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On delay-dependent conditions of ISS for generalized Persidskii systems

Wenjie Mei, Denis Efimov, Rosane Ushirobira, Emilia Fridman

Abstract—In this paper, input-to-state stability and stabili-
zation conditions in time-delay generalized Persidskii systems
are studied. These conditions are formulated in terms of linear
matrix inequalities, which may depend on delay values, and be
local or global in state space. Numerical examples of opinion
dynamics and the Lotka-Volterra model illustrate the efficiency
of the proposed results.

I. INTRODUCTION

Studying the stability of nonlinear dynamical systems is
a difficult problem, particularly in the presence of exter-
nal perturbations [1]-[3]. The framework of input-to-state
stability (ISS) [4], [5] is among the most general methods
for stability analysis of perturbed systems. It quantifies the
boundedness and the convergence of the state or the output
of a nonlinear dynamical system with essentially bounded
inputs. These stability properties can be verified by finding
the corresponding Lyapunov functions [5]. However, the
main drawback of applying the ISS theory is the lack of
methodology for assigning Lyapunov functions to a generic
nonlinear system. The inclusion of time delays implies
utilizing even more complex stability analysis approaches,
e.g., using Lyapunov—Krasovskii functionals or Lyapunov-
Razumikhin functions [6]. Moreover, the appearance of lags
usually requires a redesign of regulation or estimation algo-
rithms since time delays may degrade the performance or
even lead to instability of the system.

Most existing approaches for synthesizing Lyapunov
functions in nonlinear dynamics involve various canonical
forms, such as Lur’e systems [7], Lipschitz dynamics, ho-
mogeneous models [8], and Persidskii systems [9]. In this
paper, we focus on the latter case that has been extensively
studied in the context of neural networks [10] and power
systems [11], for instance. Such a choice is motivated by the
existence of several canonical forms of Lyapunov functions
for a Persidskii system [9], [12], [13]. In addition, due to
recent advancements in [14], [15], the ISS and input-to-
output stability (IOS) conditions are constructively formu-
lated using linear matrix inequalities (LMIs). Our main goal
is to extend these results to the delay-dependent conditions
of input-to-state stability and stabilization for generalized
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Persidskii systems with time delays? based on the Lyapunov—
Krasovskii functional approach, whose form is proposed
specifically for the considered class of models. Numerical
experiments are presented to illustrate the method.

The organization of this article is as follows. In Section II,
the preliminaries are presented. The system under considera-
tion and the problem statement are described in Section III.
Section IV presents the ISS conditions of the considered
systems, followed by a stabilization feedback design in
Section V. In Section VI, we give examples to demonstrate
the efficiency of the proposed results.

Notation

« The sets of natural, real and nonnegative real numbers
are denoted by N, R and R, respectively. The symbol
| -| corresponds to the Euclidean norm on R" (and the
induced matrix norm |A| for a matrix A € R™*"),

e For p, n € N with p < n, the notation p,n is used to

represent the set {p,p+1,...,n}. For all i,j € p,n, let
BP,P Bp,n
(Bij);;,, denote the block matrix

Bn.p Bu.n

o The set of nxn diagonal matrices with nonnegative
elements on the diagonal is denoted by D”. Also, I,,
Opxn and 1, stand for the n X n identity matrix, the
pXxn zero matrix and the n-dimensional vector with all
elements equal 1, respectively. The Kronecker product is
denoted by ®. Let 14 : X — {0,1} denote the indicator
function of a subset A of a set X.

« For a differentiable function F : R" — R™, we use ag—ff)
to denote the Jacobian matrix of F at a point x € R".

e For [t;, ©] c R we denote by C’:l’ ] the Banach
space of continuous functions i : ftl,h] — R with
the norm [|¢/(l(1,.1,) = SUPy, < <4, [¥(r)|. For a Lebesgue
measurable function d: [t1,1,) — R™, define the norm
ldliz,.1,) = €SSSUP ey 1) [d(D)] for [t1,22) C Ry. We de-
note by L’:‘, H (or £7) the Banach space of functions d
with ||d||[;,,,) < +00 (or ||d]|e :=||d]l[0,c0) < +00). Denote
by W/;,.1,] the Banach (or Sobolev) space of absolutely
continuous functions ¢ : [f;,12] — R" with the norm
gllw,,, .y = 1llie, 01 + 191l 12 < +00, where $(¢) =
%, e [t, ] CR.

