, f, G
are obtained directly as in the proofs of | , Lemmas 5.5.12 and 5.5.23]. The terms arising
from the Laplace-Beltrami are treated with the same arguments as in the proof of | ,

Lemma 5.5.12]. O

B.3. Tangential control for k-dependent problem. We consider the problem
(B.10) ~V - (AVu) — ck*u = f in Bf,
‘ Op,u+ aVr - (ArVru) = ozl/Qg +G+bku onT.

For the data, we assume

(B.11a) IVPFll oty < Cpyf R P max{p +1,Rk}’  Vp € Ny,
(B.11b) IV2 9l 2y < Cony R7P max{p + 1, Rk}? Vp € Ny,
(B.11c) HV”GHLQ(BE) < CeveR Pmax{p+1,Rk}Y  Vpe Ny,
(B.11d) HVPAHLOO(BE) < Cavip! Vp € No,

(B.11e) V2, Ar|| Lo (r) < Capvy, P! Vp € No,

(B.11f) vabHLOO(BE) < Cyyip! Vp € Np,

(B.11g) vaCHLOO(Bg) < CevEpl Vp € Np.
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Additionally, we assume that
(B.12) la|/? < Cuk™1/?
as well as o € Sy for some 6 > 0 uniformly in k.

Theorem B.4. Let R < 1. Let f, g, G, A, Ar, b and « satisfy (B.11) and (B.12), respec-
tively. Let u solve (B.10). Then there exists a K > 1 depending only on the coefficients A,
Ar of the differential operator, 0, and the constants in (B.11) and (B.12) such that for all
p=>-—1

KPt2 max{p + 3, Rk}F*?

(B.13) Nl’%yp(u) + k_l/ZN]/ip’F(’Uz) <C, ol

where
Cu = min{1, Rk}*(k~2Cy + k72Cy + Cellull 2 1))

+ min{1, Rk} 'Cq(1 + yaR)
(B.14) + min{1, RE}(1+ % R)Collull 12 51)

+min{1, Rk}(1 + Cy min{1, RE}DE™ |Vl 1251

+min{1, Rk} 2Col|Vrull 20y )-
Proof. We will frequently use the elementary property

min{a, Rk} max{a, Rk} = aRk a > 0.

We first verify that (B.13) is correct for p = —1, if K > (1 + C;!)/2. To that end, note that

R 1
Np_1(u) < 5 IVull 2 gty = SkRE IHWHLQ(B;)
1
= 5max{LRk}min{l,Rk;}kflHquLQ(BE)
< %max{l,Rk}Cu,

_ 1R
k I/QNJIQ,—LF(U) <k 1/2§’WFU||L2(FR)

-1
< C; max{1, Rk} min{1, Rk} k™ /2Co || Vrull 2 (rp)

Cffl
< g max{1, Rk}C,.

Hence, we have

1+ 0t

Np_y(u) + k7Y2Np _y p(u) < max{1, Rk}C,,

which concludes the case p = —1. We next show that it is correct for p = 0 and then by
induction for all p > 1. To that end, we rewrite the equation as
—V - (AVu) = f + cku in B},
Op,u+ aVr - (ArVru) = al/zg +G+bku onT.
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For p = 0, an application of Lemma B.2 (used with 6 ~ R — r) gives

N],%,p(u) + k_1/2N1/%,p,F(u)
R? 9
< Cotan (- (IF + ek?ullz gy + 9l 2y)
R R?
+ S IG + kull g2y + - IIVG + Okl 2
R R
+ S 1Vull o) + I 2SIV eul 2y )
< Cstab (R2(||f||L2(B$) + CckQHUHB(B;) + ”g”LQ(FR))
+ R[Gll 2 gty + RQHVGHL?(B;Q)
+ RE(1 + fbe)CbHuHLQ(B;‘) + RQkaHVuHLQ(BE)
+ BIIVul 258 + Cak™ 2 RIVrull 2(ry) )
< Cuan (FA(Cy + Cy + Cok?ull 2 1)
+ RCG + R*v6Cc
+ RE(L+ wR)Cyl|ull o 1) + RZKCH |Vl o 1)
+ RVl s + BE2Cal|Vrull ey )
< CstapChu maX{S,Rk}Q,

where the last estimate follows by similar estimates as in the case p = —1. Let us assume
that (B.13) is correct for all —1 < p/ < p—1 for some p > 1. We show that it is correct for p if
K is chosen sufficiently large. In fact, we will implicitly assume K > max{v¢,vg,7G, Ve, b}
so that the various geometric series below converge.

It is convenient to abbreviate

(B.15) m(p) := max{p + 3, Rk}'T2

In order to apply Lemma B.3, we have to estimate My (f — k2cu), Mg, r(g) and H'(kbu).
Since M7 (f — k%cu) < Mp ,(f) + M;%7p(k20u), we first estimate M7 (f).

