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In this article motivated by the control of complex microbiota in view to reduce the infection by a pathogenic agent, we introduce the theoretical frame from optimal control to analyze the problem. Two complementary approaches can be applied in the analysis: one is the so-called permanent case, where no digital constraints are concerning the control (taken as a measurable mapping) versus the sampled-data control case taking into account the logistic constraints, e.g. frequency of the medical interventions. The model is the n-dimensional Lotka-Volterra equation controlled using either probiotics or antibiotic agents or transplantation and bactericides. In this article, we concentrate to the permanent case associated to probiotic or antibiotic agent. The Maximum Principle is used to parameterize the geodesics and the optimal synthesis boils down to analyze mainly the singular trajectories and their concatenation with bang arcs.
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procedure due to delay in the transplantation or insufficient dosing.

To understand this approach let us introduce the Lotka-Volterra dynamics and analyze its limits, already discussed in [START_REF] Volterra | Leçons sur la théorie mathématique de la lutte pour la vie. Les Grands Classiques Gauthier-Villars[END_REF]. The system is given by the equations (1.1) dx dt (t) = (diag(x(t)))(Ax(t) + r), where x = (x 1 , x 2 , . . . , x n ) ⊺ belongs to the positive quadrant x i ≥ 0 and is the vector of populations of the interacting species, diagx denotes in short the diagonal matrix with coefficients

x i , A = (a ij ) is the matrix containing the interacting coefficients between the species and r = (r 1 , r 2 , . . . , r n ) ⊺ is the vector describing the individual growth rate without interaction.

Assuming the matrix A invertible, the system possesses a unique interior equilibrium given by x 0 = -A -1 r. The model is only valid provided that each species is contained in an interval

[ε, M ], ε > 0 and hence in the model only the so-called persistent trajectories defined for positive times and contained in [ε, M ] n have physical signification. Therefore the differential equation represents an analytic continuation of the dynamics to the whole euclidean space.

But the model in fine describes the interaction between the interior equilibrium and equilibria of an hierarchy of reduced Lotka-Volterra dynamics associated to extinction of the different species, e.g. extinction of x 1 leads to analyze the reduced model of n -1 interacting species where we substitute in the dynamics x → x = (x 2 , . . . , x n ) ⊺ and again we can compute the interior equilibria of the reduced dynamics. Therefore this leads to interpret the model as a system of interaction between a given number k of isolated equilibria with k ≤ 2 n .

From this point of view the analysis of [START_REF] Jones | Navigation of outcome in a generalized Lotka-Volterra model of the microbiome[END_REF] is precisely to describe a policy in the experimental setting where a mouse is treated prior to infection by antibiotic and a final fecal injection in order to cure the C. difficile infection. The 2d-reduced model is with a saddle interior point with stability and unstability domain delimited by separatrixes and the success of the therapy is to reach a stability domain of an healthy equilibrium.

At this time the connection with the network of chemical species pointed by Lotka has to be made in relation with intense research activities in the seventies. They were motivated by the analysis of chemical batch reactors and realized mainly by Feinberg-Horn-Jackson, see for instance the recent book [START_REF] Feinberg | Foundations of chemical reaction network theory[END_REF]. The study is related to the graph of the reactions using the concept of deficiency.

Similarly concerning the Lotka-Volterra equations there was an intense research activities due in particular to Zeeman, Smale, Hirsch to analyze the dynamics in the frame of the theory of dynamical systems [START_REF] Zeeman | From local to global behavior in competitive LotkaVolterra systems[END_REF][START_REF] Hirsch | Systems of differential equations which are competitive or cooperative: III. Competing species[END_REF][START_REF] Smale | On the differential equations of species in competition[END_REF], the limit of the studies being related to complex chaotic behaviors, see [START_REF] Baigent | Geometry of carrying simplices of 3-species competitive Lotka-Volterra systems[END_REF] for a seminal presentation of the computational complexity of the problem.

The analysis from geometric optimal control viewpoint of the problem of reducing the infection of a complex microbiote using the Lotka-Volterra model leads to introduce the polysystem D = {X, Y }, where X is the vector field (diagx)(Ax + r) and Y is an additional vector field associated to a specific treatment and to study the action of the pseudo-semigroup S(D) generated by concatenation of the positive orbits of the vectors fields denoted respectively φ t = exp tX, ψ t = exp tY . The accessibility set at time t denoted A(x 0 , t) is the orbit S(D)(x 0 ) when the total time is t and its boundary contains the extremities of the time minimal geodesics. It can be evaluated for small time using Lie brackets computations of X and Y . This boundary can have a complicated structure but an intense research activities
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at the end of the eighties was devoted to stratify this set under some suitable assumptions in relation with the problem of computing a regular synthesis, see in particular [START_REF] Boltyanskii | Sufficient conditions for optimality and the justification of the dynamic programming method[END_REF], [START_REF] Brunovský | Existence of regular synthesis for general control problems[END_REF]. In this research program the Maximum Principle [START_REF] Pontryagin | The mathematical theory of optimal processes[END_REF] is a very powerful tool to analyze the optimal solutions since it gives a parametrization of the boundary of the accessibility set, where the geodesics dynamics is the projection of an n-Hamiltonian dynamics that is a differential system in dimension 2n and this system is not smooth.

Let us formulate this principle to analyze for instance the effect of an antibiotic or probiotic treatment only, whence the control system takes the form dx dt (t) = X(x(t)) + u(t)Y (x(t)),

where the control u(•) in the permanent case belongs to the set U of bounded measurable mappings valued in the convex set U = [-1, +1], where u = -1 corresponds to zero dosing that is X -Y = (diagx)(Ax + r) while to maximal dosing corresponds the dynamics (diagx)(Ax + r) + 2 Y (x), where Y (x) is related to the action of the antibiotic or probiotic agent.

Consider the problem of reaching in minimum time a terminal manifold N related to reduce the infected agent x 1 , e.g. reach a small population x 1 in minimal time (a dual formulation of the problem is min x 1 for fixed final time).

Theorem 1.1. The Maximum Principle tells us that if (x(•), u(•)) is a time minimal controltrajectory pair on [0, t f ], then there exists a non vanishing adjoint n-dimensional vector p(•)

such that the triple (z(•), u(•)), z = (x, p) satisfies the equations that we introduce next.

Denoting H(z, u) := H X (z)+uH Y (z) the pseudo-Hamiltonian, where if Z is a vector field, Moreover the optimal control satisfies the maximization condition a.e.

H Z (z) = p • Z(x)
(1.3) H(z(t), u(t)) = M (z(t)),
and M is a nonnegative constant.

At the terminal time t f the transversality condition holds

(1.4) p(t f ) ⊥ T * x(t f ) N.
From the maximization condition one deduces that an optimal control is the concatenation of:

• Regular subarcs where u(t) = signH Y (z(t)) a.e.. This manuscript is for review purposes only.

The main objective of this article is to analyze geometrically this dynamics in the case of the controlled Lotka-Volterra equations and from the control optimal point of view it is the analogue of the program of classifying the geometric dynamics for the Lotka-Volterra model. The limit being essentially the same that is to handle the curse of dimension and the computational complexity. Making the connection of the problem of minimizing the infection with the problem of maximizing the production of one species for chemical network, our objective is to use in this frame a series of articles started in the eighties, see for instance [START_REF] Bonnard | Classification générique de synthèses temps minimales avec cible de codimension un et applications[END_REF][START_REF] Launay | The generic local structure of time-optimal synthesis with a target of codimension one in dimension greater than two[END_REF] in the frame of geometric optimal control [START_REF] Agrachev | Control theory from the geometric viewpoint[END_REF][START_REF] Bonnard | The role of singular trajectories in control theory[END_REF], aiming to optimize the production of batch chemical reactors and recently pursued in [START_REF] Bonnard | Towards Geometric Time Minimal Control without Legendre Condition and with Multiple Singular Extremals for Chemical Networks[END_REF].

Moreover in practice our objective is to compute an approximation of the time minimal synthesis that is to reach the terminal manifold for every initial condition determining the closed loop optimal control: x → u * (x). Regularity conditions have to be satisfied in order to define the solutions and they are related to the regularity properties of the time minimal value function.

The article is organized as follows. In section 2 the controlled Lotka-Volterra model is introduced and the optimal control problem presented in the frame of permanent controls.

The Maximum Principle leads to the classification of the geodesics in the context of geometric optimal control and singularity theory using the seminal earliest contributions of [START_REF] Kupka | Geometric theory of extremals in optimal control problems. I. The fold and Maxwell case[END_REF][START_REF] Kupka | The ubiquity of Fuller's phenomenon[END_REF][START_REF] Ekeland | Discontinuités de champs hamiltoniens et existence de solutions optimales en calcul des variations[END_REF].

The section 3 is based on the series of articles [START_REF] Bonnard | Classification générique de synthèses temps minimales avec cible de codimension un et applications[END_REF][START_REF] Launay | The generic local structure of time-optimal synthesis with a target of codimension one in dimension greater than two[END_REF][START_REF] Bonnard | Towards Geometric Time Minimal Control without Legendre Condition and with Multiple Singular Extremals for Chemical Networks[END_REF], dealing with a terminal manifold of codimension one. They are rather technical and our contribution being to introduce two main concepts. The first one is the notion of Whitney chart to determine in an appropriated coordinates system the time minimal synthesis in a neighborhood of the terminal manifold using the construction of semi-normal forms to estimate the switching and cut loci up to all cases of codimension two for the C ∞ -Whitney topology. Secondly the concept of unfolding from singularity theory is introduced in our control frame to reduce the classification to 2d and 3d cases and using their description (dictionary) of the aforementioned references. The final section is devoted to the analysis and the classification of singular arcs in the 2d and 3d cases to deduce the time minimal syntheses. In this program the computation can be automatized in the 2d case using two classical invariants: the collinear set and the singular locus. In dimension 3 the problem is intricate due to the complexity of the singular dynamics. But a program of computations in the general case can be outlined based on gluing Whitney charts as an alternative of programs as for example in [START_REF] Ancona | Nearly time optimal stabilizing patchy feedbacks[END_REF] to derive patchy feedbacks to approximate the time minimal function, our construction differing by the dominant use of the feedback singular control. memoir and a parallel can be made with the 2d-reduced model of the gut microbiote that we are analyzing in this paper.