« A continuous function o : R, — R, belongs to class
X if it is strictly increasing and o (0) = 0; it belongs to
class K, if it is also unbounded. A continuous function
B:Ry xR, — R, belongs to class KL if B(-,r) € K and
B(r,-) is decreasing to zero for any fixed r > 0.

2In the preliminary version of this research [16], only the delay-

independent stability conditions have been obtained, illustrated by an
academic example.



II. PRELIMINARIES

Consider a nonlinear retarded system [17], [18]:
X(1) = f(x;,d(1)), t € Ry, (1)

where x(f) € R"; x; € W[_r ¢ is the state function, x,(s) =
x(t+s) for s € [-7,0], 7 > 0 is a constant delay; d(¢) € R™
is the external input, d € L; f: W_ o xR" - R" is a
continuous functional, £(0,0)=0, and it ensures the existence
and the uniqueness of solutions in forward time for the
system (1). With the initial condition xo € W[_; o] and the
input d € £, such a unique solution is defined as x(z, xo, d),
for which x;(s, xo,d) = x(t + 5, x9,d), s € [-7,0] denotes the
corresponding state function.

For a continuous functional V: RXW_r g x (1" 5, — R,
we define the following derivative along the solutions of (1)
[19]:

D+V(t, ¢’ [) — lim sup V(t + h7 Xh(¢, f)v ).Ch(¢, f)) -V (t’ ¢7 ¢)

h—0* h ’
| gts+n), s €[-1,—h]
(6. 0)(s) = {(1)(0) +(h+s)- f($,0), s€[-h0]

for any ¢ € W[_; o) and £ € R™.

Definition 1. [I8], [20] The system (1) is called input-to-
state stable (ISS), if there exist f € KL and y € K such that

(6,30, )| < Blllxolw . o 1)+¥(lldllg))s V1 € R,

for all xo e Wi_ o) and d € L.

Definition 2. [18], [20] The system (1) is said to possess
the asymptotic gain (AG) property, if there exists y € K such
that limsup,_, ., |x(t, x0,d)| < y(lld||le) for all xo € W_r g
and d € L.

Definition 3. [I8], [20] A continuous functional V : R X
Wir0 X, o) = Ry is called an 1SS Lyapunov-Krasovskii
functional (LKF) if there exist some |, a; € Ko, @3, ¥ €K

such that
o1 (19O <V (1.6,6) < 02 (191l .. )
V(tgd) 2 x(d) = DV(4d) < -as (I8l )
forall t € Ry, ¢ € W_r0) and d € R™

Theorem 1. [18], [20] If the system (1) admits an ISS LKF,
then it is ISS with y = ozl_l oy.

The existence of an LKF can also be necessary for ISS
property under additional restrictions on continuity of f in
(1) [21], [22], for instance, the function f is required to be
Lipschitz on bounded sets in [23], [24].

Remark 1. In many cases, it is technically proficient to use
X: as an argument of LKF (see, e.g., [22], [25]), and in
such a situation, the stability of the system is analyzed in a
Banach space W[_ o). Nevertheless, for example, in [16] %;
is excluded, then the system (1) and definitions 1, 2, 3 save
their meaning after substitution of C[’ET’O], l#ll|-7,01 in place
of Wiz, 18llw_, o-

III. PROBLEM STATEMENT

The main goal of this paper is to consider the input-to-
state stability of a class of nonlinear systems in generalized
Persidskii form with constant time delays

M
i) = Agx()+ ) ApFi(x(1) @)
J=1

M
+Box(t—10) + Z BiFj(x(t—1;))+d(1), t € R,
Jj=1

with x(z) = [x1(¢)... x,(¢1)]T € R" is the current value
of the state; 0 < 7y < +o0 are constant delays for s €
oM, 7= max 77 Ts’ A, By € R™™ for s € 0,M; the
functions F; : R" — R" have diagonal structure, F;(x) =
[ f].l (x1)... fj"(xn)]T, for j € 1,M, and ensure the existence
of the solutions of the system (2) in forward time, at least
locally; d(t) € R" is the external perturbation/input, d € L.

