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Abstract

The aim of this paper is to study the large population limit of a binary branching
particle system with Moran type interactions: we introduce a new model where particles
evolve, reproduce and die independently and, with a probability that may depend on the
configuration of the whole system, the death of a particle may trigger the reproduction
of another particle, while a branching event may trigger the death of an other one. We
study the occupation measure of the new model, explicitly relating it to the Feynman-Kac
semigroup of the underlying Markov evolution and quantifying the L? distance between
their normalisations. This model extends the fixed size Moran type interacting particle
system discussed in [I18], [19] 6] [7, [57] and we will indeed show that our model outperforms
the latter when used to approximate a birth and death process. We discuss several other
applications of our model including the neutron transport equation [36, [15] and popula-
tion size dynamics.

Keywords : interacting particle systems, branching processes, many-to-one, Markov pro-
cesses, birth-and-death process, Moran model.

MSC: 82C22, 82C80, 65C05, 60J25, 92D25, 60J80.

1 Introduction

Branching processes naturally arise as pertinent models in population size dynamics [40, 41] [43],
neutron transport [14], genetic dynamics [47], growth-fragmentation processes [4, 3] and cell
proliferation kinetics [60], and as theoretical objects in their own right [40] 17, 37, B8] 39].
These models are characterised by the independence of the branching and killing events in the
system, which leads to a multiplicative behaviour, as well as interest in the scaling behaviour
and the characterisation of the system at large times. On the other hand, processes with
Moran type interactions are natural models for finite populations with either variety-increasing
or variety-reducing effects such as genetic drift, genetic mutations and natural selection. First
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introduced by Moran [48], the Moran model describes the evolution of N genes such that at
an exponential rate, two particles are chosen uniformly at random from the population, one
of which is killed and the other splits in two. Thus, the independence between particles is
lost. We refer the reader to [28] and references therein for an overview of this model and of
its extensions. This type of resampling has since been employed in a range of particle system
models to numerically solve Feynman-Kac models, see [12] 2], 20, 57] and references therein.

The model we consider in this paper provides a combination of these two types of dynamics:
(natural) branching and killing, as well as Moran type interactions. More precisely, when the
system is initiated from N particles, each particle evolves according to an independent copy of
a given Markov process, X, until either a (binary) branching or killing event happens. Here,
binary refers to the fact that the particle is replaced by exactly two independent copies of itself.
If such a branching event occurs, with a probability that may depend on the configuration of the
whole system, another particle is removed from the system a selection mechanism. Similarly,
if a killing event occurs, with a probability which may also depend on the configuration of the
whole system, another particle is duplicated via a resampling mechanism. We refer to this
model as the binary branching model with Moran interactions, or BBMMI for short.

Our main result (cf. Theorem @ gives an explicit relation between the average of the
empirical distribution of the particle system and the average of the underlying Markov process
X. Indeed, letting ms denote the empirical distribution of the particle system at time 7', we
show that for any 7" > 0,

B [ 1] = B 100 e ([ 000 = n06)05) 1| )

where b is the branching rate, x is the soft killing rate, 75 is the absorption time, H? and H?
are weights that compensate for the resampling and selection events that occur up to time 7T,
which we state explicitly in Theorem [6] and E. is the expectation with respect to the law of X.
As we will later discuss, by choosing particular model parameters, we recover both the classical
many-to-one formula [35] and the unbiased estimator proved in [57] for fixed size Moran type
genetic algorithms. The second part of Theorem @ then provides a precise bound on the L?
distance between the normalised semigroup on the right-hand side of and the normalised
occupation measure of the particle system. In particular, it states that this distance converges
to zero as the number of initial particles tends to infinity.

In the third section of this article, we illustrate several applications of this model by
focussing on a particular selection/resampling mechanism in our model. More precisely,
we consider a binary branching process whose population size is constrained to remain in
{Nmins -+ s Nmaz }, where 2 < Ny < Npjpae < +00. In order to constrain the size of the pro-
cess, when the size of the population reaches Nyuqq (resp. Nyin) and a natural branching (resp.
killing) event occurs, we set the probability of selection (resp. resampling) to be 1. We often
refer to this model as the N, Nper model. As will be clear in the next section, the choice
Npin = 0 and N, = 400 is also allowed, so that the collection of models we consider ranges
from constant population size models with neither branching nor killing (corresponding to the
choice Npin = Npaz) to branching population models (when N, = 0 and Ny, = +00) with
or without a selection/resampling mechanism.

For comparable results concerning the resampling algorithm, we refer the reader to [29, 51]
13, [49] and to [27, 22], 45] for associated central limit theorems. Whether a central limit theorem
can be proved in our setting remains open, but could be approached by carefully studying the
square increments of the martingale decomposition used in the proof of Theorem [0}



Our model and results are also reminiscent of the genetic algorithms introduced by Del
Moral (see [18, [19] and references therein), where a particle system with killing is constrained
to remain at a constant size via a resampling mechanism. We also refer the reader to [6] [7], [32]
511, 56, 12] and references therein.

Finally, we note that our model fits into the more general class of controlled branching
processes introduced by Sevastyanov and Zubkov in [52], where the number of reproductive
individuals in each generation depends on the size of the previous generation via a control
function. This work was later extended by Yanev [59] to allow for random control functions.
We refer the reader to [52, B} [55], 58] for discrete time versions of this process and to [30] for
the continuous time version. In these articles, the authors study the convergence of the survival
probability in different regimes, as well as the expected population size. We also note that the
control function can be seen as a way to model immigration and emigration of particles, [5§].
We refer the reader to [54) [42] [50], 46], [44) 2| [I] for results regarding these latter processes.

The rest of the paper is set out as follows. In the next section, we introduce some notation
and assumptions, and formally describe the particle system introduced above. We will then
state our main result in Theorem [6] and discuss several implications.

In section |3 we focus on the N,,;,—Nee model and consider a variety of applications in
order to illustrate the scope of our results, as well as some of the possible difficulties and
extensions. In particular, in Section [3.1], we describe and study a stochastic population model
with constrained size, based on the N,,;,—Nqa model. We give a sufficient condition ensuring
that the number of resampling events does not explode in finite time when the killing rate
of X is unbounded. We also relate the long-time convergence of the empirical distribution of
the population to the existence of a quasi-stationary distribution for an auxiliary sub-Markov
process related to X and show the time uniform convergence of the renormalised empirical
distribution of the particle system toward its conditional distribution, at a polynomial speed
when \/ Npaz/Nmin goes to infinity. We prove these results in the particular setting of this
model, but our methods could be extended to a more general setting.

In Section [3.2] we deal with the particular case where the underlying Markov process is a
piecewise deterministic Markov process (PDMP). In this case, it is possible for two particles
to be killed at the same time, meaning that our main result is not directly applicable without
further work. Working in the particular setting of the neutron transport equation (NTE), see
[36], [15], we overcome this difficulty using the notion of h-transform introduced in [I5] for the
NTE. We show that particles whose dynamics are given by an appropriately h-transformed
process fulfil the assumptions of our main theorem, and thus, we may use the N,in—Nmaz
model with the h-transformed process in order to obtain estimates for quantities associated to
the original process.

In Section , we focus on some numerical properties of the resampling/selection process.
First, we make comparisons between the N,,;,—Np. model and the fixed size Moran type in-
teracting particle system (IPS) for the approximation of quantities related to non-conservative
semigroups (cf. [I8, 19, [6, [7]), which corresponds to the particular case Ny, = Npge With no
branching. We observe that in the case of a birth-and-death process, X, with branching rate
given by X; A M for some M > 0 and state-dependent Markov transitions, the computational
cost, measured as the number of resampling/selection events, is significantly lower when using
the Npin—Nmaee algorithm. We also study the bias and standard deviation of an estimator
for the normalised empirical stationary distribution for each of the N,,;,—Np.. and fixed size
Moran type IPS. Letting M go to infinity, we provide numerical evidence that the number of
interactions, bias and standard deviation stabilise for the N,,;,—Nmae process, whereas these



quantities grow linearly for the fixed size Moran type IPS process. Based on these simulations,
we conjecture that the results of Section hold true in situations where the branching rate
is unbounded and thus where the Moran type process is undefined. In the final part of Sec-
tion [3.3] we introduce a filtering method to deal with some of the numerical discrepancies that
occur when the variance of the number of resampling/selection events is high.

In Section [4] we provide the proof of Theorem[6] Finally, we end the paper with an appendix
containing the formal construction of the particle system introduced in section

2 Main results

2.1 Description of the model

Let (Q, F, (Xt)icp,+00)) be a continuous time progressively measurable Markov process with
values in a measurable state space F'U 0, where 0 is an absorbing (measurable) set such that
dN E ={. Denoting by 75 = inf{t > 0, X; € 9} its absorption time, it follows that

Xt 6(9, vtzTa.

We denote by P, its law when initiated at x € E and by E, the corresponding expectation
operator. We extend, whenever necessary, any measurable function f : £ — [0, +00) by f =0
on d. We also assume that we are given two bounded functions b: E — R, and x : E — R,
denoting.

We will shortly define a particle system, where particles move according to copies of X
between interactions. Before doing so, we make the following assumption, necessary for the
system to be well defined. It entails that two independent copies of X are absorbed simulta-
neously with probability 0.

Assumption 1. For any z € E and t € [0,400), P,(19 =t) =0 and P,(75p > t) > 0.

We also introduce the following notation. Denote by P;(N) the collection of finite subsets
of N:={1,2,...}. Then, for i € N, we let

b - (EUA)"™ — [0, +00),
ki o (BEUd)P1® 10, +00)

be a collection of bounded measurable functions. Also for i € N, let

pi: (EUd)P ™ 0,1,
g : (FU 8)7)f(N) — [0, 1]

be measurable functions. We will assume that, for any s € P¢(N), for any collection of points
{z; i € s,x; € £}, and any i, € s,

bio(:v,-,z' €5)— K"(z;,i € 5) = b(xiy) — K(T4,) (2)
and that
p"(zi,7 € s) = 0 whenever |s| = 1, (3)

where |s| denotes the number of elements in the set s.



We now proceed with an informal description of the dynamic of the particle system, which
we call the binary branching model with Moran type interactions (BBMMI). The formal con-
struction of the process is a non-trivial task, and is given in the appendix. To this end,
fix Ny > 2. We consider the particle system (S;, (X})es,)ic[0.+00), Where the component
Sy € Py(N) is the set enumerating the particles in the system at time ¢, initiated with
So = {1,2,...,No} and X} = x; € E for all i € S;. The number of particles in the sys-
tem at any time ¢ is denoted by N; = |S;|.

Evolution of the BBMMI.

1. The particles X?, i € Sy, evolve as independent copies of X, and we consider the following

times:
. t . . — .
ot = inf{t > 0, / b'(X., 1€ S0)ds > el},
0
and
"= inf{t >0, / k(X i€ Sy)ds > E}
0
and
21— inf{t >0, X! € 9},
where ¢!, El, i = 1,..., Ny are exponential random variables with parameter 1, and are

independent of each other and everything else.

2. Denoting by iy the index of the (unique) particle such that o0 N0 A 7200 — 1 where
7 =min7 AT AT we set S, = Sy for all ¢ < 7 and
IS

a) if ;= Tb’io, then a branching event occurs;
1 g

b) if ; = T”’i, then a soft killing event occurs;
1 g

(c) if 7 = 70 then a hard killing event occurs.
3. Then a resampling or selection event may occur, depending on the following situations:

killing: if a (hard or soft) killing event occurred at the preceding step, then we say
that g is killed at time 71 and

e with probability p™ (X’ , i € Sy), the particle 4y is removed from the system

T1)
and a resampling event occurs: one chooses jo uniformly in Sy \ {ig} and sets

X;nlqaxsoﬂ _ Xﬁf and S,, := Sy \ {ig} U {max Sy + 1};

observe that the number of particles in the system at time 7; is then N,, = Ny;
we say that jg is duplicated at time 7.

e with probability 1—p® (Xi17 i € Sy), the particle 4 is removed from the system:;

the set of particles at time 7 is enumerated by S,, := S\ {io} and the number
of particles in the system is then N, = Ny — 1;

branching: if a branching event occurred at the preceding step, then we say that
1o has branched at time 7 and



e with probability ¢ (Xil, i € Sp), a new particle is added to the system at
position X9 and a selection event occurs: one chooses jo at random uniformly
in Sp U {max Sy + 1} and removes the particle j, from the system:

X7I_111aX5'0+1 — X;_? and 57_1 = {maX ‘S_'O —+ 1} U SO \ {j0}7

observe that the number of particles at time 7, is thus N,, = Ny; we say that
Jo is removed at time 77 and that max Sy + 1 is born at time 7y;

e with probability 1 — in(Xil, i € Sy), a new particle is added to the system at
position X7 ' B B B
XmaxSotl = X0 and S, = Sy U {max Sy},
and we say that max Sy + 1 is born at time 7.

