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C'-hybrid high-order methods for biharmonic problems

Zhaonan Dong* Alexandre Ernf

February 11, 2023

Abstract

We devise and analyze C°-conforming hybrid high-order (HHO) methods to approximate
biharmonic problems with either clamped or simply supported boundary conditions. C°-
conforming HHO methods hinge on cell unknowns which are C°-conforming polynomials
of order (k + 2) approximating the solution in the mesh cells and on face unknowns which
are polynomials of order £k > 0 approximating the normal derivative of the solution on
the mesh skeleton. Such methods deliver O(h*+1) H2-error estimates for smooth solutions.
An important novelty in the error analysis is to lower the minimal regularity requirement
on the exact solution. The technique to achieve this has a broader applicability than just
C°-conforming HHO methods, and to illustrate this point, we outline the error analysis for
the well-known C%-conforming interior penalty discontinuous Galerkin (IPDG) methods as
well. The present technique does not require bubble functions or a C'-smoother to evaluate
the right-hand side in case of rough loads. Finally, numerical results including comparisons
to various existing methods showcase the efficiency of the proposed C°-conforming HHO
methods.

1 Introduction

Biharmonic PDEs are used in the modelling of various physical phenomena, such as thin
plate elasticity, micro-electromechanical systems, and phase separation, to mention a few
examples. In the present work, we consider the following model problem with two types of
boundary conditions (BC’s):

u=0,u=0 type (I)

oN. 1
U= Oppu =0 type (II) o M

A’u=f inQ, {

Here, € is a open bounded Lipschitz domain in R?, d € {2,3}, with boundary 99, 9,
denotes the normal derivative on 92 and 0,,,, denotes the normal-normal component of the
Hessian on 9. In the context of plate modelling, type (I) BC is referred to as clamped BC,
and type (II) as simply supported BC. Non-homogeneous BC’s can be considered, but we
focus on homogeneous BC’s for simplicity. Instead, dealing with the boundary condition
Onnnt = 0 requires further developments. The regularity of the source term f is specified
below in Assumption 1.1. We also observe that the present developments hinge on the weak
formulation of (1) involving the Hessian.

The goal of the present work is twofold. The first main goal is to devise and analyze a
novel C%-conforming approximation method for the above model problem. The proposed
method belongs to the class of hybrid high-order (HHO) methods. These methods were
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introduced in [11] for linear diffusion and in [10] for locking-free linear elasticity. Since
then, they have undergone a vigorous development, as reflected, e.g., in the two recent
monographs [9, 7]. Moreover, as discussed in [8, 24, 5], HHO methods are closely related
to hybridizable discontinuous Galerkin (HDG) methods, weak Galerkin (WG) methods,
nonconforming virtual element methods (ncVEM), and multiscale hybrid-mixed (MHM)
methods. Interestingly, the present C°-conforming HHO method (C°-HHO in short) can be
viewed as a simple approach to extend C°-finite element methods for biharmonic problems by
simply adding an additional unknown attached to the mesh faces representing the normal
derivative of the solution. C°-HHO methods for the biharmonic problem have not yet
been explored in the literature; we refer the reader to [1, 13, 12] for fully discontinuous
HHO methods. The starting point for devising the present C°-HHO methods are the HHO
methods from [13].