In this work, if the upper bound of an index is smaller
than the lower one, then the corresponding term in a sum or
a sequence must be omitted.

Sector conditions on Fj, j € I,_M are imposed for the
forthcoming analysis:

Assumption 1. For any i€ I,_n and jel,M,
vfj(v) >0, Vv e R\{0}.

Under Assumption 1, with a reordering of nonlinearities
and their deconﬂ)sition, there exists an index @ € 0, M such
that forallie 1,n, ae l,@w

lim fé(v) = 00,

V—+00

and there exists y € @w, M such that for all i € I,_n, be m

V—+00

lim / flj(s)ds:+00.
0

In this case, @w = 0 implies that all nonlinearities are bounded
(at least for negative or positive argument).

Assumption 2. For any i elnand j,jeLM, zej+1,M,

there exist r]f),j, nﬁ’jj,, ’75,]/" 77% e 2 0 such that

Xi . . M . . .
2/0 fils)ds < n(l)’jx% + Z fjl,(xi)(nﬁ’jj,f;,(xi)
=

M
+217h jXi +2 Z m e f;(xi))

z=j+1
for all x e R™.

Assumptions 1 and 2 are satisfied by many nonlinear
functions: for polynomial ones, for example, it is sufficient
to select ’73,]']" # 0. In the sequel, we denote the diagonal
matrices:

no,j = diag(né’j, Tl ) M = diag(nll’jj,, ol ik

T 1 n T 1 n
m,jj = d1ag(772,jj,, - ’72,jj')’ n3,jj1z = d1ag(7737jj,z, ...,r]S’jj,Z).



IV. ISS ANALYSIS

Our goal is to propose constructive conditions for verifying
the ISS property of (2). This system is highly nonlinear, with
multiple delays appearing in linear and nonlinear parts. The
following theorem is the main result of this paper, which
formulates delay-dependent conditions based on a special
ISS-LKF extending the previous results of [16].

Theorem 2. Let assumptions 1 and 2 be satisfied and
for given constants 0 < wy, 0 < py < &5 (s € O,M) and
p €R there exist 0 < P =P7, ® = ®T € RV, sets
{R; }Y “o 1Ss }‘ —0 {HS} C R™" of symmetric nonnega-

tive definite matrices; {Q }M CR™": P, P3, Py R™";
M
{ j= dlag(A}""’A?)}j=1’ {Ts’r}OSS<rSM c D" such that
u
P+ pZAj >0, 3)
j=1
—_ T = 6
Q = Q = (Qa,b)a’bzl < 0’ (4)
]l{g}(s) = +]l (s) =S >f[]l{0}(f) P+ZAJI7()J)
j=1
+13737(s) - Ag Zm,sj/l, ®)
=l

M
Li0)(s)-Aj Y

M
+1777(s) - Ag Z 773,sj'zl,

Lioy(s)- Yo, + Lizz7(s) - Vsz 2 &

Jj'=1
J'=1
seOM, jel,M,zes+1,M

)] wher

Q1,1 =AJP>+P; Ag+So+E"—poRo; Q12 =P—P) +A] P,
Ql,3 = P;BO+pOR0+AEI)—P4,

Os—Ds
OsTs

for some & € (0, min (Wo, min_ eW(

Ql,4:P;—A+A(—)rQ+[TO’1 ‘Y‘O’M],
Q15=P)B; Q16=P
M
OF;(x)T _ dF;i(x)
_ T 2 207 or;
Qz,z_—P3—P3+5OTORO+;5,7i R