After time 7y the system evolves as independent copies of X until the next killing/branching
event, denoted by 79, and at time 7, it may undergo a resampling/selection event as above.
By iteration, we define the sequence 7 =0 < < Ty < --- <7, < -+

Al ”
Lt Wy )
i W ™ ‘\’Mw ;
Mﬁ/ ;ﬁ\;"r\f\m fum ; h f'\M‘”\ ‘ Ny M“"Wy )
Nl ‘ i { W ¥ WW
M\"“ﬂw \WW‘* JW | A )

(a) Resampling. Just before time 0.05, the orange (b) Selection. At time 0.02, the purple particle

particle is killed but no resampling occurs. Around branches, producing the orange particle but no
time 0.15, the blue particle is killed and the green selection occurs. At the second dashed line, the
particle is resampled to produce the red particle. dark blue particle branches to produce the red

particle and the light blue particle is selected
and removed from the system.

Figure 1: Simulations of the BBMMI model where X is a Brownian motion, killed at 0 and 1,
with constant branching rate.

We will also make use of the following assumption, which ensures that the process described
above is well defined at any time ¢ > 0.

Assumption 2. The sequence (7,,)nen converges to +oo almost surely.
Let us now make several remarks concerning the above particle system and potential pa-
rameter choices.

Remark 1. The enumeration of the particle system does not keep track of the genealogy of the
particles in the system in order to simplify notation; this could be done using the Ulam tree
as a set of indices.



Remark 2. The functions b® and £ are the rate at which the particle 7 in the system branches
and is killed respectively (in addition to hard killing events occurring when a particle hits the
absorbing set d). The simplest situation is when b (2", i € s5) = b(z;,) and k™ (z;, i € 5) =
k(x4 ), but other configurations are possible. We emphasise that the balance condition is
crucial to ensure the relation with the semigroup ) defined in the next section, and should
not be considered a technical assumption.

Remark 3. The functions p (respectively ¢”) denote the probability that a killing event
(respectively a branching event) triggers a branching (respectively a killing) among the particles
in the system. We call such an event a resampling event (respectively a selection event). In
the context of Moran type models, they correspond to selection by death events (respectively
selection by birth events). Condition prevents a resampling event from occurring when the
population decreases to 0 particles. We emphasize that, since 0 is a set, p® may depend on
the killing location.

Remark 4. The above dynamic allows one to constrain the size of the process to remain between
two bounds N,,;, # 1 and N,pae, with 0 < Ny < Npjae- In order to do so, one simply chooses

PO (@i, 1 € 8) = jsi=Npsn} a0 ¢(i, 1 € 8) = L{js|=Npnas}-

In what follows, we refer to this dynamic as the N,,ijn—Nmae process. Other natural choices
include, for instance,

1

; 1 A
pm(Ii, 1€ S) = —1|8|22 and qm(xi, i€ s) =1 M’

s+ 1
i.e. resamplings become less probable when the number of particles increases and selection
becomes stronger when the number of particles increases, respectively. Note also that, since
X is only assumed to be Markov, it can carry the time as a component, which would allow
Noin and N,q, to vary with time (in the former situation) or the selection pressure to vary
with time (in the later example), by simply letting p, ¢ depend on time.

Remark 5. In our model, we consider general killing, which corresponds to a conservative
Markov process X killed at a possibly unbounded rate. Finding general criteria ensuring that
Assumptions 1 and 2 hold is usually involved (it is trivial when the killing rate is bounded and
there is no hard killing). In Sectionwe provide a criterion based on a Foster-Lyapunov type
assumption ensuring the non-explosion of the system when the killing rate  is unbounded (and
when there is no hard killing) and also show in Section [3.2| that Assumption 2 holds true for a
specific PDMP model, obtained as the h transform of a Neutron Random Walk killed at the
boundary of domain. There is also a substantial literature on these types of problems in the
presence of hard killing for the more classical fixed size Moran type systems, and, in particular,
the interested reader may find it useful to adapt the methods developed in [7), 132} 56, 57] to
our setting.

In the rest of this article, we denote by o, and p,, the n'" selection and resampling events,
respectively. We let A; denote the total number of resampling events up to time ¢, B; denote
the total number of selection events up to time ¢ and we set C; = inf{n > 0:¢ < 7,11} to be
the total number of events up to time ¢. We will also use the following quantities throughout,

At o Bz .
N, —1 N, +1
welf (%) w-Tl(%) z

=1



2.2 L? bounds for the empirical distribution of the process

For all bounded measurable functions f: E — R, all t > 0 and all x € F, we set

Quft) =B [1x) exp ([ 00X) X)) 10|

where we recall that 79 = inf{t > 0 : X; € 0}. This defines a Feynman-Kac semigroup (Q;):>0,
which is related to the binary branching model where particles move as copies of X that are
killed at rate x and branch at rate b resulting in the creation of two independent copies of
the original particle. The relation between () and this process is given by the well known
many-to-one formula (see for instance [35] and references therein, see also Remark [8)). In this
section, we consider the BBMMI defined above and study its relation with Q.

In what follows, we let m; (resp ;) denote the occupation measure (resp. normalised
occupation measure) of the particle system,

1
my = ZéXg’ t 2 0, 'ﬁlt = ﬁmt. (5)

ieS“t 0

The following result first provides an equality between a penalised version of the occupation
measure of the system at any time T and the semigroup @ at time 7. The second part is
dedicated to the control of the L? distance between renormalised versions of the semigroup Q
and the occupation measure of the process.

Theorem 6. Under Assumptions 1 and 2, the BBMMI satisfies, for all time T > 0 and all
bounded measurable functions f : E — R, the following many-to-one formula

moQrf =E (H? Hngf) . (6)

Moreover,

[l oo 1
< C explc||bl|oT = —,
S p(c/oll )mOQTlE/NO e

|t _ oot -

moQrly  mp(lg

Lor20
)
where C, ¢ are positive constants.

The proof of this result is given in Section |4] but let us first make some further comments
on the model and the above result.

Remark 7. In Theorem @ myg is assumed deterministic with total mass Ny. The result immedi-
ately extends to the case where mg is random by taking the expectation in (@ and (in the
latter, the right hand term may be infinite). Moreover, the expressions may also be written
in terms of the normalised measure, m, in which case @ becomes moQrf = E (H? Ery f)

and can be written as
o 1
< C exp(c||b]|T) 1]

' moQrf  mr(f)
9 moQrle \/ﬁ(f

moQrle  mr(lp
making explicit the ‘classical’ dependence N, /2 on the number of particles which appears on
the right-hand side.

) | —



Remark 8. When p = ¢ = 0, the particle system has the dynamic of the classical binary
branching process described just before the statement of the theorem. In this situation, we
have IT4 = H? = 1 almost surely, and we thus recover the classical many-to-one formula.

Remark 9. Although we have remained in the setting of binary branching in this article, it
should be possible to extend the definition of the BBMMI to allow for more general offspring
distributions when a (natural) branching event occurs by modifying the selection mechanism.
We intend to address this in future work.

Remark 10. The definition of our model allows a population with varying size by including
branching, death and Moran type interactions, which are key features in the context of pop-
ulation dynamics. However, when restricted to the situation where p = ¢ = 1 (so that the
size of the process remains constant equal to Np), Theorem @ extends the results of [57] by
allowing selection events. Similar results were also obtained in [51] (see also references therein
and the recent paper [12] for an adaptation to discrete state spaces, with more general in-
teraction mechanisms), where the process is constrained to remain of constant size Ny and
with uniformly bounded killing rate. Our main contribution to this constant size setting is
that our assumptions allow for hard killing events (a feature observed in several models, such
as diffusion processes killed at the boundary of a domain), that we consider general Markov
processes (allowing implicit dependence with respect to time and with respect to the past of
the process), and do not require continuity of the branching/killing rates with respect to the
empirical measure of the process. As is commonly observed in the literature, uniform con-
vergence with respect to time can be obtained assuming additional mixing conditions on the
semigroup @ (see the above references and also [20], 49, 53] for models with hard killing). We
illustrate this property in Section 3.1}

Remark 11. It is also possible to treat branching processes with non-local branching in this
setting. Indeed, consider a branching process where, between branching events, particles move
according to a Markov process (&;);>0 from their point of creation, and when at position z € E,
at rate 5(z), the particle is removed from the system and replaced by two particles at (random)
positions z1,zs € F, which may be different to x. Particles also undergo (soft) killing at rate
k(x). Denoting by (14):>0 the linear semigroup of this process, in this case, the many-to-one
formula is given by

Gilg)() = By [l X0 g (x|

where (X});>0 behaves like (& )>0, except that at rate 2b(X;), the process X; jumps to a new
location given by (8, +9.,)/2. We refer the reader to section [3.2|for an example of a branching
process with non-local branching.

Remark 12. The main property of the process (S, (X}).eg,)i>0 that is used in the proof of
Theorem [6] is the identity

_ t+s w
Etz [QT*(tJrS)f(th—&-s)1t+S<T1:| =E [QTf(tJrS)f(Y:ys)e Jo hd 1t+s<Ta] 1t<na (8)

where E' is the expectation on a probability space €' such that (Y'),>, i € S, are independent
copies of X, starting from X, at time ¢, and where

ha =YV ((Viiesy) + 1 ((Yd)ies,)-

j€So



This identity is derived from the Markov property, and the assumption on the dynamics of the
process (S, (X} )ses,)i>o0- As such, it is possible to see that Theorem @ still holds under milder
conditions on the construction. Specifically, suppose that there exist a filtered probability space
(Q, F, (Ft)t>0, P) and a progressively measurable process (S;, (X/)scg, )0 defined on this space,
such that the rates b',x’,p’, ¢ are no longer functions, but merely progressively measurable
processes, satisfying the equivalentd] of (2), (B):
bi — ki = b(X}) — K(X])
pi =0 whenever |S;| = 1.

Then the proof of Theorem [f] still holds, provided that condition can be verified in the
more general case, and where we interpret E! as the expectation conditional on the full sigma-
algebra F;. Of course, such a property is something that may, in certain settings, be obtained
through construction.

An example where such a construction might be natural is in a distributed computing
environment. In this case, one may look to break the particles into subsets which are handled
by separate processors with minimal communication. In this case, one may choose to impose
Noin — Nmag-like criterion on each separate processor. Roughly, each processor might be
allocated an initial set of particles, which evolve without communication (by only having
killing/branching events), so long as the number of particles remains within [Nyin, Nmaz)-
Since global properties of the particle system are only needed when resampling or selection
events occur, the need for communication events in the system, which cause computational
bottlenecks, could be minimised by choosing to allow these events provided the number of
particles on a given processor does not move outside a specified range. In such a case, the
number of particles on a given processor would depend on the allocation of particles to given
processors (and which may itself be randomised independently of the history of the particle
system). Then the processes b’ and &' would not be simply functions of the particle positions
(since we also need to know which particles are on the same processor), but would be expected
to be (Fi)i>o-progressively measurable, for an appropriate filtration, which may then be larger
than the filtration generated by the particle histories.

3 Applications

3.1 Population size dynamics with constrained population size

In this section, we introduce a branching model for a population where the size is constrained
between N, > 2 and N,ae = Noin and demonstrate that the results from the previous section
may be applied. In this model, we associate with each individual a health state x € F := Zi,
d > 1, which evolves according to the dynamics of a multi-dimensional birth and death process
during the life of an individual. The parameters of the pure jump Markovian dynamics are
denoted by

{ﬁz(x) = transition rate from z to x + e;,

d;(x) = transition rate from x to x — e,

!Technically, we need that the integrals of the respective processes are equal up to modification, that is,
t t

if we define I}"' := / (bi — k')ds and I} := / (b"(X%) — k(X%))ds, then we require the processes I! and
0 0

T2 to agree up to a modification. Note that as a consequence of the difference b(-) — (-) being bounded, this
implies that the processes are also indistinguishable.

10



where e; € Z‘fr denotes the vector with 1 in the i** position and 0 everywhere else, §;, ; : Zi —
[0,+00) for all i € {1,...,d}, and §;(x) = 0 for all x = (z1,...,24) such that x; = 0 (so that
the process cannot leave the set Z2).

