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Beyond the delta method

Antoine Lejay* Sara Mazzonetto!

April 4, 2024

Abstract

We give an asymptotic development of the maximum likelihood estima-
tor (MLE), or any other estimator defined implicitly, in a way which involves
the limiting behavior of the score and its higher-order derivatives. This
development, which is explicitly computable, gives some insights about the
non-asymptotic behavior of the renormalized MLE and its departure from its
limit. We highlight that the results hold whenever the score and its derivative
converge, including to non Gaussian limits. Our approach is based on an
asymptotic implicit function theorem, inspired from perturbative approaches.

MSC(2020) Classification: Primary 62F12; Secondary 62F03, 62M02,
26B10.

Keywords: parametric estimation; Taylor expansion; hypothesis testing;
delta method; maximum likelihood estimation; moments method; Implicit
Function Theorem.

1 Introduction

The traditional approach of dealing with parametric estimation consists in defining
an estimator as the root or minimizer of a function and then to study its asymptotic
properties as the size of the observations increases. This is the case for the Maximum
Likelihood Estimation (MLE, [35]) and its variants (pseudo- or quasi- likelihood
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estimation), or the Generalized Method of Moments which are used in a broad
variety of problems |25, |34]. A typical statement is that the estimator is consistent
and asymptotically (mixed) normal: The properly renormalized error between the
estimator and the unknown value converges in distribution to a (mixed) Gaussian
random variable.

The limiting distribution may be used to quantify the quality of the estimation,
and to construct for example confidence intervals. As pointed by D.A. Sprott |40,
41], the quality of the approximation depends more on the distance between the law
of the estimator and the limiting distribution than on the size itself. Various tools
have been introduced to improve the estimator for small or average sample size or
to quantify its departure from its limiting distribution. Among them, let us cite
Edgeworth expansions [38], Berry-Esséen inequality |12, |33], 44], Stein method |3,
5|, jacknife [17], bootstrap [19], “magic formula” [8], Bartlett corrections |9, [15], and
so on. Some of these corrections use considerations on the density of the estimator,
others are pointwise ones.

We look for an expansion of the univariate root 6(n) of F,(#(n)) = 0 — think of
the MLE — of the form
f(n) =0+ H(n,G,)

where 6 is the true, unknown parameter, GG, is asymptotical pivotal converging to
some G (think of the standard Gaussian random variable coming from a Central
Limit Theorem) and x — H(n,z) is a non-linear, random function of the kind

H(n,x) = ) ax(n)p(n)*z* + O(p(n)"). (1)

In the latter expansion, p(n) decreases to 0 as n — oo and

{an(m)h_y =R gy, (2)
for some ay.’s. Of course, the ay’s and the ag(n)’s may depend on 6. The expansions
may have different forms for some particular values of 6 for which some of the
ay, vanishes (which we call a phase transition). We highlight that our approach
is pointwise, and the order p is related to the regularity of F,,. Note that the
expansion of #(n) is such that

p(n)71(0(n) — 0) = oG

n—a0

The main result is provided in Theorem [3in Section [3} An expansion of 6(n) as
just described.



The family of coefficients {ay(n)};_; in is not unique. However, in Section ,
given a function F,, and knowing the asymptotic behavior of F), and its high
order derivatives D*F,, we give a procedure to compute automatically the ay(n)’s
satisfying (2) from F, and its derivatives.

The expansion we provide may remind the reader of the Edgeworth expansions
in 38| for the law of the MLE, but our result is pathwise.

Our approach is based on an asymptotic implicit function theorem (see Theorem
below), inspired from perturbative approaches. Performing asymptotic expansions
has a long history with a broad range of applications, notably to study perturbations
of (partial) differential equations and dynamical systems |16} 27} 29] or in change
of scale analysis |10]. Although in one case, we recover the Lagrange inversion
formula for power series |21, 22, 39|, our starting point is different and seems not to
have been considered in a general form but mostly for particular cases. Moreover,
we also consider functions that are not necessarily analytic. Our approach seems to
be new because it assumes weak general assumptions on the regularity of F,, and
takes into account different possible asymptotic behaviors of D¥F), (for statistical
applications, think that D*F, may converge thanks to the Law of Large Numbers
or to the Central Limit Theorem, hence with different rates).

Theorem [3]is a sort of generalization of the Delta method [42] in the sense that
knowing the asymptotic behavior of the score and its derivative, we get the
asymptotic behavior of a function of it, in particular the estimator. Besides, we do
not restrict ourselves to a first order linearization.

In Section we study the effects on our procedure of change of variable for
reparametrization of the space of parameters. Related to the problem of reparametriza-
tion, changing F,, to F),/® for a suitable ® does not change the root #(n) but leads
to a different expansion in which is sometimes more convenient (see Section

and Section [6.2).

We illustrate our results through several known examples: exponential family
(Section and parametric estimation for stochastic processes (Section [6.4). A
far less trivial application is provided in 31| where we apply our procedure to
the Skew Brownian motion obtaining new expansions of the MLE estimator of
the skewness parameter and showing that it is asymptotically mixed normal. In
this context, when Skew Brownian motion is a Brownian motion, we recover the
expansion given in [32] and give an alternative one obtained via a finer expansion
for some specific asymptotics of the D¥F,,. We refer to this situation of getting
two expansions as phase transition, which we explain in this paper on the binomial

model (see Section [6.3)).

The examples we mention show that we are not restricted to independent samples
nor to asymptotic normality. We highlight that we are not restricted to the MLE



but we may consider as well the Generalized Method of Moment, pseudo- or
quasi-likelihood estimators, and other variants (see e.g., [34]).

Our procedure can also be used to study the lack of normality of the estimator under
a fixed sample size n when G is Gaussian. The lack of normality may come from
the fact that G,, has not reached the Gaussian regime and/or by the non-linearity
of H(n,-). We develop this in Example [6| on the exponential distribution and in
Example [§ on the binomial distribution.

Before introducing Theorem [3], in the next section, we present some preliminary
analytical results in which no randomness is involved. However, to introduce some
notations, we may refer to the desired probabilistic properties.

2 The asymptotic implicit function theorem

Let us introduce the subsets © < R (the space of parameters), I — R, the space of
rates, and S, the space of scales.

Hypothesis 1. The space © contains an open interval around 0, (0,¢) < I for some
€ > 0, and there exists a function ¢ : S — I, which we call the rate function.

Hypothesis 2. We fix p e {1,...,+o0} and we consider B := {Bi}r=01, pi1 € Z\ 2.

Notation 1. For a parametric family of functions 6 — F'(s,8) which is of class
GP(O,R) for any s € S (or F' € BP(0,R)S), we denote by D™ the derivative of
order m with respect to 8. We define

{F}n(s) := @(s)’"D™F(s,0) form =0,...,pand s € S.

The idea of the above notation is that the f3,, are such that o(s)*=D™F(s,0)
converges.

Let us introduce two notations, one related to 3, and the other related to multi-
indices.

Notation 2. We define

B.:= max S, (3)

Ym i =p+ 14+ (Bn—0B,)A0form=1,... p. (4)
Notation 3. In a systematic manner, we use sums overs multi-indices satisfying
some constraints. Such multi-indices are denoted by (ki, ..., k,) and each k; is an
integer.



We state a series expansion which approximates the roots of F(s,-).

Theorem 1 (Approximation of roots). Assume Hypotheses |1 and @ hold and
that B, = B.. Let F € GP*1(O,R)S. Let s € S such that there exist a sequence
a(s) = {ag(s)}k=o..p and a convex neighborhood U(s) of 0 in © satisfying:

-----

(i) ap(s) =0 and
{F}o(s)e(s) ™
s 3 A8 S (9 ()l B =0 (5

kit thm <ym

(ii) There ezists 0(s) € U(s) such that F(s,0(s)) =
(iii) It holds that

()] [DF (s, w)| = ¢(s) > 0, for all we U(s)

and max  sup |[D"F(s,w)| < 4o0.
me{2,...,p+1} welU (s)

(iv) It holds that > |ai(s)] - |¢(s)|" € U(s).
Then

s)maxy > lox(s)] <Zlak(8)l> (s)I",

with
max_[p(s)|? T {Fln(s)] +  max  sup |p(s)|* D" (s, w)]
gze{:i;g} me{2,...,p+1} wel (s)
K(s) < ——— < .

The proof of Theorem [I] is provided in Appendix [A] We also consider the case of
analytic functions, in which the expansion is infinite.

Theorem 2 (Approximation of roots, analytic case). Assume that Hypotheses

and[q hold for p = +c0. Let F : S x © — R be such that F(s,) is analytic. Let

s € S such that there exist a sequence o(s) = {ax(s)}k=0 and a convex neighborhood
U(s) of 0 in © satisfying:

(i) ao(s) =0 and () holds with p = +o0 and v, = +% for m > 1.

(ii) There exists 0(s) € U(s) such that F(s,0(s)) = 0.

(iii) It holds that |g0( )|61|DF(8,w)\ > c(s) >0 for all we U(s).

(iv) It holds that >, J|au(s)| - [o(s)[' € U(s).



