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Abstract

In this work, we construct a structure-preserving Galerkin reduced-order model for the resolution
of parametric cross-diffusion systems. Cross-diffusion systems are often used to model the evolution of
the concentrations or volumic fractions of mixtures composed of different species, and can also be used
in population dynamics (as for instance in the SKT system). These systems often read as nonlinear
degenerated parabolic partial differential equations, the numerical resolutions of which are highly ex-
pensive from a computational point of view. We are interested here in cross-diffusion systems which
exhibit a so-called entropic structure, in the sense that they can be formally written as gradient flows
of a certain entropy functional which is actually a Lyapunov functional of the system. In this work, we
propose a new reduced-order modelling method, based on a reduced basis paradigm, for the resolution
of parameter-dependent cross-diffusion systems. Our method preserves, at the level of the reduced-order
model, the main mathematical properties of the continuous solution, namely mass conservation, non-
negativeness, preservation of the volume-filling property and entropy-entropy dissipation relationship.
The theoretical advantages of our approach are illustrated by several numerical experiments.

keywords: cross-diffusion systems, finite volumes, Proper orthogonal decomposition.

1 Introduction

The study of cross-diffusion systems for the modeling of diffusive phenomena with multi-component
mixtures has received a steadily growing amount of attention from mathematicians in the last decade.
These systems arise in various application fields such as population dynamics [40] or growth of vascular
tumors in medical biology [24]. In chemistry, such systems are used in order to model the evolution of
densities, concentrations or volumic fractions of the various chemical species composing the mixture of
interest [1].

1.1 Mathematical formulation of parametric cross-diffusion systems

Despite their practical relevance in a wide range of application fields, significant steps in their mathe-
matical understanding have only been achieved recently. This is due to the fact that these systems usually
read as coupled degenerate nonlinear systems, for which traditional analysis tools do not apply.

Let Q C R%, d > 1, be a polygonal domain, let n denote its outward unit normal vector, and let 7" > 0
be the final simulation time. We consider a diffusive mixture of Ny > 2, chemical species, and assume that
the diffusion laws of the different species within the mixture are parametrized by a vector of parameters
i € RP for some p € N* and belonging to a set of parameter values P C RP. For all t € [0,T], x € Q and
1 < i < Ng, we denote by wu, ;(t,z) the value of the local volumic fraction of species 1 < i < Ny at time
t € [0,77, point = € Q and parameter value p € P. We also denote by w,, := (u,1,...,u, n,) the set of all
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N volumic fractions. We assume that the evolution of u,, is ruled by a parametrized cross-diffusion model
with no-flux boundary conditions of the following form for all p € P:

NS
Oty — Vo | D A (w,) Vi | =0, in Qx[0,T], Vi€ [1,N],
j=1

Ny
ZAu,ij(u#)Vu%j -n=0, on 9N x[0,T], Vie[l,Ng],
j=1

u,(0,x) =ul(x), in Q, Vie[l,Ng],

for some initial conditions (uf,--- ,u}, ) € [L>(€2)]™*, and where for all 1 <4,j < Ny, A, RYs 5 Risa
smooth cross-diffusion coefficient. »

It has been recently understood [8, 25] that various cross-diffusion systems can be formally seen as
gradient flows of a certain entropy functional with respect to a metric which can be seen as an extension of
the so-called Wasserstein metric. As a consequence, the corresponding entropy functional can be seen as a
Lyapunov function for the cross-diffusion system. The rate of decay of the entropy functional can then give
precious insight on the long-time behaviour of the solutions of the cross-diffusion system.

The development of numerical methods for the resolution of such systems has been a very active field of
research in the recent years. An important challenge is to design numerical schemes which preserve the main
mathematical properties of the continuous model at the discrete level such as non-negativity of the solutions
and entropy-entropy dissipation relationship. Finite element schemes have been proposed for instance in [3],
while structure-preserving finite-volume schemes have been studied in [10, 27, 11, 28]. The resolution of such
schemes, which is usually based on implicit numerical schemes for nonlinear models, remains quite costly
from a computational point of view especially when the number of species in the system or the number of
spatial degrees of freedom is large.

1.2 Reduced-order model

The complexity of these computations becomes prohibitive when the cross-diffusion model depends on
some parameters since it is necessary to compute the solution of these systems for many values of these
parameters. The resolution of inverse problems so as to identify optimal values of these parameters which
enable to reproduce experimental results is an example of such a context, where a significant parametric
study has to be performed. As an alternative, model-order reduction techniques have been developed for
many type of problems so as to alleviate the computational burden of parametric studies. Reduced or-
der model techniques have been proved to yield computationally effective approaches to approximate the
solution of parametrized partial differential equations encountered in many problems in science and engi-
neering [22, 38|. Several methods have been developed in the literature. Among them we mention the
Proper Orthogonal Decomposition (POD) method [17, 6, 31, 32, 19, 16|, the Proper Generalized Decom-
position (PGD) method [36, 33, 30] or reduced basis methods [35, 34, 22, 38]. A vivid field of research
consists in designing reduced-order models which preserve the mathematical properties of the high-fidelity
model. We refer the reader to the nice overview [21] on reduced-order models for time-dependent problems,
where these issues are tackled. Let us also mention for instance Hamiltonian systems [18, 20], Hamiltonian
port-systems [12, 39|, the list given here being far from exhaustive.

The aim of the present work is to develop a new structure-preserving Galerkin reduced-order model,
relying on a POD/Reduced Basis paradigm, so as to compute the solution of some parametrized cross-
diffusion equations which exhibit a specific entropic structure as highlighted in [10, 11, 28]. This includes in
particular the so-called Maxwell-Stefan model. Indeed, the reduced-order model we propose here preserves
the main theoretical features of the continuous cross-diffusion model, namely

(P1) mass conservation,
(P2) non-negativeness of solutions,

(P3) volume-filling constraints,



(P4) entropic structure of the cross-diffusion system.

We emphasize on the fact that a standard POD reduced-order model does not satisfy the four properties
listed above.

We explain in more details these four properties below. For the sake of simplicity, we will consider in
the following one particular type of parametrized cross-diffusion system, namely the one highlighted in [10],
which satisfies these properties, and explain the strategy we propose for building a structure preserving
reduced order model on this particular system. However, we would like to emphasize the fact that the
approach proposed here can be easily adapted to other types of cross-diffusion systems enjoying similar
mathematical properties, such as the ones studied in [11, 28], including the so-called Maxwell-Stefan system.

Let us emphasize here that we focus in this work on the definition of a structure-preserving Galerkin
reduced-order model for this type of equations. As these systems are nonlinear, a fully efficient reduced-
order model would require the design of an appropriate hyper-reduction method, like Empirical Interpolation
Method for instance [2], to speed up the computation of the nonlinear terms appearing in the equations.
This is however out of the scope of the present article and we leave the question of designing an adequate
structure-preserving hyperreduction method for future research. The present structure-preserving Galerkin
ROM actually reads as a transformed Galerkin ROM, in the sense that it builds on the reduction of a
transformed set of snapshots, using so-called entropic variablesassociated to the type of cross-diffusion
systems we consider here. Let us mention here that there is a vast literature on transformed Galerkin ROMs
for various types of problems [41, 9, 42, 13, 23, 37]. However, at least up to the best of our knowledge, this
is the first work dealing with entropic cross-diffusion systems. Notice however that such entropic variables
have already been considered for the reduction of Euler equations, where their use is quite standard [7, 4].