C°-conforming approximation methods are popular to discretize biharmonic problems
since such methods avoid the intricate construction of C'-conforming approximation spaces
while also avoiding severe conditioning issues that can arise with fully nonconforming ap-
proximation methods. Examples of C-conforming approximation methods from the liter-
ature include the classical Morley [25, 30] and Hsieh—Clough—Tocher (HCT) finite element
methods, the C-interior penalty discontinuous Galerkin (IPDG) method [15, 2], the C°-
weak Galerkin (WG) method [26, 6], and the C%-virtual element method (VEM) [31]. The
Morley FEM and the HCT FEM for d = 3 are lowest-order methods, whereas the HCT
FEM for d = 2 [14] and the C'-{IPDG,WG,HHO,VEM} for d > 2 can reach arbitrary
approximation order. C°-IPDG attaches discrete unknowns to the mesh cells only, whereas
CY-{WG,HHO} attach discrete unknowns to the mesh cells and faces. A numerical com-
parison between C°-IPDG and C°-HHO is included herein, indicating the computational
efficiency of the C°-HHO approach. Concerning C%-WG, we recall that the only relevant
difference between HHO and WG lies in the choice of the discrete unknowns and the de-
sign of the stabilization operator. In general, WG employs plain least-squares stabilization,
leading to suboptimal convergence rates, whereas HHO employs a more elaborate form of
stabilization leading to optimal convergence rates. In other words, to achieve the same
convergence rate, C9-WG with plain least-squares stabilization requires more discrete un-
knowns than C°-HHO methods. Furthermore, among the above C°-conforming methods,
C°-VEM is currently the only one supporting general (polytopal) meshes. We notice that
an interesting perspective to the present work in order to devise a C°-HHO method on
general meshes is to use C°-VEM to build the cell basis functions, while keeping the current
face basis functions to handle the normal derivative; this perspective is left to future work.
Finally, C°-conforming HDG methods have been so far seldom considered in the literature,
with the exception of a brief discussion in [20]. Therefore, leveraging on [8], the present work
can be viewed as a contribution to the development of C*~-HDG methods for the biharmonic
problem.

The second main goal of the present work is to improve on the regularity requirement
on the exact solution to lead the error analysis. The technique to achieve this is a non-
trivial extension of ideas from [19] originally developed in the context of second-order elliptic
problems (see also [18, Chap. 40 & 41]). The result derived herein can be applied to the
C°-HHO method when approximating the biharmonic problem, but also, more broadly, to
the other C%-conforming approximation methods discussed above. Recall that the difficulty
comes from the lack of C'-conformity which causes some difficulties in the error analysis
when it comes to bounding the consistency error. A first possibility is to use bubble functions
together with a C'-smoother when evaluating the right-hand side of the discrete problem,
as shown in [29, 28] for the Morley element and the C°-IPDG method (see also [4] for
further results concerning lowest-order methods). However, these techniques so far meet
with difficulties when it comes to devising a C'-smoother of arbitrary order on tetrahedral
meshes. The alternative road, which is the one followed by most of the above works and
also herein, is to require some (mild) additional regularity assumption on the source term
beyond H~2(£2) and on the exact solution beyond H?(Q2). The present work hinges on the
following original assumption.



Assumption 1.1 (Regularity) We assume that there are real numbers p > 2 and q €

(%,2] such that u € W2P(Q), Au € WH4(Q), and f € W~14(Q).

Assumption 1.1 is, to our knowledge, novel in the analysis of biharmonic problems. If
one prefers to remain in the Hilbertian setting, a simpler, but less general, assumption
is u € H**5(Q), with s > 0, Au € H'(Q), and f € H~1(Q). Notice that the assumption
u € H*T5(Q), s > 0, is still tighter than the one usually made in the literature to analyze C°-
conforming methods, which is u € H?T$(Q), s > %; the assumption s > 0 is considered in [4].
Finally, we observe that in Assumption 1.1, the Laplacian of the solution is smoother than
its Hessian. Since the Laplace operator contains a relatively large kernel, this assumption is
reasonable.

The rest of this work is organized as follows. We present the key identities to bound the
consistency error in Section 2. The results presented in this section have a wider outreach
beyond C°-HHO methods since they can be applied to other C°-conforming methods (but
not to fully nonconforming methods). Then, we devise C°-HHO methods for both types
of BC’s and establish stability and well-posedness of the discrete problems in Section 3.
In Section 4, we perform the error analysis under Assumption 1.1. For completeness, we
also outline how the C°-IPDG method can be analyzed under this assumption. Finally, we
discuss our numerical results in Section 5.

2 Key identities to bound the consistency error

In this section, we introduce some basic notation, present the weak formulation for both
types of BC’s, and derive the key identities to bound the consistency error. The main result
of this section, Lemma 2.3, can be applied to many C°-conforming methods.

