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UniRank: Unimodal Bandit Algorithm for Online Ranking

Camille-Sovanneary Gauthier “' > Romaric Gaudel 3 Elisa Fromont*°2

Abstract

We tackle, in the multiple-play bandit setting, the
online ranking problem of assigning L items to
K predefined positions on a web page in order
to maximize the number of user clicks. We pro-
pose a generic algorithm, UniRank, that tackles
state-of-the-art click models. The regret bound
of this algorithm is a direct consequence of the
unimodality-like property of the bandit setting
with respect to a graph where nodes are ordered
sets of indistinguishable items. The main con-
tribution of UniRank is its O (L/Alog T') regret
for T consecutive assignments, where A relates
to the reward-gap between two items. This re-
gret bound is based on the usually implicit con-
dition that two items may not have the same at-
tractiveness. Experiments against state-of-the-art
learning algorithms specialized or not for differ-
ent click models, show that our method has better
regret performance than other generic algorithms
on real life and synthetic datasets.

1. Introduction

We consider Online Recommendation Systems (ORS) which
choose K relevant items among L potential ones (L > K),
such as songs, ads or movies to be displayed on a web-
site. The user feedbacks, such as listening time, clicks,
rates, etc., reflecting the user’s appreciation with respect to
each displayed item, are collected after each recommenda-
tion. As these feedbacks are only available for the items
which were actually presented to the user, this setting cor-
responds to an instance of the multi-armed bandit problem
with semi-bandit feedback (Gai et al., 2012; Chen et al.,
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2013). Besides, some displayed items are not looked at and
lead to a negative feedback while they would be appreciated
by the user. It raises a specific challenge related to rank-
ing: the attention toward a displayed item is impacted by
its position. Numerous approaches have been proposed to
handle this partial attention (Radlinski et al., 2008; Combes
et al., 2015; Lagrée et al., 2016) referred to as multiple-play
bandit or online learning to rank. Several models of partial
attention, a.k.a. click models, are considered in the state of
the art (Richardson et al., 2007; Craswell et al., 2008) and
have been transposed to the bandit framework (Kveton et al.,
2015a; Komiyama et al., 2017). In current paper, in the same
line as (Zoghi et al., 2017; Lattimore et al., 2018) we pro-
pose an algorithm which handles multiple state-of-the-art
click models.

The main contribution of our work is a new bandit algo-
rithm, UniRank, dedicated to a generic online learning to
rank setting. UniRank takes inspiration from unimodal
bandit algorithms (Combes & Proutiere, 2014; Gauthier
et al., 2021b): we implicitly consider a graph G on the parti-
tions of the item-set such that the considered bandit setting
is unimodal w.r.t. G, and UniRank chooses each recom-
mendation in the G-neighborhood of an elicited partition.
Thanks to this restricted exploration, UniRank is the first al-
gorithm dedicated to a generic setting with a O(L/Alog T')
regret upper-bound, while previous state-of-the-art algo-
rithms were suffering a O(LK /A log T') regret. Note that
this O(L/Alog T') upper-bound requires all items’ attrac-
tiveness to be different, which is a usual assumption satisfied
by real world applications. Otherwise, UniRank recovers
the O(LK/AlogT) bound. From an application point of
view, UniRank has several interesting features: it handles
multiple state-of-the-art click models altogether; it is simple
to implement and efficient in terms of computation time; it
does not require the knowledge of the time horizon 7'; and
it exhibits a smaller empirical regret than other generic al-
gorithms by leaning on the different attractiveness property
when this property is satisfied.

As an indirect contribution, UniRank demonstrates that uni-
modality is a key tool to analyze the intrinsic complexity of
some combinatorial semi-bandit problems. We also demon-
strate the flexibility of unimodal bandit algorithms and of the
proof of their regret upper-bound. In particular, we extend
(Combes & Proutiere, 2014)’s analysis to a graph which is
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Table 1. Required click model and upper-bound on cumulative regret for 7' consecutive recommendations for some well-known recom-
mender algorithms that chose K items among L. The exact definition of A is specific to each algorithm. The symbol * means that
Assumption 3.17, defined in Section 3.1, is satisfied. £ denotes the vector of observation-probabilities of PBM, and = is the degree of the

graph explored by the unimodal bandit algorithm.

Algorithm Click model Regret

UniRank (our algorithm) CM* O(L—-K)/AlogT)
PBM*, ... O(L/AlogT)
PBM,CM,... O(LK/AlogT)

TopRank (Lattimore et al., 2018) PBM, CM, ... O(LK/AlogT)

CascadeKL-UCB (Kveton et al., 2015a) CM O(L-K)/AlogT)

GRAB (Gauthier et al., 2021b) PBM* O(L/AlogT)

PB-MHB (Gauthier et al., 2021a) PBM (k1 =0) unknown

PBM-PIE (Lagrée et al., 2016) PBM (k known) O ((L— K)/AlogT)

SAM (Sentenac et al., 2021) Matching* O (Llog L/AlogT)

OSUB (Combes & Proutiere, 2014) Unimodal O (y/AlogT)

unimodal in a weaker sense: (i) UniRank takes its decisions
given an optimistic index which is not based on the expected
reward but on the probability for an item to be more attrac-
tive than another one and (ii) some sub-optimal nodes in the
graph have no better node in their neighborhood.

The paper is organized as follows: Section 2 presents the
related work and Section 3 defines our target setting. We
then introduce UniRank in Section 4, and theoretical guar-
antees and empirical performance are presented respectively
in Section 5 and Section 6. We conclude in Section 7.

2. Related Work

Table 1 shows a comparison of the assumptions and the
regret upper-bounds of the most related algorithms.

Several bandit algorithms are designed to handle the online
learning to rank setting while the user follows one of the
currently defined click models, namely the position based
model (PBM) (Komiyama et al., 2015; Lagrée et al., 2016;
Komiyama et al., 2017; Gauthier et al., 2021a;b) or the cas-
cading model (CM) (Kveton et al., 2015a;b; Combes et al.,
2015; Zong et al., 2016; Katariya et al., 2016; Li et al., 2016;
Cheung et al., 2019). To the best of our knowledge, only the
algorithms BatchRank (Zoghi et al., 2017), TopRank (Latti-
more et al., 2018), and BubbleRank (Li et al., 2019a) handle
users following a general model covering both behaviors.
These three algorithms exhibit a regret upper-bound for 7'
consecutive recommendations of at least O(LK/AlogT),
where A depends on the attraction probability 0 of items.

One ingredient of TopRank and BubbleRank is a statistic to
compare two items independently of the position at which
they are displayed. The algorithm we propose also makes
use of this statistic. However, we define an exploration
strategy which does not require the knowledge of the time-

horizon T" and which induces a O(L/A log T') regret upper-
bound when items have strictly different attractiveness.

UniRank also builds upon an extension of the unimodal
bandit setting (Combes & Proutiere, 2014; Gauthier et al.,
2021b). This setting assumes the knowledge of a graph G on
the set A of bandit arms, such that the expected reward 4
associated to each arm a satisfies the following assumption:

Assumption 2.1 (Unimodality'). There exists a unique arm
a* € A with highest expected reward, and for any arm
a € A, either (i) @ = a*, or (ii) there exists a® in the
neighborhood Ng (a) of a given G such that pig+ > ig.

The unimodal bandit algorithms are aware of G, but ignore
the weak order induced by the edges of G. However, they
rely on G to efficiently browse the arms up to the best one.
Typically, the algorithm OSUB (Combes & Proutiere, 2014)
selects at each iteration ¢, an arm a(t) in the neighborhood
Ng (a(t)) given G of the current best arm a(t) (a.k.a. the
leader). By restricting the exploration to this neighbor-
hood, the regret suffered by OSUB scales in O(y/AlogT),
where ~y is the maximum degree of G, to be compared with
O(|A|/AlogT) if the arms were independent. OSUB is
designed for the standard bandit setting and makes use of es-
timators of the expected reward of arms to select the leader
and chose the arm to play. In comparison, UniRank extends
OSUB’s idea to the semi-bandit setting, relies on a new vari-
ant of the unimodality property (see Lemma 5.4), selects the
leader and the recommended arm based on other statistics,
and does not require the ‘forced exploitation’ step which
consists in recommending the leader each ~-th iteration.

"Usually, the unimodality is defined as the existence of a strictly
increasing path from any sub-optimal arm to a*. Assumption 2.1
is equivalent and we use it in this paper as it directly relates to the
shape of the theoretical analysis.
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Finally, (Gauthier et al., 2021b) also builds upon the uni-
modality framework to solve a learning to rank problem in
the bandit setting. However, the corresponding algorithm
(GRAB) is dedicated to the PBM click model. In this model,
there is a natural statistic to look at to measure the quality of
an item and a position: the probability of click when present-
ing item ¢ in position k. This statistic is independent of the
items at other positions. Within a CM model, such a statistic
does not exist. Instead, we refer to a statistic related to the
relative attractiveness of items ¢ and j (which we denote
3;4)- Secondly, in the PBM model, only weak assumptions
are needed to guarantee a unique optimal recommendation,
which is required to get the unimodality property. With a
CM model, any recommendation including the K best items
leads to the optimal reward. To recover the unicity of the
best arm, our algorithm is not targeting the best reward, but
the best ranking of items (which implies the best reward).
However, when facing PBM model, our algorithm requires
an assumption which is omitted by GRAB: the position are
indexed from the most look-at position to the least one.

3. Learning to Rank in a Semi-Bandit Setting

We consider the following online learning to rank (OLR)
problem with clicks feedback. For any integer n, let
[n] denote the set {1,...,n}. A recommendation a =
(a1,...,ax) is a permutation of K distinct items among L,
where ay, is the item displayed at position & and a([K]) :=
{ay : k € [K]} is the set of all displayed items. We denote
PL the set of such permutations. Throughout the paper,
we will use the terms permutation and recommendation
interchangeably to denote an element of PL.

An instance of our OLR problem is a tuple (L, K, p), where
L is the number of available items, X < L is the number
of positions to display the items, and p is a function from
PL x [K] to (0, 1] such that for any recommendation @ and
position k, p(a, k) is the probability for a user to click on
the item displayed at position £ when recommending a.

A recommendation algorithm is only aware of L and K and
has to deliver T' consecutive recommendations. At each
iteration ¢ € [T'], the algorithm recommends a permutation
a(t) and observes the values c,, (+)(t), . . ., Cay (¢)(t), Where
for any position k, c,, (+)(t) equals 1 whenever the user
clicks on the item a(t), and 0 otherwise. To keep notations
simple, we also define ¢;(t) = 0 for each undisplayed item
i € [L]\ a(t)([K]). Note that the recommendation at time ¢ is
only based on previous recommendations and observations.

While the individual clicks are observed, the reward of the al-
gorithm is their sum r(¢) := Zszl Cay(t)(t) = Ele ci(t).
Let p1, denote the expectation of r(¢) when the recommen-
dation is a(t) = a, and p* := maX,cpL fiq the highest
expected reward. The aim of the algorithm is to minimize

the cumulative regret

R(T)=E

T
Tu" — Zﬂa(t)‘| ; (D
t=1

where the expectation is taken w.r.t. the recommendations
from the algorithm and the clicks.

Ilustration 3.1 (Click model PBM). With the click model
PBM, at each iteration ¢, the user looks at the position k with
probability k., independently of the displayed items a ().
Moreover, whenever she observes the position k, she clicks
on the corresponding item ay () with probability 0, (¢), in-
dependently of her other actions. Overall, the clicks c,, (1) (%)
are independent and p(a(t), k) = E [ca, (1) ()] = 1, (-
Therefore, the optimal recommendation consists in display-
ing the item ¢ with the ¢-th highest value 6; at the position
k with the ¢-th highest value 6. Hence, if 67 > 05 >

- > 0 > MaxXg <k<L 0, and kK1 > Ko > -+ > KK,

W= i Kb

3.1. Modeling Assumption

Up to now, an OLR problem assumes two main properties:
(1) a click at a position is a random variable only condi-
tioned by the recommendation and the position, and (ii) the
expectation of the corresponding distribution is fixed. We
now introduce the three assumptions required by UniRank,
which are fulfilled by PBM and CM click models.

We first assume an order on items. Note that the existence
of an order on item is a weak assumption by itself (we may
chose any random order). The strength of this assumption
derives from Assumptions 3.2 and 3.3 which enforces this
order to relate with expected reward.

