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Abstract: In this work we are interested in general linear inverse problems where the corre-
sponding forward problem is solved iteratively using fixed point methods. Then one-shot methods,
which iterate at the same time on the forward problem solution and on the inverse problem un-
known, can be applied. We analyze two variants of the so-called multi-step one-shot methods and
establish sufficient conditions on the descent step for their convergence, by studying the eigen-
values of the block matrix of the coupled iterations. Several numerical experiments are provided
to illustrate the convergence of these methods in comparison with the classical usual and shifted
gradient descent. In particular, we observe that very few inner iterations on the forward problem
are enough to guarantee good convergence of the inversion algorithm.
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Analyse de convergence pour des méthodes d’inversion
multi-étapes de type one-shot

Résumé : Dans ce travail nous nous intéressons a des problémes inverses linéaires généraux
ou le probléme direct correrpondant est résolu de fagon itérative en utilisant des méthodes de
point fixe. Ainsi, les méthodes de type one-shot, qui itérent en méme temps sur la solution du
probléme direct et I'inconnue du probléme inverse, peuvent étre appliquées. Nous considérons
deux variantes des méthodes multi-étapes de type one-shot et nous establissons des conditions
suffisantes et nécessaires sur le pas de descente pour leur convergence, en étudiant les valeurs
propres de la matrice par blocs des iterations couplées. Plusieurs tests numeériques sont présentés
pour illustrer la convergence de ces méthodes par rapport aux méthodes de descente de gradient
usuelle et décentrée. En particulier, nous observons que trés peu d’iterations internes pour le
probléme direct sont suffisantes pour garantir une bonne convergence de 1’algorithme d’inversion.

Mots-clés : problémes inverses, méthodes de type one-shot, analyse de convergence, identifi-
cation de paramétres
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4 M. Bonazzoli & H. Haddar & T. A. Vu

1 Introduction

For large-scale inverse problems, which often arise in real life applications, the solution of the
corresponding forward and adjoint problems is generally computed using an iterative solver, such
as (preconditioned) fixed point or Krylov subspace methods. Indeed, the corresponding linear
systems could be too large to be handled with direct solvers (e.g. LU-type solvers), and iterative
solvers are easier to parallelize on many cores. Naturally this leads to the idea of one-step
one-shot methods, which iterate at the same time on the forward problem solution (the state
variable), the adjoint problem solution (the adjoint state) and on the inverse problem unknown
(the parameter or design variable). If two or more inner iterations are performed on the state
and adjoint state before updating the parameter (by starting from the previous iterates as initial
guess for the state and adjoint state), we speak of multi-step one-shot methods. Our goal is to
rigorously analyze the convergence of such inversion methods. In particular, we are interested
in those schemes where the inner iterations on the direct and adjoint problems are incomplete,
i.e. stopped before achieving convergence. Indeed, solving the forward and adjoint problems
exactly by direct solvers or very accurately by iterative solvers could be very time-consuming
with little improvement in the accuracy of the inverse problem solution.

The concept of one-shot methods was first introduced by Ta’asan [22]| for optimal control
problems. Based on this idea, a variety of related methods, such as the all-at-once methods, where
the state equation is included in the misfit functional, were developed for aerodynamic shape
optimization, see for instance [23, 21, 11, 19, 18] and the literature review in the introduction
of [19]. All-at-once approaches to inverse problems for parameter identification were studied
in, e.g., [8, 2, 15]. An alternative method, called Wavefield Reconstruction Inversion (WRI),
was introduced for seismic imaging in [25], as an improvement of the classical Full Waveform
Inversion (FWT) [24]. WRI is a penalty method which combines the advantages of the all-at-once
approach with those of the reduced approach (where the state equation represents a constraint
and is enforced at each iteration, as in FWT), and was extended to more general inverse problems
in [26].

Few convergence proofs, especially for the multi-step one-shot methods, are available in litera-
ture. In particular, for non-linear design optimization problems, Griewank [6] proposed a version
of one-step one-shot methods where a Hessian-based preconditioner is used in the design variable
iteration. The author proved conditions to ensure that the real eigenvalues of the Jacobian of the
coupled iterations are smaller than 1, but these are just necessary and not sufficient conditions
to exclude real eigenvalues smaller than —1. In addition, no condition to also bound complex
eigenvalues below 1 in modulus was found, and multi-step methods were not investigated. In
[9, 10, 4] an exact penalty function of doubly augmented Lagrangian type was introduced to coor-
dinate the coupled iterations, and global convergence of the proposed optimization approach was
proved under some assumptions. In [7] this particular one-step one-shot approach was extended
to time-dependent problems.

In this work, we consider two variants of multi-step one-shot methods where the forward
and adjoint problems are solved using fixed point methods and the inverse problem is solved
using gradient descent methods. This is a preparatory work where we focus on (discretized)
linear inverse problems. Note that the present analysis in the linear case implies also local
convergence in the non-linear case. The only basic assumptions we require are the inverse problem
uniqueness and the convergence of the fixed point iteration for the forward problem. To analyze
the convergence of the coupled iterations we study the real and complex eigenvalues of the
block iteration matrices. We prove that if the descent step is small enough then the considered
multi-step one-shot methods converge. Moreover, the upper bounds for the descent step in
these sufficient conditions are explicit in the number of inner iterations and in the norms of

Inria
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the operators involved in the problem. In the particular scalar case (Appendix C), we establish
sufficient and also necessary convergence conditions on the descent step.

This paper is structured as follows. In Section 2, we introduce the principle of multi-step
one-shot methods and define two variants of these algorithms. Then, in Section 3, respectively
Section 4, we analyze the convergence of one-step one-shot methods, respectively multi-step
one-shot methods: first, we establish eigenvalue equations for the block matrices of the coupled
iterations, then we derive sufficient convergence conditions on the descent step by studying both
real and complex eigenvalues. In Section 5 we show that the previous analysis can be extended
to the case where the state variable is complex. Finally, in Section 6 we test numerically the
performance of the different algorithms on a toy 2D Helmholtz inverse problem.

Throughout this work, (-,-) indicates the usual Hermitian scalar product in C", that is
(x,y) = yTx,Vo,y € C", and ||| the vector/matrix norms induced by (-, ). We denote by
A* = A" the adjoint operator of a matrix A € C™*", and likewise by z* = % the conjugate of a
complex number z. The identity matrix is always denoted by I, whose size is understood from
context. Finally, for a matrix T' € C**™ with p(T) < 1, we define

s(T) = sup H(IfT/z)le
z€C,|z|>1

which is further studied in Appendix A.

2 Multi-step one-shot inversion methods

We focus on (discretized) linear inverse problems, which correspond to a direct (or forward)
problem of the form: find u = u(o) such that

u=DBu+ Mo+ F (1)

where u € R™ o € R", B € R™*" M € R" X" and F' € R". Here I — B is the invertible
matrix of the direct problem, obtained after discretization, with parameter . Note that in the
non-linear case B would be a function of o. Equation (1) is also called state equation and w is
called state. Given o, we can solve for u by a fixed point iteration

wey1 = Bug+ Mo+ F, (=0,1,..., (2)

which converges for any initial guess ug if and only if the spectral radius p(B) is strictly less than
1 (see e.g. [5, Theorem 2.1.1]). Hence we assume p(B) < 1. Now, we measure f = Hu(c), where
H € R"*™ and we are interested in the linear inverse problem of finding o from f. In order
to guarantee the uniqueness of the inverse problem, we assume that H(I — B)~!M is injective.
In summary, we set

direct problem: u=Bu+ Mo+ F,
inverse problem: measure f = Hu(o), find o

(3)

with the assumptions:
p(B) <1, H(I - B)~'M is injective. (4)

To solve the inverse problem we write its least squares formulation: given o* the exact solution
of the inverse problem and f := Hu(c®),
€

1
0% = argmin_cpn, J(0) where J(o) = 3 |Hu(o) — f|*.

RR n°® 9477



6 M. Bonazzoli & H. Haddar & T. A. Vu

Using the classical Lagrangian technique with real scalar products, we introduce the adjoint state
p = p(o), which is the solution of

p=DB"p+H"(Hu— f)
and allows us to compute the gradient of the cost functional
VJ(o) = M*p(o).
The classical gradient descent algorithm then reads

0n+1 — o — 7_J\4>~<pn’
usual gradient descent: u™ = Bu™ + Mo" + F, (5)
pn — B*p'n/ + H*(Hu"l _ f)7

where 7 > 0 is the descent step size, and the state and adjoint state equations are solved exactly
by a direct solver. Here 0"*! = o™ — 7V.J(0,); if instead we update o"*! = 0" — 7V.J(0,,_1),
we obtain the

O.n+1 — 0'” _ TM* n7
shifted gradient descent: u"tt = Bu"tl + Mo™ + F, (6)
pn+1 — B*anrl + H*(HunJrl _ f)

Both algorithms converge for sufficiently small 7 (see e.g. Appendix B): for any initial guess, (5)

converges if
2

T < 5
|H(I — B)~'M||

(7)

and (6) converges if
1

T < 5 -
IH(I = B)~'M]||

(8)

Here, we are interested in methods where the direct and adjoint problems are rather solved
iteratively as in (2), and where we iterate at the same time on the forward problem solution and
the inverse problem unknown: such methods are called one-shot methods. More precisely, we are
interested in two variants of multi-step one-shot methods, defined as follows. Let n be the index
of the (outer) iteration on o, the solution to the inverse problem. We update 6" *! = o™ —7M*p"
as in gradient descent methods, but the state and adjoint state equations are now solved by a
fixed point iteration method, using just k inner iterations, and coupled:

uply = Bupt' + Mo + F, (—o1,.. .k JETEw
i =Bt 4 H (Huy ™ = f), Pt =ppt

where o depends on the considered variant (o = o™*! or, for the shifted methods, o = o™). As
initial guess we naturally choose ugH = u" and ng = p”, the information from the previous
(outer) step. In summary, we have two multi-step one-shot algorithms

Un-i-l =" — 7_‘Z\4>|<pn7
ungl _ un7p(7)l+1 _ pn’
k-step one-shot: u?j_rll = Buy}t' + Mo" ! + F, 9)
1 o, nt1 * 1
p?il =B p?+ + H (Hu?+ - f)a

untl =t pntt = pitt Inria
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and
o.n+1 = o™ — TM*pn,
unapg+1 = pnu
shifted k-step one-shot: upt! = Bupt™ + Mo™ + F, (10)
pzj_rll _ B*p?+1 + H*(HU?+1 _ f);

1, n+l 1 _ . n+1
u™t = U ’pn+ =DPr

n+1 __
U =

and in particular, when k& = 1, we obtain the following two algorithms

O.n—i—l =" — T M* n7
one-step one-shot: utl = By + Mo" T + F (11)
pn+1 — B*pn +H*(Hu” _ f)

and
ot = o™ — T M*p",
shifted one-step one-shot: utl = Byt + Mo™ + F (12)
pn+1 — B*pn + H*(Hu" _ f)

The only difference for the shifted versions lies in the fact that o™ is used in (10) and (12), instead
of 0" in (9) and (11), so that in (9) and (11) we need to wait for o before updating v and
p, while in (10) and (12) we can update o, u,p at the same time. Also note that when k — oo,
the k-step one-shot method (9) formally converges to the usual gradient descent (5), while the
shifted k-step one-shot method (10) formally converges to the shifted gradient descent (6).

We first analyze the one-step one-shot methods (k = 1) in Section 3 and then the multi-step
one-shot methods (k > 2) in Section 4.

3 Convergence of one-step one-shot methods (k = 1)

3.1 Block iteration matrices and eigenvalue equations

n+1 n+1
)

To analyze the convergence of these methods, first we express (o u™ T pntl) in terms of
(o™, u™,p"), by inserting the expression for ¢"*! into the iteration for u"*! in (11), so that
system (11) is rewritten as

O.n+1 =" — TM*pn
™t = Bu" + Mo"™ — TMM*p" + F (13)
pn+1 — B*pn + H*Hun _ H*f

System (12) is already in the form we need. In what follows we first study the shifted 1-step
one-shot method, then the 1-step one-shot method.

Now, we consider the errors (6" — o, u" — u(c®),p" — p(c®)) with respect to the exact
solution at the n-th iteration, and, by abuse of notation, we designate them by (o™, u™, p™). We
obtain that the errors satisfy: for the shifted algorithm (12)

O_n+1 = o — TM*pn
u"tt = Bu™ + Mo (14)
pn+1 — B*pn + H*Hun

RR n° 9477



8 M. Bonazzoli & H. Haddar & T. A. Vu

and for algorithm (13)
ot =gn — TM*p™
u™tt = Bu™ + Mo™ — TMM*p" (15)
Pt = B*p™ + H*Hu",

or equivalently, by putting in evidence the block iteration matrices

pn+1 B* H*H 0 pn
un | = 0 B M| |u" (16)
ontl —TM* 0 I o
and
pn+1 B* H*H 0 pn
utl| = [—rTMM* B M| [u™]|. (17)
ontl —TM* 0 I o

Now recall that a fixed point iteration converges if and only if the spectral radius of its iteration
matrix is strictly less than 1. Therefore in the following propositions we establish eigenvalue
equations for the iteration matrix of the two methods.

Proposition 3.1 (Eigenvalue equation for the shifted 1-step one-shot method). Assume that
A € C is an eigenvalue of the iteration matriz in (16).

(i) If A € C, \ ¢ Spec(B), then 3y € C" ,y # 0 such that
A=) [yl + 7(M*(M\ — B*)""H*H(M — B) "My, y) = 0. (18)
(i) A =1 is not an eigenvalue of the iteration matriz.

Remark 3.2. Since p(B) is strictly less than 1, so is p(B*).

Proof. Since A € C is an eigenvalue of the iteration matrix in (16), there exists a non-zero vector
(p, i, y) € Ctutnutne guch that

Ay =y —TM"p
\i = Ba+ My (19)
\p = B*p + H*Ha.

By the second equation in (19) % = (A — B)~'My, so together with the third equation
p=\ — B 'H*Hu = (N — B*)""H*H(\ — B)"' My,
and by inserting this result into the first equation we obtain
(A= 1)y = —7M*(\ — B*)"*H*H(\ — B)~' My, (20)

that gives (18) by taking the scalar product with y. We also see that if y = 0 then the above
formulas for @, p immediately give @ = p = 0, that is a contradiction.
(ii) Assume that A = 1 is an eigenvalue of the iteration matrix, then (20) gives us

M*(I - B*)"'"H*H(I — B)"*My =0,

but this cannot happen for y # 0 due to the injectivity of H(I — B)~1M. O

Inria
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Proposition 3.3 (Eigenvalue equation for the 1-step one-shot method). Assume that A € C is
an eigenvalue of the iteration matriz in (17).

