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Adaptive inexact smoothing Newton method for a nonconforming
discretization of a variational inequality™

Ibtihel Ben Gharbia! Joélle Ferzly™S Martin Vohralik’ Soleiman Yousef!

June 7, 2022

Abstract

We develop in this work an adaptive inexact smoothing Newton method for a nonconforming discretiza-
tion of a variational inequality. As a model problem, we consider the contact problem between two mem-
branes. Discretized with the finite volume method, this leads to a nonlinear algebraic system with comple-
mentarity constraints. The non-differentiability of the arising nonlinear discrete problem a priori requests
the use of an iterative linearization algorithm in the semismooth class like, e.g., the Newton-min. In this
work, we rather approximate the inequality constraints by a smooth nonlinear equality, involving a positive
smoothing parameter that should be drawn down to zero. This makes it possible to directly apply any stan-
dard linearization like the Newton method. The solution of the ensuing linear system is then approximated
by any iterative linear algebraic solver. In our approach, we carry out an a posteriori error analysis where we
introduce potential reconstructions in discrete subspaces included in H* (), as well as H (div, Q)-conforming
discrete equilibrated flux reconstructions. With these elements, we design an a posteriori estimate that pro-
vides guaranteed upper bound on the energy error between the unavailable exact solution of the continuous
level and a postprocessed, discrete, and available approximation, and this at any resolution step. It also
offers a separation of the different error components, namely, discretization, smoothing, linearization, and
algebraic. Moreover, we propose stopping criteria and design an adaptive algorithm where all the iterative
procedures (smoothing, linearization, algebraic) are adaptively stopped; this is in particular our way to fix
the smoothing parameter. Finally, we numerically assess the estimate and confirm the performance of the
proposed adaptive algorithm, in particular in comparison with the semismooth Newton method.

Key words: elliptic variational inequality, complementarity constraint, semismooth and smoothing Ne-
wton method, equilibrated flux, a posteriori error estimate, stopping criteria

1 Introduction

Variational inequalities have been of great interest to researchers due to their various applications. Possibly
expressed as a system of partial differential equations (PDEs) with complementarity constraints, they arise in
a variety of fields such as engineering and economics [30], mathematical finance [31], structural mechanics [17],
flow processes in porous media [10], and many more. The numerical discretization of such problems yields
a finite-dimensional nonlinear algebraic system with complementarity constraints written in the form: find a
vector X € R™ n > 1, such that

EX = F, (1.1a)
K(X)>0,G(X)>0, K(X) G(X)=0. (1.1b)

Let 0 < m < n be an integer. The first line (1.1a) derives from the discretization of a linear PDE, where
E € R*"™"" is a matrix and F' € R"™" is a given vector. Denoting by K : R® — R™ and G : R* — R™
two (linear) operators, line (1.1b) expresses the complementarity relationship between the nonnegative vectors
K(X) and G(X), in the sense that if one of them has a positive component, then the corresponding component
in the other one must be zero. Countless developments have been made over the years to (approximately) solve
problem (1.1). In this regard, we mention the semismooth Newton method [18, 36, 9], the active set-type
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methods [42], the primal-dual active set strategy which can be interpreted as a semismooth Newton method
[38], and projection-type methods [59]. Another class of methods, motivated by the augmented Lagrangian
methods, is the one invoking a regularization technique [51, 41]. It can be combined with a path-following
strategy to properly update the regularization parameter, see, e.g., [39, 52]. Inspired from the interior-point
methods [58, 35], another approach is the non-parametric interior-point method proposed recently in [57]. For
an enlightening summary of numerical methods solving problem (1.1), we refer to the books of Ferris et al. [29],
Facchinei and Pang [27, 28], Bonnans et al. [11], Ito and Kunisch [40], and Ulbrich [53].

In this work, we focus on smoothing Newton methods. The guiding principle of this approach is to ap-
proximate the complementarity constraints in (1.1b) by a system of smooth (differentiable) nonlinear equations
C,(X) = 0, where C,, : R® — R™ is a smooth (differentiable) approximation of a non-differentiable com-
plementarity function (C-function) C : R” — R™ with a parameter g > 0. This reformulation brings us to
approximate problem (1.1) at each smoothing step j > 1, with parameter p/ > 0, by finding a vector X7 € R"
such that

EX’ = F,
; 1.2
Cuj (X7) =0 (12)
Hence, any iterative linearization procedure can be directly applied to system (1.2), yielding at each linearization
step k > 1 a linear system

j,k—1 j j,k—1
AJ} Xk — B]; ,
w B

(1.3)

where Aijk 1 € R"" is a matrix and BZ ’jk_l € R™ is a vector. Let us stress, however, that it is impractical to
solve (1.3) exactly in applications. Following [26, 43, 49, 32], we solve the latter system only approximately
by employing an iterative linear algebraic solver, giving rise, at each smoothing step j > 1, linearization step
k > 1, and linear algebraic step ¢ > 1, to a residual vector R;’IZ” € R™ defined by

Rii’;" — B;Jlﬂ'k_l _ Aﬂf‘lXﬂ'*’“. (1.4)

In this regard, as we consider numerical approximations, it is crucial to control the error between the unknown
PDE solution u and the numerical approximation arising at steps j, k, i, say ufl’k’z, and to approximate systems
(1.2), (1.3), and (1.4) efficiently and accurately while limiting the computational costs. The present paper
aims at designing an adaptive algorithm steering the iterations in j, k, and 7. Our key tool for this is to derive
guaranteed a posteriori estimates allowing to obtain a fully computable upper bound on the energy error eliki
between the approximate solution ui’k” and the unknown solution w, at each step 7 > 1,k > 1, and ¢ > 1 of
the resolution, in the form o o o

eI <l i+ iy (1.5)
These computable estimates allow us to identify all sources of error resulting from the numerical simulation,
namely the discretization, smoothing, linearization, and linear algebraic solver error. Distinguishing the error
components in particular enables to formulate optimal criteria to adaptively stop the various iterative solvers
whenever the corresponding error no longer significantly influences the behavior of the overall error, as in

[45, 4, 22, 20, 48, 16, 17, 37, 34], and the references therein.

There is a well-developed literature on a posteriori error estimates for PDEs. For a general introduction,
we refer for instance to the books of Ainsworth and Oden [2], Repin [46], and Verfirth [54]. For variational
inequalities, we can mention the contributions of Repin [47], Belgacem et al. [7], and Biirg and Schroder [15].
In this work, we are interested in the so-called equilibrated fluxes estimates, based on H (div, Q)-conforming
and locally conservative flux reconstructions belonging to the lowest-order Raviart—Thomas—Nédélec space RT
(discrete subspace of H (div,€2)). We refer the reader to the contributions [19, 12, 22]. As we consider a
nonconforming, finite volume, numerical discretization, we will also rely on a potential reconstruction following
in particular [1, 56, 23]. This methodology in particular allows us to obtain the unknown constant-free bound
in (1.5).

We apply our approach to the following problem that models the contact between two membranes. Let
Q C R? be an open polygonal domain. The problem reads: find u;,us, and A such that

—B1Auy — A= f1 inQ, (1.6a)
—B2Aus + X\ = fy inQ, (1.6b)
up—u2 >0, A>0, (u;—u)A=0 1inQ, (1.6¢)

up =g on 0, (1.6d)

upg =0 on 99, (1.6e)



56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

%

95

96

97

98

99

100

101

102

103

104

105

106

where the unknowns are the displacements u; and wy of the two membranes and the Lagrange multiplier A
which characterizes the action, or the reaction —\, of one membrane on the other. Equations (1.6a) and (1.6b)
describe the kinematic behavior of each membrane under the action of external forces fi, fo € L*(Q). The
constant parameters 81, 82 > 0 correspond to the tension of each membrane. Line (1.6¢) represents the linear
complementarity conditions, w; — ug > 0 states that the membranes cannot interpenetrate, A > 0 stems from
the definition of A, and (u; — uz)A = 0 means that where the membranes are not in contact (u; — ug > 0), A
vanishes, and where they are in contact (u; = us), A is nonnegative. The boundary conditions in (1.6d) and
(1.6e) indicate that the first membrane is fixed on the boundary 92 at g > 0, where g is a constant, above the
second one, which is fixed at zero.

The contact problem (1.6) has been studied in several works. Existence and uniqueness together with a
conforming finite element discretization were studied in [5, 6, 7], see also the references therein. A semismooth
Newton method combined with a path-following strategy was introduced and tested in [60]. Recently, in [17],
an adaptive inexact Newton method, steered by a posteriori error estimates as in (1.5), was proposed to solve
problem (1.6) when discretized by conforming finite elements. In our work, we rather consider the cell-centered
finite volume method. We develop an adaptive inexact smoothing Newton method to solve the arising discrete
problem, where any of the classical linearization scheme for smooth nonlinearities and any iterative linear
algebraic solver can be used.

Let us briefly outline the structure of the paper. In Section 2, we fix notation, present the model problem
(1.6) in details, and introduce its finite volume discretization. We recall the semismooth Newton method in
Section 3. Then, we introduce a smoothed reformulation of our problem and address its numerical approximation
employing an (inexact) smoothing Newton method in Section 4. Next, Sections 5 and 6 are devoted to describe
the potential and equilibrated flux reconstructions, enabling to pursue our analysis. In Section 7, we derive
an a posteriori error estimate on the error between the exact solution and the approximate solution on any
smoothing step j > 1, any linearization step & > 1, and any algebraic step ¢ > 1. We split our guaranteed bound
into estimators characterizing the discretization, smoothing, and algebraic errors, and establish a linearization
estimator reflecting the linearization error, obtaining an estimate of the form (1.5). This error distinction leads
to adaptive stopping criteria that we incorporate in the adaptive inexact smoothing Newton algorithm presented
in Section 8. We study numerically the behavior of our a posteriori estimates and the efficiency of the developed
algorithm in Section 9. Finally, Section 10 brings forth our conclusions and outlook.