Model of

We conserve the same notation than in the memoir. In the oscillatory situation the preypredator population N = (N 1 , N 2 ) satisfies the dynamics:

(2.1)

dN 1 dt = N 1 (ε 1 -γ 1 N 2 ), dN 2 dt = -N 2 (ε 2 -γ 2 N 1 )
where (ε 1 , ε 2 , γ 1 , γ 2 ) > 0, which can be written in a general form as

(2.2) dN 1 dt = N 1 (λ 1 + µ 1 N 2 ) dN 2 dt = N 2 (λ 2 + µ 2 N 1 )
for real parameters λ i , µ i , i = 1, 2.

This leads to the equation

(2.3) µ 2 dN 1 dt + λ 2 1 N 1 dN 1 dt -µ 1 dN 2 dt -λ 1 1 N 2 dN 2 dt = 0
and integrating one gets

µ 2 N 1 + λ 2 lnN 1 -(µ 1 N 2 + λ 1 lnN 2 ) = constant.
Hence

N λ 2 1 e µ 2 N 1 = CN λ 1 2 e µ 1 N 2 ,
where C is a constant depending upon the initial conditions (N 1 (0), N 2 (0)).

Volterra describes the solution using the auxiliary curves

(2.4) Y = N -ε 2 1 e γ 2 N 1 , X = N ε 1 1 e -γ 1 N 2
so that the solution can be locally either represented as a graph Y = CX or X = CY .

One denotes

Ω := (K 1 , K 2 ) = ε 2 γ 2 , , ε 1 γ 1 the interior equilibrium.
Exact formulae give the time evolution of the population t → N i (t). But from physical point of view, what matters is the averaged population ⟨N i ⟩ and a simple computation gives the following.

Theorem 2.1. The averaged populations are given by:

⟨N i ⟩ := 1 T ⊺ 0 N i (t)dt = K i , i = 1, 2,
which are not depending upon the initial conditions but only from the equilibrium Ω.
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Equilatera ellipse Equilatera hyperbola

n 1 := N 1 K 1 , n 2 := N 2 K 2
and we get

(2.5) dn 1 dt = ε 1 n 1 (1 -n 2 ), dn 2 dt = -ε 2 n 2 (1 -n 1 )
and the linearized system at Ω takes the form (2.6)

δn 1 dt = -ε 1 δn 2 , δn 2 dt = ε 2 δn 1 .
The geometric construction of the dynamics in the memoir is based on the auxiliary curves

(2.4) to compute Y = CX.
This opens the path to treat in the same frame the case where ε 1 ε 2 < 0 so that Ω is a saddle point to get the form XY = C. Volterra gives a geometric representation of the two cases in a single figure, see Fig. 1.

Let us analyze in the oscillatory case the role of the fishing activity, introducing control in the model. The system takes the form:

(2.7) dN 1 dt = (ε 1 -αλ -γ 1 N 2 )N 1 , dN 2 dt = -(ε 2 + βλ -γ 2 N 1 )N 2 ,
where α, β ≥ 0 are the modes of destruction and λ ≥ 0 is the intensity.

Assuming ε 1 -αλ > 0 so that the population is still oscillating, the averaged values of

N 1 , N 2 become ε 2 + βλ γ 2 , ε 1 -αλ γ 1 versus ε 2 γ 2 , ε 1 γ 1
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= (diagx) [(r + Ax) + u ϵ] ,
where A is the interaction matrix, ϵ is the sensitivity vector and the control u is the intensity.

Hence, in this frame the role of the constant control u = 1 is to shift the interior equilibrium and the spectrum of the linearized dynamics.

The previous discussion clarifies the construction by Jones et al. of a 2d-Lotka-Volterra model to describe a complex microbiote with an interior saddle point and the interaction between the C. difficile population x 1 and the healthy microbiote population aggregated into a single population x 2 . Noting again Ω = (K 1 , K 2 ) the interior saddle equilibrium and normalizing:

x 1 → x 1 K 1 , x 2 → x 2 K 2 ,
this leads to a system with four equilibria: Ω, the origin and two non interior equilibria O 1 , O 2 associated respectively to the reduced dynamics with x 1 or

x 2 equal zero. This can be interpreted as gluing together two prey-predators models (see Fig.

2).

The model simulates the following medical protocol:

day 0 -→ day k -→ day k ′ > k, (healthy mouse (C. difficile infection) (fecal transplantation) & antibiotic),
where the control actions are the choice of the day of the transplantation and the composition of the fecal injection.

The final state posterior to the fecal injection is either the healthy state O 1 or the infected state O 2 .

A separatrix Σ is constructed in the 2d-model indicating the success or the failure of the transplantation therapy. This yields decision algorithms based on the computations of the parameters of the reduced models using the observations. The infection has to be compensated by the fecal transplantation. The mathematical limit of the model being that each species This manuscript is for review purposes only.

population shall satisfies M ≥ x i ≥ ε, in particular if the x 2 population becomes too small the model is not valid. Also from medical point of view a probiotic injection versus antibiotic injection increases the healthy population aiming to struggle against infection.

2.2. Controlled Lotka-Volterra model and optimal control. Next we introduce the definitions and concepts in a general frame. Definition 2.2. Let x = (x 1 , . . . , x n ) ⊺ ∈ R n + be the state of interacting species, x 1 being the infected agent , x ′ = (x 2 , . . . , x n ) ⊺ being the state of healthy agents. The dynamics is described by

(2.9) dx dt = (diagx)(Ax + r)
the matrix A = (a ij ) being the matrix of coefficients of interaction and r = (r 1 , . . . , r n ) ⊺ is the vector of individual growth rate. We denote by M + = R n + the invariant domain x i > 0 and M ∼ the union of M + with its boundary. The dynamics is called regular if A is invertible.

The interior equilibrium is the point Ω = (K 1 , . . . , K n ) given by x = -A -1 r.

We note n = (n 1 , . . . , n n ) ⊺ the dimensionless coordinates so that Ω is identified to (1, . . . ,

1) ⊺ .
One can associate to (2.9) an hierarchy of dynamics replacing x → x ′ = (x 2 , . . . , x n ) ⊺ and this leads to up to 2 n equilibria for the dynamics in the physical space, which can be easily computed by recurrence.

The dynamics can be compactified using Poincaré compactification, identifying R n to the hyperplane (x, z = 1) in R n+1 to define the system:

dx dt = (diagx)(Ax + r), dz dt = 0,
where the right-member can be homogenized to define an homogeneous vector field which can be projected on the n-sphere S n .

Each equilibrium of the hierarchy of dynamics can be classified according to the L-(linear)

stability status associated to the linearized dynamics at equilibrium.

Our study is related to the interaction of k non interior equilibria interacting with the interior equilibrium and one can introduce a model reduction consisting in a polynomic dynamics of the form: dx dt = P (x).

Introducing the ln-coordinates x = e y so that the system takes the form:

(2.10) dy dt = (Ae y + r),

where y ∈ lnM + and the non interior equilibria are at the infinity.

We denote by X(x) the vector field defined by (1.1) where x can be taken as the normalized coordinates.

2.2.1. Antibiotic or probiotic agent. For a single antibiotic or probiotic agent the control system takes the form

(2.11) dx dt = X(x) + uY (x),
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with Y (x) = (diagx)(ε 1 , . . . , ε n ) ⊺ is the sensitivity vector and the control u(t) describes the dosing regimen. Note that u can be restricted to domain [0, 1] using normalizations.

This notation can be applied to the hierarchy of models so that this leads to an hierarchy of control problems which can be analyzed independently. For instance, prior to infection one can analyze the effect of probiotics agents where ε i > 0, while posterior to infection one can consider the effect of antibiotic treatment.

The set of admissible controls fits in the frame of permanent control, where u(•) is a measurable mapping on [0, t f ] valued in [0, 1]. Each measurable bounded mapping can be approximated by a sequence of piecewise constant mappings in the L ∞ -topology and accessibility can be studied restricting to this class. This is the point of view of geometric control which leads to introduce the polysystem:

D = {X + uY ; u constant in the interval [0, 1]}.
2.2.2. Fecal transplantation and bactericide. In the case of transplantation or bactericide the control system takes the form:

dx dt = X(x) + uY (x),
where Y = (v 1 , . . . , v n ) ⊺ is a constant vector field and u takes it values in the whole R + , where its action being to get Dirac pulse δ(t -t ′ ), defined as the limit of controls sequence:

u n = λn on [t ′ , t ′ + 1/n].
2.2.3. Optimal control problem in the permanent case vs the sampled-data frame.

Resuming the previous discussion, one can write the general control system in the form:

dx dt (t) = X(x(t)) + ant.,pro. u i (t)Y i (x(t)) + transp.,bac. u ′ i (t)Y ′ (x(t)),
where the two sums are related respectively to probiotic, antibiotic agents and transplantations and bactericides. Moreover discontinuity in the state

x = (x 1 , . . . , x n ) ⊺ → x ′ = (x ′ 1 , x 2 , ..., x n ) ⊺
can be understood as the jump action x → x ′ . Hence this leads in the general case to a mixture of permanent and sampled-data control systems. The first action is related to permanent control, but due to logistic medical constraints it can fit in the sampled-data frame, e.g. a finite number of medical interventions at some predefined times:

0 < t 1 < • • • < t k < t f to
modify the treatment. The second action fits in the sampled-data frame, since in particular it corresponds to invasive therapies.