(i) If A € C, X\ ¢ Spec(B) then Jy € C",y # 0 such that:

A= 1) lyll> + TAM* (M — B)"'H*H (M — B)"*My,y) = 0. (21)

(1) X =1 is not an eigenvalue of the iteration matriz.

Proof. Since A € C is an eigenvalue of the iteration matrix in (17), there exists a non-zero vector
(p, U, y) € Chutnutne guch that
Ay =y —TMp
i = Bii + My — TMM*p (22)
\p = B*p+ H*Hua.
By the third equation in (22) p = (M — B*)"*H*Ha, and inserting this result into the second

equation we obtain
i = Bii+ My — TMM*(\ — B*) "' H*Ha,

or equivalently,
[I+7MM*A](M — B)u= My

where A = (A — B*)"*H*H(\ — B)~!. Since 7 > 0, [ + TM M* A is a positive definite matrix.
Therefore
=N —B)'[I+7MM* A" My

and
p= (N —B*)""H*Hu = A[I + TMM* A~ My.

By inserting this result into the first equation in (22) we obtain
A=1)y=—TM*A[l + TMM*A]~* My.
Thanks to the fact that [I + 7MM*A]~! and M M*A commute, we have
A—=1)My=—TMM*A[I+7MM*A]"*My = —7[I + TMM*A]"* M M* AMy

then
A=+ TMM*"AlMy=—-TMM*AMy,

that leads to
AN=1D)My+7AMM*AMy = 0.

Since H(I — B)™'M is injective, so is M. Therefore
A=1y+7AM*AMy =0, (23)

that gives (21) by taking scalar product with y. We also see that if y = 0 then the above formulas
for w,p immediately give u = p = 0, that is a contradiction.
(ii) Assume that A = 1 is an eigenvalue of the iteration matrix, then (23) gives us

M*(I - B*)"*H*H(I — B)"*My =0,

but this cannot happen for y # 0 due to the injectivity of H(I — B)~1M. O

RR n°® 9477



10 M. Bonazzoli & H. Haddar & T. A. Vu

In the following sections we will show that, for sufficiently small 7, equations (18) and (21)
admit no solution |A| > 1, thus algorithms (12) and (11) converge. When A # 0, it is convenient
to rewrite (18) and (21) respectively as

N A=V lyl* +7(M* (I =B*/\)""H*H(I - B/\)" My,y) =0 (24)
and

AA =) lyl* +7(M* (I = B*/A\) " H*H (I — B/X)" My,y) =0. (25)
For the analysis we use auxiliary results proved in Appendix A.

First, we study separately the very particular case where B = 0.

Proposition 3.4 (shifted 1-step one-shot method). When B = 0, the eigenvalue equation (24)

. . > . —14+5 )
admits no solution A\ € C,|A\| > 14f 7 < TEPTMT

Proof. When B = 0, equation (24) becomes A2(A — 1) ||y||> + 7 || HMy||* = 0 which is equivalent

to A3 — A2 + %ﬂg“zr = 0. Then, the conclusion can be obtained by Lemma C.1. O

Proposition 3.5 (1-step one-shot method). When B = 0, the eigenvalue equation (25) admits

j <1i S S—
no solution A € C,|A\| < 1if 1< T [P

Proof. When B = 0, equation (25) becomes A(A — 1) |jy||*> + 7 | HMy||> = 0 which yields A3 —

A2+ %7)\ = 0. Then, the conclusion can be obtained by Lemma C.1. O

3.2 Real eigenvalues

We now find conditions on the descent step 7 such that the real eigenvalues stay inside the unit
disk. Recall that we have already proved that A = 1 is not an eigenvalue for both methods.

Proposition 3.6 (shifted 1-step one-shot method). Egquation (24)
(i) admits no solution A € R,A > 1 for all 7 > 0;
(i) admits no solution A € R, A < —1 if we take

2
T < 5 5 5
(™ [[M]]" 5(B)

)

where s(B) is defined in Lemma A.2; moreover if 0 < ||B|| < 1, we can take

xo(L [[Bl)

LDV where xo(1,b) = 2(1 — b)? (26)
|H|* ||M)?

(here in the notation xo(1,0), 1 refers to k =1).
Proof. When A € R\{0} equation (24) becomes
_ 2
N =) |yl +7||HI — B/N)TMy|” = 0.
The left-hand side of the above equation is strictly positive for any 7 > 0 if A > 1; it is strictly

negative for 7 satisfying the inequality in (ii) if A < —1, noting that A — A\%(\ — 1) is increasing
for A < —1. O

Inria
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Proposition 3.7 (1-step one-shot method). Equation (25) admits no solution A € R, X\ # 1, |A| >
1 for all T > 0.

Proof. When A € R\{0} equation (25) becomes
_ 2
AN = 1) lyl)? + 7| H(T — B/N) " My||” = 0.
If A e R, A#1,|A| > 1then A(A—1) > 0, thus the left-hand side of the above equation is strictly

positive for any 7 > 0. O

3.3 Complex eigenvalues

We now look for conditions on the descent step 7 such that also the complex eigenvalues stay
inside the unit disk. We first deal with the shifted 1-step one-shot method.

Proposition 3.8 (shifted 1-step one-shot method). If B # 0, 37 > 0 sufficiently small such
that equation (24) admits no solution A € C\R, |A\| > 1. In particular, if 0 < ||B|| < 1, given any
9o >0 and 0 < by < §, take

< minfa @ 1B, x2(L, I1BI), xs(, [1BI), xa(1, IBI)}

1B (1] ’
where A . )
(1= _ 2sin3(1—0)
Xl(lvb) - 4b2 ) XQ(]-?b) - (1 + b)2 ’
8o cos? 2o (1—b)* T
1,b) = 2 : , 1,b) = |sin (= — 36y ) + cos 26, | (1 — b)?
x3(1,0) 5 (1 ¥ 25, sin% —|—6§) b2 x4(1,0) [ (2 o) 0} ( )

(here in the notation x;(1,b),i =1,...,4, 1 refers tok =1).

Proof. Step 1. Rewrite equation (24) so that we can study its real and imaginary
parts.

Let A = R(cosf + isin®) in polar form where R = |A\| > 1 and 0 € (—m, 7). Write 1/\ =
r(cos¢ + isin¢) in polar form where r = 1/|]A\| = 1/R < 1 and ¢ = —0 € (—7, 7). By Lemma
A.3, we have

B\ . B\ ;
(I—A> = P(\) +iQ(N), (I—A> = PQA)" +iQ)"

where P(A) and Q(A) are C™*™-valued functions, and, by omitting the dependence on A,

(1+||B||)s(B)? for general B # 0,

Pley ) 27
Pl <p T when ||B|| < 1; 0
|B||s(B)? for general B # 0,
< = B 28
= o= B w0 <13 <1 .
|B||s(B)?  for general B # 0,

< |sing — B 29
< sntle = B < <1 2

RR n°® 9477



12 M. Bonazzoli & H. Haddar & T. A. Vu

Now we rewrite (24) as
XA =1 |jyl® +7G(P* +iQ*, P +iQ) =0 (30)

where
GX,)Y)=(M*XH"HYMy,y) € C, X,Y € C"*".

G satisfies the following properties:
o VX, V7,Ys € C™ XM Vzy,20 € C: G(X,21Y7 + 22Y2) = 21G(X, Y1) + 22G(X, Y2).
o VX1, X0,V € C" X" V21,20 € C: G(z:1 X1 + 22X2,Y) = 21G(X1,Y) + 22G(X,,Y).
o VX €CrXme 0 < G(X*,X) = [[HXMy|* < (|H| 1M X])? [yl -
o VXY e C*™:  G(X,Y)+ G(Y*, X*) €R, indeed
G(X,Y) = (M*XH*HYMy,y) = (y, M*Y*H*HX*My)
— (M*Y*H*HX*My,y)* = G(Y*, X*)".

With these properties of G, we expand (30) and take its real and imaginary parts, so we respec-
tively obtain:

RO =€) yll* + 7[G(P*, P) = G(Q", Q)] = 0 (31)
and

SN =N [lyll* + r[G(P*, Q) + G(Q*, P) = 0 (32)

Step 2. Find a suitable combination of equations (31) and (32), choose 7 so that we
obtain a new equation with a left-hand side which is strictly positive/negative.

Let v = v(\) € R, defined by cases as in Lemma A.4. Multiplying equation (32) with ~ then
summing it with equation (31), we obtain:

[ROP =A%) + 4SO = X lyll* +7[G(P", P) = G(Q", Q) +1G(P*, Q) +7G(Q", P)] =0,
or equivalently,
RO =A%) 4430 = M) y[* +7G(P* +7Q", P+1Q) = (1+7°)7G(Q", Q) = 0. (33)
Now we consider four cases of A as in Lemma A .4:
e Case 1. R(A\3 — \2) > 0;
o Case 2. R(A\* =A%) < 0and 0 € [y, 7 — o) U [—7 + O, —bp] for fixed 0 < by < Z;
o Case 3. R(A\* —A?) <0 and 0 € (—bo, ) for fixed 0 < Oy < Z;
o Case 4. R(\* =A%) <0and 0 € (1 — by, 7) U (—m,—m + ) for fixed 0 < 6y < Z.
The four cases will be treated in the following four lemmas (Lemmas 3.9-3.12), which together
give the statement of this proposition. O
Lemma 3.9 (Case 1). Equation (24) admits no solutions X in Case 1 if we take
T < ! .
4| H|* | M (|B]* s(B)*

Moreover, if 0 < |B|| < 1, we can take
1 —[1B])*
2 2 2
A= 1M 1B

Inria



Convergence analysis of multi-step one-shot methods for linear inverse problems 13

Proof. Writing (33) for v = 1 as in Lemma A.4 (i) (in particular 42 = 1), we have
[RA® =A%) + 71 SO = M) lyll? + 7G(P* +11Q*, P+ 71Q) — 2rG(Q*, Q) = 0. (34)
By the properties of G we have
G(P"+mQ", P+mQ) >0

and
G(Q™,Q) < (IHI M IQI? Iyl < (IHINN M| | sinlaz)* [ly]”
therefore the left-hand side of (34) will be strictly positive if 7 satisfies
R = A2) + 71 SN2 = \2)
. 2 :
2([|H [ 1M} sin 6]g2)

Since R(A3 — A2) + 1 3(\2 — A\?) > 2|sin(0/2)| by Lemma A .4 (i), it is enough to choose

1
< ; 2 2 9°
4 |sin &| cos® & || H||” || M||” ¢

T

Since ‘sin Q| cos? & < 1, it is sufficient to choose 7 < ——5+—+5— and we use definition (29) of
2 2 4| H|*|IM]]*q3

2. O
Lemma 3.10 (Case 2). Equation (24) admits no solutions X in Case 2 if we take
.0
2sin

T < 3 5 5 .
[H ™ [[M™ (1 + 2 Bll)?s(B)

Moreover, if 0 < ||B|| < 1, we can take

2sin 2(1 — || B|)?
2 2 :
[ H[|" M (1 + [|B]])?

Proof. Writing (33) for v = 42 as in Lemma A .4 (ii) (in particular 43 = 1), we have
[RO® = N%) + 98N = W) yl|* + 7G(P* +7:Q", P +7Q) - 2rG(Q",Q) = 0. (35)
By the properties of G
G(Q"Q) >0, G(P" +%Q", P+%0Q) < (IH||IM||P+Q)* [yl
and the estimate ||P + Q| < [|P|| + || |Q] = ||PIl + |Q]] < p+ q1, the left-hand side of (35)

will be strictly negative if 7 satisfies:
R = 22) — S\ = \?)
IE M (2 + a1))

Thanks to Lemma A.4 (ii), it is sufficient to choose

in fo
2sin 3

T < 5 5 5
™ (1M (2 + 1)

and we use definitions (27) and (28) of p and ¢;. O
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14 M. Bonazzoli & H. Haddar & T. A. Vu

Lemma 3.11 (Case 3). Let §g > 0 be fixzed. Equation (24) admits no solutions A in Case 3 if

we take
8o cos> % 1

< : : .
2 (1+200sin 23 +63) || H||* | M| || BII” s(B)*
Moreover, if 0 < ||B|| < 1, we can take

_ 5o cos? % (1—|B|H)*
2 (14 200sin 252 +62) | H|* | M| | B|*

Proof. Writing (33) for v = 73 as in Lemma A.4 (iii), we have
[RO® = X%) + 93N = N)] yll* + 7G(P* +7Q", P+ Q) — (1+13)7G(Q",Q) = 0. (36)
By the properties of G

G(P* +3Q", P+73Q) 20, G(@Q",Q) < (IH|IM|[QI)* lly]”

and by the estimate [|Q| < |sinf|ga, the left-hand side of (36) will be strictly positive if 7

satisfies:
RAZ =) +133(A\2 = ))

(1+3) (1| || M]] | sin 0]g2)*
Since by Lemma A4 (iii) R(A® — A%) +v33(A* — A%) > 26, |sin &, it is sufficient to choose

do 1 8o cos> %

T < 2 2 5 2 2 5 50 )
2(1+3) [H|*(IM|* 3 2| H|*M|* g3 1+ 20 sin > + &3

where we have used the definition of v3. To conclude we use definition (29) of go. O
Lemma 3.12 (Case 4). Equation (24) admits no solutions X in Case 4 if we take

- sin (% — 300) + cos 26,
[H||* |M])* (1 + || BI))?s(B)>?

Moreover, if 0 < ||B|| < 1, we can take
. (T 1—||B|)?
T< {sm (5 — 300> + cos 200} ||(H||2”||]\4”)2
Proof. Here it is enough to consider (31). By the properties of G
G(Q",Q) =0, G(P*,P) < (|H|IIM]p)* |yl
we see that the left-hand side of (31) will be strictly negative if 7 satisfies
—R(A3 = \?)
(1 1M1l p)*
Thanks to Lemma A.4 (iv), it is sufficient to choose
sin (g - 300) + cos 26
1) (M) p?

7

and definition (27) of p leads to the conclusion. O
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Similarly, with the help of Lemma A.5, we prove for the 1-step one-shot method the analogue
of Proposition 3.8. In particular, note that here just three cases of A need to be considered,
because the analogue of the fourth one is excluded by Lemma A.5 (iv).

Proposition 3.13 (1-step one-shot method). If B # 0, 3 > 0 sufficiently small such that
equation (25) admits no solution A € C\R, |\| > 1. In particular, if 0 < |B| < 1, given any
0o >0 and 0 < Oy < 7, take

< min{pa (L, IB]), $2(L IBID), ¢s(L, [IBID}

1| |2 ’
where
(1—10b)* 2sin 2 (1 — b)? do cos? 3o (1 — b)*
1,b) = 2, 1,b) = —2— _~ 1,b) =
v1(1,0) 4b2 va(L,b) (1+0b)2 Ya(1,0) 2 (1 + 200 sin 280 + 63) b2

(here in the notation ¥;(1,b),1 =1,2,3, 1 refers to k = 1).