023=P{By—P4; 024 =P]A-Q+A; Q25 =P B; Q26 =P,
033 =—e"""8)—poRy+2P, By; Q34 =B]Q+PJ A;
035=P{B, Q36=P], 044=04,= (éa,b)fb:p
Qjj=ATQ;+QTAj+E/ +S;—p;R;. j € LM,
Qu-=AlQ +QTA +Y, ., se LM—1,z€s+1,M,
Q45=QTB+J; Q46=Q7,
Os.s = diag(—e "' S, ..., —e M Sy ) — J,

05,6 = Onmxns Q6,6 =-0,
A=A Am|; B= By By,
A=A Am]; Q= Qum|,
J =diag(p1 Ry, ..., pm Rm)-

Then the system (2) is ISS.

Proof. Our goal is to check the conditions in Definition 3
for a LKF taken as follows:

t

V(xg, %) = x(t) T Px(r) + / eU=5) x(5)T Sox(s)ds

xi(t) X
+222Al fi(s)ds ©6)
1i=
N Jj=
+Z / eI (x(s))TS; Fi(x(s))ds
i=1 Y17
’ 0 pr
+607'0/ / x(s)T Rox(s)dsd6
—10 J1+6
M t t . T .
+Zc5j‘rj/ / ()'c(r)TaF](;ir)) RjaFja();(r))x(r) drds,
Jj=1 t=7; Js

which verifies the required lower (due to (3) and Finsler’s
lemma [26]) and upper (since all matrices are nonnegative
definite) bounds given in Definition 3. The time derivative
of V for (2) admits the following representation by using the
descriptor method from [6], [25]:

V(t, x;, %) = X(t) T Px(t) + x(t)" Px(t)

t
—wy / e =) x ()T Sox(s)ds + x(£) T Sox(¢)
t—710

M
_ e_WOTOx(l‘ _ T())TSOx(t —-T19)+ 256([)1— Z A.]-F,'(X(l‘))
=1

M
“wo Y [ I (5) S B x)ds
J=1OT

M
+ 3 Fi(x(0) 7S Fi(x(0)

J=1

M
= D e E (et = 1,) TS Fy(x(t = 7))
j=1

t

+5()T3X(I)TR0X(I) —(50T0/ XT(5)Rox(s)ds

1-79

M . T .
+ Z 6jTJ-2.)'C(l‘)T aij;}ft)) Rj 6Fja(jc(t))

j=l
—Z(S T]/t

M
+2 [x(r)TP; +X(OTPT+ ) Fi(x(n)TQ]
=1

M
+x(t-10) PT| - [Aox()+ Y 4 F(x(0)
J=1

x(1)

L OF; (JC(S))T OF;(x(s))
0x R; 0x

x(s)ds

T

M
+Byx(t—1o)+ ) ByFy(a(t =) +d(1) - ()|
J=1



x(1) x(1)
x(r) x(t)
x(t—19) x(t—19)
Fy(x(1)) Fy(x(1))
=l R Far(x(1)
Fi(x(t—11)) Fi(x(t—1))
Far(x(t = a0)) Far(x(t —ta1))
an | | do

+&60T0
—x(t)TEx(r) — Z Fi(x(0)) & Fy(x(1)) - 22 x(6)T Yo 1 Fy(x(r)) / /,+9

-2 Z Z Fy(x(0)" T2 P2 (x(1))

s=1 z=s+1
t
—Wo/ e =5) ()T Sox(s)ds
-7
t
—WOZ / eI (x(s))TS; Fi(x(s))ds
j =75

~ (G0 po)T0 / #(5) Ros(s)ds

& t OF;(x(s)T  OF;
—2(51—171)7/' / N ON J(ax)fs)) R; J;);(S))fc(s)ds
i=1

t-7;

+d(t)T®d(t)
M .
< —x(r)TEUxa)—Zf}(x(r)fafﬂ(xm)