1.3 Outline of the article

Our paper is organized as follows. In Section 2.1, we present the cross-diffusion model studied in [10]
and its mathematical properties as a particular example of cross-diffusion systems enjoying a favourable
entropic structure for our analysis. We want to stress again on the fact that the method we propose in
this work can be easily adapted to other cross-diffusion systems falling into the scope of the general setting
studied in [28], including the Maxwell-Stefan model [11, 26]. However, we prefer to carry out the analysis
here on this particular example for the sake of clarity. In particular, in Section 2.2 we present the two
point flux approximation finite volume method preserving the structural properties of the solution proposed
in [10], which is the high-fidelity solver we consider in this work. Section 3 is dedicated to the construction
of the structure-preserving reduced model and its properties. Finally, in Section 4 we present numerical
experiments showing the advantages of our approach.

2 A particular cross-diffusion system

The aim of this section is to introduce the parametric cross-diffusion system considered in this work,
together with the main mathematical properties of the solution which we wish to be preserved by any
reduced-order model. We also describe here the discrete numerical scheme used in order to perform high-
fidelity computations.

2.1 Continuous model and main mathematical properties

From now on, let us assume that

P = {u = (aij)1<izi<n, € RNMD g —as VI<i#j< NS},
and that for all p = (a;;)1<izj<n, € P, all w = (uy, -+ ,un,) € R and all 1 <i # j < Nj,

Ny
Amii(u) = Z Qj5Usj, and Au,i]‘(u) = —Qj;U;-
j=1,j#i



Then, system (1.1) boils down to:

Opttyi — V- Z aij (upjVuu; —u, i Vu, ;) | =0 in Qx[0,T], forie [1, N,
1<j#i<N,

(2.1)
Z aij (U, iV, —u,iVu,;) | -n=0 on 0Qx[0,T], forie [1,Ng],
1<j#i<N,

u,i(x,0) =u(x) in Q, forie [1,Ng].

This system has been originally introduced in [43, 1]. It is used in particular in [1| in order to model
diffusion phenomena in the bulk of a thin-film layer solar cell during its production process by physical
vapor deposition. Since for all u € P and all i € [1, Ng], w,,i(t,x) represents the local volumic fraction
of specie i at time ¢ and point =z € €, it is expected from a physical point of view that each function

Ng
uy,; is non-negative and satisfy the so-called wvolumic constraint which reads as Zum(t,x) =1 for a.e.
i=1

(t,z) € (0,T) x Q. This is the reason why we introduce the set A C R™s, which is defined by

N
A= {u: (uy, - ,un.) ER{X“’., Zui = 1}.
i=1

From now on, let us assume that the initial condition u° :=

x € Q. Let us assume in addition that

(uf, -+ ,ul, ) satisfies u®(x) € A for almost all

/u?(x)d:c >0, Vie[l,Ng].
Q

Then, it is proved in [1] that there exists at least one weak solution u, € L2((0,7), H'(£2))™ to (2.1) such
that dyu,, € L2((0,T), H'(Q)")™:. Moreover, such a weak solution can be proved to satisfy the following
properties:

(P1) mass conservation: for all ¢ € [0,7] and all 1 <i < N, / Uyi(t,z)de = / ud (z) da.
Q

i
Q

(P2) volume-filling constraint: wu,(t,z) € A for almost all (t,z) € (0,T) x Q.

2.1.1 Gradient flow structure

System (2.1) has a formal gradient flow structure. Indeed, we introduce the entropy functional E :
L>(Q, A) — R defined by

Vu = (w)iep,ng € L7(Q,A), E(u) ::/Q <ZS w;(t, ) ln(ui(t,x))> dz. (2.2)

i=1

Following [1, Section 1.1.2] and [10, Proposition 1.3], it holds that system (2.1) enjoys a formal gradient
flow structure and that F is a Lyapunov functional. More precisely, system (2.1) can be rewritten as

Oy —V - (C(u)VDE(u)) =0 in Qx][0,T]
(C(u)VDE(u))-m=0 on 90Qx][0,T]
u(x,0) =u’(z) in Q

where C(u) is the mobility matrix and DE is the entropy differential defined by (DE(u)); := Dy, E(u) = 1+
In(w;). Furthermore, the following entropy-entropy dissipation inequality holds for all p := (ai;)1<izj<n, €



P: for ae. t € (0,7),

d

2 Bt ) + / > aijuilt, @) ()| V In(w,i(t 7)) — Vin(u, ;¢ 2) | de=0.
2\ 1<i<j<N,

Proposition 2.1. Denoting by

a’ = min a;; 2.3
M <igj<N, (2:3)

the quantity T' defined by

r ::/Q Z iy i (t 2y, ; (6 2) |V In(u, i (t2) — Vin(u,,;(t2)? | do (2.4)

1<i<j<Ng

satisfies
Ng Ng
> a; Z/Q IV /uu(t, :z:)|2 dz = a; Z /Q wpi(t, )|V In(uy,;)(t, :z:)|2 dz. (2.5)
i=1 i=1

Proof. Since a;; = aj; for all 1 <i # j < N, we have

1
r= 5/ Z aijupi(t, @), (t o) |V in(u,q(t, o) — Vin(u, ;¢ 2)° | de.
2 \1<i<i<n,

Next, employing the property ¢V (In(c)) = Ve and the fact that Z 2y ug = 1, it yields

P—z/Q m;w u< 0 )IV palt, o)) + = (f Wt ))) da. (2.6)

Ui U’u’j L)

Furthermore the properties 21/c¢V (y/¢) = Ve and Z Siui(t,r) = Zj\[:l Uy, i(t,z) =1 give

r:4/Q 3 aij|v< u,m»(t,x)) 2] de > a;/ (Zw (m) |2> de.  (2.7)

1<i<j<N,

O
In particular (2.5) implies that system (2.1) satisfies the following entropy-entropy dissipation relation.

(P3) Entropy-entropy dissipation relation: for almost all ¢ € (0,7),

d
th(uu( +aﬂz / i (t,2)|V In(u, ,;(t,2)) > dz < 0.

Remark 2.2. Other types of cross-diffusion systems enjoy similar mathematical properties as the ones
highlighted here for system (2.1). In the most general setting, these can be written under the form highlighted
in [28]. This includes the so-called Mazwell-Stefan [26, 11] cross-diffusion model, used for modeling gaseous
miztures, which is another example of system for which the reduced order modeling strategy we propose here
can be easily adapted.

In the following section, we describe the finite volume numerical scheme we use here in order to compute
high-fidelity solutions of system (2.1) and summarize its main mathematical properties. This finite volume
scheme, which was introduced in [10], actually preserves analogous versions of properties (P1)-(P2)-(P3) on
the discrete level.



Figure 1: Illustration of an orthogonal mesh.

2.2 High-fidelity discretization: structure-preserving finite-volume scheme
2.2.1 Definition of the scheme and notation

For the time discretization, we introduce a division of the interval [0,T] into subintervals I, := [t,—_1, tn],
1 <n < Np, such that 0 =ty < t; < --- < ty, = T. The time steps are denoted by At, = t, — t,_1,
n=1,---,Np.