2 Continuous problem and its finite volume discretization

In this section, we first fix notation and present the full and reduced variational formulations of the model
problem (1.6). Then, we introduce its finite volume discretization.

2.1 Function spaces, meshes, and notation

We first recall the definition of some functional spaces. For a domain  C R?, let D(2) be the space of functions
u: Q — R of class C*° with a compact support in . We denote by L?(Q) the space of Lebesgue-measurable
functions v : @ — R such that [ju] := ([, lu(z)[?)2 dx < co. It is a Hilbert space for the scalar product
(u,v) = [ u(z)v(x)dx. Next, H'(Q) stands for the space of functions in L?(2) which admit a weak gradient in
[L2()]?, and H}(Q) stands for its subspace of functions that vanish on 99 in the sense of traces. Moreover,
H (div, ) is the space of vector-valued functions u : Q@ — R? u € [L*(Q)]?, such that V-u € L?(Q2). The
standard notation V- is used for the weak divergence operator. We shall define the sets
Hgl(Q) ={u€ H'(Q),u=gon dQ} and A := {x € L*(Q),x >0 a.e. in Q}.

We also use in the subsequent sections the notation || - Hi := (-, ), for the L?(w) norm and scalar product on a
subdomain w of 2. When w = €, the subscript is dropped. A similar notation is used for vector-valued functions.

We shall consider a mesh 7}, given by a family of triangles K verifying Q = |J KeT, K. We assume that
the elements of T, are conforming in the sense that the intersection of the closure of two elements is either an
empty set, a vertex, or an edge. We also assume that 7}, is admissible, i.e., for all K € 7}, there is an associated
point xx such that the straight line connecting two points zx and z; of two neighboring triangles K and
L € T}, is orthogonal to o 1, := 0K N IL, see [24]; we choose for zk the circumcenter of K. We denote by &,
the set of all edges o of Ty, by £ the set of interior, and by £ the set of boundary edges. To each edge
o € &, we associate a unit normal vector n,. The set of all edges of K is denoted by £k, which is decomposed

into interior edges and boundary edges such that Ex = ER'UEST. We denote by ng , the outward unit normal
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vector to K on the edge o.

We then define the broken Sobolev space H(T,) = {u € L?*(Q);u|x € H'(K),VK € T}. For a func-
tion u € H(T), we denote by Vu € [L?(Q2)]? the broken weak gradient such that (Vu)|x := V(u|x).

Next, for a function u and an edge o € ™ shared by K, L € T, such that n, points from K towards L, we
define the jump of u on o as

[ulo == (ulx)le = (ulL)lo-

We set [u], = ul, for o € £ in the contact of the second membrane, whereas [u], = u|, — ¢ for the first
membrane and its approximations. Later, we will simply use the notation [u], since there will be no ambiguity,
and also extend it componentwise for vector-valued variables.

We recall two basic inequalities that will be necessary in order to carry out the analysis in the following
sections. Let h,, denote the diameter of w C 2. The Poincaré-Friedrichs and the Poincaré-Wirtinger inequalities
state that

llull,, < Cprho||Vul, Yu € Hy(w), (2.1a)
v — Ty, < Cpwho|Vull, Yue H'(w), (2.1b)
where 7, is the mean value of the function u over w given by %, := (u,1)_/|w| (Jw| is the measure of w).

The constant Cpp can be taken equal to 1, cf. [55, Remark 5.8]. If w is convex, Cpw can be evaluated
as 1/m, cf. [3], and it only depends on the geometry of w if w is non-convex, cf. [24, Lemma 10.4]. For a

function w = (u1,u2) € [H} (o.))]z, we introduce the energy semi-norm

2 3
e[, := {Zﬂawwﬁ} : (2.2)
a=1

We will use the simplified notation |||ul||| := |||ul||, when w = €. We extend this definition in the same way
to all w = (u1,u2) € [H'(Ts)]?, where it becomes merely a semi-norm. Finally, we define the rescaling of the
H~(w) norm

ulllg-1 0 = sup (u, @), u € H Y w). (2.3)
PEH (w)

11
max(82,85)1V|l,=1

2.2 Continuous problem

Seting u := (u1, uz) and v := (v1,v2) € [Hl(Q)]Q, we consider the forms, for y € L?(Q),

2 2
a(u,v) := Z Ba(Vug, Vuy), blv,x) = (x,v1 —v2), l(v):= Z(fa,va). (2.4)

a=1

We will also consider in a forthcoming section the extension
2
a(u,v) = Ba(Vua, Vva)  u,v € [H'(Th)], (2.5)
a=1

where, recall, V denotes the broken weak gradient on H'(Ty,).

Given (f1,f2) € [L2(Q)])? and g > 0 a constant, the weak formulation of problem (1.6) is to find u €
H}(Q) x Hj(Q) and A € A such that

a(u,v) —b(v,)) =1(v) Yove H(Q)], (2.6a)
blu,x —A) >0 Vx € A. (2.6b)

Problem (2.6) admits a unique weak solution (cf. [6, Proposition 1]).

Define then the convex set K, by

ICq = {(v1,02) € H)(Q) x H(), v1 —v2 >0 ae. in Q}. (2.7)
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We also consider the reduced variational problem: find w = (u1,u2) € K4 such that
alu,v —u) > l(v—u) Yo = (v1,v2) € ICy, (2.8)

which is equivalent to (2.6), as proved in [6, Lemma 2]. Note that by the Poincaré-Friedrichs inequality
(2.1a), the bilinear form a is coercive on [Hg(2)]2. Thus, the well-posedness of (2.8) is a consequence of the
Lions—Stampacchia theorem, see [13, Theorem 5.6].

2.3 Finite volume discretization

The finite volume scheme for problem (1.6) reads: find the values {u1 k }re7,, {t2,x } ke, and {Ak}kem,
such that for all K € T,

> Fako+ (-)%K\k = |K|fax,  ac{l1,2}, (2.92)
c€€K
Uk —u2k >0, Ax >0, (u1,x —u2,x) Ak =0, (2.9b)

where fo.x = (fa,1)/|K]. In scheme (2.9), F, k., represents the numerical approximation of the flux through
the edge o of the element K € 7;, and is given by

dr,r

- —Balo|teL et it g e gt o = KN L, 210
ST\ —falofteg ek if g € £, '

where for o € Eﬁ"ﬂ U1, = g and ug , = 0, which corresponds to the discretization of the Dirichlet boundary
conditions in (1.6). Let for the discretization of problem (1.6), m denotes the number of mesh elements and n :=
3m. Using that Ex = EB' U EEE, we develop (2.9) and define the stiffness matrix C, € R™™ « € {1,2}, by

o] o] o]
Corici= Y -+ S T Coxrpi=——2-, KLeTh K#L.
K < di 1, + dr .o AL dr,r T 7
geER® ’ S ’ ’

We also define the diagonal mass matrix M € R™™ by Mg x := |K]|, and a vector f, € R™ such that
fox = |K|fa,x + Zaesg’“ BQ%UQVU,VK € Tn. Let X := [Xy, X2, A]T € R” be the algebraic vector of
unknowns of the model such that X; = (u1,k) ke, € R™, X9 = (ug,x)ker, € R™, and A = (Ag)ker, € R™.
Then, the finite volume discretization (2.9a) can be written as: find X € R™ such that EX = F, with
F := [f1, f2]7 € R"™™ being the right-hand side vector, and E € R"~"" bheing a rectangular block matrix
defined by
E.— 6Ci 0 —-M
' 0 BC M

Overall, (2.9) leads to the following system of algebraic inequalities: find X € R™ such that
EX =F, (2.11a)
K(X)>0, GX)>0, K(X) GX)=0, (2.11b)
where the linear operators K : R” — R™ and G : R® — R™ are defined as

GX)=X;— X5, and K(X):= A (2.12)

3 Semismooth Newton method

In this section, we consider the semismooth Newton linearization to approximate the solution of the nonlinear
system of equations (2.11), see, e.g., [27, 17].

The complementarity constraints (2.11b) written as algebraic inequalities can be expressed as a nonlinear
non-differentiable equality by means of C-functions, where C stands for complementarity. We say that a function
C:(R™)? - R™, m > 1, is a C-function if for any pair (z,y) € (R™)2,

C(x,y)=0 <= >0, y>0, and -y =0.
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As examples, we consider the min and Fischer—-Burmeister (F-B) functions
(C’min(wvy))l = (mln{m7y})l = (wl +yl)/2_ |:13[ _yl|/2 l= 1...,m, (31)
(Cre(x.y)), = \Jaf +y} — (z +y) I=1,...,m. (3-2)

For more details on C-functions see [27, 28]. Let us consider a function C : R” — R™ defined as C(X) :=
C (K(X),G(X)), where C is any C-function and K (-), G(-) are given in (2.12). This allows to conveniently
state constraints (2.11b) in an equality of the form C(X) = 0. Then, problem (2.11) can be equivalently
rewritten as a system of nonlinear algebraic equations: find a vector X € R”™ such that

EX = F, (3.3a)
C(X)= 0. (3.3b)

Note, however, that in general C-functions are not Fréchet-differentiable everywhere.