—ZZx(t)TTo,F(xo» 22 Z Fy(xe(0) T 2 Fo (x(1))

s=1 z=s+1

t
- W()/ U9 x(5)T Sox(s)ds
=710

—WOZ / e U (x(s))T S, F(x(s))ds
; t-7;

‘ t
= (60— po)To /
—70

M t OF;(x(s)T _ OF:(x(s))
- § (6;—pi)Ti x(s)T—2 R, —1 x(s)ds
= o J‘/, ox T x

-7

1T (s)Rox(s)ds

+d(t) " Dd(2).
Here the condition (4) and the Jensen’s inequalities
t
—PoTo/ %(s)" Rox(s)ds
1—710

= [x(#) = x(t = 70)]" - poRo - [x(t) = x(t = 70)],

—-p;Tj /t_: x(s)" aFj(;)ES))T R; aFi;i(s))X(s)ds

— [Fi(x(t) = Fi(x(t =) " - pjR; - [Fy(x(1)) = Fi(x(t = 77))]

were utilized.

657PS
For € € (0 min (wo,rmnsEf0 77 ( o oTs ))], we have

xi (1)
EV(xriy) = € (x(z)TPx(z) +2 Z Z Al

j=li=

]‘]-i(s)ds)

+& e_W0<’_S)x(s)TSox(s)ds
-7
M

w€ ) [ IR0 S a5

Jj=1

¢ T (s)Rox(s)dsd6

+§Z§r, / / ( (2 (;ir))T OF; (x(r)) i(r)| drds

<x(t)TE0x(r) + Z Fj(x(1) "/ Fj(x(1))

* ZZx(r)TTo,F (x(0)) +2 Z Z Fy(x(0)) T < Fo (x(1))

s=1 z=s+1
t
+w0/ U9 x(5)T Sox(s)ds
=70
M t
w0 Y, [ I (5) S x)ds
=177
t
+@o-pom [ TR
-70

S C LOF(x(s)T  OF(x(s))
+;(5j_pj)Tj./z x(s) P R; x(s)ds

-7 ox

due to the conditions (5), Assumption 2 and the relations

0 pt
{5607'0/ / 1T (s)Rox(s)dsdd
—10 Jt+6

t
< (80 po)To / T (5)Ro(s)ds,
t—70

£6;7; [ _t | / t (x(r)T IE ()T R,aF-";i(r)) ©(r)| drds

ox

! OF; T 9F;
S(61'_1741')7'1'/_ A)'c(s)T J(;)ES)) R; Ja();(s)))'c(s)ds.

Under the restriction a(V) > d"®d with a(s) = %fs, it
follows that

V(t,x;, %) < _'fv(xt’xt)

By Definition 3 and Theorem 1, we can substantiate that
system (2) is ISS as desired. ]

Note that the ISS LKF (6) used for the proof of Theorem 2
depends explicitly on the delays 75 for s € O,M due to
the presence of the last two terms. The delays also appear
and play an important role in the matrix inequality (4) of
Theorem 2, which is nonlinear (or state-dependent) due to



. T
the term aFé(j) Ri—5— €D} (je LM) of 0>7.». For practi-

cal verification of the matrix inequality (4), the following
nonrestrictive conditions can be imposed on these terms:

BFI (x)

Assumption 3. There exist the sets X; CR", j € 1,M with
ﬂjEl 77X = X # @ and the matrices {R } , € DY such that

OF;(y)T  OF;(y) o
X~g:yeR” 7 R, <R;}.
J ay J 6)} J
In the case X =R”, the term aF’ (x) R; aF’ *) is bounded

by some R; € D for all x € R" and je 1,M, which is the
case of bounded nonlinearities, e.g., F;(x) = tanh(x).
Denote by Q the block matrix Q from Theorem 2 under
. OF; (x) aF (x)
the substitutions —5——R; — R for je1,M.

Corollary 1. IfAssumptlon 3 with X =R" and the conditions
of Theorem 2 under the substitution Q <0 — QF <0 are
satisfied, then the system (2) is ISS.