When its health state is x € Z%, at rate () an individual dies, where x : Z% — [0, +00),
and at rate b(x), it gives birth to an identical individual with equal health state x, where
b: Z‘i — [0,400) is bounded. Note that, in our model, a higher health state may thus be
associated with a worse health condition. This corresponds, for instance, to the situation
where x is the size of a (harmful) parasite population or the concentration of a virus.

In addition, an external mechanism controls the total size of the individuals population:
the total number of individuals is bounded above by N,,.. by removing an individual chosen
randomly and uniformly in the population when the population size reaches N,,.. + 1, and
the total number of individuals is lower bounded by N,,;, by cloning an individual chosen
randomly and uniformly when the population size reaches N, — 1 (in the situation where
Npin = 0, this last mechanism does not operate).

Nmaa:
Formally, the state space of our population model is F' := U [E)Y, where [E]" denotes
N=Nmnin
the unordered N-tuples of E. We represent the elements of F' by x = [x1,...,Xy] and note
that repetitions are allowed. The extended infinitesimal generator of the process acting on
bounded mesurable functions f : F' — R, is given, for any x = [xy,...,xy] € F, by
N
LI = 303 (Bihi) Dre, f + 0%k Aeey S )
k=1 i=1
N N
+ Z b(Xk)Ax,xU[xk]f + Z K(Xk)Ax,x\[xk]f(X)
k=1 k=1
N 1 N
+ 1NNy Z K(Xk) N1 Z Ao\ gl xUlxel\xi] f
k=1 =10k
N T
+ 1NNy ; bO%k) ;(1 + L) Do) xlxal el

where
® X, 1s the ‘" component of xy,

* X+ eﬁi is x but with xy,; replaced by x;; + 1,

X — e{;’i is x but with x;; replaced by x;; — 1,

for all X,y, Ax,yf = f(Y>1y€F - f(X)lxeF,

forally € B, xU[y] = [x1,...,Xn,Y],

o x\ [xp] = [X1,. 0\ X1y Xpp15 - -5 XN

In a similar manner to the previous section, we denote by A7 the number of times an individual
is duplicated by the size constraining mechanism before time 7', and by By the number of
times an individual is removed from the population by the size constraining mechanism. We

11



also set (X(t))i>0 to be the population process, (|X(t)|)i>o0 its size, and (X;)e>o a multi-
dimensional birth and death process with (state dependent) transition rates 5 and 6. The
notation Py (respectively P,) is used for the law of the population process X starting from
x € F (respectively for the law of X starting from = € E). We denote as usual by E, and E,
the associated expectations.

The first difficulty is to ensure that the constrained branching model defined above does
not explode in finite time, where explosion is interpreted in the sense that infinitely many
jumps of the system happen in finite time. Indeed, since k is not assumed to be bounded, the
rate at which new individuals are added to the system is not bounded. The following result
provides a sufficient criterion for the non-explosion of the process but before stating it, let us
first introduce some definitions that will be used in what follows.

We say that two functions V' and k are co-monotone if (k(x) — k(y))(V(z) — V(y)) > 0
for all z,y € E. We say that V and s are almost co-monotone if there exists a function '
co-monotone with V such that x — " is bounded. We say that V' goes to infinity at infinity if
the set of # € E such that V(x) < ¢ is finite for all ¢ > 0.

Proposition 13. Assume that there exists a function V : E — [1,+00) almost co-monotone
with Kk, such that V' tends to infinity at infinity, and such that, for all x € E,

d

DBV (@ +e) = V(@) +6(@)(V(z —e) = V()] < OV(a), (9)

i=1
for some constant C € R. Then the process with transition rates given by L is non-explosive.

Remark 14. The proof of this non-explosion result makes use of the extended infinitesimal
generator of the particle system and of Dynkin’s formula. As a consequence, its proof can
be extended without too much effort to more general continuous time Markov processes, by
replacing the left hand term in @[) by the extended infinitesimal generator of the more general
process. One difficulty can appear though when the process is not a simple pure jump process
on a discrete state space: to prove in a general context that L (adapted to fit the general
individual dynamics of the particles) is indeed the extended infinitesimal generator of the
particle system can be challenging.

Remark 15. More complex resampling/selection mechanisms could be considered with only
slight modifications of the proof of Proposition 13| For instance, the main line of the proof
applies as well if N,,,, = 400, or if we assume that, immediately after each branching time

1 1
m TN a uniformly chosen individual is removed from the

population, and/or that, immediately after each killing time and with probability mT, a

and with probability 1 +

uniformly chosen individual is duplicated (where N is the population size just after the event).
Note that these choices of parameters may be used to model an increasing competition between
individuals when the size of the population increases.

Proof of Proposition |13 We define

VF — [1,4+00)

X = [Xq1,...,XN]| ZV(Xk),

12



so that V' goes to infinity at infinity and for x = [xy,...,xx] € F,

k=1 i=1
N
+ ) (b(xx) — K(xk)) V(xx)
k=1
N ] N
k=1 =10k
N [ X
— ]_N:wa Zb(Xk)N 1 Z(l + 1g:]€)V(Xg).
k=1 =1
Now let x" be co-monotone with V' such that x” = k — &’ is bounded. Then, using the fact
that b is bounded, we deduce that
| X N N
LV(x) < (C + [Iblloc)V(%) + Inanin | 77 ; K (Xy) ZZ Vi(xe) - ; K (xp)V (x5)

N2y n | (S K (x) NV (%) N K () V (x)
e () (B - pee
<(CH+ blloe + 41" [|0)V (%), (10)

where we used the fact that " and V are co-monotone and the FKG inequality for the last
inequality.

For all n > 1, let U, = {x € F, . {r?aﬁ I}Xk > n} and define the random variable

€1,..., X

0, :=inf{t >0, (X},...,X}Y) € U,}. Note that 6, is a stopping time since the constrained
branching process is cadlag. Moreover, denoting by C), the set of points in F' that can be
reached in one jump from F'\ U,, we observe that C,, is bounded and hence that V(X;ag, ) is
almost surely uniformly bounded in ¢t > 0. In particular, we deduce, using Dynkin’s formula
and the inequality , that, for alln > 0, all £ > 0 and all x € F,

Ex(V(Xino,)) < V(x) + (C +[[bllc + 4\!H/'\Ioo)/0 E.(V(Xsno,)) ds.

13



Hence, using Gronwall’s inequality, we deduce that
Ex(V (X, )) < V)l CHHI 1071,
Since {Xpg, € Uy, 0, <t} = {0, <t} up to a negligible event, we conclude that

inf V(y)Px(6, < t) < V(x) et (CHIblloo+4[15"]loo)

yeU,

Denote by 7. the explosion time of the process. Since the jump rate of the process is bounded
up to time 6, we deduce that 6, < 7., almost surely. Hence

V() eH(C+ Mlloo 41" o)

Py(7e0 < 1) < . =
(T ) 1nnyUn V(y) norteo

so that 7., = +00 almost surely. This concludes the proof. ]

Since the process defined in this section is a particular instance of the process described in
Section the following corollary is a direct consequence of Proposition [13] and Theorem [6]

Corollary 16. Under the assumptions of Proposition[13, we have, for all T > 0, all bounded
measurable functions f : Z% — R and all initial position X(0) € F,

1X @)

Ex(o) | 7117 ; JX()r) Z Ex (o), { f(Xy) exp (/Ot(b(Xs) - R(Xs))dS)]

where

A]\[mm_1 Ar Nmaz 1 br
H?:(—N- ) andH?z(—NjL )

In addition,

O B, [ £(X0) exp (fo'f (b(X,) = £(X,) ds) | O (X))
>0 By, [exp (JE(0(X.) — (X)) ds)] ~ TR 2
<ar- 151 !

b SR Ex, e (00X, — s(x.)ds)] VXOT

Our aim is now to study the long-time behaviour of the (normalised) empirical distribution
of the health parameter across the population. We assume that there exist constants C; >
0,Cs > 0,719 > 0,179 > 0 such that, for all x € Z‘i satisfying |z| > ny,

d

> (6t) = Ale) 2 Culel (1)
3 (60) = i) 2 bl = ba) + )l 12
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Proposition 17. Assume that and hold true and that X is irreducible. Then there
exists a probability distribution vx on Z‘fr such that, for all probability measures p on Zi and
all bounded measurable functions f on Zi,

B, (F(X)exp (Jy b(X.) — n(X.) ds) )
E, (exp (fot b(Xs) — k(Xs) ds))

for some constants Cx > 1 and vx > 0. In addition, there exists a bounded function nx :
Z% — (0,400) and Ax > —||b||o such that for all probability measures i on Z2

—vx(f)] < Cx e || flloo, (13)

B, (e [ 6000 —x(X)ds) ) = e uton), 20

Proof of Proposition[17. First observe that, for all bounded measurable functions f : Zi - R,

B, (700 e ([ 806) = n00)ds) ) = =B (FX0).

where PZ and EZ denote the law and associated expectation of the birth and death process X°
with birth and death parameters 3 and 0, killed at rate x” := ||b||cc — b+ & at a time denoted
by Tg. We now prove that there exist vy, Cx > 0 and vx > 0 such that, for all bounded
measurable functions f : Zi — R

B, (F(XD) |t <75) —vx (D] < Co e[ fllec, (14)

which is equivalent to ((13]).

In order to prove ([14)), we check that the assumptions of [T, Theorem 2.4] hold true. Since
the proof is similar to Theorem 4.1 in the above reference, we only recall the main ingredients.
Set W (z) = |z| for all z € Z%. Assumption implies that, for all x € Z", large enough,

D [Bi@) (W + ) = W(x)) + 6i(2)(W(x — e;) = W(x))] < =CW ().

=1

This classically entails that the birth and death process on Z‘fr with birth rates § and death
rates § (without absorption) is non-explosive and comes down from infinity. This implies that
the process is regularly absorbed (as defined in (2.1), p.55 of [I1]) and that Assumption 3
in [I1] is satisfied.

Moreover, choosing appropriately a; > 1, as > 1 and ¢ > 0, and setting

|| 400

1
Zﬁad ﬁ,

k=|z|+1

one deduces, using the same computations as in Section 4 in [I1], that Assumption 1 of [I1] is
satisfied. The only difference is that the infinitesimal generator that one needs to consider in
the present case is

Lf(x) = Z Bi(@)(f(z + e;) = f(2)) + 8i(2)(f (2 — e5) = f(2))] = K" () f(2).

15



Finally, Assumption 2 in the above reference is immediate since the process is irreducible in
a locally finite state space. This shows that [I1, Theorem 2.4] applies to X°, which concludes

the proof of .

The last assertion of the proposition follows from [10, Proposition 2.3]: it implies that there
exists A9 > 0 and a bounded positive function nx such that

B, (nx(X})) = e™"x.

lIblloot

Multiplying by e and setting Ax = Ao — ||b]|oc concludes the proof. O

We consider now the situation where x is bounded and where N,,;, is large, and prove that

the normalised empirical distribution of the population health’s parameter converges

mT( 1 E)
toward vx when N,,in, Npae and T go to infinity.

Proposition 18. Assume that the conditions of Proposition hold and that k is bounded.
Then, denoting by mg the initial empirical measure of the population’s health parameter and
setting mg = mo/mo(1g), we have

mr(f) Es, [f(Xt) exp (f(f(b(Xs) — k(X)) ds)] o
1R [ o (000 k)], = O W

2

where a = vx /((c+ 1)||bllo + [|£]loe +7x) € (0,1), Cx,vx are from Proposition[17, and C,c
are from Theorem[6. In particular,

H mr(f)

mT(lE

)_VX(f)

< [@Cx + OINLa | flloe + Cx | (1

2

Remark 19. This result can be adapted to include the case where X is a Markov process with
hard killing at a boundary when the property obtained in Proposition [17|is known to hold true
(see for instance [23] [10, [9, [36], 25]), provided one can prove that the particle system does not
degenerate toward the boundary. However this can be challenging, see for instance [33] 56, [5].

Proof of Proposition [1§ We assume without loss of generality that || f|l« = 1 and that Ny, >
v/ Ninae (otherwise the result is trivial). We define the semigroup @ by

Qf(z) = E, [f(Xo exp ( / (b(X.) = k(X)) dsﬂ .