Assumption 3.1 (Strict weak order). There exists a prefer-
ential attachment function ¢ : [L] — R on items, and for
any pair of items (4, j),

« if g(i) > g(j), item i is said more attractive than item
J, which we denote i > 7;

o if g(i) = g(j), item 14 is said equivalent to item j,
which we denote ¢ ~ j.

Illustration 3.2 (Strict weak order with PBM). With PBM,
a typical choice for the function g is g : i — 6;.

Assumption 3.1 ensures the existence of a strict weak or-
der > on items: the items may be ranked by attractiveness,
some items being equivalent. A typical example with L. = 4
would be 1 > 2 ~ 3 > 4, meaning item 1 is more attrac-
tive than any other item, and items 2 and 3 are equivalent
and more attractive than item 4. Such situation may also
be represented with an ordered partition: ({1}, {2, 3}, {4}).
where if the subset F is listed before the subset F', then for
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any item ¢ € I and any item j € F', ¢ > j. In the rest of the
paper we will use either the preferential attachment func-
tion, or its associated strict weak order, or the corresponding
ordered partition depending on the most appropriate repre-
sentation.

The strongest results of the theoretical analysis require the
slightly stronger assumption which ensures that the K best
items are uniquely defined. This assumption is equivalent
to any of both hypothesis: (i) the order > is total on the K
best items and the K -ith item is strictly more attractive than
remaining L — K items, and (ii) each of the K first subsets
of the ordered partition is composed of only one item.

Assumption 3.1* (Strict total order on top-K items). There
exists a preferential attachment function g : [L] — R and
a permutation a € PE s.t. g(ar) > glaz) > --- > g(ak)
and for any item j € [L]\ a([K]), g(ax) > g(j)-

Our next assumption states that recommending the items
according to the order > associated to the preferential at-
tachment leads to an optimal recommendation.

Definition 3.1 (Compatibility with a strict weak order). Let
> be a strict weak order on items, and a be a recommenda-
tion. The recommendation a is compatible with > if

1. for any position k € [K — 1], either ay > agy1 or
Ak ~ Gk+1;

2. forany item j € [L]\ a([K]), either ax > j or ax ~ j.

Assumption 3.2 (Optimal reward). Any recommendation a

*

compatible with > is optimal, meaning pg = p*.

Ilustration 3.3 (Optimal reward with PBM). With PBM,
if the positions are ranked by decreasing observation prob-
abilities and g(i) = 6, this assumption means that the
recommendation placing the k-th most attractive item at the
k-th most observed position is optimal, which indeed is true.

Assumption 3.2 is of utmost importance for UniRank as it
means that identifying a partition of the items coherent with
> 1is sufficient to ensure optimal recommendations.

Let us now consider the last assumption which regards the
expectation of the random variable ¢;(t) — ¢; ().

Definition 3.2 (Expected click difference). Let i and j be
two items, and a a recommendation. The probability of
difference and the expected click difference between items ¢
and j w.r.t. the recommendation a are respectively:

05, (@) = Pa()u({a(i,j)oa}) [ci(t) # ¢;(1)] and
A; (@) = Bay~ti({a, (i j)oay) [ci(t) — cj(t) | ci(t) # c;(1)],
where (i, j) o a is the permutation a such that items ¢ and j

have been swapped, and I/ (.S) is the uniform distribution on
the set S. If only 4 (respectively j) belongs to a, (4, j) ca is

Algorithm 1 UniRank: Unimodal Bandit Algorithm for
Online Ranking

Require: number of items L, number of positions K
1: fort=1,2,... do
2: compute the leader partition P(t)
3 P(t) «+ argmaxpe{p(t)}uN(~(t)) bp(t)
4:  draw the recommendation a(t) uniformly at random

in A(P(t))
5:  observe the clicks vector ¢(t)
6: end for

the permutation a where item ¢ is replaced by item j (resp.
Jj by 7). If neither ¢ nor j belongs to a, (7, j) o a is a.

Assumption 3.3 (Order identifiability). The strict weak or-
der > on items is identifiable, meaning that for any couple
of items (4,7) in [L]? s.t. i = j, and for any recommen-
dation a € PE s.t. at least one of both items is displayed,
dij(@) #0and A; j(a) > 0.

Ilustration 3.4 (Expected click difference with PBM).
With the click model PBM, if the positions are ranked
by decreasing observation probabilities, for any recom-
mendation a, any position k¥ € [K] and any position
¢ € [L]\ {k}, denoting 7 and j the items at respective posi-
tions k and /, &»J(a) = % (0; +0;) (ki + ko) — 20,0 K k0
and A; ;(a) = gl;z; d;,j(a), where d; j(a) > 1. Therefore,
if g(i) = 0;, Assumption 3.3 is fulfilled.

The expected click difference reflects the fact that an item
leads to more clicks than another independently of the po-
sition of both items (other items being unchanged). Hence,
Assumption 3.3 points out that when an item is more at-
tractive than another one, it has a higher probability to be
clicked upon, all other things being equal. This assumption
is natural and ensures that the order on items may be recov-
ered from the expected click difference, which is observed.

Finally, the following lemma, proven in Appendix D, states
that both CM and PBM models fulfill our assumptions.

Lemma 3.1. Let (L, K, p) be an online learning to rank
problem with users following CM or PBM model with posi-
tions ranked by decreasing observation probabilities. Then
Assumptions 3.1, 3.2, and 3.3 are fulfilled. Furthermore,
Assumption 3.1% is fulfilled if, for any top-K item i and any
item j in [L] \ {3}, eitheri > j orj = i.

4. UniRank Algorithm

Our algorithm, UniRank, is detailed in Algorithm 1, and Fig-
ure 1 unfolds one of its iterations. This algorithm takes inspi-
ration from the unimodal bandit algorithm OSUB (Combes
& Proutiere, 2014) by selecting at each iteration ¢ an arm
to play P(t) in the neighborhood of the current best one
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1/1\\ /\3/\ 1/4?\ 1/6\
N ~
2! S —>\7

P = (P, Py, Py, Pu) = ({1,2},{3}, {4,5},{6,7})

N(P) ={({1,2,3},{4,5},{6,7}),

({1,2},{3,4,5},{6,7}), % merge of Py and Ps

({1,2},{3},{4,5,6},{7}), %tuy6

({1,2},{3},{4,5,7},{6})} %uy7

= ({1,2},{3,4,5},{6,7})  %the2"?
a=(21,3,5)

% merge of 151 and 152

neighbor wins

Figure 1. One iteration of UniRank with L = 7 items and K = 4
positions (¢ is omitted for clarity). Each arrow ¢ — j in the
top graph on items means the statistic 3;; is non-negative.
With these values, the leader partition (represented with dashed
ellipses) is P = ({1,2}, {3}, {4, 5},{6,7}), where P, = {6,7}
gathers remaining items as the 3 first partitions contain
more than K items. Then, we assume that max (33,1, 53,2) >
max(max(§4,3, §5,3), max(§674, §6,5)7
Therefore,  UniRank plays the optimistic partition
P = ({1,2},{3,4,5},{6,7}). Finally the recommenda-
tion a is obtained by concatenating a random permutation
of P, = {1,2} with a random permutation of 2 items from
P, = {3,4,5}.

P(t) (aka. the leader). However, UniRank’s arms are
not recommendations but sets of recommendations repre-
sented by ordered partitions. Hence, the recommendation
a(t) is drawn uniformly at random in the subset A(P(t)) of
recommendations compatible with P(t).

Let us now first define the notations used by UniRank and
then present its concrete behaviour.

Statistic $;, ;(t) UniRank’s choices are based on the statis-
tic §; ;(¢) and the optimistic estimator of its expected value:
the Kullback-Leibler-based one denoted 5; ;(t). 5 ;(t)
is the average value of ¢;(s) — ¢;(s) for s in [t — 1],
where we restrict ourselves to iterations at which items
¢ and j are in the same subset of the played partition

P(s) = (Pi(s),..., Pys)(s)), and ¢;(s) # ¢;(s). Specifically,
=
8i5(t) = T ;()m (s) (ci(s) = cj(s)),
where O; ;(s) :=1{3c, (i,j) € Pe(s)?} 1{ci(s) # ¢;(s)} de-

notes that the dlfference between 1tems 1 and j is observable
. . —1 ~

at iteration s, Tj j(t) := '_1 O, ;(s), and 4; j(t) := 0

when T; ;(t) = 0. Note that 3, ;(¢) is antisymmetric

(3i,5(t) = —8;,:(t)) and 5, ;(t) > O (equivalent to 5, ;(¢) <

0) indicates that ¢ is probably more attractive than j.

The statistics $; ;(t) are paired with their respective opti-

max(57,4,57,5), 0).

mistic indices

sigl0)i= 2 f (5 10,8 (0)) - 1,
where f is a function from [0,1] x IN x IN to [0, 1] and
f(i, N, t) = sup{p € [4,1] + N x kl(j1, p) < log(t) +
3log(log(t))}, with kl(p, q) := plog & + (1 — p) log %
the Kullback-Leibler divergence (KL) from a Bernoulli dis-
tribution of mean p to a Bernoulli distribution of mean g;
f(ii,N,t) :== 0 when i =1, N = 0,0r t = 0; and o, (t)
is the number of iterations the partition at which P has previ-
ously been the leader. This optimistic index is the one used
for KL-based bandit algorithms, after a rescaling of 3; ;(t)
to the interval [0, 1]. Note that, unlike 3; ;(t), 5; ;(t) is not
antisymmetric, and 5, ;(¢) > 0 while §; ;(¢) > 0 indicates
that it is unclear whether 7 is more attractive than j or not.

Leader Elicitation At each iteration, UniRank first builds
a partition P(t) = (Py(t),. Pd( )) using Algorithm 2
(see. Appendix C). This partltlon is coherent with §; ;(t),
meaning that for any couple of items (i,j) in [L]?, if
8;.;(t) > 0 then either i belongs to a subset P,(t) ranked
before the subset of j, or there exists a cycle (i1, 42, ...,iN)
such that iy = iy = i, i3 = j, and for any n € [N — 1],
8i,.ins1(t) > 0. We also ensure that the d — 1 first sub-

sets of P(t) gather at least K items: Zf;lz |P.(t)] < K <

Zd_l |P.(t)|. This means that the items in Pj(t) are the
ones which are never displayed by the recommendatlons in
A(P(t)). Note that the subset P; ;(t) may be empty.

The partition P(t) is built by repeating the process of (i)
identifying the smallest subset of items dominating all other
items (meaning the items 4 for which §; ;(¢) > 0 for any
remaining item j), and (ii) removing this subset. A special
care is taken to gather in the same subset remaining items
as soon as the first subsets contain more than K items.

Optimistic Partition Elicitation The partition P(t) plays
the role of leader, meaning that at each iteration, UniRank
solves an exploration-exploitation dilemma and picks either

P(t) or a permutation P(?) in the neighborhood NV (P(t))
of P(t), where N'(P) :=

(7
u{(ﬁl,,.,, P

This neighborhood results either (i) from the merge of two
consecutive subsets Pe.(t) and P.1(t) of the partition P(t),
or (ii) from the addition to P;_, (¢) of an item j from the last
subset. For each neighbor P of type (i), the optimistic index
bp(t) is MaxX(; ;e p, (1% Boss (1) %L(t) to reflect whether or

yPe1,P.UPey1, Peyo, . ..

~(i) :06[372]}

27Pd—1u{j},}5d"\{j}) :jep{i}.

not at least one of the items in P () may potentially be
more attractive than one of the items in P.(¢). Similarly, for
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each neighbor P of type (ii), the optimistic index bp(¢) is
maxX;cp. (¢ 55,i(1)-

Remark 4.1 (Recommendation chosen at random). Taking
a random permutation is required to control the statistic
5;,j(t). Indeed, the theoretical analysis requires the prob-
ability for ¢ to be ranked before j in the recommendation
to be even. Overall, the aim is to identify a partition P*
such that any permutation in A (P*) is compatible with the
unknown strict weak order on items.