For the space discretization, we consider an admissible mesh of € in the sense of [10, Definition 2.1](see
also [15]). We recall this definition here for the sake of completeness (see Figure 1).

Definition 2.3. An admissible mesh of Q is a triplet (T,E,(xx)xer) such that the following conditions
are fulfilled.

e Each control volume (or cell) K € T is non-empty, open, polyhedral and convex. We assume that

KNL =04 K,L € T, with K # L, while U K = Q. We denote by my the d-dimensional

KeTh
Lebesque measure of the cell K.

e Each face o € € is closed and is contained in a hyperplane of R?, with positive (d — 1)-dimensional
Hausdorff (or Lebesgue) measure denoted by my := He~ (o) > 0. We assume that H* 1 (e Na') =0
for 0,0’ € £ unless ¢/ = o. For all K € T, we assume that there exists a subset Ex of £ such
that OK = U o. Moreover, we suppose that U Ex = &. Given two distinct cells K,L € T, the

oc€EK KeT
intersection K N L either reduces to a single face o € £ denoted by K|L, or its (d — 1)-dimensional
Hausdorff measure is 0.

o The cell-centers (xx) ket satisfy xx € K, and are such that, if K, L € T share a face K|L, then the
vector xp, — x is orthogonal to K|L.

e For the boundary faces o € 0 with o € Ex for some K € T, we assume additionally that there exists
Zs € 0 such that z, — xx is orthogonal to o. We denote by £ the set of boundary faces, i.e. the set
of faces o € £ such that o C O and by E™ := £\ £ the set of interior faces.

Denote by hg the diameter of the generic element K € 7 and h := maxge7 hi. The number of cells
in the mesh 7 is denoted by N},. Given a vector ¢ := (cx)xer € RNh | we define for all K € 7 and face



o € &k, the mirror value cg, of cx across o by setting:
cko=cr if o=K|L€E™ and cg,:=ckg if o€ (2.8)
We also define the oriented and absolute jumps of ¢ € RV* across any edge by
Dgksc:=c¢ks — kg, and D,c:=|Dgksc|, VK €T, Vo € k. (2.9)
Remark 2.4. For all K € T and all o € E NE™ such that o = K|L,
Di,c=cr, —c, =cg —cr, = —Dgge. (2.10)
A crucial property for meshes as described in Definition 2.3 is the discrete integration by parts formula

which is provided further in Lemma 3.2.
Given o € &, we also define by

_ 3 — int
do:{bc;( xp| ifo=K|Le&m, and 7, =

| — x| ifo €& NEF,

Let pu € P. Using the two point flux approximation finite volume scheme introduced in [10], the unknown
of the model (2.1) is discretized using a couple of constant values per cell: for all 1 <n < N7, we let

Uur .=

n ]\/vh><]\fs
p (u#vivK)KGT,ie[[l,Ns]] €R ’

1
where uj; ; ;- is a numerical approximation of o Up,i(tn, ) de.

The finite volume scheme we use is then the following: for US = (uQ

) Np XNy o
Z-K)KET,ZZG[[I,NS}] €R given,

1
where u? ;= —/ u(z) da, for all 1 <n < Ny, we find Ut € RNWN: satisfying
: mx Jx
Uik~ Uk n ,
L N > Fuike(U})=0, VKeT,Vie[lN] (2.11)

o€k

where for all U := (u; i )ie[1,N.],keT € RN»XNs e will denote by

F,u.i,Ka(U) = —aZTUDKgui — T Z (aij — CL;) (’[l/j"G-DI(gui — UL"JDKUUJ') for o€ g}?t (212)
Jj=1,j#i
where
0 if min(u; k,ui ko) <0,
Uiy = UiK if uj k = Ui ko >0, (2.13)

Ui K — Ui Ko

therwise.
(1) — (s 0o otherwise

Remark 2.5. Observe that the numerical fluz defined in (2.12) is conservative in the sense that for o € £,
o =K|L, and all U € RN»*Ns_

Frito(U) = —=Fuiko(U).
This implies in particular that, for all 1 < i < Ny and for all U € RN»>*Ns

> Y Fuikl(U)=0. (2.14)

KeT oefxngint



2.2.2 Properties of the discrete solution

It is proved in [10] that the numerical scheme defined in the previous section is well-defined and preserves
analogous properties as (P1)-(P2)-(P3) at the discrete level. These properties have already been demon-
strated in [10, Theorem 2.2]. We recall it in Proposition 2.6 below for the sake of clarity.

Proposition 2.6 (Theorem 2.2 of [10]). Let u® € L*°(Q;.A) so that U° € RN»*Ns s defined as u?,K =
1

MK Jk
scheme (2.11) which satisfies the following properties:

u?(x) dz. Then, for alll < n < Nrp, there exists at least one solution U} € RNwXNs to the numerical

(P1") mass conservation:

Z MEU, ;¢ = Z mKu?M‘,K = / ud(z)dz Vi€ [1,Ny], Vnel[o,Nr]. (2.15)
KeT KeT Q

(P2") volume-filling constraint:

ul, x>0 VK EeT, Vie[l,NJ, Vnel[o,Nr], (2.16)
and
Ns
durig=1 VKeT, VYnelo,Ng]. (2.17)
=1

(P3") entropy-entropy dissipation inequality: For all U := (ux)rker,[1,n.] € (R+)NhXNS, let us

define
Ns
Er(U) =YY mguxIn(u x). (2.18)
KeT i=1
Then, it holds that
1 ol
~ (BrU) - Er(Uy ) +a5 > Yl |DioIn(u)|* <0, Vn e [1,Nq]. (2.19)
" oes i=1

2.2.3 Newton resolution

Let us define for all p € P, VK € T, Vi € [1, N5], V1 < n < N7, the nonlinear function GLik: RNs*Nn 5 R
defined as follows: for all U = (u; x)1<i<n. xer € RN ¥Ns,

Uik — urj_ll
Z,LK(U) = szT}”K + Z Fu,i,KU(U)a (2-20)

o€ENEmt

and define the application GJ; : RNs*xNn _ RNsXNn a5 follows: for all U € RNs*Nn,
GL(U) = ( ﬁ,i,K(U))KeT,uLNSH '

A solution U} € RN2*Ns to the scheme (2.11) can then be rewritten equivalently as a solution to the
following nonlinear system

anur) =0, (2.21)

which we solve in practice using a classical Newton procedure [14, 29, 5].

The resolution of problem (2.21) can be very expensive due to the number of mesh elements, the number
of species, the number of time steps, and the number of cross diffusion matrix to be tested. It is then
crucial to speed up the computation of the numerical solution. The aim of our work is to propose a new
reduced-order model to efficiently compute approximations of U, for a large number of values of u € P
while preserving analogous properties as those listed in Proposition 2.6.



3 Structure-preserving reduced-order model

In Section 3.2, we expose the structure-preserving reduced-order model we propose in order to efficiently
compute numerical approximations of U}y for 1 < n < Np and u € P. For the sake of comparison, we
first describe how a standard reduced-order modeling method based on a POD approach would work in
Section 3.1. We will compare the two approaches in our numerical experiments presented in Section 4.

