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We show that the edges of the modi ed Kn odel graph can be grouped into dimensions which are similar to the dimensions of hypercubes. In particular, routing, broadcasting and gossiping, can be done easily in modi ed Kn odel graphs using these dimensions.

Introduction

One of the reasons that the hypercube is such a popular network topology is its parameter called dimension. The value of this parameter determines the number of vertices and the number of edges of the hypercube. Dimension can be used, in a natural way, to label vertices and to facilitate routing between an arbitrary pair of vertices. (See, for example, 4;8 .) It has long been known that broadcasting and gossiping can be easily accomplished in a hypercube, by using dimension. (See 2 for references on these problems.) However, hypercubes can only be constructed for n = 2 d vertices. In this paper, we show that a set of graphs, constructable for any even n, which were used implicitly in a proof of Kn odel 3 also have dimension -although the notion of dimension is somewhat weaker than that of hypercubes.

In this paper, we consider modi ed Kn odel graphs on n vertices (for any even n which is not a power of 2). Let KG n denote the modi ed Kn odel graph on n 2 vertices where n is even and not a power of 2 and let d = blog nc. The vertices of KG n are labeled (x; j) where x 2 Z n 2 and j 2 Z 2 . In this paper, the values of x will be those representatives of Z n 2 between 0 and n 2 ? 1, the values of j will be 0 and 1, and the operations are modulo n 2 or modulo 2. The edges of KG n are (x; 0); (x + 2 i ; 1)] for all x and all i where 0 i d ? 1 (recall d = blog nc). The edges of the form (x; 0); (x + 2 i ; 1)] compose a perfect matching and are called edges of dimension i. (The graphs used by Kn odel 3 are essentially the same, except that he also included edges of the form (x; 0); (x; 1)]. We refer to those graphs as \Kn odel graphs" and to our graphs as \modi ed Kn odel graphs".)

The edges of a d-dimensional hypercube can be partitioned into d sets -each set corresponding to a particular dimension. In a hypercube, we can choose any permutation of the dimensions, say 1 ; 2 ; : : :; d . Given such a permutation of dimensions, there is a unique route between any pair of vertices a and b which corresponds to moving in the necessary dimensions in the order implied by the permutation. To broadcast a message from any source, any informed vertex simply forwards the message to its neighbor in the i th dimension at each time i (where 1 i d). To gossip, each vertex exchanges information with its neighbor in the i th dimension at each time i (where 1 i d).

In the modi ed Kn odel graph KG n , we show that there exist permutations of the dimensions, say 1 ; 2 ; : : :; d , which can be used similarly. However, given such a permutation, we use the sequence of dimensions 1 ; 2 ; : : :; d ; 1 ; that is, the rst dimension is repeated again at the end of the sequence. Given such a sequence, there is a route (not necessarily unique) between any pair of vertices a and b which corresponds to moving in the necessary dimensions in the order implied by the sequence. To broadcast a message from any source, any informed vertex simply forwards the message to its neighbor in the i th dimension at each time i (where 1 i d+1 and d+1 = 1 ). To gossip, each vertex exchanges information with its neighbor in the i th dimension at each time i (where 1 i d+1 and d+1 = 1 ). Thus, the dimensions in these graphs are quite similar to dimensions of hypercubes. This property allows an e cient perpetual gossip scheme 7 on these graphs and is also of use in implementing communication routines with variable data lengths [START_REF][END_REF] .

In particular, we will focus on demonstrating that these permutations exist for the gossiping problem. The routing and broadcast results follow immediately.

Set De nitions

For sets A and B, we will use A + B, A ? B, A B, and A=B to denote fa + b j a 2 A; b 2 Bg (set addition), fa ? b j a 2 A; b 2 Bg (set subtraction), fa b j a 2 A; b 2 Bg (set multiplication), and fa=b j a 2 A; b 2 Bg (set division), respectively. We will also compute products of matrices whose elements are sets. Multiplication of these elements will be replaced by set addition and addition of the resulting 'products' will be replaced by set union. It is important to note that set union is distributive over set addition.

In order to describe gossip schemes in these graphs, we must be able to describe sets of vertices which are informed of particular messages after a sequence of time units. In all of our schemes, in a given time unit, calls will be made in exactly one dimension with each informed vertex calling its neighbor in that particular dimension.