5. Theoretical Analysis

The proof of the upper-bound on the regret of UniRank
follows a similar path as the proof of OSUB (Combes &
Prouticre, 2014): (i) apply a standard bandit analysis to
control the regret under the condition that the leader P(t) is
an optimal partition, and (ii) upper-bound by O(loglog T')
the expected number of iterations such that P(t) is not an
optimal partition. However, both steps differ from (Combes
& Proutiere, 2014). First, UniRank handles partitions in-
stead of recommendations. Secondly, it builds upon §; ;(t)
instead of estimators of the expected reward. While 3; ;(t)
is the average of dependent random variables with different
expected values, these expected values are greater than some
non-negative constant A, ; when i > j, which is sufficient
to lower-bound §; ;(t) away from 0 as required by the proof
of the regret upper-bound (see Appendices E.1, E.2, and E.3
for details). Finally, the proof is adapted to handle the fact
that 7; ;(¢) randomly increases when we play items ¢ and j
due to the exploration-exploitation rule, which is unusual in
the bandit literature. Up to our knowledge, this exploration-
exploitation strategy and its analysis are new in the bandit
community. We believe that it opens new perspectives for
other semi-bandit settings.

Note that, as in (Sentenac et al., 2021) and (Gauthier et al.,
2021b), we restrict the theoretical analysis to the setting
where the order on top-items is total, meaning we use As-
sumption 3.1*. Without loss of generality, we also assume
that1 = 2 > --- > K > [L] \ [K] to shorten the notations.
Hence the only partition P* which is such that, any permu-
tation @ in A (P*) is compatible with the unknown strict
order on items, is ({1}, ..., {K},[L] \ [K]).

We now propose the main theorem that upper-bounds the
regret of UniRank.

Theorem 5.1 (Upper-bound on the regret of UniRank as-
suming a total order on top-K items). Let (L, K, p) be
an OLR problem satisfying Assumptions 3.1%, 3.2, and 3.3
and such that 1 = 2 > --- = K > [L] \ [K]. Denoting
P* = ({1},...,{K},[L] \ [K]) the optimal partition as-
sociated to this order, when facing this problem, UniRank

Sulfills

~

P(t)=P*,
vk e [L\ {1}, B [Z 1 HC,PC@)_%ZW1,K>,k}}]

t=1

1
< = ? logT + O (loglogT) (2)
*AQ
ESk
T ~
and E Z]l{P(t);éP*} =0 (loglogT), 3)
t=1
and hence
L
8A}L (L >
R(T) < —— logT+O (loglogT) =0 —logT |,
(>kZ:25ZAig (loglog T) A log

where for any position k > 1, denoting £ := min(k—1, K),
O i= Minpen(p) e, (t.1)ep? Patnuucacpy lee(t) # ex(®)]
Ay :=milgepL. (4 k)na((K])20 Ay k(a),

Ak 2= p(1K) ~ H(ER)o(1. K

and A = minge(a,. 1y 5,§Ai/Ak.

The first upper-bound (Equation (2)) controls the expected
number of iterations at which UniRank explores while the
leader is the optimal partition. Both types of exploration are
covered: the merging of two consecutive subsets of P(t),
and the addition of a sub-optimal arm to the last subset of the
chosen partition P(t). The second upper-bound (Equation
(3)) deals with the expected number of iterations at which
the leader is not the optimal partition. Let us now express
the same bounds while assuming one of the state-of-the-art
click models.

Corollary 5.2 (Facing CM*). Under the hypotheses of The-
orem 5.1, with the clik-model CM with probability 0; to click
on item © when it is observed, UniRank fulfills

L
Ox + 6
rRTY < Y 16LZbgT+(’)(loglogT)

k=K-+1 O —0

Ok + 0K
= L—-—K)——1logT].
O(( )GK*GK—H 8

Corollary 5.3 (Facing PBM*). Under the hypotheses of
Theorem 5.1, if the user follows PBM with the probability 0;
of clicking on item i when it is observed and the probability
ki of observing the position k, then UniRank fulfills

R(T) =0 (ilog T) ,

O —0K 41

Ox+0K+1’

((Fr—14+rr)(Or—140k)—4kk_15KO0k—10k) (O —1—0k) }
(kk—1—rk)(Or—1+0%)? ’

where A := min{

minge(a, .. K}

Note that the regret upper-bound reduces to O((L —
K)/AlogT) with CM since, with this model, the recom-
mendation is optimal as soon as optimal items are displayed.
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A more detailed version of these corollaries is given in the
appendix, together with their proofs and Theorem 5.1°s
proof. These proofs builds upon the following pseudo-
unimodality property.

Lemma 5.4 (Pseudo-unimodality assuming a total order on
top-K items). Under the hypotheses of Theorem 5.1, for any

ordered partition of the items P = <I51, cee Pg) + P*,

e either 3¢ € [d], such that |P.| > 1 and i* »
argmax;e p\ (;+1 9(J), where i* = argmax;¢ p, g(i);

e or3ce[d—1],3(i,j) € P. X Puyy, such that j > i.

The first alternative implies that the subset P, should be
split, which will be discovered by recommending permu-
tations compatible with either P or one of its neighbors.
The second alternative implies that j should be in a subset
ranked before the subset containing %, which will be discov-
ered by recommending the permutation in the neighborhood
of P which puts i and j in the same subset.

5.1. Discussion

We gather here some remarks regarding the optimality of
the theoretical results and their extension to a weak order.

Remark 5.1 (Optimality of UniRank’s upper-bound).
While deriving the exact lower-bound on the ex-
pected regret in this setting is out of the scope of
our paper, We believe that this bound takes the form

(Zk 2 kl(]/ Vk) log(T) + Zk K+1 klb(y_}f/k) log(T)>,
where for k& € {2,...,K} (respectively k €
{K +1,...,L}), px, v}, and v, result from the
best partition and the best random variables to compare
item k to item k — 1 (resp. to item K).

In (Combes et al., 2015) (Propositions 1 and 2) and in
(Lagrée et al., 2016) (Theorem 6) a bound with only the
second sum is proven. The first sum is missing as both
papers consider more restricting settings where the compar-
ison between items k € {2,...,K} and k — 1 is free in
terms of regret: CM for (Combes et al., 2015), and PBM
with k known for (Lagrée et al., 2016).

We also believe that TopRank’s upper-bound on the
regret with our additional hypothesis either remains
O(KL/Alog(T)) or reduces to O(Llog L/Alog(T)).?
Indeed, while UniRank reduces the exploration by only
comparing each item & to the item min(k — 1, L), in the
worst case scenario TopRank compares each item k to each
item k' € {1,...,min(k — 1, L)} in order to conclude that
k' should not be at one of the top-min(k — 1, L) positions.

2This second bound is proven in (Sentenac et al., 2021) for a
matching problem handled with an algorithm similar to TopRank.

Remark 5.2 (Exploration not at the top). With CM model,
exploring at the top reduces the regret: it leads to less explo-
ration, while the instantaneous regret remains unchanged.
However, this results does not hold with PBM (see Theorem
6 in (Lagrée et al., 2016) for details): while exploring at the
top decreases the number of explorations, it also increases
the regret per exploration; and the best trade-off depends on
the values 8 and .

Therefore, as in (Lagrée et al., 2016), we only explore
through local changes in the recommendation. Note that
these local changes are also more “user-friendly”: as soon
as the right leader has been identified, a sub-optimal item is
always tried at the bottom of the recommendation, which is
less surprising for users than a sub-optimal item displayed
as the top recommendation.

Remark 5.3 (Upper-bound on the regret of UniRank assum-
ing a weak order on items). If the order on the best items is
not total, the proof of Theorem 5.1 may be adapted to get a
O (LK/AlogT) bound. Indeed, under the strict weak or-
der assumption, there exists a set of optimal partitions, and
therefore, any permutation compatible with a neighbor of
any of these partitions may be recommended O (1/Alog T')
times. In the worst case scenario, K items are equivalent
and strictly more attractive than the L — K remaining items,
and the set of the permutations compatible with a neighbor
partition is composed of K (L — K) permutations, which
translates into a O (LK /Alog T') regret bound. Note that
(Lattimore et al., 2018) proves a 2 (LK /AlogT') lower-
bound on the regret assuming that the best items have the
same attractiveness which means that the upper-bound of
UniRank for this specific setting is optimal.

6. Experiments

In this section, we compare UniRank to TopRank (Lattimore
etal., 2018), PB-MHB (Gauthier et al., 2021a), GRAB (Gau-
thier et al., 2021b), and CascadeKL-UCB (Kveton et al.,
2015a). The experiments are conducted on the KDD Cup
2012 track 2 dataset, on the Yandex dataset (Yandex, 2013),
and on a model with artificial parameters. We use the cumu-
lative regret to evaluate the performance of each algorithm.

6.1. Experimental Settings

In order to evaluate our algorithm, we design six experi-
ments inspired by the ones conducted in (Lattimore et al.,
2018). The standard metric used is the expected cumulative
regret (see Equation (1)), denoted as regret, which is
the sum, over T' consecutive recommendations, of the
difference between the expected reward of the best answer
and of the answer of a given ORS. The best algorithm is the
one with the lowest regret. We use two click models for
our experiments: the Position Based Model (PBM) and the
Cascading Model (CM). To play according to those models,
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we extract the parameters of the chosen model from the
KDD Cup 2012 track 2 (KDD for short) database and the
Yandex database (Yandex, 2013), and we experiment with a
set of parameters (denoted Simul) chosen to highlight the
O (L/AlogT) regret of UniRank: L = 10, K = 5,60 =
[0.1,0.08,0.06,0.04,0.02, 107%,1074,107%, 107, 10~4],
and K = [1,0.9,0.83,0.78,0.75].

Yandex database comes from fully anonymized real-life logs
of actions toward the Yandex search engine. It contains 703
million items displayed among 65 million search queries
and sharing 167 million hits (clicks). We consider the 10
most frequent queries in our experiments. We use the GPL3
Pyclick library (Chuklin et al., 2015) to infer the CM and
PBM parameters of each query with the expectation maxi-
mization algorithm. Depending on the query, this leads to
0; values ranging from 0.51 to 0.94, and «; values ranging
from 0.71 to 1.00 when considering PBM and 6; values
ranging from 0.03 to 0.50 for CM.

We also extract parameters from the KDD dataset. Due
to the type of data contained in this dataset, we can only
extract parameters for the PBM model. This dataset consists
of session logs of soso.com, a Tencent’s search engine. It
tracks clicks and displays of advertisements on a search en-
gine result web-page, w.r.t. the user query. For each query,
3 positions are available for a various number of ads to dis-
play. Each of the 150M lines contains information about the
search (Userld, Queryld...) and the ads displayed (AdlId,
Position, Click, Impression). We are looking for the best
ads per query, namely the ones with a higher probability to
be clicked. To follow previous works, instead of looking for
the probability to be clicked per display, we target the prob-
ability to be clicked per session. This amounts to discarding
the information Impression. We also filter the logs to restrict
the analysis to (query, ad) couples with enough information:
for each query, ads are excluded if they were displayed less
than 1,000 times at any of the 3 possible positions. Then, we
filter queries that have less than 5 ads satisfying the previous
condition. We end up with 8 queries and from 5 to 11 ads
per query. The overall process leads to 6; values ranging
from 0.004 to 0.149, and xj, values ranging from 0.10 to
1.00, depending on the query.

Then we simulate the users’ interactions given these param-
eters as it is commonly done in bandits settings. Similarly
to (Lattimore et al., 2018), we look at the results averaged
on the queries, while displaying K items among the L most
attractive ones selected among all items possible for each
query. With Yandex dataset, K = 5 and L = 10, while
with KDD dataset K = 3 and L varies from 5 to 11. We
run our experiments on an internal cluster to compute 20
independent sets of 107 consecutive recommendations for
each of the 10 most frequent Yandex queries and each of the
8 KDD queries. It leads respectively to 200 games per set-

Table 2. Average computation time (in ms) per recommendation.
For each top 10 query of Yandex dataset, 20 runs are performed
assuming CM model and L = 10.

Algorithm Computation Time (ms)
UniRank 1.0+£0.2
TopRank 0.7+£0.3
PB-MHB 13.9+£4.9
GRAB 0.9+0.3
CascadeKL-UCB 0.9+0.0

ting and algorithm for Yandex and 160 games for KDD. As
TopRank requires the knowledge of the horizon 7', we test
the impact of this parameter by setting it to the right value
(107), to a too high value (10'2), and to a too small value
(10%) with doubling trick. To tune PB-MHB, we use the
values recommended by (Gauthier et al., 2021a) for these
datasets.