2.1 Basic notation

We use standard notation for the Lebesgue and Sobolev spaces. In particular, for the
fractional-order Sobolev spaces, we consider the Sobolev—Slobodeckij seminorm based on
the double integral. For an open, bounded, Lipschitz set S in R?, d € {1,2,3}, we denote
by (v,w)s the L?(S)-inner product with appropriate Lebesgue measure, and we employ the
same notation for vector- or matrix-valued fields (such fields are denoted using boldface
notation). We denote by Vw the (weak) gradient of w and by V2w its (weak) Hessian.
Let ng be the unit outward normal vector on the boundary 95 of S. Assuming that the
functions v and w are smooth enough, we have the following integration by parts formula:

(A?%v,w)s = (VZ0, V2w)s + (VAv, nw)ss — (V2un, Vw)as. (2)

Whenever the context is unambiguous, we denote by 9, the (scalar-valued) normal deriva-
tive on 05 and by 0; the (R?!-valued) tangential derivative. We also denote by 0,,v
the (scalar-valued) normal-normal second-order derivative, and by d,;v the (R4~ -valued)
normal-tangential second-order derivative. The integration by parts formula (2) can then
be rewritten as

(A2%v,w)s = (VZ0, V2w)s + (0,Av,w)as — (Onnv, Onw)as — (Ontv, dsw)as. (3)

In what follows, the set S is always a polytope so that its boundary can be decomposed into
a finite union of planar faces with disjoint interiors. Expressions involving the tangential
derivative on 95 are then implicitly understood to be evaluated as a summation over the
faces composing 0S.

Let {7 }n>0 be a shape-regular family of simplicial meshes such that each mesh covers
the domain ) exactly. A generic mesh cell is denoted by K € T, its diameter by hg, and
its unit outward normal by nx. We partition the boundary 0K of any mesh cell K € T by
means of the two subsets 0K' := 0K N Q and 0K® := 9K NJN. The mesh faces are collected
in the set F, which is split as F = F' U FP, where F' is the collection of the interior faces



(shared by two distinct mesh cells) and FP the collection of the boundary faces. We orient
every mesh interface F' € F' by means of the fixed unit normal vector ny whose direction
is arbitrary but fixed once and for all, whereas we orient every mesh boundary face F € FP
by means of the vector ng := ng. For any mesh cell K € T, the mesh faces composing its
boundary K are collected in the set Fyg, which is partitioned as Fygx = ]-%K U ng with
obvious notation.

For any real number 6 > 0, we consider the broken Sobolev space

H(T) = {v € L*(Q) | vk :== v € H'(K),VK € T}. (4)

The jump and average of any function v € HY(T), 0 > %, across any mesh interface

F = 0K, N 0K, € F' are defined by setting [v] p(2) := vk, (z) — vk, (x) and {v}p(z) :=
L(v)k, () + vk, (z)) for a.e. z € F, respectively, where K is such that its outward unit
normal is np.

2.2 Weak formulations

Recall from Assumption 1.1 that f € W~59(Q) with ¢ € (%, ]. Let ¢’ € [2, £%) be such
that % + % = 1. The weak formulation of the biharmonic problem with type (I) BC’s is as

follows: Find u) € HZ(Q) such that

(V2D V20)g = €(v) == (f,v) Vv € H3 (). (5)

_ 1.a’
w—t.a, W,

Notice that the right-hand side is meaningful since the Sobolev embedding theorem implies
that H2(Q) — W4 (Q). Moreover, the model problem (5) is well-posed owing to the
Lax-Milgram lemma.

The weak formulation of the biharmonic problem with type (II) BC’s is as follows: Find
u™ € H}(Q) N H?(Q) such that

(V2 V20)q = L(v),  Yue HI(Q)NH*(Q). (6)

Owing to the Lax-Milgram lemma, this problem is well-posed (recall that the H2-seminorm
defines a norm on H}(Q) N H?(£)). We also observe that the weak formulations (5) and (6)
employ the same bilinear form and the same right-hand side; only the trial and test spaces
differ.

