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DECAY OF COEFFICIENTS AND APPROXIMATION RATES IN GABOR
GAUSSIAN FRAMES

T. CHAUMONT-FRELET* AND M. INGREMEAU'

ABSTRACT. The aim of this note is to present a self-contained proof of the fact that a
function can be approximated using a linear combination of Gaussian coherent states, with
a number of terms controlled in terms of the smoothness and of the decay at infinity of
the function. This result, which is essential in [3], can easily be obtained using advanced
results on modulation spaces, but the proof presented here is completely elementary and
self-contained.

KEYWORDS: Approximation theory, Gabor frames, Time-frequency analysis

1. INTRODUCTION

In [3], the authors proposed a novel approach to solve numerically a family of PDEs with a
small parameter, including the Helmholtz equation at large frequencies. This approach relied
on some ideas coming from semiclassical analysis, as well as on results concerning Gabor
frames.

Gabor frames are a standard tool to decompose functions into a discrete sum of “coherent
states”, which are localised both in position and Fourier spaces. Such expansions are somehow
similar to Fourier expansions, but are more subtle, as Gabor frames do not form orthonormal
bases. The study of Gabor frames is a field of research which has been very active for the past
decades; we refer the reader to the monographs [7, 4, 2] for an account of recent advances.

The main result of time-frequency analysis which is used in [3] is a decay property for the
coeflicients of functions when decomposed in a Gabor frame, in terms of the regularity of the
functions and of their decay at infinity. These results are analogous to the standard decay
properties of Fourier coefficients, and permit to show that a finite number of coherent states
provide a good approximation to any smooth rapidly decaying function.

Such a result can be easily deduced from advanced results of time-frequency analysis con-
cerning modulation spaces., as we will explain in Appendix D.

The aim of this note is to give a completely self-contained proof of all the results concerning
Gabor frames which are used in [3], and in particular, of the fact that a smooth rapidly
decaying function can be approximated using few coherent states. This note is thus intended
mainly for readers who want to understand where the results of [3] come from, without
learning the recent developments in time-frequency analysis.

We insist on the fact that the results presented here are not new, and are not as general as
they could be; for instance, we will consider only Gabor frames built from Gaussian windows
(which simplifies the proofs), while more general window functions could be considered using
modulation spaces.

*University Coéte d’Azur, Inria, CNRS, LJAD
TUniversity Cote d’Azur, CNRS, LJAD



2 DECAY OF COEFFICIENTS AND APPROXIMATION RATES IN GABOR GAUSSIAN FRAMES

The remainder of the document is organized as follows. In Section 2, we introduce the
main notations we will use in this work. In Section 3, we recall standard properties of Gabor
frames and state the main results that are used in [3]. In Section 4, we recall the proof of
the frame property for the Gabor system. In Section 5, we prove properties of decay of the
coeflicients, which will be essential in the proof of our main result, given in Section 6. Finally,
Appendices A, B and C collect necessary technical results, while Appendix D explains how
the main result of this note can be recovered using results concerning modulation spaces.

2. SETTINGS

2.1. Scaling parameter. In the sequel, all our quantities will depend on a parameter k > 1,
which is an arbitrary but fixed real number. This is more convenient for applications to PDEs,
where it is useful to choose k related to the wavelength of the solution.

Although we may not indicate it explicitly, all our results hold true for any value of k, with
the estimates holding uniformly. Besides, d € N* denotes the number of space dimensions.

2.2. Multi-indices. For a multi-index a € N¢, [a] := a1 +- - -+ a,4 denotes its usual ¢! norm.
If v : R? — C, the notation

g 9
PR &rdv
ai

is employed for the partial derivatives in the sense of distributions, whereas £ := z{

0% =

aq
...IL’d .

2.3. Functional spaces. L?(R%) is the usual space of complex-valued square integrable func-
tions over R%. We respectively denote by || - || 2 (ray and (-, -) its norm and inner-product. If

w C R? is a measurable subset and v € L*(R?), we set [[v]|2(,) = [ Xwvll 2(ray, Where X, is

the set function of w. We also denote by HP(R?) the usual Sobolev space of order p € N, that
we equip with the norm

lollp ey = Y K 10%0Fa(gay Vo € HP(RY).
[a]<p

Notice that the above norm is equivalent to the usual Sobolev norm, but with equivalence
constant depending on k. We refer the reader to, e.g., [1] for an in-depth presentation of the
above spaces.

We will also need a family of weighted Sobolev spaces. We first introduce the norms

p—|al

101 Fp gy = Yo D k0% e gy Yo € S(RY)

[a]<p ¢=0

for all p € N, and we define HP(R¢) as the closure of S(R?) in L2(R¢) with respect to ||-||ﬁp(Rd).
k

For future references, we note that if u € ﬁp“(Rd), we have zju € ﬁp(Rd) with
(2.1) ij“HﬁZ(Rd) < CpHuHﬁgﬂ(Rd)

for 1 <j <d.
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2.4. Fourier transform. For v € L?(R?), we define a weighted Fourier transform by

o\ 42 ‘
Fr(v)(&) := (277) /Rd v(x)e P Edy
for a.e. £ € R% For all v € L2(RY), we then have
”]:k(U)HL2(Rd) = HUHLQ(Rd)'
In addition, if v € H'(R?) or respectively if |z|v € L?(R?), then
Fr(0jv) = ik&; Fr(v),  ikFi(xjv) = 0;Fk(v)
for j € {1,...,d}. In particular, for any p € N, we have for every v € HP(R?)
(2.2) ol ay = D 1€*FivlFaray-
la]<p

2.5. Generic constants. Throughout the manuscript, C denotes a constant that may vary
from one occurrence to the other and only depends on the space dimension d. If p,q,...
are previously introduced symbols, then the notation C), 4 .. is similarly used to indicate a
constant that solely depends on d and p,q,....

3. MAIN RESULTS CONCERNING (GABOR FRAMES OF (GAUSSIAN STATES

3.1. The Gabor frame. For [m,n] € Z%¢, we set

1 kem . T kn._ [T
(3.1) R

so that, the couples [:ck’m, 5’“’"] form a lattice of the phase space Z2¢. We associate with each
point [m, n| in the lattice the Gaussian state

k d/4 k km2 Gk k,m\, ¢k,n
\I/hmm(x) = ; €—§|93—$ \ e (m—ahm)ghm

The set (Vg m,n)m,njcz2e forms a frame, i.e., there exist two constants o, 8 > 0 that only
depends on d, such that

(32 gy < S I T < B0l Vu € LARY.
[m,n]ez2d

This fact was first shown in [5] when d = 1 and & = 1 (from which the case d > 1 and
k # 1 follow easily), and we will recall their proof in Section 4. We refer the reader to [4] for
generalisations of this result.