3.4 Final result (k=1)

Considering Proposition 3.4, and taking the minimum between the bound (26) in Proposition 3.6
for real eigenvalues and the bound in Proposition 3.8 for complex eigenvalues, we obtain a
sufficient condition on the descent step 7 to ensure convergence of the shifted 1-step one-shot
method.

Theorem 3.14 (Convergence of shifted 1-step one-shot). Under assumption (4), the shifted
1-step one-shot method (12) converges for sufficiently small 7. In particular, for |B|| < 1, it is
enough to take

_ (LBl

2 2
H” [|M]
where x(1,||B]|) is an explicit function of ||B|| (in this notation 1 refers to k =1).
Remark 3.15. Set b= ||B||. For 0 < b < 1, a practical (but not optimal) bound for 7 is

1 ,{1 (1—b)? 1—sin51"’2r.(1b)4}'

T<—5—— minq-- ,
1) (1) 2 (1+0)? 4 b?

Indeed, using the notation in Proposition 3.6 and 3.8, it is easy to show that x2(1,0) < xo(1,b)
and x3(1,b) < x1(1,b). By studying x3(1,b) and noting that §2 + 1 > 24y, we see that we
should take 6o = 1. Finally, we can take for instance 6y = F, then compare x2(1,b), x3(1,b) and
x4(1,0).

Putting together Propositions 3.5, 3.7, 3.13, we obtain a sufficient condition on the descent
step T to ensure convergence of the 1-step one-shot method.

Theorem 3.16 (Convergence of 1-step one-shot). Under assumption (4), the 1-step one-shot
method (11) converges for sufficiently small T. In particular, for |B|| <1, it is enough to take

¢(L 1Bl
< 2 2
[ [|™ |||
where (1, || B||) is an explicit function of | B|| (in this notation 1 refers to k =1).
Remark 3.17. Similarly as above, for 0 < b < 1, a practical (but not optimal) bound for 7 is

_ b2 _ gin 3©® EAY!
! in{QSinF~<1 b lzsin’y (1-0) }

T<—s——p-m , :
121 || 2] § (1+0b) 4 b?
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16 M. Bonazzoli & H. Haddar & T. A. Vu

4 Convergence of multi-step one-shot methods (k > 2)

We now tackle the multi-step case, that is the k-step one-shot methods with k£ > 2.

4.1 Block iteration matrices and eigenvalue equations

Once again, to analyze the convergence of these methods, first we express (¢"+1, u"*1 pntl) in
terms of (6™, u™, p™), by rewriting the recursions for u and p: systems (9) and (10) are respectively
rewritten as

o™t =g — T M*p"
utl = BRyr + T, Mo™ — 7T MM*p"™ + T\, F (37)
pt = [(B*)F — 1 Xy MM*]p™ + Upu™ + XpMo™ + Xy F — Ty H* f

and
ot =o" — T M*p"
Wt = BRyn 4 T Mo" + Ty F (38)
pntl = (B*)kp" +Upu" + XpMo™ + X F =T H* f

where

Ty=I+B+..+B"'=1-B)'(I-B", k>1, (39)
Uy = (B)*'H*H + (B )" 2H*HB + ...+ H*HB*', k>1,

0 if k= 1. (40)
Note that (37) (k-step one-shot) can be obtained from (38) (shifted k-step one-shot) by replacing
o™ with 0"t = o™ —7M*p™ in the equations for v and p, which yields two extra terms in (37). In
what follows we first study the shifted k-step one-shot method then the k-step one-shot method.
The following lemma gathers some useful properties of Ty, U and Xj.

X { (BY*2H*HT, + (B )*3H*HTy + ... + H*HT}_y if k > 2,
k =

Lemma 4.1. (i) The matrices Uy and X}, can be rewritten as

U.= > (B)H*HB' fork>1,

itj=k—1
k—2 k—1

X = Z Z (B*)'H*HB’ = ZUl for k> 2.
1=0 i+j=I =1

(i1) The matrices Uy, and Xy, are self-adjoint: Uy = Uy, X} = Xj.
(iti) We have the relation
UpTy — XpB¥ + X, = Ty H*HTy, Yk > 1. (41)

Proof. (i) is easy to check by the definitions. (ii) follows from (i).

(iii) For k = 1, we have Uy = H*H, T; = I and X; = 0, hence the identity is verified. For k > 2,
note that Xz, = B* Xy + H*HTy, then by (ii) Xpy1 = Xj | = X3 B+ T;H*H. On the other
hand, from (i) we get that X411 = Xy + Ug. Thus,

Xk + Uy =XpyB+T;H*H, orequivalently, Uy =X,(B—-1)+T;H"H.

Inria



Convergence analysis of multi-step one-shot methods for linear inverse problems 17

Finally,
UpTy = Xp(B— DTy +Tf H*HTy, = Xp(B* — I) + Ty H* HT.

O

Now, we consider the errors (6" — o, u" — u(c®),p" — p(c®*)) with respect to the exact
solution at the n-th iteration, and, by abuse of notation, we designate them by (o™, u™, p™). We
obtain that the errors satisfy: for the shifted algorithm (38)

O.n+1 — O.n _ TM*pn
u"tl = Bky™ + T Mo™ (42)
pn+1 _ (B*)kpn 4 Ukun 4 XkMO'n

and for algorithm (37)

o™t = o™ — T M*p"
uth = BRut + T Mo™ — 7T MM*p™ (43)
p"t = [(B*)F — 7 Xi MM*|p™ + Upu™ + X Mo™,

or equivalently, by putting in evidence the block iteration matrices

pn+1 (B*)k Uk XkM pn
=1 0 BY TM| |un (44)
ontl —TtM* 0 1 o”
and
prtl (B —r X, MM* U, Xi,M] [p"
u | = T M M* BF T,M| |u"]|. (45)
ontl! —TM* 0 1 o’

Now recall that a fixed point iteration converges if and only if the spectral radius of its iteration
matrix is strictly less than 1. Therefore in the following propositions we establish eigenvalue
equations for the iteration matrix of the two methods.

Proposition 4.2 (Eigenvalue equation for the shifted k-step one-shot method). Assume that
A € C is an eigenvalue of the iteration matriz in (44).

(i) If \ € C, \ ¢ Spec(B*), then 3y € C",y # 0 such that
(A =D llyll” + 7ML = (BY)S7HO = )X + TEH HT)(M — BY) ™ My, y) = 0. (46)

(1) X =1 is not an eigenvalue of the iteration matriz.

Proposition 4.3 (Eigenvalue equation for the k-step one-shot method). Assume that A € C is
an eigenvalue of the iteration matriz in (45).

(i) If \ € C, \ ¢ Spec(B*) then 3y € C",y # 0 such that:
(A=1) llyl|* + MM AL = (B")*] (A= )Xy + Ty H HT (M — B*) ™' My, y) = 0. (47)
(1)) A =1 is not an eigenvalue of the iteration matriz.

Remark 4.4. Since p(B) is strictly less than 1, so are p(B*), p(B*) and p((B*)*).
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18 M. Bonazzoli & H. Haddar & T. A. Vu

The proofs for Propositions 4.2 and 4.3 are respectively similar to the ones of Propositions 3.1
and 3.3, the slight difference is that in the calculation we use (41) to simplify some terms.

In the following sections we will show that, for sufficiently small 7, equations (46) and (47)
admit no solution |A| > 1, thus algorithms (10) and (9) converge. When X # 0, it is convenient
to rewrite (46) and (47) respectively as

-1

N =1) [yl + (M [T (B)*/A] " (A= ) Xp+ T HHT] (I - B*/A) " My,y) =0 (48)

and

A = D llyl|* + (M [1 = (B*)*/A]

The scalar case where n,,n,,ny = 1 is analyzed in Appendix C.

Remark 4.5. Note that when B = 0 and k > 2, the shifted k-step one-shot and k-step one-
shot are respectively equivalent to the shifted and usual gradient descent methods, therefore we
retrieve the same bounds (8)—(7) for the descent step 7 as for those methods.

TON= D)Xy + TR H HTR) (I — B¥/A) ™ My,y) =0 (49)

For the analysis we use auxiliary results proved in Appendix A, and the following bounds for
S(Bk),Tk,Xk.

Lemma 4.6. If |B|| < 1,

_ 1 m< S8l
1—|B|* - 1Bl

|| (0= kB + (= 1) |B])

s(B*) < [ Xkl < (1—|B])2

Proof. The bound for s(B*) is proved using Lemma A.2 and || B¥|| < |B||*. Next, from (39) we
have

0l < 1+ 10+ .+ 0 = 2L
- 1Bl
From (40), if k > 2 we have

Xl < P (IBIF2 + 1B (1 + 1B + ... + (1 Bl - |}|€1731||k72)) .
[HZ]” (L = k|B|" ~+ (k=1 [B]")

B k—2
= |H|?(1+2|B||+ ...+ (k—1)||B]"?) = 1 —[1B])?

4.2 Real eigenvalues

We first find conditions on the descent step 7 such that the real eigenvalues stay inside the unit
disk. Recall that we have already proved that A =1 is not an eigenvalue for any k.

Proposition 4.7 (shifted k-step one-shot method). When k > 2, 31 > 0 sufficiently small such
that equation (48) admits no solution X € R\ # 1,|\| > 1. More precisely, take

2

o T -
M2 (I HIPTx 1P +20 X ) s(B*)2

if the denominator of the right-hand side is not 0;

e any T > 0 otherwise.
Moreover, if | B|| < 1, we can take

_ (=B | 21— |IBJ")?
2 2 k k—1 kN
I AP (@ 13172 + 20 - kIBIF + (k- 1))
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Convergence analysis of multi-step one-shot methods for linear inverse problems 19

Proof. When \ € R equation (48) is rewritten as

1 2
N2\ = 1) lyl® + 7 ||HT (1_ BT) My‘

k=1 o —1
=D [1- B X (1-55) My,y) =o.
We show that if A > 1 (or respectively A < —1) we can choose 7 so that the left-hand side of the
above equation is strictly positive (or respectively negative). Indeed, if A > 1, we choose 7 such
that

>0

B* k 1 Bk -1
A2||y||27‘<M* -] w (1= %)

and this can be done by taking 7 such that
2
[ M s(B*)?]r < 1.

If A < —1, we choose 7 such that

2

1
N =1 [lyl* + 7 My

.
HT, (I - BT)

b= [1- ] (1= 5) T ar| <o

and this can be done by taking 7 such that

+ I XRIIM7 s(BR)? | 7 < 1,

[IIH2 ITel* 2] s(BY)
2

so we obtain the first conclusion. Finally, the second conclusion in the case ||B|| < 1 can be
obtained by Lemma 4.6. O

Proposition 4.8 (k-step one-shot method). When k > 2, 37 > 0 sufficiently small such that
equation (49) admits no solution A € R, \ # 1,|A\| > 1. More precisely, take

1
T < 5 e
[ X [|1M]]" s(B*)

if the denominator of the right-hand side is not 0;

e any 7 > 0 otherwise.

Moreover, if |B|| < 1, we can take

(L-|IBI)? (L |32 |
PP = kB + (k- 1) [B]*

Proof. When X € R equation (49) is rewritten as

2

1
AA=1) gl + 7 | HT (1= 5) My

N -1
+r = e [1- BT X (1= 8 My,y) =0,
RR n® 9477
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We show that we can choose 7 so that the left-hand side of the above equation is strictly positive.
Indeed, if A > 1, we choose 7 such that

B* k11 Bk -1
it = el |1 B (1-50) a0
and this can be done by taking 7 such that
Xk [|M]* s(B*)?r < 1.
If A < —1, we choose 7 such that
B* k11 Bk -1
Mlyl® + 7| (M {1( A) ] X, <1A> My,y)| <0

and this is also done by taking 7 such that
Xk (| M]% s(B*)*r < 1.
so we obtain the first conclusion. Finally, the conclusion in the case ||B|| < 1 can be obtained by

Lemma 4.6. ]

4.3 Complex eigenvalues

We now look for conditions on the descent step 7 such that also the complex eigenvalues stay
inside the unit disk. We first deal with the shifted k-step one-shot method.

Proposition 4.9 (shifted k-step one-shot method). When k > 2, 31 > 0 sufficiently small such
that equation (48) admits no solution A € C\R, |A| > 1. In particular, if | B|| < 1, given any
9o >0 and 0 < Oy < §, take

< minfa(k, [Bl), xo(k, [|B]), xs(k, [|BI), xa(k, [ BI)}

1) |1
where
(k b)_ (1_b)2(1_bk)2
XY= 02 /21— kb1 4 (k — 1)bR) (L + bF)2
X2\FK, [m(l - bk)z + \/5(1 — kbRl 4 (k _ 1)bk)] (1 4 bk)Q
CBV2(1 _ pR2
xa(k,b) = 2¢sin(00/2) pok k—1 — k(l \ﬁ'b : 2k Ve _ve \pk
SO0/20p2k 4 (1= kb1 4 (k= 1)6F) [YE(L+62%) + 2max (¥, Yo ) 0]
b = [sin (3 — 360) + cos26p] (1 — b)?(1 — b*)?
xa(k,b) = (1—=0bF)2+2(1 — kb1 + (K — 1)bF)(1 + bk)?
and ¢ — L2805 5% 452

2 599
COS 5
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Proof. Step 1. Rewrite equation (48) so that we can study its real and imaginary
parts.

Let A = R(cosf + isin®) in polar form where R = |A\| > 1 and 0 € (—m, 7). Write 1/\ =
r(cos ¢ + isin¢) in polar form where r = 1/|]A\| = 1/R <1 and ¢ = —0 € (-, 7). By Lemma
A.3 applied to T = B*, we have

-1 -1
(1 - Bk) = P(\) +iQ(N), (I - (BA)k> = PQA)" +iQ)"

A

where P(\) and Q(\) are C™*™-valued functions, and, by omitting the dependence on A,

(1+ ||B*||)s(B*)?  for general B,
1

1Pl <p= —— when ||B| < 1; (50)
1—1B]]
| B¥|| s(B¥)?  for general B,
<q = B|* 1
QI < a L G1)
1—B]|
| B¥|| s(B¥)?  for general B,
< i = B|* 2
QI < aolsin], g 21 o<1 (52)
(1= [I1BI")?
Now we rewrite (48) as
XA =1 [yl? + 7G(P* +iQ*, P +iQ) + (A — 1) L(P* +iQ*, P +iQ) = 0. (53)

where

GX,)Y)=(M*XTyH*"HT;Y My,y), L(X,Y)=(M*"XX,YMy,y)
for X, Y € Ct*™ G satisfies the following properties:
o VX V1,Ys € CMuX™u Wz 20 € C: G(X,21Y1 + 22Y2) = 21G(X, Y1) + 22G(X, Y3).
o VX1, X5,V € C"u*"u V21,20 € C: G(21 X1 + 22X2,Y) = 21G(X1,Y) + 22G(X,,Y).
o VX e C™v¥™:  G(X*, X)eR.
e VXYV e Cw*u:  G(X,Y)+ G(Y*, X*) € R, indeed
G(X,Y) = (M*XT;H*HT,Y My,y) = (y, M*Y*T} H* HT X* My)
= (M*Y*TyH*HT, X*My,y)* = G(Y™*, X*)*.