2.3 Key identity under the classical regularity assumption

Before stating our main result based on our new regularity assumption (Assumption 1.1), it
is useful to illustrate the main idea under the classical regularity assumption f € H~2+5(Q)
and u € H*™(Q) with s € (3, 1].

Lemma 2.1 (Key identity) Let s € (3,1]. The following holds for all v € H*™(Q) and
allw e H*(T)NHF *(Q):

<A2v,w>H,2+svH§ﬁ = Z {(VQU,VQwK)K — (&mv,anw;()a;(}. (7)
KeT

Proof. The proof hinges on a density argument. We consider a mollified sequence of func-
tions vs € C*°(Q) such that lims_,o vs = v in H*>T*(Q). We apply (3) to V51 and Wi = Wi
for all K € T, and sum the result cellwise. This gives

(A%vs,w)a = 3 {(V205, V20s) i+ (0 A5, Wi = (Dunvs, Dt )orc — (Duts, i o |-
KeT

The left-hand side is equal to (A2%vs, w) H->4e 120 Moreover, the second and fourth sum-
mations on the right-hand side vanish. For the second summation, this follows from the fact



that 9, Avs is single-valued at the mesh interfaces, whereas w is single-valued at the mesh
interfaces and vanishes at the mesh boundary faces. Similar arguments are invoked for the
fourth summation. Altogether, we obtain

(A5, W) ypoare prz—e = > {(V2U5,V2wK)K - (6nn7}5aanwK)[‘)K}~
KeT

We can now pass to the limit 6 — 0. This is straightforward for the right-hand side,
whereas for the left-hand side, we use [22, Theorem 1.4.4.6] which gives lims_,o A%vs — A2
in H=2t%(Q). This proves the identity (7). 0

Remark 2.2 (Literature) The identity from Lemma 2.1 is classical; see, e.g., [2]. The
present proof is, however, different. The advantages are that it avoids the decomposition
of the solution into singular and regular parts and that it works seamlessly in any space
dimension.

2.4 Key identity under the new regularity assumption

Extending the identity from Lemma 2.1 to the more general setting of Assumption 1.1
requires giving a meaning to the trace of second-order derivatives on each mesh face indi-
vidually. Before doing this, we briefly recall some material from [19] which was originally
devised in the context of second-order elliptic problems.
. . . 2d

Let p and ¢ be two real numbers as in Assumption 1.1, i.e., p > 2 and ¢q € (m7 .
Let o € (2,p] be such that ¢ > QQTdd (this is indeed possible since the function x +— ;—fd is
increasing on [2,00)) and let ¢’ € [1,2) be such that % + é = 1. It is shown in [19] that for
every mesh cell K € T, it is possible to give a meaning separately on every face F' € Fyg
to the normal component of fields in

VYK):={o € L?(K) | V-0 € LY(K)}. (8)

Specifically, one defines the operator vy p : V(K) — (W2 (F)) such that for all ¢ €
W (F),
(@) o i= [

| (o VLEG) + (Vo)L () do. (9)
where LE : Wee (F) — Wh¢'(K) is a face-to-cell lifting operator satisfying Li(o)p =¢
and Lic(¢))7,,\r = 0 (see [19, Lemma 3.1]). Notice that 7?(7F(U) = (ong)r whenever
the field o is smooth. Consider now the functional space

VA (Q):= {v e W'P(Q) | Av € LY(Q)}. (10)

(The superscript refers to the context of second-order PDEs.) We have (Vv)x € V4(K)

for all v € V) (Q) and all K € T. Moreover, since p > 2, we have (wi)|F € W (F)
for all w € HY(T), all K € T, and all F € Fyg. Therefore, it is meaningful to define the
following bilinear form for all v € V®(Q) and all w € H'(T):

nww)i= 3 Y (ke p(T0) wigr - fukele+ > Gk p(T0) wkir) e |-

KeT Feri, FeFh,
(11)