6.2. Results

Our results are shown in Figure 2. As expected, CascadeKL-
UCB (respectively PB-MHB) outperforms other algorithms
in the CM (resp. PBM) model for which it is designed.
However, PB-MHB is computationally expensive (see Ta-
ble 2) and lacks a theoretical analysis. Surprisingly, al-
though GRAB is designed for PBM model, it suffers a high
regret when confronted to the query 8107157 of Yandex and
to Simul with PBM model.

Secondly, UniRank and TopRank enjoy a logarithmic re-
gret in all settings and our algorithm UniRank outperforms
TopRank for the models such that the K best items do not
have the same attractiveness 6;: query 8107157 of Yandex,
simul PBM, and simul CM. When confronted to other mod-
els, UniRank has a regret strictly smaller than TopRank be-
fore the iteration ¢ = 109, and smaller or equal to TopRank
at the horizon. Moreover, as already explained, TopRank is
aware of the horizon 7" and may stop (over)exploring early,
as can be observed in the CM model after iteration 10°. If
TopRank targets a horizon T' = 102 or uses the doubling
trick it suffers a higher regret than UniRank.

Regarding the computational complexity, as shown in Ta-
ble 2, PB-MHB is significantly slower with a computation
time per recommendation ten times higher than any other al-
gorithm. These other algorithms have a similar computation
time of approximately 1 ms per recommendation.

Overall, as TopRank, UniRank is consistent over all set-
tings, and require a reasonable computation time. Moreover,
contrary to TopRank, (i) UniRank drastically decreases its
regret by taking advantage of the differences of attractive-
ness between items, and (ii) UniRank does not require the
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Figure 2. Cumulative regret w.r.t. iterations. ' = 5 and L = 10 for Yandex and Simul models (b,c.e,f); K = 3and L € {5,...,11} for
KDD model (a); K = 5 and L = 6 for Yandex 8107157 (d) which corresponds to the parameters of the query 8107157 of Yandex. The
plotted curves correspond to the average over 200, 160, or 20 independent sequences of recommendations (20 sequences per query). The

(small) shaded areas depict the standard error of our regret estimates.

knowledge of the horizon T'.

7. Conclusion

We have presented UniRank, a unimodal bandit algorithm
for online ranking. The regret bound in O (L/AlogT) of
our algorithm, is a direct consequence of the unimodality-
like property of the bandit setting with respect to a graph
where nodes are ordered partitions of items. Even though the
proof is inspired by OSUB (Combes & Proutiere, 2014), the
fact that UniRank handles partitions instead of recommenda-
tions, uses different estimators and builds upon an unusual
exploration-exploitation strategy makes it original, and we
believe that our theoretical analysis opens new perspec-
tives for other semi-bandit settings. Experiments against
state-of-the-art learning algorithms show that our method
is consistent in all settings, enjoys a smaller regret than
TopRank and GRAB on specific settings, and has a much
smaller computation time than PB-MHB.

While in industrial applications, contextual information is
also used to build recommendations (Li et al., 2019b; Chen
et al., 2019; Ermis et al., 2020; Gampa & Fujita, 2021), in
this paper we restricted ourselves to independent arms to
simplify the presentation of the approach. However, the
integration of unimodal bandit algorithms working on para-
metric spaces (Combes et al., 2020) should bridge the gap

between both approaches.

Ethical Statement

Regarding the societal impact of the proposed approach, it
is worth mentioning that the approach aims at identifying
and recommending the most popular items. Therefore, the
approach may increase the monopoly effects: the most at-
tractive items are displayed more often, so their reputation
increases, and then they may become even more attractive. . .
However bandit algorithms continuously explore and there-
fore continuously offer an opportunity to less popular items
to increase their reputation.
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A. Organisation of the Appendix

The appendix is organized as follows. After listing most of the notations used in the paper in Appendix B, we prove Lemma
3.1 in Appendix D. Then we prove some technical lemmas in Appendix E, which are required by the proof of Theorem 5.1
in Appendix F. Finally, we discuss the regret upper-bound of UniRank for some specific settings in Appendix G.

B. Notations

Table 4 summarizes the notations used throughout the paper and the appendix. Below are additional notations necessary for
the proofs.

Definition B.1 (Specific notations to count events and observations). The proofs are based on the concentration of the
statistic §; ;(t) which is the average over T; ;(t) observations. The number T; ;(¢) itself is a sum: the sum of the random
variables 1{c;(s) # ¢;(s)} | Jc, (i,4) € P.(s)?, where s is in [t]. To discuss the concentration of this sum, for any
iteration ¢ in [T'], we denote t; ;(t) := Z’;i 1{3¢, (i,5) € P.(s)?} the number of iterations at which the random variable
is observed.

Definition B.2 (Recommended subset). Let (L, K, p) be an online learning to rank problem, P be an ordered partition of
[L] in d subsets, and ¢ € [d] the index of one of these subsets. The subset P, is recommended (denoted Rec(P,)) if the
recommendations compatible with P include some items from P,. More specifically, the subset P, is recommended if
| Uepe—ny Pl < K.

Definition B.3 (Expectations on clicks). let ¢ and j be two different items.

‘We denote

8ij = Pﬂc’(i’j)rél},?mec(&) Poy~uapy) lei(t) # cj(t)]

the smallest probability for ¢;(¢) to be different from ¢;(¢) while both items are in the same subset of the chosen partition
P(t) (and may potentially be clicked upon). If we assume 1 > 2 > --- > L, we also denote

55 = min Puiom Conin(i— t) # ¢t

L BeN ({1 KK 1, L)) T (minGi— 1K) iyep? 2 UAED [emini—1.10 (1) # ex(8)]

the smallest probability for cyini—1,x)(t) to be different from c;(t) while both items min(i — 1, K') and 4 are in the same
subset of the chosen partition P(t) (and may potentially be clicked upon), and P(t) is in the neighborhood of the optimal
partition P* = ({1},... . {K},{K +1,...,L}).

If ¢ > j, we denote

A= min Ea iy~ ci(t) —ci(t) | et ci(t)] = min A,,a7
T e ) ey FaO~UAP) [ci(t) = ¢; (t) [ ci(t) # ¢;(D)] wePh( i (K)o i.j(@)
the smallest expected difference of clicks between items 7 and j while both items are in the same subset of the chosen
partition P(t) (and may potentially be clicked upon).

Symmetrically, if 7 > i, we denote

Ai‘iz ]E ~ it*‘t it ()] = Al
i Pﬂc)(m)fgg?mec(a) a(t)~U(A(P)) [ci(t) — ¢j(t) | ci(t) # c;(t)] aepé:{iyfg?;(m#g J(a)

the greatest expected difference of clicks between items ¢ and 7 while both items are in the same subset of the chosen
partition P(t) (and may potentially be clicked upon).

Lemma E.1 in Appendix E.1 ensures the proper definition of these notations under Assumptions 3.1, 3.2, and 3.3, and states
that 5i,j = 5j,i > 0 and Ai,j = —Aj,i > 0if i > 7.

Definition B.4 (Reward gap). Let (L, K, p) be an OLR problem satisfying Assumption 3.2 and such that the or-
der on items is a total order. Without loss of generality, let us assume that 1 >~ 2 > ... > L.. Denoting
P = ({1},...,{K},{K +1,...,L}) the optimal partition associated to this order and taking ¢ > 2, the reward
gap of item c is

A.:=p(a",min(c—1,K))+ p(a*,c)
— p((min(c — 1, K),¢) oa™,min(c — 1, K)) — p (min(c — 1, K),c) oa™, ¢)
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SYMBOL MEANING

TIME HORIZON

ITERATION

NUMBER OF ITEMS

INDEX OF AN ITEM

NUMBER OF POSITIONS IN A RECOMMENDATION

INDEX OF A POSITION

SET OF INTEGERS {1,...,n}

SET OF PERMUTATIONS OF K DISTINCT ITEMS AMONG L

VECTORS OF PROBABILITIES OF CLICK

PROBABILITY OF CLICK ON ITEM ¢

VECTORS OF PROBABILITIES OF VIEW

PROBABILITY OF VIEW AT POSITION k

SET OF BANDIT ARMS

AN ARM IN A

THE ARM CHOSEN AT ITERATION ¢

ITEM DISPLAYED AT POSITION K IN THE RECOMMENDATION @

BEST ARM

p FUNCTION FROM P% x [K] 10 [0, 1] GIVING THE PROBABILITY OF CLICK
pla, k) PROBABILITY OF CLICK ON THE ITEM DISPLAYED AT POSITION kK WHEN RECOMMENDING @
c(t) CLICKS VECTOR AT ITERATION ¢

ci(t) CLICKS ON ITEM I AT ITERATION ¢

r(t) REWARD COLLECTED AT ITERATION ¢, r(t) = Zle ci(t)

Ha EXPECTATION OF r(t) WHILE RECOMMENDING @, j1o = E[r(t) | a(t) = a]
HIGHEST EXPECTED REWARD, p1* = Max, e pl Ha

o w3 ngm;\)hgww&t—'”a

e
—~

o~
~

5]
*

e

GENERIC REWARD GAP BETWEEN ONE OF THE SUB-OPTIMAL ARMS AND ONE OF THE BEST ARMS
c REWARD GAP WHILE EXCHANGING ITEMS min(c -1, K) AND c IN THE OPTIMAL RECOMMENDATION,

[

i SMALLEST PROBABILITY FOR ¢; (t) TO BE DIFFERENT FROM c¢; (t)
WHILE BOTH ITEMS ARE IN THE SAME SUBSET OF THE CHOSEN PARTITION P (t)
o SMALLEST PROBABILITY FOR Cryin(k—1, k) (t) TO BE DIFFERENT FROM Cy, WHILE BOTH ITEMS ARE IN THE SAME
SUBSET OF THE CHOSEN PARTITION P (¢) AND P(¢) IS IN THE NEIGHBORHOOD OF THE OPTIMAL PARTITION
A j SMALLEST (RESPECTIVELY HIGHEST) EXPECTED DIFFERENCE OF CLICK BETWEEN ITEMS ¢ AND j IF ¢ > j (RESP. j > 1)
WHILE BOTH ITEMS ARE IN THE SAME SUBSET OF THE CHOSEN PARTITION P (t)
T
R(T) CUMULATIVE (PSEUDO-)REGRET, R(T) = Tp* — E [Et=1 Ma(t)]
- STRICT WEAK ORDER
(i,j) o@  PERMUTATION SWAPPING ITEMS I AND J IN RECOMMENDATION a
ORDERED PARTITION OF ITEMS REPRESENTING A SUBSET OF RECOMMENDATIONS, P = (Py, ..., Pg)
P, c" PART OF P SUCH AS U‘le P, = [L], AND P, N P,/ 1S EMPTY WHEN ¢ # ¢’
A (P) SET OF RECOMMENDATIONS @ AGREEING WITH P
P(t) BEST PARTITION AT ITERATION ¢ GIVEN THE PREVIOUS CHOICES AND FEEDBACKS (CALLED LEADER)
P PARTITION SUCH THAT ANY PERMUTATION @ IN A (P™) IS COMPATIBLE WITH THE STRICT WEAK ORDER ON ITEMS.
g GRAPH CARRYING A PARTIAL ORDER ON THE PARTITIONS OF ITEMS
N (P) NEIGHBORHOOD IN G OF THE PARTITION P, N'(P) := {(Pl(t), ey Poi (1), Pa(t) U Peyr (t), Poya(t), ... Pd(t)) iceld— 2]}
O{(Pi®), - Py 1 () U L5 Py )\ {5, Pa(®) : 5 € Pa() } -
ti;(t) NUMBER OF ITERATIONS AT WHICH ITEMS % AND j HAVE BEEN GATHERED IN THE SAME SUBSET OF ITEMS P.(s),
t—1 P 2
ti,;(t) = 32,21 1{3¢, (4,5) € Pe(s)*}
T;,5(t) NUMBER OF ITERATIONS AT WHICH ITEMS % AND j HAVE BEEN GATHERED IN THE SAME SUBSET OF ITEMS P.(s)
t—1 ;L 2
AND LEAD TO A DIFFERENT CLICK VALUE, T} ;(t) = Y0271 1 {3¢, (i, 4) € Po(s)*} 1{ci(s) # ¢;(s)}
ing S ing R t—1 'S P
tp(t) NUMBER OF TIME A PERMUTATION P AS BEEN THE LEADER, t5(t) := > _7 1 {P(s) = P}
d:,5(a) PROBABILITY OF DIFFERENCE, 0; (@) = Po/ i/ ({a,(i,j)0a}) [¢i # €5]
A j(a) EXPECTED CLICK DIFFERENCE, A; j(a) = Eg/ 14({a,(i,j)0a}) [¢i — 5 | ci # ;]
8,5 (t) UNIRANK’S MAIN STATISTIC TO INFER THAT @ > j, §;,; () := ﬁ 211 {3¢, (4,5) € Pe(s)?} (ci(s) — ¢;(s))
%)
_ _ 1438, . (t .
55,i(t) KULLBACK-LEIBLER BASED OPTIMISTIC ESTIMATOR, 5; ;(t) := 2 * f (ﬂf’](),Tm(t% t;-.(t)) -1
KULLBACK-LEIBLER INDEX FUNCTION, f(f, T, t) := inf{u € [0, 4] : T x kl(j1, p) < log(t) + 3log(log(t))},
kl(p, q) KULLBACK-LEIBLER DIVERGENCE FROM A BERNOULLI DISTRIBUTION OF MEAN p
TO A BERNOULLI DISTRIBUTION OF MEAN ¢, kl(p, q) = plog (%) + (1 —p)log (i’fz)
U(S) UNIFORM DISTRIBUTION ON THE SET S
c (IN PB-MHB) PARAMETER CONTROLLING SIZE OF THE STEP IN THE METROPOLIS HASTING INFERENCE