In this article we concentrate to the permanent case associated to a single antibiotic or probiotic agent.

OCP in the permanent case. The problem is either to reduce the x 1 -infection or to increase the production or ratio of healthy agents, prior to infection. This leads to consider in a dual formulation problems of the form:

• Reach in minimum time t f a given terminal manifold N of codimension one for the control system written as: dx dt = X(x) + uY (x), Y being associated to a specific treatment.

In this formulation candidates as minimizers are selected using the Maximum Principle stated in the introduction.
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2.3. Singular trajectories and time optimal control. In this section, we make a brief recap of the properties of singular trajectories, crucial in our analysis, for full details see [START_REF] Bonnard | The role of singular trajectories in control theory[END_REF].

Definition 2.3. Let (X, Y ) the pairs of C ω (real analytic) vector fields on M associated to

control system: dx dt = X(x) + uY (x). The feedback group G f is the set of triples (φ, α, β),
where φ is a local diffeomorphism and u = α(x) + β(x)v, β ̸ = 0 is a feedback, the group structure being induced by the actions:

• local diffeomorphism φ : (X, Y ) → (φ * X, φ * Y ), where φ * Z = dφ(Z • φ -1
) denotes the image of a vector field Z.

• feedback: u = α(x) + β(x)v: (X, Y ) → (X + Y α, Y β).
The control system can be lifted on the cotangent bundle T * M with symplectic structure defined by dω, where ω = pdx is the Liouville form. The Hamiltonians

H X (z) = p • X(x), H Y (z) = p • Y (x)
, where z = (x, p) are the symplectic coordinates, are the Hamiltonian lifts of X, Y . The system lift takes the form:

dz dt = H X (z) + uH Y (z), and H X (z) + uH Y (z) is
the pseudo or non maximized Hamiltonian. One can lift every local diffeomorphism φ into a Mathieu symplectomorphism φ defined by: x = φ(y), p = q ∂φ ∂y -1

, where p, q are row vectors. This induces an action of G f on the pairs (H X , H Y ). 

H Z 1 (z) = p • Z 1 (x), H Z 2 (z) = p • Z 2 (x), by {H Z 1 , H Z 2 }(z) = p • [Z 1 , Z 2 ](x).
Hence we deduce:

(2.12)

H Y (z(t)) = {H Y , H X }(z(t)) = 0, {{H Y , H X }, H X }(z(t)) + u(t){{H Y , H X }, H Y }(z(t)) = 0.
We introduce the following.

Definition 2.4. The Generalized Legendre-Clebsch condition (GLC) along a singular extremal (z(•), u(•)) on (0, t f ] is given by: ∂ ∂u

d 2 dt 2 ∂H ∂u (z(t)) = {{H Y , H X , }, H Y }(z(t)) ̸ = 0, for every t in [0, t f ]. The switching surface is Σ : H Y (z) = 0 and we denote Σ ′ the sub- set: H Y (z) = {H Y , H X }(z) = 0. Then outside the collinear set of Y (x) and [Y, X](x), if {{H Y , H X }, H Y } ̸ = 0, the restriction of the symplectic form dω to Σ ′ defines a symplectic manifold (M ′ , ω |M ′ ).
This gives the following.

Proposition 2.5. Assume that the GLC-condition holds along (z(t), u(t)) then the extremal is called of minimal order. We have:
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1. The singular control u s (.) is the dynamic feedback:

u s (z) = -{{H Y ,H X },H X }(z) {{H Y ,H X },H Y }(z) .
2. Introduce the true Hamiltonian H s (z) := H X (z) + u s (z) H Y (z), the singular extremals of minimal order are the solutions of H s (z) contained in the set Σ ′ .

They are the solutions of H s (z) restricted to the symplectic manifold M ′ .

Higher-order singular extremals can be determined at any order using the following algo-

rithm. If {{H Y , H X }, H Y }(z(t)) = 0 and {{H Y , H X }, H X }(z(t)) = 0
then,deriving both relations one gets:

{{{H Y , H X }, H Y }, H X }(z(t)) + u(t) {{{H Y , H X }, H Y }, H Y }(z(t)) = 0, {{{H Y , H X }, H X }, H X }(z(t)) + u(t) {{{H Y , H X }, H X }, H Y }(z(t)) = 0.
If the control cannot be derived from the previous equations, we repeat the derivation procedure.

Singular extremals as feedback invariants.

Definition 2.6. Let E, F be two vector spaces and G a group acting linearly on E, F . An

homomorphism χ: G → R ∖ {0} is called a character. Let χ be a character, a semi-invariant of weight χ is a map λ : E → R such that for all x ∈ E, g ∈ G, λ(g • x) = χ(g)λ(x). It is called an invariant if χ = 1. A map λ : E → F is a semi-covariant of weight χ if for all x ∈ E, g ∈ G, λ(g • x) = χ(g)g • λ(x). It is called a covariant if χ = 1.
The following theorem is unveiled in [4, Theorem 13, p.103] Theorem 2.7. Denote by λ s the map which associates to the pair (X, Y ) the Hamiltonian vector field H s restricted to Σ ′ . Then it is a covariant for the respective actions of the feedback group. In particular singular extremals are feedback invariants. [START_REF] Krener | The high order maximal principle and its application to singular extremals[END_REF].

High order Maximum Principle

Proposition 2.8. Assume p is oriented using the convention of the Maximum Principle along the singular extremal z(•): H X (z(t)) ≥ 0. Then a necessary time optimality condition on ]0, t f ] is given by ∂ ∂u

d 2 dt 2 ∂H ∂u (z(t)) = {{H Y , H X }, H Y }(z(t)) ≥ 0. Definition 2.9. The singular extremal z(t) = (x(t), p(t)), t ∈ [0, t f ] is called strict if p is unique up to a scalar.
Corollary 2.10. Assume the strict case. Then the singular trajectories projections of singular extremals of minimal order are stratified according to the following:

• Hyperbolic case: H X • {{H Y , H X }, H Y }(z) > 0, • Elliptic case: H X • {{H Y , H X }, H Y }(z) < 0,
• Abnormal or exceptional case: H X (z) = 0.

Applications.
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(2.13)

D(x) = det(Y (x), [Y, X](x), [[Y, X], Y ](x)), D ′ (x) = det(Y (x), [Y, X](x), [[Y, X], X](x)), D ′′ (x) = det(Y (x), [Y, X](x), X(x)),
and using the relations

(2.14) H Y (z) = {H Y , H X }(z) = 0, {{H Y , H X }, H X }(z) + u s {{H Y , H X }, H Y }(z) = 0,
we can eliminate p and the singular control is given by the feedback:

u s (x) = - D ′ (x) D(x) .
Lemma 2.11. The action of the feedback group implies the following changes on D, D ′ and D ′′ :

D ϕ * X,ϕ * Y (x) = det ∂ϕ ∂x D X,Y (ϕ -1 (x)), D X+αY,βY (x) = β 4 D X,Y (x), D ′ ϕ * X,ϕ * Y (x) = det ∂ϕ ∂x D ′ X,Y (ϕ -1 (x)), D ′ X+αY,βY (x) = β 3 D ′ X,Y (x) + αD X,Y (x) , D ′′ ϕ * X,ϕ * Y (x) = det ∂ϕ ∂x D ′′ X,Y (ϕ -1 (x)), D ′′ X+αY,βY (x) = β 2 D ′′ X,Y (x).
In particular the surfaces D = 0 and D ′′ = 0 are feedback invariant.

Defining the vector field:

(2.15)

X s (x) := X(x) + u s (x)Y (x),
we have: Proposition 2.12. Singular trajectories of minimal order stratified the dynamics into:

• Hyperbolic arcs in DD ′′ > 0,

• Elliptic arcs in DD ′′ < 0,

• Exceptional or abnormal arcs in D ′′ = 0.
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From Lemma 2.11, we obtain the following proposition.

Proposition 2.13. For the action of the feedback group G f = {(φ, α, β)} reducing to φchanges of coordinates on vector fields X s , the map λ s : (X, Y ) → X s is a covariant. Hence this allows to generate feedback invariants using the dynamics (2.15).

Equilibria of this dynamics split into two types:

• If D ̸ = 0, they are given by the solutions of X s (x) = 0.

• If D = 0, one can reparameterize the dynamics to get the vector field D(x)X(x) -D ′ (x)Y (x) and additional (non isolated) singular points are located on D(x) = D ′ (x) = 0.

Exceptional trajectories are contained in the invariant set D ′′ (x) = 0 for the dynamics. where extreme control values lead to introduce the vector fields

X(x) -Y (x) (no medical treatment) or X(x) + Y (x)
, that is the maximal dosing regimen.

Definition 3.1. The extremals are concatenation of regular extremals for which almost everywhere

u(t) = signH Y (z(t))
and singular extremals if

H Y (z(t)) = 0 holds identically.
An extremal is called exceptional if the maximized Hamiltonian is such that M (z) = 0.

A BC-extremal is an extremal satisfying the transversality condition. A switching time is an instant such that the extremal control is discontinuous. A bang-bang extremal is a regular extremal with a finite number of switches.

Since the control domain is U = [-1, +1], a singular extremal is called strictly feasible (admissible) if |u s | < 1 and saturating at time t if |u s (t)| = 1. A regular or singular extremal is called strict if p is unique up to a scalar. In the strict case singular extremals can be classified into hyperbolic, elliptic and exceptional extremals. We denote by σ + , σ -bang arcs associated respectively to u = +1 or u = -1, σ s is a singular arc associated to u s . We denote by σ 1 σ 2 an arc σ 1 followed by σ 2 .