Since wi|r — {wl}r = 2(npng)[w,]p for all F € F), we observe that the bilinear
form defined in (11) coincides with the one defined in [19, Equ. (3.12)] upon setting therein
Ox.r = % if Fe féK and 0k p = 1 otherwise. Hence, invoking [19, Lemma 3.3], we infer
that for all v € V@) (Q) and all w € H*(T), the following important relation holds:

—(Av,w)q = Z (Vu,Vwg)g — néz) (v, w). (12)
KeT



We are now ready to address the biharmonic problem. We define the functional space
VB (Q) = {v e W?P(Q) | Av e WHI(Q)}. (13)

(The superscript refers to the context of fourth-order PDEs.) We also define the following
bilinear form for all v € V) (Q) and all w € H?(T):

n§4)(v,w) = Z néQ)(ﬁiv,ﬁiw). (14)
ie{1l:d}

This definition is meaningful since for all v € V*)(Q) and all w € H?(T), we have d;v €
V)(Q) and d;w € H(T), for all i € {1:d}.

Lemma 2.3 (Key identity) The following holds for allv € VY (Q) and all w € H*(T)N
Hy(Q):
(A%, w) g1y o = Y (V20 Vi) — g (0, w). (15)
KeT

Proof. Since Av € Wh4(Q), we have A%v = A(Av) € W19(Q). Moreover, since w €
H (), we infer that

(A%, w) s =—(VAvu,Vw)g = Y —(Adw, dw)a.

1e{l:d}

— 1,9
wW—l.a, W,

For all i € {1:d}, we have d;v € V?(Q) and d;w € H'(T). Applying (12) to the right-hand
side of the above equation, we obtain

<A2U’w>w—1~q,w[}*q': Z Z(vaiv,vain)K— Z n§2)(8w,6iw).

ie{l:d} KeT ie{1l:d}

The conclusion is straightforward by definition of the Hessian and of n§4). 0
The following reformulation of n§4) will be useful in our analysis. Let us set ng; := ng-e;

for all i € {1:d}, where (e;);c(1:qy denotes the canonical Cartesian basis of R?.

Lemma 2.4 (Reformulation of n§4)) For all v € VM (Q) and all w € H>(T) N HL(Q),
we have

nww) =3 3 { Y k(YO npane (Vwx)r = {Veke)r

KeTie{l:d} FeFi,

+ ) (kr(Vow), nF,inF’(va)|F>F}~

FeFs,

(16)

Proof. We first use the definitions of n'(f) and n§4) to write
nww) =3 3 { S (ke (Vo) Q)0 e e+ Y (1 p(V0), (Grwr) ip) e b
KeT ie{l:d} FeFi, FeFh,
We observe that for all K € T and all F' € Fyg,
(Oiwk)|r = € (Vwk )|r = nrinp-(Vwr) r + € (Viwr)|r,

where (Viwg )| p denotes the tangential gradient of wx on F. Since w € HE (), this quantity
is single-valued on every mesh interface F' € F' and vanishes on every mesh boundary face
F € FP. Moreover, since VO;v has an integrable divergence on § by assumption, we infer
that for all F = 0K, N 0K,y € F',

Z W?Q,F(Vaﬂ/)» ¢)r =0, Vo € Wee (F). (17)
je{1,2}



This implies that

Z Z VKF (Vov), (0;wk) \FF_Z Z r(VOw),npinp-(Vwg)|r)F.

KeT FeEFsk KeT FEFsk

A similar reasoning shows that

Yo Y (ke r(Vow), oiwde)r =Y Y (Vi r(VOw), npme{Vwl)p.  (18)

KET FeF) KeT FeFj

Combining the two above identities proves the assertion. 0

Remark 2.5 (Simplifications) Both terms in (18) actually vanish owing to (17). This
means that for all v € V(4)(Q) and all w € H*(T), we have

Z Z Z Ve 2 (VOv), (Oiwg) () P, (19a)

KeT FeFak ic{l:d}

and whenever w € H*(T) N Hg (), we also have

=Y > > ik r(Vow)npme-(Vwg)p) r. (19b)

KeT FeFox 1€{1:d}

However, the expressions (14) and (16) are those that are needed in this work because we
will extend the domain of the first argument v to spaces containing functions which are only
piecewise smooth and for which (17) no longer holds true. In this situation, it is important
to use (14) and (16) and not (19).