Then

+00

0(s) = ) auls)e(s)'

i=1

In the next sections, in particular in Section 4| we define the notion of (3, p)-related
sequence to a given sequence § and we show that, if a is a (3, p)-related sequence
to 4, then it satisfies an equation analogous to :

p
bop(s) ™+ D3 G Dy aw e an,p(s) T =, (6)

m=1 k14 +km<ym
Note that corresponds to (6) with §(s) = {F}x(s)/k!} .. p» Dut also with
6(s) = {={F}x(s)/(KF{F}1(5)} k.., When {F}i(s) # 0.
Later, we focus on two sequences
B =(1,2,2,...,2) and 87~ := (1,2,1,2,...,1,2)
which are relevant for statistical applications. We refer to these choices of 3
respectively as “up-flat” and “zigzag” cases.

For the reader convenience, we provide here sequences e which are (3, p)-related
sequence to a given sequence d with 61 = —1 and 8 = 3~ or 7. For 87, let

q
a; =0y and aq=26m Z Qg, - ag, for 2 < g < p, (7)

m=2 k1+-+km=q

and, for 37, take a; = g, g, = 0 for 2g < p and for 2¢ + 1 < p

2q 2q+1
a2(1+1 = Z 5m Z akl e ak’!n + Z 57” Z akl T aknL' (8)
m=2 k14-4+km=2q m=3 ki+-+km=2q+1
m even m odd

We refer to Lemmas [4] [f] and [7] in Section [] for the proofs.
For 87 with p =5 we have a; = §p and
s = 8,62, as = (03 + 263)05,
ay = (04 + 56303 + 503)85, a5 = (05 + 65904 + 216565 + 1455 + 363)6;.
For 37 with p = 5 we have ay = §, and
Qg = O, Qg3 = 53(58 + (52(5(2),
ay =0, 05 = (55 + 353)58 + (55253 + (54)(56l + 25358

Note that asg,q1 is not homogeneous in 63“1 but contains terms in 66 for j €
{k+1,...,2k+ 1}



3 The stochastic asymptotic implicit function the-
orem

In this section we consider the inference of a parameter #; € R and we assume
that © contains an open interval around 6.

To deal with convergence, we need some topological assumptions. We consider
that (S, <) is a directed set that is a set with a partial order < such that for any
s,s in S, there exists r € S such that s <r and s’ <r. Typically, we consider S = R
or S = N (sample size) yet this framework allows consider partitions and pairs
(sample size and discretization step).

Hypothesis 3. The rate function ¢ : S — I n (0, 1] is monotone decreasing, that is
©(s) < ¢(s') whenever s’ < s.

Note that, since (S, <) is a directed set, the rate function is a net.

Notation 4. Let F € 6P(0,R)S such that DF(s,6y) # 0 then, analogously to
Notation [1} let for all k € {0, ..., p},

{F}i(s) := o(s)*D*F (s, 6).
Let 6% be the family of (RP*!)S defined by

o=

-----

In the next result, our main result, we use the notion of (3, p)-related sequence to
a given sequence d. This notion has been briefly presented in the previous section,
but it is introduced in full details in Section [l

Proposition 1. We consider a family of random functions (F(s,0))(seesxe on
a probability space (2, F,P) as well as p as in Hypothesis[4 Assume that for all
s € S and P-almost all w € Q) the function 0 — F(s,0) is of class 6P at Oy, and
there exists a random vector p = {jx}y_o such that

({FYo(s), - {F}(5) 25

§—00

For every s € S let a(s) the (8, p)-related sequence to 6% (s). Then

. F dist. )1 pm
1) 870) 2 0= i

(i) a(s) 2% o where o is the (8, p)-related sequence to 8.

§—00



Definition 1 (Boundedness in probability). A family of random variables {X}cs
is said to be bounded in probability if for any € > 0, there exist K > 0 and se€ S
such that sup, s P[|Xy| = K] <€

Hypothesis 4. We consider a family of random functions (F(s,0))(sgesxe on a
probability space (2, F,P) as well as 8 € {37,087} and p as in Hypothe51s 2]
and the rate function as in Hypothesis Assume that there exists an open
neighborhood U < © of 6, such that for all s € S and P-almost all w € Q:
(i) 6 — F(s,0) is of class €P*! in U.

(ii) There exists 6(s) € U such that F(s,0(s)) = 0.

(iii) DF(s,0) # 0 for all 6 € U\{6p} and {1/{F'}1(r)},es is bounded in probability.
(iv) The family {N,(F)},es is bounded in probability with

Ny(F):= sup suplp(s)"D*F(s,0)].

1<k<p+1 0eU
The following proposition is a direct consequences of Theorem [I]

Theorem 3. Assume Hypothesis[§] and assume that the net ¢ in Hypothesis [
converges to 0. Assume that there exists a random vector p = {{x}_, such that

({FYo(s), - {F}p(s) =5

S§—00

and for every s € S let a(s) the (B, p)-related sequence to 8" (s) (see (7)-()). Let

a and & as in Proposition [l We introduce

Py(ep( Z (9)
0o(s) := 0y + Pi(p(s), x(s)) and 0 ( ) := 0y + Pi(p(s), @) (10)

for £ =0,...,p. Then,
(i) P,(v(s); a(s)) converges to 0 in probability.
(ii) 0(s) — o — Py((s); a(s))|p(s)~ P is bounded in probability.

(iii) (s) D (Py((s); x(s)) = Pulpls); e(s)) > s and
@(5)7 0 (0(s) = Ou(s) = g
forke{0,...,p—1} (with Py=0). In particular if k = 0
o(s) 7 (0(s) = ) = an.

(iv) 0(s) — 0,(s,0) converges to 0 in probability with rate ¢(s) (a1(s) — aq).

8



The previous result exhibits two approximations of 6(s), i.e.,

0,(s) := 00 + P,(¢(s),a(s)) and 6,(s,0) := 0y + P,(p(s), o).

In Section[f] we consider applications in which the estimator 6(s) of 6, € © (assume ©
is open) is a zero of 0 — F(s,0) := g(0)T(s) — f(0) where f,g € BP(0) and T'(s) is
a sample statistic. Indeed this is often the case for MLE estimators for independent
observations with distributions belonging to an exponential family or for the method
of moments.

We aim at highlighting the following facts:

(F1) When F is the score, the result above shows the importance of the hidden
variable a;(s) = 68'(s) = —{F}o(s)/{F}1(s) to assess the quality of the MLE. This
variable a;(s) depends on F' and its derivative. The other variables ay(s) are
polynomial expressions in a;(s) and 6} (s) = —{F}(s)/(k!{F}i(s)) for k > 1. In
the case “up-flat”, owing to the homogeneity in a;(s) granted by (7),

0(s) = b0 + ) &n(s)au(s)"o()* + Op(s)"*),
k=1

where the coefficients & (s), k > 2 are polynomials expressions in the terms % (s),
1 <0<k, and &(s) = 1. We shorten this as

0(s) = o + H(s, cu(s)p(s)) + O(p(s)"), (11)

where H(s,-) is a non-linear (polynomial or analytic) random function with
H(s,z) =z + O(z?).

In many practical situations, the term {F'}o(s)/{F'}1(s) = —ay(s) fluctuates asymp-
totically as a (mixed) Gaussian random variable, while the coefficients of the
expansion of H(s,-) converges in probability to constants.

A similar result holds for the case “zig-zag” (8 = 37), excepted that the expression
is no longer polynomial in a; ($)p(s), but still polynomial in a4 (s) and ¢(s) (granted
by (8)). Some of the coefficients of H converges in probability to (mixed) Gaussian
distributions.

(F2) Considering 6,(s, o0) instead of 6,(s) consists in replacing o (s) and H(s, ) by
their limits. It gives then a “proxy” of the behavior of the MLE which is useful when
the convergence of ay(s)’s toward their limits is faster than the one of 6,(s). This
happens with the Skew Brownian motion [31], or with the exponential distribution
as seen below in Example [6]



(F3) In the examples in Section [f| below, a(s)*{F}1(s) (alternatively o (s)%p; and
{F}o(s)?/{F}1(s) and {F}o(s)?/p1) appears to be asymptotically “pivotal” for s
large enough, in the sense that its distribution no longer depends on the parameter.
We could say it is the Wald’s statistics. Hence, we could change to express
the MLE as a non-linear transform of one of these pivotal quantities. A further
direction of research is to use this to design confidence intervals or hypothesis tests
that takes the lack of normality into account.

(F4) The upper error bound in Theorem [I| (non-random version of Theorem
also depends on «;(s). Therefore, when a4(s) deviates from 0, the truncated
expansions 6,(s) are not always accurate.

(F5) In some situations, for k > 1, §}'(s) is both deterministic and constant in s
(see Section [6.2)). In the case “up-flat”

0(s) = o+ H (5 (5)(s)) = 0o + H(on(s)(s))
and (s, 0) = 0y + H(a1p(s))

for a deterministic, polynomial (or analytic function H). The randomness in the
MLE comes only from the one of {F'}¢(s) that usually converges thanks to a CLT.
We have seen that p(s)™!(0(s) — 6p) converges to oy, and often in applications a;
has a Gaussian distribution N (0, o?).