Table 4. Summary of the notations.
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Algorithm 2 Elicitation of the leader partition P(t)

Require: number of items L, number of positions K, iteration index ¢, statistics 5; ; (t)
Ld« LR« [Ln<«+ L

repeat
foreachi € R, S; « |{j € R: 5, ,(t) > 0}]
sortitems in R by S;: S;, > Si, > -+ > 5;,
(< min{l € [n] :Vk < L,YK > 0: 8, ., (t) >0}
B+ {il, - ,Zj,l}; P&(t) «— B
d<d+1; R+ R\ Bin+ |R|

until \Ug:l Pé(t)‘ > K

d«d+1;P;(t)« R

return P(t)

R A A A T i

,_
=4

Note that for ¢ < K, A; := p(a*,c — 1) + p(a*,c) — p((c —1,¢)oa*,c— 1) — p((c — 1,¢) oa*,c),and for ¢ > K + 1,
A.=pla*,K) — p((K,c)oa*, K).

C. Algorithm for the Elicitation of the leader partition P (t)

D. Proof of Lemma 3.1 (PBM and CM Fulfills Assumptions 3.1, 3.2, and 3.3)

For both CM and PBM click models, we note 6; the click probability of item i. For PBM we have xj, the probability that a
user see the position k.

Proof. Let us begin with some preliminary remarks.

First, with PBM model, the positions are ranked by decreasing observation probability, meaning that ko, = Kq, = -+ 2

2
Kag-

Secondly, by definition, p(k,a) > 0 for any position k and recommendation a, which implies that:

e min; 6; > 0 and max; 0; < 1 in CM model;

¢ ki > 0in PBM model.

Let us now prove that Assumptions 3.1, 3.2 and 3.3 are fulfilled by PBM and CM click models with the strict weak order >
definedby i > j < 0; > 6;.

By definition of >, Assumption 3.1 is fulfilled taking the the preferential attachment function g : ¢ — 6;, and Assumption 3.1*
is fulfilled as soon as ; # 6, for any item ¢ in top-K items and any item j # i.

For Assumption 3.2, we have to prove that having @ compatible with > is optimal, meaning p = p*.
Let a be a permutation compatible with >.

In the case of CM, pg = 1 — Zle (1 —0,,). In order to maximize ji4, one has to select the K higher values of 8. As a is
compatible with >, which is defined based on values 6,, it satisfies this property. Hence, CM fulfills Assumption 3.2.

For PBM, p, = Zszl Oa, ki As the series (ki)pe[k] is non-increasing, ji, is maximized if (0y)re[x) is also non-
increasing and if O > maxy> k1 0. These properties are ensured by the fact that a is compatible with > and that > is
defined based on values 6;. Hence, PBM fulfills Assumption 3.2.

We now prove that CM and PBM fulfill Assumption 3.3. Let i and j be two distinct items such that i > j and @ € PE be a
recommendation such that at least one of both items is displayed.

First, Eg/~1/({a,(i,j)0a}) [¢i(t) # ¢;(t) | a(t) = a'] is non-null with PBM model as c;(t) and c;(t) are independent and as at
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least one of the four variables ¢;(¢t) | a(t) = a, ¢;(t) | a(t) = (i,j) oa, ¢;(t) | a(t) = a, ¢;(t) | a(t) = (¢,j) o a has an
expectation which is non-zero and strictly smaller than 1 (due to kx > 0 and 6; > 6;).

Similarly, Bq/~14({a,(i,j)oa}) [ci(t) 7# ¢j(t) | a(t) = a'] is non-null with CM model as at most one of both items can be
clicked at each iteration and the shown item has non-zero probability to be clicked (by definition of p).

Then, we consider A; ;(a) as

Pati({a,(ij)oa}) (ci = 1,¢5 = 0) — Parti(fa, (i j)oay) (ci = 0,¢5 = 1)
Porntt({a,(ijyoap) (¢i = 1,¢; = 0) + Parnts({a, (i,j)oa}) (i = 0,¢j = 1)

A; j(a) =

We want to control the sign of Ai’j (@), which is also the sign of its numerator, as its denominator (noted D A, j(a)) is
non-negative.

The recommendation @’ is drawn uniformly in {a, (¢, j) c @} thus

1 1
]Pa’~lxl({a,(i,j)oa})(ci = l,Cj = O) = ilPa.(ci = 1acj = 0) + §P(i}j)oa(ci = l,Cj = 0)

When considering a CM click model, we have Py(c; = 1,¢; = 0) = -l

p=1
H;_:ll(l —0,,)0; wheniandj € a.

— 9%)9,- and IPa(Ci = O,Cj = 1) =

In that case, we have:

~ % H;;i(l - Qap)ei + % Hij_:ll(l - eap)ei - (% Hi)_:ll(l - 9‘110)0.7 + % H];;I(l - eap)ej)

DAM’(“)

which can be simplified in:

i L(mzta-

00,) + TIo2 (1= 6,) ) (6 — )

A;j(a) =

Since max; 0; < 1, Hl;;i(l —
Ai,j(a)>0 =" 9i>9j = 1> J.

Ai,j(a)

Oa,) + Hi;ll(l — 04,) > 0, thus the sign of A; j(a) is the sign of (§; — 6;) and

Now if i ¢ a then Po(c; = 1,¢; = 0) = 0 as the position is not seen. We have:

< atha-

A;j(a) =

eap))(ei - 9])

DAM’(“)

which leads to the same conclusion as the previous case. By symmetry, we have the same conclusion with j ¢ a.

Now with a PBM click model, we have P4 (c; = 1,¢; = 0) = ki0;(1 — x;6;) as ¢; = 1 and ¢; = 0 are independant events.

Thus, we have:

~ %Hkgi(l — /{lﬁj) + %Iﬁ:lai(l — mkéj) — (%K[Gj(]. — nkéi) -+ %erj(]. — K)lgi))

A;jla) =

which can be simplified in:

A;j(a) =

DAM’(“)

3 (ki + 50)(6; — 6;)

DAi,j(a)

As Ky or Ky is positive if ¢ or j is presented, similarly to the CM case we have Ai,j (@) >0 < 6, >0; < i>j.
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This proof can be extended to i or j ¢ a by taking x5, = 0 when k& > K.
We can conclude that both CM and PBM fulfills Assumption 3.3. O

E. Technical Lemmas Required by the Proof of Theorem 5.1

In this section, we gather technical Lemmas required to prove the regret upper-bound of UniRank. These lemmas regard
the concentration away from zero of the statistic $; ;(¢) (Appendices E.1 and E.2), and the sufficient optimism brought by
5;.4(t) (Appendix E.3).

E.1. Minimum Expected Click Difference

Assumption 3.3 builds upon Ai, ; (@) which measures the difference of attractiveness between ¢ and j while all other items
are at fixed positions. In the theoretical analysis of UniRank, we handle situations where other items may also change in
position thanks to the following Lemma.

Lemma E.1 (Minimum expected click difference). Let (L, K, p) be an OLR problem satisfying Assumptions 3.2 and 3.3
with > the order on items, and let i and j be two items such that i > j. Then, for any partition of items P, if there exists
¢ such that (i, j) € P2 and Eqyuacpy [¢i(t) # ¢j(t)] # 0, then Eqpy i apy) lei(t) — ¢;(t) | ci(t) # ¢;(t)] > 0 and
therefore

57l,j >0 and Ai,j > 0.

Symmetrically, if j = i, for any partition of items P, if there exists ¢ such that (i,j) € P2 and
Eay~uapy) lei(t) # c;(t)] # 0, then Eqyuuapy) [ci(t) — cj(t) | ci(t) # cj(t)] < 0 and therefore

Si}j >0 and Ai,j < 0.

Proof. The proof consists in writing Eq(4)~/(a(P)) [ci(t) # ¢;(t)] # 0 two times as a sum other a(t) € U(A (P)), and
in reindexing one of both sums by (i, j) o a(t) € U(.A (P)). Then, adding the terms of both sums we get a sum of terms

A; j(a) which by assumption 3.3 are positive. Hence this sum is positive, which concludes the proof. O

E.2. Upper-bound on the Number of High Deviations for Variables with Lower-Bounded Mean

The Proof of Theorem 5.1 requires the control of the expected number of high deviations of the statistic §; ;(¢). We control
this expectation through Lemma E.4 which derives from the application of Lemmas E.2 and E.3 to 4, ;(t) and T} ;(t).
Hereafter, we express and prove the three lemmas. Note that Lemmas E.2 and E.3 are extensions of Lemmas 4.3 and B.1 of
(Combes & Proutiere, 2014) to a setting where the handled statistic is a mixture of variables following different laws of
bounded expectation.

Lemma E.2 (Concentration bound with lower-bounded mean). Let (X[);>1 with a € R, be |R| < oo independent
sequences of independent random variables bounded in [0, B] defined on a probability space (2, F,P). Let F; be an
increasing sequence of o—fields of F such that for each t, c((X{)aer,- - (X{)acr) C Ft and for s > t and a a
recommendation, X¢ is independent from F. Consider |R| previsible sequences (€{),>1 of Bernoulli variables (for all
t >0, ef is Fy—1 — mesurable) such that for allt >0, ), €f € {0,1}. Let § > 0 and for everyt € {1,...,n} let

SO=3 YA -BXD.  TO-Y3d it =y

Define ¢ € {to,..., T + 1} a F-stopping time such that either T(¢) = sor ¢ =T + 1.
Then

P (S(¢) =T ()0, ¢ <T) < exp(—
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Proof. Let A > 0, and define G = exp(A(S(t) — 6T'(¢)))1{t < T'}. We have that:

(exp(A(S(¢) — 0T ($)1{p < T} > 1)
P(gy > 1)
E[G,).

Il
'%

P(S(¢) 2T ()5, <T)

N

Next we provide an upper bound for E[G;]. We define the following quantities:

Y = el(A\(X; - B[X{]) — X*B?/8)

S

Gi = exp (iZY;) 1{t < T}

s=1 1
Taking A = 45/ B2, G, can be written:

Gt = Grexp(=T(t)(Ad — \2B?/8) = G exp(—2T(t)5?/ B?).
AsT(t) > nif ¢ < T we can upper bound G, by:

Gy = Gyexp(—2T(¢)6%/B?) < Gy exp(—2n6*/B?).
It is noted that the above inequality holds even when ¢ = T' + 1, since Gp41 = éT+1 = 0. Hence:

E[G] < E[Gy] exp(~2n8”/B?)