Definition 3.2. Taking an open set V of M , the problem is called geodesically complete on V if for each x 0 , x 1 ∈ V there exists a time minimizing geodesic in V joining x 0 to x 1 . Fixing the target to N (=N ∩ V ), a time minimal synthesis is a discontinuous feedback x → u * (x) so that the solutions of dx dt = X(x) + u * (x)Y (x) are well defined and u * (x) is the optimal feedback solution to steer x to the target in minimum time.
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Small time classification of regular extremals.

In this section we recall some basic properties of regular extremals, see [START_REF] Kupka | Geometric theory of extremals in optimal control problems. I. The fold and Maxwell case[END_REF] but also [START_REF] Kupka | The ubiquity of Fuller's phenomenon[END_REF] for the analysis of the Fuller phenomenon as a recommended reading.

The surface Σ : H Y (z) = 0 is called the switching surface and we denote by Σ ′ the set

H Y (z) = {H Y , H X }(z) = 0. Let z(•) = (x(•), p(•)
) be a reference extremal on [0, t f ]. We note Φ(t) := H Y (z(t)) the switching function coding the switching times.

Deriving twice Φ with respect to time, one gets: Lemma 3.4. Assume t be an ordinary switching time, then near z(t) every extremal projects onto:

dΦ dt (t) = {H Y , H X }(z(t)), d 2 Φ dt 2 (t) = {{H Y , H X }, H X }(z(t)) + u(t){{H Y , H X }, H Y }(z(t)). ( 3 
• σ + σ -if dΦ dt (t) > 0, • σ -σ + if dΦ dt (t) < 0. Definition 3.5. Let z(•) be a bang extremal on [0, t f ] with u = ε ∈ {-1, +1}. We note by d 2 Φε dt 2 the expression (3.1) in which u ≡ ε. The point z(t) is called a fold point if Φ(t) = dΦ dt (t) = 0 and d 2 Φε dt 2 (t) ̸ = 0.
Assume that Σ ′ is a regular surface of codimension two. We have three cases:

• Parabolic case: d 2 Φ + dt 2 (t) d 2 Φ - dt 2 (t) > 0,
• Hyperbolic case:

d 2 Φ + dt 2 (t) > 0 and d 2 Φ - dt 2 (t) < 0,
• Elliptic case:

d 2 Φ + dt 2 (t) < 0 and d 2 Φ - dt 2 (t) > 0.
This leads to:

Proposition 3.6. In the neighborhood of a fold point every extremal projects onto:

• In the parabolic case: σ + σ -σ + or σ -σ + σ -.

• In the hyperbolic case σ ± σ s σ ± .

• In the elliptic case, every extremal is bang-bang but the number of switches is not uniformly bounded. This is illustrated in Fig. 3.

Note that in the elliptic case, there is a foliation by a cylinder of the regular extremal dynamics and the number of switches is related to the distance to Σ ′ versus the Fuller phenomenon, where the sequence of regular arcs is not bang-bang and converges to Σ ′ .

Application to the 3d-case. Consider the case where Y , [Y, X] and X form a frame i.e.

D ′′ = det(Y, [Y, X], X)
is not vanishing. The problem is strict for singular extremals since Y and [Y, X] are independent. Hyperbolic trajectories are small time minimizing trajectories, while elliptic trajectories
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Parabolic case Elliptic case

Hyperbolic case are small time maximizing, this up to the first conjugate time t 1c computed in [START_REF] Bonnard | Théorie des singularités de l'application entrée/sortie et optimalité des trajectoires singulières dans le problème du temps minimal[END_REF] if they are strictly admissible (even in the limit case with no constraints on the control). In the parabolic case, they can be absent or not feasible. Consider the separating case where the singular arc is exceptional (abnormal) and assume that it is strictly admissible (for instance relaxing the control bound to the whole R). In this case using again [START_REF] Bonnard | Théorie des singularités de l'application entrée/sortie et optimalité des trajectoires singulières dans le problème du temps minimal[END_REF] an exceptional arc σ s is time minimizing and time maximizing, up to the first conjugate time t 1c . Such a point is absent in the 3d-case. Such an arc can be lifted into two extremals (±p, σ s ) and it corresponds either to an hyperbolic or elliptic situation in Σ ′ . One contribution of [START_REF] Launay | The generic local structure of time-optimal synthesis with a target of codimension one in dimension greater than two[END_REF] is to analyze the time minimal syntheses near the terminal manifold in this situation.

General concepts of regular synthesis with a terminal manifold of codimension

one. Take a triple (X, Y, N ) and let x 0 ∈ N which can be identified to 0 while N is the plane x 1 = 0. Let U be a neighborhood of 0, which divides the space into neighborhoods V and W contained respectively in x 1 < 0 and x 1 > 0 so that U = V ∪ W . The problem is to compute the time minimal regular synthesis to steer each point of U to the terminal manifold.

N can be taken locally as f -1 (0) where f is a submersion from U into a neighborhood of 0 in R. The set of triples (X, Y, f ) is endowed with the C ∞ -Whitney topology and we denote by j k X (resp. j k Y, j k f ) the k-jet of X (resp. Y, f ) obtained by taking the Taylor expansion at x 0 = 0 up to order k. We say that the triple (X, Y, f ) has at 0 a singularity of codimension i if (j k X, j k Y, j k f ) belongs to a semi-algebraic set of codimension i in the jet space.

Our aim is to make a short presentation of the results of [START_REF] Bonnard | Classification générique de synthèses temps minimales avec cible de codimension un et applications[END_REF][START_REF] Launay | The generic local structure of time-optimal synthesis with a target of codimension one in dimension greater than two[END_REF][START_REF] Bonnard | Towards Geometric Time Minimal Control without Legendre Condition and with Multiple Singular Extremals for Chemical Networks[END_REF] to classify local syntheses up to an homeomorphim preserving the target N for all cases of codimension ≤ 2, by considering two cases occurring in the application that we introduce next.

Definition 3.7. When Y is everywhere tangent to the target N , the control u is indirect and this case is called the flat case. In the non flat case, the action of the control is direct and the This manuscript is for review purposes only.

set of points where Y is tangent to N is of codimension ≥ 1.

Stratified synthesis.

Our aim is to describe the local time minimal synthesis in a neighborhood of N by estimating at any order the different strata. Actually, the optimal control feedback u * (x) is not always defined on the whole subset V of U in the domain x 1 < 0 , since for some x ∈ V the target N is not accessible.

In fact we can reduce our study to two cases:

• The case when the convex cone C generated by {X ± Y } is strict and the set of admissible directions points towards the space x 1 > 0.

• The exceptional case where the set of admissible directions are tangent to the terminal manifold.

This leads to introduce the exceptional locus in the construction of the stratification of N .

Definition 3.8. Let n be the normal to N oriented toward x 1 > 0. The exceptional locus

(restricted to N ) E is the set of points of N such that: n(x) • Y (x) = n(x) • X(x) = 0.
The second part of the stratification amounts to introduce the singular locus.

Definition 3.9. The singular locus (restricted to N ) S is the set of points of N such that:

n(x) • Y (x) = n(x) • [Y, X](x) = 0.
Definition 3.10. A stratified synthesis amounts to find a partition of V (or a partition of U in the exceptional case) into V + (resp. U + ) where u * (x) = +1 and V -(resp. U -) where u * (x) = -1 and a stratified surface separating V + and V -(resp. U + , U -) with three kind of strata:

• Switching locus. It is the closure of the set or ordinary switching points and forming the set W ♯ , ♯ ∈ {-1, +1}, where W + is associated to σ + σ -and W -to σ -σ + .

• Cut locus. Let σ : [t f , 0] → M be a minimizing curve, integrating backwards from N so that σ(0) ∈ N, t f < 0. The cut-locus is the closure of the set of points where optimality is lost. It is denoted C and contains the splitting locus L where the optimal feedback is not unique.

• Switching singular locus. It is foliated by optimal singular arcs and is denoted Γ s .

Recall that if u s ∈] -1, +1[ the singular arc is strictly feasible but it can be saturated

if u * s (x) ∈ {-1, +1}.
To estimate the different strata we use semi-normal forms restricting the action of the feedback group to local diffeomorphisms φ preserving 0 and feedbacks u → -u so that σ + and σ -can be inverted in the classification.

We can choose local coordinates to normalize a reference trajectory to t → (t, 0, . . . , 0), the terminal manifold N and the controlled vector field Y to compute the optimal synthesis in a neighborhood of N . More precisely, we introduce the following important concept.

Definition 3.11. Let x 0 ∈ N which can be identified to 0. A Whitney chart is a pair (U, φ)

where U is a neighborhood of x 0 and φ a system of coordinates (x, y, y 1 , . . . , y n-3 , z) such that:

1. Y = ∂ ∂z , 2.
N is the surface of codimension one parameterized by (ks 2 + s 2 O(|w 1 , w 2 , . . . , w n-3 , w, s|), w, w 1 , . . . , w n-3 , s),

3.

The time minimal synthesis in U is C 0 described with foliations by 2d or 3d syntheses This manuscript is for review purposes only.

with triples (X ♭ (x), Y ♭ (x), N ♭ (x)), x ∈ R 2 or R 3 where the 3d-cases occur only in the exceptional case if n ≥ 3.

Moreover in U , one can construct the stratified optimal synthesis, where each strata can be estimated at any order. Definition 3.12. In the previous construction the restriction from n to n -1 decomposing

x = (x ′ , λ), N = ∪ λ N ′ (λ)
, where λ ∈ R, is a parameter is called a one dimensional unfolding.