Similarly, L has the same properties as G (note that X; = X; by Lemma 4.1). With these
properties of G and L, we expand (53) and take its real and imaginary parts, so we respectively

obtain:
RO = A) |lyl? + 7G1 + 7[R — DLy — S(A = 1)Ly] = 0 (54)

and
SN = A) |lyll? + 7G2 + T[S\ = DLy + R\ — 1)Ls] = 0 (55)

where

G1 =GP, P)-GQ",Q), G2=G(P",Q)+G(Q",P),
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22 M. Bonazzoli & H. Haddar & T. A. Vu

Ly = L(P",P) - L(Q",Q), L2=L(P",Q)+ L(Q", P).

Step 2. Find a suitable combination of equations (54) and (55), choose 7 so that we
obtain a new equation with a left-hand side which is strictly positive/negative.

Let v = v(\) € R, defined by cases as in Lemma A.4. Multiplying equation (55) with + then
summing it with equation (54), we obtain:

[RO® = 22) + 93N = X)) |ly]|* + 7G(P* +1Q*, P +1Q) — (1 ++*)7G(Q*, Q)

7 (RO = 1)+ 9SO — D]L1 + RO — 1) — SO — 1)]Lo) _o. 9

Now we prepare some useful estimates.

o VX €Cr M 0<G(XT,X) = [|HTX My||* < (||| Tll 1M 1X])? lyll*
Since ||Q| < q1 and ||Q]| < ¢2|sin 6|, we have

G(@Q"Q) < (IH Tkl 1M g)* lyl* and G(Q*, Q) < (| H| | T M| g2 sin 6])° [ly]|*
e By Cauchy-Schwarz inequality we have
RN —1) + —D<VI+2A=1; RA-1)=SA -1 < VI+2A-1].

¢ VXY €C ™ |L(X,Y)] = [(M*X XY My, )| < | Xl IMI* | X | IY]] ly))* - Hence

Ll = IL(P", P) ~ L(@,Q)| < |L(P", P)| + L(@". Q)| 2
< [| Xl IIMH UPI~+ 1R Nyl < 1 Xkl 1M1 (p* + ¢7) lyll”,
|Lo| = [L(P*,Q) +2L(Q*,P)\ < \f(P*,Q)IHL(g*,P)I ,
< 2| Xkl 1M [IPIIRQIIYIT < 21Xkl M7 par Iyl
and then
R = 1) + S\ = DLy + [YR(A = 1) = (A — 1)] La|
< RO =) +9SA = DILa| + [y R = 1) = S(A = 1)[| Lo
< VI = IXRIMIP 3% + ¢ + 20a1) )

2 2
VI A = XM (P + g0 ™

Now we consider four cases of A as in Lemma A .4:

o Case 1. R(N? — \2) >

e Case 2. R(A3 — A2) < 0 and 6 € [0y, 7 — ) U [—7 + 0, —0p] for fixed 0 < y < X;
e Case 3. R(A3 — A2) < 0 and 0 € (=0, 6,) for fixed 0 < 6 < =;

e Case 4. R(A3 —X2) <0 and 0 € (1 — g, 7) U (=, —7 + ) for fixed 0 < fy < Z.

The four cases will be treated in the following four lemmas (Lemmas 4.10-4.13), which together
give the statement of this proposition. O

Lemma 4.10 (Case 1). For k > 2, equation (48) admits no solutions \ in Case 1 if we take
s(B*)~*

4||H|| M2 1T * 1 BEI* + V2 M1 (| Xk (1 + 211 B*])?
right-hand side is not 0;

if the denominator of the
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e any 7 > 0 otherwise.
Moreover, if ||B|| < 1, we can take

(1—IBI)* (1—|B|")? .
IHIZ 1M 4B + v2(1 = k1BI* + (k= 1) | B|*)(1 + || BI|")?

Proof. Writing (56) for 4 = 71 as in Lemma A.4 (i) (in particular v7 = 1), we have

[ROZ = 22) + 1SN = X)) lyl|* + 7G(P* + 11Q*, P+ Q) — 27G(Q*, Q)
+7 (RN =1) + S\ = D)Ly + [1RA = 1) — S\ = 1)]Lo) =0.

Since G(P* + v Q*, P+ 71Q) > 0, and by estimating

G(Q",Q) < (IHI Tl M1l g2 sin 6])* [y

RO~ 1) + 1S~ DIy + paR(A — 1) — S — D)Ly
> V2= 1] Xl M1 (0 + 00)? Il

by Lemma A.4 (i) the left-hand side of (57) will be strictly positive if 7 satisfies:

| sin 6|
1

2
VR I () ) 7 < 1,

. | sin 0]2 | sin 02 ) 20 3 i
Since 1] <5 Sm(0/3)] = 2 ‘sm§| cos® 5 < 2, we have the first part of the conclusion using

|
definitions (50), (51), (52) of p, g1, g2. Finally, the conclusion in the case || B|| < 1 can be obtained
by Lemma 4.6. O

(2 E ] T 3] g2)°

Lemma 4.11 (Case 2). For k > 2, equation (48) admits no solutions X in Case 2 if we take
S(Bk)—4

(m L (M) | T + V2 )| M IIXkII) (1+2[1B%])?
the right-hand side is not 0;

if the denominator of

o 7T <

e any T otherwise.
Moreover, if | B|| < 1, we can take

(-1 (1B |
I IMI [ oy (= 18192 + V3L = R IBIF + (= 1) [1BIM)] 1+ 15112

2sin(0g/2)
Proof. Writing (56) for v = 742 as in Lemma A .4 (ii) (in particular 43 = 1), we have

[ROA2 = A2) + 123N = A2)] |lylI? + 7G(P* +72Q*, P+ 1%Q) — 2rG(Q*, Q) (58)
+7 (RO = 1) + %S\ = D)]L1 + RN —1) — S\ —1)]L2) =0.

Since G(Q*, Q) > 0, and by estimating [P + Q| < [[P| + [v| Q[ = [|P|| + QI < p+ ¢, so
that
G(P" +%Q", P +7Q) < [|H| Tk M| (p + a)) lyll* .
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and

RO\~ 1) + 73— DIy + R — 1) — S — D)Ly
< VA= 1 X0 1M]2 (b + a0)* Iyl

by Lemma A.4 (ii), the left-hand side of (58) will be strictly negative if 7 satisfies:

([IIHII 1Tl 1] (0 4+ @) + V2[Rl | (o + 1) ) t

\AI

Since

|>\£1| < 251n(100/2)’ we have the first part of the conclusion using definitions (50), (51) of

p,q1. Finally, the conclusion in the case ||B|| < 1 can be obtained by Lemma 4.6. O
. 500 2
Lemma 4.12 (Case 3). Let 69 > 0 be fized and ¢ = %. For k > 2, equation (48)
COS -

admits no solutions X in Case 8 if we take

o 7 < s(BY / [2“1“||H| I T [ BE[P + 2 M 1 (1 + 2 | BE| + 2| BY])

do ’ cos 360

stde is not 0;

+2max(\f Ve )HMH Xkl (|| B*|| + ||Bk|| ] if the denominator of the right-hand

e any T > 0 otherwise.

Moreover, if | B|| < 1, we can take

— 2 2csm—
T < mu—nB’“)ﬂ |B*(** (1—kIIBH’” + (k= 1) | BIM) (1 +11B*)

+2max(f s )(1—kIIBHk Y (k=) B 1B

b0 ? cos 36y
Proof. Writing (56) for v = 43 as in Lemma A .4 (iii), we have

[ROA® = A2) + 953N = X)) lyl|* + 7G(P* +7%Q", P+ 1Q) — (1 +43)7G(Q", Q)

+7 (RA = 1) + 933N = 1)]Ly + [y3R(A — 1) — S(A = 1)]Lo) =0.

(59)

Since G(P* +v3Q*, P+~3Q) > 0, the left-hand side of (59) will be strictly positive if 7 satisfies:
G(Q*,Q)
1
T yl? || (1+ 73)8%0\3 —22) + 133(A3 — A2)
Ly JRAZD S0 RO =1 =30 1)
HROB = X2) + 95303 — 22) T T2IR(B = A2) + 153(A3 — A2)

By estimating
* . 2
o G(Q",Q) < (IH[ITk]l |M]l g2| sin 0])* [y
2 2
o [Lo| < I Xkl IM]” (0 + a?) Iyl

2 2
o [Lo| < 2| Xk[[IM]" par Iy
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and using Lemma A .4 (iii), it suffices to choose

2 2|sin g V1472
(L +3) (IHH Tl 1M1 g2) w Xk M7 (9% + ¢3) Y52

+2 || Xkl ||M|| pg1 max ( Y v H'y")} < 1.

’ cos 360p

Noting that ¢ = 1 + ~3, the final result is obtained by definitions (50), (51), (52) of p, g1, go-

Finally, the conclusion in the case 0 < ||B]| < 1 can be obtained by Lemma 4.6. O

Lemma 4.13 (Case 4). For k > 2, equation (48) admits no solutions \ in Case 4 if we take
[sm (5 — 360) + cos 26,] s(B*)~*

IIHH M 1 Tll® (14 1BEI)? + 21| M || Xkl (142 B¥|)2
right-hand side is not 0;

if the denominator of the

e any 7 > 0 otherwise.
Moreover, if | B|| < 1, we can take
(1—BI)? [sin (2 — 369) + cos 20, (1 — || B[*)?
PP (= 1B 4+ 20 = kB + (k= DB (1 + [1B])?
Proof. Here it is enough to consider (54). By the properties of G
* * 2
Q) =0, G(P*,P) < (1H ITell ] ) y]
and Lemma A .4 (iv), we see that the left-hand side of (54) will be strictly negative if 7 satisfies:

2 2
(H [T M| p) XM (p+ 1) 2 T <l

sm( 5 7300)+cos 260

1
sin( 5 7390)+cos 200

Definitions (50), (51) of p,q: lead to the final result. Finally, the conclusion in the case 0 <
|IB|l < 1 can be obtained by Lemma 4.6. O

Similarly, with the help of Lemma A.5, we prove for the k-step one-shot method the analogue
of Proposition 4.9. In particular, note that here just three cases of A need to be considered,
because the analogue of the fourth one is excluded by Lemma A.5 (iv).

Proposition 4.14 (k-step one-shot method). 37 > 0 sufficiently small such that equation (49)
admits no solution A € C\R, |X| > 1. In particular, if | B|| < 1, given any 6o > 0 and 0 < 0y < 7,
take
< min{wl(kv b)a 1/12(7% b)a 1#3(/97 b)}
JHIP 1M
where ) s
(k) = Lot
4b2% + V/2(1 — kbF—1 + (k — 1)b%) (1 + bk)2
1—b)*(1—b")?
(k. b) = (1—0)%( )
[Wu —BR)2 4 /(1 — kbR (K — 1)b’f)} (1 + bk)2
1—0)%(1—bk)?
Yalk,b) = 2¢csin(00/2) pok k—1 : )k( : 2k NG i
Tb +(1_kb +(k )b )|: (1+b )+2max<77c05290)b:|
and ¢ — 1+240 sin %+5§

2 39
COS 5
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4.4 Final result (k> 2)

Considering Remark 4.5, and taking the minimum between the bound in Proposition 4.7 for
real eigenvalues and the bound in Proposition 4.9 for complex eigenvalues, we finally obtain a
sufficient condition on the descent step 7 to ensure convergence of the shifted multi-step one-shot
method.

Theorem 4.15 (Convergence of shifted k-step one-shot, k > 2). Under assumption (4), the
shifted k-step one-shot method, k > 2, converges for sufficiently small 7. In particular, for
IB|l < 1, it is enough to take
_ Xk 1B])
2 20
[H[™ M
where x(k,||B]|) is an explicit function of k and ||B||.

Similarly, by combining Remark 4.5, Propositions 4.8 and 4.14, we obtain a sufficient condition
on the descent step 7 to ensure convergence of the multi-step one-shot method.

Theorem 4.16 (Convergence of k-step one-shot, k > 2). Under assumption (4), the k-step
one-shot method, k > 2, converges for sufficiently small 7. In particular, for |B| < 1, it is
enough to take

Y(k, ||B]))

2 2
[H™ (| M]]
where Y(k, ||Bl|) is an explicit function of k and || B]|.

5 Inverse problem with complex forward problem and real
parameter

In this section we show that a linear inverse problem with associated complex forward problem

and real parameter can be transformed into a linear inverse problem which matches with the real

model at the beginning of Section 2, so that the previous theory applies. More precisely, here

we study the state equation
u=DBu+ Mo+ F

whereu € C™, 0 € R, B € C"«*"« M € C™*" . We measure Hu(o) = f where H € C"f*"u
and we want to recover ¢ from f. Using the method of least squares, we consider the cost
functional

J(0) = 5 | Hu(o) — I
then by the Lagrangian technique with
L(u,v,0) = % |Hu — f||* + R(Bu +mo + F — u,v),
we can define the adjoint state p = p(o) such that
p=B'p+ H (Hu(o) - f),

which allows us to compute
VJ(o) = R(M*p).

By separating the real and imaginary parts of all vectors and matrices u = uj +iug, p = p1 +ipa,
B = B1 + iBQ, M = M1 + iMQ, F = F1 —|—1F2, H = H1 —|—1H2, f = f1 + ifg, we can transform
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this inverse problem with complex forward problem into the inverse problem with real forward
problem introduced at the beginning of Section 2. Indeed, note that B* = Bf —iB;, M* =
My —iMs, H* = Hf —iHJ, so we have

w1 +iug = (Bl + iBg)(U1 + i’UQ) + (Ml +iM2)O' + (F1 + iFQ)
p1+ipe = (B —iB3)(p1 +ip2) + (H{ — iH3)[(H1 + iH2)(u1 + iug) — (f1 +if2)]
V(o) = R[(M{ —iM3)(p1 + ip2)],

which implies

uy = Biuy — Boug + Mo + Fy

uz = Bauy + Biug + Mao + F3

p1 = Bip1+ Bips + (H{Hi + H3 Ho)uy — (H3Hy — H{ Hz)uz — (H{ f1 + HJ f2)

p2 = —B3p1 + Bip2 + (H3 H1 — H{ Ha)uy + (H{ H1 + H3 Ha)uz — (—H3 f1 + H{ f2)
VJ(0) = Mip: + Mps.