1 R p+2
My < (5) CrpRmaxp-+ 1, RR)?
Cf ’yf p 2 1
< ZF (1 - p
<= (2) R max{p + 3, RE)
Cr

VNP 2 2m(p)
< — —.
<7 ( 5 ) kE™*min{1, Rk} ol
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From | , Lemma 5.5.13] and the induction hypothesis, we have
P 2
R\"(R\"[p—q—2]! ]
/ 2 2
MR,p(k cu) < k ch_zo <’7c2> <2> (p q)‘ ,p g— 9(u)

YR\ [p — q—2

P
g min{1, Rk}* max{1, Rk}? Z

4 R,pquQ (u)

g
7 N\

[}

r)
%R>q

P
< %min{l,Rk}2 max{l,Rk}ZqZO ( 5 —a) T KP I max{p — ¢ + 1, RE}'"1C,
Ce ~ (R’
=7 min{1, Rk}>KP max{1, Rk}? Z ( Ve > max{p —q+1,RE}P7C,
q=0
C. P vR\? 1
< Zmin{l,Rk:}?Kff’ max{1, Rk}? Z 5 > —pfmax{p — g+ 1, RE}PC,
=0
p q
< %mln{l Rk}QKWm K2 ( )
q:
C D) K2

< % inf1, REy2 R

pl 1—7.R/(2K) Ca

|

where the last step follows from a geometric series argument and assumes K > ~.R/2. Simi-
larly, we find

Co (1) -2 2m(p)
]\41%,;77 (g) < e (5> k mm{l,Rk} T

From | , Lemma 5.5.24], similar estimates to the above and the induction hypothesis,
we have

Hip(kbu) < cb[;]!; min{1, Rk} x
(s Z ()[4 ()
+ max{p + 1, Rk} qé:) <§) ('”’f)q qllp—q — 1]!N1’?qp_q_1(u)}

q=0
Cy . m(p)( K2 K~2y,R/2 K1 >
< =2 min{1, RE}YKP*? Cy.
< 5 L B e \ T ReR) T 1R/ 2K) T 1= R/ 2R)

Q'[p —q— 2]!N1/12,p7q72 (’LL)

Finally, we estimate Hg,(G) as at the end of the proof of | , Prop. 5.5.25]

. m
(B.16) Hpp(G) < Caygh™ min{l, RE}(1 + 96 R) ;f?)-
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We are now in the place to perform the induction argument. Lemma B.3 gives
/ —1/2 nr?
Npp(u) +k / Npgpr(w)

=0 [M;ip(f - kQCu) + Mjllz,p,l“(g) + Hp (G + bku)
p+1
P\ L ((Byaye , (Byaye ) p—alt
+CA;< q >q'<< 2 ) +< 2 ) ) Npp—q(u)

+ N}/?,,p—l( ) + N}/?,,p—2(u)
p+1

p+1 Ryar\?[p — 4!
Flapea 3 (7T o () o, )

q=1

|2 (N () + Nig g p ()]

=Cs [ka‘_2 min{1, Rk}*7} mp(,p )¢ Cyk ™2 min{1, Rk}%gm;'p)

Ce . m(p) K
~c 1. RK\2 Kpt2
+ g mindL, kY p! 1 -7R/(2K)

+ CarPk ™  min{1, RE}(1 + 'ng)m(p)

p!
Cp . m(p) < K K?%R/2 K )
+ —2 min{l, Rk} KP*+? Cy
p L R P TR T 1= R/CR) T 1= RICE)
v o) < K* K2yaR)/2 >
pl \1=7R/2K) 1-7aR/(2K)

+ KPP? p()(K +K ey
K~ 2
+CoCy Kp+2m(p> C.
pl 1 —~va.R/(2K)

p+2m()
KPP (K2 4 K- N

<Cp KIH-?m( )[C’ k™ mln{l Rk}QK_ <?) +Cgk_2 min{l,Rk}2K—2 (%)p
-2

C. .
+ = min{1, Rk}’ Cy + Cek™ min{1, RE}(1 + yoR)K 2 (’Yﬁ)p

1—.R/(2K) L
@min K2 K2y R/2 K1
T {I,Rk}<1—%R/(2K) +1—%R/(2K) 1—va/(21{))
K2 K_Q’YAR/Z ) i
+CA(1—'YAR/(2K) 1_’YAR/(2K))CU+(K 2+K 1)Cu
K- 2

+CaCary— Cu+ Ca (K24 K1) €

R/ (2K)

< Cqu“mp(!mCB [ : }
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The induction argument is complete, once we established that there exists a sufficiently large
K, which can be chosen uniformly in p such that Cp [ . ] < 1. This can be easily seen, since
o (VF\P o (Yg\?  Ce K2 o (VG \P
ol enfic® G2 0 (G + G 1 ()
B B x) T x) a1 RreR) T K
Cy < K2 K2ywR/2 K1 >

2 \1-2R/(2K) " 1-wR/(2K) ' 1-%R/(2K)

K—? K2y4R/2 -2 -1
e <1 TOARJ2E) 1 mR/@K)) +(ETH KT

-2
R/(2K)
which concludes the proof. ]

K
+CQCAF1—’YA + Cq (K—2+K—1)}’
T

B.4. Control of all derivatives for k-dependent problems. Control of the derivatives
0%, is achieved using the differential equation. For that purpose, we introduce

1
Npqnl) = [p+ q]! R/§I<1F<R(R - T)HqﬁHviﬂgf“”wwr

Theorem B.5. Assume the hypotheses of Theorem B.4. Then there exist constants Ky, Ko
depending only on the coefficients A, Ar of the differential operator, 8, and the constants in
(B.11) and (B.12) such that for all p, ¢ € No U {—1, -2} with p+ q # —2

q+ 3, Rk}rtat?

[p+ q)! ’

(B.17) Ny o(u) < CuKPT2KIT? max{p +

where Cy, is given in Theorem B.J.

Proof. The proof follows directly from the proof of | , Prop. 5.5.2]. Namely, | ,
Prop. 5.5.2] proceeds by induction on g. The induction step relies on a) the fact that an
elliptic equation in BE of the form studied here is considered and b) control of the tangential
derivatives, which is provided in Theorem B.4. Hence, the proof of | , Prop. 5.5.2]
applies. O
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