Consider a set of vertices that know a particular piece of information at time t. In particular, if (x; 0) and (y; 1) know this information and we make calls in dimension i at the next time unit (t + 1), the set of informed vertices will also include (x + 2 i ; 1) and (y ? 2 i ; 0). We will use the matrix M i = f0g f?2 i g f2 i g f0g to represent a set of calls in dimension i. Now consider a second set of calls in dimension j to be made at time t+2. After this set of calls, vertices (x + 2 j ; 1), (y ? 2 j ; 0), (x + 2 i ? 2 j ; 0), and (y ? 2 i + 2 j ; 1) are also informed. Multiplying the corresponding matrices for dimensions i and j, we get f0g f?2 j g f2 j g f0g f0g f?2 i g f2 i g f0g = f0; 2 i ? 2 j g f?2 i ; ?2 j g f2 i ; 2 j g f0; 2 j ? 2 i g = A A ? f2 i g f2 i g ? A ?A . Observe that if (x; 0) is informed at time t and then calls are made in dimensions i and j at times t + 1 and t + 2, respectively, then vertices (x + a; 0) and (x + c; 1), where a 2 A; c 2 f2 i g ? A, are informed after these calls. Similarly, if (y; 1) is informed at time t and then calls are made in dimensions i and j at times t + 1 and t+2, respectively, then vertices (y+b; 0) and (y+d; 1), where b 2 A?f2 i g; d 2 ?A, are informed after these calls. Note that the set A represents the set of vertices reachable from (x; 0) by a path of either zero or two calls (that is, a path of even length) and set f2 i g ? A represents the set of vertices reachable from (x; 0) by a path of exactly one call (that is, a path of odd length). A ? f2 i g and ?A similarly represent vertices reachable from (y; 1) by paths of odd and even length, respectively.

Extending this idea, we see that we can represent the outcome of a sequence of calls in dimensions i 1 ; i 2 ; : : :; i k as a matrix M which is the matrix product M(i 1 ; i 2 ; : : :; i k ) = M ik M ik?1 M i1 . In particular, the matrix product is easily expressed given the value of A. We use s(i 1 ; i 2 ; : : :; i k ) to denote the value (of the set A) for the sequence of calls in dimensions i 1 ; i 2 ; : : :; i k . That is, s(i 1 ; i 2 ; : : :; i k ) = fy 2 Z n 2 j (x + y; 0) is reachable from (x; 0) by a path of even length from the dimensionsi 1 ; i 2 ; : : :; i k g. (Later, we will be particularly interested in those sequences which are permutations of the dimensions, but initially we will consider more general sequences of calls.)

Results

Lemma 1 After any sequence of calls in dimensions i 1 ; i 2 ; : : :; i k , M ik M ik?1 M i1 = s(i 1 ; i 2 ; : : :; i k ) s(i 1 ; i 2 ; : : :; i k ) ? f2 i1 g f2 i1 g ? s(i 1 ; i 2 ; : : :; i k ) ?s(i 1 ; i 2 ; : : :; i k )

.

Proof. The proof is by induction on k. When k = 1, M 1 = f0g f0g ? f2 i1 g f2 i1 g ? f0g ?f0g = f0g f?2 i1 g f2 i1 g f0g and s(i 1 ) = f0g.

Then, M ik M ik?1 M i1 = M ik s(i 1 ; i 2 ; : : :; i k?1 ) s(i 1 ; i 2 ; : : :; i k?1 ) ? f2 i1 g f2 i1 g ? s(i 1 ; i 2 ; : : :; i k?1 )

?s(i 1 ; i 2 ; : : :; i k?1 ) = f0g f?2 ik g f2 ik g f0g s(i 1 ; i 2 ; : : :; i k?1 ) s(i 1 ; i 2 ; : : :; i k?1 ) ? f2 i1 g f2 i1 g ? s(i 1 ; i 2 ; : : :; i k?1 )

?s(i 1 ; i 2 ; : : :; i k?1 ) = s(i 1 ; i 2 ; : : :; i k ) s(i 1 ; i 2 ; : : :; i k ) ? f2 i1 g f2 i1 g ? s(i 1 ; i 2 ; : : :; i k ) ?s(i 1 ; i 2 ; : : :; i k ) .

Note that s(i 1 ; i 2 ; : : :; i k ) = s(i 1 ; i 2 ; : : :; i k?1 ) (f2 i1 ?2 ik g?s(i 1 ; i 2 ; : : :; i k?1 )). 2 Let ! be any sequence of dimensions. The following three properties are easy to show from Lemma 1.