Proof. Note that under Assumption 3
0'<0 = 0<0

then the conditions of Corollary 1 imply that all counterparts
in Theorem 2 are verified, and the conclusion follows. O

If X c R", then similarly local ISS property can be
established for the initial conditions inside X and properly
bounded inputs d.

V. STABILIZATION

In this section, we design a feedback control to stabilize
a system as (2) and study the ISS property of the resulting
closed-loop system.

Consider a variation of (2):

M
Apx(t)+ > ApFi(x(1)) + Box( - 7o)
j=1

M
+ > BiFi(x(t =)+ Gu(t)+d(r),  (7)

J=1

x(t) =

where all variables are defined as in (2), G € R™*? and u(t) €
R4 is the control, which can be chosen for stabilization in
the following general form:

M
Kaox(t)+ ) KajFy(x(1))

u(t) =
j=1
M
+Kpox(t=0)+ ) Kg jFi(x(t=7))),  (8)
j=1

where K4 5, Kp s € R, s €0, M. Such a form of the control
keeps the closed-loop system in the class of generalized
Persidskii models:

M
i) = Aox(r)+ )| ApFi(x(0)) + Box(t o)
j=1
M

+ZEij(x(t_Tj))+d(t)» )
j=1

where AS_A +GKas, S_B +GKp s for s € 0, M.
Remark 2. In the case that Ka s, Kps, s € 0,M are given,
we can directly formulate the results to analyze the input-to-
state stability of the closed-loop system (9):

If all conditions of Theorem 2 are_ satisfied under the
substitutions Ay — A, By — By for s €0, M, then the system
9) is ISS;

If Assumption 3 with X =R" and all conditions of Theorem
2 are satisfied under the substitutions A; — A,, By — By for
se0,M, and Q<0 — Q" <0 (Q" as in Corollary 1), then
the system (9) is ISS.

By introducing additional mild hypotheses, we now state a
theorem for designing the feedback gains K4 5, Kp s, s €0, M
that guarantee the ISS property of the system (9):

Theorem 3. Let assumptions
and let 0 < wy, 0 < py < &

1 and 2 be satisfied
(s € O,M)_be given

constants. If there exist matrlces 0 < PP € DY
—_\M — —1 —

R\ R =dingRp KDY R ,
{ *fs=0 J lag( ) Jj=1 o 0<s<r<m
—_\M —\M M
{Sk} v {E }k o C DY 0<® =07 € R and {Uk}r~y

{Li}y—o CRT" such that

_ T _ 6
Q_Q = Qab a.b= 1
::0 =S
Lioy(s)-E +1y37(5)-E > 1{0}(S) P+ZAﬂloj

(10)

+li77(s) - As Zm,sj'l,
=

M
]1{0}(5)'T0,j+1m(s)"rsz —5[1{0}@) A;j Z’]Z,jj’

M
+1i77(8)- A, Z 773,sj/zl,
7=

seOM,jel,M,zes+1,M

for some & € (0, min (wo, (6‘”"’ ))] where

6070

— — — — —
011 =PA] +UJ G + AgP+GUy+Sy+E — poRo,
Q1,=P-P+PAj+U;G";

013 = BoP+GLo+poRo+ PA] +UJ G,

61’4= A15+GU1+ﬁA8—+UJGT+TO’1

AMP+GUp +PAT +UJGT +Top |,



015=[BIP+GL, By P+GLy ],
01.6 = In: 022 = 2P+ 8073 Ry,
023 =ByP+GLy-P.
024=[AP+GU -P+A, AMP+GUp —P+Ap],
0y5=[B1P+GL; ByP+GLy|: Q26 =In.
033 =—¢ "8y — poRo +2ByP +2GLy,

Q34=| PBj+LjG™ +AP+GU,

?BJ+LJGT+AMP+GUM ,

035=|BiIP+GL, By P+GLy |5 Q36="P
044=044= 0, ¥\,
0;;=PA] +U]GT
+A;P+GU; +§j+§j, jeLM,
0, .=PA; +UJGT
+AP+GU, + Y5, se LM—1,zes5+1,M,

BIP+GL; By P+GLy
Q45 = : : ’
B P+GL, Bar +GLy P
Q46=1m®1n,
Qs,5 = diag(—e 0TS, .., —eOTM S ),

05,6 = Onnrsxns Q6,6 =-0.