3 Discrete setting for C'-HHO methods

In this section, we introduce the key ingredients to formulate C°-HHO methods to approx-
imate the biharmonic problem with both types of BC’s. The starting point for the present
C°-HHO methods are the fully discontinuous HHO methods from [13]. While the latter
methods rely on a triple of discrete unknowns, approximating the solution in each mesh
cell, its trace on each mesh face, and the trace of its normal derivative (oriented by np)
on each mesh face, the present C°-HHO methods only rely on a pair of discrete unknowns,
approximating the solution in each mesh cell and the trace of its normal derivative on each
mesh face.

3.1 Local reconstruction, stabilization, and stability

Let k > 0 be the polynomial degree. Recall that we consider a mesh 7 from a shape-regular
family of simplical meshes such that 7 covers €) exactly. For every mesh cell K € T, the
local C°-HHO space is R

VE = Pri2(K) x Pu(Fox), (20)

with the broken polynomial space Pi(Forx) := X per,Pr(F). A generic element in ‘7}? is
denoted U = (vk, Vo) With vk € Prio(K) and vox € Pr(Fox ). The first component of
Ui aims at representing the solution inside the mesh cell and the second the trace of its
normal derivative (oriented by n ) on the cell boundary.

Let K € T. We define the local reconstruction operator Ry : ‘A/}§ — Pr42(K) such that,
for all o € VE with Ok := (vk,7ox), the polynomial Ry (0x) € Piyo(K) is uniquely
defined by solving the following problem with test functions w € Py o(K)* = {w €
Prio(K) | (w, &)k = 0,V€ € P1(K)}:

(V2Rk (Uk), V2w) e = (Vug, V2w) g — (00vK — Yor, OnnW)oK (21)



together with the condition (Rx (Vk), &)k = (vk, &)k for all £ € P1(K). The local stabiliza-
tion bilinear form is defined such that, for all (Vx,Wk) € Vl’§ X V]’g, with Uk = (vk, VoK)
and Wg = (WK, XoK ),

Sok (U, W) = hyg' (HgK('YaK — OnVK), XoK — anwK)aK» (22)

where HgK denotes the L?-orthogonal projection onto Py(Fax).
We define the local bilinear form ax on VE x VE such that

ax (Vx, W) == (V?Ri (Vk), V? Rk (k) k + Sox Uk, Wi ). (23)
We define the local energy seminorm such that, for all Uk := (vk,vaK) € ‘Z’?,

|5K\%7;g = V2% + b o — Onvx I3k (24)

Lemma 3.1 (Local stability and boundedness) There is a real number o > 0, depend-
ing only on the mesh shape-regularity and the polynomial degree k, such that, for all h > 0,
all K € T, and all vk € VE,

aWK‘%}é <|IV?Rk (Uk) || % + Sox (U, Uk) < 04—1|5K|%7}z§- (25)

Proof. The proof proceeds as that of [13, Lemma 4.1]. 0

Remark 3.2 (Cell unknowns) The choice of the polynomial space Pr1o(K) leverages on
[15] and has been made to allow for the simple stabilization bilinear form defined in (22).
Alternative choices for the cell unknowns are possible, such as taking the polynomial space
Pri1(K) (see [13, Remark 3.2]) and even Py(K) for k > 1 (see [1]). Both choices lead
to fewer cell unknowns, which can marginally alleviate the costs of static condensation,
but require a more subtle form for stabilization involving the reconstruction operator, and
this typically adds some computational costs. Moreover, whatever the choice for the cell
unknowns, the size of the linear system after static condensation is the same.