The previous definitions will be clarified in the examples we present next. • Ordinary switching locus K: One can restrict for simplicity the analysis to the 2d non flat case. Let x 0 ∈ N such that n • Y (x 0 ) = 0 and both n • X(x 0 ) and n • [Y, X](x 0 ) non zero. This leads to compute a switching locus K terminating at x 0 . Such a switching locus is part of W if the corresponding bang-bang extremal crosses the switching locus versus reflects on the switching locus. This leads to estimate the slope of K.

• Singular locus Γ s : Consider again the non flat case. Let x 0 such that (n

(x 0 ), x 0 )) is a fold point hence n • Y (x 0 ) = n • [Y, X](x 0 ) = 0. Moreover assume that n • X(x 0 ) ̸ = 0
(non exceptional case) and that the singular arc σ s terminating at x 0 is strictly admissible, such an arc being small time minimizing for the problem with fixed extremities (assuming the condition n • [[Y, X], Y ](x 0 ) ̸ = 0). One can choose coordinates (x, y) such that Y = ∂ ∂y and N is given by ( 1 2 ks 2 , s), while X can be normalized to 1 -y 2 X 1 (x, y) ∂ ∂x + (u -u s (x) + yX 2 (x, y)) ∂ ∂y , where σ s is identified to t → (t, 0) and u s is the singular control. Note that such normalizations were introduced in [START_REF] Bonnard | Théorie des singularités de l'application entrée/sortie et optimalité des trajectoires singulières dans le problème du temps minimal[END_REF] in a more general context.

In order to decide about optimality one can compare by direct computations in the normalized coordinates the curvature of the boundary of the accessibility set along the singular arc with the curvature of N given by k. This leads to the cases described in Fig. 4. In the first case, there exists a cut locus C with slope -u s (0).

The 3d-case with an hyperbolic point terminating at x 0 = 0 can be obtained by constructing a semi-normal form in coordinates (x, y, z) by unfolding the case k > 0 and this leads to Fig. 5.

The central picture corresponds to Fig. 4 with k > 0. Left we have represented a Whitney neighborhood containing the optimal switching locus W + intersecting the hyperbolic singular locus. They can be easily computed using the stratification of N ⊥ into sectors with ordinary switching points and fold points while the singular arc terminating at 0 corresponds to an hyperbolic fold point.

This gives the procedure to compute the optimal syntheses using [START_REF] Bonnard | Classification générique de synthèses temps minimales avec cible de codimension un et applications[END_REF] in the non exceptional case as unfolding of 2d-cases. The procedure fails in the exceptional case for n ≥ 3, where the following example from [START_REF] Launay | The generic local structure of time-optimal synthesis with a target of codimension one in dimension greater than two[END_REF] shows why it cannot be reduced to 2d-foliations.
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k < 0 k > 0 flat case

3.3.

3. An exceptional 3d-case not 2d-reducible. One take a flat case so that N can be identified to (0, w, s) in (x, y, z) coordinates and Y = ∂ ∂z . In the construction the main point is to take a bang arc σ -, which is optimal in the domain x ≥ 0 with a contact of order 3 at 0 with the surface N . Hence this gives birth in the domain x > 0 to arcs σ -intersecting three times the target N , thanks to contact analysis.

Such a situation occurs for instance for the model which in fine is a C 0 -normal form describing the situation:

dx dt = z, dy dt = b, dz dt = 1 + u + y,
the target N given by (w, s) → (0, w, s).

One considers the situation with b > 0, where each point of the neighborhood U can be steered to the target.

In the domain x < 0, every time optimal trajectory is of the form σ + and the contact of σ + at 0 with N is of order 2.

Optimal arcs σ -(t) included in x ≥ 0 are satisfying:

(3.2) x -(t) = t(s + wt/2 + bt 2 /6 + . . . ),
This manuscript is for review purposes only. where the weight of s is one and the weight of w is two, neglected having weights greater than 3.

The curve Ξ is the set of points (0, w, s) of N such that:

x -(t) t = d dt x -(t) t
have a common zero and is given using (3.2) by: w 2 ∼ 8bs 3 .

The optimal synthesis is represented on Fig. 6. Optimal arcs σ -in the domain x ≥ 0 are cutting twice N in the subsets of the target denoted 2 and 2 ′ and have two subarcs which are optimal in x > 0, but the subarc in x < 0 is not optimal.

4. Computations and preliminary results on the Controlled Lotka-Volterra model. The aim of this section is to present the geometric study of the controlled Lotka-Volterra model:

dx dt (t) = X(x(t)) + u(t)Y (x(t)),
with X(x) = (diagx)(Ax + r) and Y (x) = (diagx)ϵ, where x = (x 1 , . . . , x n ) ⊺ is the population species, x 1 represents the infected species and ϵ = (ε 1 , . . . , ε n ) ⊺ .

The system can be written in ln-coordinates: y = lnx and it takes the form: This set is a one dimensional algebraic variety and is the projection of the set:

(4.2) {(x e , u e ) ∈ R n × R; ∃u e , X(x e ) + u e Y (x e ) = 0}.
At such a point introduce the Jacobian matrix:

J(x e , u e ) = ∂ ∂x |(xe,ue) (X(x) + u e Y (x)).
The following dimensionless coordinates are useful in the computations.
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The system can be written:

(4.3) dx i dt = x i r i -x i n j=1 a ij x j + u x i ε i
and denotes by x * the free equilibrium given by:

r i - n j=1 a ij x * j = 0, i = 1, . . . , n.
One sets

v i = x i
x * i so that the dynamics takes the form:

dv i dt = v i r i -v i n j=1 a ij x * j v j + u v i ε i ,
and denoting a * ij = a ij x * j , one has r i = n j=1 a * ij since the interior equilibrium is normalized

to Ω = (1, . . . , 1).

If we set:

x i = v i -1
, the dynamics is given by:

dx i dt = (x i + 1) n j=1 a * ij -(x i + 1) n j=1 a * ij (x j + 1) + u (x i + 1)ε i .
Hence we have: Proposition 4.1. In the dimensionless coordinates the controlled Lotka-Volterra model is given:

dx i dt = -(x i + 1) n j=1 a ij x j + u (x i + 1)ε i ,
so that Ω is identified to 0 and the Jacobian matrix at 0 is -A. Collinear set and classification of equilibria. The collinear set is one of the main feedback invariant related to the computations of free equilibria with no treatment u = 0 and forced equilibria with maximal dosing u = 1.

The collinear set is given by the determinantal variety: det(X(x), Y (x)) = 0:

(x 1 + 1) (x 2 + 1) (x 1 κ 2 -x 2 κ 1 ) = 0,
where

κ 1 = ε 1 a 22 -ε 2 a 12 and κ 2 = ε 2 a 11 -ε 1 a 21 .
Alternatively, it can be viewed as the one dimensional algebraic variety projection of the set

{(x, u e ) ∈ R 2 × R, ∃u e such that X(x) + u e Y (x) = 0}.
This manuscript is for review purposes only.

The condition u e ∈ [0, 1] selects a segment of persistent equilibria located on the line:

C := x 2 = u e (x 1 ) κ 2 det A , u e (x 1 ) = x 1 det A κ 1 ∈ [0, 1] .
In particular, introduce x e = (x 1e , x 2e ) ∈ C, the origin x e = 0 is associated to the control u e = 0 while x e = (κ 1 / det A, κ 2 / det A) is associated to the control u e = 1.

For u e ∈ [0, 1], define the Jacobian matrix

J(x e , u e ) = ∂ ∂x (X(x) + u e Y (x)) |x=xe ,
we have:

Lemma 4.2.
Let x e ∈ C associated to the control u e , the spectrum of J is:

spec(J(x e , u e )) = k(x e ) ± k(x e ) 2 + k ′ (x e ) /2 ,
where

k(x) = -x 1 a 22 κ 2 /κ 1 -a 22 -a 11 (x 1 + 1) and k ′ (x) = -4 det A (x 1 + 1) (1 + x 1 κ 2 /κ 1 ).

Computation of the collinearity locus and properties. Construction of a normal

form in ln-coordinates.

Computations about C in the n-dimensional case. We have the following algorithm, taking the system represented in the x-coordinates.

• Step 1. The collinear set is the projection of the algebraic curve defined by: There exists u e constant such that X(x e ) = -u e Y (x e ). This gives n-equations depending upon (n + 1) variables (x e , u e ).

• Step 2. Take such a pair (x e , u e ) so that x e is a forced equilibrium for u = u e and they form a set with extreme points associated to u e = 0 and u e = 1, when restricting to

u e ∈ [0, 1].
The linear dynamics at the point x e is characterized by the Jacobian matrix:

J(x e , u e ) = ∂ ∂x |(xe,ue) (X(x) + u e Y (x))
the spectrum being σ(J) = (λ 1 , . . . , λ n ) with associated generalized eigenspaces

E λ i , i = 1, . . . , n.
The linear stability is determined by this spectrum, thanks to Lyapunov linear stability theory.

• Step 3. From control point of view we have three cases:

1. u e / ∈ [0, 1]: u e is not feasible, 2. u e ∈]0, 1[: u e is strictly feasible, 3. u e = ±1: u e being feasible but saturating.

One can discuss the linear controllability of the pair (J(x e , u e ), b) where b = Y (x e ).

• Kalman condition: rank b, Jb, . . . , J n-1 = n and the singular point x e is regular. If the control u e is strictly feasible local controllability holds [START_REF] Lee | Foundations of optimal control theory[END_REF].
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• If rank [b, Jb, . . . , J n-1 ] = n -k < n, then the singular point is a singular trajectory (reduced to a point) associated to u e and k is the codimension of the singularity.

From linear controllability theory, one can construct a normal form, at a given equilibrium pair (x e , u e ).

We take ln-coordinates so that X(x) takes the form X ♭ (y) = (Ae y + r) and the controlled vector field Y (x) becomes the constant vector field Y ♭ = ϵ.