By setting

~ ur| - Pl 5 By —-B Y M| = Fl} T |:H1 —Hﬂ g [f1:|
U = P = 7B = M = B = aH = ) =
[Uz] b [pz] {Bz By } [MJ |:F2 Hy H; / P
we have ~ _ _
u=DBu+ Mo+ F
p=DBp+H* (Hi— f)
VJ(o) = M*p,
that has the same structure as the inverse problem at the beginning of Section 2.
Finally we finish this section by two lemmas that match the assumptions of the inverse

problem with complex state variable with the assumptions of the transformed inverse problem
with real state variable.

Lemma 5.1. Spec(B) = Spec(B) U Spec(B).

5 [Bi —B] _[1 I][B o][i -ir
3[32 Bl]LI _U]B B} {;1 uk (60)
——

—_———
c-1 c

Proof. By writing

we find that det(B — A1) = det(B — M) det(B — AI). The conclusion is then deduced thanks to

the fact that Spec(B) = Spec(B). O

Lemma 5.2. Assume that p(B) < 1, and H(I — B)"'M s injective. Then p(B) < 1, and
H(I — B)™'M is injective where I € R?"«*2nu s the identity matriz.

Proof. The previous lemma says that p(B) = p(B) < 1. Therefore (I — B)~" is well-defined and
thanks to (60),

1 { I-B)'+(I-B)™" —(I-B)"+i(l - B)l]
il -B '

1
RR n° 9477 )yt —il-B)"" (I-B)'+({I-B)!
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Now we have

q0i -ty 1 |Hi —He| [(I=B)'+(I-B)"" —i(l— E)f (

AT =4 ] B e - 7] )
2 [HUI-B)"'+H(I-B)* —iH(I-B)™! +1HI B
“2|iHI-B)"'-iH(I-B)™* H({I-B) '+ H(-B)" H }
L |HUI-B)"*M+H(I-B)™'M
T 2|iHUI-B)"'M —iH(I - B)"'M

Now assume that there exists # € C" such that H(I — B)~'Mxz = 0, then

iH(I —B)~'M —iH(I — B)"'M]z =0

{ H(I-B)"'M+H(I—B) ‘Mz =0

or, equivalently,

[H(I-B)"‘M + H(I - B)"'M]z =0
[—H(I — B)~'M + H(I — B)"'M]z = 0.

By summing up these two equations we deduce that H(I — B)"'Mxz = 0, then z = 0 thanks to
the injectivity of H(I — B)~'M. O

6 Numerical experiments
Let us introduce a toy model to illustrate numerically the performance of the different methods.

Given 2 C R™ an open bounded Lipschitz domain, we consider the direct problem for the
linearized scattered field u € H?(Q2) given by the Helmholtz equation

div(5oVu) 4 k2u = div(cVug), in Q, (61)
u =0, on 94,
where the incident field ug : Q — R satisfies
div(69Vug) + k2u=0, inQ, (62)
ug = f, on 0f)

with the datum f : 092 — R. Here o : @ — R such that O"aﬂ = 0; 69 = 0o + do, is a given
function with ¢ > 0 and random o,. More precisely, given 6o and f, we solve for uy = ug(f) in
(62), then insert ug into (61) to solve for u = u(c). The variational formulations for v and wg
are respectively

/ GoVu - Vo — / Euv = / oVug - Vv, Yo € Hy(Q) and u=0on 99, (63)
Q Q Q

/ goVug - Vo 7/ Euv =0, YveH}(Q) andug= f on 9. (64)
Q Q

We are interested in the inverse problem of finding o from the measurement Hu(o) where Hu :=
60% | 5q- To solve this inverse problem we use the method of least squares. Denoting by o the
exact o and g = &oauf()iex)

| 5q the corresponding measurement, we consider the cost functional
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J(0) = 3 ||Hu(o) — g||22(3m = %fag(l}oag(f) — g)%. The Lagrangian technique allows us to

compute the gradient V,J(0) = —Vug - Vp(o), where the adjoint state p = p(o) satisfies

/50Vp.va/l~€2p’u:O, Yo e HY(Q) and p= (508u(a)
Q Q 31/

g> on JQ. (65)
o0

By discretizing u by P! finite elements on a mesh 7, of 2, and o by P° finite elements
on a coarser mesh 7,7 of Q, the discretization of (63) can be written as the linear system
Al = Asd, where @ € R", ¢ € R™ . More precisely, A; and A, are respectively issued from
the discretization of [, 5oVu - Vo — [, k2uv and Jo oVug - Vu, where the Dirichlet boundary
conditions are imposed by the penalty method. To rewrite the system in the form (1), we
consider the naive splitting Ay = Ay + A2, where Aj; and Ajs are respectively issued from
the discretization of [, ooVu - Vo — [, k2uv and Jq0:Vu - Vu. Then we get

U= A1_11(75A12ﬂ+ Asd) and @=0on 90
and
P= A7 (—0A1p) and = Hid —gGon 9N

where H € R™ %"« ig the discretization of the above operator H by abuse of notation. Choosing
6 such that 5||A1_11A12||2 < 1, we consider (3) with B = —6A1_11A12, M = Al_llAQ, F =0.
The application of Al_ll7 which has the same size as matrix A;, is done by a direct solver; more
practical fixed point iterations will be investigated in the future.

Figure 1: Domain with six source points for the numerical experiments. The unknown o is
supported on the three squares.
We then perform some numerical experiments in FreeFEM [12] with the following setting:

e Wavenumber k = 2w, 09 = 1, § = 0.01, o, is a random real function with range in the
interval [1, 2].

e Wavelength \ = 2% 0o = 1, mesh size h = % = 0.05. The domain ) is the disk shown in

Figure 1, where the squares are the support of function o. Here n, = 5853, n, = 6.
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o We test with 6 data f given by zero-order Bessel function of the second kind centered at the
points shown in Figure 1, and the cost functional is the normalized sum of the contributions
corresponding to different data.

o We take 0 = 10 in every square and 0 otherwise. The initial guess for the inverse problem
is 12 in every square and 0 otherwise.

e For the first iteration, we perform a line search to adapt the descent step 7, using a direct
solver for the forward and adjoint problems.

e The stopping rule for the outer iteration is based on the relative value of the cost functional
and on the relative norm of the gradient with a tolerance of 107°.

Recall that k is the number of inner iterations on the direct and adjoint problems. We are
interested in two experiments.

In the first experiment, we study the dependence on the descent step 7. In Figure 2a and
2b we respectively fix k = 1 and k = 2 and compare k-step one-shot methods with the usual
gradient descent method. On the horizontal axis we indicate the (outer) iteration number n
in (5) and (9). We can verify that for sufficiently small 7, both one-shot methods converge.
In particular, for 7 = 2, while gradient descent and 2-step one-shot converge, 1-step one-shot
diverges. Oscillations may appear on the convergence curve for certain values of 7, but they
gradually vanish when 7 gets smaller. For sufficiently small 7, the convergence curves of both
one-shot methods are comparable to the one of gradient descent.

In the second experiment, we study the dependence on the number of inner iterations k, for
fixed 7. First (Figures 2¢—2d), we investigate for which &k the convergence curve of k-step one-
shot is comparable with the one of usual gradient descent. As in the previous pictures, on the
horizontal axis we indicate the (outer) iteration number n in (5) and (9). For 7 = 2 (see Figure
2¢), we observe that for k = 3,4 the convergence curves of k-step one-shot are close to the one of
usual gradient descent. Note that with 3 inner iterations the £2 error between u™ and the exact
solution to the forward problem ranges between 4.3 - 107¢ and 0.0136 for different n in (9); in
fact this error is rather significant at the beginning then it tends to reduce when we are closer to
convergence for the parameter o. Therefore incomplete inner iterations on the forward problem
are enough to have good precision on the solution of the inverse problem. In the very particular
case 7 = 2.5 (see Figure 2d), we observe an interesting phenomenon: when k = 3,5,10, with
k-step one-shot the cost functional decreases even faster than with usual GD. For bigger k, for
example k = 14, the convergence curve of one-shot is close to the one of usual gradient descent
as expected. Next (Figures 2e—2f), since the overall cost of the k-step one-shot method increases
with k, we indicate on the horizontal axis the accumulated inner iteration number, which sums
up k from an outer iteration to the next. More precisely, because at the first outer iteration
we perform a step search by a direct solver, we set to 1 the first accumulated inner iteration
number; for the following outer iterations n > 2, the accumulated inner iteration number is set
to 14+ (n—1)k. In Figures 2e—2f we replot the results for the converging k-step one-shot methods
of Figures 2c—2d with respect to the accumulated inner iteration number. For 7 = 2 (see Figure
2e), while k = 2 presents some oscillations, quite interestingly it appears that k = 3 gives a
faster decrease of the cost functional with respect to k = 4, at least after the first iterations. For
T = 2.5 (see Figure 2f) we observe that k& = 3 is enough for the decrease of the cost functional,
but with some oscillations, and the considered higher k appears again to give slower decrease.

A similar behavior can be observed for the shifted methods in Figure 3.

Finally we fix two particular values of 7 and compare all considered methods in Figure 4. We
note that shifted methods present more oscillations with respect to non-shifted ones, especially
for larger 7.
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Figure 2: Convergence curves of usual gradient descent and k-step one-shot.
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Figure 3: Convergence curves of shifted gradient descent and shifted k-step one-shot.
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log10 of the cost functional
log10 of the cost functional

&

0 20 40 60 80 100 0 5 10 15 20 25 30 35 40 45
Iteration number Iteration number

(a) Convergence curves with 7 = 0.5. (b) Convergence curves with 7 = 1.3.

Figure 4: Comparison of usual gradient descent and k-step one-shot with shifted gradient descent
and shifted k-step one-shot.

7 Conclusion

We have proved sufficient conditions on the descent step for the convergence of two variants of
multi-step one-shot methods. Although these bounds on the descent step are not optimal, to our
knowledge no other bounds, explicit in the number of inner iterations, are available in literature
for multi-step one-shot methods. Furthermore, we have shown in the numerical experiments
that very few inner iterations on the forward and adjoint problems are enough to guarantee good
convergence of the inversion algorithm.

These encouraging numerical results are preliminary in the sense that the considered fixed
point iteration is not a practical one, since it involves a direct solve of a problem of the same
size as the original forward problem. We will investigate in the future iterative solvers based
on domain decomposition methods (see e.g. [3]), which are well adapted to large-scale problems.
In addition, fixed point iterations could be replaced by more efficient Krylov subspace methods,
such as conjugate gradient or GMRES.

Another interesting issue is how to adapt the number of inner iterations in the course of
the outer iterations. Moreover, based on this linear inverse problem study, we plan to tackle
non-linear and time-dependent inverse problems.
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A Some useful lemmas

We state auxiliary results about matrices like those appearing in the eigenvalue equations (24),
(25), (48), (49).

Lemma A.1. Let (C™*™,||-||) be a normed space and T € C™"*™. If p(T) < 1, then
oo o)
ZTk converges and X:T’C =(I-T)""
k=0 k=0

Moreover, if |T| < 1, ||(I - T)le < ﬁ

Lemma A.2. Let T € C™*"™ such that p(T') < 1. Set

s(T) = e H(I T/ H (66)

1

then 0 < s(T') < +o0. Moreover, if |T|| <1,0< s(T) < T

Proof. The functional z — H(I - T/z)_lH, with z € C,|z| > 1, is well-defined and continuous,
and we use Lemma A.1. O

The following lemma says that, for T'€ C**™ and A € C, |A\| > 1, we can decompose

1 -1
(1 - f) = P(\) +iQ(\) and (I - 7;) =P(A)" +iQ(N)"

and gives bounds for P(\) and Q(M\).

Lemma A.3. Let T € C**" such that p(T) <1 and X € C, |\| > 1. Write §+ = r(cos ¢ +isin ¢)
in polar form, where 0 <r <1 and ¢ € [—m,nw]. Then

(1 - f) =P\ +iQ(\) and (1 - TA) =P\ +iQ(N)"

where

PN =T —rcos¢pT)(I —2rcos¢T +r2TH ™, Q(\) =rsingT(I —2rcos¢pT 4 r2T%) 7!
are C™"*"™-valued functions. We also have the following properties:

(i) [PV < A +IT1) s(T)* and |QN|| < |sing| [T s(T)* < ||| s(T)*.

(i) Moreover if | T|| < 1 then

! IT]
PN £ —— d M| < —.
PO < g and 1RO <
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Proof. The first part of the lemma is verified by direct computation, using
(I=T/N =T =T/X\) [T =T/\) (I =T/3)]",

(I =T/N) " = [ =T /NI =T /N (L =T/\")

and
(I=T/\)(I—-T/\)=1—2rcos¢pT +r*T?.

After that, with the help of Lemma A.2, it is not difficult to show the inequalities in (i). To
prove (ii), first observe that the two series

Z rk cos(k¢)T®  and Z rk sin(ko)T*
k=0 k=1

converge. Then, by expanding and simplifying the left-hand sides, we can show that

[i * cos(ko)T*

(I —2rcospT +r°T?)=1—rcos¢pT

k=0
and .
[Z rk sin(k¢)T®| (I —2rcosT +r2T?) =rsingT
k=1
so P(XA) and Q(X) can be expressed as the series above, and the inequalities in (ii) follow. O

In Sections 3.3 and 4.3 we identify different cases of A € C and we need corresponding
estimations, given in the two following lemmas. Lemma A.4 is used for the shifted k-step one-
shot method and Lemma A.5 is used for the k-step one-shot method.

Lemma A.4. For A € C\ R, |\ > 1 we write A = R(cos @ +isinf) in polar form where R > 1,
0 e (—m,m), 8 #0.

1, ifS(A3—A2) >0,

1, S — %)< then

(i) For X satisfying R(A3 — \?) >0, let 1 = y1(\) = {
N3 =A%) + 913N =A%) > |A = 1] > 2|sin(0/2)].