3.2. The dual frame. Given u € L?(R?), we call the sequence ((u, Vk.mon))jm,njcz2¢ the

coefficients of v in the frame, and we introduce the operator Ty : L2(R?) — ¢2(Z?%) mapping
a function w to its coeflicients:

(3.3) (Tkw)mm == (U, Vi m.n) [m,n] € 2%

The fact that T}, maps into £?(Z%%) is a direct consequence of (3.2). Straightfoward compu-
tations show that the adjoint T} : £2(Z%%) — L*(R?) of T} is given by

T,:U = Z Um,n‘llk,m,n7

[m,n]ez?d
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for all U € ¢2(Z%?) and, in particular, we have
(3'4) (Tl:Tk:)u = Z (u, \Ilk7m,n)\pk,m,n Vu € L? (Rd)'
[m,n]ez?d

The operator (17 T}) is self-adjoint, and the estimates in (3.2) imply that it is bounded from
above and from below. As a result, (T}7}) is invertible, and we will we denote by S} its
inverse.

We call set of functions (% ,,, ,,)m neze defined by

2
I:7m,n = Sk\I’k,m,n V[m,n] ez d,

the “dual frame” of (¥ ym.n) g2a. It is indeed a frame, since, for any u € L?(R%), we

. [m,n]e
ave

Yo W Yima)P = D 1w Sk Uk = Y Sk, Uimn) P = | TiSkull?,
[m,n]|€z?d [m,n]|€z?d [m,n|€z2d

and it suffices to use (3.2) and to note that Sy is continuous with a continuous inverse.
Importantly, recalling (3.4), we see that for all u € L?(R?), we have

(3.5) U= Z (1, U mm) Yhmom
[m,n]ez?d

and

(3.6) U = Z (u, ‘yk,m,n)qu,m,n'
[m,n)€z2d

3.3. Approximation in Gabor frames. The main result of this note is a generalization of
(3.5) when the series is truncated to a finite number of terms. Specifically, considering D > 0
such that k'/2D > /7, we define an “interpolation operator” IIp : L?(R?) — L?(R%) by

(37) IMpu := Z (uv ‘I’Z,m,n)‘yk,m,n-

|(zh-m gFT)|<D

Notice that, recalling the definitions of ™ and Ek’" in (3.1), the requirement that EY2D >
\/m simply means that there is at least one point in the summation set, so that it is not a
restrictive assumption.

Theorem 3.1 (Approximation in the Gabor frame). Consider two non-negative integers p

and r. For all u € HPT(RY), we have Ipu € HP(RY). In addition, the following estimate
holds true:

(33 Ju = Mol gp(ge) < Cor D" gy
The estimate in Theorem 3.1 is sharp. Specificially, we have the following result.

Proposition 3.2 (Sharp estimate). For all p,r € N, there exists a constant D, > 0 depending
on p, r and d, such that for all D > D, there exists u € HP"(RY) with

(3.9) 1t = Tl g gay = Copr D" [t s ay-

Theorem 3.1 will be proved in Sections 5 and 6, and we will give an alternative proof of it
in Appendix D. Proposition 3.2 will be proven in Appendix C.
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4. PROOF OF THE FRAME PROPERTY

The aim of this section is to recall the proof of (3.2), following closely [5].
First of all, note that for f € L?(R?), if we set

(4.1) (0nf)(z) = k=4 f (k—l/%) :
we have [|0x f[| L2(ray = ||| 2(re) and
(42) 5k\pk,m,n = \Ill,m,n-

Therefore, it suffices to prove (3.2) for £k = 1, and the general case will follow. To lighten
notations, we shall write Wy, ,, instead of ¥y ,,, 5, in this section.

Letting O := [—/7, /)% x [—/7/2,/7/2)%, we define the Zak transform Z : L?(R%) —
L?(0) as follows. If f € C.(R%), we set

(Zf)(v,q) = (2\f NG Z VT (g — \/7k) V(v,q) € 0.

Lezd
One readily checks that ||Z f||;2(rd) = 12(0), SO that Z extends to a unitary transform.
Y L2(R4) (@
Let m,n € Z%. We have
Y, o . _la—vme—ymm|?
(Z\I/m,n)(v,q) 2d/2 57 Z ez\f'v i(g—v/ml—y/mm) ﬁne 2
Leze
_ 1 iv/mTv-m _iq\/mn i/mv-l iml'm _la-vme?
= 9d/2,3d/1°¢ € D¢ e e 2
L ezd
— €iﬁv'm€iq'ﬁn(Z\I/07n/)(’U,q),

The, given f € L?(RY), we can write

Imflz= > Y [(Z%mapin, Z5))

n'€{0,1}4 m,peZd

=22

n'€{0,1}4 m,peZd

— (2n)" / ZHwa) S |20 (v, g dvdg,
. n/e{0,1}¢

2

/ Zf)(,p)e” VT IVTCPY) (2 1) (v, ) dvdg

by Plancherel’s formula. Therefore, if we introduce the function
2
(4.3) Ov,q):= Y [ZVw(v,q)| V(vg el
n’e{0,1}4
we have

(2m)? n3151®(v,q)||f||ig(w) < |T1fll7 < (2W)dﬂq}6};<@(v,q)l\f\l%z(Rd)-

We define 0 to be © when d = 1. That is, for (v,q) € [—v/m, /) X [—/7/2,/7/2), we set
2 2

1 et
0(v, q) = 5 D elVmte(a Vrh)?)/2
ez

L[S eivmuteivata—v —a=vit?) /2
LET
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We then have, for v = (v1,...,v4), ¢ = (q1, .-, qq)

d
v,q) =[]0, q),
j=1

and therefore
d d
min O(v, q) = (min 9(v,q)> max O(v,q) = <max9(v,q)> .
v,q v,q v.q v,q
Recalling that the Jacobi Theta functions are given, for any z,7 € C with Im7 > 0 by
Wz, 7T) := Z exp(min?T + 2imnz),
nez

we see that
2

(v, q) Zexp (—e + L(ivy/T + qf))

_q2 o . 2 o . 2
N Y A P w_l,z |
2 2,1 2 21 22

This gives us the upper bound in (3.2), buy continuity of . To obtain the lower bound,
we note that the quantity ¥(z, 7) vanishes if and only if we have

(red)er(oed)

—q2 2
Zexp (—ﬂf + L(iv\/T + q/T) — Z'7r>
LeZ

2

for m,n € Z. Hence, the term ‘79 <2f’ 2)’ vanishes if and only if v = —/7 and ¢ = —@.
N (2

On the other hand, the term ‘19 (” ‘q -1 %)‘ vanishes if and only if v = 0 and ¢ = —@.