In the following, we introduce Pirain C P a finite training set of parameter values, and assume that
we have computed high-fidelity solutions (Uﬁ) 1 <n< N for all values of the parameter p in the training set
Pirain according to the finite volume procedure described in Section 2.2. We will denote by p € N* the

cardinality of the set Pirain-

3.1 Standard POD reduced model

The aim of this section is to describe the classical POD reduced-order model (POD-ROM) we will use in
our numerical experiments to compare with the structure-preserving reduced-order model (SP-ROM) we
will introduce in Section 3.2.

Given the family of snapshot solutions (Uﬁ)lgngNT,uerm € RVN»xNs for all » € N*, we denote by

Vi..., V" € RN»XNs the r first POD modes of this family. These first POD modes are computed as
follows:

1. We store all the snapshot solutions in the matrix M € RNz XNs:pX Nt
2. We employ a SVD decomposition on the matrix M as
M = VSW7.

Here, the matrix V € RNeXNu:NoxNu and the matrix W € RN7XPNTXP are orthogonal, and the
) g )
diagonal matrix S € RNXNn,Nrxp g rectangular. More precisely, S;; := /o; for 1 < i < min(Ng X
N, Nr x p) where o; are the eigenvalues of the matrix MM ranged in decreasing order.

3. From the matrix V, we extract the matrix V" € R™=XNe" which is the submatrix of V composed by its
first r rows. Note that r < min(N;, x Ng, Ny x p). The precision of the integer r € N* is determined
thanks to the criterion Zk:>r+l o, < ¢ for € > 0 a fixed tolerance.

In the classical POD-ROM, for all u € P and 1 < n < Np, we compute a reduced-order model

approximation U} € RNsXNw of U}} as a linear combination of vi.... vr
T
[rn .— ~k.nysk
Uy =Y anvh, (3.1)
k=1

where the coefficients ¢} := (Nk’" € R" are computed as follows.

n Cu )1gkgr
Let us denote by (Vg )ker 1<i<n, €

K2

¢ = (c*)1<k<r € R, let us denote by ﬁ(c) = (U, x(c))

RNwxNs the components of VEforalll <k <r. For any vector

KeT [1,N.] € RNexNs the vector defined so that

Ui (e) =Y FVhe Vie[l,N], VKeT. (3.2)
k=1

Let us now define for all p € P, 1 <n < Np, [1,Ns] and K € T, the application CNQ'ZZK :R™ — R defined
by

~ ﬂi,K(C) - ﬂn;l ~
asele) = i S ST E i (D)
Aty oEEK
where @), ; r(¢) := u] i, and by G} (c) := ( ZzK(c)> P



Let us finally denote by ﬁ[[} :R” — R” the application such that, for all ¢ € R", Efl’} = (ﬁ;}’l(c)>1<l<
T
where forall 1 <[ <r

H'(e) = (V! Gp(e)).

Here, (-,-) denotes the euclidean ¢ scalar product of RV»*Ns meaning that for all (d, e) € RVr*Ns x RN XN

Npj, X Ng
(d,e) Z d.e,. Then, the vector c € R" is defined as a solution to
a=1
HZ (El’j) =0, (3.3)

and the numerical approximation ﬁg of U}; given by the classical POD-ROM is given by (3.1). A solution
to problem (3.3) is computed using a classical Newton algorithm.

Let us highlight here that the standard POD reduced-order model may not preserve the structural
properties of the solutions of the cross-diffusion system we mentioned in the previous sections, such as
non-negativeness, mass conservation, volumic constraint and decay of the entropy with respect to time
evolution.

3.2 Structure-preserving (SP) reduced-order model
For all p € P and 0 < n < Nyp, let us denote by

Zn 0K = In(ul Uy ;. k) — In(ul Uy, N, k) Vie[l,Ns—1] VKeT. (3.4)

We then denote by V1, ... V7 € RV»x(Ne=1) the 1 first POD modes of the family (

Np, x(Ne—1 e Z) = (2!
RNk x( ) where Zu = (ZMK)

)#Gpn ain;, 1SN N1 €

KeTje[LNa1]" In addition, for all j € [1, Ny — 1], we define

| VA - IJ’7
where I7 € R(Ns—D*Nr ig the vector defined by

IJ = (Ij’_K)KET,j'Gﬂl,NS—lﬂ with I;/,K - 5;/ (35)

In other words, I , x = 11if j =7 and 0 otherwise. We also denote by 7, := r 4+ Ny — 1. The principle of
the SP-ROM mothod we present here is to construct for all p € P, a reduced-order model approximation

Z/L € RNex(Ne—1) of Z! that reads as a linear combination of V', V" given by
Tx
Zhn _k,ny/k
Z, = Zcu’nv , (3.6)
k=1
where the vector ¢j; := (Eﬁ") 1<k<r, € R"™ is computed as described below. Then, assuming that ZZ =

n is . s _ S \] smation T — (777
( Zy, 7)K)KET,je[[1,Nfl]] is computed, a reduced-order model approximation U, = (u#:isK)KeT,[[l,stl]] of

U,; is then computed as follows. Let the nonlinear operator Q : RN:=1 — A be defined as follows: for all
s = (si)ieqi,n.—1] € RY="1, Q(s) = (12(8)];)seq1 n.g Where
6.5‘,' 1

[Q(s)];, = ———=—— Vi€ [l,Ns—1] and [Q(s)|y :=

- = ——r T (3.7)
1+ Zjvzl tes o1+ Zj\[:1 tesi

We then define the reduced-order model approximation ﬁz =
by

7 . (=n
from Zu = (ZM%K)KGTJE[[LN;]]]

Uy i K = [Q(EZK)L7 (3.8)

where 2} ;- = (Eﬁvj,K)je[[l,Nﬁ—l]]' Let us point out here that Q defines an injective map from RN-"1 to A.

(i1 KeT ie[L,N.]

Moreover, note that, by construction, a reduced-order model ﬁz necessarily satisfies

10



(P2rd) volume-filling constraint:
Uy, >0 VK eT, Vie[l,Ng], Vnel0,Nr], (3.9)

and

=2

s

U, k=1 VKeT, Vnel0,Nr], (3.10)
1

.
Il

which is the analogous version of (P2") for the SP-ROM.

n
“w

KeT, je[1,N.—1] € RNr*(Ne=1) the vector defined by

Let us now explain in details how the vector €
introduce Z(c) = (z, x(c))

is computed. For any ¢ := (c*)1<k<,, € R™, let us

Z(c) := Z FVFE,
k=1

Moreover, we define U (c) := (u; i (c)) 1€ RN#XNs By

KeT i€[1,N,

Vie[1,Ng], VK € T, T i(c):=[QZk(c))l;, (3.11)
where Zx (¢) = (Zj,x(c))jeqi,n.—1]- Let us now define for all p € P, 1 <n < Np, 1 <j < N, — 1 and
K € T, the application éZZ i R™ — R defined by

- T rc(e) — Y _
Gk (c) = mK]A—tnM + > Fujko (U(0), (3.12)

o€l

where for all i € [1, Ny] and K € T, @) ; x(c) :=ul ., and by G ,(c) = <éz’j’K(c))KeT ,j € [1, Ny —1].