Properties 1. s(i 1 !i t ) = s(i 1 !) (f2 i1 ? 2 it g ? s(i 1 !)). 2. s(i 1 i 2 !) = s(i 2 !) (s(i 2 !) + f2 i1 ? 2 i2 g).
3. s(i 1 i 2 : : :i t ) = f0; 2 i1 ? 2 i2 g + f0; 2 i2 ? 2 i3 g + + f0; 2 it?1 ? 2 it g. Proof. Property 1 is proved in Lemma 1. Property 2 can be obtained by computing the product s(i 2 !) s(i 2 !) ? f2 i2 g f2 i2 g ? s(i 2 !) ?s(i 2 !) M i1 : Property 3 is obtained by induction from Property 2. 2 Gossip is completed in KG n by any sequence of calls ! if and only if M(!) = X X X X , where X = f0; 1; : : :; n 2 ? 1g. That is, when s(!) = X. We are interested in nding permutations of the dimensions 1 ; 2 ; : : :; d such that the sequence 1 ; 2 ; : : :; d ; 1 completes gossiping. We de ne such a permutation to be a valid permutation for KG n .

Kn odel showed that gossip is completed by a sequence of calls in dimensions 0; 1; :::; d in the Kn odel graphs [START_REF] Odel | New Gossips and Telephones[END_REF] . More recently, it has been shown that gossip is completed by a sequence of calls in dimensions 0; 1; :::; d ? 1; 0 in the modi ed Kn odel graphs 1;5 . We restate this latter result as a lemma in the terms of this paper. (Note that this also follows directly from Property 3.) Lemma 2 The permutation 0; 1; :::;d? 1 is a valid permutation for KG n . Lemma 3 Any cyclic shift of a valid permutation is also a valid permutation.

Proof. s( 1 ; 2 ; : : :; d ; 1 ) = f0; 2 1 ? 2 2 g + f0; 2 2 ? 2 3 g + + f0; 2 d ? 2 1 g = f0; 2 2 ?2 3 g+ +f0; 2 d ?2 1 g+f0; 2 1 ?2 2 g = s( 2 ; 3 ; : : :; d ; 1 ; 2 ). 2 Lemma 4 The reverse of a valid permutation is also a valid permutation.

Proof. Let 1 ; 2 ; : : :; d be a valid permutation. Thus, s( 1 ; 2 ; : : :; d ; 1 ) = X. Since the reverse of any gossiping scheme on any graph is also a gossiping scheme for the graph 6 we know that s( 1 ; d ; d?1 : : :; 2 ; 1 ) = X. From the proof of Lemma 3, we know that s( 1 ; d ; d?1 ; : : :; 2 ; 1 ) = s( d ; d?1 ; : : :; 1 ; d ). Thus, d ; d?1 ; : : :; 1 is a valid permutation. 2 From these lemmas, we get Theorem 1 The permutation 0; 1; 2; : ::; d?1 is a valid permutation for KG n and any cyclic shift (or the reversal of such a cyclic shift) of 0; 1; 2; : ::; d ? 1 is also a valid permutation for KG n .

In particular, this means that gossip can be performed in KG n as follows: At time i+1, where 0 i d, every vertex calls its neighbor in dimension i+k(mod d) where k is any value 0 k d ? 1. Similarly, the following are also gossip schemes for KG n : At time i+1, where 0 i d, every vertex calls its neighbor in dimension (d ? 1 ? i) + k (mod d) where k is any value 0 k d ? 1.

In addition to the above permutations, some other permutations may yield gossip schemes for KG n . It is worth noting, however, that for some n (such as n = 58obtained by an exhaustive search with a computer program) there are no other valid permutations. The following result gives a su cient condition for a permutation to be valid. Theorem 2 The permutation 1 ; 2 ; : : :; d is a valid permutation for KG n if 1.) 2 d ? 2 1 is relatively prime to n 2 and 2.) f2 1 ?2 2 ; 2 2 ?2 3 ; : : :; 2 d?1 ?2 d ; 2 d ?2 1 g = f2 d ?2 1 g f2 0 ; 2 1 ; : : :; 2 d?1 g.