Therefore, min,, 4 (v, ¢) > 0, which proves the lower bound in (3.2).

5. DECAY OF COEFFICIENTS IN THE FRAMES

5.1. Decay of coefficients in the dual frame. Recall that the estimates in (3.2) imply
that whenever u € L2(R?), its coefficients belongs to ¢2, with an ¢2 norm comparable to
[ul|L2(ray- In Proposition 5.1 we generalize this idea by showing that if u exhibits more
regularity, stronger decay properties hold true for its coeflicients sequence.

Proposition 5.1 (Coefficients’ decay). For all p € N and u € HP(R%), we have

p
(5.1) > (1B 1€ ) 1 V) < Collul Gy g

[m,n]ez2d

Proof. We will prove (5.1) by induction. Note that, for p = 0, it is an immediate consequence
of (3.2). Then, suppose that there exists p € N such that (5.1) holds for all ¢ < p — 1, and
let us show that it also holds for ¢ = p.

Let us fix j € {1,...,d}. The polynomials (Q¢))_, from Lemma A.2 all have different
degrees, so that they form a basis of R,[X]. In particular, we may find real numbers (as)j_,
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solely depending on p such that
P
P =" aQu2)
=0

and in particular, introducing for the sake of shortness the function y : © — (mk’m—m+i£k’") s
we have

p
(5.2) KPP =N " aQu(k?y).

(=0

Then, using (5.2), and recalling (A.2), we obtain

kp/2( pu \Ilkmn Zag u Qg(kl/Q \I’kmn Zagk) ¢/ (u, af‘l’k’mm) .
£=0

and integration by parts shows that

p
(ypuv \I/k,m,n) = Z(_l)éafk_(p—’—e)/Q(afuv \I/k,m,’n)7
=0

where we also multiplied both sides by k~?/2. Recalling the definition of y and using the
upper-bound in (3.2), after summing over [m,n] € Z?¢, we see that

(53) D> (@™ =i+ w)Pu, U )

[m,n]ez?d

<G, Za% 5wl 72 gay < Cp Zagk:_%H@ZuHLg(Rd) <C ||u||Hp R}
/=0

where we have used the facts that the numbers ay only depend on p and that £ > 1. Since
we have

p—1
k.m .~kmn p k.m .k p b — k.m .k q
(5 —iggm) = (e — = i) _Z<q>(_%‘)pq($j —ig")"
q=0

and
P

(5™ + &™) 0, D) P = [ (5™ i, W) |

we may write that

G54 (@™ + ™) 1w Whmn)

IN

0 ([ o= )+ o )
=0

q _
|, W )|

[}

Thanks to the induction hypothesis, we have

p—1
S (@™ E™) @ e B ) < Gy Zump "l gy

q=0 [m,n]cZz2d
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and (2.1) then ensures that

p—1
(5.5) > (@) 1@ V) < Clluly g

4=0 [m,n)cz??

We then sum (5.4) over [m,n] € Z??. Using (5.3) and (5.5) to respectively bound the first
and second term in the right-hand side, we obtain

S (@™ 4 ) s Bl < € el g

[m,n]ez2d

and (5.1) follows by summing over j € {1,...,d}, which concludes the proof by induction. [

5.2. Decay of coefficients in the initial frame. We now prove an analogue of Proposition
5.1 for the coefficients of the dual coefficients (u, ¥}, ,,), which are used for the expansion
in the initial frame (Vi m,n)m njcz2d-

We start with a preliminary result concerning the inner product of elements of the dual
frame. Identity (5.6) follows directly from (3.5), while (5.7) can be deduced from [6, Corollary
3.7). For the reader’s convenience, we give a self-contained elementary proof of (5.7) in

Appendix B.

Proposition 5.2 (Expansion of the dual frame). For all [m,n] € Z*?, we have

(5'6) Z,m,n = Z ( Z,m;n? \Ilz,m’,n/)\ljk,mlyn/‘

[m’,n’]€Z2d
In addition, for all € > 0, there exists a constant C. > 0 such that

e~ llmanl—m’ a1

(57) ‘( Z,m,n? z,m’,n’)

We are now ready to establish our result concerning the coefficients’ decay.

Proposition 5.3 (Dual coefficients’ decay). For all p € N and u € HP(RY), we have

p
(5.8) > (1B R) 1 ) < Collul G g

[m,n]ez2d
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Proof. To lighten notations, let us write ¥ .= g™ 4 j¢5™ We have

k k P
> (1P 1€ 2) (W) P

[m,n]ez2d
2
= Z ’zk‘,mm’Qp Z (u’\:[lhm,’n/)(\:[l?m’n’ z,m’,n’) thanks to (5.6)
[m,n]ez2d [m/ ,n')ez2d
2
km/n'|p |zk,m,n|p * *
= 2 LS () Y)W Wit )

[m,n]eZ?d |[m/ n']ezZ2d

7ol 2
< Z Z )(1 + ’zk,m n \P> (U, Y )| |( 27m’n, \Ilz,m’,n'”

[m,n]ez2d \[m' n/|€ezZ2d

<X

[m’,n/]EZQd

‘Zk:,m,n‘p 2

(W km! )|
kmmns “km/ n’ )

thanks to Cauchy-Schwarz inequality. Let us bound the second factor using (5.7). For every
[m,n] € Z*¢, we have

by

[m’,n/]EZQd

<G ).

[m’,n’]esz

|Zk,m,n‘p 2

(W7 km! )|
kmmns “km/ n’

1+ |zk,m’,n/ |p

2
km/.n'|p km,n kEm/n'|p
BT 4 [P — B P l— [m ]2

(&

14+ ’zk,m’,n’ |p

2
<c, 3 ‘1+ |hman zk,m',n',p‘ o lmn]—[m’,n/]|/2
[m’,'n/]EZQd
< Cp.