Now, we quantify the distance of the distribution function of

e(s) :=¢(s) 7 (G(s) — bo) = ¢(s) " H(au(s)o(s))

from the one of its limiting distribution. Let us consider the Kolmogorov-Smirnov
distance: For any two random variables X7, X, let

A(X1; X5) = sup|P[X; < 2] — P[X, < z]]. (12)

zeR

Whenever H is invertible with inverse H~!, we have

Ale(s); a ) Ale(s); p(s) ™ H(anp(s))) + Alp(s) ™ H(awp(s)); on)
Afar(s);ar) + Ap(s) ™ H(arp(s)); ).
The distance A(e(s); 1) is then given by the competition of two terms A(ay (s); )
and A(p(s) ' H(a1p(s)); ;). The quantity A(a;(s);ay) is the distance of &(s)

to a possibly non linear transformation of a;p(s). Indeed in the case we are
considering H is deterministic and does not even depend on the sample size. The

10



fact that A(ay(s); 1) ~ 0 often follows from Berry-Esséen result or can be dealt
with Stein’s method, and it rewrites: for any = € R,

o[ H ()
Ple(s) < ] NIP’[ 1 < o05) ]
The term A(p(s) " H(a1p(s)); aq), with
1
w(s)

H(ayp(s)) = a1 + d2a70(s) + (65 + 265)asp(s)* + - - |

concerns the error introduced by the non-linearity. We show in Example [6] that the
effect of the latter error might be predominant.

Note that we can also consider

0(s) = 6o + H (55 (s)p(s)) + O(p(s)P*)
and 6,(s,00) = 0y + H(a1¢(s)),

or dealing when H depends on s and is possibly random by using the limit of its
coefficients as an approximation.

(F6) Sometimes a suitable change of variable, as in the following Section [5.1]
provides an expression of 6(s) instead of an approximation (see Example [§ below).

(F7) There are also situations which exhibit some boundary layer, meaning that
the coefficients oy, are themselves high and 60, are not suitable approximation of
the MLE. This is the case for the binomial distribution with a parameter 6, close
to 0 or 1. See Example (7| or the article [31].

(F8) For specific values of the parameter to estimate, sometimes several choices
of B3 are possible (note that 80 < 5{), leading to different finite approximation
of the estimator. We call this phenomena phase transition. See Section for an
example or [31].

4 Formal manipulation of expansions

In Theorems [1] and [2] the expansion of the root 6(s) to F(s,0(s)) = 0 is performed
in term of ¢(s) with s-dependent coefficients. This implies a lack of uniqueness in
the expansion. To enforce uniqueness, we identify the coefficients by transforming

series to formal ones. Although natural, this choice is arbitrary and “righteous”?.

1As pointed out in 2| regarding homogenization theory, a “criminal path” leads to other ways
to compute effective coeflicients.

11



The main idea is to decouple the scale (s, playing the role of sample size) and
the rate ((s)), considering the latter as a variable. In Section we introduce
the necessary operators to decouple and re-couple: dummization and evaluation.
Next, in Section [4.2] we recall Faa di Bruno and Taylor formulae and show how
dummization and evaluation behave in Taylor expansion of composition of functions.
In Section |4.3], we propose a definition of sequences that satisfy Eq. . We call
them (3, p)-related sequences. We provide a different presentation in Section
Next we show that there exists a unique (3, p)-related sequence when 3 is 37
and 37 and we provide the proof of the recursive formulas — in Sections .
In the “up-flat” case, we provide different characterizations of the (8, p)-related
sequence (see Lemmas [7| and |8) that we propose also in the context of Theorem
in Section [£.7] To conclude, we show in Section how an additive perturbation
acts on the sequence.

4.1 Dummization and evaluation

For a ring K and a family of indeterminates X := (X1,...,X,,) , K[Xq,..., X,]
(resp. K(X1,...,X,)) denotes the ring of polynomials (resp. rational functions)
with indeterminates X1, ..., X,, and coefficients in K. Also, the set of formal power
series is K[[ X1, ..., X,]].

To a finite, numerical sequence a = (ay,...,q,), we consider the “dummization”
operation which consists in transforming each of the a;’s to an indeterminate af.
Therefore R[a®] (resp. R(a®)) is the ring of polynomials (resp. rational functions)
whose indeterminates are the a?.

We consider another indeterminate z, that we will use later as a placeholder for ¢(s)®

or for z € R. We denote by K|[z] the ring of polynomials whose coefficients are in
K. We are concerned with K = R(a®). We also denote by K[z, 27!] the Laurent
series whose coefficients are in K.

The evaluation — denoted by € — consists in transforming back a? to a;. It is the
dual operation of the dummization. We extend € as an algebra homomorphism
from R[[a®]] to R. We furthermore extend e on R(a®) by setting €(P/Q) :=
€(P)/e(Q) as well as to K[[z, 271]] by setting €(z*) = ¢(s)* for any k € Z.

Notation 5. Let p € N. Given a sequence & = {d;}r=0.. , < K, we denote
by P,(z;8) the polynomial P,(z;8) := Y% _, 0x2" € K[z].

Notation 6 (Projection onto polynomials of degrees at most p). Let p e N. We
denote by p,, is the projection of a power series P € K[[z]]| onto the polynomials of
degree at most p by setting z? = 0 whenever ¢ > p.

12



Note that we can extend the latter notation to p = oo taking p., the identity
and P(z;8) the series Y, 0xz" when it is well defined.

The next lemma is immediate by expanding powers.

Lemma 1. Let p € N. Consider three families 6%, a®, n° with components in
a field K. Assume that of = 0. These families 6%, a® and n° are linked by the
relation

k
ny =65 and np = Zé?; Z ap, -af €R(8%) forallke{l,...,p} (13)

m=1  ki++km=k

of and only iof

Pp(2§ 77.) =PpO© Pp('? 63) © Pp(z; a.)'

4.2 Taylor and Faa di Bruno formulae

The Taylor formula is the main tool to go back and forth between the realm of
analysis and the one of algebra.

The Faa di Bruno formula is a way to compute the higher order derivatives of the
composition of two functions |27]. It is a useful tool to deal with power series |1}
28| and can be seen both from the points of view of analysis [30] or of algebra [20].

Proposition 2 (Faa di Bruno formula). Let U,V be open subsets of R. Let
f:U—->Randg:V — U be two functions of class @ for p = 1. Then fog is of
class GP(V,R) and ?

Dé(fog)@):glzw Z D;j'(x)DZj'@),

m=1 foy otk =0

(14)

fort=1,....pandxeV.

Definition 2 (Formal Taylor series). Let f be a function of class €P(R,R) for
p=1,...,40. Weset & := D*f(0)/k!, k =0,...,p and & := {0 }r—0..,.- The

Taylor series operator I, is defined as

T, f(2) = Py(:8) = 3 da* e R[]
k=0

2We use a different convention than the usual ones on summing the indices written by
regrouping the multi-index (k1,...,k,,) by their respective values and counting the number of
such partitions.
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that is, it gives the Taylor series of f around 0. The formal Taylor series of f is

TEf(2) := Py(2;6%)

zp: ] with K = R[6%]. (15)

If ¢(z) = x for f eGP (R,R),

e(3,°f(2)) = Fpf(z) = f(z) - R(z)
with |R(z)| < |2[P*! sup,e(_p/DP f(y)|/(p + 1)! for any z small enough.

A consequence of Lemma |1 and the Faa di Bruno formula is the following one.

Lemma 2. Let pe N, let f, g and h be three functions of class 6P such that
9(0) = 0 and Tk(x) = €(T k(2)) for k = f,g,h with e(z) =
Then Th — po(T31 2 T50) if and only i Toh — To(F o) — pTf o Tog).

We end this section by relating the composition of analytic functions and their
formal developments.

Notation 7. For r > 0, we denote by o, the class of analytic functions whose
radius of convergence is at least r. We also set B, := {z € R | |z| < r} the open
ball of radius r.

Hypothesis 5. The functions f, g, h satisfy f e d, ., ge d, , hed,, with g(B,,) <

B, so that foged,,.

Note that for an analytic function with a positive radius of convergence 7y, f(z) =

I f(x) whenever |z| < ry.

Lemma 3. Let the same assumptions of Lemmald, and let f, g, h as in Hypothesis[5
Then Toh = T2 f o T2g if and only if h = f o g.

Remark 1. Let pe N and § = {0x}, < R such that P, (-;d) € o, for some r > 0.
Then P,(x;8) = p,Por(x;0) = TPy (x;6) and Ppy(z; 6) = 9,P,(x;0). In particular
if f e dl, for some r > 0, then J pf—ppJoof I T

4.3 Constructing (3, p)-related sequences
The goal of this section is, for s € S fixed, to find a sequence «(s) satisfying .
The idea is to consider the coefficients «,,(s)® and {F'},,(s) as dummy variables,

then identify the coefficients a;,(s)* by the dummy version of Eq. (f]), and finally
transfer them back to their numerical values.

14



Definition 3 ((3,p)-related sequences). Let p and 3 as in Hypothesis 2] Let

----------

exist af, k = 0,...,p which are rational functions in K := R(6%) such that
(i) For k=0,...,p, ap = €(ay) with o = 0.
(i) In K[[2, 27 ]],

p
582750 + Z (52 Z ay, - -a,;mzzzlzlk"’ﬂm =0, (16)
m=1 k14-+km<ym
with ~,, defined by , meaning that all the coefficients in K vanish for each
of the powers of z.
Remark 2. If a is a (83, p)-related sequence to 8, then a it is also (3, p)-related

.....

.....