We prove that (ét) is a super-martingale. We have that E[GTH | Fr] =0 < éT. For s < T — 1, since By is F
t
measurable:

E[Gi1 | Fi] = Go((1 - ZEiH) + ZEiHE[eXP(YfH)D-
As proven in (Hoeffding, 1963)[eq. 4.16] since X/, € [0, B]:

Elexp(A(X{ 1, — B[X{,,])] < exp(\*B?/8),

so Elexp(Y/,;)] < 1and (G’t> is a super-martingale: E[G; 1 | F3] < Gy. Since ¢ < T + 1 almost surely, and (G‘t) is
t 5 . t
a supermartingale, Doob’s optional stopping theorem yields: E[G 4] < E[Gy] = 1, and so

P(S(¢) 2 T(¢), ¢ <T) < E[Gy]
E[Gy] exp(—2nd? ) B?)

exp(—2ndé%/B?),

NN N

which concludes the proof O

Lemma E.3 (Expected number of large deviation with lower-bounded mean). Let (L, K, p) be an OLR problem, F; the
natural o-algebra generated by the OLR problem, and F = (F)icz the corresponding filtration. We denote Oy :=
(a(1),e(1),...,a(t — 1),e(t — 1)) the set of random values observed up to time t — 1. Let Z; € [0, B] and B; € {0,1}
be two F;_1-measurable random variables, A C IN be a random set of instants, and € > 0. For any t € Z, we denote
S(t) == _yBsZs and T(t) := Y.\ _, Bs. If foranyt > 0, E[Z; | Oy, By = 1] > & and there exists a sequence of
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random sets (A(n))n>o such that (i) A C J,,~q A
(iv) the event t € A(n) is F-measurable. Then

(n), (ii) for alln > 0 and all t € A(n), T(t) = en, (i) |[A(n)] < 1, and

doa{teA:S(t) < gT(t)} < 267322

t>1

Proof. LetT € N. Foralln € IN, |[A(n)| < 1, we define ®,, as T+ 1 if A(n) N [T] is empty and {®,,} = A(n) otherwise.
Since A C |J,,»o A(n), we have

ZT:]l{teA St )<gT(t)}<Z]1{S(<I>n)<ZT(@n),éngT}.

t=1

Taking expectations,

E Z]P[ )< T(cbn),@ngT}

n>1

Z]l{teA S(t) < T }

t=1

For any ¢ € IN, denote S’(t) := Zi:o By(Zs — E[Zs; | 0s,Bs =1]). Asforany s € N, E[Z, |05, Bs = 1] > 4,
S'(t) < S(t) — T(¢)d. Therefore, for any n € IN

P [S(cbn) < gT(@n),cbn < T] <P [s'(cpn) < —gT(@n)@n < T}

and

T
E Z]l{teA:S(t) < gT(t)}

By Lemma E.2, since ®,, is a stopping time upper bounded by 7' + 1, and T'(®,,) > en,

T
0 end? 282
E Z]l{teA L S(t) < 2T(t)} <> exp ( 232) <o
t=1 n>1
where the last inequality drives from the >, -, exp ( fo exp (—uw) du = +.
This upper-bound is valid for any 7', which concludes the proof. O

Lemma E.4 (Expected number of large deviation for our statistics). Let (L, K, p) be an OLR problem satisfying Assumptions
3.2 and 3.3 with - the order on items, and let i and j be two items. If there exists a sequence of random sets (A(n))n>0
such that (i) A C U, A(n), (ii) for all n > 0 and all t € A(n), t; ;(t + 1) > en, (iii) [A(n)| < 1, and (iv) the event
t € A(n) is F-measurable. Then,

> {t eNT; () < ngti,j(t)} =0(1) (4)

t>1

and

Zﬂ{teASZ() 2} =0(),

t>1



UniRank: Unimodal Bandit Algorithm for Online Ranking

meaning
E Zﬂ{te/\,gi,j(t) < J} =0(1) Jifi - g (5)
[t>1
E|> 1 tEA,éij(t)>% = 0(1) Jifj i (6)
_tZ]. 7 2 .

Proof. Let assume i > j. We first prove Claim (4) and then prove Claim (5) using Claim (4).

For any ¢ < 1, we define both following JF;_1-measurable random variables
Zy =1 {ci(t) # c; (1)} By :=1{3c, (i, j) € P.(t)*},

and we denote O; := (a(1),¢(1),...,a(t —1),c(t — 1)) the set of random values observed up to time s — 1. Note that
Tt +1) =" BsZg tij(t+1) =" _, Bs,and E[Z; | 0y, B, = 1] > 0, ; by Lemma E.1.

Therefore by Lemma E.3

0i j 2
E S 1t e ATyt +1) < Dt ¢+ 1)} < =
2 €02 .
t>1 i,
meaning
0i j 2
E ]l{tGATZJ(t) < ;tzj(t)} <1+ — :O(l),
t>1 ’ 2 662'27]'

which corresponds to Claim (4).

Let now prove Claim (5) using the following decomposition
T X T X <
A . A i
> {t €A 54 < 2’3 } > {t €N 5,5() < T"jTJ(t) < 2’Jti7j(t)H
t=1 t=1

Y1 {t €A, 5,(t) < # T, ;(t) > %jti,j(t)H :

t=1

+E

Where the first right-hand side term is smaller than IE [ZtZI 1 {t eNT;,;(t) < 6’; tm(t)H and therefore is a O(1). We
control the second term by applying again Lemma E.3.

For any ¢t < 1, we define both following F;_;-measurable random variables
Zy = ¢i(t) — ¢;(1) By :=1{3c, (i,j) € P.(t)*, ci(t) # ¢;(t)}

Note that Z; € [—1,1], 8, ;(t + )T j(t +1) =S, BeZs, Tij(t +1) =Y.' _, Be,and E[Z; | 0, B, = 1] > A; ; by
Lemma E.1 as i > j.

We also define A = AN {te]N:Ti,j(t)> S;’ti,j(t)} and for any n € W, A(n) := A(n) N

{tE]N Tii(t) > St it )} Then, (i) as A € (U,-oA(n), A € U, o A(n), (i) for all n. > 0 and all t € A(n),

2
T; i (t) = 6’21 t;i(t) = %, sten, (i) |A(n)| < [A(n)| < 1, and (iv) the event t € A(n) is F-measurable. Therefore by
Lemma E.3

A
SU{te A s+ DT (t+1) < T’JTM(H D} < —
t>1 i
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meaning

j 8
E 1 tEAs,J(t) ,} <1+f201.
Z {T1 J(t)>7tu(t) 0; EA2 ( )

t>1

Overall, E [23:1 1 {tens ()< }] = O(1) + O(1) = O(1) which corresponds to Claim (5).

Other claims are proved symmetrically. O

E.3. Upper-Bound on the Number of Lower-Estimations of an Optimistic Estimator

This section presents two results aiming at upper-bounding the number of iterations at which Aj,i is lower-estimated by
5;4(t) if j > 4. These new results are extensions of Lemma 9 and Theorem 10 of (Garivier & Cappé, 2011) to a setting
where the handled statistic is a mixture of variables following different laws of bounded expectation.

Lemma E.5. Let X be a random variable taking value in [0, 1] and let < E[X]. then for all X < 0,
E[exp(AX)] <1 — pu+ pexp(N),
Proof. The function f: [0, 1] B, defined by f(x) = exp(Az) —z(exp(A) — 1) — 1 is convex and such that f(0) = f(1) =0,
hence f(z) < 0 for all z € [0, 1]. Consequently,
Elexp(AX)] < E[X (exp(A) — 1) + 1] = E[X](exp(A) — 1) +1

As A < 0and p < E[X], we have E[X](exp(A\) — 1) < p(exp(A) — 1) and

Elexp(AX)] < plexp(A) — 1) + 1

O

Lemma E.6. Ler (X{);>1 witha € R, be |R| < oo independent sequences of independent random variables bounded in
[0, 1] defined on a probability space (2, F,P) with common expectations p* = E[X ] of minimal value . = minger 1.
Let F; be an increasing sequence of o—fields of F such that for each t, 0 ((X{)aer, - - - » (X )aecr) C Ft and for s >t
and a a recommendation, X is independent from F. Consider |R| previsible sequences (€ );>1 of Bernoulli variables
(for allt > 0, €} is F;—1 — mesurable) such that for allt >0, >, €} € {0,1}. Let 6 > 0 and for every t let

ZZf X NO=Yd )=y

s=1 1

u(t) = max{q > t) : N(B)d(i(t), q) < 5}
Then
P(u(t) < 1) < e[dlog(t)] exp(—o)

Proof. For every A < 0, by Lemma E.5, it holds that log(IE[exp(AX{)]) < log(1l — p + pexp(A)) = ¢, (A) for all a. Let
1 Iz

Wg =1landfort > 1,
W = exp(AS(t) — N (t)pu(A))

(W)¢>0 is a super-martingale relative to (F;);>o. In fact,
Elexp(A{S(t +1) = S(t)})|F:] = Elexp(A Y _ et X{41)|Fi]

As (X7}); are independent sequences, we can rewrite :

Elexp(MS(t+1) = S| F] = HE exp(Aej 1 Xy )| ] = Hexp €1 10g(Blexp(AX] )| F4]))
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= exp(D) €41 log(Elexp(AX1)|F))) < eXp(Z eip10u(N) = exp({N(t + 1) = N(£)}d,(N))

%

which can be rewritten as

Elexp(AS(t +1) = N(t + 1) (M) Fi] < exp(AS(t) = N(t)du(N))

The rest of the proof follows (Garivier & Cappé, 2011). Using the "peeling trick”: the interval {1, ...t} of possible values
for N (t) is divided into slices {tx—1 + 1, ..., tx} of geometrically increasing size. Each slice is treated independently. We
assume that § > 1 and we construct the slicing as follow : ¢y = 0 and for k € IN*, ¢}, = [(1+n)¥], withn = 1/(5 — 1).

Let D = “olgoﬂn] be the first interval such that tp > ¢ and Ay, the event {t;_1 < N(t) <t} N {u(t) < p} . We have :

D D

Pu(t) < ) <P(|J Ar) <Y P(Ar)

k=1 k=1
Note that by definition of u(t), we have u(t) < w if and only if fi(¢) < pand N (¢)d(fi(t), ) > J. Let s be the smallest
integer such that 6 /(s + 1) < d(0, p). If N(t) < s, then

N@Od(ip) < sd(iip) < sdOp) < 4

as a<p by definition of s
Thus, we can’t have i < p and N (¢)d(ji, p1) > 6 and P(u(t) < ) = 0. We have for all k such that ¢, < s, P(A) =0
and we have u(t) > pwhen N(¢) € {tx—1 +1,...,tx} and t; < s.

Now lets see how u(t) can be upper bounded by ;« when N () > s. For k such that t;, > s, we note #;,_; = max{tj_1,s}
and we take z < p such as d(z,u) = 6/(1 +n)* and @ €]0, u[ such that d(z, ) = 5/N(t). We define \(z) =
log(x(1 — p)) — log(p(1 — x)) < 0 so that we can rewrite d(z, 1) as d(z, p) = Mz)x — ¢, (A(x)).

o with N(t) > t;_1, we have d(z, ) =

5 )
THF = TN

o with N(¢) < tg, we have d(ji(t), u) > % > ﬁ =d(z,p). As i < p, we have fi(t) < z

Hence on the event {f;_; < N(t) < t;} N {a(t) < pu} N {d(i(t), p)} it holds that A(2)f(t) — ¢ (A(2)) > A(2)z —
$u(M2)) = d(z, 1) 2> rrmince

It leads to :

(s < V(O < 6} 0 {ul) < 1} € A0 = 6,0(:) = )
€ S = NG > o)

c (W) > o (i )

As (W) is a supermartingale, E[W{L\ (Z)] < ]E[Wﬁ‘ (Z)] = 1, and the Markov inequality yields :

P({fx_1 < N(t) <t} N {u(t) < pu}) <P (Wr?(z) > exp (Oin)» < exp <(11n)>

Asn=1/(6—-1),D = (101;’31:1771 andlog(1+1/(6 — 1)) > 1/6, we obtain :

logn

P(u(t) <p) < M

exp(—d + 1) < e[dlog(t)] exp(—9)



UniRank: Unimodal Bandit Algorithm for Online Ranking

F. Proof of Theorem 5.1 (Upper-Bound on the Regret of UniRank Assuming a Total Order on
Items)

Before proving the regret upper-bound of UniRank, we prove Lemmas F.1 and F.2 which are respectively bounding the
exploration when the leader is the optimal one, and the number of iterations at which the leader is sub-optimal. Finally, the
regret upper-bound of UniRank is given in Appendix F.3.