Proof. s( 1 ; 2 ; : : :; d ; 1 ) = f0; 2 1 ? 2 2 g + f0; 2 2 ? 2 3 g + + f0; 2 d ? 2 1 g (by property 3) = f0; (2 d ? 2 1 ) 2 0 g + f0; (2 d ? 2 1 ) 2 1 g + + f0; (2 d ? 2 1 ) 2 d?1 g (by 2.) = f2 d ? 2 1 g (f0; 2 0 g + f0; 2 1 g + + f0; 2 d?1 g) = f2 d ? 2 1 g X = X (by 1.) Thus, 1 ; 2 ; : : :; d is a valid permutation for KG n . 2 In the special case of KG 2 d+1 ?2 , we can show that the su cient condition of Theorem 2 is also a necessary condition for a permutation to be valid. In general, we can not completely characterize the set of valid permutations for any n. We note that there are permutations which are not valid for some particular n. For
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example, when n = 26, the permutation 3, 1, 2, 0 is not valid. In this case, the information from vertex (0; 0) (in particular) does not reach vertices (5; 0), (8; 0), (0; 1), or (3; 1). Theorem 3 The permutation 1 ; 2 ; : : :; d is a valid permutation for KG 2 d+1 ?2 if and only if 1.) 2 d ? 2 [START_REF] Fraigniaud | Maximum Linear ( ; k)-Gossip Graphs[END_REF] is relatively prime to n 2 and 2.) f2 d ?2 1 ; 2 2 ?2 3 ; : : :; 2 d?1 ?2 d ; 2 d ?2 1 g = f2 d ?2 1 g f2 0 ; 2 1 ; : : :; 2 d?1 g.

Proof. Given Theorem 2, it remains to show that if n 2 = 2 d ? 1 and 1 ; 2 ; : : :; d is a valid permutation, then conditions 1.) and 2.) hold.

Since 1 ; 2 ; : : :; d is valid, we know that s( 1 ; 2 ; : : :; d ; 1 ) = f0; 2 1 ?2 2 g+ f0; 2 2 ?2 3 g+ +f0; 2 d ?2 1 g = X. Consider S = s( 1 ; 2 ; : : :; d ) = f0; 2 1 ? 2 2 g + f0; 2 2 ? 2 3 g + + f0; 2 d?1 ? 2 d g. By de nition, jSj 2 d?1 : Note that 0 and 2 1 ? 2 d are both in S. Let S = X ? S. We have S S + f2 d ? 2 1 g, so j Sj jSj. But, jS Sj = n 2 = 2 d ?1. So, 2 d ?1 2jSj which implies that jSj 2 d?1 and, in fact, jSj = 2 d?1 and j Sj = 2 d?1 ? 1. Furthermore, as 2 1 ? 2 d 2 S, then 0 2 S + f2 d ? 2 1 g. Thus, if S 1 = S n (2 d ? 2 1 ), then S = S 1 + f2 d ? 2 1 g. In other words, for each x 2 S, there exists a unique y 2 S 1 such that y+2 d ?2 1 = x.

Let k be the greatest common divisor of 2 d ? 2 [START_REF] Fraigniaud | Maximum Linear ( ; k)-Gossip Graphs[END_REF] and n 2 and let = n 2k . Note that as n 2 is odd, k and are also odd. Consider the sequence V h , 0 h k ?1 of vertices x h j = h+j(2 d ?2 1 ) where j = 0; 1; : : :; ? 1. Note that if x h j 2 S 1 , then x h j+1 2 S. Note also that 2 1 ? 2 d belongs to V 0 (x 0 ?1 = 2 1 ?2 d ). In other words, a sequence V h does not contain two consecutive elements in S, and for h 1, x h ?1 and x h 0 are not both in S. So, as jXj is odd, for h 1, V h contains at least +1 2 elements of S and for h = 0, V 0 contains at least ?1 2 elements of S. Therefore, we obtain j Sj jSj+k?2. But, j Sj = jSj?1, so the only possibility is that k = 1, that is, 2 d ? 2 [START_REF] Fraigniaud | Maximum Linear ( ; k)-Gossip Graphs[END_REF] and n 2 are relatively prime. Furthermore, x 0 j = j(2 d ? 2 1 ) should belong to S for j = 0; 2; 4; : ::; n 2 ? 1 (and x 0 j 2 S for j = 1; 3; 5; : ::; n 2 ?2). Therefore, S = f2p(2 d ?2 1 )j0 p n?2 4 g. Let S 0 = S=(2 d ?2 1 ) and let i = (2 i ?2 i+1 )=(2 d ?2 1 ) for 1 i d?1. Then, we have S 0 = f0; 1 g+f0; 2 g+: : :f0; d?1 g: Therefore, f0; 1 g+f0; 2 g+ f0; d?1 g = f0; 2; 4; : ::; n 2 ? 1g. Recall that the i are even (they belong to S 0 ) and that n 2 is odd. Suppose that 1 + 2 + + d?1 > n 2 . Then, consider the smallest sum of the form i1 + i2 + + ik which is larger than n 2 . This sum is odd (mod n 2 ), a contradiction. Thus, 1 + 2 + + d?1 n