Then the closed-loop system (9) is ISS with feedback gains

—1 —1 -
Kas=UsP ,Kps=LsP ,s€0,M.

Proof. Using the prescribed properties of
13, Kj jel,_M s Es se(),_M ,Ek ke(),_M and ﬁ, select
the LKF V given by (6) in the proof of Theorem 2 with: P =
P PP Aj=P AP . Ry=P RoP S =P SiP .
Ri=0(je 1,M), then V verifies the positive definiteness
requirements of Definition 3. Furthermore, consider the
conditions and the proof of Theorem 2 and denote by 0
the block matrix Q (in Theorem 2) under the substitutions
R; — 0 for j e LM, (P;', P! P‘1 Q Y > (P,P,P,P) for

2083
jel,M Ag —>AV,B —>B f0rs€0M define
0 =
H

HTQH,
diag(P;', Py, Py, Q7 ...,
diag(P, ..., P,1,)

N——
2M+3

Q.07 . Q 1)

under the settings of

——1—k——1 —
=k = P E keO,M

——1
Ts, = T‘ZP seO,M—l,z€s+1,M,

by which we can deduce that
0<0 o 0<0

and the conditions (10) are equivalent to (5). This completes
the proof. O

To find the control gains as solutions of LMIs in The-
orem 3, more restrictive conditions are imposed than in
Theorem 2 (or in Remark 2): the matrices FK] P, P3, Py
are assumed to be diagonal and positive definite. In practice,
Theorem 3 and Remark 2 can be applied iteratively: the for-
mer to find some guesses for K4 s, Kp s, 5 € (),_M, while the
latter to calculate more accurately the AGs from Definition
2 and to refine the restrictions on delays.

VI. EXAMPLES

A. Application to opinion dynamics

For modeling opinion dynamics among a network, the
following equation can be used [27]-[29]:

M
%(t) = —x(1) + Z k; Ajtanh(a; x(1)) (11)
j=1

L
n Z prBrtanh(B,x(t — 7)) + Gu(t) + (),

r=1

where x(f) € R" is the opinion variable of n agents, and
sign(x;(r)) (i € 1,n) describes the qualitative stance toward a
binary choice (the bigger |x;(¢)|, more extreme is the opinion
of the agent i); (M +L)>2 (M, L > 1) is the number of social
networks connecting the agents; k;, p, > 0 denote the social
interaction strength among agents in the network, j € W re
l,_L; 7, > 0 is the time delay in the network r € 1,_L; Aj, B, €
R™ are the adjacency matrices, and «; > 0 or S, > 0 charac-
terizes the controversialness of the issue for j® or 7 media;

the function tanh : R” — R" and tanh([gl gn]T) =

[tanh(gl) tanh(gn)]T for g1,...,gn € R; G € R™4,
u(t) € R? is a controlling input for modifying the network
connections among the agents (thus, it has to be of the form
of (8), and any shape of control cannot be implemented);
¢(t) € R™ can be used to model the off-network influences
on orientations of agents (e.g., government communication).
The detailed motivation for this model (for the case M =1
and time-varying matrix A;) is given in [28], [29]. The
system under feedback control takes the form of (2), and
assumptions 1, 2 are satisfied.
For illustration, let n =4, M =L =1,

001 1 1 000 0
1 00 0 00 1 0
Ar=11 0 o0 of'B1=lo 1 o 1|
00 1 0 1 00 0
1 -1 02 1
105 1 -04