(it) Let 0 < 0y < &. For X satisfying R(A* — X?) <0 and 6 € [0y, 7 — 0] U [—7 + 09, —00],

L =1 iFS(B =A%) >0,
let 72 = { 1, ifS(A—A2)<0

then
—RA? =A%) — %I\ =A%) > |\ — 1] > 2sin(6y/2).
(i) Let 0 < 0 < Z and 6y > 0. For X satisfying R(\> — X\*) < 0 and 0 € (—09,00)\{0}, let

- . B (d0 + sin 2£2) /cos e if 9 > 0,

s = s(sign(f)) = { — (50 + sin %) / cos % if0 <0 then

RN — A2 + 133N\ — M%) > 260 sin(6/2)].
Moreover, if 0 < 0y < &, we have
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ROG—A2) 1753 (A—A2) = ~ 5, and  SREmx TS (AT 5o’ cos30y

[ROA-1)+7133QA=1)| V1473 [raRO—1)—S(A—1)| <max(‘/1+7§ \/1+7§>

() Let 0 < 6y < Z. For X satisfying R(A\* — X*) <0 and 0 € (7 — 0y, m) U (=7, =7 + 0p), we

have -
—R(A* — A?) > sin (5 - 390) + cos 26,
|R(A—1)] 2 J IS(A = 1)] 2
an .
—R(A3 =A%) 7 sin (5 — 36p) + cos 26, —R(A3 =A%) = sin (F — 36)) + cos 26,

Proof. (i) From the definition of 7; we see that 42 = 1, v1S(A3 — A%) > 0 and

[ROG = A2) + 7S¢ —A2)]7 = [R(A ] [s A)} 291 R(A3 — A2)T(A3 — A2)
> [ROC =X [300 )] = 0 - P,

which yields R(A3 — A%) + 41 3(A3 — A?) > R?|\ — 1|. Finally,

c!?

IA—1| =|Rcosf — 1 +iRsinf| = /R2+1 —2Rcos > /2 — 2cos 0 = 2|sin(6/2)]|

since the function R+ R?+1 — 2Rcos¥d, for R > 1, is increasing.

(ii) In this case we have & € [%", 5= f] u[-% + 2 7%0] S0 |Sing| > sin 970. From the definition
of v5 we see that v5 = 1 and 12 S(A3—A%) < 0. Slmllar to (i), we have —R(A\2 =) =923 (A2 —\) >
|A — 1] > 2|sin(#/2)], that implies the conclusion.

(iii) Note that cos36 > 0, —5 < 30 < 7, and sin 36 has the same sign as 6 and 73, so we have

A3 = A2) + 33N = A2) = R?(Rcos30 — cos 20 + 3R sin 30 — 3 sin 20)
> cos 30 — cos 29 + 73 sin 36 — 73 sin 260

:—28111 529 sin 5 +2’)/3 cos 529 smg
=2sin ¢ (’73COS%*SIH%)
9|:sm >0,0< 3 <59°<7and
73cos%—51n—>v3cos590—sm59°—60,1f 90<9<0then—73>0 ‘51 %’:—smf>0

™ 590 50 - 50 500 _ oo 500 _
5 <- < 2 <0 and —y3cos % 2 9 4 sin 2 2 > —q3cos 25 — sin 2% = dg.

Next7 if 0< 00 < %, we will show that %F/\Rﬁgiﬁgizgggiig\‘?) and mg\%yfg\z)i;gg;_lyz) are both
bounded. First,

RO~ 1) +9%3A-1)] |(cos @ + y3sin0)R — 1|

R(AZ = A2) + 13S3(A3 — A2) R2[(cos 30 + 3 sin30) R — (cos 20 + 3 sin 26)]
[(cosf + v3sin )R — 1|

~ (cos 30 + v3sin 30) R — (cos 20 + 73 sin 20)’

2
Since 73 does not depend on R, let us study fi(R) = (‘Zg:i) where a = cosf + ~y3sin#,

b = cos 30 + y3sin 30 and ¢ = cos 26 + 73 sin 260. We observe that:

e a,b,c > 0. Indeed, cos 6, cos26,cos30 > 0, and 6 and 3 have the same sign.
e bR —c¢ > 0 since R(A* — A?) +133(A* — A?) > 0, thus R > §.
e ac > b (equivalently § > é), since

ac = cos 0 cos 20 + 73 sin fsin 20 + 3 sin 30 > cos 6 cos 20 — sin O sin 20 + 3 sin 30 = b.

Inria



Convergence analysis of multi-step one-shot methods for linear inverse problems 39

Now, f{(R) = 2- 4B=L. (bR 52 < 0for R> ¢ > L and we would like to have £ < 1 so that
fi(R) < f1(1),YR > 1. Indeed § < 11s equlvalent to

560

sin =~
cos 260 + 3 8in 20 < cos 360 + y3 sin 360 < |y3| > |c - 52&”
2
which is true since
8o + sin 2% sin 2¢ K}
3] = ‘ 50, Z > ‘ +¢e¢ where 50:%.
os 252 COoS 5 2 cos =2
Then we study
2
A1) = cosf — 14 y3sinf 2_ —sinQ+73cosg 9
BT cos 36 — cos 26 + Y3(sin3¢ —sin26) |\ —~;3sin 2 —I— 73 cos 2 59 s
We have:

o (—sing 9 4 ~3cos g ) < 1+ 3 by Cauchy-Schwarz inequality;

o Vi=|pP2>2 st 2 + £ol73| that leads to —v3sin 22 + 42 cos 2 > g cos 22 |y3| = &g |v3);
2
hence f1(1) < 1%"’3 and finally m‘(g;f’\ )\;;izzgg‘ﬁ 12\|2) v 1+W3 . Next, we have

[ R(A — 1)
§R(x\2 — )\) + 73

(A2—X)  R2[(cos30 + v3sin 30) R — (cos 20 + 73 sin 20)]
[(~v3 cos 8 — sin @) R — 3]

~ (cos30 + y3sin30)R — (cos 26 + 3 sin 26)

1) =S\ —1)] |(73 cos @ — sin ) R — 3|
S —

dR—7s

2
oy ) where d = y3cosf — sinf and

Since 3 does not depend on R, let us study fo(R) = <
b, c as above. We observe that:

e 73b — cd and 0 have the same sign. Indeed, v3b — c¢d = (72 + 1) sin ) cos 26. Consequently,
we always have (vy3b — cd)y3 > 0.

. 500
do+sin 50

Y3 : . _ S sin @
e We always have &} > 1. Indeed, if § > 0 then d > 0 since 73 = T T > osh
lso % = — % > 1. iff < 0 then d < O si B T
also 7 = 55 h s 6 > 151 < en a < U since —vy3 = cos 20 > —osg aso
L —73
d = —~3cosf+sinf > 1.

~1
Now, f{(R) = 2- ”l;"R . %, so, thanks to the above results, fa(R) decreases for1 < R < 22

and increases for R > %2. Moreover, like for fi(1), we can estimate

7COS%*7381HQ ? , 1+73
f2(1): 9 73 < )

—73sin 22 + 42 cos 22 62

. 2 2
: _ ~3 cos 6 —sin O 1473
and limp 4o f2(R) = (COS 30175 5in 39> < ot Therefore

sR(A — 1) — S(A — <\/1+73 \/1+%>

RA2 = A) +7133(A2 )\) - do " cos3bp

(iv) Since 0 € (7w — b, 7) U (—7, —7 + ), we have
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e 20 € (2m —2600,2m) U (=27, =27 + 26y) C (2 — 5,27) U (=27, =27 + %) thus cos260 >
cos 26y > 0;

e 30 € (31 — 360p,3m) U (—3m,—3m + 36y) C (37r -3, 37r) U (—37r, —37 + g), thus — cos 36 >
— cos(3m — 30) = sin (3 — 360) > 0;

So we have
3 2 2 (T 2
RO = A2) = R2(—Rcos 30 + cos 20) > [sm (5 - 390) + cos 290] R? > 0.

ROA-1)]| R+1 2

, L S(=1)]
Fmally, —R(A3-A2) < [sm( 390)+005200]R < sm( 390)+00520 and Slmllarly for - : =

ROT_A2)

Lemma A.5. For A € C\ R, |\ > 1 we write A = R(cosf +isin6) in polar form where R > 1,
0e(—mm), 0#0.
(i) For X satisfying R(A?> — \) >0, let y1 = y1(\) = { then

ROA2 = A) + 7132 = A) > [AN = 1)| > 2[sin(6/2)].

(ii) Let 0 < 6y < 7. For A satisfying R(A2 — ) < 0 and 0 € [0y, 7 — 0o] U [—7 + o, —0p], let
B B L if S(A2=)\) >0,
72 =72\ = { FIO2—A) <o then

R = X) —7I(A2 = X) > |A(\ = 1)| > 2sin(6y/2).

(iii) Let 0 < 0y < % and 6y > 0 . For X satisfying R(A> — \) < 0 and 0 € (=0, 00)\{0}, let

. (60 +sin38e) /cos 2 if 6 > 0,
v3 = v3(sign(9)) = { —(%—i—sin%)/cos% if6 <0 then
RO = N) +733(A\2 = \) > 26 sin(6/2)].

Moreover, if 0 < 0y < T then

ISE

RO—DES0D o VIR 0 [ RO-D=SODL o (\/1+w§ «/1+w§)'

R(AZ=N)+733(A2-X) 00 R(AZ=N)+73S(A2-X) 6o 7 cos26g

(iv) Le)t 0 < 6y < %. There exists no X\ satisfying R(\* —X) < 0 and 0 € (1 — 0, 7) U (-7, —7 +
6p).

Proof. The proofs for (i) and (ii) are similar to those in Lemma A.4.
(iii) Note that cos26 > 0, =5 < 20 < 7, and sin 26 has the same sign as 6 and 73, so we have

RA2 =) +73S8(A%2 —)\) = R(Rcos20 — cos + y3Rsin 20 — y3 sin )
> cos 260 — cos 9 ~+ 3 sin 26 — 3 sin 6

=-2 sm 326 sin 5 9 + 2v5 cos 329 sin g
— ﬁ _gsin 38
= 2sin 3 (’)/3 cos %5 — sin 5 )

‘—51n7>0 0< 3 <39°<2and
73005%—51n—>’y cosgg" 51n39°—60,1f 90<9<0then —v3 > 0, ‘51 g’ —sin g 9 >0,

-5 < - 390 < 39 < 0 and —~3 cos = 2 +sm—> —3 cos&—bm‘%0 =
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Next, if 0 < 6 < §, we will show that %?;?:;giggggill) and Qgﬁ“ﬁ)%jgz 1g\|) are both
bounded. First,

RA—1) +7933A-1)] |(cosf + v3sin )R — 1|
ROAZ—N) +733(A2 =)  R[(cos26 + v3sin20) R — (cos 0 + v3 sin 0)]
[(cos @ + y3sinf)R — 1|

< .
~ (cos20 + v3sin20) R — (cos @ + 3 sin6)

2
Since 73 does not depend on R, let us study fi(R) = (‘;g:é) where a = cosf + ~3sinf,

b = cos 20 + 3 sin 20. We observe that:

e ¢ >0 and b > 0. Indeed, cosf > 0, cos 26 > 0, and € and 3 have the same sign.
e bR —a > 0 since R(A? — X) +33(A\? — A) > 0, thus R > ¢

e a® > b (equivalently ¢ > 1) since a? = cos? 0 + 72 sin® 0 + y3sin20 > cos? 6 — sin® 0 +

v3sin 260 = b.

Now, f{(R) =2 ¢&=1. (bl;{f;)g < 0for R > % > 1 and we would like to have ¢ < 1 so that

Ji(R) < f1(1),VR > 1. Indeed § < 1 is equivalent to

. . |sin —329

cos @ + v3sinf < cos 20 + v3sin 20 & |y3| > TR
cos

2

which is true since

8o + sin 3% sin 32 5o
Ivs| = 390 2 } +e9 where g9 = —5
cos cos % 2 cos 5
Then we study
2
A1) = cosf — 14 y3sinf 2_ —sing-l—’ygcosg 9
B 1 0820 — cosf + v3(sin 20 — sin@) | —73 sin 3¢ + 2 cos 529 T3

We have:
o (—sing 9 4+ y3cos? ) <1+ 3 by Cauchy-Schwarz inequality;

o i =lpl*> 3Sin dasin 2 % + 2oy3| that leads to —ys sin % + 3 cos & > g cos ¥ |73| = dols;

hence f1(1) < 6;’* and finally ;E%(Q ;;Izijgz I)AI) v 1+’Y3 . Next, we have

s RA—1) =S(A-1)[ |(y3 cos @ — sin 0) R — 3]
ROA2 = A) +733(02—=))  R[(cos20 + v3sin20)R — (cos @ + 3 sin 0)]
|(y3 cosf — sin )R — 3|

= (cos20 + vy3sin20) R — (cos @ + 3 sin 6)’

2
Since v3 does not depend on R, let us study fo(R) = (cblz:f’) where ¢ = 3 cosf — sinf and

a,b as above. We observe that:
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e 73b — ca and 6 have the same sign. Indeed, y3b — ca = (v3 + 1) sinf cos . Consequently,
we always have (y3b — ca)vys > 0.

. . So+sin 3% »
e We always have 22 > 1. Indeed, if § > 0 then ¢ > 0 since 73 = % > 22;27
COST
lso 2 — V3 1: if O 0 th 0 si _ Botsin 230 sinf .1
also 2 = g > L if 0 < en ¢ < 0 since —y3 = oo 0 > —20i, also
Jys T3
¢ = —~3cosO+sinb > 1.