Let us finally denote by FZ : R™ — R" the application such that, for all ¢ € R"~, HZ = (ﬁzl c >1<z<
SESTs
where for all 1 <[ <r,
—n,l L 1 AN
' (c) = <V ,Gu(c)>, (3.13)

where (-,-) denotes the euclidean scalar product of R nx(Na=1)  Then, the vector ¢, € R™ is defined as a

solution to the nonlinear problem
n

H,(e;) =0, (3.14)
and the numerical approximation ﬁz of U)} given by the SP-ROM is then equal to ﬁ(EZ), which is exactly
(3.8) with ZZ defined by (3.6). A solution to problem (3.14) is computed using a classical Newton algorithm.

The following proposition states that the SP-ROM indeed produces an approximation ﬁz of Uy which
enables to preserve analogous properties to (P1%)-(P2")-(P3") on the level of the reduced-order model.

=3

Proposition 3.1. Let p € P and let (Uu be the solution of the SP-ROM described above. Then,

>1gngNT

denoting by ﬁz = (HZIK) for all 1 < n < Ny, the following properties hold:

KeT,1<i<N,

(P1*Y) mass conservation:

Z MK, ; ¢ = Z mKu?m)K = / ud(z)dr Vi€ [1,Ny], Vnelo,Nr]. (3.15)
KeT KeT @

(PZ¢d) wolume-filling constraint:
x>0 VKeT, Vie[l,NJ], Vnel[o,Ng], (3.16)

and

2

s

Wox=1 YKeT, V¥nelo,Nr]. (3.17)
1

%

11



(P3°1) entropy-entropy dissipation inequality: For all 1 < n < Ny, it holds that

N,
1 —n —n—1 - —n —n
ATn(ET(UM) -BEr(U, ))+a EE > u, . |Dko (@) ,)> <0, Vne[1,N]. (3.18)
o€y 1=1

The next section is devoted to the proof of Proposition 3.1.

3.3 Proof of Proposition 3.1

Before proving Proposition 3.1 we introduce the following intermediate results.

Lemma 3.2. Let e = (ex)ke7,v = (vk)xer € RN, Then,

> > exkDkov=- > DgseDgov. (3.19)

KeT oge&neint ocefint o=K|L

Proof. We have

Z Z eKDKU'U: Z Z €K ('UKU_UK)-

KeT oeExngint KeT oeExngint

Next, observe that for o € £ such that o = K|L, we have,

ex(Vko — Vi) +er(vLe —vr) = — (ex —er) (vk —vr) = —DxseDg,v.
We sum on all internal edges to get the desired result. O

Lemma 3.3. For all U := (ui k) ke ic1,N.] € RNwXNs sych that vazl uix =1 for all K € T, it holds
that for all K € T and all 0 € Ex NE™, we have

Ns
> Fuik.(U)=0. (3.20)
=1

Proof. Let U := (ui k) keT,ic[1,N.] € RM»*Ns guch that ZZV:SI u; g = 1 for all K € 7. Then, it holds that

NS NS NS NS
F;L,i,KJ(U) = _auTaDKU’ui — T (aij - all) (uj,aDKaui - ui,aDKqu)
i=1 i=1 i=1 \j=1,7#1

NS NS NS
* *
—a}moDico | D i | =75 > (aij — a},) (uj.0 Dot — i, 0 Dicott;)
i=1 i=1 j=1,j#i

We first have Dy, (Zivjl ul) = 0 since vazl u; x = 1 for all K € 7. Furthermore,

N. N,
Z Z (a'Lj - a;) (uj,a'DKa"u'i - ui,oDKa'uj) = 07
i=1j=1,j%#i
since a;; = aj; for all 1 <4, < N,. Hence the result. O

We are now in position to prove Proposition 3.1.

Proof of Proposition 8.1. First, we observe that the positivity of the SP-ROM model is easily checked
following the construction (3.7). Furthermore, Vi € P VK € Tj,

No—1 , No—1
—n —n — )E“.Z. <
D Wik TN K = Al D et
= > L, , X
+ Zj:l e i—1

=1

12



so that Z =1y, ; x = 1 which shows that (P 2red) is checked. We are thus left to prove (P17°9) and (P3rd).

On the one hand, we have for all j € [1, N, — 1], and 1 < n < Ny since UZ =U(c)),

<VT‘+J G > Z mg "7’ HJK —+ Z Z F,u.,j,KU(ﬁZ) =0.

KeT KeT ceExneint

Let us prove here that

Y. Y FuikeU,)=0. (3.21)

KeT gefxneint
Indeed, it holds that

Y FuxUy)= > (FM,],K,,(UZ)+F,L,j,Lg(ﬁZ)).

KeT oe&xneint cefint o=K|L

Furthermore, for all o = K|L € £™' it holds that FH,j7KU(ﬁZ) + FHyj7LU(ﬁZ) = 0 from Remark 2.5. As a

consequence, we obtain that
Z MKWy, ;= Z mezle (3.22)
KeT KeT

Reasoning by induction, we then obtain that

0
g MKy, ;¢ = E mKngK E myu’ wi K = /Q (x) dz

KeT KeT KeT

which yields (P174) since the relationship naturally holds for j = Ny too.
Let us now prove (P3*4). It holds that

N
T7 F7n—1 =N —T —=n— —n—
BT -Er T, =33 mx (UMK (@, ) — Tk ln(uwi)lK)) . (3.23)

KeT i=1

Besides, the coefficients ¢j; are solution to ﬁz (€;) = 0. As a consequence of (3.13), we have forall 1 <[ <r,,

Tx T
<Vl G”(UH)> = 0 and then (Z ci,j”Vl> G:(U,j) = 0, which equivalently reads as
1=1

Ns—1
(Z,.CT)) = > 3 #.xGix(@,) =0.
i=1 KeT

Ns—1
We also introduce the notation pj; =1+ Z exp(Z), j i)- 1t follows immediately that
j=1

In(py ) + In(uy ;) =% 5 Vi€ [1,Ns —1],

n - (3.24)
ln(pu,K) + hl(“,u,,Ns,K) 0.
We then get A+ B =0, with
Ng an K 777, 1
\2, i, K =N
=30 % @) | B S B ). (3.25)
i=1 KeT n oEE g NEint
and
Ns —a 1
A, K T i, K =N
DD IIIN) P e D D W
i=1 KeT oEEKNENT
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Besides, we observe that, using (3.22) and Lemma 3.3, we have B = 0 so that A = 0. Therefore, it holds

that
Ns 7n 1
Z Z In(wj; ; r) (mK MK MK) +Z Z (Wi x) Z Fuixa(U,) =0.

i=1 KeT oEE K NEINt

Furthermore, we have

Fu,i’KU(ﬁZ) = —auT(,u DKo (ln ( Z a” * o Ut io (DKO' (111( )) — Dko (hl(UZ,j)))) .