Example 1 (Non-existence/non-uniqueness). We consider p = 2, 5y =0, 8 = 1,
fo = 2 and B3 € {1,2}. Then ~,, =1+ 3, for m = 1,2. Eq. becomes

65 +6%a + 05 (aF)? = 0.

The possibility to find o € R depends on the relative values of §. Even if we are able
to do so, we are free to choose a§ and the choice of a which is ((0,1,2), 2)-related
to d is not unique.

Example 2 (Non-existence/non-uniqueness). We consider p = 2, 8 = (0,1, 1, 2).
If 65 # 0, then ~,,, = 1 + 3, for m = 1,2. Eq. becomes

53 + (5?0[? + 5?(04?)22 =0,

so that this could not be solved unless §5 = 0 and of = 0. In the latter case, we

are free to choose 3.

The next lemma relates the definition above to the assumption |(i)| in Theorem .

Lemma 4. Let F € BP(O,R)S such that {F}, # 0, and fir s€ S. Let a(s) be a
(B, p)-related sequence to 6* (s). Define the evaluation map so that €(z) = p(s).

Then o(s) satisfies ().

We study below two examples of 3 for which a is unique when using Definition [3]
However, given a sequence a(s) satisfying (f]), it is possible to change a4(s) by
a term of order ¢(s) so that is still satisfied. Therefore, there are an infinite
number of solutions to . Our construction is a way to impose a unique choice

of a(s) satistying (5)) obtaining (7)) and (g).

15



4.4 Scrambling operator

We provide here an alternative formulation of equation (16| of Definition .

Definition 4 (Scrambling operator). Given Py,(z;8) = Y7 _, 0x2" € K[[z]] and B €
RPTL the scrambling operator is

58(Py(2:6)) := > 52" e K[[2,27']].

k=0
With Definition , Notation [5[ and Notation @, is equivalent to
sgop, 0 Py(;6%) 0 Py(z;a®) = 0 with af = 0. (17)

Under the assumptions of Lemma [4] (and so (|17))) rewrites
550P, 0 T F (s, Byz1a(s)*)) = 0 in R(6%(s))[[2, 27']]. (18)

We now study (3, p)-related sequences for some particular choices of 3, which are
fitted for statistical applications.

4.5 The case “zig-zag”’

Our first case of interest is 37 = (1,2,1,2,...). Its statistical usefulness is justified

below in Section Eq. becomes

S S LI k14 +kamt1
dp 2 + E Oyt E Qg Qg2
m=0 k14 Fkom41<p
2m+1<p

] ° ° ki+-+kom+1
+ Z Oorm Z Qp, O, 2 mr = 0.

m=1 ki+-+kam<p
2m<p

And it can be rewritten using the scrambling operator, which in this case is
+00 1 +00 +00
S (Z (5?2’“) == (Z Ogoi1 228 4 2 Z 5§k22k> :
k=0 k=0 k=0
Lemma 5. Assume that 6 = —1. Then o is (87, p)-related to & if and only if
af =0y, as, =0 for 2q < p and

2q+1

2q
. _ S . . '] . .
Qogy1 = Z O 2 Qp, - O, + 2 O Z Qg ~ o O,
m=2 ki1+-+km=2q m=3 ki1+-+km=2q+1
m even m odd

for 2q + 1 < p. In particular, there exists one and only one sequence o which is
(8™, p)-related to 6.
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Lemma (4| and Lemma [5| prove .
Remark 4. If e is (87, o0)-related to 4, then {oy}y_, is (87, p)-related to {0x}y_o-

Lemma 6. We consider a sequence o which is (37, +0)-related to 8. Let p €
{1,2,...,00}. We set

fodd($) = Z 52k+1$2k+1 and feven('x) = Z 52k$2k

k=0 k=1
2k+1<p 2m<p

and g(x) := Py(z; ). Assume in addition that fodq, feven € Ay, and g € A, with
9(B,,) © By, (necessary if p=0). Then

Tp (foda(g()) + T feven(9(2))) = —dox for z € BTf' (19)

Besides, if 0001 # 0, then there exists an analytic function h that solves (with h
instead of g) and therefore ay := D*h(0)/k! for any k > 1.

Proof. We restrict to the case p = o, see Remark [ Let us introduce a new
parameter v and we define

]\;(1}, V) = fodd(-r) + erven(x)
and the analogous f®(z,v) with 6% and ¢®(z) := P,(z;0*). As in Lemma , if
a*,v* € R(6%) and 6% are linked by the relation

S o e ki+-+kam+1
Z 52m+1 Z Xpy Yo ?

mz=0 k1, k2m+120

& ) . . kq1+-+ko
+ v Z dom, 2 Qp, * Qg 2 m

mz=1 kl ----- k‘2'm20
. . 2m—+1 S . 2m
- Z 72m+lz tv Z Yom~ (2())

m=0 m=1

in R(6%)[[z, v®]] for some indeterminate v®, then

~,

fGD(gS(x)?VG) _ Z 72.m+1x2m+1 + I/G Z 72omx2m

m=0 m>=1
If ais (37, +00)-related to &, then holds for v® = z, y, = 0 for k = 0,2,3, ...
and v, = —dy with 4, := €(y*). This proves (19).

~

We set q(y,x) = doz + f(y,z). If 6y # 0, then D,q(y,0) # 0. From the analytic
implicit function theorem (see e.g., |1]), there exists a unique analytic function h
defined in a neighborhood of 0 such that g(h(x),z) = 0, meaning that h solves
fodd(h()) 4+ & feven(h(x)) = —dpz and so ((19). By uniqueness in a neighborhood of
0, h =g. O]
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4.6 The case “up-flat”

We consider the case 87 = (1,2,...,2), which we call the case “up-flat”. With
Remark , in the definition of (3", p)-related sequences (Definition |3) can be
replaced by

p
Soz4 D08 > ap -eap AT — (21)

m=1 kit tkmn<p

We now give an explicit, recursively computable expressions for the ay’s from the d.
Other ways to express the a;’s are possible, for example using Bell polynomials.
See also |13} 43| for considerations on the efficiency of numerical implementations.

Lemma 7. Assume that 6; # 0. Then o is (87, p)-related to § if and only if

L] _53 L] q 6;.;1/ L] L]
alzé—sandaqz—Z—G Z ap, ---op  for2<q<p. = (22)
1 m=2 "1 kit-thn=q
In particular, there exists one and only one sequence o which is (3", p)-related

to 8. Besides, each of the o is a polynomial expression in 6%, m=0,...,q whose
term in &5 has degree q.

Proof. We rewrite as

5g?z+ii5;°;< > agl---a,;m>zqzo. (23)

g=1m=1 ki+-+km=q

We identify a3’s according to the power of z. In particular, d; + 0] = 0 so that

a} = —63/6%. Since af =0, for 2 < g < p,
p q
_ S . e & o S . .
0= Z(Sm Z Ozk,1~~-akm—51aq~|—25m Z Qg Qg .
m=1 ki+-+km=q m=2 1<k, km<q

kit tkm=q

This proves that a (87, p)-related sequence may be constructed for any § with
01 # 0. The converse is proved by the same argument of identifying the coefficients
in the power of z.

The form of the expression and the degree of the term &5 is proved by a direct
induction. O]

Lemma {4 and Lemma (7| prove ([7)).
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We now consider an alternative way to compute the coefficients in terms of the
inverse of an analytic function. Let us consider the scrambling operator and ,
which was an alternative expression to , in this case becomes the following
alternative expression to :

0=55—_50p,0P,(:6%) 0 Py(z;a%) = p, 0 Py(6%) 0 By(z;") — 0 + 65 2.
Therefore, in Definition [3] (represented here by (21)) can be replaced by
ppofOoPy(zat) = —5z (24)

with f®(2) := P,(2;8%) — 6 = >P_, 0%~
Remark 5. To prove the equivalence of and we could also use Lemma ,

if p e N. Indeed is equivalent to (13) in Lemma 1| with ny = &y, ;1 = —dp and
ni = 0 for k = 2 (let us recall that o = 0 by definition).

We then see that to get ar, we compute the compositional inverse of a power series.
Hence, our problem is related to the Lagrange inversion formula [22]. Another
consequence is that one may look at other ways than series expansions to compute
approximations of the root, for example using continued fractions or close form
expressions.

The next lemma, Lemma [§ ensures that identifying the inverse of a function
constructed as a series/polynomial of coefficients d;’s yields the coefficients ay’s.

Lemma 8. Letp e {1,2,...,0}, a be (87, p)-related to &, and f(x) := Y F_, dpa® =
P,(x;8) — by and g(z) := Py(x;c0). If p = o0, assume in addition Hypothesis [
Recall that g(0) = 0. Then

Tp(f o g(x)) = pp(f 0 g(x)) = —doz.

If in addition 6y # 0 and 6, # 0 then f is invertible on an open neighborhood of O
and

o = (=00)*D* F71(0)/k!  for any k> 1.

Proof. The first part is a direct consequence of the combination of dummization-
evaluation, Eq. (see Lemmas . The second part of the statement follows
from the Inverse Function Theorem for analytic functions [1] which one may
applies when §; = Df(0) # 0. The proof is completed, by uniqueness shown in
Lemma, [7 O

The next corollary follows from the fact that J,(f o g) = p, (I, f 0 T,9).
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Corollary 1. Letpe {1,2,...,0}, o be (8", p)-related to §, and let f, g functions
of class 6P (if p = oo, assume in addition Hypothesis @ such that J,f(x) =
P _ 0kx = By(x;8) — 0g and Fpg(z) = Py(z; ). Then

T, 0 g(x)) = bz
Remark 6. Let p # oo. If ais (87, o0)-related to 8, then {ax}i_, is (87, p)-related
to {0k }i_o-

The above remark ensures that we can take always p = +o0. For instance tak-
ing 0, = 0 for k above a given threshold, say p, and we associate with é an infinite
sequence o.