2 . Since such sums must account for all even integers f0; 2; : : :; n 2 ? 1g, f 1 ; 2 ; : : :; d?1 g = f2 1 ; 2 2 ; : : :; 2 d?1 g. 2 In fact, we can specify exactly which permutations are valid in the case of KG 2 d+1 ?2 .

Theorem 4 The only valid permutations for KG 2 d+1 ?2 are the cyclic shifts (and reverses) of the form 0; k; 2k; : ::; (d?1)k where 2 k ?1 is relatively prime to 2 d ?1.

Proof. First, we show that if 2 k ? 1 is relatively prime to 2 d ? 1 (note that 2 d ?1 = n 2 ), then k is relatively prime to d. Suppose, to the contrary, that 2 k ?1 is relatively prime to n 2 , and k is not relatively prime to d. In that case, let a be the smallest integer such that ak 0 (mod d). (We know that a < d.) It follows that 2 ak 1 (mod n 2 ). From 2 ak ? 1 = (2 k ? 1)(2 (a?1)k + 2 (a?2)k + + 2 k + 1), we get 6 (2 k ? 1)(2 (a?1)k + 2 (a?2)k + + 2 k + 1) = 0. Since the second term of this product cannot be 0, we know that 2 k ? 1 is not a unit in Z n 2 . Thus, if 2 k ? 1 is relatively prime to n 2 , then k is relatively prime to d. Let 1 ; 2 ; : : :; d be any valid permutation. As a cyclic shift is also a valid permutation, we can assume that 1 = 0. We will prove that the permutation is of the form 0; k; 2k; : : :; (d ? 1)k by showing that i ? i+1 d (mod d) (here k = ? d ). In the proof we will frequently use the fact that 2 d 1 (mod n 2 ) and so, for example, 2 ?i = 2 d?i for 0 i d ? 1.

By Theorem 3, we have 2 i ? 2 i+1 = (2 d ? 2 1 )2 ci for some c i , 0 c i d ? 1.

As 1 = 0, we obtain the equality (modulo n

2 ) 2 i ? i+1 ?1 = 2 d +ci? i+1 ?2 ci? i+1 . There are two cases to consider. Consider the case: 2 d+ci? i+1 > 2 ci? i+1 . The rst member of the equality is odd and the second can be odd only if c i = i+1 which implies that 2 i ? 2 i+1 = 2 d or i ? i+1 d (mod d). Consider the case: 2 d+ci? i+1 < 2 ci? i+1 . In this case, the equality becomes 2 i? i+1 ? 1 = 2 d+ci? i+1 ? 2 ci? i+1 + 2 d ? 1 or 2 i? i+1 ?2 d +ci? i+1 = ?2 ci? i+1 + 2 d . Let us divide the two members of this equality by min(2 i ? i+1 ; 2 d+ci? i+1 ). After division, the second member is still even as 2 d+ci ? i+1 < 2 ci? i+1 . After division, the rst member is odd unless 2 i? i+1 = 2 d+ci ? i+1 in which case its value is 0.

That implies that 2 ci? i+1 = 2 d so c i = i+1 and again i ? i+1 d (mod d).

So, any valid permutation is a cyclic shift of the form 0; k; 2k; : : :; (d ? 1)k. As it is a permutation, all of the values ik, 0 i d ? 1, should be distinct and so k is relatively prime with d. Furthermore, by Theorem 2, 2 d ? 1 is relatively prime to n 2 , that is 2 k ? 1 is relatively prime to n 2 . Finally, it is easy to check that any permutation of the form 0; k; 2k; : ::; (d?1)k satisfying the conditions of Theorem 4 is valid. Indeed, condition (1) of Theorem 3 is satis ed and condition (2) is also satis ed as 2 i ? 2 i+1 = 2 i+1 ?k ? 2 i+1 = (2 ?k ?1) 2 i+1 =(2 d ?2 1 ) 2 i+1 and as the set f2 i+1 j0 i d?1g = f2 j j0 j d ? 1g.
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