Thus we get,

Ng —n -—-n—1
: Uy i — Uy,
A=>">"In@@, «) <mKW> + Ay + Ay (3.26)
_ 2 At,,
1=1 KeT
with
N
Ay = Z In(T2; x) Z (—a} 7, »Dico (In(@,)))
i=1 KeT UGS}(mgi“l
and

Ay = Z In(ay ; ) Z | Ty ( Z (aij — a;) Uy i oy i o (DKJ (ln( )) Dko (ln( H])))) .

g
=
<
~
~
~
SN——
—
w
N
-~
~—

Ng Ng
Ay = Z Z (aij —a})w}; un, (w0, i) (Dro (In(@]) ;) — In
i ocE€ENENt J

N, N,
AQZ—Z Yo ( > (a5 = @) W T o Dico (0@, 1)) Do (ln(u:j’i)—ln(uﬁ’j))),

i=1 gegint J=1, j#i
and
Ny Ns )
A = Z Z a7y o Dico(In(W): ) Dico(In(@y ) = > > akromr, , (Dron(wy ;)"
i=1 ge&in i=1 geg&int

Next, we develop the term Dy, (In(w]} ;)) Dxo (In(w], ;) — In(w}, ;)) to get

Z Z CLZJ EZ](T uzo(DKU(ln( ))2

ogcgint 1<i#j<Ng

+ > > T (ay—ay)al,,un, ,Dro(In(@) ;) Dko (In(w), ;)

segint 1<1;£7<N

= Z Z a” Z]U /H«T(DK"(IH( ))2

oegint 1<27£7<]\

+ Z % X2 Z rTU (aij - a;) UM]U /HUDK”(IH( ))DKU (ln(ﬁZ,j))

: <
B Z 2 Z T‘T(aj’i_a;)uujrf ;HU(DKUIH( ))2

segint “1<i#j<N,
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We thus obtain

Z ST (ay - a) @, (D (@) — Dico(In(@ ;)))” .

gefint ]<7,7$7<N

Now, let us consider again the equality (3.23). It follows from the convexity of the function h : R} >
x +— xln(z) that

Uik — Uy e+ Uy e (U 5 gc) — Hz_lel 0 (U, 5 k) > Uy e (T ) — Z_le ln(ﬂz_le) (3.28)

Thus, employing (3.28) and the mass conservation property (3.22), we obtain that

ik —n—1
Er(U,) - Er(U, ) <At, Y. ZmK In(@?; ) (%) = At(Ay — Ay).

KeT i=1

Using (3.26) yields

Ng
—_—n —n—1 —n —n 2
Er(U,) - Er(U, )+ Atua, E g Tolly, ;o (DKU ln(uw)) < At, Ay <0.
seeint i=1

Hence (P3™4) and the desired result. O

4 Numerical experiments

The aim of this section is to give a numerical illustration of our theoretical developments on simple one-
dimensional test cases. In particular, the purpose of these numerical illustrations here is to assess the
validity of Proposition 3.1. To get a fully efficient reduced-order model, it would be necessary to consider
in addition adequate hyper-reduction techniques such as the Empirical Interpolation Method for instance.
However, developping a structure-preserving hyperreduction approach does not seem obvious, and we leave
this issue for future work. This is the reason why we consider here only simplistic one-dimensional test cases
and do not provide estimates in terms of gains in computational times.

All the tests have been performed using a Python code and can be found at url https://jdabaghi.
github.io/. We consider two different test cases with respectively Ny = 3 and Ny = 4 that are reported
respectively in Section 4.1 and Section 4.2.

We consider a one-dimensional domain © = (0,1). We consider a uniform spatial discretization grid of
step Az = 1,4 x 1072 so that the total number of cells is equal to 70. We use the Newton solver described
in Section 2.2.3 with the following stopping criterion: sup |U/1“k — UZ}’k_1| < €in With e, = 10712, where
U;"k € RV»* N is the approximate solution provided by the Newton solver at a given step & > 1. In both test
cases, we compare the POD reduced-order model described in Section 3.1 and the SP reduced-order model
we propose in Section 3.2. In particular, we numerically illustrate the fact that the SP reduced model satisfies
the structural properties of the discrete solution listed in Lemma 3.1. Furthermore, the final simulation
time is 7" := 0.5 and we use for the high-fidelity resolution a constant time step At = Afﬂ =2,5x107%s
that Np = 2000. Therefore, for each parameter p we need to solve Ny nonlinear systems yielding a hug)e
computational cost and thus justifying the importance of using a reduced-order-model technique. The
value of the parameter ay, > 0 raised in (2.12) is chosen as follows

1 Az?
ay, = min { maxa;;, max { mina;;, el , (4.1)
" i#] i#] 2 At,

as suggested in [10]. We refer to [10] for a complete discussion.
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Figure 2: Initial condition for test case 1.

0.7

0.6 06 —— ulgt =02,z
- —— uz(t =02,z
0.6 05 os —— us(t = 0.2,2)
0.5 0.4 '
—— uy(t = 0.005, z) 0.4
304 —— uy(t = 0.005, ) 03 s ’
—=— u3(t = 0.005,2) 0.3
0.3 0.2
—— uy(t = 0.05,7) 0.2
0.2 0.1 —— us(t = 0.05,2)
01 0.0 —=— yu3(t = 0.05,2) 0.1
0.0 0.2 0.4 T 0.6 0.8 1.0 0.0 0.2 0.4 " 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 3: uqi(t,x), ua(t, x) , and us(t, x) at different values of the time ¢. ¢ = 0.005 (left), t = 0.05 (middle),
and ¢t = 0.2 (right).

4.1 Test case 1: three species

In this first test case, the initial guess is chosen as

— i 3 5 _ i 13 57
0 () {(1$ 20 1flx€[8,8] ud () {; 26 lflxe[zws]ﬂ[s’s] (4.2)
else, else
and
1-26 ifxef0,i]n[L1
oy ={ |72 Gre A 2

Note that the parameter § is chosen equal to § = 0.1. Furthermore, the initial solution u® satisfies the
volume filling constraint property [(P3)] of Section 1.2. Within the offline stage, we compute 20 snapshots
of solutions, i.e. we compute the collection (U[L‘)1 <n<Ne for all p belonging to a subset Pirain C P so
that Card(Pirain) = 20. For the sake of clarity, the elements of Piain which are in fact Ny x Ny matrices,
are determined by selecting random numbers in the set [0, 1]. More precisely, as the matrices of Pipain are
symmetric with diagonal off coefficients w real values belonging to the interval [0, 1] are sampled.
We denote in the following by p°,---, ' the elements of Pyain. An illustration of the initial conditions

uf, u3, and 3 is provided in Figure 2.

4.1.1 The high-fidelity problem

In Figure 3, we represent the behavior of the numerical solution at several time steps for one selected
parameter ;° € Piain and when the Newton solver has converged. In fact, it corresponds to high-fidelity
numerical solutions. In this case, the parameter p° = (a?j)lgi,jg N, is given by

ady =075, a5 =0.73, ad; = 0.84. (4.4)
We observe that the local volumic fractions evolve over time to reach constant profiles (around 0.44 for

ug, and around 0.26 for u; and ug) in the long time limit. This behavior is typical of the solutions of the
particular cross-diffusion system we consider here.
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Figure 4: Properties of the fine numerical solution. Left : non-negativity of the solution, middle : preserva-
tion of the volume filling constraint, right : conservation of mass.

In Figure 4 we show that the numerical solution obtained by the finite volume resolution (see Section 2.2)
preserves the structural properties listed in Section 2.2.2. We have simulated the cross-diffusion model (2.1)
for all g € Pirain. In the left figure, we have represented for each time step n € [1, N7], the following
quantity:

Pu(ty):= inf inf inf o, k. 4.5

ultn) PEPain [1,N,] KT HHE (45)

We observe that the functional Py reaches its minimum around 0.065 > 0 so the numerical solution is

always positive. In the middle figure is displayed the volume filling constraint error |1 — Sy (¢,,)| obtained
at each time step n € [1, Np] where Sy (t,) is defined by

Ns
Sy(tn) := inf inf ul e 4.6
u(tn) HEPurain KET £ pot K (4.6)
In particular we observe that this quantity is very close to the optimal value of 0 which shows that the finite
volume procedure described in Section 2.2 preserves the volume filling constraint property. The right-hand-
side figure illustrates the mass conservation property. We have displayed for each parameter p € Pirain the
maximal deviation of the mass from the initial mass. This maximal deviation is given by

Z mKuZ’i’K—/u?(x) dx| .