Therefore, we have

p
S (1B 1€ ) o, W) P

[m,n]ez2d

!t 2
S Cp Z Z ’(1 —|— |zk7m ;M |p> (u’ \Pk,m’,n’)

[m,n]€Z2d [m/ n'|eZ724
<G X (1P (4 V)
[m/ ,n']ez2d

and (5.8) follows from (5.1). O

_ _ ! !111/2
o~ lmnl—[m’ ]|

2

Y

6. PROOF OF THEOREM 3.1

6.1. Approximation in L?(R?). We start by proving Theorem 3.1 in the simplest case,
when p = 0.
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Lemma 6.1 (L?(R?) approximation). For all u € fI”(Rd), we have

(6.1) |[u — pull 2 (ray < CTD_T"U‘|fI]:(Rd)'
Proof. By definition of IIp, we have
E:=u—Ilpu= Z (uv ‘I’Z,mm)‘l’k,m»nv
[m,n]ez?¢

|(@h ™8™ [>D
and the frame property ensures that
2 2
||8”L2(]Rd) S Z |(U, \Ijz,m,n”

[m,n]ez2¢
|($k’m,§k’n)|>D

<D™ > (@™, 5™ 7| (u, W )|
[m,n]ez2¢
(k™ k™) >D

and (6.1) follows from Proposition 5.3. O

6.2. Technical preliminary results. To prove Theorem 3.1, that is, to generalize (6.1) to
the case where p > 0, we must first show several preliminary technical results.

Lemma 6.2 (Smallness far from the origin). For all @ € N?, we have
/2 .
(6.2) 0 (Mpu)(@)] < Cak®* (1+K72D)" (k2 |a]) e 517 ] o
or all x € R® with |x| > 2D. In addition, for all ¢ > 0, we have
f || = i q>0,
a a 7@
(6.3) k2 1] 90% (M pu) | L2 glafsany) < Crakl™/%e™ 16 [[ull p2(ma).

Proof. If || > 2D and |*™| < D, we have |x—2"™|? > @, so that e~ 32— * < o—§l2f?
It follows from (A.2) that there exists a polynomial Q4 of total degree [a] such that

(0" pmn) (@) = K2 QK2 (= @™ 1 i€h)) Wy ()
so that
0*(Mpu)(@)| < CRY* 3" |, W ) Qa(k (@ — 2™ 4 ighm) e 51 F,

[m,n]ez?d

|(zh-m gk:m)| <D

We then observe that since |x| > 2D and \:Ufm\ + ]55"[ < CD for all terms in the sum, we
have
|z — 2F™ 4 gk < Ol

As a result, we have

a a —E:I:
0% (T pu) ()] < Cok®! ST W Pl | (6] e sl

[m,n|€z2d
[(zh-mm ghm) <D



DECAY OF COEFFICIENTS AND APPROXIMATION RATES IN GABOR GAUSSIAN FRAMES 11

and (6.2) follows from (3.2) and from the Cauchy-Schwarz inequality, as the sum is over a set

of cardinal smaller than C (1 + kl/QD)d.
Next, we set p = [a], and we consider

B2\ 2 +oo k|02
I, = / (le-7e=47) 4z = / P12 40) P g,
|| >2D 2D

using radial coordinates. Introducing s = Vkr, we get

+oo $2
Iq _ / (]{5_1/28)d_1+2(p+Q)6_7]{5_1/2(18
2k1/2D

— ) (d+2(p+q))/2 /+oo sd—12(p+a) o~ 4\[(13
2k1/2D

+o00o
< j-(@2ta) /2,2 / 1204 = g
0
= Cpk~ (d+2(p+q))/2 _7'
It then follows from (6.2) that
2|10 (Mpu)| 12({jaf>2py) < CKY* (1 + K /2D)2 kP /T |ull 2 ra)
<C kd/4( + kY2 D)2 P~ (420 +a)) /4 _7HUHL2 (R4
= PR R D)2 e
< O 201266 g
and (6.3) follows. O

We then prove a preliminary result about the decay properties of u — IIpu.

Corollary 6.3. For any p,q,r € N, any a € N with q + [a] <p and for any u € ITIPJ”’(Rd),
we have

(6.4) k1|2|%0% (u - Tpu) || p2(ge) <
Caqr D' (K719 0% = Tpw)l| gy + D™ [l e gy ) -
Proof. We first write that
ll2|*0% (u — pu)| 12 gy

= |l[x[?0% (u — Upw)l| 2((z|<2py) + [0 (v = )| 2({|z/>20))
< (2D)?|0%(u — Hpu)|| f2ray + [|[2]70%ul| L2({j2|>2Dy) + |20 (Mpu)|| L2 ({ja)>2D})-

To deal with the second term, we note that

2 10% ]| L2(fjap>2ny) < (2D)TP7" ([T + r0%ul| 12 (ray < (2D)q7p711k[a]”quji'*"“(Rd)'
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On the other hand, for the last term, we use (6.3), to obtain
~la]|[| |25 (~la]-q)/2,— B>
k™9 |10 (Upu) || 2 (fe|>2py) < K e 16 ||ull L2y
< C,klal=a)/22a=p=7) Da=P=7 ||y | 1
< DD .

272
Here, we used the fact that e~ 16 < C,.z™" for all x > 1, and the fact that & > 1. The result
follows. [

6.3. Approximation in HP(R?). The next key result needed to establish Theorem 3.1 con-
cerns approximation in the space HP(R?).

Lemma 6.4 (H?(R%) approximation). For all p,r > 0, if u € HP*"(RY), we have

(65 K08~ M)y < Cor D"l ey
Proof. Consider u € HP*"(R%), fix D > 0 and let € := u — Ipu, so that

&= Z (u, qj;,m,n)wkﬂnvn‘

|(@km &5 ™) |>D

Recall that the family (@k7m7n)[m,n]ez2d is a frame, so that

k—2p|‘8§75’”%2(Rd) < Ck_Qp Z |(6§)€’ \I’k,m7n)|2 = O(Usmall + Ularge)
[m,n]€z2d

with

Osmall ‘= k_Qp Z ’(6;5, \I/k,m,n)|27 Olarge -= k_Qp Z |(8§?€7 \Ilk,m,n”z'
(ko g4 m)|<2D (@ g8 )| >2D

We start by estimating the first term. Recalling (A.2) from Lemma A.2, we have

2
’(85)87 \Ilk,m,n)|2 = |(57 aquk,m,n)‘z = kP ‘ (57 Qp(\/%(xf’m —x;+ i&f’n))\pk,m,n> ‘ .