We have, by Proposition (17| applied first to u = meQr_¢/moQr_1g and then to mp_, =
mr_y/mr_1g, and by Theorem [6] for all 0 < ¢ < T,

‘ moQr f _ mT(f) <’ moQr— Q¢ f _ mTﬂt(Qtf)
moQrly  mr(lg)|ly, ~ ||moQr—Qily  mr—(QilE)

‘ mr—(Qif) _ mr(f)
9 mTft(Qt]-E) mT(lE)

2

Q15w 1
mr_1Qilp vmr_1g

< 20xe ¥ + Cexplc]bllnt) ] (15)

)
2
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where

Q15w 1
mr_1Qilg vmr_1g

exp(|[bllt) 1
2 N exp(—”m”oot) Nmin

Set
In (\/ Nmzn)

(c+ Dbl + N5 lloo +7x’
so that e™xt0 = (D bletlnlooto /o /N - 1f T >ty then choosing t = t, in (15]), we get

H moQrf  mr(f)

moQrly  mr(lg)

ty =

< (2Cx + C)e Xt
2

— (2Cx + C)N,, 2/

min

X
(¢4 Dblloo + [1Klloo +vx

H moQr f . mT(f)
moQrly  mr(lg)

with a =

. For T' < ty, Theorem ﬁ implies that

1
< Cexp ((c+ 1)[[bllscto + [|K]locto)

2 V Nmzn
— ON_%/?

which concludes the proof of the first inequality in Proposition (I8 The second inequality is
then a straightforward consequence of the first inequality and of Proposition O

3.2 Piecewise deterministic Markov processes

Due to Assumption 1 in Section [2] the results presented thus far do not hold for the case where
(X¢)e>0 is a piecewise deterministic Markov process (PDMP) and E is a bounded domain with
absorbing boundary conditions, since two independent copies of the process may hit OF at the
same time. In this section, we consider a particular example, namely the neutron transport
equation (NTE), in order to discuss a way to avoid this problem.

The NTE is a balance equation that describes the behaviour of neutrons in a fissile medium
such as a nuclear reactor. In such systems neutrons move in straight lines with a fixed speed
until they either come into contact with the boundary of the reactor, at which point they are
absorbed, or they collide with the nucleus of an atom. When the latter occurs, either the
neutron undergoes a scattering event where the particle bounces off the nucleus and continues
its motion but with a new velocity, or a fission event occurs where the collision causes new
neutrons to be produced with identical spatial positions, but potentially different velocities.

In this setting, we have £ = D x V where D C R? is the spatial domain, which we assume
to be open and bounded with smooth boundary, 9D, and V = {v € R® : v, < || < Vsmaz }
is the velocity domain, where 0 < v, < Upae < 00. The NTE can then be stated as follows:

D ha(r,0) = 0 Vi, v) — (0a(r,v) + o8, 0) e(r, v)

ot
—|-O'S(T,U)/ wt(r,v’)ws(r,v,v’)dv’—i—af(r,v)/ Py (r, V) e (ry v, 0") A (16)
v %
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where

os(r,v) : the rate at which scattering occurs from incoming velocity v at position 7,
o¢(r,v) : the rate at which fission occurs from incoming velocity v at position r,
7s(r,v,v") : probability density that an incoming velocity v at position r scatters to an

outgoing velocity, with probability v satisfying [i,7s(r, v,v’)dv" = 1, and
me(r,v,0") : density of expected neutron yield at velocity v’ from fission with

incoming velocity v satisfying [i, m¢(r, v, v")dv’ < oo,
Moreover, we impose the following initial and boundary conditions

vo(r,v) = g(r,v) forre DveV,
(17)
P(r,v) =0 forre 0D if v-n, >0,

where n, is the outward facing normal of D at r € 9D and g : D x V' — [0, 00) is a bounded,
measurable function.

Under the assumptions,
(A1) og, 0¢, s and 7¢ are uniformly bounded away from infinity.

(A2)  inf  (os(r,v)ms(r,v,0") + o¢(r,v)me (r,v,0")) > 0,

reDvv' eV

it was shown in [14] 36] that the NTE can be modelled using a weighted PDMP, also known
as the neutron random walk (NRW). More precisely, setting

a(r,v) = os(r,v) + oz (r,v) /wa(r,v,v')dv' (18)
m(r,v,0") = (a(r,v) ! o (r, v)ms(r,v,0") + o¢(r, v)me (r, v,0")] (19)
B(r,v) = a(r,v) — os(r,v) — o¢(r,v), (20)

we define the NRW ((R;, YT)¢>0, Pr0)) as follows. From an initial configuration (r,v) € DxV,
the particle will propagate linearly until it is either absorbed at the boundary of the domain
or, at rate o the process scatters off a nucleus and a new velocity is chosen according to .
Then, for a bounded, measurable function g, and (r,v) € D x V

Uilg)(r,v) =B [efo BURT2)ds o Rt7Tt)]—(t<TD)] 7

solves —, where 7p is the first exit time of the NRW from D.

It was also shown in [36] that if (A1) and (A2) are satisfied, and that if there exists an
€ > 0 such that

(B1) D, ={r € D :infcop |r — y| > EVpax} is non-empty and connected,

(B2) there exist 0 < s. < t. and v > 0 such that, for all » € D\D,, there exists K, C V
measurable such that Vol(K,) > v > 0 and for all v € K,, r + vs € D, for every
s € [se, t.] and r +vs ¢ OD for all s € [0, 5],

the semigroup (¢):>o exhibits the following Perron Frobenius behaviour.
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Theorem ([36]). There exists a A\ € R, a positive right eigenfunction ¢ € LT (D x V) and a
left eigenmeasure which is absolutely continuous with respect to Lebesgue measure on D X V
with density ¢ € LT (D x V), both having associated eigenvalue e™*, and such that ¢ (resp.
@) is uniformly (resp. a.e. uniformly) bounded away from zero on each compactly embedded
subset of D x V. In particular, for all g € LT (D x V),

(@, delgl) = e (@g)  (resp. dulp] = eMp), t2>0. (21)
Moreover, there exists € > 0 such that
sup e ™0 hilg] = (@, 9)|| . = O™),  t>0. (22)

9ELL (DX V):|lgllec<1

This theorem therefore provides a way to build Monte Carlo simulations to estimate the
eigenvalue A, and the eigenfunctions ¢ and ¢ via the NRW. We refer the reader to [15] for
further details. However, although simulating a single weighted path has advantages over
simulating an entire tree of neutrons, the transience of this process means that many of the
particles exit the domain relatively quickly and therefore, a large number of simulations are
required in order to obtain information about the system. This also leads to problems with
the variance of the estimators. In order to deal with this problem, the notion of ‘h-transform’
was developed in [15], where one biases the NRW to prevent it from exiting the domain.

More precisely, let h be a bounded positive function on D x V such that h = 0 on 9D and
define the following change of measure,

dP} Jh(Rs, Ys) M h(Ry, Y
7’1)) L (_/ =lfLsy 1s) ) H Tiy T
_— = exp 1 (t<rP)>s (23)
dP (rv) (o, Ts),5<t) 0 h R57 T h RT , TT 1)
where
3g(r,v) = alr,v) / l9(r ') — g o), v, ), (24)
1%

(T})i>0 are the scatter times of the NRW with Ty = 0, and N, = sup{i : T; < t}.
Then, ((R,Y),P") also defines a NRW but with scattering operator
h(r,v")

Jhg(r,v) = a(r,v) /V[g(r, V') — g(r,v)] h(r’,v) 7(r,v,v")dv'. (25)

The idea is that the factor h(r,v")/h(r,v) in the above integral forces the NRW to scatter
when it is approaching the boundary, thus preventing it from being killed. Thus, if we can show
that this process satisfies Assumption 1, we may use the BBMMI process in conjunction with
the h-transformed process to estimate the leading eigentriple (A, ¢, @), for example. Indeed,
it is straightforward to show that the leading eigentriple of the h-transformed process is given
by (A, ¢/h, hp) and so we may use the BBMMI process to estimate this triple, and hence
obtain an estimate for the original quantities (A, ¢, ). The rest of this section is dedicated
to verifying Assumption 1 for the transformed process. We refer the reader to Section for
the numerical aspects.

To this end, fix § = 1/(2||a|) and let ¢ : [0, +00) — [0,d] be a regular non-decreasing
function such that ¢(x) = x for all = € [0,§/2] and ¢(x) = ¢ for all x > §. We set

h(r,v) = ¢ (Krp) -

Using the following result, one can express expectations with respect to P as Feynman-Kac
formulas related to P". In what follows, we say that (r,v) is in a vicinity of 9D if h(r,v) < §/2.
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Lemma 20. Suppose (A1), (A2) hold. A process with law P?r,v) does not hit the boundary with

L L
probability one. Moreover, setting b = (Th) and Kk = (%) , the function b is bounded on
+ —

D x'V and k is locally bounded. Let P, be the law of a process with law PM with additional
soft killing at rate k, then we have

! ) Tt
E (rv) [f(RtJ Tt) (t<rP } - h(?” U) E(r v) |:6Xp (/0 b(RS7 TS) dS) %1(t<ﬂc):| ) (26)

where T, denotes the soft killing time of the process with law Py,

Proof. We have

%[9](73?))
P Ih(Rs, Ys) (Rp, T )
E # T I 1 T 1 2
(rv) p(/o h(Rs, Ys) B(Rs, )H W Rz, Y1) (R, Ty) (t<7D) (27)
Note that .
inf  lim |U|(/€T’U —) > 0, (28)

reDweV s—kD, h(r + vs,v)

where 7, :=inf{t > 0: r +vt ¢ D}. Hence, Theorem 7.1 in [I5] implies that, under P?w),
re D,veV, (R,T) does not hit the boundary with probability one.
Recall that the infinitesimal generator associated to ((Ry, Y¢)i>0, P) is given by

Lf(r,v) :Tf—i—a(r,v)/v(f(r,v’) — f(r,v) w(r,v,0"), dv,

where T is defined for regular functions by Tf(r,v) = v - V,f(r,v) and, more generally and
when the limit exists, by

In particular, the conditions of Remark 7.1 of [15] are satisfied and hence

tLh(RS T ) h(Rt Tt)
_ . ) Sd ) 1 Dy, 2
e"p( / h(R.. Ty) ) W) L) (29)

dph

(r,v)

dP .0

o((Rs,Ys),s<t)

Finally, we obtain, for all measurable functions f : D x V' — [0, 400),

By [F(R 0 L] = () By [ ([ EE T ) LU 0]

where have used the fact that 1,0y = 1, P’(Z,,yv)—almost surely, deduced from (28]). Now,
Lh Lh
introducing b = <7> and Kk = (T) , and considering the law P of a process with law
+ —

Pf}v with soft killing at rate s, we deduce that

! Ry, Ty
E( .. [f(Rt,Tt) (t<7-D):| = h(r,v) Ef . {exp (/0 b(RS,TS)ds) £2Rt T il(Km)] , (31)
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where 7, denotes the soft killing time of the process (with law me with soft killing at rate k).
Now, we observe that, in a vicinity of 0D,

Lh(r,v) = =1+ a(r,v) /V(h(r, V') = h(r,v)) w(r,v,0") dv’ (32)
< =14 |aljed = —1/2

and hence that
Lh(r,v) -y
sup ———= 00.
(r,v)eDXV h(ﬂ U)
This implies that b is bounded. The fact that k is locally bounded is an immediate consequence
of the regularity of h. O

Our aim is now to apply the results of Section to the Feynman-Kac expression in
order to obtain information about P. Assumption 1 is clearly satisfied by a process with law
P’(“w), and it only remains to check that Assumption 2 holds true in order to apply Theorem
This is the purpose of the following result. In what follows, we refer to a bounded BBMMI
as any BBMMI whose selection mechanism imposed by the parameters p' results in a size

constrained process, i.e. there is a constant N, such that N, < N,,., for all ¢ > 0.

Proposition 21. Under the assumptions (A1), (A2), (B1) and (B2), any bounded BBMMI
driven by P,y satisfies Assumption 2.

Proof. We denote by o1 < 09 < ... the sequence of times at which events occur for a given
particle in the system (each time is either a scattering, a branching or a soft killing). Note
that each time o, is well defined since, almost surely, the number of event occurring before
a time T' goes to infinity when T" — +o00. Since one can use the strong Markov property at
the birth time of the given particle, we assume without loss of generality that the particle is
already alive at time 0.

From the expression of the scattering operator J; in , one observes that the scattering

h /
rate toward a direction in a set V' C V is given by [ a(r,v) h((r, U))
v/ r,v
the assumptions (B1-2), there exists € > 0, § > 0 and 1 > 0 such that, for any point r € D,

there exists V,. with r + [0, 8]V, € D and Leby((r + [0, 8]V,) N {r’ € D, d(+',0D) > €}) > n,
where Leb, denotes the d-dimensional Lebesgue measure. In particular, using the fact that
h(r,v") is lower bounded on V, (uniformly over r € D). We deduce that there exists a constant
s > 0 such that the scattering rate toward a direction in V. is lower bounded by s/h(r,v),
uniformly in (r,v) € D x V.