Example 3. Let 6, = (—1)*/0%! (resp. 6, = 1/60*71) for k > 1 and some 0 € R.
Then for |z| < |6,

= 7 7
fl@) = Zax =~ (esp. f() = 7).
Since fHz) = ( ) (resp. fH(z) = —f(—x) = #%) then oy = eg(ﬁl (resp. ay, =
ek ) for k >

Example 4. Let ¢ be an analytic function around 0 with ¢’(0) # 0 (so that v is
invertible around 0) and set

_ 1 D"(0)
O := i 7 0) fork>1
e LDR0) , 00) -~ u(e)
_ P — (2
; A C) BT () N
Then f~(z) = ¥~ 1(¥(0) — 2¢/(0)). By Faa di Bruno formula DEf=1(z) =

D= ((0) — 2 ’(0)) '(0)* and
(=¢'(0)d0) " D1 (#(0)) _ $(0)*D 4~ (v(0))

ak: =

k! k!

We now give a non trivial example.

Example 5. Consider 6 ¢ {0,1}. Let us assume that §; = —1 and 6, = (—6)F,
k = 2. Then for |z| < 1/]6],

1
:—Z+Z 92—14—(0—1)2.
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To compute the inverse f~!, we are looking for the solution h(z) to the quadratic
equation

1

Th(z) * (9 B 1)h(2> =1—z, for any z small enough.

We assume 6 € (0,1). The possible solutions are

ha(z) = 1—0z+ /0222 — 4622 + 202 + 1
S 2000 — 1) ’

where the quantity in the square root is always positive. But f(0) = 0 hence
f~t = h_. One could then check that h_ has the same series expansion in z as the
one in Lemmal 7] It is also possible to express h_ using a continued fraction.

Corollary 2. Letr > 0 and let { f,,}, be a sequence of functions in A, and f € A, be
such that f,, converge uniformly to f. Then 67 := D* f,(0)/k! converges to &, for any
k = 1. Besides, if 1 # 0, then for n large enough, the corresponding sequence o™
which is (87, +ow)-related to 8" = {0} }k=0 converges to a, the sequence which
is (87, +o0)-related to & = {0k }k>0-

4.7 (B,p)-related sequences in the context of Theorem

We have already seen in Lemma [ how to derive a sequence a(s) satisfying : by
finding a (83, p)-related sequence to 6”(s). Hence, when 8 = 3 (resp. 3 = 87),
Lemma [7| (resp. Lemma [5]) provides a recursive expression of the desired sequence
that we have given in (resp. ) We now apply Lemma [§ to provide a different
expression in the case 8 = 37 in this context.

Proposition 3. Let F' be a function of class €P*1(©,R)S. Take 0y € © and
consider Notation[) Assume that Hypotheses [(ii)} of Theorem [1] holds, so that

in particular, F(s,-) is invertible around 0y. Define

o, F(s,1) := F~! (S,F(s,eo) (1 S )> — 0.

©(s)

Let ap := 0 and oy, be the k-th Taylor coefficient of €y, F(s,-) for k =1, that is

DF8y,F(5,0)  DFF~(s, F(s,00)) ( {F}o(s) y
R T K] (‘{Fh(s)DF(S’QO))‘

ag(s) :
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Then {oax(s)Ye_, is (B, p)-related to 8" (s), it satisfies equation (i.e. ]tem
of Theorem , and

= 0o + T, %0, F (s, 0(s)) + Oep(s)") = Z O(p(s)"™).

Proof. By construction, for any x small enough,

F(s,00 + €, F(s,2)) — F(s,00) F(s 6o)

DF(s,by) DF(s,8) ¢(s)

(25)
In particular, €y, F'(s,0) = 0 and F(s, 0 + €y, F' (s, »(s))) = 0 so that the root 0(s)
to F(s,0) =01is 0(s) = 0y + €y, F' (5, 0(5)).

We set {6}, := 8. Then, inspired by Example [i] we set

F(s,00) — F(s,00 + 2)
DF(S,Q()) .

(s, 2) =
Hence F,4(s,z) = >.1_, 0k(s)z" which is analytic. From (25)]),

(s, €g, F(s,x)) = —dp(s)x.

Note that

Py (%Yﬂ(s,%%goF(S,x))) = w(sa%QoF(S7$)) = _5()(3)*1"

This ensures by Eq. (24)), together with Lemmas2}{3], that the coefficients a(s) of the
Taylor expansion of €y, F (s, -) around 0 are (3", p)-related to 6”(s). Hypothesis .
is satisfied, so that the conclusion of Theorem [1| holds. n

4.8 Perturbation of the roots and (3, p)-related sequences
Let Be{B7,8~}. Let A:S — R and set {A}o(s) := ¢(s)®A(s). Let us consider

solving
F(s,07(s)) = A(s).
We define

o {F}o(s) — {A}o(s) for k=0,
(Fadils) = {{F}k(s) for k> 0

as well as the corresponding 0« (s) and ayg(s).

22



Proposition 4. For each k > 1, the coefficients ax(s) are polynomial expressions
in {F}(s)/{F}i(s), £ <k and {A}o(s)/{F}1(s). Moreover, if {A}o/{F}1 converges
to 0 with s and provided that oy converges, then apy and oy have the same limit
for each k = 0.

Proof. The proof is immediate once it has been noticed by dp; = 6 for & > 1
and 0p¢ = 09 — {A}o. The expression of ayk(s) in terms of {F},(s)/{F}1(s) and
A(s)/{F}i(s) are obtained by the Newton formula. O

5 Reparametrization and Changes of scale

5.1 Reparametrization through changes of variables

In the context of statistical estimation, it is sometimes convenient to perform some
change of variable on the space of parameters.

Let us consider a one-to-one map ® from the space of parameters © to the
space OF with inverse . We assume that ® € 6P*!. For the sake of simplicity, we
assume that 0 belongs to the interiors of both © and ©f. Moreover, we assume
that ®(0) = 0.

Notation 8 (Pullback). For a function f : © — R, we set U* f := foW so that ¥* f
is a function from O to R. The operator ¥* is the pullback. For f : S x © — R, we
extend the pullback to ¥*f(s,n) = f(s, ¥(n)) for (s,0) € S x OF. For a function
F e 6P*1(0,R)S, we define F'(s,n) := U*F(s,n) = F(s,¥(n)) which is a function
in GPT1(OF, R)S. We also set {FT},.(s) := p(s)*D*¥FT(s,0) for k =0,...,p.

We focus on the case “up-flat” (3 = B ). From the Faa di Bruno formula

7777777777

does. This is not necessarily true in the case “zig-zag”. Indeed, let p(s) € (—1,1),
then in the “zig-zag” case, ¢(s) ' {F};(s) may diverge and so

{F}a(s) = {F}a(s)(D(0))* + o(s) " {F}1(s)D*T(0)

does not converge neither. The same happens for {FT}y.(s), by Faa di Bruno
formula (14) (in Proposition . So, starting from “zig-zag” case, taking F'
we bump into the “up-flat” case. More generally, if ¢(s) € (—1,1), starting
from B = (Bo, B1,Ba; - - -, Bp), we bump into (5o, 51, 85,53, ...,5;) where B :=
MaXpe(1,..k} Fn- This latter kind of coeflicient, as 37, is “stable” under such
changes of variables.
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expansion P o [ evaluation p k
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(F1,0") ——— Y7 _ 1a£zk 974—2,6 10zkgo

Figure 1: Change of variable.

Proposition 5. Fiz s € S. Let us define § = {0x}i—0,.., and 6" = {0 }r=0.... by

-----

o(s) == % and 5,1(3) = % fork=0,1,...,p.

Let a(s) (resp. a'(s)) be the unique (8, p)-related sequence to 8(s) (resp. 8'(s))
gwen in Lemmal[7. Then

a,(s) = Z D" (0) Z aL(s) . -a,im(s) forq=1,...,p, (26)

or, in other words,

P p
Z a(s)* 2" :=p, 0 GJPG\IJ (Z az(s)'zk> ,
k=1

k=1

where TPV € R(8%(s))[[2]] is the formal Taylor expansion of U (see Definition @)

The meaning of this proposition is that expanding the root 7(s) of F'(s,6(s)) =0
in terms of ((s) using our procedure of Lemma |7] and then extending W (#(s))
using a Taylor series leads to the same expansion as the one given computing the
root 6(s) of F(s,0(s)) = 0 using Lemma [7} This is summarized in the diagram of
Figure [T}

Proof. In this proof let Fg := F°F and Ff o= I2FT from Definition . By
and Lemma , the sequence a(s)® € R(6%)? corresponding to «a(s) is the unique
solution to

p
55— 0Py o Fu(s, P(2)) = 0 with P(2) := > ay(s)*2" and ay(s)* € R(8(s)%). (27)
k=1
Similarly, a(s)*® is the unique solution to

p
S5 0 pp 0 Fa(s, P(2)) = 0 with PY(2) := Y af(s)"2* = 0
k=1
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and Fj(z) = 24_, 61(s)% € R[S (s)®][[=]).