KeT 2

My (p) := max  max (4.7)

i€[1,Ns] n€[1,Nr]

We observe that this deviation of the mass is of order 10~ '? which is very close to computational accuracy.
It proves the consistency of the finite volume procedure described is Section 2.2.
Finally, Figure 5 is a complement to Figure 4 and shows the exponential decay of the entropy to a
constant value. Recall that the entropy at time ¢, is given by E7(U") := > ot ZZV:SI mruy g n(uf ).
Note that the left-hand side figure corresponds to the cross-diffusion coefficients u° defined by (4.4)
whereas the middle and right figures corresponds to other sets of cross-diffusion coefficients: ;% = (a%—)li# J<N.

and p'" = (aj])1<izj<n,, with

aly = 0.93, als = 0.71, a3y = 0.44 and a7} = 0.37, ajs = 0.004, a3} = 0.72. (4.8)

4.1.2 The POD reduced order model

In this section, we show that the first POD reduced-order model does not preserve the structural properties
of the solution.

In Figure 6 is displayed the violation of the structural properties of the solution for the first POD reduced
model (see Section 3.1). In these figures, the cardinality of the reduced basis is r = 2. On the left figure, we
considered the quantity Pg(t,) (see (4.5)) which is plotted as a function of n € [1, Nz]. We observe that
the positivity constraint is violated at many time steps. Next, in the middle figure, we have represented
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Figure 6: Violation of the physical properties of the reduced solution. Left : violation of the positivity,
middle : violation of the volume filling constraint, right : violation of the conservation of mass.

the quantity Si(t,) (see (4.6)) as a function of n € [1, Np]. We also observe that S;(t,) # 1 for many
time steps so that the volume filling constraint is violated. On the right figure, we show the deviation of
the mass Mg (u) (see (4.7)) of the reduced problem from the initial mass ), mKﬁgﬂ-’K. This deviation
is important for several values of p so that the mass conservation property is likewise violated.

Finally, in Figure 7 we show (left figure and middle figure) when r = 2 that the discrete entropy
functional defined by (2.18) (where U is replaced by ﬁl’j) is not a decreasing function. Note that here, the
image in the middle coincides with the one in the left with a zoom on the time steps beyond 500. The right
part of Figure 7 shows that the L% (Piain, L?(Q), L?([0,T7])) error between the POD-ROM solution and
the fine solution decreases when the dimension of the reduced basis increases. This behavior is consistent
showing a decrease to the optimal value of 0. Here, U,L respectively 77,’1 is the functional representation
of Uj, := (uﬁﬂ?»K);Lerin,KeT,neﬂl,NT]] respectively U}, :=
error is defined by

~n . .
(u/MvK)uePt,-a;n,KeT,ne[[l.,NT]]' Furthermore, the

1
T 2
. . . .2
[ ~1 7 ~1
max Hu -1 { . f '= max max Hu =l || (B)dE] (4.9)
. . 2 2 . L 2
i€[1,N.] H KL (Pirain,L2(2),L2([0,77)) i€[1,Na] HEPirain 0 K HIL2(Q)
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Figure 7: Violation of the decay of entropy and reduced model error.
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Figure 8: Violation of the physicial properties of the reduced solution as a function of the dimension of the
reduced problem
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Figure 9: Preservation of the structural properties of the reduced solution. Left : positivity property,
middle : volume filling constraint, right : conservation of mass.

In Figure 8 we have represented some inconsistencies of the reduced solution when the cardinality of the
reduced basis increases. In the left Figure is displayed for each value of r the number of negative values
that could have the numerical solution. In fact, it corresponds to the number of negative elements from the
whole snapshot matrix M € RN»xNe:pXN7 - Tp the right part of Figure 8, we depicted the maximal deviation
of the reduced mass from the initial one when the dimension of the reduced basis increases. More precisely,
it corresponds to the quantity max,cp, .., M (). We observe that this quantity decreases fastly when the
dimension of the reduced basis increases. This result is coherent with the fact that for smallest values of r
the POD-ROM is not accurate whereas for big values the constraints are no more violated.

4.1.3 SP reduced-order model

In this section, we propose numerical experiments for the structure preserving reduced order model described
in Section 3.2.

Figure 9 is the analog of Figure 6 where we observe that the first three structural properties listed in
Lemma 3.1 are satisfied. In these figures 7 = 2 and we employ (4.5), (4.6) and (4.7) with U, instead of
ﬁn

/l’ . . . . o . o . o . + .

Next, we represent in Figure 10 the evolution of the entropy functional for the cross-diffusion coefficient
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Figure 10: Preservation of the entropy property : left and middle. Error of the reduced model : right.
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Figure 11: Profile of the numerical solution at n = 20 (left), n = 200 (middle), and n = 1700 (right) for the
cross diffusion coefficients p!'”

p® defined by (4.4) where the reduced solution is provided by the SP-reduced model of Section 3.2. In
particular, we observe that the entropy decreases exponentially before reaching a constant profile, as for the
high-fidelity model. Note that in the middle figure a zoom is performed on the time step beyond n = 600.
The right figure compares the behavior of the two reduced-order model error. The blue curve corresponds
to the error provided by the POD-ROM and the violet curve corresponds to the error given by the SP-ROM
(this time we use (4.9) but with ﬂft instead of ﬂL) We see that the behavior of the two curves are similar.
For small sizes of reduced basis (below 15), the error given by the SP-ROM is better than the error given by
the POD-ROM. However, the reverse is observed for larger size of reduced basis. Let us mention here that
this type of behaviour (loss of accuracy of structure-preserving reduced-order models) is also observed for
other types of models like Port-Hamiltonian systems [12, 39]. Nevertheless, the SP-ROM is an interesting
alternative since even for few POD modes it preserves the structural properties of the solution and has
a suitable error behavior, which is of crucial importance in context where multiphysics simulations are
performed.

4.2 Test case 2: four species

In this test case, we consider an example inspired from applications related to the PVD fabrication process of
thin film solar cells as proposed in [1] with Ny = 4 species (refering to Copper, Indium, Gallium and Selenium
in photovoltaics applications). The numerical resolution of this particular parametric cross-diffusion system
is particularly expensive and justifies the use of reduced-order-model techniques. We also compare in this
test case the behaviors of the POD-ROM and SP-ROM. The final simulation time is 7' = 0.5 and we use a
constant time step At = At,, = 2.5 x 107 so that Ny = 2 x 103.