The binomial theorem yields that

Mws

|Qp(kM2 (2™ =y + i) ™) < Cp Y (KM ™ 4 iy ™ )PP (k2 )

q=0
P
<, Z(kl/ZD)2(p*q)kq|w\2q,
q=0
so that
P

(028, Wpmm)? < Cok? > (KY/2D)2 =D k(|| 1€, Wiy ) |2
q=0
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for all [m,n] € Z** with |(x"™,£"™)| < 2D. Since the coherent states form a frame, after
summation over [m,n|, we may write

P
Foman < Cpl ™ D (kM2D)X0 DI 2178 |
q=0

p
— 2
= CpD* Y " D7 |[a@]9€| 72 ray -
q=0

Since ¢ < p, we may employ Corollary 6.3 with a = 0, leading to

Usmall < Cp TDQPZ < ’5”[/2 Rd + D 2(p+7‘ HUHHCI"'T Rd)>
q=0

< Cpr (D1 2gmay + D™ ulGper )
and it follows from (6.1) that
Osmall < Cp rD™ 2rHuHHp+r (Rd)’

which is the desired result.
We now turn o04,4e, that we further split as

/ 1
Olarge < 2(O—large + Ularge)?
where

O'{arge = k*2p Z ‘(afuv ‘Ilk,m,’n)yz

|(@km g5 >2D

Ullgrge =k Z ‘(8§JHDU7 \Ilk,m,n)lz'
|(ahom g5 [>2D

We handle the first component with Proposition 5.1. Indeed, it follows from (5.1) that

O-{arge < k_2p Z |(a§)u’ \Pk,m,n)|2
|(hm ghm™)|>2D
< CTk—2PD—2T Z |(mk,m’ £k,n)’2r|(a§‘0u7 \Pk,m,n)|2

|(@k-m &% ™) |>2D

< Cok ™ D70 ul|% <C,D~ 27"\|u||Hp+r

'r Rd (Rd)

For the second component, we invoke Lemma A.3. On the one hand, recalling the definition
of IIpu in (3.7), we have

2
‘(8§J(HDU) \I’k,m,n)|2 = Z (u, q’z,m’,n')(afq/k,m’,n’alpk,m,n)
(k' gkm'y| <D
< C(k'/?D)* > |, O s ) PO s T o)

(k' gFm') <D
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since the summation happens on a set of cardinal less than C (k:l/ 2D)?. On the other hand,
by Lemma A.3,

|(8§)\pk,m,n7 \I’k,m’fn’)’ < Cpkp/2 (1 + |n|p) 6_%’“D2
= Gk (14 (K/2DY) € 552 <y k22 (K/2D) 77~ < Cp k72 (KY2D) D

since k > 1.
Using the frame property, we obtain

< k72p CPJ’kai%n Z |(’LL, \Ilz,m’,n’)‘Z
‘(wk,m’ ,ﬁk’n,)|§D
< Cp,?’DiQTHUH%'Z(Rd)

< Cpr D a1,

"
Ularge

R4

We are now ready to conclude the proof of our main result.

Proof of Theorem 3.1. As previously, we set £ := u—IIpu. Using Fourier transform, we start
by observing that

d
10%€ 1132 gy = | GE)*FEIR 2 ey < NENDFENR 2 0) < C D NOIE N2 -
j=1
As a result, using (6.5) (with p = [a] and r = (p +r) — [a]), we have
K10 | p2(gay < Cpa DY E+0 [ul gpir -

for all @ € N? with [a] < p.
Let ¢ < p, and let a € N¢ with ¢ + |a| < p. Using (6.4), we have

k1|2 10°E || 12 ra)

< C,, D" (k—[a]uaagHLz(Rd) + D_(p+r)H“||ﬁ£“(Rd)>
<C,, (D[a]-&-q—p—T‘HuHﬁ5+r(Rd) -+ D(q_p)_rHuHﬁ]f”(Rd))
< Cp,rD_THUHﬁ]g”(Rd)

since ¢ + [a] < p and D > 1, which concludes the proof. O

APPENDIX A. ELEMENTARY FACTS CONCERNING (GAUSSIAN STATES

A.l. Fourier transform and derivatives. We start by recalling the expression of the
Fourier transform of Gaussian states.

Lemma A.1 (Fourier transform). For all [m,n] € Z*?, we have

. m ¢kn
(A.1) Fe(Upmm) = e &y
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Proof. Let y = kY?(x — ™), we have

k 3 / k k,m |2 k,m k,n
—Elp— ) 3 — s . 3 —1 .

d/2 k 3d/4 _iwk,m{ _ﬁ ik)l/2 .ék,n —ik:l/2 g
=2 by e ez MY e Yidy
7T R
( k

I
[\
=9
~—
[\
[\
3
N———
[U%)
ISH
~J
Ny
I
8
bl
3
o
—
=9
)
|
N‘s
N
a
N
el
H
~
[ V]
<
n
F‘
|§
m
(o
N

The following lemma gives an elementary expression for the derivatives of Wy, 5, .

Lemma A.2 (Differentiation). For all p € N, there exists a polynomial Q, of degree p, with

real coefficients, and leading coefficient 2P, such that for all j € {1,...,d} and all [m,n] € Z>¢,
we have

(A.2) (D7 ) (@) = KP2Qy (K2 ()™ — ) + ™)) Wy ().
Proof. We define the polynomials by induction, setting Q9 = 1, and
Qp+1(2) = Qy(2) + 2Qp(2),

for p > 0. An elementary induction shows that @), is a polynomial of degree p whose term of
degree p is 2P.

Our aim is now to show inductively that (A.2) holds. This is trivially the case for p = 0
and for p = 1, noting that

0,V mm = k (xfm —xi z‘&f’") Trmm.
Now, suppose the result holds for some p € N. We then have
P = K2 [kl/zanp(\/%(:L‘?’m — ) U
+ QR (™ — 2y ieP™) x k(aE™ — 2 + iff’")\llk,m’n]
= EPEDRQ, (K12 (25™ =y +i6™) U mm,
which proves the result. ]

A.2. Scalar products between Gaussian states. We then provide expression and upper-
bounds of inner-products involving Gaussian states and their derivatives.