Using to bound Lh from below, there exists a constant ¢ such that the total rate at
which a particle undergoes an event (either a scattering, a branching or a (soft) killing) is
upper bounded by ¢/h(r,v), uniformly in (r,v) € D x V. Hence each event has a probability
greater than s/¢ to be a scattering event toward a direction in V,, independently of the past
of the process, and in particular independently of the time event o,: formally, for all n > 0,

7(r,v,v")dv’. But, under

P" (0, is a scattering event and (R,,,Y,,) € {Rs,—} X Vi, _ | 04, Ro,—, Vo) =5 /2> 0,

where (R, Y) denotes the position and direction of the given particle.
Now, using the fact that the killing rate and the scattering rate are uniformly bounded in
{r" € D, d(r',0D) > ¢} and the fact that the total branching rate of the system is uniformly
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bounded, we deduce that there exists a constant p > 0 and a time 7" > 0 such that, for all
rEDandUEV},P(alzT)zg_).
Hence, we deduce from the strong Markov property that

PH(0n+1 < T) < E” []—Un<T PKXgn (01 < T):|
< E" [1%0 (1 — 1y, cv,, Pk (01 < T))}
S EF |:1O'n<T (1 - 1TUTLEVRgnE>:|
<P%0, <T)(1-5s/cp).
This shows that the number of events occurring before time T is stochastically dominated by
a geometric random variable with parameter s /¢p > 0, so that it is finite almost surely and
that its expectation is bounded by a constant a. Since this is true for all particles, we deduce

that total number of events has an expectation bounded by N,,..a. Finally, observing that
this bound does not depend on the initial position, we deduce using the Markov property at

times T, 2T, ... that the number of event occurring before a time horizon nT is bounded by
kN,,q-G, and hence that it is finite almost surely.
This concludes the proof of Proposition 21} ]

3.3 Numerical properties of the constrained branching process

The aim of this section is to discuss some of the numerical properties of the N,,in—Npae Process
defined in Section see Remark [4] In Section [3.3.1] we first make comparisons between this
algorithm and the fixed size Moran type algorithm studied in [I8, 19]. We will often use the
abbreviation F'V IPS to refer to the latter, in reference to the name Fleming Viot interacting
particle system, which has been used in several instances in the literature. In Section [3.3.2]
we introduce a filtering method to deal with numerical discrepancies occurring in situations
where IT4I12 has high variance.

3.3.1 Comparison with the FV IPS

We recall that the FV IPS simulates a set of N sub-Markov processes, until the first time one
of the particles dies, at which point a resampling event occurs by uniformly selecting one of the
remaining N — 1 particles and duplicating it. Note that the FV IPS is a particular instance
of the Nyin—Npaee IPS, with a null branching rate and N,,;, = Npee = N. In particular,
Theorem [6] applies to the FV IPS (see [57] for an analogous result in the FV case).

In some situations, it is possible to use the FV IPS to approximate quantities associated

with branching processes. Indeed, it is well known that for a branching process X = (X;):>0,
under fairly weak assumptions, the following many-to-one lemma holds

Ulfl(2) = B [(7, X)) = B, [ei 2099 (v;)]

where 3 is determined by the branching rate and mean offspring of X, and the law of Y is
uniform amongst all paths of X. In the case where ( is uniformly bounded above, one may
compensate the right-hand side above by its maximum, 3, to introduce a penalised process:
UF[f](z) = e P [f](z). The penalisation has the effect of killing Y at an additional rate
[ — 3, thus yielding a sub-Markov process with semigroup «¥. This then allows one to use the
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FV IPS to obtain estimates of this semigroup and, in some situations, of its associated quasi-
stationary distribution, for example. In general, the use of the FV IPS for the approximation
of quantities related to some non-conservative semigroups is widespread, see for instance [6]
18, 51, 32], 56, 34, [§].

In this section, we show on a simple example that the N,,;;,—Nyq algorithm allows one to
overcome some of the limitations of the FV IPS. For simplicity, we only consider the situation
where Nyin = Noaz-

A simple branching birth and death process. We consider a birth and death process
on F ={1,..., M} for some parameter M € N. For a particle occupying state x, one of the
following things may occur:

e the particle jumps with rate 2, to state 1V (z — 1) with probability and to state

x
1
x4+ 1) A M with probability ——,
(z +1) p Y o1
e at rate b(x) = x, a new particle is produced at the same site, which will continue

independently the same behaviour as the original particle.

In this situation where the state space is finite and irreducible, it is well known that
the semigroup (¢;):>o admits a limiting distribution up to an exponential rescaling (see for

instance [16]): there exist a constant Ay € R, a positive function ny : {1,..., M} — (0, +00)
and a probability measure vy, on {1,..., M} such that
sup e My [f](2) — mu(@)var (f)| < Cae™ ™, t >0,

for some positive constants Cyy, vay.

The associated birth and death process with killing evolves on {1,..., M} with the same
jump rates, without branching, and with the additional killing rate x(x) = M — z. Denoting
as above by 1* the associated sub-Markov semigroup, we have ¢y = e M4, and hence

sup | e =M £ () — mar () v (f)| < Cage™ ™"
F{L MY flloo<1

Theoretical convergence of the N,,;,—N,,.. and of the FV IPSs. In what follows, mﬁy
refers to the empirical measure of the N,,;,—Ny.. particle system at time 7', associated to the
above branching birth and death process, and ,qu‘ff refers to the empirical measure of the FV
IPS with N := N,in = Niae particles at time T associated to the above killed birth and death
process.

In particular, Proposition can be adapted to our setting and hence, in the situation
where N,in = Npae = N,

Hm%f)

_ 20+ O)f
s <

+Cx e flloe-
5 No/2

- VM(f)

for some a > 0. Using the fact that the N,,;,— N process is ergodic, we deduce that its
normalised empirical stationary distribution Xa (the normalised empirical distribution of a
random vector of particles distributed according to the stationary distribution of the N,,;,—
Nynaz process) satisfies

() 7 v,
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N =10 IE(Ox) — var(far)] Std(fy) (Ar + Bp)/T

=10 | Noin~Nga 0.08 0.30 14.0

FV 0.10 0.41 87.2

A — 100 | NominNinas 0.08 0.30 14.0

FV 0.20 0.51 988

M — 1000 | Nevin~Nonaa 0.08 0.30 14.0

FV 0.22 0.53 9989

M = too | NminNras 0.08 0.30 14.0
FV * * *

Table 1: For each value of M € {10,100, 1000, +occ}, we display the bias of the estimator
éN, its standard deviation, and the number of events, for the N,,;,—Npae algorithm (for which
On = XM(far)) and for the FV IPS (for which Oy = Y (fa)) with N = Npin = Npaw = 10
particles. Note that the FV IPS is not defined when M = +oc.

for all function f: {1,..., M} — vy. Similarly, the normalised empirical stationary distribu-
tion VA of the FV particle system satisfies

M L
I () w—— vm (f)-
—+00
These theoretical convergence results ensure that both algorithms can be used to approxi-
mate the limiting distribution ;. It remains to compare their performances via numerical
simulations.

Numerical comparison of the N,,;,—N,... and the FV IPSs. We now consider the
problem of numerically approximating the mean of vy, that is vy (far) with fi(z) = x for all
x € {1,...,M}. The estimator is Oy = X (far) (resp. Oy = YV (far)) for the Npin— Nz
(resp. FV) IPS, and we compare three important metrics determining the performance of the
algorithms:

e the bias of the estimator, |E(0x) — vas(far)],
e the standard deviation of the estimator, Std(dy),

e the number of interaction events, (Ar + Br)/T, which corresponds to the number By of
selection events in the N,,;,—Nyae algorithm and the number Ar of resampling events in
FV IPS, per unit of time.

The last metric (A7 + Br)/T is particularly important since it entails that the total number
of interaction events grows (at least) linearly in time.

For N = 10 and then N = 100, we let the upper bound of the state space M vary
in {10,100, 1000, +occ}, and present the results in Table [1| for N = 10, and in Table [2| for
N = 100. For each metric, a lower number indicates that the algorithm performs better.
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N =100 IE(Ox) — var(far)] Std(fy) (Ar + Bp)/T
M= 10 Noin—Nomax 0.01 0.12 144
FV 0.02 0.18 857
M = 100 Noin—Nomax 0.01 0.12 144
FV 0.10 0.39 9866
M — 1000 Noin—Nomax 0.01 0.12 144
FV 0.20 0.50 99873
M= 4o Noin—Nomax 0.01 0.12 144
FV * * *

Table 2: For each value of M € {10,100, 1000, +occ}, we display the bias of the estimator
éN, its standard deviation, and the number of events, for the N,;,—Npae algorithm (for which
On = XY (fur)) and for the FV IPS (for which Oy = Y (far)) with N = Npin = Npaa = 100
particles. Note that the FV IPS is not defined when M = +oc.

We can see that, for this particular example, the N,,;,—Nnas algorithm performs better in all
situations, with respect to all metrics. Moreover, the bias of the FV approximation increases
when M increases, while the variance of the estimator also increases and the computation
cost increases. Without surprise, increasing M does not change the dynamic of the N,,;,—
Npae algorithm, since very few particles, if any, reach the boundary M even when M = 10.
Further, this suggests that it should be possible to extend the N,,;,—Npa algorithm to the
case of unbounded branching rates, and this is supported by the numerical simulations when
M = 400 (for which the FV IPS is of course not defined), although it is not covered by our
main result. We intend to address these questions in future work.

Remark 22. We note that the birth-death process studied above is a typical example of the
type of setting where the N,,;,—Np. process may outperform the FV IPS. Here, we briefly
outline another example where this is also the case.

We consider a branching random walk on {0, ...,n} for some n > 1 with a time inhomoge-
neous branching rate. More precisely, let (X});>o denote a continuous time random walk on Z
that moves one step to the right with probability p € (0,1) and one step to the left otherwise.
Each step is taken after an (independent) exponentially distributed time with parameter 1.

Now let b,k : {0,...,n} — [0,00) be bounded measurable functions and &,, & be expo-
nential random variables, that are independent of each other and X, and define

¢
P =inf{t >0: / b(Xs)ds > &},
0

and .
™ =inf{t > 0: / k(Xs)ds > &}
0

Further, set 7, = 70 A 7F. If 7, = 7}, a new particle is added to the system at position X,
which continues the same behaviour as the original particle. If 7 = le, the particle is removed
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from the system. We can then define 7 to be the first time after 7 that one of the particles
alive at time 71 branches or is killed, and this process continues iteratively.

Letting N, denote the number of particles alive at time ¢ > 0, and {X} : i = 1,..., N;}
their positions, the branching random walk is defined as

Ny
1=1

We now consider a time-inhomogeneous version of the above process. We consider a se-
quence of switching times 0 = Tg™ < TP* < TP < T5* < T9™ < ..., defined via
T;OH = j;o_ff + ei71(50n>7 (s 17

and
/Ivioff — /Ivion + ei(soff)7 Z Z 1’

where e;(Soss) and €;(s,,) are independent (of each other and everything else) exponential
random variables with rate s.¢s and s.,, respectively. For Yl‘ff <t < T Z evolves as above
but with b = 0, i.e. each particle moves as a random walk until it is (possibly) killed, until
time 77" At time 77", we sample from an exponential random variable with rate B € (0, 00)
and set b to be this value. For T <t < T?™, Z; then evolves as the branching random walk
with branching rate b for each particle. At time 77, we again set the branching rate to be 0,
and continue this process until some terminal time T'.

We can see that in this case, while the branching rate is bounded almost surely on any
compact time interval, we may simulate the process according to the Algorithm 1. However,
we cannot use the fixed size Moran type algorithm since we do not know the upper bound for
the branching rate.

However, there are other circumstances where the FV IPS may perform at least as well as
the Nyin—Nmaz process due to large deviations effects. We refer the reader to the next section
for a discussion and possible solution to this.

3.3.2 Particle filtering methods for the penalised particle system

In many applications, it can be of interest to estimate numerically the growth rate of the
semigroup () for large times. A natural conjecture is that for large times T, moQrf =~
(mo, V), fe M, where ¢ and 1) are the left eigenmeasure and right-eigenfunction respec-
tively of the operator @), and A is the Lyapunov exponent for (). One can try to estimate A by
computing the quantity moQrf for large times T'.