F.1. Upper-Bound on the Number of Sub-Optimal Merges of UniRank when the Leader is the Optimal Partition

Lemma F.1 (Upper-bound on the number of sub-optimal merges of UniRank when the leader is the optimal partition).
Under the hypotheses of Theorem 5.1, for any position ¢ € {2, ..., L} UniRank fulfills

T
o _p- 16
P(H)=P",
31 {aa,a/ o {min(c_l,K),C}}] e log T + O (loglog T) .

t=1 min(c—1,K),c

E

Proof. Letc € {2,..., L} be a position, and denote i (respectively j) the item min(c — 1, K) (resp. ¢). We aim at upper-
bounding the number of iterations such that the leader P(t) is the optimal partition P*, and either the subsets P._; = {i}
and P, = {;j} are merged in the chosen partition P(t), or j € Py ;(t) is added to the subset Py = {i} in the chosen
partition P(t). Both situations require 5, ;(¢) to be positive.

Let decompose this number of iterations:

T T
P(t)_P* (t)y=P™, Eld P (t)={1.5},
L Z]l{ac P (H)={min(c—1,K), c}} sE Z]l{ 5.4()50 J }1
=1 t=1
L (t)=P~*, 3¢ ,P (t)={i.j}
» AC,E (1)=107 55
sk Zﬂ{ 51.6(0)> 4 }]
t=1
T (Bw=pP*, 3¢ P <t) (4.5},
oS )
T P(t)= P* 3¢, P (t)={i,j},
B D IS0z G50, sam< |
t=1 55,1(t)20
where £7(t) = Y202} 1 {P(t) = P*} 1 {3c, (1.)) € Pu(s)*),

andT;ﬂ()-fz 11 { (1) = P} 1 {3, (i,7) € Pu(s)?} 1{ei(s) # e5(5)}.

Let bound the first term in the right-hand side.

Denote A = {t :P(t)=P*, 3, P(t) = {i,j}} the set of iterations at which P(¢) = P* and both items i and j are
gathered in a subset of P(t). We decompose that set as A C J, oy A(s), with A(s ) {teA:t;;(t) =s}. |[A(s)| < 1las
t;,;(t) increases for each ¢ € A. Note that for each s € N and n € A(s), t; ;(n) > t; j(n) =

Note also that with the current hypothesis on the order, ¢ >~ j, hence by Lemma E.4,

> {t €A, 8,4(t) > AQJ} =0(1).

t>1

The second term is bounded similarly with the same set A but with a different decomposition: A C J,c A(s), with
A(s) == {t € A : t(t) = s}. [A(s)| < 1astj(t) increases for each t € A. Note that for each s € IN and n € A(s),

ti(n) > tj(n) = s.
Therefore, the same proof as the one used in Lemma E.4 gives

> {t eNT(t) < (Et;(t)} =0(1)

t>1
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It remains to upper-bound the third term.

MD,

ummc:{mnmﬁwzwﬂa&wzmﬁﬂﬂw>%wx%wsgm%ﬁnm}

Lett € C.

By Pinsker’s inequality and as 5; ;(t) > 0

1 o §54(t)+1
2 - 2
< S+ 1 log(tp- (t)) + 310%(10g(tp*( )
< +
2 T ;(t)
< Aji . 1 n log(tp- (t) )+310g(10g(tp*( )))).
4 2 T;,(t)
Hence, T; ;(t) < 8log(lp- (t))Hzélég(log(f’”(t)))) as Az = —Aji > 0 given Lemma E.1. Then, by definition of C' and
as (i) tp-(t) < t < T, (ii) T7(t) < T;,;(t), and (iii) 5 d;j > 0 given Lemma E.1, #}(t) < %(t) < QTZsz(t) <
16 log(T')+48 log(log(T)) !
5rAZ
Therefore, C' C {t € [T]: P(t) = P*, 3¢, Pu(t) = {i, }, t;(t) < 101800418 logllos(T)) } and
5B
T P(t)= P* 3¢, P (t)={i,j},
EﬁEZﬂ{Ta tmﬁﬂm<1a}]=m[c1
=1 5,.4(1)>0
€[T): P(t)=P*, 3¢',P,, 05},
< E [ { el ](t)<(t1)610g(T)+48log((li)g(’l'{))j} }H
5*A2 |
. 16 log(T") + 481og(log(T"))
X "‘* ~ 2 Y
(;7 Ai,j
which concludes the proof.
O

F.2. Upper-Bound on the Expected Number of Iterations at which the Leader is not the Optimal Partition

Lemma F.2 (Upper-bound on the expected number of iterations at which the leader is not the optimal partition). Under the
hypotheses of Theorem 5.1, UniRank fulfills

T
E | 1{P(t) # P*}] = O (loglogT).

Proof. Let P # P” be an ordered partition of items of size d, and let upper-bound the expected number of iterations at
which P(t) = P by O (loglogT'). As there is a finite number of partitions, this will conclude the proof.

In this proof, for any couple of items (i, j) we denote #; ;(t) := 22;11 1 {P(t) =P,3c,(i,j) € Pc(s)z} the number of
iterations at which both items have been gathered in the same subset of P(s) while the leader was P. For each partition P
in the neighborhood N (13), we also denote tp(t) := 22;11 1 {P(t) =P, Pit)=P } the number of iterations at which
P has been chosen while the leader was P.

The proof depends on the difference between P and P*. By Lemma 5 .4,

« either 3¢ € [d], such that | P.| > 1 and i* > argmax;ep,\ ;+} 9(j), where i* = argmax;cp_g(4);
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e or3c e [d—1],3(i,j) € P. x P.yy, such that j > i.

We first upper-bound the expected number of iterations at which P (t) = P under the first condition, and then prove a similar
upper-bound under the second condition.

Assume that there exists ¢ € [d], such that |P.| > 1 and i > argmax;cp \ (;+} 9(j), where i = argmax;cp _g(i). Lett

be an iteration such that P(t) = P. By Assumption 3.3 and by design of the algorithm, if for each item j € P\ {i}, the
sign of &, j(t) would be the same as the sign of A; ; > 0, then i would be alone in P.(t). So §; j(t) < 0 for at least one
item j € P. \ {i}. Let control the number of iteration at which this is true by considering the following decomposition:

t:P(t)y=P} C A;jUB; ;UG ,
U

JEPN{i}
where
A = {t P(t)=P,T; (1) < %t ,](t)}
Bi, = {t P(t) = P, SAJ(:) < ;}
and
Cij = {t :P(t) =P, T, (t) > 5;] ti (1), SAJ(:) > %,éw(t) < 07}

Let j be an item in P, \ {4}, and let first upper-bound the expected size of A; ; and B; ;, and then the expected size of C; ;.

Note that at each iteration such that P(t) = P, i and j are in the same subset of the partition P(t), therefore #; (t) = p(t).

Denote A = { :P(t) = } the set of iterations at which P(t) = P, and decompose that set as A C Usen A(s), with
A(s) =={t e A: t};,(t) = s} |A(s)| < 1as tp(t) increases for each t € A. Note that for each s € IN and n € A(s),
tij(n) > ti(n) = tp(t) =
Then by Lemma E.4
5.
E[l4,)=E |} 1 {t € A Tiy(t) < ;tm—(t)} = o)
t>1
and
E || B; Z]l{teA i(t) } =0(1)
Zj 2
t>1 Aij

Let now upper-bound the expected size of C; ;.

Asi=j,Ai; >0,

Lett € Ci ;. As 3, j(t) <0,t < T,and t5(t) =t ;(t) < t;;(t) < 2T, (1),

o

which is absurd. Hence, C; j = @, and E[|C, ;]] =0
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Overall, if there exists ¢ € [d], such that |P,| > 1 and i > argmax;e p 1\ (;3 9(J), where i = argmax;cp_g(i),

E|L{P(®) =P} < Y BlAyll+E[Biyll+E(C,]
jePA\{i}
= 0(1)+0(1)+0
=0(1)

Assume that there exists c € [d —1],and (i,j) € P. x P..1,such that j - i. By design of UniRank, each neighbor of
P takes one of both forms:

L (pl,...,pc_l,pcupcﬂ,pcw,...pd),
2 (P Py Py UGH P Y

Let P be such neighbor. In the first scenario we denote i(P) := argmin,cp, g(i) and j(P) := argmax;cp,_,, 9(j). In the
second scenario we denote i(P) := argmin;cp.g(i), and j(P) the item j. Finally, we denote N the set of neighbors P

of P such that j(P) > i(P), and N~ its complement {P} U N (P) \ N'*.

It is also worth noting that with current hypothesis on P,

INH + N = ‘J\/ (13)\ L1< I
» N7 is non-empty (due to current assumption on P);
« for each partition P € N'(P), tp(t) = tipyjp) (t);

« by design of the algorithm, at each iteration ¢ such that P(t) = P, 3,p),j(p)(t) > 0 for each partition P € N/ (P) as
i(P) is in a subset before j(P) in P.

To bound E |1{P(t) = 13}} , we use the decomposition {t € [T] : P(t) = P} = Up+ -+ Ap+ U B where
Ape = {t: P(t) = Ptpe(t) > clp(t) }
B= {t P(t)=P,YP e N*,tp: (1) <5£p(t)},

1
ande = —————— >

‘N(P)‘—i—l

E|[1{P(t) = P}| < > Ell4p:[]+E[B].

PeN+

1
o

Hence,

Bound on E [|[Ap+|] Let P € Nt be a permutation.

First, let’s ¢t be in Ap+. Note that Ai(P+)’j(P+) < 0, as j(P') = (PT). Therefore, as 8;pt),jp+H(t) > 0,

§i(P+),j(P+)(t) > %, and thus F [|AP+H =E |:Zt>1 1 {t S AP+’§i(P+),j(P+)(t) > %

Secondly, let’s decompose Ap+ as Ap+ C J,en A(s), with A(s) := {t € Ap+ : tp(t) = s}. |A(s)| < Lastp(t) increases

for each t € Ap+. Note that for each s € N and n € A(s), t;p+ jp+)(n) = typ+) jpt)(n) = tp+(n ) etp(t) = es.
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Thus, as j(P™) = i(P"), by Lemma E.4

Ai +) (Pt
E Z]l {t S AP+7’§1'(P+),j(P+)(t) > (132)7](1))} = 0(1)
t>1

. Bupr,
Overal, B (141} = B[S0 1 {t € Apr iy oy 0> 2o ]~ o).

Bound on E[|B]] We first split B in two parts: B = B’ U BL, where B := {t € B : {(t) < to}, B, .= {t €
B:t p(t) > to}, and tg is chosen as small as possible to satisfy a constraint required later on in the proof. Namely,

og(s og(log(s Ap—y P . . D .
to = maXp- o py\a+ I0E {S : \/%7§£3ji;%ft€%(—i§ < B }, with tg = 0 if N'(P) \ N'" is empty. Note that ¢,

only depends on Sj(P_)’i(P_) and Ai(P_)’j(P_) for P~ € N(P)\ N'*.
We also define
. . B 5 peipe _ -
i DP— = {t & [T] P(t) :P,P(t) =P 7Tj(P7),i(P7)(t) < 7(P>2’(P)tj(P),z(P)(t)} ,foreachP GN(P)\
N+
hd EP— = {t S [T] P(t) :P,P<t) :P_’gi(Pf),j(Pf)(t) < W},foreachp_ EN(P)\N+

* Fpi = {t € [T]: P(t) = P, Spnim W+ A””;(”“} for each P € A+

Lett € Bg;. We have
tp(t) = Z tp+(t) + Z tp- (1),
PteN+t P-eN—
and by definition of B, tp+(t) < etp(t) for each P* € N'*. So, there exists P~ € N~ such that tp- () > etp(t)
(otherwise, tp(t) = D p+eprs tp+ (1) + D p-epn— tp-(t) < (INT| + N7 |)etp(t) = tp(t), which is absurd).

Let’s elicit an iteration ¢ (t) with specific properties. We denote s’ the first iteration such that tp— (s') > etp(t). At this
iteration, tp- (s') = [etp(t)], and tp-(s') = tp- (s’ — 1) + 1, meaning that P(s' — 1) = P and P(s' — 1) = P, and

tp-(s' — 1) = [etp(t)] — 1. Therefore, the set {s € [t] : P(s) = P,P(s)=P ,tp (s) = [etp(t)] — 1} is non-empty.
We define ¢(t) as the minimum on this set

¥(t) ;= min{s € [t] : P(s) = P,P(s) = P~ ,tp(s) = [etp(t)] — 1}.