Next, we detail the semismooth Newton linearization of problem (3.3). Let an initial vector X% € R" be
given. At the step k > 1, one looks for X* € R™ such that

ARIXR = BRL (3.4)
where the Jacobian matrix A¥~1 € R™" and the right-hand side vector B¥~1 € R™ are given by

AET { E F

JC(kal) :| ) BF = |: JC(kal)kal _ C(kal) (35)

We emphasize that equation (3.3a) is linear and a semismooth nonlinearity occurs in the second line (3.3b). In
(3.5), Jo(X*~1) stands for the Jacobian matrix in the sense of Clarke of the semismooth function C at point
XF=1 cf. [27, 28]. To give an example, we consider the semismooth min function (3.1) at X*~!

k—1 k—1 k—1
Uy g, — Ug K, )‘Kl
C(X* 1 =min{ X1 — X1 A\*~1} = min : N
k—1 k—1 k—1
UK, — U2,K, Km

We define the block matrices G and K € R™™ by G = L, xm» —Lmxms Omxm] and K = [0 xm ;s Omscm, Linxm) -

Then, the I*" row of the Jacobian matrix in the sense of Clarke Jo(X*~!) is either given by the I** row of G,

e k=1 k-1 k-1 th ey k—1 k-1 k-1
if Uy g, — Uy e, < Af, -, or by the I"" row of K, if Ay~ < Uy g, — Uy g,

4 Inexact smoothing Newton method

We now address the numerical approximation of the nonsmooth nonlinear problem (3.3) employing a smoothing
approach.

4.1 Discrete smoothed problem

We replace C(+) in problem (3.3) by a smoothed C-function C,,(-) of class C*, where x> 0 is a (small) smoothing
parameter. A possible smoothing of the functions (3.1) and (3.2) can be, respectively: for [ =1,...,m,

= T+ Y ('w_yll‘) . /
(Cmin“(wvy))l = 9 - 9 . with (‘Z|“)l = Zl2 +:u2a (41)

(Crs, (z,v)), =\ 12 + @} + ¥ — (x1 +w0), (4.2)

where the p-smoothed absolute value function |- | u R™ — R, m > 0, replaces the absolute value function
(not differentiable at 0). Note that both functions C’min’u and C’FB,M are of class C*°.

We now introduce a smoothing loop with index j > 1, where p; > 0 is a (decreasing) sequence of smoothing
parameters. The discrete smoothed problem at each outer smoothing step j > 1 then reads as follows: find
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X7 € R™ such that

EX’ = F
- ’ 4.3
C,i(X7) = o, (4.3)
with C,,;(X7) := C,; (K(X7),G(X7)). This approach gives rise to the nonlinear algebraic system (4.3) at

each smoothing step j > 1, which is differentiable. Its solution is approximated employing the (inexact) Newton
method detailed next.

4.2 Newton linearization

Let j > 1 be fixed and let X7° be a given initial vector. At each linearization iteration k¥ > 1, the new
approximation X7** € R™ is obtained solving the linear problem written as

k=1 yj.k _ pik—1
ATTIXIR = BT, (4.4)

where the Jacobian matrix Aijk L e R"" and the right-hand side vector Bi ’jk_l € R™ are defined by

) E . F
k=1 _ . J,k—1 .
A" = [ Jo 7 ] , B (4.5)

Loy | BT = | g oo g, poie |

with Jeo ; (X7#=1) the standard Jacobian matrix of the smooth function C,; at X7F~1.

4.3 Algebraic resolution

The system of linear algebraic equations (4.4) is typically numerically addressed using an iterative algebraic
solver. For a fixed smoothing step j > 1, a fixed Newton step & > 1, and a given initial vector X%
(typically, X7#0 = XJ:k=L7 the last iterate available from the previous linearization step), the iterative solver
generates for i > 1 (inner loop in k) a sequence X7*+* approximating X7* from (4.4) up to the residual given
by

RJ

alg

= B - AP Xk (4.6)

Detailing the first two equations of (4.6), we obtain for « € {1 2}, at smoothing iteration j > 1, Newton

iteration k > 1, and linear solver iteration ¢ > 1, the residual Rfdl; o, K given by
ok, - ks jiki
(Righ) = 1K fase = 3 IR, = (F1)PKIG, (4.7)

o€k

where R%*¢ s the algebraic residual associated to the element K € Ty, o € {1,2}, and Fg’;{a is given by

MgogK
"y | | LT‘“;ICI‘; ifo e glnt KnL
. . O|\l—————— 1T O g =
Fﬂkﬂ = @ di ] ’ .
a Ko Ua,o— kKl : ext (4 8)
—Baolo|—F—=5  if o e &

5 Postprocessing of the approximate solution and potential recon-
structions

This section introduces H'(Q)-conforming reconstructed potentials that will be central in the formulation of
our posteriori error estimates.

5.1 Postprocessed potential

The discrete finite volume solution from (2.9) or more precisely from (4.6) is only piecewise constant, see Figure
1, left, for an illustration in one space dimension. Recall that it is defined for all K € T, and a € {1,2}

ki j ki j ki i ki . . i ke, ki .k, . C
by wly |k = ulj and A"k = X", In particular, setting u) ™" = ( {h . %h "), the discrete solution is
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such that

ul™ ¢ Ky,
—ﬂaVuJ g H (div,Q), ae{1,2},
( Bavuj,k Z) 7é foc - (_ )a)‘i,hiv o€ {1’2}'

In the subsequent sections, we try to mimic the above properties, satisfied by of the weak solution u, by

building reconstructions from the discrete approximate solution ufz]”

Let P,(K),p > 0, denote the set of polynomials of total degree at most p on the element K € 7j,. First, to
be able to evaluate the (broken) gradient of the approximate solution and to measure its distance to the exact
solution by the energy (semi-)norm defined in (2.2), it is primordial to transform the piecewise constant solution

u?ll” into a higher-order piecewise polynomial. To do so, we locally construct a postprocessed approximation

11%1” that lies in [Pg(ﬁ)]z , the space of piecewise second-order polynomials, following [25, 56].

Definition 5.1 (Postprocessed solution). We introduce the piecewise quadratic, discontinuous, postprocessed
solution @)™ = (ﬁ{:l,ﬁ;,’fl) € [Po(T)]? as follows. Let F;I;{ZJ be given by (4.8). For a € {1,2}, let

(azh.1) "
K )2
Kl = Uy (5.1a)

— Ba Vil € (Po(K))? + aPo(K), —BaVily'|k -nko = —17

FIR
K- .
o Voe& (5.1b)

Figure 1, right part, gives an illustration of this postprocessed solution. Condition (5.1a) states that the
mean value on each mesh element of the postprocessed solution is given by the original solution, whereas (5.1b)
fixes the flux —f, Vu] "% £0 be in the lowest-order Raviart—Thomas space and its normal component to coincide
with the finite Volume edge fluxes.

o Exact and approximate solution at convergence OAOgg)roximatc and postprocessed solution at j =2,k =1,i=1
~jki
—_— AR
0095 NG T l‘i" 009 =\ — Uy
: i - -] - = Gk
Ui uyy,
0.085 -
0.09 | g
- N - 0.08 -
00851 ] 0.075 N
0.08 |- i i 007
0.085 -
0.075 |
TN T 0.06 - S o
0.07 | ]
0.055 - \
0.065 . ‘ ‘ ‘ ‘ 005 ‘ ‘ ‘ ‘
- -0.98 -0.96 -0.94 -0.92 -0.9 -0.88 Bl -0.98 -0.96 -0.94 -0.92 -0.9 -0.88

Figure 1: [Adaptive inexact smoothing Newton method, Algorithm 1, one space dimension, zoom on the first 5

elements of the computational mesh Tj] Left: exact solution u; and approximate solution u]l’h’ at convergence

of all solvers. Right: Approximate solution ujl}]f; and postprocessed solution ﬂ]”lf " at steps (j,k) = (2,1) and
at convergence of the algebraic solver (i = 7).

5.2 Non-admissible potential reconstruction

The postprocessed solution u{l " of Definition 5.1 is not included in the convex space IKCg4, already by the fact

that it does not lie in H}(Q) x Hg(€2). We will therefore introduce a continuous reconstructed solution s, that
can still be nonphysical, in the sense that it may not satisfy the complementarity constraints, and thus not lie
in JCy, but at least it lies in H, (€2) x Hj(Q).
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Notations. Let X}, p > 1, stand for the discrete conforming space of piecewise polynomial functions
X7 = {v, €C°(Q); vn|lk € Pp(K), VK € T} C H'(Q). (5.2)

We will in the sequel also need the boundary-aware set and space

X i={vn € XJ; vp =g on 90} C Hy(Q) and  X§, := X}’ N Hy(Q) C Hy (). (5.3)

Definition 5.2 (Non-admissible potential reconstruction). We introduce si’k’i = (s{f’l,szh ), given by, for
a € {1,2},

sh 1= Tou(@}™) = (Zou (@), Zou(@™) ) (5.4)

where Los denotes the Oswald interpolation opemtor previously considered in, e.g., [56]. This operator associates
to the discontinuous piecewise polynomial u]’ o € {1,2}, its conforming interpolant, i.e., continuous and
contained in H'(Q), by taking averages in all Lagmngwn evaluation points and fixing the boundary values to
respectively g or 0. Figure 2 illustrates the postprocessed and the reconstructed solution at a specific smoothing
and linearization iterations (left) and at convergence (right). The reconstructed solution is then piecewise second-
order polynomial and continuous and satisfies

spt = (T sty € X2, x X3, C HY(Q) x HY(9).