By Theorem |§|, one method for estimating A would be through equation @, so that we
can simulate the (myp, 14, 15)-system and estimate A by:

A= %log (P11 mep(1)) = %log (IIP117) (33)

for T' large. In practice, however, this is numerically a poor choice of estimator, due to large-
deviation effects. The presence of the ‘exponential’ functionals, H?, I12 mean that significant
contributions to the expectation will be made by paths of the N,,;,—Npa: process which have
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probability e~°7, and so infeasibly many simulations will be needed to compute an unbiased

estimate for \. A simple solution is to replace the estimator by

-1 1 4 1z
)\ — _1 - i+1 i+1
ot 8 [nz ( TP

<<n

, (34)

’ T
where t; = T% and 0t = N In many examples, under conditions which ensure that the

process is ergodic and thus converges to a stationary distribution, as T — oo, for fixed dt, the
estimator A can be shown to converge to A (e.g. [24]).

In some cases the expression in may not be valid and we can only use estimates of the
form in (33). Examples may be when the process is not ergodic, or the system is not time-
homogenous, such as the example given in Remark 22| In such circumstances, we propose a
novel Monte Carlo method to compute estimates of X\. Specifically, we note that the N,,;,—Nyaz
process X; := {X}, ..., X}*} defines a continuous time Markov process, while the processes A,
and B, corresponding to the number of selection and resampling events, are themselves additive
functionals of the Markov process. Estimation of A corresponds to computing a Feynman-Kac
type exponential functional for a Markov process, and it is well known that estimating such
functionals can be performed efficiently using interacting particle simulations, [211, 20} 19} [1§].
This suggests an algorithm as follows, assuming that b’, x’, p’ and ¢’ have been chosen:

1. Fix T, N*,6t, Ny, zy. Initiate with ¢t = 0, and X*,..., X" each containing N, particles
of initial value x. Set W = 1.

2. Run each X* from time ¢ to time t = min{t + ¢, T} according to the Ny — Npas
A TI%
NP NEE

algorithm above, setting w; :=

N*
1
3. Set W := W x (mzlw>

4. If t' < T, set t = ', resample each X’ from the existing particles {X*,... AN} with
probabilities proportional to wy, ..., wy~, independently (multinomial resampling). Re-
turn to step 2.

5. If ' =T, stop, and return
1

A= T log (W).

Here, the choice of multinomial resampling could be replaced by other resampling schemes.
Similarly, the resampling could be conditional on properties of the particles (e.g. the effective
sample size). We compare the effectiveness of the two methods in Figure , for a simple
Markov process where the true value of the Lyapunov exponent can be calculated accurately
numerically. We note that both methods have similar computational effort, and neither appears
to converge to the ‘true’ eigenvalue, however the particle filter method achieves a much better
numerical estimate of .
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(a) Single Trajectory Simulation (b) Particle Filter Simulation

Figure 2: We use two methods described above to estimate the eigenvalue A. The first sim-
ulation (left) estimates A\ using , based on a single trajectory run up to time 7" = 4000.
The true value of A is highlighted with the orange line, the green line represents an analytical
estimate of the convergence value for the simulation (in this case, an estimate of the average
growth of the exponential weights under the stationary measure for the system). In the sec-
ond figure (right), A is estimated using an interacting particle system, as described above. In
this case, the particle filter has 100 particles, and is run for a total time of T = 40, giving
comparable computational effort. It should be noted however that the second case also has a
computational cost associated with the resampling scheme applied, and so the overall compu-
tational cost will be higher depending on the resampling scheme applied, and the frequency of
resampling events.

4 Proof of Theorem

This section is dedicated to the proof of Theorem [0, which is rather long and so we break it
up into five steps. In the first three steps, the main idea is to define two martingales Ml and

M such that

vl — v = P (M, — M, +ZHAHBM -M,, +ZHAHBM ~M,, )

A
+ ZH TE (M, — M, ),
(35)
where o, and p, denote the n'™ selection and resampling events, respectively, and
vl =TMIE Y " Qroof(X)).
ieSt

The martingale M compensates the evolution of the branching process between resampling/selection
times. The martingale M compensates the evolution of the particle system during resam-
pling/selection events.

The many-to-one formula @ then follows. The final two steps make use of the following
technical lemma to control the L? norms of the martingale increments in order to obtain .

28



Lemma 23. For all ¢ > 1, for all T > 0,
¢
E((119)") < expledlbllT),

where

coi=supzx ((1+1/z)" —1).
r>2

In addition, denoting by Br the total number of branching events (with or without selection)
up to time T, we have

E (8r (11F)*) < Noexp((3 + eq) bllT/2)

The above estimates are the main reason why we require b to be bounded. These types
of estimates are not difficult to derive in some particular situations where the branching rate
is unbounded (typically for time inhomogeneous branching rates, or in situations where the
branching rates is high in rarely visited regions), and in these situations, our proofs adapt
easily. We defer the proof of the above lemma to the end of the section and now proceed to
the proof of Theorem [6]

Proof of Theorem (6,
Step 1. The martingale M. For all i € N, we define respectively the birth time B; and the
death time D; of the particle with index 7 as

B; = inf{t >0, i € S;} and D; = inf{t > B;, i ¢ S,}.
Fix T'> 0 and ¢ € [0,T]. For all particles i € N, we set

O, if ¢ S Bi vV Tn,
M;" = € Qoo f(X]) — Qr_p,vr, [(Xpyy), i€ [Bi V70, Dy ATpn),

(1 = 1pn@y + 1pn(i) Qr—pinm s f (Xparny) = Qr—sivm [ ( Xy, )y it 2D ATy,
(36)
where B"(i) denotes the event “7,.; is a branching time for the i-th particle” and D" (%)
denotes the event “7,,,; = D; is a soft killing time for the i-th particle”.

By definition of the process between the time intervals [7,,, 7,11), to show that M is indeed
a martingale, it is sufficient to prove that

MI,O — QT—tf(th) - QTf(Xé)v ifte [07 7—1)7
L (= 1pa) + 1) Qrn f(Xn) = Qrf(Xo), ift>m,

is a martingale. We observe that, by construction, 7 = 72 A 7% A 7° where

¢
7% = inf inf{t > 0, / W (X)ies,) du > €},
0

J€So

¢
7% = inf inf{t > 0, / K ((XD)ies,) ds > e},
0

J€So

79 = inf inf{t > 0 X/ € 9}.

J€So
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Then, for all s,¢ > 0 such that s + ¢ < T, setting E' = E[- | 0(S,, X,,0 < u < )] and
using the fact that @), f =0 on 0 for all u > 0, we have

E' (Myyy) = B [(Q@r—p10)f(Xkiy) — Qrf(Xo)) Lisen,]
+EL [((1 = 1pa) + 1pa)Qr—r f(Xr) — Q7f(Xo0)) Lecr <trs)
+ (1= 1pa) + 1) Qr—r f(Xr) — Qrf(Xo)) 1<t (37)

Using the fact that the particles are independent copies of X before time 77, and the Markov
property at time ¢, we obtain

_ t+s w
Etz [QTf(tJrs)f(th-g-s)]-t+s<7'1:| = |:QT (t+s) f( t+5)6 ft frud ]-t+s<ra] 1t<7'1a

where E' is the expectation on a probability space Q) such that (Y,")yu¢, i € Sp, are independent
copies of X, starting from X, at time ¢, and where

Z b] zeSo ((Yui)z‘ego)‘
j€So

Then, using the Markov property at time ¢ + s, we obtain

1Y du _ ptts “
Ei [QT—(t+S)f(Xt1+5)1t+8<7‘1:| =E [ f”s w)=ri)d f(YTl)e Je hud 1t+s<Ta] 1
t+s
_F [eft H(Yl)duf< Yi)e : hi, du1t+s<76} Lior,

where h), := 20" ((Y)ics,)+ Z U (Y)ies,)+E (Y)ies,). Similarly, since ' is the intensity

7€80,j#1
of the soft killing time for the first particle, and b' is the intensity of its branching time, we

obtain

E [(1—1pa) + 180))Qr—n f(X7) Licr <tts)

(t+s)AT1o
. /t (h, — H1<<Y )1650) n bl(( )zeSo))QT S, ) b dvdu] | P

(70 by du
+E [(1 — Ly ep)e” Il 17'6§t+SQT—TBf(YTla)i| Licr,

Hence, using the fact that Y satisfies the strong Markov property at time 75, and the fact that
Qr—r, f(Y,)) = 0 on the event {Y} € 9}, we deduce that

E, [(1 = 1pa) + 18a)Qr—r f (X} ) Licr <tts]

[ r(t+s)AT - ) ) u
g Et / hi efu (b(Yv )_H(Yv ))d’U f(Y,Il')e_ ft h’” dv du 1t<‘l'1
t

T N—k(Y))) dv
+E [e—ftahudulmﬁﬁ Sy GV =(v1) d f(YTl)] Liow

) (t+s)A1p _— P
— Et eft 'u Y ))dU f( ) / h/’i e_ ft h‘v dvdu + e_ ft h’U dvl’TaSt‘f'S 1t<7-17
t
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where we used the assumption b(Y,") — (Y,)) = b' (Y, )ies,) — &' (Y)ics,). But
t+s ;1 (H_S)ATB u g1 T 11
efft hl du1t+s<7'@ +/ h/qlt efft ht dvdu +e J; 2 hy dv]—ngtJrs -1
t

Hence we deduce from that

E, (M) = (1= Lo + 15 1>) (@r—n f(Xr) = Qrf(X0)) 1n<
+ (Et [eft (b(YH—r(YV))) dv f(YT)} - QTf(J:)> lier

= (1= 1pa) + 1) Q1 f(Xe) 1<t + Qr o f(X]) Licr, — Qrf ()
=M,".

This concludes Step 1.

Step 2. A first martingale decomposition.

Fix t > 0 and recall that C; = inf{n > 0 : ¢ < 7,41}. In what follows, we denote
by pi1, p2,... the sequence of times at which a resampling event occurs, and by oy, 09, ...
the sequence of times at which a selection event occurs. Note that, if 7, € {p1,p2,...} or
T € {01,09,...}, then N, = N1 € {Npin, - -+ s Nonaz }-

We will show that, for all £ > 0, we have

Mt:_ZZM’" D Qrof(X) =) Qrf(X)

n= OIGSt 1€St ZESO
Ay
=Y Qrp f(X]0) +Z@T o f (X0, (38)
n=1

where we recall that A; is the number of resampling events up to time t, B; is the number
of selection events up to time ¢, and where we have set i,, to denote the index of the particle
added at time p,, and j,_; is the particle killed (due to a selection event) at time o, (as above,
X 52‘1 denotes the position of the particle before the selection event).

We will show that holds for n = 0,1, since the general formula then follows using
similar arguments.

Noting that for all t € [ry, 1), C; = A; = B; = 0, in this case we have

Ct
DY M= M= Qrof(X)) - Y Qrf(Xp),

n=0 jcS5; i€So i€Sop i€8So

as required.

Let us now describe the evolution of the martingale at time 71, depending on the type of
event that occurs.

Case 7, = p;. In this case, for all t € [ry, ), we have A, = 1 and B; = 0, and S; =
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{1+ max Sy} U Sy \ {ip}, where i, is the particle removed at time 7,. Thus

Cy
S M ="My + > M

n=0 ;c5, i€So i€Sy
=2 (1= 1mg)Qr i F(X2) = Qef(XP] + D [Qrf (X)) = Qrni F(X)]
i€S0 i€5,
= > Qroof (X)) = > Qrf(X)) = Qrr, F(X}Tm50)
i€S5s, €S0
= Qrf (X)) =) Qrf(X)) — Qror f(X2),
i€S; i€So
as claimed.

Case 71 = 0y. Similarly, if 7 = oy, then, for all ¢ € [, 72), we have A; = 0 and B; = 1, and
= {1+ max Sy} U Sy \ {Jjo}. Denoting by j; the particle duplicated at time 71, we have

Cy
3w - S T

n=0 je§; €Sy i€,
=3 [+ 1) Qrn F(XL) = Qrf(X)] + 3 [Qroef (X)) — Qrr f(XL)]
i€So zES’Tl
= > Qrof (X)) = 3~ Qrf(X3) + Qror, [ (X)
€S 1€Sp
—ZQT i f(X ZQTf X0) 4 Qr—r, f(XD).
i€S: i€So

Case 71 ¢ {p1,01}. If 1 & {p1,01}, we have, for all t € [11,72), Ay =B =0 Ifrisa
branching event of the particle with index j; € Sy, then S; = {1 +max Sy} U Sy

Ct
SOSTME = ST (4 L) Qe FXL) = Qef (X)) + 3 [Qrof (X)) = Qron f(XL)]

n=0 ije§; ieSo i€Sr,
= Qroef(X) =) Qrf(Xp),
i€Sy ieSo

where we used the fact that X7 = X1+maxso,

Continuing in this manner, we obtain ([38]).