We again use the Newton solver described in Section 2.2.3 . In this Section, we compute 20 snapshots
of solutions so that Card(Pirain) = 20. The definition of the parameter a; follows (4.1). Concerning the
initial conditions we take

wd(z) 1= e BE@E=05" 0y = a2 4o, wl(z) i=1—e PE 0D 40(z) = |sin(ra)| (4.10)

where ¢ = 107°, and define
0(g) = — W0

i () = *

4.11
Zi\g w) () ( )

forall 1 <i<4and z € (0,1).
In Figure 11 we represent the shape of the high-fidelity numerical solution at three time steps at n = 20,
n = 200, and n = 1700. Here, the cross-diffusion coefficients p'7 = (a}]7)1§i¢j§4 are given by

all =0.64, all = 0.31, ! = 0.53, ad] = 0.99, al] = 0.84, all =0.99. (4.12)

In Figure 12 are displayed the structural properties of the numerical solution, namely the positivity
(left figure), the volume filling constraint (middle figure), and the mass conservation (right figure). As in
Section 4.1.1, we observe that the three properties are preserved along the simulation.
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Figure 12: Properties of the fine numerical solution. Left: positivity of the solution, middle: preservation
of the volume filling constraint, right: conservation of mass.

=0 = pu=8 -110 - p=17
-1.10 -1.10
-115
115 -1.15 _
= g ?, -1.20
= 120 = -1.20 S
(S = S
3]
125 -1.25 -125
-1.30 -1.30 -1.30
0 250 500 750 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000
time step n time step n time step n

Figure 13: Entropy functional for three parameters.

In Figure 13 we represent the behavior of the entropy functional for three sets of cross-diffusion coefficients
0 = (ag))1<izj<a, 1 = (af;)1<izj<a, where
aly = 0.36, aly = 0.19, @i, = 0.64, a5 = 0.07, a3, = 0.61, a3, = 0.51,
a$y, = 0.69, af; = 0.30, af, = 0.16, a5; = 0.37, a5, = 0.95, a5, = 0.38,

and p'7 defined in (4.12).
We observe again the fact that the entropy of the system converges exponentially fast to some limit

value.

4.2.1 The POD reduced-order model

In Figure 14, we depict the violation of the structural properties of the numerical solution given by the
POD-ROM. In the left Figure, we represent the number of cells where the solution could be negative as a
function of the dimension of the reduced basis. More precisely, for each r > 0, is associated 20 set of Np
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g 151074
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Figure 14: Violation of the physical properties of the POD-ROM. Left : violation of the positivity, middle :
violation of the volume filling constraint, right : violation of the mass conservation.
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Figure 15: Violation of the decay of entropy for r = 1 (left), r = 3 (right) and error for POD-ROM.

solutions. The results obtained in the left figure correspond to the number of negative values that appear
in the whole set of 20 x N, possible vector of solutions.

We observe that for many configurations, we can find several negative elements. Note that in the middle
figure is displayed the quantity inf,,cj1 v, inf ep,, .., DfreT Zi\f:sl uy, ; i for several values of . Concerning
the mass deviation, we have represented the quantity max,cp,,,,, Mg (1) as a function of r where Mz (1)
is defined by (4.7). Thus, to obtain a reduced model respecting the first three properties of Lemma 3.1 we
need to consider r = 22 basis vectors which is not appropriate. Figure 15 completes the results obtained
from Figure 14. The discrete entropy functional is represented as a function of the time steps. We observe
for r = 1 and r = 3 that the entropy increases beyond some time step which constitutes a physical violation.
Note that for the middle figure we zoomed on the time steps where we observe the groth of the entropy.
Finally, the figure on the right shows that the maximal deviation of the error defined by (4.9) is important
for small values of r and becomes very small when r increases. This behavior is coherent and characteristic
of POD reduced-order model.

4.2.2 The SP reduced-order model

This section is devoted to numerical experiments for the SP-reduced order model. We represent in Figure 16
the structural properties of the reduced solution. On the left Figure, we represented for several values of
r > 0 the minimum value that can takes the numerical solution. More precisely we have represented the
quantity
inf inf inf inf W,k
n€[l,Nr] pEPwain K€T ic[1,N,]

for several values of r > 0. We observe that the solution is always nonnegative which shows that the
positivity constraint is satisfied for this reduced model. In the middle Figure, is verified the volume filling

constraint property. We displayed the quantity

N,

inf inf inf E UZ i K

n€[1,Nr] HE€Prtrain KET 4 7 "
1=

for several values of > 0. We observe that this quantity is always equal to the optimal value of 1. Finally,
in the right Figure we have represented the error of the two reduced models as a function of the cardinality
of the reduced basis. Recall that these error are defined by (4.9). We observe that the error decreases when
the dimension of the reduced basis r increases, at a similar rate for both approaches when r < 25. For
larger values, we also observed decreasing error with a small roughly constant shift between the two curves.

Then, in Figure 17 we have illustrated the behavior of the discrete reduced entropy for the cross-diffusion
coefficients p'” defined by (4.12) and for r = 1,2,4. Contrary to Figure 15 we can see that the entropy is
a decreasing function with respect to the time steps. Thus, our SP-ROM indeed preserves the structural
properties of the numerical solution.

4.2.3 Validation stage

In this section, we check the validity of the various reduced-order models for cross-diffusion coefficients
which do not belong to the training set Pirain. To this aim, we select values of parameters p in a subset
Pyatia of P, which is different from Piain and compare the error between the high-fidelity model and the
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Figure 16: Preservation of the structural properties of the SP-ROM. Left : positivity property, middle :
volume filling constraint, right : reduced model error.
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Figure 17: Entropy property of the SP-ROM. Left : » =1, middle : r = 2, right : r = 4.

ROMs. Here, Card(Pyaiia) = 20 and to sample the coefficients of the cross-diffusion matrices we proceed
as for the matrices of Piain. The results reported in Figure 18 show that the solutions given by a fine
resolution evolve to constant profiles which is the typical scenario of cross-diffusion system simulations.

Figure 19 is the analog of Figure 17 and Figure 16. We observe that the positivity constraint, the
volume filling constraint, and the mass conservation property are satisfied for each reduced model SP-ROM.
Furthermore, the decay of entropy is also found back and we have displayed the particular case where the
cross-diffusion coefficients p** = (a}?)1<izj<4 are defined by

ais =022, a¥2 = 0.37, a3 = 0.17, a33 = 0.53, a33 = 0.97, a33 = 0.82.

Finally, the results that we obtained for other parameters p € Pyaq are similar to the results obtained in
the previous section with p € Pirain-

5 Conclusion

In this work, we proposed a structure-preserving reduced-order model for a cross-diffusion system, which
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Figure 18: Profile of the numerical solution at n = 20 (left), n = 420 (middle), and n = 1960 (right) for the
cross-diffusion matrix Ag7.
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Figure 19: Validation stage for SP-ROM. Top left: positivity constraint, top middle : volume filling con-
straint property, top right : mass deviation, down left : entropy property for » = 1, down middle : entropy
property for r = 10.

yields comparable accuracy with respect to a standard POD-ROM while preserving the main features of the
original model. The numerical experiments confirmed the theoretical properties of the proposed approach.
Several open questions remain to be tackled: first, for the SP-ROM to be online efficient, it will be needed to
use it in conjunction with an appropriate hyperreduction method, like for instance an Empirical Interpolation
Method. It is not clear however how to design such a empirical interpolation method which would ensure
that the resulting ROM would still preserve the desired properties such as non-negativeness of the solutions
or entropy decay. Moreover, the design of appropriate a posteriori estimators would make possible the use
of a greedy algorithm for the selection of the reduced basis, which would be cheaper that the POD selection
which is done here. We leave these questions for future work.
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