S R-1 —ca
Now, f5(R) = 2- 34— ~(ﬁzzl;%_a));3, s0, thanks to the above results, f>(R) decreases for 1 < R < 12

and increases for R > 2. Moreover, like for fi(1), we can estimate

fo(1) = —cosg—'ygsing ? 2<1+7§
2 —vgsin?’—;—i-’ygcos% 7= 52

. 2 2
: _ 73 cos f—sin 6 143
and limp, 4o f2(R) = (COS 5015 sin 20) < cos2ts- Therefore

sRA-1) =SA =D _ - (VI+9F 1+
RAZ = X)) + 1382 =) — do  cos20y |

(iv) For 6 € (m — 69, ) U (—7, —m + 6y), we have cos 20 > 0 since 20 € (2%, 27) U (—2m, —3F),

while cos§ < 0. Hence R(A\? — \) = R(Rcos20 — cos®) > 0. O

B Descent step for usual and shifted gradient descent

Proposition B.1 (Descent step for the usual gradient descent). The usual gradient descent
algorithm (5) converges if
2

0<r< 5
|H(I—B)~tM||

Proof. The error system for (5) can be rewritten as

Pt —7(I - B*)"'H*H(I — B)"'\MM* 0 (I-B*)~'H*H(I - B)~'M] [p"
w | = —r(I — B)"'MM* 0 (I-B)"'M u"
O.n+1 —rM* 0 I o™

(67)
Recall that a fixed point iteration converges if and only if the spectral radius of its iteration
matrix is strictly less than 1. We can show that:

(i) If A € C\ {0,1} is an eigenvalue of the iteration matrix, then, proceeding as in Proposition
4.3, there exists y € C",y # 0 such that

|2 —B) " My|”

NA=1)+7 ¥
[yl

0 (68)

2
_ _ nAv==;7 MI % . - .
hence A\=1—71 Pk . If we take 7 < THI—B) T then equation (68) admits
no solution A\ with [A| > 1.
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(ii) A =1 is not an eigenvalue of the iteration matrix. To show this, we rewrite iteration (67)

as
o+l I —TM* o] |o™
p"tt| = |(I-B*)"'H*H(I - B)"*M —7(I—-B*)"'H*H(I — B)"*MM* 0] |p®
ians (I-B)™'M —7(I — B)"*MM* 0f |u™

O

Proposition B.2 (Convergence of the shifted gradient descent). The shifted gradient descent
algorithm (6) converges if
1

0<1< 5-
[H(I—B)~*M||

Proof. The error system for (6) can be rewritten as

et 0 0 (I-B)'H*H(I-B)~'M] [p
u"t | = 0 0 (I-B)'M u™| . (69)
ontt —TM* 0 I o

Recall that a fixed point iteration converges if and only if the spectral radius of its iteration
matrix is strictly less than 1. We can show that:

(i) If » € C\{0,1} is an eigenvalue of the iteration matrix, then, proceeding as in Proposition
4.2, there exists y € C",y # 0 such that

\[H (T - B)—lMy|\2A _

MA-1)+7 5 0. (70)
[yl
By applying Lemma C.1 for
H(I - B)"' My
ap =0, (11=TH ( ) yH , ag = —1,

2
Iyl

lyl*

we see that equation (70) admits no solution A with || > 1 if we take 7 < THT—B) T3

Then it is enough to take 7 < m.

(ii) A =1 is not an eigenvalue of the iteration matrix. To show this, we rewrite iteration (69)

as
ontl I —TtM* 0| (o™
p"tt| = |(I-B*)"'H*H(I - B)"'M 0 of [pm
un Tl (I-B)™'M 0 Of [u™

and proceed as in Proposition 4.2.
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C Convergence study for the scalar case

C.1 Notations and preliminary calculation

In the scalar case, that is when n,,n,,ny = 1, we change the notation from capital to lower case
letters:
B+beRb<l, M+meRmMm#0, H<+ heRh#0,

10k
1-0b’

Tptp=1+b+...+b1 = Up + up, = kh*0"! (71)

X — — 07 kzl,
BETERT R[4 204302 + .+ (k— 162, k> 2.

/ n n
The identity 1 + 2z + 322 + ... + na"~! = (1_191;1) = 17("+(11)f1)+2m i says that
1—kbF=1 + (k—1)b*
zp, = h? * ) k>1, (72)

(1—10b)? ’

where we set b*~! = 1 when k = 1 and b = 0. Now for each of algorithms (5), (6), (10), (9), we
write the iterations for the errors in the scalar case and the corresponding iteration matrix M
such that [p"tt untl on T = M[p" u™, o"]T.

Usual gradient descent (usual GD):

o't =o" —Tmp" —h?m*(1—-b)"2r 0 h*m(1—b)~2
u™ = bu™ + mo™ M= | —-m?*Q-b)"'7 0 md-0b)" (73)
pn — bpn + h2un —mT 0 1
o Shifted gradient descent (shifted GD):
ot =o" —Tmp" 0 0 h?m(1-—1b)~2
wrtl = put! £ e M= 0 0 m(l—b)* (74)
pn+1 — bpn+1 + h2un+1 —m7 0 1
e k-step one-shot:
ot =" — rmpn WP —mlapt ur mag
p"t = (BF — tm2xp)p" + upu™ + mapo M= | —m’tyr W mi (75)
un+1 — bkun 4 mtkO'n _ TmZtkpn —mT 0 1
e Shifted k-step one-shot:
o't =o" —Tmp" b u, may
pn+1 _ bkpn + upu™ + mayom M= 0 bk mitg | . (76)
un+1 — bkun + mtkcr" —mT 0 1
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C.2 Necessary and sufficient conditions for convergence

In this simpler scalar case, we will be able to prove sufficient and also necessary conditions on
the descent step 7 for convergence. Our strategy to study the spectral radius p(M) is as follows:

1. Compute det(M — AI) to write the eigenvalue equation P(A) = 0. For the considered
methods, P turns out to be a polynomial of degree 3, P()\) = ag + ai A + aaA? + A3, where
ap, a1, a2 € R depend on h,m,b, 7. For the computations, the identity uxty — bEay + xp =
h2t2, which is the scalar version of (41), can be helpful.

2. Apply to P Lemma C.1, which states a necessary and sufficient condition for a real coeffi-
cient polynomial of degree 3 to have all roots inside the unit circle of the complex plane.
Then deduce conditions on 7.

Lemma C.1. Let ag,a1,as € R, then all roots of P(z) = ag + a1z + az2z? + 23 stay (strictly)
inside the unit circle of the complex plane if and only if

(ap —1)(ap+1) <0, (77)
(a3 — azap + a1 — 1)(ad + azag —ay — 1) > 0, (78)
(a0+a2—a1—1)(a0+a2+a1+1)<0. (79)

The proof of Lemma C.1 is in Appendix D and is mainly based on Marden’s works [17].

C.2.1 Descent step for the usual gradient descent

Here, the coefficients of P are
ap=0, a1 =0, ay="hm?*(1-b)"r—1.
Conditions (77) and (78) of Lemma C.1 are automatically satisfied. Condition (79) gives

2(1 — b)?

0<7< =z

that is (7) in the scalar case.

C.2.2 Descent step for the shifted gradient descent
Here, the coefficients of P are
ap =0, a;=h*m?*(1-b)"%7, ag=—1.

Condition (77) of Lemma C.1 is automatically satisfied, condition (79) is automatically satisfied
for 7 > 0, and condition (78) gives us

(1-1b)°

T < 7h2m2 s

that is (8) in the scalar case.
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C.2.3 Descent step for k-step one-shot

Here, the coefficients of P are
ap = —s2,  a; =m2(R*2 —xp)T + (52 +25), ay = mPaT — (25 + 1)

where s = b*. Condition (77) of Lemma C.1 is obviously satisfied since |b| < 1. Next we deal
with condition (78). The computation shows that

a3 — azag + a1 — 1 = m2 (W26 — wy + 2?7 + (s — 1) (s + 1), (80)
| ——
<0

ag + asag — ay — 1= —m*(W*t} — x + 238*)7 + (s = 1)(s + 1)° (81)
N————
<0

and

R20E (1 — b9)[k — (k + )b+ kb* — (k — 1)b1]
(1-10) '

Lemma C.2. k — (k+ 1)b+ kb* — (k — 1)b**1 >0, v|p| < 1, Vk > 1.

thi — 2+ aps? = (82)

Proof. We write k — (k+1)b+kb* — (k—1)bFt! = (1 —b)A where A = k+1— % +(k—1)b%. Tt
suffices to show A > 0. If k = 1 then A =1 > 0. If either kiseven,or k > 3isoddand 0 < b < 1,
then (k—1)bF > 0 and |%| = B b2 b+ 1 S PR 4 VPR 4 B+ 1 < K ogive
us the conclusion. If k£ > 3 is odd and —1 < b < 0 then (k — 1)(1 +b* +1) > 0 and % <1

therefore A =1+ (1711;_17:) + (k—1)(1 +bF) > 0. .

Then, condition (78) imposes

(1—b)2(14b") (1—b")? if b1 > 0;

® T < o i (k1) bt kbF —(h—T1)0F 71]

m2oF 1 [—k+ (k+1)b—kbF + (k—1)bF 1
e no condition on 7 if k> 2 and b= 0.

Finally we check condition (79). We have ag + az + a1 + 1 = h?m?*t37 > 0 and

R2m?(1 — 2kbF—1 + 2kb% — b2F)

a0+a/2_a1_1: (171))2 T_2(1+S)27
therefore, condition (79) gives
N2 k2 . B
o T < s Ty if 1 — 2kbF L 4 2kbE — b2 > 0;

e 1o condition on 7 if 1 — 2kbF—1 4 2kbF — b2k < Q.
In the following lemma we study the quantity 1 — 2kb*~1 4 2kbF — b?* that appears above.
Lemma C.3. Let fi,(b) = 1 — 2kbF~1 + 2kb* — b2F for k € N* and —1 <b < 1.
(i) fi(b)=—-(1-b?<0,V-1<b<1.

(ii) f2(b) = 1 — 4b + 4b> — b* has a unique solution b = —1 ++/2 in (—=1,1); and fo(b) > 0 if
—1<b<—14V2, fob) <0if —14+V2<b< 1.
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(i5i) If k > 3 is odd then fi(b) has exactly two solutions by (k) < ba(k) in (—1,1); if k
even then fi(b) has a unique solution bs(k) in (—1,1). Moreover, for every odd k >

o —1<bi(k)<0<bo(k) <1
° fk(b) >0< bl(]f) <b< bg(k‘),
o fi(b) <0< —1<b<bi(k)Vba(k)<b<l.

and for every even k > 2:

o 0<bg(k)<1;
o fr()>0e —1<b<bs(k);
o fr(b) <0< by(k)<b<1.

(iv) khglld bi(k) = —1 and khglld ba(k) =1= llerlgnb3(k) =1.
k—o0 k— o0 k— o0

Proof. (i) and (ii) are easy to verify. (iii) It remains to consider k > 3. We have
fh(b) =0F 2 [2k(k — 1) + 2k — 2kb* ], —1 < b < 1.

Set
gr(b) = —2k(k — 1) 4+ 2k%b — 2kbPT1 1 <b< 1,k > 3.

Case 1. [k > 3 is odd] By studying the sign of g;.(b), we find that
® gi has a unique solution v; (k) in (—1,1) and 0 < vy (k) < kil <1;
® g:.(b) >0 v (k) <b< 1
e gx(b) <0& -1 <b<uv(k).

Next, by studying the sign of f/(b), we find that

o f1(b) has exactly two solutions by (k) < ba(k) in (—1,1) and —1 < b1 (k) < 0 < ba(k) <

o fr(b) >0 bi(k) <b<by(k);
o fr(b)<0& —1<b<bi(k)Vbe(k)<b<l.
Case 2. |k > 4 is even| By studying the sign of g (b), we find that
e g; has a unique solution vy (k) in (—1,1) and 0 < va(k) < k-]f-l <1
e gx(b) >0 vy(k) <b< 1
e gi(b) <0< 0<b< (k).
Next, by studying the sign of f/(b), we find that
e f(b) has a unique solution b3(k) in (—1,1) and 0 < b3(k) < 1;
e fr(b) >0< —1<b<bs(k);
o (b)) <0< b3(k)<b< 1

RR n°® 9477

> 2

> 3:

1;



48 M. Bonazzoli & H. Haddar & T. A. Vu

(iv) We have

P T T A B (0 D B LA RV
P2 ) 77 T ok1 T gp = F\T2) T T kT o =

hence for sufficiently large k we have f, (%) > 0 and for sufficiently large odd k we have f (—%) >
0. By the table of signs of fi, we conclude that by (k) < —3 for large odd k, ba(k) > § for large
odd k and bs(k) > 3 for large even k.

Case 1. [k > 3 is odd and sufficiently large| First we work with b1 (k). We have
1 — 2kby (k)*1 + 2kby (k)F — by (E)?* =0

and by (k) < —1 so

—b1 (k) 4 2kby (k)* + 1 = 2kby (k)1 = [—2kby (K)F] -
T — 1(k)

which leads to
bi(k)?F — 6kby (k)" — 1> 0 < [by (k)" — 3K]% > 1+ 9K

Since —1 < by (k) < 0 and k is odd, this tells us that

-1 -1
< )
3k 4+ 1+ 9k2)1/k ~ (Tk)VE

—1 < by(k) < —(=3k + /1 + 9k2) /% = :

which yields klh}ild b1 (k) = —1. Next, we have

k—o0
1 — 2kbo (k)F =1 + 2kby (k)F — by (k)?F = 0

and by (k) > 1 so

—bo (k)2 + 2kby (k)* + 1 = 2kby (k)F~" = 2kby (k)* - ﬁ < 4kby (k)
2

which leads to
bo (k)2 4 2kbo(K)F —1 > 0 & [ba(k)* + k) > 1 4+ k2.

Since 0 < ba(k) < 1, this tells us that

1 1
> ,
k+ I+ k)Y (3k)HE

1> ba(k) > (= + V1 +k2)V/F = (

which yields lim by(k) = 1.
(AN

Case 2. |k > 4 is even and sufficiently large] We repeat the same arguments as by (k) for b3(k). O
In summary, we have the following proposition.

Proposition C.4 (Convergence of k-step one-shot). Let n;(k,b) := 400 and

(1 —b)2(1 4 bk)(1 — bF)? .
— (k -+ 1)b+ kbk — (k — 1)bk+1]’

e (k:b) = iy
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—(1=0b)2(1 +*)3
n22(k, b) 1= oo ( = % ) kt1]’
bE=1[k — (k4 1)b+ kb* — (k — 1)bF+1]
2(1 —b)2(1 + bk)?
1 — 2kbF—1 + 2kbF — b2k
then the mecessary and sufficient condition for the convergence of k-step one-shot in the scalar

case is of the form T < 208) here n(k,b) is defined as follows:

h2m?2
(i) n(1,b) =n21(1,0) = (1 = b)3(1 +b), -1 < b< 1;
(ii) for odd k > 3,

’173(]€, b) =

?’]21(]6,[))7 —1<b§bl(k)\/b2(/€)§b<17
n(kvb) = min {7721(kab)»773(k,b)}, bl(k) <b< bZ(k) Ab 7£ Oa
2, b=0

where —1 < by (k) < 0 < ba(k) < 1 are the two solutions of

1—2kbE "t 4 okbd —p?** =0, —1<b<1;

(iii) for even k > 2,

ngl(k,b), b3(k) < b < 1,
min {701 (k, b), n3(k, b)), 0 < b < by(k),
ity = § i DD 0 <D<l

min {72 (k,b),n3(k,b)}, —1<b<0
where 0 < by(k) < 1 is the unique solution of

1—2kb" "t 42k — b =0, —-1<b<1.

Note that kliréld b1(k) = —1 and klilgd ba(k) =1= lim bs(k), so the behavior of 7 when k — oo is

k even

k—o0 k—>oo2 k—o0
consistent with the result 7 < 2212:32) ,—1 < b < 1 for the usual gradient descent. For illustrations

of the function n(k,b) for different k see section C.3.