The o (s)*’s are rational functions in R(6"(s)®). From the very definition, F(s,7) :=
F(s,¥(n)). By the Faa di Bruno formula (Proposition [2), {#}4(s) is a linear com-
bination of the elements {F'},(s), ¢ = 1,...,k and the derivatives of W. Therefore,
the af (s)*’s and 6] (s)®’s can be seen as rational functions in R(8(s)®). Thus Fi(2)
and T PW o PY(z) can be seen as elements of R[d(s)®][[z]].
By Lemma

pp o F£ = Fez = %G(LI’*F) =Ppo (%GW)*FG-
Since I°U o PT(z) € R[d(s)®][[z]] and

0=sg—0p,o0 Fi(s, PT(2)) = Sg— 0P, 0 F(s, %S\I/ o PT(2)).

Hence 9> o P'(z) solves (27)), which is known to have a unique solution, P(z).
Thus P(z) = 9°¥ o P(z). The result follows by an application of the evaluation
map. ]

5.2 Change of scale

We now introduce another change of variable, called change of scale, leading to
a different expansion. The impact of this change of scale technique is shown in
Section [6.2] to obtain a “natural” expansion in the context of exponential families.

Let us take a one-to-one function ® € 6P*1(©,07) whose derivative ® never
vanishes. Such a function ® is seen as a scale.

Notation 9. For a differentiable function f : R — R, we write Do f = Df/D®,
where D is the derivative operator.
Since we solve F'(s,6) = 0, a natural operation consists in setting

F(s,0)
D®(6)

F(s,0) := ®'F(s,0) :=

and to solve F(s,#) = 0. The root 6(s) is the same for F and F. However, as
discussed below, the expansion could be different.

In the case of the MLE, as F'(s,-) takes scalar values, there exists a function

G € 672(0,R)S such that DG(s, ) = F(s,-). Considering F'(s,f) corresponds to

a change of variable at the level of the function G. Indeed, with Notation 9]
DG (s, 0)

D@G(S,Q) = W = F(S,Q) in C@p-ﬁ-l(@’R)S‘
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Figure 2: Change of scales and change of variable.

We set G(s,z) := G(s,¥(x)) and F'(s,z) := F(s,¥(z)) so that from standard
computations,
D(GY) = (Dg@G)" and F' = Dy(G").
Therefore, g 5 g
FT = () = D(GT) so that F' = ®*D(¥*G).

We denote by &(s) and &(s) the unique (87, p)-related sequences to {{F}(s)/k!}e—o
and {{F}4(s)/k} ko, , defined by Lemmal[7]

.....

Proposition [5|may be applied to compute chT(s) and then &(s), instead of computing
the derivative of F'. We summarize the various relationships in Figure .

Are Py and P, the same?

Let us reduce to the case ®(0) = 0. If &(x) = Az for some A € R\{0}, then the two
expansions coincide by the fact that F' = DG = ADeG and Remark [3]

Note that if oy # 0 and &; # 0 then they are different unless ®”(0) = 0 since

~ a1 (s)

(1/1(8) = CI)”(O) .
1 (el

1+

Let us observe that &; and oy coincide asymptotically as s — o0, when ¢(s) vanish
and «(s) converges in distribution.
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6 Illustrating the results with some parametric
models

We illustrate how to apply our results in this section focusing on the standard case
of independent and identically distributed samples distributed according to a law
of an exponential family and on an example for parameter estimation of stochastic
processes. Our results have been applied to provide new results on parameter
estimation of Skew Brownian motion in [31], where we also prove a phase transition
as the one considered in this section for the binomial model (see Section [6.3).

6.1 Exponential family

In this section, we consider the class univariate models from the exponential family
of laws. This is a broad class of random variables [14] with a wide range of
applications in statistical theory.

We consider an univariate parametric model from an exponential family of laws,
which covers a wide variety of models [7]. Let © be an open interval, and 7' : R — R,
h:R — R and w,A € €771(0), p > 1 be suitable functions. We consider n
independent copies X, ..., X, with joint distribution under Py of the form

plzy, ... 20, 0) = (H h@-)) exp (w(e) Z T(x;) — nA(9)> . (28)

We consider that the functions T, A, h and w are such that the MLE exists and
the model is regular in particular d)p(x,#) is integrable and the following integrals
are finite and equal § &)p(z,0) dx = &) { p(z,0) dz, for j = 1,2.

The MLE 60(n) is the zero of the score function

0+— F(n,0) :=n(w0)T, —A'(#)) where T, := %Zn: T(X;).

Hence, 6(n) solves

where Notation [9] is used.

As the model is regular, Ey[F(n,0)] = 0. From the very definition of F,

Eo[F(n,0)] = nw'(0)Eg[T},] — nA’(f) and then Ey[T},] = D,A(6), V0 € O.
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The variance of T;, may be computed as well:

Var{z,] - LA O 6) ~ AOw) 1

~ IO = ~DZA(®). (29)

In particular, the MLE 6(n) solves

Eom)[Tn] = T

If T(X) is a square integrable random variable then the strong LLN and the CLT
ensure respectively that T,, converges Py a.s. to Ee[T(X7)] and, under Py,

\/ﬁTn - DwA<0) dist.

T, —E[T,]
Var[T,,] D2A() no

n -

G~ N(0,1). (30)

With (29)), we define .F(6) := D2 A(6)(w’'(#))?. This is the Fisher information of
the model.

Taking S = N, ¢(s) = \/Lg, and 3 =37,

{Flo(n) = vn (W (0)T, — A'(0)) = /T (0)Gr —=> /T (0)G = po,

n—0o0

and for Kk =1,...,p,

(Fli(n) = w*(O0)T, — A®D(9) L2 w*+D(9)D,, A(0) — A% (0) =1 py.
n—a0
By Proposition [l we get the coefficients 0y (n) := —{F}x(n)/k!{F}i(n), k = 0
of 8(n) as well as the coefficients 0y, := —pux/k!py of its limit §. Theorem 3| (with
0y = 6) provides the two approximations of the MLE estimator 6(n) of 6:

P p
0,(n) := 0 + Z a(n)n k2 and 6,(n,0) =0+ Z opn 2
k=1

k=1

with ay(n) and oy, the (87, p)-related sequence to 8(n) and & respectively (see (7).
Since 1y = —J(0),

&1(n) _ _{F}o(n) dist. Mo _ G

{F}i(n) noo F(0)

Let us explicit the expansions with p = 3:

B3(s) = 0 + O‘i/(? + 83(n) (O‘\l/(g)f + (205(n)? + G5(n)) (0‘1("))3 . (31




and

L G Ny G ’ 1#_%_ 3 G 3
ottt -8 (o)

Let us provide some examples of exponential families of laws to which the above
procedure applies.

Example 6 (Exponential distribution). We consider the Exponential distribution.
The parameters is 8 > 0. The related functions are

T(x) =z, wd) =—0, AB) = —log(h),
1 1 (—1)kk!

so that D, A(#) = 5 D2 A(0) = F(0) = 7 (P} = W,k > 1.

In this case the MLE is §(n) = 1/T;,. The two approximations 6,(n) and 6,(n, )

in Theorem [3| are (using computations similar to the ones of Example [3))

P~k
Op(n) =0 Z ( nf/g)
k=0

with G,, = \/n(0T,, — 1) (See (30)) and G ~ N (0,1). With p = +o0 since all the

involved functions are analytic?,

00(n) = 1+9 - 9%(3-%) —~ 9+0H<3—%)

G

(—
k2

p
and  6,(n,0) =46 2
k=0

EE

with
—x

1
#(x) = T+ 2 and H(z) = Tz

Remark that G,, > —4/n almost surely, while 6, (n, ) = # (G/+/n) on the event
{G > —y/n}. We then get the approximation of the distribution function of

2(n) = V/n(0s(n) = 0) = v/n (Ti - 9) =i (%) s (%)

as

Ple(n) < z] = P[v/n(0x(n,0) —0) < z| =P "

e p— ]

B

using the Gaussian approximation of GG, by G.

3The result may be found directly by using the relation between 6(n), T,, and G,,.
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Figure 3: Kolmogorov-Smirnov distances defined in for 6 = 1.

With this example, we illustrate Fact [(F5)] in Section [3} We write oy = #G with
G ~ N(0,1), as the Fisher information .¥(6) is 1/6%. In Figure [3| we represent for
several values of the sample size n the following Kolmogorov-Smirnov distances?,

A; = A(e(n), 0G), Ay := A(e(n),0y/nH(G//n))

and Ay := A(0y/nH (G /y/n), 0G) (32)

with A defined in (12)). These distances are computed using 10° samples of T},. The
Kolmogorov-Smirnov statistics allows one to asserts that the Monte Carlo error, of
order 1073, is small in front of the A;. Since H is invertible, Ay = A(G,,, G), up to
neglecting {G < —/n}) We then see that A, is around half Az (which does not
depend on #). This means that when n is small, it is far more satisfactory to use
vnH(G/+/n) than G to construct for example confidence intervals or tests for the
value 6.