Proposition A.3 (L? products). For all [m,n],[m/,n'] € Z?¢, we have

(A.3) |(\Ijk,m7’m \Ilk,m’,n’)’ = e—%l[m,n]—[m’,n’”?'
In addition, for all p € N, there exists a constant C), such that
(44 (O Uk mms Wk )| < Cok?!? (14 [m?) e sllmmd=bm/ I

for all [m,n],[m/,n’] € Z*%.
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To prove this proposition, we will need the following elementary result.

Lemma A.4 (A useful identity). Let x,y,z € R?. We have
2

x—l(y—i-z)

1 2 2
(4.5) 52—yl +le—2) = | — 3

+B@—z)

Proof. On the one hand, we have
1 1 1
gz =yl +le—2P) =z —2 (y+2)+ Sy + |2

On the other hand, we have

2 2

&y—@

1
z—S(y+z) 5

2

"

and the proof follows since

ly+ 2 + |y — z|* = 2[y|* + 2|z|*.

Recall that, if we write, for k& > 0 and * € R?

fk|wf%w* 2

9k,x* (w) =e
then we have for all £€* € R?
(A'6) Fk(gk7w*>(€*) = 27d/2eig|£*‘2ef%w*€*.

We will use the following notations

/
J— mk,rn 4 mk,rn
2

— X

/

ik,m,m’ . km km

=z
Ek,n,n/ o Ek’" _ék,n/

Proof of Proposition A.3. We have

/2
e k ki k|2 iLfokm . ehkm k| kem! (2 i o km!y ekn
() U (@) = ( e Ho—a" T gikle—ah )€1 o~ fla-ah P o ik(a—oh ) e

s

™

Using (A.5), we have

2 4

leading to
(A.7)

\Ijk,m,n(x)\yk,m/,n’(m) = T

1
=@V—w%y+@+10y+dyﬂy—

d/2 ~k / ~k
- <k> e~k (le—ahm™ 2 ja—ab ™ 2) ika g " ikahm T

k <|m o $k,m|2 + |m o $k,m’|2)> - _k ‘:13 . mk,m,m’ 2 B ﬁ|£k,m,m’ 2

k d/2 ik kom! gkn! km ¢kn ksk,m,m’ |2 k k,m,m/ |2 ik
ENTT in@hm’ ghon' _ghim.ghny _kighmon' 2 g _ghmom!2 ke §

z|2)

! ’

/

)

Ak,n,n/
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Recalling (A.6), we have

(\I/k:,m,na \I’k,m/,n’)

d ik(pkom’ ghn' _pkm gkmny ~k,m,m’ |2 ~k.n,n’
(A.8) — 9d/2ik(ah g —ahmghn) —p k| ]:k(.gk,Z:ckmm’)(_E )
_ e_ zk.m, m/ Ek n,n/ eik(wk,m/_gk,n/_mk,m.gk,n)e_%lak,m7m ‘ ‘Ek mon/ | ’
which gives (A.3).
Noting that x#™ = gh™m m' oy % and using Lemma A.2, we get
~k,m,m’
km,m/ j . -k,
8;’\I/k7m,n(a;) = ]{;p/QQp \/E(.%'] m,m._ xj + JT + ij n) \I/k,m,n(m)
p ‘ /l.\k:vm7m, = Vi
p+L j ok km,m’
D ILEI I i (xj’m - xa‘) Vim.n (@),
=0 0'=0

with all the coefficients ¢y, independent of k. Therefore, we have

(A.9) Ma@wkmﬁn,whnuno <

OEy:jzoﬁmwumﬁo

elf

Recalling (A.7), we have

-

Z’
k,m,m/’
((.’I,'j - l’j) \Ijk,m,na qjk,m’,n’) ’ .

/ v Y o
(A10) (™™ ;) (@)W (@) =

d/2 ’ ’
]’C . k,m/ k,nli km ¢kny _k Ak,m,m/ 2 k / 14 _ _ k,m,m/ 2 zkmmn
( ezk(m I3 T I3 )6 iz | (mj,m,m xj) e klz— | ok 13 )

™

We then compute

!
n

NV _kmm/ |2 ,Ak'"’
/ (m o xk,m,m )5 e klx—x \ ezkw 13 dx
R4

A m’m/_’\k,n,n/ " o . .Ak,n,n, . o ,
— eika" £ /d Kt /nge [yl givky-€ dy setting y = k~Y/2(x — 2F™™)
R

ket B e 3 (e HEP) <\f£’”‘”)

Now, (‘)f/ (6755‘2) is a polynomial of degree ¢’ times 6755'2, so that its modulus is bounded
by Ce (1 + |£|£/)e*%‘£|2. Therefore, we have

’ v ~k.n,n’ k|ak,m,m/ |2
’((x?m;m _xj) Vi mmn, Yem/ ' || < Ck7|£ ‘ eil® P~ ile

~k,mn,n'
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Combining this with (A.9), we get

~ mm knn R —0 ,\k.’ 7 ;o
(Wi Wi )| < e T ‘QZZW (1@’ 4 jehm))
=0 ¢'=
¢
~k,m,m’ ~k,n,n' = , —kom, ,
<C k5671| " ‘26 G \QZ (‘\/%wk,m,m’_’_h/%gk,n’_’_’\/%g n,n |>
=0

~k,m,m’ n ’ ~k.n.n’ p
< Gy biBt R A [H (\ﬁakﬁm’my+y\/%gk:"y+y¢%g’“ ’ |) }

as announced.

O

APPENDIX B. LOCALISATION PROPERTIES OF THE DUAL FRAME

The aim of this appendix is to give an elementary proof of (5.7). Recalling the constants
a and S from the frame inequalities in (3.2), we set

(B.1) Y =

2
TF T,
a+p8 "k F

so that Y is self-adjoint with [|Y||p2(ra)_r2re) < v < 1. In particular,

- 2 _ 2 —
Sy, = (T} Ty) 1:ﬁ(I—Y) 1:a+ﬁZYf,
=0

where the sum converges for the norm of bounded linear operators acting on L?(R%). There-
fore, we have

( Z,m,nv z,m’,n’) = <a+6> <ZY \Ijkmn’zywwkm’n’>

2 4o
- & Z (‘Pkmnayg+gl\1jk m/ nl>
a_i_ﬁ ) ’ ) )

2,0/=0

)%
= (p+ 1) (\I/k;7 , ,Yp\lfky ’ /) .
Oz—i—ﬁ pard m,n m’,mn

We claim that there exists A > 1 such that, for all p € N and all [m,n], [m/,n’] € Z%*¢, we
have