Postprocessed and reconstructed solution at j =2,k =1,i =14 Postprocessed and reconstructed solution at convergence
: : : : : 0.1 : : : ‘ :
4 T
= ﬂ] i - ki
1h L 1h ||
i 0.095 =5
009 1 b A J.k.t
i 51p
0.09
008 f
0.085 |
007 f 008 |
0.075 1
0.06 |
007 |
005 f
0.085 -
004 . : : : : 006 : : : : :
1 0.98 0.96 0.04 0.92 0.9 0.88 1 0.98 0.96 0.94 0.92 0.9 0.88

Figure 2: [Adaptive inexact smoothing Newton method, Algorithm 1, one space dimension, zoom on the first

~j.k,i j,kﬁ

5 elements of the computational mesh 7] Postprocessed solution @], and reconstructed solution s7,”* at

steps (4, k) = (2,1) and at convergence of the algebraic solver (i = i), left. Postprocessed solution ﬁjl,f " and

reconstructed solution sjl’h’ at convergence of all solvers, right.

5.3 Admissible potential reconstruction

It may happen that the potential reconstruction s{t’k’i defined by (5.4) violates the non-penetration condi-
tion s{ff ot s%/f >0, see Figure 3, so that s%’k’l ¢ K4, where we recall IC; is given in (2.7). In order to
avoid this, we build from the potential reconstruction sy ke x 2h x X2, ¢ K4, a final admissible potential

reconstruction 57 Flerc,, & B ki g X3, x X§,- We now provide details on how to build it.

Definition 5.3 (Admissible potential reconstruction). We employ the following possible procedure, which is
composed of two steps:

Step 1. First, we construct § A]’k ‘e X2h x X2, C Hl(Q) x H}(Q) such that for each Lagrangian evaluation node

j ki j ki e gk k,
(51 (@), st (@) if 57 (@) > s (a),

3R (q) = ) o o )
ST (G @ @) L (@ @) ) e <.
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Step 2. We point out that even if the inequality (§]1:Z—§;;f’)(a) > 0is gatisﬁed ‘by the above first construction
step for all Lagrangian nodes a, this does not necessarily imply that §{}’l“ > §;/L’” everywhere, see the left part

of Figure 4. To guarantee the requested property, we proceed as follows:

a) First, go through all internal edges o € £ of the mesh Ty,. Consider the second-degree polynomial
S5 1= (3{,1” - §‘;}]:Z)‘o' on the edge 0. If 3, > 0, i.e. 8, is nonnegative over o, set ¢, := 0. Otherwise, S,
takes negative values inside 0. Let w, be the subdomain formed by the two triangles that share the edge o.
Consider the edge bubble function 1,, a non-negative piecewise second-order polynomial defined over w,,
continuous over o, zero on Owy, with ||Ys|, , = 1. Let ¢, be the smallest positive constant such that

(86 + co¥sls) >0 on 0.

b) Second, go through all elements K of Ty,. Consider the second-degree polynomial §x := (§{,§” — §%;L“)|K +
(degi;t coVo )|k on the triangle K. If §x > 0, set cx = 0. Otherwise, consider the element bubble

function Y, a non-negative third-order polynomial defined over K, zero on 0K, with ||Yk| . x = 1. Let
ck be the smallest positive constant such that Sk + cxY¥x > 0 on the element K.

¢) The last step of our construction is to define §%7k’i, for a € {1,2}, by

Y Ny a]' al
Sfx’:, = 531’}1:’ - (71) 5 Z C{ﬂ/}o - (71) 5 Z CKq,Z}K- (56)
cegint KeTh

This yields o o o
&M e X3, x X§, C HNQ) x HY(Q),  with 80" > 557",

so that o
i e 1c,.
An illustration of the two steps described above is given in Figure 4.

107 sy — s at (4, k) = (3,1) in one mesh element

=]

ra

&bk

.
@

Ao}

Az |

-0.706 -0.7059 -0.7058

Figure 3: [Adaptive inexact smoothing Newton method, Algorithm 1, one space dimension, zoom on one element
of the computational mesh 73] sjl,f’ - séfi” at steps (j, k) = (3, 1), at convergence of the algebraic solver (i = 7).

6 Flux reconstructions

We present in this section a construction of an equilibrated flux &i’,]f ot providing a discrete approximation of the

exact flux —B, Vg, cf. [56]. For this purpose, we will need the lowest-order Raviart—Thomas finite-dimensional
subspace of H (div, ), defined by

RT((Q) := {vy € H(div,Q); vi|x € [Po(K)]? +zPo(K)}, VK € Tp.

In particular, v;, € RT((Q) is such that (V-v,)|x € Po(K),VK € Tp, and (v n)|, € Py(o), Vo € Ek. For
more details, we refer to [14].

10



275

276

277

278

279

280

281

282

283

284

285

286

287

288

289

290

&3 " at (j, k) = (3,1) in one mesh element w107 Step 20 &) — &5 at (j,k) = (3,1) in one mesh element

1 2

o 1

1 \ b [ — 4
-0.706 -0.7059 -0.70658 -0.706 -0.7059 -0.7058

Figure 4: [Adaptive inexact smoothing Newton method, Algorithm 1, one space dimension, zoom on one
element of the computational mesh 7p,] §J1,IL“ — §;,i” after the reconstruction step 1, left, and 5%” — gk

on  after
the reconstruction step 2, right, at steps (4, k) = (3,1) and at convergence of the algebraic solver (i = 7).

Let IIp, denote the Lo(2)-orthogonal projection onto Py(7), the space of piecewise constants. An equi-
librated flux reconstruction &i’,]f’l is a piecewise vector-valued polynomial function, designed to approximate

0, = —BaVug, and satisfying

Gon" € RTo(Q), (6.1a)
V-aiht =g, (fa) — (1) N € Po(Th). (6.1b)

The remaining difference between f, and Ip,(f,) will be considered in the next section, giving rise to the
so-called data oscillation. Note that the reconstructed flux mimics the properties of the weak flux. Indeed,
(6.1b) is a discrete form of the condition V-4 = fo — (—1)*\, where only the mean values of the divergence of

&i’,’f " need to coincide with the mean values of fa on each mesh element. This can equivalently be written as

(V- + (1" NF1) = (fas ), VKT

K (
We would like to emphasize that since the construction of the fluxes is based on the first two diffusion equations
in (1.6) that are linear, there is no need to construct any linearization error flux as in [22]. To cope with inexact
algebraic solver, though, we define the algebraic error flux reconstruction as follows.

Definition 6.1 (Algebraic error flux reconstruction). Let the smoothing step j > 1, the step of the nonlinear

solver k > 1, and the step of the linear solver i > 1 be fized. Given Rgfll;iz,l( defined in (4.7), and following [44,

Concept 4.1], we can define the algebraic error flux reconstruction GIFL in RTo(Ty) for o € {1,2} as follows

ah,alg
ki
= 5k, — Rilg,za,K
v.o-ah,alg|K - |K| ) VK € 771 (62)

Definition 6.2 (Total flux reconstruction). The total flux reconstruction &i’,’f’i € RTy(7n) is defined by
=k ki | ki
ol = =B Vult + Uih’;lg. (6.3)

Lemma 6.3 (Total flux reconstruction). There holds (6.1).

Proof. First, condition (6.1a) follows from Definition 5.1 of the postprocessed solution together with Definition

11
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6.1. To show (6.1b), we apply the Green formula and then employ (5.1b) and (4.7) which shows

(Vainin) = (V-(=BaVall) + V-aiii,.1)

_ Z ~ ki ~ ki
= <7Bavuah ‘NK.o, 1) (V Ouh ,alg? 1)K
cEEK
(5.1b),(6.2) 3.k i
E : «a, K o alg,a,K

c€EK
(47) aJ,k,t
(forc = (=1) AJK’“,l)K
O

Remark 6.4 (Practical approximate algebraic error flux reconstruction) We use below a simple and practical
approach to approximate the algebraic error flux reconstruction & 50 following [22, Section /]. Let v > 0 be

Tah ,alg?
a user-given fixed parameter. Performing v additional steps of the linear solver, then computing ﬁaVuj’k’H'V
as in (5.1b) with i + v in place of i, an algebraic error flux reconstruction can be defined as

~Jka ~Jk,i+v gkt
O oh,alg = ﬁavugh ( 5avu ,

satisfying (6.2) approzimately.

7 A posteriori error estimates

Equipped with the key ingredients of the a posteriori analysis, namely the postprocessing and reconstructions
of Sections 5 and 6, we are now in a position to rigorously derive an a posteriori estimate for the displacements.
This allows to obtain a fully computable error upper bound at any smoothing step j > 1, any linearization step
k > 1, and any step of the algebraic solver ¢ > 1 of the inexact smoothing Newton method of Section 4. Let us
stress that, for j > 1,k > 1, and ¢ > 1, the conditions (u]”]f & u;}]: Z) >0, )\il’k’l >0, and )\fl]“(ujl,f . —ué[f l) =0
are not necessarily satisfied, see Figure 5 for an illustration. In addition to the developments of Section 5, to
deal with the possible violation of condition )\i’k” > 0, we define the negative and positive parts of )\il’k’l by

_ - - - - - . -
ARt = ApRiipos 4 yJkineg APEIPOS . — max { AR 0}, APEIRCE . — min (AR o).
6 ><10'3u,{']};'E u’”f in specific elements for j =2,k =1,i =i )\i’k'i in specific elements for j =2,k = 1,5 =14
. : ; ‘ ; ; = 0015 L : : ; ; -
i - R Jokyi
41 - -
_ 0.005 -
2t - or =
- -0.005 -'.
of - -0.01¢f -
- 0015 -
2 -_ i -—_
- -0.02 -
. — | -0.025 |- -
- 0.03F -

-6 . . . ‘ ‘ ‘ L e -0.035 : : : : -

-0.89 -0.88 -087 -086 -085 -0.84 -083 -082 -081 -08 -0.24 -0.22 -0.2 0.18 -0.16 0.14 -0.12
Figure 5: [Adaptive inexact smoothing Newton method, Algorithm 1, one space dimension, zoom on some

k, k, k,

elements of the computational mesh 7p] ujlh i uéh i left, and )\fl Z, right, in specific elements, at steps

(k) = (2,1

12

) and at convergence of the algebraic solver (i = i).
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7.1 A posteriori error estimate for the displacements

Recall that Cpp and Cpw are the Poincaré constants from (2.1). Let Cgq := C’thQ(IB—l1 + é)% We in-

troduce for each element different estimators 77{’,’?,[( € Tn together with their global counterparts 17? G-

{ ZKeTh (17]1]“(1)2}% We then have the following theorem.