Example 7 (Binomial distribution). Let 6 € (0,1) be the parameter of a binomial
model (N, 0) with N € N fixed (N = 1 corresponds to the Bernoulli model). Only
the following functions differ from the previous case: The related functions are

7

T(x) =z, w(f) = log 1% A(f) = —Nlog(1 —0)
N

so that D,A(f) = N0, D2 A(0) = NO(1 —0), F(0) = ii—0)

We actually neglect the events {G < —y/n} which is exponentially small.
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In this case the MLE is the empirical mean divided by N. The derivative of the
score and their a.s. limit (LGN): for m > 1,

(Fhn(e0) i= pimn = —mIN (“;{“ - )

Besides, the CLT ensures that
(Fholn) = Vi g = Goy/T0) 22 {Flo(er) == VT OIG.
And {F};(o0) = —F(0).

In particular the two approximations 6,(n) and 6,(n, ) (for p = 2) in Theorem
are

G, +/NO1—0)3 GELNQQ( oy (0° + (1 - 0)*)T, — 6°N

TR T —20)+ N2 n (1 —20)T, + N62)3

GA/0(1 -0 G?1—26
bo(n, o0y — g SYIL—0) G126
vn-N

n N

‘92 (n) = 9

and

To illustrate a boundary layer effect, let us consider 63(n,c0) in the previous
example:

GA/0(1—-0) G*1—20 G3  1-50+ 562
93(n,00)=9+#+— + — o7
vn-N n N (n-N)/ 9(1—0)

If 6 is close to 0 or to 1 then the coefficient of —= Jn goes to 0 and the other

ones give their maximal contribution. In particular the coefficient of — /2 goes to
infinity as 6 goes to 0 or to 1. Actually the expansion we used is not adapted
when 6 is close to 0 or 1. This is a boundary layer. More precisely, assume
for simplicity N = 1, n = 10™, and § = 107" (or § = 1 —107") for m,t € N:
O3(n,0) — 0 = 10~ (MTI2G + 107" G? 4 10~ Bm=0/2G8,

If t = m all terms provide a contribution of the same order 10™.

If t > m, say t = 2m then 0(n) — 0 ~ 107°™/2G + 107"G? + 107™/2G? and the
dominant term is the last one.

Remark 7. Note that if 6 is close to 1/2 then the coefficient of in 03(n) gives its

maximal contribution, the one of * is close to 0, and the coefﬁment of 3/2 gives
its maximal contribution (i.e. ; —1 G3) Moreover the latter term becomes 0 for

0 = 5+*f € (0,1). The case 0 = 1/2 allows for a different choice of B: 8 = B7.
This i 1s shown in Section [6.3l
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6.2 Using the natural parameters for the exponential family
We saw in Sections [5.1] and two ways to consider another parametrization for
the space of parameters. Such parametrizations could lead to simpler expressions.

In the case of the exponential family, let us discuss the use of the “natural scale”.
For this, we use the change of variable ® := w (with inverse V), where the notations

of are in use.

We consider that A and w are of class €P*! (or are analytic, in which case p = +0).

The likelihood and F' are
%, (0) = n(w(0)T, — A(A)) and F(n,0) = n(T, — D, A(6)).
The MLE 6(n) solves 6(n) = D,,A~(T,,) that can be rewritten as
0(n) = %, (j—i) with %(z) := Dy A~ <DwA(9) + m/DgUA(e))
n
with G,, defined by . Proposition [3[ shows that
67’(”’) = 9;7%00<Gn/\/ﬁ)
that is

Qpn=90+p5znn_k/2=90+pw ﬂk 33
(m) =00+ Xl E(W) (33)

with
D*(DyA~")(DwA(60))

k!
In particular, the w;’s are deterministic and do not depend on n. They are the
Taylor coeflicients of 7y, .

dr(n) := GFwy, and wy, 1= (D2 A(6))"2.

Example 8 (Binomial distribution). For the binomial distribution (see Example 7)),
this expression simplifies for all p € {1,..., 0} as

0,(n) =0+
which is the empirical mean. Unlike for the exponential distribution, the distance
between /n(6,(n) — #) and the normal distribution N (0,6(1 — 0)/N) comes solely

from the distance between G,, and the distribution N (0, 1).

Note that in Example[6]the change of variable does not provide new approximations
for the MLE because the model is basically already in natural scale.
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6.3 A phase transition of the approximation

The possibility to change scale (i.e., 3 = 37) in Theorem [3| sometimes leads to a
phase transition in the approximation of the MLE estimator. This happens when
the distribution of the score is symmetric with respect to a parameter 6, € ©.

Let us consider the case of the binomial model in Example [7] If the true parame-
ter 0 = % then for all m € N even, when 8 = 87

{Fhn(n) = ==z {Flo(n) —— 0

\f@Qm n—00

If B = B then the latter coefficients for m even are

{Flm(n) = { bo(n) =5 iy = Qmuo—emﬁ )G

and for m odd, {F},,(n) = — 2 = ;2 {F}i(n).

Applying Theorem |3| with 3 = 3~ and 0y = 0 = 5 provides new approximations
of the MLE 6(n) (see Lemma [5] or equation (8)). The expansion for n € N,
pe{l,..., o}, coincides with the one obtained in the previous section:

aj(n)
Indeed all coefficients oy, (n) = 0 for k > 3. By Lemma [| (equivalently, equation (g))

it suffices to prove that as,.1 = 0 for £ > 1 and this can be shown by induction
. !
using the fact that {F}ox(n) = gfk) {F}o(n) and {F}op41(n) = 2];;;1 {F}1(n).

In the case of the MLE estimator of the skewness parameter of Skew Brownian
motion, such a phase transition has been noticed in [32] and made explicit in [31].

6.4 An application to statistics of diffusions

We show how to use our method for non i.i.d. random variables and another
estimator than the MLE.

Let us consider the inference of the parameter # in the Stochastic Differential
Equations (SDE)
dX{ =0 -b(X))dt + ocdB;, t = 0.

for a Brownian motion B, a function b regular enough, and o € (0, +0).

For this, we follow the methodology of [11]|, which is based on the martingale
approximations of the log-likelihood.
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We fix a time step A > 0. We assume we observe a realization (Xo, , X,,) of the
vector (X§, X¢ ..., X?) where X! is a shorthand for X/, i =0, ..

The unknown parameter 6 is estimated by 6(n) that solves Fn(ﬁ(n)) = 0 with

Ful0) = 3 P o a(x1,0) (34)
where
M(z,0) := E[X% | X = z].

The asymptotic of §(n) is studied when n — oo while A is kept fixed (long time
and fixed time step).

By a straightforward computation,

2 b(Xi—
——Z(ﬂDMMa“ﬁ)

i=1

Hypothesis 6. The process X? is ergodic. Its invariant measure is its renormalized

speed measure
1 “b(y)
dr) = 20 | —~dy ) d
M@( I) A(Q) eXp( JO o2 y) T,

where A(6) is a normalizing constant such that {; pe(dz) = 1.

We denote by (t,7,y) — po(t,z,y) the density transition function of X?. For
f:R? - R, we write

=LLMWWM%WMM)

The following proposition is a consequence of ergodicity.

Proposition 6 (See e.g., |11, Lemma 3.1]). Let f : R*> — R be a measurable
function such that Q°(f*) < +co. Then

Z FX XD —— Q(f)

in L2(Py). If Q°(f) = 0, then
i] (X7, X9 fi G with G ~ N (0,Q°(f?))

under Py.
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Hence, for £ > 1, owing to the definition of the invariant measure, under Py,
replacing the observations X; by the corresponding random variable X?,

o2 N0 o2

_Dk 2 (XY ro
Dy Fu(0) _ lz ( 1’1)D§M(Xf,1,9) p_b')J b(z >DkM(:L‘,0),u9(dx),
n nia .

while, if §, %D’gM(x, 0)pg(dz) =0,

1 X'9 ) _dist.
_DkF i—1 DkM X9 18 2
\/ﬁ n(9 \/*Z ( i— 179) N0 ./V(O,C )

with

= [ [ o.M~ M) atao)

We note that the quantity M (x,6) cannot be always computed in an explicit
manner, because

A
M(z,0) = B[ X | X = 2] =2 + ef Eo[b(X?) | XY = x]ds. (35)
0
Example 9 (Ornstein-Uhlenbeck process). Let us consider that b(z) = —z and
0 > 0 so that X? is the Ornstein-Uhlenbeck process. From ,

2
M (z,0) = xexp(—Af) and py(dz) = \/% exp <—90i2> dz

which is a centered Gaussian law of variance 02/(20). Therefore, D*M (z,0) =
r(—A)* exp(—Af). We are then in the case “up-flat”. We consider the change of
variable 1 := ®(f) := e=2? (see Section and we get

Z 5 (% = Xiom).

i=1

It holds that D, Il = 37" | 5(X;_1)* and DFF = 0. By Theorem ,

Fi(ﬂ) _ Z?:1 Xiflxi

Dan(U) Zi:1(xifl)2
so that ) Zn X
O(n) = — log Zi=1 ol
)= R R S e

We have the same formula as the one in |11, Example 2.1, p. 21|, which is obtained
by direct means (note that we use b(z) = —x instead of b(z) = x as in [11]).
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Example 10 (Using an approximation of M (x,6)). When no close form solution
to M (x,0) (see (35)), we consider that we have a smooth approximation Ms(x, )
of M(x,0) depending on a parameter . We set

2 (X
)=, K] 0y (X,1,6) — M (X1.)
and define Fjy,, similarly to F,(0) in (34]) with Mjy instead of M. The solution 65,
to Fs5n(05,) = 0 also solves

Fn(eé,n) = 66(05,71)- (36)

Assume that we are in the case “up-flat” and that €;(05,,)/+/n converges to 0 as
(0,n) converges to (0, +o0) as a net (this could imply some relationship between
the rate of convergence of ¢ to 0 and the one of n to +o0). Proposition (7] allows
one to conclude that 65, and 6(n) have the same asymptotic behavior.