Let (y e , u e ) be the selected forced equilibrium in the ln-coordinates and let z = y -y e , v = (u -u e ) so that the system takes the form:

dz dt = J(z) + R(z) + v ϵ,
where J is the Jacobian matrix at (y e , u e ).

One can find coordinates such that the linear dynamics decomposes into

dz 1 dt = J 11 z 1 + J 12 z 2 + vϵ dz 2 dt = J 21 z 2
where the restriction to the controllable space z 2 = 0 is given by the dynamics:

dz 1 dt = J 11 z 1 + v ϵ.
The pair (J 11 , ϵ) can be set in Brunovsky canonical form:

J 11 =     0 Id n-k-1 -a 1 -a 2 . . . -a n-k     , ϵ =      0 . . . 0 1     
, where the coefficients (a 1 , . . . , a n-k ) are the coefficients of the characteristic polynomial of

J 11 .
Finally this leads to the construction of a normal form:

dz dt = J(z) + R(z) + vϵ,
where the pair (J(x e ), u e ), ϵ) is in linear canonical form. Note in particular that the sensitivity vector ϵ is normalized to (0, . . . , 0, 1) ⊺ and R(z) is the non linear part of the dynamics, related to singular trajectories computations.

Singular extremals.

Lie brackets can be computed in the original coordinates but the computations are simpler in ln-coordinates, since the control vector field Y ♭ is constant.

This comes from the following.

Proposition 4.3.
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1. If X = (diagx)X 1 (x), Y = (diagx)Y 1 (x)
, where X 1 , Y 1 are polynomic then the iterated Lie brackets are in the same category of polynomic vector fields of the form (diagx)P (x).

2. Let φ be the diffeomorphism: x = e y . Denote by X ♭ , Y ♭ the images of X, Y by this diffeomorphism. Then by invariance of the Lie bracket:

[X ♭ , Y ♭ ](y) = dφ -1 [X, Y ](e y ).
4.3.1. Computations in the 2d-case. We start by computing the ln-coordinates:

• X ♭ = r 1 + j=1,2 a 1j e x j , r 2 + j=1,2 a 2j e x j ,

• Y ♭ = (ε 1 , ε 2 ) , • [X ♭ , Y ♭ ] = j=1,2 ε j a 1j e x j , j=1,2 ε j a 2j e x j .
Hence the singular locus: S : det([X, Y ](x), Y (x)) = 0 is given by: (4.4)

x 1 x 2 (ε 1 x 1 κ 2 -ε 2 x 2 κ 1 ) = 0
which is stratified into x 1 = x 2 = 0 and a permanent straight-line L :

ε 1 x 1 κ 2 = ε 2 x 2 κ 1 .
Moreover:

• [[X ♭ , Y ♭ ], Y ♭ ] = ( j=1,2 ε 2 j a 1j e x j , j=1,2 ε 2 j a 2j e x j ).
Outside the collinear set C, X, Y form a frame and writing:

[[Y, X], X](x) = α(x)X(x) + β(x)Y (x),
so that:

• Hyperbolic (feasible) subarcs are such that α(x) > 0,

• Elliptic subarcs are such that α(x) < 0.

• At the persistent point intersection of S and C, one gets an exceptional point.

4.3.2.

Computations in the 3d-case. The Lie brackets computations are as before, except that the index j goes from 1 to 3. So that

D = det(Y ♭ , [Y ♭ , X ♭ ], [[Y ♭ , X ♭ ], Y ♭ ])
is homogeneous and quadratic with respect to the variable e x i .

Moreover the exceptional locus is given by the relation:

D ′′ = det(Y ♭ , [Y, X] ♭ , X ♭ ) = 0,
this set being a quadratic non homogeneous variety with respect to the variables e x i .

Note that the computation of the Lie bracket: [[Y ♭ , X ♭ ], X ♭ ] is more complex and formal computations are necessary.

This fixes the limit of the computational complexity in the n-dimensional case.

4.4. Applications.

4.4.1. A 2d-working case. In this section, the general techniques from [START_REF] Bonnard | Classification générique de synthèses temps minimales avec cible de codimension un et applications[END_REF][START_REF] Launay | The generic local structure of time-optimal synthesis with a target of codimension one in dimension greater than two[END_REF] will be applied to analyze a 2d-case study which occurs in the Lotka-Volterra model, see also [START_REF] Boscain | Optimal syntheses for control systems on 2-D manifolds[END_REF] as a complementary study for the fixed end point problem.
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Lie brackets and feedback invariants. The first step is to compute the collinear set C defined by det(X(x), Y (x)) = 0, which takes the form in the original coordinates:

(4.5) x 1 x 2 (x 1 κ 2 -x 2 κ 1 + ε 2 r 1 -ε 1 r 2 ) = 0,
while the singular locus is S : x 1 x 2 (ε 1 x 1 κ 2 -ε 2 x 2 κ 1 ) = 0 from (4.4) and Lie brackets of length The geometric situation that we analyze in our working example is the exceptional case where we consider the intersection of the collinear locus with the singular locus, which corresponds from (4.5) and (4.4) to intersection of two straight-lines. It corresponds to a generic interaction between an hyperbolic arc and an elliptic arc.

3 are: [[Y, X] , Y ] (x) = -x 1 ε 2 1 x 1 a 11 -ε 2 2 x 2 a 12 ∂ ∂x 1 -x 2 ε 2 1 x 1 a 21 + ε 2 2 x 2 a 22 ∂ ∂x 2 , [[Y, X] , X] (x) = -x 1 ε 1 x 1 (
Constructing a semi-normal form. The second step is to construct a semi-normal form for the system. The construction is detailed in [START_REF] Bonnard | Classification générique de synthèses temps minimales avec cible de codimension un et applications[END_REF] but computation are simple in the 2d-case.

It consists to choose coordinates such that the intersection is taken as the origin (0, 0), Y is identified to the constant vector field Y = ∂ ∂x 2 (this amounts mainly to choose ln-coordinates) while the reference singular direction is identified to the straight line (0x 1 ).

Expanding X in the jet space at (0, 0), this leads to analyze the control system: Properties of the system. Computing Lie brackets in the new coordinates show relevant simplification with respect to the previous formulae:

X(x) = (-λx 1 + αx 2 2 ) ∂ ∂x 1 -u e ∂ ∂x 2 , Y (x) = ∂ ∂x 2 , [Y, X] (x) = -2αx 2 ∂ ∂x 1 , [[Y, X] , Y ] (x) = -2α ∂ ∂x 1 ,
and the singular line is given by

x 2 = 0.
Restricting to x 2 = 0, one has:

X |x 2 =0 = -λx 1 ∂ ∂x 1 , [[Y, X] , Y ] |x 2 =0 (x) = -2α ∂ ∂x 1 . Hence [[Y, X] , Y ] |x 2 =0 (x) = 2α λx 1 X |x 2 =0 (x) for x 1 ̸ = 0.
Therefore, we obtain the following lemmas.
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Lemma 4.4.

1. The origin (0, 0) is an abnormal singular arc reduced to a point and the arc x 1 > 0 is hyperbolic and the arc x 1 < 0 is elliptic.

2.

The singular control along the line x 2 = 0 is given by u = u e and is constant and strictly admissible since u e ∈] -1, +1[. Lemma 4.5. The collinear set C given by det(X, Y ) = 0 is the parabola

x 1 = αx 2 2 /λ.
Clock form. To analyze a 2d-time minimal problem with fixed extremities the standard technique is to introduce the clock form ω = pdx defined outside the collinear set by:

p • X(x) = 1, p • Y (x) = 0. Computing one has ω = 1 -λx 1 + αx 2 2 dx 1 so that dω = 2αx 2 (-λx 1 + αx 2 2 ) 2 dx 1 ∧ dx 2 .
One can decompose R 2 ∖ (C ∪ S) in four domains:

• domain A: ẋ1 < 0 ∩ x 2 > 0, • domain B: ẋ1 > 0 ∩ x 2 > 0, • domain C: ẋ1 < 0 ∩ x 2 < 0, • domain D: ẋ1 > 0 ∩ x 2 < 0.
On each domain one can compare the time along arcs γ 1 , γ 2 joining respectively x 0 to x 1

where γ 1 = σ + σ -, γ 2 = σ -σ + using Stokes theorem. One has:

Lemma 4.6. In domain A and D for such arcs the time minimal policy is σ -σ + while in domain B and C the optimal policy us σ + σ -.

Proof. Take the case of domain A, one has:

γ 1 ω - γ 2 ω = γ 1 ∨(-γ 2 )
dω > 0, hence the time along γ 1 is longer than the time along γ 2 . The discussion is similar for the other cases.

Integrating the extremal curves. The adjoint system takes the form with p = (p 1 , p 2 ):

ṗ1 = λp 1 , ṗ2 = -2αx 2 p 1 .
Denoting for u = ±1, β = u -u e , one gets:

Lemma 4.7. The extremal system is characterized by:

• x 2 (t) = x 2 (0) + βt, • x 1 (t) = e -λt x 1 (0) + t 0 e λs (x 2 (0) + βs) 2 ds • p 1 (t) = e λt p 1 (0), • p 2 (t) = -2αp 1 (0)
t 0 e λs (x 2 (0) + βs) ds and they belong to the polynomial exponential category.
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The integrals in the expressions of x 1 (t) and p 2 (t) can be evaluated using: 

t 0 se λs = te λt λ - 1 λ 2 e λt -
p2 (t) = -2αp 1 (λx 2 + u -u e )
where p 1 (t) is of constant sign given by the sign of p 1 (0).

Geometric discussion of the synthesis with a terminal manifold N of codimension one. Next we present the discussion of the time minimal synthesis with a terminal manifold N of codimension one by gluing cases discussed in [START_REF] Bonnard | Classification générique de synthèses temps minimales avec cible de codimension un et applications[END_REF].