Theorem 7.1 (A posteriori estimate for the displacements). Let u € ICy be the weak solution of (2.8). Consider
the finite volume discretization (4.7)—(4.8) on smoothing step j > 1, linearization step k > 1, and algebraic
step i > 1. Let the postprocessed solution ﬂfl’k’z be given following Definition 5.1, and the admissible potential

reconstruction 52”” following Definition 5.3. Next, let the algebraic error flux reconstruction be given following
Definition 6.1, and the total flur reconstruction following Definition 6.2. Let II§ be the L*(o)-orthogonal
projection onto constants. For a € {1,2}, define the local elementwise estimators

Jikyi ._ ikt ~ ikt
nnonc,K T H Sh — U ‘K7 (71&)
1 2 2
Nose, K,ae = C’PVVhKB;§ ||fa*H]P’g(fa)||K7 Nosc = ( 2(770507K704)2> ’ (71b)
KeT, a=1
1
2 2
gk, . RT2||gdki gk _ gk, 2
Mg Ko = Pa” “ah’algHK’ Malg = (Z (”alg,K,a)> ’ (71
KeTp a=1
J,k,1 - J,k,i,neg gk, _ J,k,i,pos  =j,k,i =J:kt
nsm,lin,alg,l,K T Cﬁ»QH)\h ’K’ 77sm,lin,alg,2,K =2 )\h »S1h T Sap )K (71d)

Then, defining the total estimator by

o o 2 o 2
gk Jikoi Jikyi Jikyi Jikoi
n T { (77030 + nalg + Thonc + nsm,lin,alg,l + nsm,lin,alg,Q,K ’ (72)
KeTy

the following a posteriori error estimate holds for the energy semi-norm, as well as for the energy semi-norm
augmented by the jump term for the the postprocessed solution

1

o2 |

43 b - o]
o€&p ’

Remark 7.2 (Estimates (7.3)). The estimate (7.3a) gives a fully computable upper bound on the energy semi-

norm of the error between the exact solution w and its approzimation @)™ at each smoothing, linearization,

and algebraic iterations j,k, and ¢ > 1. The data oscillation estimators Nosc, k.o come from the fact that the
gk,
alg,K,«

~ 3k,

H’u —uy nhkt (7.3a)

e { Z o] ! H [[Hg(ﬂf;k’i)]] Hj}Q . (7.3b)

o€y

IN

1ok

IN

source term is not necessarily piecewise constant, whereas 1 reflect the algebraic error. The estimators

Mo tinalg 1 i O 00 a1g 2.5 Teflect inconsistencies in the contact conditions at the discrete level, whereas

nf;’flile evaluates the nonconformity of the postprocessed solution '&i’k’i,i.e. the fact that it does mot lie in

IC,. Finally, (7.3b) adds an error jump term to the left which equals the jump estimator on the right since
[ua] =0, a € {1,2}. This transforms the energy semi-norm into a norm.

Proof. We first remark that (7.3b) follows from (7.3a) by adding to both sides of the inequality the same term,
since [u] = 0. To prove (7.3a), we distinguish the following two cases.

Case 1. If ’Hu — ﬂibkl ’, we just have to estimate H‘u - .§fll”

_ gk

The reduced problem (2.8) for the test function v = §§ll” € IC, gives

a(u,u — 55 <l(u— 8", (7.4)

Denoting w := u — §§L“, we use (7.4) and add and subtract a('&fl’k’i, w) and b(w, )\fll“) to get, also employing

13



s the notations (2.4),

a(w,w) < 1(w) + b(w, \;*) — a(@™" w) +a(@}™ — 5" w) — blw, X"

2 2 . . 7.5
_ Z (fa = ()N wa) = Z (Valy', Vwa ) +a(@l™ = 5, w) - bw, A5, (7.5)
3 As @ NJ k " € H (div, Q) by (6.1a), and as, relying on Definition 5.3, w, € HZ(2), the Green formula gives
(V-oliiiwa) = = (6547 Vuwa)  Vae{1,2). (7.6)
15 Then, from (6.3) and (7.6), we have
2
,k, ~J,k, ki
S S (o CONE ) - Y Y (6 )
a=1KeT, a=1KeT;,
336 . .
+ a(@)™ - & w) — b(w, ). (7.7)
s It remains to bound each of the four terms in (7.7).
338 Using for the first term the flux property (6.1b) and the Cauchy—Schwarz and Poincaré-Wirtinger inequalities

5o (2.1b) as wa|x € HY(K), we have

<fa — (—].)Ot)\g;lC i -V 6-(])41}? Z,ch)K = (fa - HPo(fa)vwa - @a,K)K S Nosc, K,

1
BEVwg
K

340

1
B3 Vwg, ,

Jikyi Jr ki
( Tah alg7 vwa) < nalg,K,a

su  where W, denotes the mean value of w, on K. By applying the Cauchy-Schwarz inequality and using the
s> definition of the energy semi-norm (2.2), we obtain

S (o O =TI ) e - 51 | &
a=1KecTy,
343
ks js ks =J.k
_Z Z ( ih;lvaa)]{gnilgl ‘“_Si ! ‘ (7.9)
a=1KEeT;,
s For the third term of (7.7), applying the Cauchy—Schwarz inequality, we get
a@™ = s w) < ||[agt = s ||| - 5] (7.10)
j. ki
nnonc
345 Next, as u € Ky, —b(u, Ai’k’i’pos) <0, and since w = u — s%’k " we have
_b(w’ )\g;kﬂﬂpos) < b(g{;k’i’)\{;k,i’pos).
ws Using the fact that XJ™" = \F0POS 4 \EE2E the last term of (7.7) will be estimated as
—b(w, ) < — blaw, APPB) 4 b(515, ADRP) (7.11a)
= OB = wg) + (N - ). (7.11b)

s The Cauchy—Schwarz inequality and the definition of the energy norm (2.2) lead to

< (;:&71)2 (;:] 2>2 < (511+[312>; lholll. (7.12)

1 1
on V’woz Bé Vwa

2
IV(wr —wa)l| < 3 Ba*
a=1

14
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The Poincaré-Friedrichs inequality (2.1a) together with (7.12) give

1 i kipos ~jiki ik
‘+§ > Q(A{; oS ikt _ gk )K. (7.13)
K

h

j, ki
—b(w, \};

) Skt u— §j»k7i
— nsm,lin,alg,l h

g.k,i
Msm,lin,alg,2, K

Finally, due to the results (7.8), (7.9), (7.10), and (7.13) we have

_ gk

2
gk, gk, Jykyi ~J7k>l Jrk i
’ < (nosc + Malg + Mhone T Msm,lin,alg,1 u — + nsm,lin,alg,Z,K‘ (714)

1
The Young inequality ab < 3 (a? +b%), (a,b) >0, applied to the first term of (7.14) finally gives

2
o gk, gk, j.k,i VL gk,
‘ ’ "LL S ’ < Ui T { (nOSC + nalg + Thonc + nsm,lin,alg,l nsm lin,alg,2 :

K€7_}L

, we have

Case 2. Ifmu—s

~J.k,
< [fu-a

~j,k,i

mu )’ ‘ = a(u— @™ w—al*) = a(u — @M u— ) a(u— @l N el (7.15)

We start by estimating the first term of (7.15), while still denoting w = u — §i’k’i, as

a(u — @™ w) < l(w) - a(@)™,w) + b(w, AJ’“)—b(w YA

35 () < () ot

using again (2.4) and (2.8), as in (7.5). The three terms in (7.16) are identical to the terms in (7.5), estimated
n (7.8), (7.9), and (7.13), respectively. Invoking the hypothesis of this case, we can thus write

1 L
Jikyi
‘_’_ 5 Z nsm,lin,alg,2,K
KeTy

1 o
E : VLN

‘ + 5 nsm7lin7alg,2,K'
KeTh,

(7.16)

ki ki g ik T
a(u —uy 7'w) < (nosc + Talg + nsm,lin,alg,l) H’u ~ o

Gki ki T
< (nosc + Talg + Mlsm,lin,alg, 1 ) H’u U

The Cauchy—Schwarz inequality yields for the second term of (7.15)

a(u — uhk z,gigk,i _ ﬁikz) < ‘Hgim _ , i ~] ki ‘ Uﬁ’okﬁf; ’u _ i‘im ’ .
By combining the previous results, we then obtain

=ikil||? < ki johi Sikill] L Joki

U —up < | Mose + nalg + nnonc + nbm7lin7alg,1 U — up + 5 Z nsm,lin,alg,ZK' (717)
KeTh
1

The Young inequality ab < B (a2 + b2) , (a,b) > 0, applied to the first term of (7.17) provides now again
immediately the desired result. O

7.2 A posteriori error estimate for the actions

We present here an a posteriori estimate for the actions )\{L’k’i, extending [7, Corollary 3.5] to the nonconforming
and inexact solvers setting.