(B.2) | (\I,k’m7n’yquk7m,7n,) | < AP~ 5 lmn]—[m/ /]|

Let us prove this result by induction. It trivially holds for p = 0, due to (A.3). Assume now
that (B.2) holds for p — 1. Recalling (B.1), we have

2
yP=yr!_ Tﬁ(Tk*Tk)Yp_l
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and its follows from (3.4) that
-1
(\Ilk,m,nayp\llk,m’,n’) = (\Ijk,m,nayp ‘l’k,m’,n’)

2 —1
- n /B Z (‘l’k,m,rm \I/k,m”,n”) (\Ilkz,m”,n”a Y ‘l’k,m’,n’) )
« [m//’n//}ezmi

so that, by our induction hypothesis and (A.3), we have

|(kmns YV Wk g )| < APl =l ]

2Ap_1 us 14 1712 s / / 1 "
—ilmn]=[m" n"]|? —7|[m/ n/]-[m" n"]
e 4 e 4
oy
[

m//’,n//] cZ2d

We now simplify the sum. For the sake of simplicity, we introduce ¢ = [m,n], ¢ = [m/, n’]
and q” = [m”,n”]. The triangle inequality reveals that
//|2_ ’q_q//’+|q_q//|+|q/_q//|
—lg—d"|+la—q,

"2 / "o
la—q""+1d —q'|=lg—q
2
>lqg—q"|
and as a result
T2 _T\ql ! S PO s ! ey g2 L P
E emala—d" 3l ~d"l < o~7la—q| E: e1lla=a"I-1a-d"") < 5o ila-d'|
q//Ez2d q”EZ2d
where we easily see that
o= E cilla—a"1-la—q"]?)
q”EZQd
is finite and does not depend on q.
Therefore, we have

‘ (\I’k,m,na Yp\I’k:,m’,n’)

< a1 <1+ 20 >e—z|[m,n]—[mcn/1|
- a+p

and (B.2) holds, provided we take
20
a+

To conclude, we write 0 := |[m,n] — [m/,n']|, and we let P denote the largest integer such
that P < 6'=¢. We have, for any v € (v,1)

P oo

<CY 0+ )| Yk Y a)| +C Y (p+ 17"
p=0 p=P+1

P +o0
<Cem ) (p+ AP+ C D (V)P
p=0 p=P+1
< C(P + 1)2AP8—§5 + C(’VI)P+1

<CAY e T L O(y)

A>1+

| (% km’ /)
kmmns *km' n'

One readily checks that both terms are bounded by 056761725 for any € > 0, which concludes
the proof.
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APPENDIX C. SHARPNESS OF THEOREM 3.1

The aim of this appendix is to show the sharpness of Theorem 3.1, as asserted in Proposition
3.2. We start with a preliminary result concerning the norm of a coherent Gaussian state.

Lemma C.1 (ﬁ[,f(]Rd) norm). Let p > 1. For all [m,n] € Z*¢, we have
p
€1y (L[ + 165 ) < W mn gy < Ao (L |25 + (€52

where the constants p,, Ay, > 0 only depend on p and d.

Proof. Fix [m,n] € Z?? and let j € {1,...,d} be such that n; > [n]/d. We have
(C.2)

2|08 W2y

%ﬁ(Rd) > ||‘I’k,m,n||%2(Rd) + H’$|quk7m,n”%2(]&d) +k

The first term is equal to 1. The second is

2 k d/2 2 k k,m |2
2" Wy mnll72@ey = <7T> /Rd R

_d)2 /
R4

The last term in (C.2) is equal to

B 21008 Wrmnll3a gy = K77 [ @p (K25 = 4 0€5™) ) Wimn|

xh™ 4 k71/2y’2p e WP dy > ckP|akm %P,

2

L2(R4)
:kpﬂd/2/ ‘Q +Zk1/2§kn)‘ e vy

> (k77 + Rn ).

This gives us the lower bound in (C.1).
On the other hand, it holds that

Yoy = 2 Zk ] le"HQ (K2(@p™ = 2+ i€™)) Whmom

[a]<pg= 0
2

d
2q . n|
-y Zk la] —d/2/ k,m+k—1/2y‘ T @, (v + iKV265™)| e 1P ay.

[a]<p =0 j=1
We then observe that

2

L2(R4)

2
d
2q
$k’m—|—k‘_1/2y) HQ(lj(yj +ik1/2£jl§,n) €_|y|2dy

L—lal
R4 Jaiey
k . k 2 k k p
< Caph™ a2 T (14 1872671 )" < Cap (14 |2hm 2 4 €572) "
j=1
which lead to the upper bound in (C.1) after summation. O

We then need another intermediate result concerning the inner product of elements of the
Gabor and dual frames.



DECAY OF COEFFICIENTS AND APPROXIMATION RATES IN GABOR GAUSSIAN FRAMES
Lemma C.2 (L?

product of the dual frame). For all [m,n],[m/,n'] € Z*?, we have
(C.3)

‘( z,m,na\ljk,m/,n’)
Proof. Using (A.4) and (5.7), we get

S Ce_% ‘ [m7n]_[m/7n/”1/2 .

| ( Z,m;n,’ \I’k,m’,n’)

< DY W

kmmn>
[m”,n”}GZQd

k,m”,n”) | | (\I'k:,m”,n”u Uk me n’)|

<C Z o~ lm/ " |=[mn][V/? —F|[m" n"]~[m/ n’]|?

[m//’n//] c72d

1" 1/2_ o |11 /12
— -9 —q —gl4 —q
—C E el | 5| | ’

[m//’n//]ezmi
where we introduced q := [m,n], ¢’ := [m’ ,n'] and q" := [m”,n"] for the sake of shortness
Since ¢',q" € Z*?, we have |q¢" — ¢'|* > |¢" — ¢'|'/?, and hence
e-la"—al'?-Fla"-d'1* < ~ld"~al'*~Fla"

q/‘1/2 _ 67%(lq//7q|l/2+‘ql/7ql|l/2)67(17%)|q//7‘1|1/2,
where we note that 1 —7/8 > 0. Then, since
2d
Vie -yl < Vx| + Iyl < Vel + Iyl Yo,y e R*,
we have
ef‘qnfq‘l/27%|qnf ‘ < 677|q q|1/2 (1_%)|qn_q‘l/2'
Therefore, we get
_T 1/2 —(1-= 1" 1/2
‘( Z,m,nv \I/k7m/7n/) < Ce ‘q q'| Z e ( 8)‘(1 ql
[m”,n”]€Z2d
< Ce §la—a''?
as announced. O
Proof of Proposition 3.2. Let D > k~1/2. Pick m

> = (2[k/2D],0,0) and let u = Wy ,, o. For
any p > 0, from Lemma C.1, we have

lull g gy > 1p(2D) 7
On the other hand since

pYsmo = Z

[m/’n/}ezmi

*
(\Pk,mﬂ? \Ilk,m’,n’)qlkvmlyn'
\[m’,n’“ﬁkl/QD
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we have

oY m.o0

since k > 1.