Step 3. A second martingale decomposition.
For all time ¢ > 0 and all bounded measurable function f : E — R, we denote the integral
of f with respect to the occupation measure of the particle system at time t by

pl =" Qrof(X)). (39)

i€S;

Further, recall the definitions of II, II? and v/ = IATIP ] .
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In this step, we prove that equation holds with M defined as in the previous steps,
and M to be defined shortly. To this end, we first note that from Step 2 we obtain

Cy Ay
pl =l =N MY Y Qo F(X ) Z Qr—o, f(Xim). (40)
n=0 ;S n=1

For n € N, consider the following martingale increments. We define

. 1 .
My, = My = Qrp (X = Y Qe f(X), (41)
pn €8, \{i!,_,}

where 7,,_; is the index of the particle duplicated at time p,, and i/, is the index of the particle

removed at time p, (note also that N, = N, _ =[S, _|). We also define
1 i Jn—1 Jn—1
Moy = Mo =577 Y Qro f(XS) +Qro, f(Xai™) | = Qroo, f(XI), (42)
In 1€S0,, —

where we recall that j,_; is the particle removed at time o, and j/,_, is the 1ndex of the particle
duplicated during the branching event at this time (note also that N,, =1S,,_]). We
assume further that M is constant except at these jump times.

Then,

Ay
1 ,
,u{—,ug :Mt‘f‘Mt"‘Zﬁ Z Qr—p, [(X,,)
n=1

pr i€8p, \{il,_1}
B; 1 y
ST — | Y QO f(X] o J(X ] 43

For each n > 1, we define ufn_ and an_ by

pho= " (X)) = Lnecf (X)) + Lrepf (X77Y) and vy, - =112 TP pu

1€ESH—1

where K is the set of killing times and B is the set of branching times. Informally, u., and
v, — represent the state of the particle system at time 7, before the resampling or selection
eventually occurring at time 7,. Note that, at any time 7, that is not a resampling or a
selection time, we have u, — = u, and v, _ = v, . Hence, denoting by (6,), the sequence of
events from the families p or o, we obtain for all £ > 0,

C Cy
f f_ E E
Vt - I/O - Vt - UTCt + (VTTL - yTn_) + (VTn_ - VTn—l)

n=1 n=1

Ay By Cy
A1TB
= I T (e — prg,) + E Vpy = Vpp— T E Voo = Vop— T E Vrp— = Vrna

n=1 n=1 n=1
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At resampling times p,,, we have an — an_ = 0 and hence,

f . f _[TATB.,f _ T4 B f
v Vo = 100 107 i, - — 115 TT7 e,

Pn Pn —17"Pn-1
_ 17A 1B f B f A A
- HPnHPn (Ngn o ’U/pn_) + Hpnﬂpn_ (Hpn B Hp"—l)
_ 174 in—1 f A A
- HPnHEn QT—Pnf(Xﬂn ) + Hfu’up’n_ (Hpn o Hpn—l) (44)

For the increment of IT4, we note that

N 1
A A _ 1A Pn A _ A
Hpn - Hpnfl o Hpn - (N _ 1) Hpn o _N _ 1HPn'

Pn

Substituting this into and using , we obtain

. 1
ot = vk = Qe ) — )
=118 (M, —M,,_). (45)
Similarly, for n € {1,..., B},
vl —vl =212 (ul —pd, )+ 10 p (0P -T2 ). (46)

In this case, we have

N, 1
nz —n?_ =mu?f - ( —= n? = — 2, (47)
n n n No-n + 1 n Ngn —I— 1 n
and |
pl =l = —Qr—o, f(XI), (48)

where j,,_1 is the index of the particle removed from the system at time o,,. Again, substituting
these equalities back into and using gives,

4 1
o —1mAnB (- X n—1 _ f
Van I/O'n_ On " on < QTfonf( On ) + Nan n 1:uan—>

Finally, we have v, — v, , =12 TI? (M, —M,, ) for all n > 1, hence

Vif - VOf = H?HtB(Mt - MTCt) + Z HﬁanBn (Mpn - Mpnf) + Z anﬂfn (MUn - Ma'n*)
n=1 n=1
Ct
+ Z an—l i 1(M7'n MTn—l)?
n=1

which entails and thus concludes Step 3.

Step 4. Control of the L* norm of the martingale increments. In this section, we assume
without loss of generality (taking e I”l=T f /|| f||o instead of f) that

sup [|Q¢flee < 1.
te(0,7)
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We now show that the L? norm of each of these quantities on the righthand side of is
finite. To this end, let us first consider M, — M, _. We have, according to (41]),

My, = My, —| = |Qr—p, f(Xin) — = Y Qo f(X))[ <2 (50)

prn €S, \{i!,_,}

Then, setting Ry = max N;, we obtain
te[0,T]

n=1

A 2
(Z 12 (M, — Mpn)>
2
) ( ]*\:] ann_ B (M, = M,, - ))

n=1 RT "
i At 2n
—1
<4E |(T113)? (RT ) (51)
n=1 RT

1
To control the sum term, since 1/ Ry < 37 we have

2(-m) <E(-w) il

n=1 =
1-2/R R;2
- [Br + Ry < Rp/2 < (No + Br)/2,

2= 7;

oy

where fr denotes the total number of branching events before time 7. We now make use of
Lemma [23] stated and proved at the end of this section, which entails that

E [(I17)*(No + Br)/2] < Noexp(c|[b]|«T), (52)

for some (explicit) constant ¢ > 0. Substituting these estimates into , we obtain

Ap 2
(Z I I00 (M, — Mpn—)> < 4Ny exp (c||bl|ooT) - (53)

n=1

Let us now consider A, M. Using (42)), we have

|M0'n - Mo'n7| S 2
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Then

(Z T2 (M, — M, >> 654)

Br 2
N, 1
<E (Z e S (M, - Mm)

n=1

Br

> (1)

n=1

< 4R <4E |6y ()] (55)

Using Lemma [23] stated and proved at the end of this section, we deduce that
Br 2
(Z 115 117 (Mo, — Man_)> < 4 Ny exp(c[|b|T), (56)
n=1

where ¢ can be chosen to be the same as in (53)).

It remains to control the increments of M. For all n > 1, let E,, C N be the set of indices
of particles defined by

E, = {i € N s.t. the i"* particle is branching, killed, born, removed or duplicated at time 7,}.

Observe that |E,| < 4 for all n > 1. We also define, for all i € N, the sequence of times (7, )n>o
by 7 = 0 and

T£+1 = min{7, > 7', with k > 0 and i € E,}.

We write

Mr = E E :MTU\T r}'l AT

€N n>1

Since all the martingales increments are orthogonal, we have, for all i € N,

2
A=E (HAHT( — M, +ZHA q2( Tn—Mml))

2
=E (Zzﬂn T (M Miz;m))

i€EN n>1

2| T (1) (e ) |

LieN n>1
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But the increments I\/JIZ

AT M% A are almost surely bounded by 3, so that

A<9IE ZZ (m4 n2 )21&1@
’LEN n>1
S 9E Z Z Trn—1 Tn 1 1Tn71<T
Ln>1i€FE, i
<wE| (0 )
n>1

Hence, denoting by fr (resp. k) the number of branching (resp. killing without resam-
pling) events occuring before time 7" > 0 (so that Cr = fr + kr + Ar), we have

A <36E

(I )(1+5T+“T+Z 2 ) ] (57)

We already computed that, almost surely,

S )<y (R;‘ 1) < Re/2 < (No + fr) /2.

n=1 k=0 T

Now, observe that the number of particles in the system as time T is upper bounded by
Ny + 87 — kr and lower bounded by 0, so that k7 < Ny + Sr, and hence

At
E (Hg)Q (1+ Br + kr + Z (Hf < E [(H$)2 (Br + 3N0)] < 4Ny exp(c|[b|T),
n=1

where we used, as above, Lemma We thus obtained, using the last inequality and ,
that

A < 144 Ny exp (c||b]|T) -
Using , , and the last inequality, we deduce that
2
E {(ygi - Vg) } < 152Ny exp (c||b||T)
Without assuming that sup [|Q:f]|cc < 1, we thus obtain

t€[0,T]

t€[0,T

E {(ygi - ygﬂ < 152Ny exp (c||b]|T) ( sup \|Qtf||oo> . (58)

Step 5. Conclusion.
Recall the occupation measure m; defined in for all ¢ > 0. With this notation, the
conclusion of Step 4 reads

2
E [(mOQTf — H?H?mTf)Q} < 152Ny exp (¢||b]| 1) ( S[up] ||Qtf||oo> .
te[0,T
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We deduce that

my f

—21,, _
mrle 770 moQTf

moQrle

m
H moQrlg — 11 H? rlE) - Tlf | —
TlE

+ Hﬂénngf — moQTfH2
2

< 2V 152Ng exp (c[|bllooT/2) || flloe sup (@il
te[0,7)

We conclude that

H moQrf  mrf < 2v152exp (c||BllowT/2) ||/ lloo sUPrepo.ry |91l 1
- mT7éO — .
moQrlg  mr(lg) 2 moQr1e/No V' No
Observing that sup ||Qi1z||s < el®l=T this concludes the proof of Theorem ﬁ O
te[0,7)

Proof of Lemma[23 We use the same notations as in the proof of Theorem [6]
Fix C > ¢||blloc and & > 0 such that C' — 6C?2° > ¢||b||os. We have

B —C(11 A6) No+ 1\ —C(11 1) —C(11 A6)
E ((Hﬂ/\é) 1 > =E N, 15=rns€ ! +E <1Ul>71/\56 ' )
0

No+1\' oo No+1\° Cn
(52 s (552 e

On the one hand, we have

E (e M) <1 — e PCE(r Ad) <1 —(C —3C?E(r A D),
and, on the other hand,
E (1U1>71A66_C(T1/\§ ) >E ( T1/\5)(NOHbHoo+C)) > 1 — (No||b]|os + C)E (11 A D).

No+1
No

¢
Setting, for the sake of readability, « = E(m; A ) and 8 = < ) , we deduce that

E((118,,)" e 9) < 1—a (€ = €28+ Nollb]l (1 - 5))
<1—a(C—60%2" — ||b]leoce) <1, (59)

where we used the fact that < 2% and f —1 < e/ No.
We define the sequence of stopping times (6,,),>0 by #y = 0 and

Opi1 :=inf{(n+ D) A1, k> 1,7 > 0,}.
Then

¢ _ —u
X Exgo. <(H(T u/\01> o CUT )Ael))u:T/\o )
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Since T'— u < § almost surely in the right hand term, we deduce from that
E ((H%enﬂ)zefc(me"“) | fTAen> < (H%en)z e CINon),
In particular, using Fatou’s Lemma, we deduce, letting n — +o0, that
E((f) e ) <1,

Since this is true for any C' > ¢||b||~, this concludes the proof of the first part of the lemma.

For the second part, we observe that Sr is stochastically dominated by a continuous time
counting process (Z;)i>0 on N starting from Ny and with increment rate ||b||on from state n
to state m + 1. In particular, denoting by L the infinitesimal generator of this process and
V(n) = n? for all n > 1, we obtain

LV (n) = |[bleen((n + 1)* = n) = [[bllcn(2n + 1) < 3[1b]lV (n),

and deduce that
B(%) < E(Z}) < eMWI~T73 = T}

Hence, we obtain

E (6r (119)°) < /B3 B ((18)") < Noexp((3 + o) bllT/2).

This concludes the proof of the second part of the Lemma. O

Remark 24. Our proof adapts to the case where 7., < 400 with positive probability (that is
when Assumption 2 does not holds true), using the following strategy. In this situation, one
shows using the same approach that, for all n > 0,

moQrf =E (HQAT an/\Tan/\TQT—Tn/\Tf) .

Since the branching rate is uniformly bounded and since Hﬁi Ar is bounded by 1, one checks
that an AT an A M arQT—rarf can be uniformly bounded (in n) by an integrable ran-
dom variable. Since in addition an AT Hf; A arQr—roarf — 0 on the event 7., < T
(since this events necessarily corresponds to the accumulation of resampling events) and
H;‘i AT H’fn "M AT QT — a7 [ — H{p‘ H?mT f on the complementary event, one deduces from
the dominated convergence theorem that

moQrf =E (WA IEmeflro,.) .

The rest of the proof (see Steps 4 and 5) then proceeds almost identically.

Remark 25. We comment on some direct and natural continuations of the proof, which are
easily derived from the fact that the proof is based on the control of martingale increments.