Theorem 7.3 (A posteriori estimate for the actions). Let the assumptions and notations of Theorem 7.1
hold. The following a posteriori error estimate holds between the solution N € A of problem (2.6) and the
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3¢ approximation )\%’k’i given by (4.7)—(4.8)

‘H)\ - )\;L’k’i < Nose + 77J bt + 77j7k7i~ (7'18)

v <

w5 Proof. Let By := max(B1,32). From the definition (2.3) of the norm of H () and of the form b in (2.4) we
6 have

ik, N j, ki
H‘Aﬂ\gz ‘H%(m: sup (A= M) = s bl A= AL,
- veH}(9) el (@)
Bm”v'U”2:1 Bm Zi:l Hch(,(HQ:l

w Fix ¢ € [H}(Q)]? such that By, Zi 1 [Vpall> = 1. It follows from (2.6a) that —b(p, A — )\{L’k’i) = l(p) —

~ j. ki gkt

s a(u, )+ b(ep, /\fl’k”) By simply adding and subtracting a(@;""*, ¢), where the action of the form a on @; ™" is

0 defined in (2.5), we obtain
—b(p, A= M) = 1) + b, M) = al@ ! p) — alu — @M ).

The first three terms are identical to the first three terms in (7.5) but with ¢ instead of w. They are estimated
n (7.8) and (7.9), leading to

j ki _ g,k j ki
() +0(, A™") — a(@y™", ) < (ose + majg ) el

w0 The last term is estimated as —a(u — @)** ) < H’u altt m , since [[||[| < 1. Through these estimations
s we get

—b(QO, A= /\%’k7i) < Nose + 772’1’; ! + H’u uj o ‘ . (719)
sz We obtain the desired result by combining (7.19) to (7.3a). O

7.3 Distinguishing the different error components

s The aim of this section is to identify the various error components in the a posteriori estimators from Theorem
ss 7.1, which will lead to a posteriori stopping criteria.

ws  Corollary 7.4 (A posteriori error estimate distinguishing the error components). We define for a € {1,2} and
sm K €Ty the smoothing, discretization, linearization, and algebraic estimators as follows:

1
2

77?11]:; = Tosc + nﬂokné ( Z 2 (AJ . ’L’pos’ JU]: - S;’f]:ﬂ - u{’;:ﬂ + uéf’z)K‘> ’ (720a)
KeTy
1
2
ngnlf fm ,alg = n;nlf lllll ,alg,1 < Z 2 ()\ilvk’l’pos7 u{f,z B uéf,z)[( |> ’ (720b)
KeTh

N

j,k,1
77111‘1 ,alg

7,k,i,pos jk—1,i,pos  j.k,i 7,k,i jk—1,0 ],k 1,0
E : 2 ()‘h = A Uy — Uy T UL +uy
KeTy,

ki
ni]m ,alg,1 ( x > , (7200)

Mg = <Z > (Tlil';,%a) ) : (7.20d)

KeT, a=1

sis With .

- 2 2

ik, — Jik;i,neg Jk—1,i,neg VL — Jiksi
Min,alg,1,K = Cs.0 H)‘h — A K’ and MHin,alg,1 *— Min,alg,1,K .
KeTy
379 Then,
7,k,i J,k,1 gk, Jkt Jkt
‘ ‘ ”LL U ‘ < n < 77d1sc + 77sm,lin,alg + 77lin,alg + nalg . (721)

30 Proof. From (7.3a), employing the inequality (a + b)% < az + bz, for a,b > 0, we have

2
7.k, 5,k .k, j,k,1 g,k
‘Hu ’LL ‘ <n < Nosc + nalg + Thone T Msm,lin,alg, 1 + Ty lin,alg,2, K . (7.22)

KeTy
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Jk,t

s lin,alg,2, K by adding and subtracting the components of ﬂ{t]” as follows

We then decompose 7

7,k _ 7,k,i,pos ~j,k,i ~7,k,i
nbm Jin,alg, 2, K 2()\11 slh SQh K

_ J,k,i,pos =~j,k,i ~7,k,i ~7,k,i ~7,k,i 7,k,i,pos ~7j,k,i ~7,k,i
= 2()‘ S T Sap T Uy F Ugy +2 An s Uy — Usp X (7.23)

(5.1a) dkiipos ~jki  ~jkyi ~JJM ~JJM g.k,ipos  j.k,i gk
=" 2(N »S1h — Sap tu +2 A ULy T Uy )

We now combine (7.23) together with (7.22) inserting the absolute values. This leads to

7,k

L VL Jikoi
‘Hu’ U’ ‘ < ndlSC + nsm,lin,alg + nalg .

gk,
sm,lin,alg’

gk,

lin,alg

Jyksi o gk—1.
up,

Finally, we define the linearization estimator 7 analogously to the smoothing estimator 7 consid-

k i k—1
ik -\ ' and uy

ering the terms /\j estimating the linearization error. O

Remark 7.5 (Nature of the estimators). The nonconformity and oscillation estimators nlk:t and nes. considered
as discretization estimators vanish when the computational effort grows, i.e. when the number of mesh elements

goes to infinity. The smoothing estimator 17] okt stems from the error in the algebraic system, linearization,

sm,lin,alg
and smoothing. It goes to zero at convergence of all the solvers, since when j, k, and i — oo, we have )\J’k’l >
0 and )\il]”( j”i” — u;f’fl) = 0. The linearization estimator nfiﬁ;llg reflects the error stemming from both

VLA

linearization and algebraic resolution and vanishes when j and i — oo. Finally, the algebraic estimator Thalg

evaluating the error in the algebraic iterative resolution of the linear system (4.4) vanishes when i — co.

8 Stopping criteria and adaptive inexact smoothing algorithm

We derive in this section adaptive stopping criteria for the linear, the nonlinear solver, and the smoothing
iterations, based on the estimators of Corollary 7.4.

Let three user-specified parameters (sm, Ciin, and Cae be given in ]0, 1], representing the desired relative size
(percentage) of the smoothing, linearization, and algebraic errors, respectively. Below, we denote by j, k, and
¢ the last (stopping) smoothing, linearization and algebraic step, respectively. The stopping criterion for the
algebraic step i at each linearization step k and smoothing step j is chosen as

j ki jkeyi
nzjllg ’ < Calgnljin,azlg' (81)
This criterion expresses that there is no need to continue with the algebraic iterations once the linearization
error component starts to dominate. Similarly, to stop the Newton iterations at each smoothing step j, we
apply .
j ks j ki
nljln ;lg < glinnéisj’ (82)
which requires the linearization estimator to be sufficiently small with respect to the discretization estimator.
Finally, we stop the outer smoothing loop whenever

.k
nsm lzln ,alg < Csmndlsc ’ (83)

i.e. when the smoothing estimator is (gp-times smaller than the discretization estimator. As for the amount of
smoothing, we will proceed following [8] and diminish it by a fixed factor ¢ €]0, 1] on each smoothing step. We
are now ready to present our adaptive inexact smoothing Newton algorithm that includes the above adaptive
criteria for stopping the iterative solvers.
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Algorithm 1 Adaptive inexact smoothing Newton algorithm

1. Initialization
Choose parameters ¢ € ]0,1[ and Csm, Ciin, Catg € 10, 1].
Choose an initial smoothing parameter ' > 0, a number of additional algebraic solver steps v > 1, and
an initial approximation X% € R™. Set j :=1 and j = 0.

2. Smoothing j-loop
2.1 Set X70:= X% k:=1, and k = 0.

2.2 Newton linearization k-loop
2.2.1 From X7*~1 define Ai’f_l € R™" and Bi’jk_l € R" by the Newton linearization (4.5).
2.2.2 Consider the problem of finding a solution X7* to

k=1 5.k _ pik—1
ATTIXIE = BT (8.4)

2.2.3 Set X7k .= X7+~ a5 initial guess for the iterative algebraic solver.

Seti:=1,and if j=1and k=1, set + = 0.
2.2.4 Algebraic solver i-loop

i) Perform v steps of the iterative algebraic solver for the solution of (8.4), yielding, on step
i+ v, an approximation X7% " to X7* satisfying
Aif_lXLk',i-‘rV — Bijjk_l _ R;,lg,i-‘rl/.
ii) Set i := ¢ + v. Compute the estimators given in (7.20).
iii) If niiz’i < Calgnf'{f}iga set i := 4 and stop. If not, go to i).

2.2.5 If nj’k’g < Clinnj’k’; set k := k and stop. If not, set k := k + 1 and go to 2.2.1.

lin,alg disc ?

2.3 If nj’g’g < (Smnj’g’; set j := j and stop.

sm,lin,alg disc ?

If not, set j := j +1, X930 := X3=1ki and pd := /=1, Then set k := 1 and go to 2.2.1.

« 9 Numerical results

w8 In this section, we numerically illustrate the efficiency of our theoretical developments considering problem
w0 (1.6). Our main goals are to assess the sharpness of the guaranteed bound (7.3) and to show that Algorithm
a0 1 performs well and leads to smaller number of iterations in comparison with usual stopping criteria as well as
an  the classical semismooth Newton method.

a2 We carry out computations fixing the tensions in (1.6a) and (1.6b) as 81 = 1 and 83 = 1. The boundary
a3 condition ¢ of the first membrane in (1.6d) is taken equal to 0.1. We consider the one-dimensional domain
as Q= (—1,1), (all the theoretical developments apply here), and use the following analytical solution for z € Q,
415 fOHOWing [7},

29(1 —z?) (222 - 1) ifz< 2 oraz> -1 0 ifz<=toraz>-+
= g(222=1 = V2 V2o = V2 V2’
w (@) = 9227 1), us(x) { g(22% — 1) otherwise, (z) 2g otherwise.

a6 This triple is the solution of (1.6) for the data f; and fs given by

—4g ifx<&—%orsc>%, —12g(1 — 42?%) ifx<;—%orx>

—2g otherwise.

hi(z) = { fola) = { 75

—6g otherwise,

a7 For all the tests, the number of mesh elements is m = 10000, leading to the overall number of unknowns n =
as 30000. We choose the initial guess as X° = [1g,0,0] € R", where 1 = [1,...,1]T € R™. The implementation
a0 was done in the MATLAB software. The value of the coeflicients (s, Ciin, and Caig from the adaptive stopping
w0 criteria in Section 8 is 0.1. The parameters in Algorithm 1 are set as: u! =1, ( = 0.1, and v = 4.
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9.1 Semismooth Newton-min

First, for comparison, to find an approximate solution to the algebraic system (2.11), we employ the semismooth
Newton-min method described in Section 3 in which the stopping criterion for the linearization requests the
relative total residual of problem (3.3) RE = || R(X")||/||R(X?)|| to be below 1078, where

F—-EV

'MV*:{CWU

], V eR™ (9.1)

The evolution of the relative total residual is shown in Figure 6. In its right part, we zoom on the last 10
Newton-min iterations. We observe that the curve goes down slowly until step 893, where the convergence gets
extremely fast.