3.2 Global discrete spaces and discrete problems

Let P§ 42(T) denote the usual C%-conforming finite element space composed of continuous,
piecewise polynomials of degree at most (k + 2) on the mesh 7 (the superscript 8 refers to
the integrability of the gradient of functions in P}, ,(7)). We set

‘7hk = Pi+2(7—) X V]:k, V]Ij—: = Pk:<]:)7 (26)

with the broken polynomial space Pi(F) := XperPi(F). We also define the following
subspaces accounting for (homogeneous) boundary conditions:

ViR =Pi(TNH(Q),  Vig={wr€VE|1mr=0YFeF}  (27)

The global C°-HHO spaces used to approximate the biharmonic problems are then defined
as follows: ~ R
VW= vER s vE, VR = v VR, (28)

for type (I) and type (IT) BC’s, respectively. This means that the boundary condition v = 0 is
directly enforced on the trace of the cell unknowns at the boundary, the boundary condition
Opu = 0 for type (I) BC’s is directly enforced on the discrete unknowns representing the
normal derivative at the mesh boundary faces, and the boundary condition 9,,u = 0 is not
enforced directly, but in a natural way (i.e., it results from the discrete problem). Notice
also that 17:’(1) C 17,1’“’“”.

Any member of V:’(I) or th’m) is generically denoted by vy, := (vy,vr) with vy =
(vk)keT and vr := (yr)rer. For every mesh cell K € T, the local components of v, are



collected in the pair Ux = (vk,VoK) € 17[’§ with vox|r := (np-ng)yr for all F € Fyk.
The global bilinear form is assembled cellwise from the contributions of all the mesh cells,
yielding
ah(f)h,@h) = Z U,K(aK,ﬁ)\K). (29)
KeT
The discrete problems are as follows:

e For type (I) BC’s, one seeks a;? € ‘A/:’(I) such that
an @V, @) = t(wr),  Vw, € VPO, (30)

e For type (II) BC’s, one seeks E;LH) € ‘7:,(11) such that

an (@, @) = t(wr),  Vuw, € VP, (31)
Notice that the discrete problems (30) and (31) employ the same discrete bilinear form ay,
and the same right-hand side; only the discrete trial and test spaces differ. We also observe

that the above right-hand sides are meaningful since Vﬁ_gz - VVO1 o Q).

Both spaces ‘A/f ‘D and IA/,f D are equipped with the norm

Bl =[xl (32)
) KeT

with the local energy seminorm |-|g, defined in (24). To verify that this indeed defines a
K

norm on ‘7:,(11) (and thus also on 17}?’(1)), we notice that if v, = (vy,vF) € ‘A/,f’(n) satisfies
||i)\h|\‘7}ic = 0, then vy is a globally affine function in Q which vanishes at the boundary 02,
so that vy = 0; moreover, v coincides on each mesh face with the trace of the normal
derivative of vy, so that vy = 0 as well. A direct consequence of the lower bound in (25)
is therefore that the global bilinear form a;, is coercive on th,(n) (and thus also on ‘7:’(1)).
Hence, both discrete problems (30) and (31) are well-posed owing to the Lax—Milgram
lemma.

Remark 3.3 (Static condensation) Unlike the fully discontinuous HHO methods from
[1, 13, 12] where all the the cell unknowns can be eliminated locally by a static condensation
procedure, C°-HHO methods are amenable to static condensation only if (k+2) > (d+1) on
d-dimensional simplices, and in this case, only the so-called cell bubble functions vanishing
on the cell boundary can be eliminated, as in classical C°-conforming FEM. Notice also that
static condensation is more delicate for C°-IPDG methods since only those bubble functions
having a zero second-order derivative at the cell boundary can be locally eliminated.

3.3 Analysis tools and local HHO interpolation operator

For the reader’s convenience, let us briefly restate some classical discrete inverse inequalities
and polynomial approximation properties on shape-regular families of simplicial meshes.
The results are classical, and we refer the reader, e.g., to [17, Chap. 9-11] for the proofs.
In the rest of this paper, we use the symbol C to denote any positive generic constant (its
value can change at each occurrence) that is independent of h > 0, the considered mesh
cell K € T, and the considered function in the inequality. The value of C' can depend on
the shape-regularity parameter of the mesh sequence and the polynomial degree (whenever
relevant).