C.2.4 Descent step for shifted k-step one-shot

Here, the coefficients of the polynomial P of the eigenvalue equation are

ap = h®mPur — $2, a1 = RPmPym + 2 +2s, as = —2s — 1, (83)
_pk—1 _ k k—1rg. k+1
where s = b, y, = n= % and v, = ti — Yy = b [k (gkjﬁgb*b I Note that Vg

and b*~1 have the same sign, also v, = 0 if and only if £ > 2 and b = 0, since it is easy to show
that k — (k + 1)b+ b**1 > 0, V|b| < 1,Vk > 1. Then, condition (77) of Lemma C.1 imposes

14+s2 (1=b)*(1+b°*) e pk—1 :
e 7< h2m2v, — h2m2bF—1[k—(k+1)b+bkt1] if b > O’
—14s2 _ (1=b)%(=1+4b%) e pk—1 }
* T < fEmte = Wt (e nereEr] 0T <05

e no condition on 7 if k> 2 and b= 0.
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Next we study condition (78). We have

ag — agag +ay — 1 = vi(R*m?*7)? + [(—25% + 25 + D)vg + yp]h°m?7 + (s — 1)3(s + 1)
[ —
<0

and

ag + agag — ay — 1 = vi(h*m?7)? — [(25* + 25 + Dy + yp]A?2m?7 + (s — 1)(s + 1)?,
~— ———
<0

each of which, considered as a second order polynomial of h2m?2 if v # 0, has exactly two roots
of opposite signs. Therefore if v3, # 0, condition (78) is equivalent to (h?m?27—ry)(h*m?7r—r3) > 0
where

(252 — 25 — D)o — yr + /(=45 + 5)v2 + y? + 2(—25% + 25 + L)vgy

= >0
" 202
and
S (252 + 25 + 1)vg + y + /(852 + 125 + 5)v2 + y2 + 2(252 + 25 + 1)vgys =0
2 21),% '
Lemma C.5. r; and ro cannot be both strictly less than % r1 and ro cannot be both strictly
less than %‘:32

Proof. Either rm < % orr < %JQSQ implies (s? + 4s + 1)vi + (s* + 1)vgyr > 0. Either
2 2
re < I or o < =L implies (s2 + 4s + 1)v? + (s2 + Dogyr < 0. O

Vi Vi

Thanks to this lemma we see that condition (78), in combination with condition (77), gives
o 7 < 7z min{ry, 7y} if bF71 £ 0;
o T < jrzifk>2and b=0.

Finally, we have ag + a2 + a1 +1 = thQtiT > 0 and

h?m?

L [—1 + 2kb% 71 — 2k6% + 0] — 2(1 — b7)?,

a0+a2—a1—1:

thus condition (79) is equivalent to

201 k2 . _
o T < mm et i 1 — 2kbET 4 2kbF — b < 0;

e 1o condition on 7 if 1 — 2kbF—1 4 2kbF — b2k > 0.

One can look again at Lemma C.3 for the analysis of 1 — 2kb*~1 4 2kb* — b?*. In summary, we
have the following proposition.

Proposition C.6 (Convergence of shifted k-step one-shot). Let

L a—ppaary
k11(k, ) = b1k — (k + 1)b + bk+1]’
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(1—b)2(—1+b2F)

k,b) = :
14312( ’ ) bk_l[k _ (k ¥ 1)b+bk+1]a
1— bk 1 — kb= 4 (b — 1)b*
tp = —— = = bk = t2 _
k 1_ ba Yk (1 — b)2 ) S ) Vk k Yk,
(252 — 25 — D)o — yr, + /(=45 + 5)v2 + y? + 2(—25% + 25 + L)vgy
ka1(k,b) = 3 )
2vy
aa( ) (252 + 25 + D)vg + y + /(852 + 125 + 5)vZ + y2 + 2(252 + 25 + 1)vgyy
22\ vy = ;
20}

ko(k,b) == min{ka1 (k,b), koo (k,b)};
2(1 — b)2(1 — b*)2
—1 4 2kbF—1 — 2kbF + b2F
then the necessary and sufficient condition for the convergence of shifted k-step one-shot in the
scalar case is of the form T < 71(2’;? where k(k,b) is defined as follows:

(i) k(1,b) = min{k11(1,b), k2(1,b), k3(1,b)}, also note that
20> —2b—1+/—4b+5

K3 (ki, b) =

k11(1,0) =14+ 6% koy(1,b) =

2
262 +2b+ 1 4+ /8b% + 12
an (1, b) = b* 4+ 2b+ +2 8b% + b+57 Kg(l,b):2(1_b)2;
(i) for odd k > 3,
min{lﬁll(k‘,b),Kg(k,b),ﬁg(k,b)}, —-1<b< bl(k‘) \/bg(k) <b<1,
k(k,b) = min {k11(k,b), ka(k,b)}, b1(k) <b<by(k)Ab#0,

1, b=0
where —1 < by (k) < 0 < ba(k) < 1 are the two solutions of
1—2k0F 1 4 2k6F —b*F =0, -1<b<1;
(iii) for even k > 2,
min {k11(k,b), ka(k,b), k3(k,b)}, bs(k) <b<1,

(e, b) = min{m11(k7lb), Ko (k,b)}, gigg by(k),
min {r12(k, b), k2(k, b)}, ~1<b<0

where 0 < b3(k) < 1 is the unique solution of
1—2kbF P4 2kbF — P =0, —1<b<l1.

Remark C.7. In implementation, we rewrite x21(k,b) as

: b(1-b)2(1-b")ys
b= bR -1 2 [0 41+ S
k— (k+1)b+ b+l Y + Vg + \/(—43 + 5)1;]% + yi +2(—25% + 25 + D)oy

to avoid numerical errors. Also in this formula, we see that ko1 (k,b) o (1 — b)? (note that

kPl (k—1)b* Kk L
g = LR Lt o L and vy = 62—y 2T ).

For illustrations of the function x(k,b) for different k see section C.3.
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C.3 Comparison of the bounds for the descent step

In summary, in the scalar case, the necessary and sufficient convergence conditions on the descent
step 7 > 0 are:

2(1 — b)? (1 b)? n(k,b) k(K. b)

T < 7h2m2 R T < 7h2m2 s T < 7h2m2 s T< 7h2m2 s

respectively for usual GD, shifted GD, k-step one-shot (with n(k,b) given in Proposition C.4),
shifted k-step one-shot (with «(k,b) given in Proposition C.6). By taking m = h = 1, in Figure 5
we plot for different k the functions: b — 2(1 — b)? (usual GD), b + (1 — b)? (shifted GD),
b+ n(k,b) (k-step one-shot) and b+ k(k,b) (shifted k-step one-shot).

From these plots we can draw two important conclusions. First, when k increases the visu-
alized curves for k-step one-shot and shifted k-step one-shot tend to the corresponding curves
for usual and shifted gradient descent, as expected. Second, even in this scalar case, it ap-
pears difficult to establish a simplified expression for n(k,b) in Proposition C.4 and x(k,b) in
Proposition C.6 to find a practical upper bound for the descent step 7.

Remark C.8. For k > 2, we observe that for some b the admissible range of 7 of k-step one-shot
is larger than the one of usual GD, that is not intuitive. This is indeed verified numerically using
FreeFEM: when b = 0.2 and 7 = 2.08, 2-step one-shot converges while the usual GD does not.

D A proof of Lemma C.1 based on Marden’s works

Definition D.1. We say that a complex coefficient polynomial has property &2 if all its zeros
lie (strictly) inside the unit circle |z] = 1.

We recall some definitions from Marden’s works [17].

Definition D.2. Let P(z) = ag+ a1z + ... + a, 2" where ay € R,k =0,...,n (we do not require
ayn, # 0 here). We define

I:’(z) =ay, +an—12 + ... + agz"
and call it the reverse polynomial of P. One can also see that P(z) = 2" P (1/z).

Definition D.3. Let P(z) = ag + a1z + ... + a,2™ where a;, € R,k = 0,...,n. We define a
polynomial sequence {Py}o<k<n Where

Pr(z) = aék) + agk)z +..+ a;kzkz”_k
as follows:
e Py=P;
e Py = aék)Pk - a;k_)kpk for0<k<n-1.

Then we define
my(P) = a(()l)agf) . -~aék), 1<k<n.

The coefficients of these polynomials can be gathered in the following table, that we call
Marden’s table:
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Admissible tau
19

-1 -05 0 03
b

|—— Shifted GD —— Shified 1-shot|

(a) Shifted 1-step one-shot

Admissible tau
4-

035
&
— Shifted GD — Shifted 3-shot
— Shifted 5-shot Shifted 7-shot
— Shifted 15-shot Shifted 33-shot

(c) Shifted k-step one-shot, odd k > 3

Admissible tau
44

03
&
— Shifted GD — Shited 2-shot
— Shifted 4-shot Shifted 6-shot
— Shifted 16-shot Shifted 34-shot

(e) Shifted k-step one-shot, even k > 2

Admissible tau
8-

-1 -05 0 03 1
b

Usual GD —— 1-shot|

(b) 1-step one-shot
Admissible tau

Usual GD — 3-shot
15-shot — 33-shot

(d) k-step one-shot, odd k > 3

Admissible tau
81

03 1
b

4-shot

Usual GD = 2-shat

G-shot
—— 16-shot —— 34-shot

(f) k-step one-shot, even k > 2

Figure 5: Admissible 7 in the scalar case as a function of b.

RR n°® 9477



54 M. Bonazzoli & H. Haddar & T. A. Vu

1 x 22 |2t ] an
PO (%)) al ag Ap—1 Ay,
]50 Qn an—1 an—2 | --- ai ag
RN ORE ENORE RO MO
b ale—)1 agzlzz a51123 aél)
Pn—l (n 1) agnfl)
~n—1 (n 1) aén—l)
P, aé")

We have a nice and simple criterion mainly based on the works of Marden [16, 17] and Jury
[13, 14], known as Jury-Marden Criterion:

Theorem D.4 (Jury-Marden Criterion). The polynomial P has property & if and only if

al? <0; alf) >0v2<k<n.

This necessary and sufficient condition is mentioned several times in the literature (see e.g. [1,
Theorem 3.10]), but it is not easy to find an explicit proof, so we provide a proof for the reader’s
convenience. Before proving this result, we apply Jury-Marden Criterion to a polynomial of
degree 3 and obtain precisely Lemma C.1, that is the following proposition.

Proposition D.5. Let P(2) = ag + a1z + azz? + 23,2 € C where ag,a1,a2 € R. Then P has
property P if and only if

(ao — 1)((10 + 1) <0
(a2 — azag + a1 — 1)(a3 + azag —a; — 1) >0
((Zo‘i’aQ*al 71)(a0+a2+a1+1) < 0.

Proof. By directly applying Jury-Marden Criterion to P, we obtain Marden’s table as follows:

1 T z2 a3
PO =P ap ai an 1
]50 1 a9 ai ap
Py ag —1 aiaop — a2 Q200 — a1
]51 as2ap — a1 ajag — ag a% —1
P, (a2 — 1) — (agap — a1)? (a1ag — az)(a3 — azag +a; — 1)
Py (a1ag — az)(ad — azap +a; — 1) (a3 — 1) — (agap — a1)?
and
Pg(l‘) = [(ag — 1)2 — (a2a0 — a1)2]2 — (a1a0 — ag)z(ag — ag2a0 + a1 — 1)2
Hence
aél) = a}—1=(ap—1)(ag+1),
aéQ) = (a2 -1)2- (a2a0 —a1)? = (ag —agag +a; — 1)(ad + azag — ay — 1),
aég) = [(a? —1)? - (azap — a1) ] (a1ag — az)*(a¢ — azap + a; — 1)?

= [(ad +a2ap — a1 — 1)? — (a1a0 — a2)?] (a} — azag + a1 — 1)?

+ (a2 — al)ao + ag —ayp — 1][@3 + (ag + al)ao —a —a; — ].]
1—asap+ a1)2
1)(61,0 +as —a; — 1)(@0 — 1)(@0 + a9 + a1 + 1)( —1—asag+ a1)2.
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Then the condition aél) < O,aé2) > O,a(()?’) > 0, after being simplified, is equivalent to three

inequalities of the statement. O
Now, to prove Jury-Marden Criterion, we need the following two results.

Theorem D.6 (Marden, [17], Theorem 42.1). Let P be a real coefficient polynomial of n-th
degree. If the sequence
m(P), ma(P),...,my,(P)

has exactly p negative elements and n—p positive elements (hence no null elements), then P has
p complex roots (including multiplicities) inside the unit circle |z| = 1, no roots on this circle
and n —p complex roots (including multiplicities) outside this circle.

Lemma D.7 (Schur, [20]). Let P(z) = ao+ a1z + ... + anz" where ax € R,V1 <k <n. Assume
that |ag| < |an|. Then deg P, =n —1, and P has property & if and only if Py has property &.

Proof of Jury-Marden Criterion D.J. The sufficient condition for P having property & is a di-
rect consequence of Marden’s Theorem D.6. It remains to prove the necessary one.
For that, we will prove the following statement M (n) by induction: “For every real-coefficient

polynomial P of n-th degree having property &, the sequence aél), e aé") obtained by Marden’s
algorithm must satisfy
a(()l) <0, aék) >0,V2<k<n”

To check M (1), let P(z) = ap + a1z where ag,a; € R,a; #0. Then P(2) =0 z = —ag/a1
and | —ap/a1] <1< |ag| < |ai (:)a(()l) =ad—a} <0.

Now supposing that M (n — 1) is true for some n € N;n > 2, we show that M(n) is true. Let
P(z) =ap+ai1z+ ...+ apz™ where a, € R,k =0,...,n and a,, # 0. Assume that P has property

. First, a(()l) = a% — a2 < 0. Indeed, let z1, 29, ..., 2, be the n zeros including multiplicities of
P, then by Viete’s formulas z125 - - - 2z, = (—1)"(ao/ay). Taking the module of both sides of this
identity and noting that P has property &2, we have |ag/a,| < 1, thus agl) = a3 —a? < 0. Next,
by Lemma D.7, Py is of (n — 1)-th degree and it also has property &?. Marden’s table for Py can
be easily found:

1 T z? "3 "2 ik
R L LA L B B R
N I PO PO O e I e
P a(()z) a?) —aéQ) —a(2_)3 —a(2_)2
T . g g O
BEAEAEABES
Py 07(1323 07(1324 af’ls a(()g)
Pn.—l D [ D
b, agn—n agn—l)
P, a(()n)
By M(n — 1), we must then have —a((f) <0, aék) >0,V3<k<n. O
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