10° N 102' N
2 10l y T -1 |
7 7z 10
[} [}
— -
E E
21078 8 2 10 8
z z
& 107 i < 10 i
£ 3l f
—11 | | | | | | |
10 200 400 600 800 884 886 888 890 892 894
Newton-min iteration Newton-min iteration

Figure 6: [Semismooth Newton-min method of Section 3] Relative total residual as a function of Newton-min
iterations, left, and as a function of the last 10 Newton-min iterations, right.

9.2 Adaptive smoothing Newton-min

In this section, we employ Algorithm 1 with an “exact” resolution of the system of algebraic equations (8.4),
i.e., we skip steps 2.2.3 and 2.2.4. We drop the notation “alg” from estimators (7.20b) and (7.20c), whereas
niig’i of (7.20d) vanishes. First, we want to emphasize the performance of the adaptive smoothing method
employing the adaptive stopping criterion to stop the nonlinear solver. To this end, we use two linearization

stopping criteria: the adaptive criterion (8.2) nflrlf < Qinné"ilscc and the classical one on the relative linearization
residual of problem (4.3) Rfi’r’f’rel = || Ryin (X7F) || /|| Riin (X 1-9)|| lying below 1078, with Ry, (-) given by
F-EV
R, (V) := , VeR™ 9.2
1 ( ) |: 7C/ﬂ (V) :| € ( )

We show in Figure 7 the number of performed Newton iterations employing the smoothing Newton method
with exact algebraic resolution, during the fourth smoothing step (j = 4). It can be noticed that the use of the
adaptive stopping criterion brings down the number of iterations from 20 to 12.

We now employ the adaptive smoothing Newton-min method, with an exact algebraic resolution, including
the adaptive stopping criteria (8.2) and (8.3) to stop the linearization and smoothing steps, respectively. In
terms of numbers, 6 smoothing iterations and 52 cumulated linearization iterations are needed to reach the end
of the simulation, as seen from Figure 8 left, compared to 894 linearization iterations employing the semismooth
Newton-min method above.

The various estimators given in (7.20) are presented in the left part of Figure 8. Each set of curves represents
one smoothing step (fixed value j). From each set one can see that the linearization estimator is dominant and
close to the total estimator, until becoming smaller than the discretization estimator, when the adaptive stopping
criterion nfif < Cnnné}ﬁc is satisfied. The smoothing estimator satisfies (8.3) from the cumulated Newton-min
iteration £k = 51. Computational savings in terms of linearization iterations can be evaluated considering
the results in Figure 8, right. A comparison of the number of performed Newton iterations employing the
semismooth Newton-min method of Section 9.1 and the adaptive smoothing Newton-min method of the present
section shows a significant gain reaching a factor of roughly 17.
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Figure 7: [Adaptive smoothing Newton-min method, Algorithm 1, exact resolution of the algebraic system (8.4)]
Estimators and relative linearization residual as a function of the Newton iterations at a specific smoothing step
(j =4, k varies).
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Figure 8: [Adaptive smoothing Newton-min method, Algorithm 1, exact resolution of the algebraic system
(8.4)] Estimators as a function of the cumulated Newton iterations, left. Comparison between the number of
performed Newton iterations employing the Newton-min method of Section 9.1 and the adaptive smoothing
Newton-min method of Section 9.2, right.

9.3 Adaptive inexact smoothing Newton-min

This section is devoted to present the results obtained employing the adaptive inexact smoothing Newton-min
algorithm of Algorithm 1 in Section 8. We consider at each Newton step k£ > 1 the GMRES iterative algebraic
solver for the system (8.4), see [50], with an ILU preconditioner. To shed more light on the importance of
the adaptive stopping criterion for stopping the linear solver, we compare the adaptive resolution where the
stopping criterion for the GMRES is given by (8.1) with the classical resolution where the algebraic iterations
are stopped using the relative algebraic residual, i.e.,

i k—1 i k—1 x5 k.i
Iy IM2\(M\(BY — AZF T X PR 10
Ra’lgirel = 1 g —— <107, (9.3)
M\ (M \(B2 ™ — AR X k1))

where M; and My denote the preconditioner matrices. Figure 9 shows the algebraic estimator, linearization
estimator, and relative algebraic residual, computed every v = 4 algebraic steps, at specific smoothing and
linearization steps (j, k) = (3,7) for the classical and adaptive resolutions. We observe that only 12 algebraic
iterations are required to satisfy (8.1), whereas 64 iterations are needed to meet the classical criterion (9.3).

We now employ the entire Algorithm 1 featuring also the adaptive stopping criterion for the algebraic solver.
To satisfy adaptive criteria (8.1), (8.2), and (8.3), 6 smoothing iterations, 55 cumulated Newton-min iterations,
and 3020 cumulated GMRES iterations are needed. We also assess the quality of the a posteriori error estimates
of Theorems 7.1 and 7.3 by means of the effectivity indices resulting from estimates (7.3a), (7.3b), and (7.18)
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residual as a function of the GMRES iterations at smoothing and linearization steps (j,k) = (3,7) using the
adaptive stopping criterion (8.1) and the classical one (9.3).

defined as
ki nj’k’i
Qg = ———7 (9.4a)
llu— )

iy VAU S e [ (A [
I]e%’fc’ = { < } , (9.4b)

1

k, - o (aikiy2 12

i)+ {2 ee, I 1w — T3 @)1, |

j ki j, ki o i, ki

ose + 138"+ 2 4 {5, lol Y Tu — TG (@], }
Dyt = . (9.4¢)

~J’€1 gk, 1 o (ki 2

N ) + { e, lol =Ml — T3 @11, b

See Remark 9.1 for details on approximately computing the dual norm.

[l — @

1
2

| —

Remark 9.1 (Computing approximately the dual norm). In practice, the dual norm ||\ — )\{L’k Z|HH () with

A— /\i’k’i € A, is not easily computable. We provide here a practical way to approzimate this norm and evaluate
it numerically following [21]. We consider the following elliptic problem that consists in finding, for a given
f € L?(Q), the function ¢ : Q — R such that

“Ap = f  inQ,

¢ = 0 on 0. (9-5)
The weak formulation of problem (9.5) consists in finding ¢ € HZ () such that
(V6. Vo) = (f0) Vo€ HY(Q). (9.6)

Then the definition of the H=1(Q)) norm together with (9.6) give

(9.6)
1l -2y = sup (f,v) = sup (Vo,Vv) = ||Vl
vEHé(Q); ||Vv||Q:1 vEHé(Q); HVUHQ:1

We consider the cell-centered finite volume method to find an approzimate solution to problem (9.5) on a refined
mesh. Assuming that the discretization error is negligible, we employ |Vén|lg, where ¢p is obtained by a
postprocessing as in Definition 5.1, to approzimate ||fHH,1(Q).

The results are reported in Table 1 where we show at each smoothing step j and linearization step k: the last
algebraic step i, the estimators, and the effectivity indices (9.4) at convergence of the algebraic solver (i = 7).
We observe that we indeed have a guaranteed upper bound on all steps j > 1,k > 1, and i, and that all the
effectivity indices take excellent values when all the three stopping criteria (8.1)—(8.3) are satisfied on the last
line of Table 1.
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483
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489