7 Conclusion

We have given an expansion of the solution #(n) to a problem F,,(6(n)) = 0 in a way
which involves the asymptotic behavior of F,, and its derivatives. This covers (quasi-,
pseudo-) maximum likelihood estimation and Generalized Method of Moments. We
could also consider errors in the observations. Remark that n is a quantity related to
the asymptotic behavior (e.g., the sample size). Our hypotheses are rather weak so
that we may consider independent samples as well as dependent samples such as the
ones arising in statistics of diffusion or chronological series. With the inference in
view, we have an expansion of type 8(n) = 0y + G,p(n) + E,(Greo(n)) +O0(p(n)Pth)
where G,, converges in distribution to some random variable G, ¢(n) is a rate (say
o(n) = 1/y/n) and E, is a non-linear, random function with E,(z) = O(z?). In
the cases considered, the convergence of GG,, depends on the one of F;, and its first
derivative. The function F, has a Taylor expansion whose coefficients have an
asymptotic behavior that depends on the derivatives of F,.

Our expansion can be used to access semi-asymptotic behaviors of the estimator, as
we have illustrated in a toy example in Section[6.1} The distribution of ¢(n)(0(n) —
0p) is close to the one of G. Its departure from G is due to the distance between the
distributions of (G,, and the one of Gz, as well as the behavior of E,,. We illustrated
this in Fact (Section 3) and in Example @ So, Berry-Esséen type results seems
accessible as well because (in the cases we specify) the extension we establish is a
non-linear transformation of an asymptotically pivotal quantity (see for instance |36,
37]). Note that Berry-Esséen results on the convergence of the latter to its limit
may be combined with our expansion (as in the case of i.i.d. exponential random
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variable). Similar approaches should also apply to Wasserstein distance (see e.g.,

[4, 6]).

Let us mention that the main results of this document (in particular Theorem|I)) can
be easily extended also for multidimensional parameters thanks to multidimensional
Inverse Function Theorem (see, e.g., [1]). It should also hold true in an infinite
dimensional setting, which should be useful to deal with semiparametric models
although there are some fine technical points to deal with (see the discussion in
[23, |24} 42]). In the multidimensional setting, a Taylor expansion is used in [26]
to compute the first two moments of functions of estimators. This might be
combined easily with our approach to obtain higher moments. We expect to
compute cumulants |18] as well in a wide variety of cases, and to identify some
corrections to enforce the quality of the estimation [42].

A Asymptotic inversion

The goal of the section is proving Theorem [I] The proof of Theorem 2 is similar,
yet simpler as there is no need to control the remainder.

A.1 A Taylor formula with remainder

In this section, we basically consider the p-th order Taylor polynomial of z —
F(s, P,(z;¢)) around 0 and a convenient expression for the remainder.

Hypothesis 7. Let p € N\{0}. Let o := {a}r—o, p € RPFT! with oy = 0. With B,
defined by

Pz ) = Zakzk form=20,1,...,pand z € R, (37)
k=0
we assume that P, (I;a) < © for all m e {1,...,p}.

For the sake of simplicity, in this section, we consider a real-valued function F
on O, but we could consider a real-valued function on S x ©.

Notation 10. For m =1,...,p, z€ R, and F € 67(O,R) we define

o) — ky 4tk
R,.(z; &) .—Zakl ceay, 2 m
k1 4tk <p

1 T1 Tm—1
X J\ J e J (DmF(Tmpr(k1+"-+kmfl)(z; a)>
0 Jo 0

= D" F (Ton Pty st (21 a))> A7 - d7i. (38)
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Notation 11. We define for z € I,

p
Py(za) = ) Jay] - |2,
k=1
J(zi0) =[P (z;0), By (z;a)| 0 O,
and |F|,(z; ) :== sup |[D™F(w)|. (39)
weJ(z;a)

Lemma 9. Assume Hypothesis @ Let F € 6771(O,R). Then for all z €1,
F(Py(z;a)) — F(0)
Py . . P
0 1tethm R, (z;). (40
= 30 PO D, ) R (e, (40

k1++km<p m=1

Besides, form =1,...,p,
[R5 @)] < [Flys(z: ) B (L) ™ 2P* for |2] < L. (41)

Proof. For simplicity we do not specify the dependence on the sequence a. By the
fundamental theorem of calculus,

F(By(2)) - F(0) = f DF(rPy(2)) - Py(2) dr

— DF(0)P,(2) + L (DF(rP,(2)) — DF(0)) - P,(2) dry. (42)

Adding and removing another suitable term yields

- Z Ok, 2 J (DF(ﬁPp—kl(Z)) - DF(0)> dn

k1=1

+ i g ()2 f 1 (DF(1iPy(2)) = DF (71 Py, (2)) ) dri. (43)

ki=1 0

Note that P,_j,(z) € J(z;a) for any k; € {1,...,p} with J(z; ) defined in
Notation . The Lipschitz constant of DF on J(z; ) is the the sup-norm of D*F
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on J(z; ), that is |F|5(z) in Notation [11] Then

M Jaw |- 2" - [DF (1 Py(2)) = DF (1 Ppiy (2))]

k1=1
P P
< |Fa(2) Z Z | Uy Uy | - ‘Z’lirkz < |Fy(2) Z |ty gy | - |z]k1+k2.
k1=1 k2:p—k‘1+1 1<k1,k22§p
ki+ko=p+1

This justifies our definition of R;(z) in Notation [10]|as |R;(z)] = O(]z|P*!) for 2
close to 0. Besides,

2
p
Z |ak1ak2| < (Z|ak‘> < P;(l)Q.
k=1

1<k, k2<p
k1+ko=p+1

This proves for R;.

We could then iterate the above decomposition in by replacing F' by DF' for
the second term in the right-hand side of the above integral. We obtain

DF (1 Bp1,(2)) — DF(0)

= TlDzF(O)Pp_kl (Z) + Z TloékQZkQ J

ka<p—k1 0

1
+ Z 10, 2™ J (D2F<7'172Pp_k1 (z)) — D*F(rami Pypy 1, (2))) dra. (44)
0

1

(D?F(Tﬂlpp_kl_b(z)) _ D2F(0)) dr

Using a change of variable 75 = 717y allows one to transform 7; Xé f(mim)drs to

o f(12) d7y for any suitable function f.

Integrating between 0 and 1 and using p times the development to the
successive derivatives of F' leads to (40)).

The remainder’s terms R;, are controlled in a similar way as for R. O

A.2 Application of the Taylor formula

In this section, we use Notations [T}, [TOHLI]

Proposition 7. Assume Hypothesis |4 Let F' € €7*'(O,R)S and s € S such
that {F}i(s) # 0. Let a(s) € RPY such that is satisfied. Assume that
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P,(p(s);(s)) € © for allme {1,...,p}. Then

[F(s, Blo(shia(s))l < Y Br(Lieds)" | Fln(e(s); als)lo(s) P!

Proof. In the proof we replace any dependence on (¢(s); a(s)) by simply (s'). Using
Notation |1}, we rewrite in Lemma |§| as

F(s, P(s") = {F}o(s)p(s) ™™

S 5 ol 3 ),

k1 m <p m=1
For m =1,...,p, the control implies that
R ()] < [Flinsa(s) Py (L ex(s))™ io(s) [P since [o(s)] < 1

for all m e {1,...,p}. Using the definition of ~,, in (4], we split

:{(klaakm)’1<k1++km<7m}

Therefore, the convention that the sum is null if the index set is empty, yields for
m e {1,...,p} that if 5,, + 1 < S, then

D ans) o, (s)lpls)

Vi <ki+-+km <p

< >, |k (8) - -, (5)] - [op ()™ < P15 e(s))™ ()™

Y <k1 -k <p

Using we obtain the result. O

A.3 Proof of Theorem |1/ on the approximation of roots

Proof of Theorem [ Since DF(s,-) is continuous on U(s), The fact that |DF (s, -)|
has a positive lower bound on U(s) (Condition |(iii)|) implies that F'(s, -) is invertible
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on U(s) by the Inverse Function Theorem [1|. Besides, for any 0,0’ € F(s,U(s)),

/
DF '(s,0) —=DF(s,0")| < sup o — |
| (5.0) (5,0 reloor] [IDF (s, F~1(s,7))]
— g B1 B1
B R 15 R

o cls)

0eU (s) |DF(87‘9)| 0cU(s) |§0(8>|BI|DF<879)|

Condition implies that J(¢(s)) < U(s), where J is defined in Notation
With g(s) := F(s, Py(¢(s); a(s))) and since F(s,6(s)) =0,

|Pop(s)iaxls)) = O(s)] = [F~ (s, 9(s)) — F~'(5,0)] <

The result follows from Proposition [7] O
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