Let prove by contradiction that () € Jp- cpr— (Dp- U Ep-) UUp+cprt Fip+. Assume that o(t) € Up-cp— (Dp- U
Ep-)UUp+cpr+ Fp+. The partition P~ is in V'~, so either P~ = Por P~ € N(P) \ N'*.

. . . 5Py A, py.icpy+1
The set N'* is non-empty, so there exists a partition P* € N F. As¢(t) ¢ Up+ cps Fpr, LELEL > St

where A]‘(P)’i(p) > 0as j(P) = i(P). Thus 5;p) ;p)(¢(t)) > 0and P(¢)(t)) = P~ cannot be P by design of UniRank.
Therefore P~ € N'(P) \ N'*.

Thus, either V'(P) \ V" is empty and we get a contradiction, or i(P~ ) and j(P™) are properly defined, and, by design
of UniRank, 5; p— ;p-)(¥(t)) > 0. Moreover, since P(¢(t)) = P~ and ¢(t) ¢ Dp- U Ep—, Tjp-)ip—)((t)) =
5ope wpe . Avpoy sime

HELE oy e (W(1) and 5, py jp-) (V(1)) = —EFLE

Therefore,

(@()+1

S'P* (P~ S‘P* G(P~) =
Tip-y,ip—H(¥(1) = %()tj(P—),i(P_)(w(t)) > %tj(P—),i(P—)(d)(t))
d;p- (P~ 0;(P—),i(P- - S‘P* G(P) , =
= HELE Dy (1) = LELED (etp(t)] - 1) > LELE D (elp () - 1)
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and by Pinsker’s inequality and the fact that )(¢) < t and () is non-decreasing in s, and £ 5 () > to,

N | =

—Sip)upH) W) + 1 =8p-ip (W) +1 \/log(fp(w( ))) + 3log(log(fp (1 (t))))
2 2

=
2T p-y,ip—(¥(1))

_ S W) +1 \/bg(fp(%/f( ))) + 3log(log(t5(1(1))))
2 2Tp—y.ip—)(¥(1))
1 Ay \/log( 5(1)) +3log(log(75(1)))
2 4 8;p.ip-)(etp(t) = 1)
Aipyipr) D))
1 8
Aip-) )
8

WV

A\YJ
N = N =

+

+

which contradicts the fact that Ai( P),i(P-) > 0.
Overall, we always get a contradiction, so, for any t € BE, ¢(t) € Up- cpr— (Dp- U Ep-) UUp+ e+ Fp+-

Hence, Bf C UneUp— . (Dp—UBp)UUps cxs Fps BEN{te[T]:9(t) =n}. Letnbein Up- o p- (Dp- L~JEP7) U
Up+en+ Fp+. Forany t in BEN{t € [T] : ¢)(t) = n}, there exists a partition P~ € N~ such that tp- (n) = [etp(t)—1],
andtp-(n+1) =tp-(n)+ 1. So |BL N{t € [T]: ¢(t) =n}| < Land

E[|B[] < to + B [|By[] < to+ NTIB[D]] + E[E|] + B[F]).

It remains to upper-bound E [| D|], E[| E|], and IE [| F'|] to conclude the proof.

Bound on E | Dp- || and E[|Ep-|] Let P~ € N(P)\ Nt The upper-bound on E [| Dp- || and E [| Ep- |] are obtained
through Lemma E.4. Let A := {t e [T): P(t)=P,P(t) = Pf} and let use the decomposition A C J, .y A(s), where
A(s) :=={t € A:t;p-y jp—(t) = s}. [A(s)| < Last;p-y jp-)(t) increases for each t € A. Note that for each s € N
andn € A(s), t;p-) jip-)(n) = typ-y j(p—)(n) = s. Then, by Lemma E.4, as i(P~) > j(P™)

T

Oip-) (P
E[|Dp-|] = Z]l{t €EN:Typ-y jpH(t) < %ti(P*),j(P’)(t)} =0(1)

and

A;py i
E[|Ep-|| = Z]l{teA Sip) P )()<<2“(>}] =0(1).

Bound on E [|Fp+|] By Lemma E.6, for each partition P™ € N't, E [|Fp+|] = O(log(log(T))).

Overall E []1{13(15) = P}} < INHOQ) + to + N (INT] = 1D)OA) + (IN~| = DO1) + INT|O(loglog T)) =

O (loglog T'), which concludes the proof. O

F.3. Final Step of the Proof of Theorem 5.1 (Upper-Bound on the Regret of UniRank Assuming a Total Order on
Items)

The proof of Theorem 5.1 from Lemmas F.1 and F.2 is mainly based on an appropriate decomposition of the regret.

Proof of Theorem 5.1. The upper-bound on the expected number of iterations at which UniRank explores while the leader

is the optimal partition is given by Lemma F.1.

The upper-bound on the expected number of iterations at which the leader is not the optimal partition is given by Lemma F.2.
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Let now consider the impact of these upper-bounds on the regret of UniRank.

Let remind that P} = {c} for c € [K],d* = K 41, and Py, = [L]\ [K]. Therefore, u* = pio- = Zszl p(a*, k), where
=(1,2,...,K).

Let first upper-bound the regret suffered at iteration ¢ while the the leader is the optimal partition:
Ri = p* — Eq) [Ma(t) | P(t) = P*}

K
=" pla* k) = Eaqy [plalt). k) | P(t) = P
k=

:,é]P(a’“(t) — k| P(t) = P*) (p(a", k) — Ea) |pla(t), k) | ax(t) = k, P(t) = P*])
+§;P(ak_1(t> = k| P(t) = P*) (p(a",k = 1) = Eagy [p(a(t). k = 1) | a1 (t) = b, P(t) = P*])
+;§:2]P (ax(t) =k =1 P() = P*) (pla’. k) ~ Bagy |p(a(t). k) | ax(t) = k— 1. P(t) = P"| )
+,;1P(“K(t> =0 P(t) = P") (p(a, k) = Fag [plalt), K) | ax (t) = £, P(t) = P*|)

Let’s focus on the first right hand-side term. As the probability of click at position k only depends on the set of items in
positions 1 to k& — 1, and as under the condition ay(t) = k A P(t) = P*, a(t) and a* have the same set of items in positions

Ltok —1, p(a*, k) = Eqp {p(a(t), k) | an(t) =k, P(t) = P*}. Hence that term is equal to O.

Let now take a look at the second term. By design of UniRank, as a,_y () = k A P(t) = P*, there exists ¢’ such that
P.(t)={k—1,k}, and

P (ak,l(t) — k| P(t) = P*) —Pp (ak,l(t) =k, Pu(t) = {k— 1k} | P(t) = P*)

1

= 3P (Pt) = {k =Lk} | P(t) = P").

Similarly, the third term corresponds to the existence of ¢’ such that P.(t) = {k — 1, k}, and
IP(ak(t):kfl\P(t):P):fIP( (1) = {k — 1,k} | P(t) = P* )
By summing both terms, we have to handle
2P (Pt) = (k= LK} | P(1) = P").
(p(@* k= 1)+ pla* . k) = Eag [p(a(t), k = 1) + pla(t), k) | ar-1(t) = ka(t) =k = 1,P() = P°] ),
which is equal to 3P ( P, ( (1) = {k—1,k} | P(t) = P*) Ay, where
Ag = pla@*, k— 1)+ pla*, k) — p((k—1,k)oa*, k— 1) — p((k — 1,k) ca™*, k),

as the probability of click at any position k" only depends on the set of items in positions 1 to k' — 1.

Finally, following the same argumentation, the last term is equal to 3P ( .(t) = {K,(} | P(t) = *> Ay, where Ay :=
pla*, K) — p((K,¢) ca*, K).
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Overall

iﬁ’( ()#P*) (,U**Ea(t) {Ma(tﬂP()?éPD
_|_2T:IP(P(25)—P ) (M*_Ea(t) [.Ua(t) |P() P*:|>
t=1
< r(Pw#p)K

-
>
U

N

|
[\
~+

where for any index k > 2

A=A J A i ORAL
= Apin(k— X an := min ,
b (k—1,K).k ke{2,...K} 8Ag

which concludes the proof.
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G. UniRank’s Theoretical Results While Facing State-of-the-Art Click Models

Here, we prove Corollaries 5.2 and 5.3 and then discuss the relationship between our upper-bounds and the known lower
bounds.

G.1. Proof of Corollary 5.2 (Upper-Bound on the Regret of UniRank when Facing CM* Click Model)

Corollary G.1 is a more precise version of Corollary 5.2. Its proof consists in identifying the gaps 6%, A, and Ay, where k
is the index of an item.

Corollary G.1 (Facing CM* click model). Under the hypotheses of Theorem 5.1, if the user follows CM with probability 0;
to click on item i when it is observed, then for any index k > 2,

k—2
Op = (Ok—1 + 0k — Oh_16x) [T (1 — 60) ifk <K
=1
. K-
5;: (0 + 0%) H (1—0y) ifk>K+1,
X 9min —1) — 9
A, > min(Gk=1) = Pk
Omin(K,k—1) + Ok
Ap=0 ifk<K
K—1
Ap = 0k — 0;) H (1-6)) ifk>K+1.
=1
Hence, UniRank fulfills
L Ok 40
R(T) < Z 16- """ 10g T + O (loglog T)
Ox — Ok
k=K+1
=0 ((L _ K)GKJFGKHlogT> ]
Ok — Ox+1

Proof of Corollary G.1. Values 5; and Ay, derive from a straightforward computation given CM model.

Let us prove the lower-bound on Ay. Let i and j be two items such that ¢ # j. Let @ be a recommendation such that
P(ci(t) # ¢;(t) | a(t) = a) > 0.
Without loss of generality, assume ¢ appears in a in position k, and if j appears in a, it is in a position £ > k. Then
- AEB (9, — 0, 0; — 0,
. )
AT(QL + QJ) - ABGZQJ 0; + oj

with A := Hf;ll (1-6,,)and B := HC pa1 (1 —0q,) if j appears in a and O otherwise.

Hence the lower-bounding values for Ag, by noting that the term A is lower-bounded by Hf:_ll (1—6y).
Regarding the last formula in Lemma G.1, it derives from the fact that % is maximized when 6}, is maximized, meaning
k=K+ 1. O

G.2. Proof of Corollary 5.3 (Upper-Bound on the Regret of UniRank when Facing PBM* Click Model)

Corollary G.2 is a more precise version of Corollary 5.3. Its proof consists in identifying the gaps 6%, Ay, and Ay, where k
is the index of an item.

Corollary G.2 (Facing PBM* click model). Under the hypotheses of Theorem 5.1, if the user follows PBM with the
probability 0; of clicking on item i when it is observed and the probability ki, of observing the position k, then for any index
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k>2
] .
op = 3 (Or—1 + 6k) (Kr—1 + ki) — 2010k Kp—1Kk k<K
~ 1
Ok = 5 (0k + 0k) ki ifk > K+1,
- 9 _1 — 0;
A min(K,k—1) k’
emln K,k—1) + ek
= (Or—1 — Ok) (Kx—1 — k&) ifk <K,
:(9 —Ok) KK ifk>K+1.

Hence, UniRank fulfills

K
RT)<Y 8(’%—{: ) On1 400" oo Z mzK i Z’“ log T + O (loglog T)
L—2 6k(9k—1 — Gk) k=K+1 K —
=0 (i logT> ,

L . . 5 “(Or—1—01)
where A = mln{mlnke{g K} Ter1—r ) (On 1 F00) mlnke{K—H L} 924_9);}

Proof of Corollary G.2. Values SZ and Ay, derive from a straightforward computation given PBM model.

Let us prove the lower-bound on Ay. Leti and Jj be two items such that i # j. Let a be a recommendation such that
P(ci(t) # ¢(t) | a(t) = a) > 0.
If both 7 and j appear in a, denote k < ¢ these positions. Then
1
~ 5 91' - 9 i 1
Ayfa) = ;e RO h) 0l
’ §(I€k + lig)(@i + Hj) — QHkligtgi@j 0; + 9]'

If only one of both items 7 and j appears in a then Ai,j (@) = 574

emin(K,kfl)_gk D

Hence for any index k > 2, Ay > 5™ D T
min s R—