First, if the martingale th — Vg is cadlag, then Doob’s maximal inequality and entail
that

E

2
sup (vf ) ] < erlfI2 sup |Q1elZ N,
te[0,T] t€[0,T]
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for some (explicit) constant c¢p. Then the conclusion reads

moQy f my f

1 rlfle 1
- m7#0
moQily  my(1lg)

< M
, moQr1le/No /Ny

Second, if the killing rate is bounded, then the statement of Lemma holds true with
Br replaced by the total number of killing/branching events C'r, and with different constants.
Then, for any p > 2, using the same approach as in Step 4 of the proof, but using the
Burkholder-Davis-Gundy inequality instead, one deduces similarly that

sup
te(0,7)

P
E Hl/% — yg‘ } < CTN(I))/Z,

and hence

Gl 1
» moQrlp/No /Ny’

for some (explicit) constants ¢z and 7. Note that the assumption that the killing rate is
uniformly bounded is technical: after using Burkholder-Davis-Gundy inequality, one needs

‘ moQef . my f
moQily  my(1p)

o (N +1\7"
to control the term E C’r?/ (T) , however, depending on the particular process at

hand, there may be other ways to obtain upper bounds on this quantity which do not require
the killing rate to be bounded.

A Formal construction of the particle system

In this section, we provide a formal construction of the particle system described above, and
show that it defines a Markov process with respect to its natural filtration.
We consider the measurable space

F= | {so2oR aR:,
s€Ps(N)

where, as usual, denumerable spaces are endowed with the discrete o-fields, R, is endowed
with its Borel o-field, and product spaces are endowed with the product o-field. We denote
generic elements of F' by

0 = (s, (wi)ies, (eﬁ-’)i@, (€ )ies),

where s € P¢(N) is used to enumerate the particle system, where, for all i € s, X(w;) : t €
[0, +00) = X,(w;) € EUQJ is the trajectory of the i" particle, and where ¢’ € R, and ef € R,
are auxiliary components used to define the branching and soft-killing times.

Fix s € P;(N) and let us consider the probability kernel N* from {s} ® E* to F defined by

N(s, (2)ies) i= 6, @ <® Pﬁ) R ED @ £8°

€S

where £ denotes the exponential distribution with parameter 1. This kernel is used to model
the evolution of the particles before the occurence of a branching/killing event.
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Given an element # € F', our aim is now to define the position of the system at the first
time of branching/killing. In order to do so, we define, for all € F and all i € s, the functions

t

72(0) = inf{t > 0, /0 b ((Xu(wj))jes) du = €7},

) = ntfr 20, [ RO )e) du= ),
79(0) = inf{t > 0, )?t(wi) € 0}.
Note that, for all t > 0, (u,w) € [0, 4+00) x F — X, (w) is measurable with respect B([0, +00))®
F, which entails that w — /t V' ((Xu(w)))jes) du is F¥-measurable. In addition, since ¢ —
0

t t
/ V' ((Xu(w)))jes) du, t — / K ((Xu(w)))jes) du and ¢ = 1y,(ep are right-continuous, the

0 0
infima in the above definitions can be taken over Q and are thus measurable functions of

(wj)jes (62)3'63 and (ef)jes and thus of §. This is also the case for the functions 7 and iy
defined as

7(0) := min7(0) A 75(0) A TH9(6),

€S8

io(0) := min{i € S, 7°(0) A TH(0) A TH0(0) = T(0)}.
For all § € F, we define the final position of 8, denoted by Y () € (E U 9)*, by
Y(0) = (X (@i)ies,

which is also a measurable function of 6.

Then we construct a kernel which, to any given 6 € F' and its final position Y (), associates
its position after the branching/killing and selection/resampling event. In order to do so, we
define the kernel N? from F to Usep, v {s} X (EU0)* by

; 1
NQ(H) = 17(9):7i0,bpb’ 0(9) (Y(0>>m (5511 ® 6y(9)+i0,—z‘
1€s 1

+ Legy—rion (1 = 2" O(Y(0))) 6, ® Syg)+io

K1 1
+ 17(0):7—io,n/\7_i0,8p si0(0) (Y(Q)) ’3| 1 Z 5SJ—ri0 (%9 5y(6)+i,—i0
i€s%0

+ 17(9):7.1'0,»@/\7_1-0,3 (1 _ pn,i0(9) (Y(G))) (szio & 6y(9)—io
where s, = {1 + maxs}, s7' = {1+ maxs}Us\ {i}, Y(0)" " € (FU (‘9)Sf is such that

o ' L :
Y (9)io = Y (), for a'ul Jj € s\ {i},
Y(0);, forj=1+maxs,

Y (0)i0 = Y(0), foralljes,
Y(0);, forj=1+maxs,
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According to Ionescu Tulcea’s extension Theorem, for any initial distribution po on Fy :=
Usep,; {8} X (E'U Q) there exists a probability measure IP,, on 2 = Fy x FY, such that, for
all n > 2,

P, (A € dap,0; € dby, ..., A,y € day_1, O, € db,,)
=ppo N' o N*oN'o---0oN?o N'(dag,dfy,--- , da,_y,db,).

Then, we can define, for any w = (ag, 61, . ..), the sequence of times (7, ),en as
To(w) =0 and 7, (@) =7(01) + - +7(0n), YR >0

and, for all ¢ > 0,
Si@) =D 1r_ i <t<r,S(0n).

n>0
and, for all i € S;(w), '
Xi(@) = Xir, @) (wil6h)-

The process (Sy, (X7)ies, )i>0, defined on the probability space (Q,P) and taking its values in
Iy, is then the size constrained branching process, which concludes the construction of the
process.

Remark 26. Observe that the particle system is well defined without Assumptions 1 and 2.

However, if Assumption 1 holds true, then (S;, (X});cg, )>0 takes its values in U {s} ® E*
s€Py(N)

almost surely. Also, if Assumption 2 holds true, then S, is non-empty almost surely, for all

t €0, +00).

The above construction makes use of the fact that X is a measurable adapted process.
Using the fact that it is also assumed progressively measurable, we are in position to prove the
following.

Proposition 27. The process (Si, (X})ics,)i>o0 is a Markov process with respect to its natural
filtration.

Proof. Fixt > s > 0, and A a measurable subset of Fy. Forall k > 1, all $1 < Sy << Sp=S5
and all measurable subsets Ay, ..., A; of Fy, we have, setting X; := (S, (X} )ies,),

P, (X5, € Ay, ..., X, € A, X € A)
= ) P (X, €A, X, €A 5 € [T T,), Xy €A E [T, Tug)) . (60)

n1<--<np=m<n

Then, conditioning with respect to G, := d(©1,...,0,,, A,,), we have

P,uo (XS1 € A17 cee 7Xsk € Akv 8; € [Tm—thi)a XS—H € A7 s+te [TnJTn-‘rl) | gm)

= 1X81€A17~'~7XSé€Aé?siE[T’niflaTni)miSs X f(Am’ Tm)? (6]‘)
where
fla,u) =P, (X8e+ru €Ay, Xy u €Ak, si—ue(0,n), X, €A t—ue [Tn,m,Tn,mH)) )

There are now two possible situations, either m = n or m < n, which we consider separately.
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Case m = n. In the former case, we observe that, by definition of N?,

fla,u) =P, (XsHl,u € Apr, . Xgu €A, si —ue0,m), Xy, €A t—u € [0,7’1))
=Py (Yo, ,-u € A1, You € A, s; —u €[0,8), Y,y € A, t —u € 0,1)),

where P, is the product measure ' = P®* ® £(1)*® on the probability space Q°*(R,)* ® (R,)?
endowed with the filtration defined by H; := F* ® {0, R, }* ® {0, R }*, with the variables Y
and t being defined, for all &' = ((w;)ics, (€})ics, (eF)ics) € ', by

Yt = (37 (Xt(wi)ies)a vt > 07

and t = min t®* A % A t%% with
ASE]

t
e = int{e > 0, [ B () du = )
0

¢

£l = inf{t > 0, / /@io((Xu(wj))jES) du = ef},
0

t% = inf{t > 0, X;(w;) € 9}.

We emphasise that the second component of Y is distributed as a vector indexed by s of
independent copies of X starting from z;, for all ¢ € s, and that it is a progressively measurable
Markov process with respect to the filtration 7. In addition, the random variables ¢? and e,
1 € s, are independent from each others and from H;, for all t > 0.

Using the Markov property at time s — u for the process Y, we obtain

Po (Yo, ,—u € A1, ..., Yy € Ay, 55 —u€0,t),Y,, € A t —u e 0,t))
— [I7U R(Yy,)d
a 1Ys@+1*uEAé-H,-u,YskfueAk 1Yt—u€A\86 Jo (¥o) v)

t—u
— [T R(Y,) du
Ly, —u€dpir, Yo —ueAEa <1Yt,ueA\a€ Jo " hYu)dv | ’H,s,u))

— [57" R(Y,) dv — [F75 B(Y,) dv
Yse_,'_l7u€A£+1’~“7Yé‘k7u€Ake fO ! EYS*U ]'thseA\ae 0 !

I
=
)
AN TN TN TN
—

Ly, —ueApir, Yo —ueAr Lo—ueo ) By, _, (1v,_.earn 1t—se[o,t))>

where h(s, (z;)ics) = Z K'(x;) + b'(x;), and where we used the fact that Y is progressively

1€S
measurable to deduce that / h(Y,)dv is Hs_,-measurable. We deduce that
0
fla,u) =E, <1XS£+1,ueAHl,...,xsk,ueAk,si—ue[o,n) Ex, ,(Xi—s € A, t—s €0, T1))>
Taking the expectation in , we finally deduce that

]P)uo (Xsl € Ala s 7Xsk S Ak7 8; € [Tni—laTni)v X8+t € Aa s+te [TnaTn—‘rl))
- Euo (]—Xsl€A1,...,X5Z€Ag,siG[Tni_l,Tni),ngs X f(AmaTm)) )

and then, by definition of the law of (Ag,O1, -+, A1, Om, A, .. .), we deduce that

Ppo (Xsl S Ala s 7X8k S Ak7 8; € [Tni—laTni)a Xs+t S A7 s+te [TnJTn+1>>
= E,uo (]-XleAl,---,XskEAmSiE[TnFLTn,-)PXs (Xt—s cAt-se€ [077_1))) : (62)
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Case m < n. We can now proceed with the case m < n. In this case, we write

f(aa u) = ]Ea <1XSZ+17u€Ag+1,.--,Xsk7ueAk,Si—UE[O,Tl) gu(Ala Tl)) )

where
gu<b7 U) = EAl (Xt—u—v € A, l—u—ve [Tn—m—h Tn—m))

Using the same strategy as above (with the same definition of Y), we obtain, using also the
Markov property at time s, —u = s — u,

f(a,u) =E, <1Ys£+1_ueAgH,...,Ysk_ueAk,srue[o,t) Gu(Ye, t))
=E, (1YSE+1,ueAHl,...,Ysk,ueAk,si—ue[o,t) Ev, ., (gu(Ys, t)))
=E, (1XSM,UGAZ+17...,Xsk,ueAk,si—ue[o,n) Ex, ., (Qu(Xmﬁ)))
Using again the definition of the law of (Ag, ©1,- -, A1, Om, Am, . ..), we deduce that

]P)MO (XS1 € Ala tot >Xsk € Ak> 8; € [Tni—laTni)v X8+t € Aa s+te [TnaTn—‘rl))
- Euo (1X516A1,...,XskeAk,sie[rni_l,rni)PXS (Xt—s € A7 t—se [Tn—ma Tn—m—i—l))) . (63)

Conclusion. Finally, using and and summing over the indices n; and n as in , we
deduce that

P, (Xs, € Ay,.... X, € A, X, € A) =E,, (1X516A1,...,x5keAk Py, (Xi—s € A)) .

Since the property holds true for all finite family of time indices sy < ... < s = s and all
Ay, ..., A, we deduce that

PMO (Xt cA | U(XU, u S S)) :sz (ths S A),
which concludes the proof of the proposition. ]

Remark 28. Although we won’t use this property, the process (S, (X})icg, )i>0 can be shown
to be a Markov process with respect to larger filtrations. On a related note, it is natural to
ask whether the strong Markov property for X entails the strong Markov property for the
particle system. This is not clear at all in full generality and we leave it as an open problem.
However, it can be shown, using a similar approach as in [39], that, under additional regularity
properties on the process X and on the functionals b, x, and additional requirements on the
state space F, the particle system is indeed a strong Markov process in a quite general setting.
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