1 01 2 -1
1 0.2 1 1



1

a1 =04, 81 =02, 1 =0.8, ¢o(t) = 0.3

0.7’
0.1
u(t) = Zytanh(e; x(1)) + Zptanh(B; x(t — 1)),
[0.3321 -0.0031 0.2004 —1.1101]
7. = 0.801 0.8805 —0.2584 -0.2578
1=1-0.9096 —0.1803 -0.4758 0.6053 |’
1-0.5175 -0.6344 -0.0687 0.0637 |
[ 0.3432 0.7509 -0.3315 0.2678 ]
7, = -0.3231 -0.8566 0.1478 0.2328
271-0.2667 -1.1971 0.2777 -0.2342|°
1-0.6731  0.3070 0.1869 0.3786 |

then the LMIs in Remark 2 are verified. The three sets of

system trajectories (x(¢) € R*) with different initial conditi-
ons are presented in Fig. 1, which illustrate that all agents
converge to a common decision under the chosen control.
Simulations of the system (11) with u =0, ¢ = 0 demonstrate
pluralism of opinions in the uncontrolled network.

System trajectory

o} 10 20 30 40 50 60 70 80 90 100
t

Fig. 1. The trajectories of the controlled system (11) versus the time ¢

B. Application to a modified Lotka-Volterra model

In this subsection, a modified Lotka-Volterra (LV) dyna-
mics is considered. Different versions of this model have
been widely investigated in infectious diseases, biology,
finance, to mention a few [30]. The basic model does not
reflect some important phenomena, such as time delays and
stable coexistence. Thus many modified LV models have
been proposed. Among them, the following one considers
population dynamics with several delays [31]:

X(t) = diag{x(®)}[ro+r(t)+ Ajx(t —11) + Aox(t —12)], t € Ry,
(12)

where x(¢) = [x(),...,x,(¢)]T € R" contains the populations
of n species; rp € R models the birth and death rates; A,
Ay € R" represent the community matrices; 7, 7, > 0 are
delays corresponding to two different kinds of interactions
between populations; the function r : R, — R is introduced
to model the deviations of the rates from the nominal
quantities ro € R".

Assuming the existence of a unique non-zero equilibrium
point x, =[x} ... xZ]" €R7\{0} for (12) with r(r) =0,

e

50

a5 - ,

40 1

35 b

20

1 1 1 1 1 1 1 1 1
o 20 40 60 80 100 120 140 160 180 200
t

Fig. 2. The state trajectories versus the time ¢ for LV model

and defining

p1(®)]  [In(xi(1)) - In(x})
p)=| : |= : ,
pn()]  [In(x,(1)) - In(xg)
we have
p(1) = Apdiag(xe)Fi(p(t—11)) (13)
+Az diag(xe)Fi(p(t —12)) +r(1),
where
eP!
Fi(p)= -1,
ePrn

It is clear that F satisfies Assumption 1 and Assumption 2
with 176’]. = né’j ., = 1. The requirements of Assumption 3 are
not satisfied gllobally. However, as in [32], due to assumed
existence of the global equilibrium x,, it is possible to
show that for ro+ r(t) > ryn all trajectories converge to
a neighborhood of the steady state, so that x(t) > 0 for
all + € Ry, which results in well-posedness of (13). The
analysis can be next performed without taking into account
the unbounded deviations of the state.

The simulation results are given for

06 04
n=21 =000l 7 =0.02 A = [ s _0.6],
03 08] _[0a] . [-02sin(r)
Az_[O.é —0.9]”0‘ [0.5]”(”‘ [O.ICOS(I)}'

The LMIs of Corollary 1 are verified, and the state trajecto-
ries are shown in Fig. 2 for two sets of initial conditions.

VII. CONCLUSION

This paper has proposed input-to-state stability and sta-
bilization conditions for generalized Persidskii systems with
constant time delays. The formulated conditions were obtai-
ned in the form of linear matrix inequalities explicitly
dependent on delays. Therefore they can be constructively
verified. Two conditions were formulated, for a given con-
trol and the design of feedback gains. The simulations
of opinion dynamics and a modified Lotka-Volterra model



were presented to illustrate the proposed results. The future
research directions include ISS analysis for the considered
systems with unknown delays and study of other practical
applications.
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