‘ﬁg(Rd)

< Z |(Ykmo0s i W ke Hﬁg(Rd)
[m/,n/]EZQd
|[m/ n]|<k!/2D

T m—m 1/2
<C g e sl | H'I’km’,n’nﬁg(ﬂgd)
[m/,n/}EZQd
|[m’,n/”§k1/2D

<c Y e Emempr

[m/ n'|cz?4
|[m/ . n]|<k'/2D

< CDpM(kl/QD)2d+1e—a\/k1/2D
< CDPe k2D

< C’Dpe_“/‘/ﬁ,

In particular, there exists D, such that for all D > D*, this quantity is smaller than p, D7P.
We thus have, for all D > D*

[|u — HDUHﬁg(Rd) > ||u’|ﬁg(ﬂgd) - ||HDu||ﬁ£(Rd) > pupD™P,

and thanks to Lemma C.1, this quantity is larger than “ﬁ—:’“D*’”HuHﬁpH(

follows.

The result
O

R4)"

APPENDIX D. PROOF OF THEOREM 3.1 USING MODULATION SPACES

D.1. Rescaling. First of all, let us explain how the proof of Theorem 3.1 can be reduced to
the case where k = 1. Recall that the isometry ) was introduced in (4.2). For any s € N, we
write, for all @ € Z¢ and ¢ € N with [a] +¢ = s

12|90 ull 2 ety = 10k (|12190%w) | L2 ey = 1K~V |2|"61(0% )| 2z

= | KD 212 99% (S1w) || L2 may = k21| @706 u | 12 may.-

Therefore, if we introduce the norm

lallo ey = D ka0 ul 2 g,

a+pB=s

for any parameter £ > 1, we have

HuHﬁz(Rd) = k_S/Q“éku”ﬁf(Rd).
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We want to study

23

u — Z (u, \Pz,m,n) \Ijk,m,n = kf% Opu — Z (5ku, 516\1/7;7,"17"’) 5k\11k,m,n
[(m.m)|<Dy/k/n Fram) ((mm) <D /R/ o)
= kfg Opu — Z ((5ku, \I/imm) \I/me
\(m,n)|§Dv k/m ﬁf(Rd)

Suppose that we can show that, for any v € f[s“/, we have

' _ * < VD~ |0]| 5eper.
(D.1) v |(m’§n):<D<(vv\Ijl7m,n>\Ill,m,ﬂ . < O(s,8) D7 ||vll gs-s
We will then deduce from what precedes that
P
llu — HDuHﬁg(Rd) = Z llu — HDu”ﬁg(Rd)
s:O /
<3 Clo 3D S

@
Il
o

p
D=3 Cs, ) Jul 5o
k
s=0
ot
< CD full i

which gives us (3.8). Therefore, Theorem 3.1 will follow if we prove (D.1).

D.2. Reminder on modulation spaces. If (xg,&,) € R?? we introduce the function on
Rd

2
|lz—zq|

¢mo,€o (:13) A T

(D.2) vz € R%.

For every s € N, we introduce the weight v, on R?? given by vy(x, &) = (14 |z|>+|£€]?)%/2, and

we define the corresponding modulation spaces M}, for all p > 1 to be the space of functions
such that the following norm is finite:

1/p
s, = ( [, o O | g o)

Let us discuss another interpretation of these spaces when p = 2, following [7, Proposition
11.3.1]. Let a,b € Z? with [a] + [b] < s, so that |£®€°| < v2(x,&). Writing (75f)(y) :=
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fly — ) and g(x) = e71#"/2 we then have

HfH?\/[gS > /Rd |z?| (/Rd ‘gb’ ‘(eiw.STch, g) ‘2) e

B /Rd =] </Rd & |(f(7mf7g))(£)2> dz

_ /d 2] |24t 9)]
R

N / / 2|05 f* (@ — y)lg(y)|*dyda
Rd JRd

:/ \8gf\2(z) (/ ‘ya +ZaHg(y)!2dz> dy
R4 Rd

> C / 08 £12(2)]2%]dz
Rd

Conversely, [7, Proposition 11.3.1] implies that || f]| 2 < C||f||gs(Rd), so that || - | 52 and
Vg 1 Vs

2
dx
L2

[ - ”I?f (Rd) AT€ equivalent norms on Mfs.

D.3. Sequence spaces. Let s € N. If ¢ = (¢m,n)m,njez2¢, We introduce the norm

1/2
lelle == D lemnlP(A+mf+nf)*]| |

[m,n|ez2d

and denote by £2 the set of sequences such that this norm is finite.
If D € N, write yp for the multiplication by the sequence taking value 1 if |(m,n)| > D
and 0 otherwise. We then clearly have, for any s, s > 0,

o
Ixplle, e <D™

D.4. Proof of Theorem 3.1. First of all, we note that the function g(x) = e 1z*/2 belongs
to Mjs for any s. Therefore, the canonical dual function v = U7 ; does also belong to Ml}s
for all s, thanks to [7, Theorem 13.2.1].

It follows from [7, Theorem 12.2.4] that the restriction to M2 of the operator T} introduced
in (3.3) is bounded from M? to 2. We shall denote this operator by C..

We also introduce the operator Dy, : ¢ +— Em,nEZZd cmm¥mn. Thanks to [7, Theorem
12.2.4], Dy is a bounded operator from /2 to M2. Furthermore, thanks to [7, Corollary
12.2.6], for any u € M2, we have u = D,Cu.

We therefore have, for any u € M2,

TERED DR UN A I RYet
& 2
|(m,n) <2 a2 Ms
<06 | lellye
, VT 2 —(s) !

< C(s,S’)D—s’HuHMirS,,



DECAY OF COEFFICIENTS AND APPROXIMATION RATES IN GABOR GAUSSIAN FRAMES 25
so that
/ _ !
u— Y (V) Wimn|| < C(s,s)D* ull v

so that (D.1) follows.
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