490

491

492

493

494

495

SN

L eE e
4.25e-04 8.72e-01 7.06e-01 5.71e-02 8.74e-01 1.70 1.64 2.01
4.27e-04 9.78e-01 1.19e-01 6.83e-04 9.78e-01 1.68 1.63 1.93
4.33e-04 | 9.97e-01 2.52e-02 4.18e-04 9.97e-01 1.68 1.64 1.93
4.37e-04 | 1.00e+00 3.85e-03 2.67e-04 1.00e+00 1.69 1.64 1.94
4.37e-04 | 1.00e+00 1.86e-04 8.24e-08 1.00e+00 1.69 1.64 1.94
4.37e-04 | 1.00e400 9.45e-07 1.62e-09 1.00e+00 1.69 1.64 1.94
3.00e-01 | 7.01e+01 | 7.05e+01 | 2.13e+00 | 7.22e+01 | 151.79 | 48.19 | 77.87
8.30e-02 | 3.79¢4+00 | 7.29¢+01 | 4.13e+00 | 7.96e+400 65.88 29.01 | 56.04
1.84e-02 9.17e-01 4.34e+00 3.40e-01 1.20e+00 25.48 11.15 | 14.50
4.21e-04 3.85e-01 1.50e+00 1.13e-01 4.17e-01 22.16 6.31 11.47
4.18e-04 9.69e-02 2.62e-01 4.39e-03 9.70e-02 4.39 1.97 2.75
4.18e-04 | 9.90e-02 4.03e-03 1.61e-04 9.90e-02 4.23 1.97 2.67
4.18e-04 9.98e-02 1.79e-03 7.77e-05 9.98e-02 4.14 1.96 2.65
4.18e-04 1.00e-01 6.58e-04 2.69e-05 1.00e-01 4.11 1.96 2.65
4.18e-04 1.00e-01 8.76e-05 5.92¢e-06 1.00e-01 4.10 1.96 2.64
4.18e-04 1.00e-01 1.45e-06 1.31e-07 1.00e-01 4.10 1.96 2.64
1.26e-02 | 1.49e+00 | 1.54e4-00 7.12e-02 1.56e+00 41.57 16.06 | 18.80
5.36e-03 2.64e-01 1.33e-+00 9.34e-02 3.53e-01 11.27 4.45 7.08
7.85e-03 3.27e-01 3.40e-01 1.32e-02 3.36e-01 75.10 6.38 11.35
2.68e-03 1.80e-01 3.72e-01 2.68e-02 2.00e-01 80.34 4.32 7.57
1.39e-03 2.94e-02 2.19e-01 2.09e-02 4.28e-02 30.01 1.71 2.60
6.67e-04 | 9.65e-03 8.62e-03 5.94e-04 9.71e-03 9.46 1.15 1.31
4.08e-04 9.81e-03 5.42e-04 9.94e-06 9.81e-03 11.60 1.16 1.32
4.09e-04 9.94e-03 4.38e-04 4.27e-05 9.95¢e-03 12.09 1.16 1.32
4.09e-04 9.99e-03 1.13e-04 9.02e-06 1.00e-02 11.67 1.16 1.32
4.09e-04 1.00e-02 2.47e-05 1.35e-06 1.00e-02 11.49 1.16 1.32
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24 || 4.90e-04 | 3.50e-03 | 3.50e-03 | 3.01e-04 | 4.19e-03 10.26 1.07 1.14
12 6.13e-04 | 1.51e-04 | 3.98e-03 | 3.66e-04 | 8.70e-04 2.13 1.01 1.03
48 || 4.25e-04 | 2.02e-03 | 2.02e-03 | 1.85e-04 | 2.60e-03 6.37 1.04 1.09
16 || 4.85e-04 | 8.02e-06 | 2.34e-03 | 2.25e-05 | 4.32e-04 1.06 1.00 1.01
64 || 4.07e-04 | 8.41e-04 | 8.34e-04 | 2.61e-05 1.26e-03 3.08 1.01 1.04
8 4.34e-04 | 2.44e-05 | 8.69e-04 | 7.59e-05 | 4.79e-04 1.17 1.00 1.01
248 || 4.02e-04 | 3.31e-03 | 3.30e-03 | 1.50e-04 | 3.85e-03 9.42 1.06 1.13
8 4.19e-04 | 1.28e-05 | 3.50e-03 | 2.00e-05 | 4.22e-04 1.03 1.00 1.01
664 || 4.01e-04 | 1.00e-05 | 2.96e-07 | 2.75e-08 | 4.0le-04 1.00 1.00 1.01

© 00~ O Uk Wi

Table 1: [Adaptive inexact smoothing Newton-min method, Algorithm 1] Last algebraic step i, estimators
(7.20) and effectivity indices (9.4) at each smoothing step j and each Newton-min step k, at convergence of the
algebraic solver (i = ).

We next plot in Figure 10, left, the evolution of the various estimators as a function of the smoothing
iterations in j when the stopping criteria (8.2) and (8.1) have been satisfied. The curve of the smoothing
estimator goes down at each smoothing step while the discretization estimator stagnates. In the right part,

we show the relative total residual RIF7 = |R(X7F7)[| /|| R(X°)|| with R(-) given in (9.1) and the relative

rel

linearization residual RF% = || Ry (XF4)|| /|| Riin (X 0| with Ry (-) given in (9.2) during the smoothing

lin,rel N — -
iterations. Let us point out that R{é’f’l steadily decreases as we tighten the smoothing. The residual Rfi’: vy in
turn systematically takes smaller values. The estimators as a function of the cumulated Newton-min iterations
are then illustrated in Figure 11. We remark that at each smoothing step the linearization estimator and the

algebraic estimator (blue) steadily decrease, while the discretization estimator roughly stagnates. The oscillating
behavior of ngl’f ’fin alg 18 explained by the fact that it involves nzn}f ’fin alg,1 glven in (7.1d) that takes values varying

between 0 and 6.91e+01 depending on whether the constraint /\%’k’i > 0 is satisfied or not. Moreover, Figure 12
shows the evolution of the estimators during the cumulated algebraic steps of the first two smoothing steps. As
expected, the discretization and smoothing estimators typically stagnate while the algebraic estimator decreases
until step i, at which criterion (8.1) is satisfied.
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Figure 10: [Adaptive inexact smoothing Newton-min method, Algorithm 1] Estimators of Section 7.3, left, and
relative linearization and total residuals, right, as a function of the smoothing iterations j at convergence of the
algebraic and linearization solvers (j varies, k = k,i = ).
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Next, Figure 13 shows the effectivity indices (9.4) during the cumulated Newton-min iterations. It can be

a7 seen that the index Ig’ée " defined as the ratio of the total error estimator and the actual energy error takes bigger
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<jki . . . i ki . .
28 values than the indices Iiﬂs ’ featuring the jump term and the estimate Ig;c? * featuring the jump term and the
action. When the stopping criteria (8.1)—(8.3) are reached, all the indices approach the optimal value of one.
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Figure 13: [Adaptive inexact smoothing Newton-min method, Algorithm 1] Effectivity indices given in (9.4) us-
ing the total estimator 7%+ given in (7.2), as a function of the cumulated Newton-min iterations, at convergence

of the algebraic solver (i = i).
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stopping the GMRES solver.

The estimators and the effectivity indices at convergence of all solvers, i.e., when the criteria (8.1), (8.2),
and (8.3) have been satisfied, are plotted in Figure 14 as a function of the number of mesh elements. Notice
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that the discretization estimator essentially coincides with the total estimator. We observe that the accuracy
of our estimators increases in function of the computational effort.

We are also interested in the comparison between the adaptive GMRES (adaptive stopping criterion (8.1))
and the classical GMRES (standard stopping criteria (9.3)) with regard to the number of performed iterations.
As seen from Figure 15, the adaptive algebraic resolution does not impact the number of smoothing steps. It
slightly affects the number of cumulated Newton steps but leads to an important decrease of the number of
GMRES iterations compared with the classical resolution. In this regard, we numerically explore the influence
of the coefficients (ym, Ciin, and Cae in the adaptive stopping criteria of Section 8 on the smoothing algorithm.
We summarize the results obtained in Table 2. We observe that choosing (s, or (jin small does not considerably
affect the overall number of iterations. However, setting (a1 small increases notably the number of algebraic
and linearization iterations.

Csm ‘ Clin ‘ Calg H # Smoothing iter. ‘ # Newton iter. ‘ # GMRES iter. ‘ Rk

rel

10T [10°T [ 10T 6 55 3020 6.33¢-04
1072 | 1072 | 102 7 81 9564 3.43e-05
1072 | 107! | 1071 8 59 3104 1.15e-04
107* | 1072 | 10! 6 59 3288 6.33e-04
1071 | 107! | 102 6 74 8172 6.33¢-04

Table 2: [Adaptive inexact smoothing Newton-min method, Algorithm 1] Number ~of smoothing, cumulated
Newton, and cumulated GMRES iterations as well as the relative total residual R’ okt
Csm, Clin, and (1 in the adaptive stopping criteria of Section 8.

- for various parameters

10 Conclusions and outlook

The motivation of the present work was to propose an adaptive inexact smoothing Newton method based on
rigorous a posteriori error estimates for solving nonlinear algebraic systems with complementarity constraints
arising from finite volume discretizations. We considered in particular the problem modeling the contact between
two membranes. We treated the non-differentiable nonlinearity in the constraints by means of a smoothed C-
function, which allowed a direct application of the standard Newton method. We designed a posteriori error
estimates between the exact and approximate solution, enabling to identify the error components (discretization,
smoothing, linearization, algebraic) and yielding adaptive stopping criteria. These criteria together with a simple
way of tightening the smoothing became the cornerstones of the developed adaptive algorithm. We finally
provided numerical tests employing our adaptive method and the existing semismooth Newton method. The
results agree with theoretical developments and confirm that the adaptivity allows for important computational
savings in terms of number of iterations. Future work will consist in applying this method to several synthetic
cases of petroleum reservoir simulation, see [33].

A Appendix

The a posteriori estimate (7.3) of Section 7.1 involves the Ly-norm of )\fl’k’i’neg and the global domain diameter
hq. This gives a guaranteed upper bound, but is not very sharp. We present here an alternative upper bound

on the energy error that is typically sharper, but not guaranteed anymore.

Remark A.1 (Alternative bound). From (7.11a), —b('w,)\fl’k’i) can be decomposed as follows

Gy _ (ki ki S
b, AP = = (M (= 3 = (2 = 500
~ L o (\Jhd_ i _ ik | gk _ gk
~ 35 heooWn TUip TS TS ) (e
KeTh

25



530

532

533

534

535

536

537

538

539

540

541

542

543

544

545

546

547

548

549

550

551

552

553

554

555

556

557

This will give us the following result

16.

_ gk

1
2 2
gkt gkt 7.k, J.ki o g.ki g,k 7.kt =J:kt
‘ S it '_{(n050+nalg ‘H?nonc) + E: 2<)‘h Uy — w877 — Sy (-
KeT,
(A1)

The corresponding effectivity indices are illustrated during the cumulated linearization iterations in Figure
We indeed observe a general improvement at the effectivity indices, though they become (importantly)

below one at the initial iterations.
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