One takes N as a circle with radius d centered at 0 where the synthesis amounts to glue the hyperbolic and elliptic situation. The circle intersects the hyperbolic arc σ s at x 1 = d and the elliptic arc σ s at x 1 = -d.

The BC-extremals curves can be parameterized by Lemma 4.7 with (p 1 (0), p 2 (0)) = ±n(0)

where n(0) is the normal to the circle, n(0) = (x(s), y(s)). Geodesics curves are integrated backwards, geodesics in the interior to the circle are associated to n(0) and geodesics exterior to the circle are associated to -n(0).

Since Y = ∂ ∂x 2 , from [START_REF] Bonnard | Classification générique de synthèses temps minimales avec cible de codimension un et applications[END_REF] we can at once deduced the synthesis outside the circle, near the hyperbolic point (d, 0) and the elliptic point (-d, 0), using the curvature of N only at such point which are the images of the curve (-1/2ks 2 , s), k > 0 at the hyperbolic point and

(1/2ks 2 , s) at the elliptic point. They are represented on Fig. 7. The main properties are

Elliptic case Hyperbolic case

• hyperbolic case: the singular arc is optimal and the optimal policy is -1 for x 2 > 0 and +1 for x 2 < 0.

• elliptic case: The time minimal synthesis is defined by the stratification W = W -∪W + of the switching locus and there exists a cut locus C terminating at (-d, 0).

To complete the analysis one must glue the two syntheses along the target N and consider also geodesics interior to the circle.

Using the analysis of [START_REF] Bonnard | Classification générique de synthèses temps minimales avec cible de codimension un et applications[END_REF] to glue different Whitney charts, we obtain the time minimal synthesis in a neighborhood V of the origin, which is schematically represented in Fig. 8.
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Proof. Consider the pair (X, Y ), and choose ln-coordinates so that Y (x) = ∂ ∂xn with

X(x) = n i=1 X i (x) ∂ ∂x i , the collinear set is defined by the (n -1)-equations X i (x) = 0, i = 1, . . . , n -1 and let λ = -u e so that X n (x) = -λ. Let X(x) = n-1 i=1 X i (x) ∂ ∂x i + (X n (x) + u e ) ∂
∂xn and by construction there exists x e on the collinear set so that X(x e ) = 0.

Denote by J the Jacobian matrix of X at x = x e and let σ( J) be its spectrum. This manuscript is for review purposes only.

At isolated point, the condition rank = n -1 can be realized for the controlled Lotka-Volterra model (see Example 4.10 for n = 3).

Example 4.10. In the dimensionless coordinates (see Proposition 4.1), take:

A = diag(λ 1 , λ 1 , λ 3 ), X(x) = -diag(x + 1) Ax, Y (x) = diag(x + 1) (ε 1 , ε 2 , ε 3
) ⊺ so that the persistent equilibrium is located at x e = 0. The columns of the Kalman matrix K defined in the proof of Proposition 4.9 are

Y (0) = (ε 1 , ε 2 , ε 3 ) ⊺ , [X, Y ](0) = (-ε 1 λ 1 , -ε 2 λ 1 , -ε 3 λ 3 ) ⊺ , [X, [X, Y ]](0) = ε 1 λ 2 1 , +ε 2 λ 2 1 , ε 3 λ 2 3 ⊺ ,
hence rankK < 3 and 0 is a singular exceptional point.

Note that the Jacobian matrix of the singular flow, defined for ε 1 ̸ = ε 2 , evaluated at 0 is

J =    ε 1 λ 3 ε 1 -ε 2 -λ 1 ε 1 λ 3 ε 2 -ε 1 0 ε 2 λ 3 ε 1 -ε 2 ε 1 λ 3 ε 2 -ε 1 -λ 1 + λ 3 0 ε 3 λ 3 ε 1 -ε 2 -ε 3 λ 3 ε 1 -ε 2 -λ 3   
and its spectrum {λ 3 -λ 1 , -λ 3 , -λ 1 } is resonant.

3d-case. In the 3d-case, the singular trajectories are solutions of the vector field: ẋ =

X s (x) = X(x) -u s Y (x)
, where the singular control feedback is u s = -D ′ (x)/D(x) with

D(x) = det(Y (x), [Y, X](x), [[Y, X], Y ](x)), D ′ (x) = det(Y (x), [Y, X](x), [[Y, X], X](x)).
Moreover exceptional trajectories are located on the exceptional locus D ′′ (x) = 0 with D ′′ (x) = det(Y (x), [Y, X](x), X(x)).

Computing in the original coordinates leads to complicated expressions: Proof. The proof is clear following the construction detailed in the proof of Proposition 4.9.

D(x)/x 1 x 2 x 3 = ε 2
4.4.3. The 4d-case. This gives the road to the n-dimensional case.

The singular exceptional control can be expressed as a feedback using the relation Similarly to the 3d-case, the singular exceptional dynamics: ẋ = X(x) + u se Y (x) can be used to generate feedback invariants.

H X (z) = H Y (z) = {H X , H Y } (z) = 0 {{H X , H Y } , H X } (z) + u se {{H X ,
Remaining singular dynamics are parameterized by a dynamic feedback u(x, λ) depending upon a one dimensional coefficient.

We refer to [START_REF] Bonnard | Feedback Classification and Optimal Control with Applications to the Controlled Lotka-Volterra Model[END_REF] for a general approach to compute feedback invariants for the dynamics.

Conclusion.

In this article we have presented the general techniques from geometric control to analyze in the permanent case, the optimal control problem related to vermin reduction in a complex microbiote modelled by the Lotka-Volterra equations.

Our analysis is based on a series of articles classifying the time minimal syntheses for a single-input affine system with terminal manifold of codimension one developed for chemical networks [START_REF] Bonnard | Classification générique de synthèses temps minimales avec cible de codimension un et applications[END_REF][START_REF] Bonnard | Towards Geometric Time Minimal Control without Legendre Condition and with Multiple Singular Extremals for Chemical Networks[END_REF][START_REF] Launay | The generic local structure of time-optimal synthesis with a target of codimension one in dimension greater than two[END_REF]. Using the concepts of Whitney chart and unfolding the explicit computations in a neighbourhood of the terminal manifold can be reduced to problems in dimension 2

This manuscript is for review purposes only. or 3 and a dictionary of the time minimal syntheses is described in [START_REF] Bonnard | Classification générique de synthèses temps minimales avec cible de codimension un et applications[END_REF][START_REF] Launay | The generic local structure of time-optimal synthesis with a target of codimension one in dimension greater than two[END_REF], up to codimension 2 cases. Global syntheses can be described by gluing different Whitney charts.

It can be applied to the controlled Lotka-Volterra model to analyze either the problem of reducing the infection using an antibiotic agent or to reinforce the body prior to infection using a probiotic agent. A case study is given to construct a global optimal synthesis by gluing distinct Whitney charts.

Our article shows the parallel between the analysis of the free dynamics in the frame of dynamical systems and the dynamics of the Hamiltonian dynamics deduced from the Maximum Principle which parameterizes the extremals candidates as minimizers.

The complexity of the Hamiltonian dynamics for nonlinear control systems is related to the existence and their complexity of the singular extremals dynamics. Our contribution is to present preliminary analysis of this complexity, in the frame of the controlled Lotka-Volterra model. It is shown to be related to the collinear set on which are located the equilibrium of the free dynamics, where no treatment is applied, and the forced equilibrium associated to maximal treatment. An additional step in our analysis will be to analyze the problem in the sampled-data control frame in relation with the permanent case, see [START_REF] Bonnard | Geometric Optimal Control of the Generalized Lotka-Volterra Model of the Intestinal Microbiome[END_REF] for such an analysis.

•

  Singular subarcs defined by the implicit relation H Y (z(t)) = 0. Such singular arcs define the geodesics solutions when relaxing the control bound to the whole u ∈ R. They form an Hamiltonian flow constrained to the switching set Σ : H Y (z) = 0 in which they filled in general a subset of codimension one. Hence they play an important role in our study, see for instance the reference [4].

  Controlled Lotka-Volterra Equation and Optimal Control.2.1. A quick tour in the 2d-Lotka-Volterra predator-prey model. The original Lotka-Volterra model analyzed in[START_REF] Volterra | Leçons sur la théorie mathématique de la lutte pour la vie. Les Grands Classiques Gauthier-Villars[END_REF] describes, in the frame of (conservative) integrable dynamics, the interaction between two species. More precisely it was constructed to explain the evolution of the averaged populations of two fishing species in relation with diminution of the fishing activity observed by D'Ancona during the first World War and succeeds to explain the observation. From dynamical point of view it concerns the case of a center, the mechanical analogue being the oscillating non linear pendulum and it was extended to the case of an integrable saddle by Volterra himself. The limit of the model are clearly indicated in the This manuscript is for review purposes only.

Figure 1 .

 1 Figure 1. Volterra memoir. Left: center-case. Right: saddle case.

2. 3 . 1 .

 31 Computations of singular extremals. Relaxing the control bound to u ∈ R , from the Maximum Principle the candidates as time minimizers are the so-called singular extremals control-trajectory pairs written shortly (z, u) solutions of the constrained Hamiltonian dynamics: dz dt (t) = H(z(t)), H being the Hamiltonian vector field, the constraints coming from the maximization condition: ∂H ∂u = H Y (z) = 0. Hence they are solutions contained in the switching set Σ : H Y (z(t)) = 0. They can be computed, deriving this equation with respect to t. Introducing the Poisson bracket of

  2d-case. Singular extremals satisfy H Y = {H Y , H X } = 0 so that singular trajectories are located on the set S : det(Y (x), [Y, X](x)) = 0. Outside the collinear set C : det(Y (x), X(x)) = 0 one can takes Y, X as a frame and writing [[Y, X], Y ](x) = α(x)X(x) + β(x)Y (x). The singular control is given by: [[Y, X], X](x) + u s (x) [[Y, X], Y ](x) = 0. Hyperbolic case corresponds to α(x) > 0 and elliptic case to α(x) < 0. 3d-case. The 3d-case is already a very rich situation to analyze the singular extremals and the program goes as follows.

3 .

 3 Extremals classification and local time minimal syntheses near a terminal manifold of codimension one. 3.1. Introduction and definitions. In this section we consider the time minimal control problem for the system: dx dt = X(x) + uY (x), |u| ≤ 1, with terminal manifold N of codimension one. We denote by H(z, u) = H X (z) + u H Y (z) the pseudo-Hamiltonian and M (z) = max |u|≤1 H(z, u) the true or maximized Hamiltonian. In this setting the control domain is taken as U = [-1, +1],

. 1 ) 3 . 3 .

 133 Definition The time t is called an ordinary switching time time if Φ(t) = 0 and dΦ dt (t) ̸ = 0.

Figure 3 .

 3 Figure 3. Fold case.

3. 3 . 2 .

 32 Main points of the geometric and analytic construction. One can restrict our presentation to the 2d-case. Let n(x) be the normal to N , oriented towards x 1 > 0. We denote by N ⊥ the symplectic lift of N : N ⊥ = {(x, p); x ∈ N, p = n(x)}. The stratification of N by the conditions n(x) • Y (x) = 0 and n(x) • [Y, X](x) = 0 selects ordinary switching points or fold points classified in Proposition 3.6.

Figure 4 .Figure 5 .

 45 Figure 4. Optimal synthesis in the 2d-hyperbolic case.

Figure 6 .

 6 Figure 6. Synthesis exceptional case when b < 0. σ-has a contact of order 3 with N .

  y + r) + u ϵ.

4. 1 .

 1 Equilibria and the collinear set. The collinear set C is one of the main feedback invariant, related to computations of the free equilibria of the system for the hierarchy of models with no treatment u = 0 or maximal dosing treatment u = 1, but also for all intermediate dosing.

4. 1 . 1 .

 11 Computations in the 2d-case in the dimensionless coordinates. We consider the regular 2-dimensional dynamics given in Proposition 4.1.

(4. 6 )

 6 ẋ1 = -λx 1 + αx 2 2 , ẋ2 = u -u ewith u e ∈] -1, 1[, |u| ≤ 1, λ > 0 and α > 0.

Figure 7 .

 7 Figure 7. 2d-syntheses.

Figure 8 .

 8 Figure 8. Schematic representation of the time minimal synthesis gluing hyperbolic and elliptic case with N being the unit circle. The cut locus was numerically computed with parameters λ = α = 1 and ue = 1/2.

4. 4 . 2 .Proposition 4 . 9 .

 4249 Complexity of the singular flow in the 3d-case. From dynamical system point of view, the complexity of the Lotka-Volterra model is related to the existence of persistent equilibrium point, which leads to complicated dynamics related to the hierarchy of dynamics associated to the hierarchy of at most 2 n -equilibria. Hence, in this section one analyses the same question regarding to existence of permanent equilibria for the singular dynamics associated to the time minimal control problem.First one must extent the previous 2d-result concerning the existence of (exceptional) singular arc reduced to a point, in the context of controlled Lotka-Volterra model. Consider the controlled Lotka-Volterra model in the n-dimensional case.

  Denoting by ad X •Y = [ X, Y ]. Then at x e the matrix with columns of iterated Lie brackets K = Y, ad X • Y, . . . , ad n-1 X • Y coincides with the Kalman matrix b, Jb, . . . , Jn-1 b where b is the constant vector Y (x). The singular point is exceptional if and only if rankK ≤ n -1.

Proposition 4 . 11 .

 411 If D(x) ̸ = 0, the equilibria of the singular dynamics ẋ = X s (x) are exceptional trajectories reduced to a point. At such a point x e , the spectrum of J = ∂Xs ∂x (x e ) is a feedback invariant. Moreover the dynamics is foliated by the invariant set D ′′ (x) = 0 and D(x)D ′′ (x) > 0 or < 0 associated respectively to hyperbolic and elliptic arcs. The singular feedback u s acts as a geometric pole placement of the dynamics on the collinear set.

  H Y } , H Y } (z) = 0and this leads tou se (x) = -D ′ (x) D(x) ,whereD(x) = det(X(x), Y (x), [Y, X](x), [[Y, X], Y ](x)), D ′ (x) = det(X(x), Y (x), [Y, X](x), [[Y, X], X](x)).

  r 1 a 11 + x 2 a 12 (a 11 -a 21 )) + ε 2 x 2 a 12 (x 1 (a 21 -a 11 ) + r 2 ) ∂ ∂x 1 -x 2 ε 2 x 2 (r 2 a 22 + x 1 a 21 (a 22 -a 12 )) + ε 1 x 1 a 21 (x 2 (a 12 -a 22 ) + r 1 ) ∂ ∂x 2 .

  1 , The switching function is Φ(t) = p 2 (t) so that for u = ±1 and one has:

	0	t	s 2 e λs =	t 2 e λt λ	-	2 λ	0	t	se λs ds.
	Lemma 4.8.								

  1 x 1 a 21 + ε 1 (ε 2 (x 2 a 22 -x 1 a 11 ) + ε 3 x 3 a 23 ) -ε 2 (ε 2 x 2 a 12 + ε 3 x 3 a 13 )ε 2 1 x 1 a 31 + ε 2 2 x 2 a 32 + ε 2 3 x 3 a 33 + ε 2 1 x 1 a 11 + ε 2 2 x 2 a 12 + ε 2 3 x 3 a 13 ε 2 2 x 2 a 32 +ε 3 ε 2 (x 3 a 33 -x 2 a 22 ) -ε 2 3 x 3 a 23 + ε 1 x 1 (ε 2 a 31 -ε 3 a 21 ) -ε 2 1 x 1 a 21 + ε 2 2 x 2 a 22 + ε 2 3 x 3 a 23 ε 2 1 x 1 a 31 + ε 1 (ε 2 x 2 a 32 + ε 3 (x 3 a 33 -x 1 a 11 )) -ε 3 (ε 2 x 2 a 12 + ε 3 x 3 a 13 ) , D ′ (x)/x 1 x 2 x 3 = -ε 2 1 x 1 a 21 + ε 1 (ε 2 (x 1 a 11 -x 2 a 22 ) -ε 3 x 3 a 23 ) + ε 2 (ε 2 x 2 a 12 + ε 3 x 3 a 13 ) ε 2 x 2 x 1 a 12 a 31 -a 32 x 1 a 21 + x 3 a 23 -a 33 + r 2 -ε 1 x 1 r 1 a 31 + x 3 (a 13 -a 33 ) a 31 + x 2 a 12 a 31 -a 21 a 32 + ε 3 x 3 (-r 3 a 33 + x 1 a 31 (a 13 -a 33 ) + x 2 a 32 (a 23 -a 33 )) + ε 2 2 (-x 2 ) a 32 + ε 3 ε 2 (x 2 a 22 -x 3 a 33 ) + ε 2 3 x 3 a 23 + ε 1 x 1 (ε 3 a 21 -ε 2 a 31 ) -ε 1 x 1 (r 1 a 11 + x 2 a 12 (a 11 -a 21 ) + x 3 a 13 (a 11 -a 31 )) + ε 2 x 2 x 3 a 13 a 32 -a 12 x 1 (a 21 -a 11 ) + x 3 a 23 + r 2 -ε 3 x 3 (a 13 (x 1 (a 31 -a 11 ) + x 2 a 32 + r 3 ) -x 2 a 12 a 23 )This manuscript is for review purposes only.-ε 2 1 (-x 1 ) a 31 + ε 1 (ε 3 (x 1 a 11 -x 3 a 33 ) -ε 2 x 2 a 32 ) + ε 3 (ε 2 x 2 a 12 + ε 3 x 3 a 13 ) ε 1 x 1 (x 3 a 23 a 31 -a 21 (x 3 a 13 + x 2 (a 12 -a 22 ) + r 1 )) + ε 2 x 2 -r 2 a 22 + x 1 a 21 (a 12 -a 22 ) + x 3 a 23 (a 32 -a 22 ) + ε 3 x 3 (x 1 a 13 a 21 -a 23 (x 1 a 31 + x 2 (a 32 -a 22 ) + r 3 )) , D ′′ (x)/x 1 x 2 x 3 = -ε 2 1 x 1 a 21 + ε 1 (ε 2 (x 1 a 11 -x 2 a 22 ) -ε 3 x 3 a 23 ) + ε 2 (ε 2 x 2 a 12 + ε 3 x 3 a 13 ) (x 1 a 31 + x 2 a 32 + x 3 a 33 + r 3 ) + -ε 2 2 x 2 a 32 + ε 3 ε 2 (x 2 a 22 -x 3 a 33 ) + ε 2 3 x 3 a 23 + ε 1 x 1 ε 3 a 21-ε 2 a 31 (x 1 a 11 + x 2 a 12 + x 3 a 13 + r 1 ) + ε 2 1 x 1 a 31 + ε 1 (ε 2 x 2 a 32 + ε 3 (x 3 a 33 -x 1 a 11 ))-ε 3 (ε 2 x 2 a 12 + ε 3 x 3 a 13 ) (x 1 a 21 + x 2 a 22 + x 3 a 23 + r 2 ) .

Table 1

 1 (top) Growth rates aij of each microbial population i of the CDI model. (bottom) Interactions between pairwise microbial populations of the CDI model. Both tables are excerpted from[START_REF] Stein | Ecological modelling from time-series inference: insight into dynamics and stability of intestinal microbiota[END_REF].
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