Lemma 3.4 (Discrete inverse inequalities) Let [ > 0 be a polynomial degree. There is
C' such that for allh >0, all K € T, all p € [1,00], and all vy, € P(K),

vnllox < Chy?llvnllk, (33)

Vol x < Chg lvallk, (34)
at-3)

||UhHLP(K) < Chr® *lunllk- (35)



Lemma 3.5 (Multiplicative trace inequality) There is C such that for all h > 0, all
KeT, and allv e HY(K),

lellox < C (b 0]k + Rl Vollxc). (36)

Lemma 3.6 (Polynomial approximation) Let | > 1 be the polynomial degree and let
d e {2,3} (sothatl+1 > %) Let L} be the H'-conforming Lagrange interpolation operator
onto P5(T) and let LY be its local version mapping onto Pyyo(K) for all K € T. There is
C such that for all 7 > ¢ g allme{0,...,[r]}, allp € [l,00], all h >0, all K € T, and all
v e H(K),

m d(3
Rl = Lie@lmgaey + b "o = L)ooy < Chllolire o, (37)

where t := min{r,[ + 1}.

Let us briefly highlight some useful consequences of Lemma 3.6. First, taking [ = 1,
r =2, and m € {0,1} in (37) shows that for all h > 0, all K € T, and all v € H*(K),

lv = Lk W)llx + bV (0 = L (0) ]| < Chic|[V?v] . (38)

Then, for all v € H?(K), setting z := v — [Zl;?'z(fu) for any polynomial degree k > 0,
and observing that L} (2) = 0 since L} o L2 = L1 we infer from (38) that ||Vz|x <
1

Chi || V22| k. Hence, owing to the multiplicative trace inequality (36), we have h 2 ||Vz||ox <
C|IV?2| K, ie.,

hit 9(0 = £572) ok < CIV3(0 — L572(0))]1x (39)

Remark 3.7 (H'-conforming quasi-interpolation operator) The lower bound r > %
is not really a restriction for the biharmonic problem in space dimension d € {2,3} since
the weak solution always sits in H?(Q). In higher space dimension, the restriction r > g
can be lifted by invoking a quasi-interpolation operator onto P¥(T) instead of the Lagrange
interpolation operator; we refer the reader to [27, 16] for examples of quasi-interpolation
operators that can be considered.

For every mesh cell K € T, we define the local HHO reduction operator ff( :H?(K) —
VE such that, for all v € H?(K),

I (v) o= (L5F2 (0), T (nge- V) € VE. (40)

This definition is meaningful since H?(K) <+ C°(K) for d € {2,3}. In addition, we define
the local HHO interpolation operator

JIO = R o I8+ HX(K) — Ppyo(K). (41)

In what follows, we need to measure the HHO interpolation error in some augmented norm
which reflects Assumption 1.1. Specifically, we set

i-1 242d(1—

loll? i := IV20]% + b VIVl i) + b VA Lok (42)

for all v € W2P(K) with Av € WH9(K) (recall that p > 2 and q € (dez,Q])
Lemma 3.8 (HHO interpolation error) In the above setting, the following holds for all
KeT:

lo = TR W)IIF & + Sorc (Th (v), T (v)) < Cllo — L2 ()17 (43)
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Proof. (1) Let us first bound |v — J'°(v)||ls,x. The triangle inequality followed by the
discrete inverse inequalities from Lemma 3.4 implies that
lv = T )l < Ml = L2 ) lg.xc + [TE (0) = L3 (0)llz.10
< |l = L3 (0) g,k + CIIVA (IR (v) = L3 (0) | x,
so that we only need to bound the last term on the right-hand side. A straightforward
calculation using the definition (21) of Rx shows that, for all w € Pj o (K)*,
(V2T (v), Viw) i = (V2LE (v), VPw) i — (0L (0) = g (0n0), Opnw)ox
= (V2L (0), V) K — (0n (L5 (0) = 0), Ounw)or,

together with the relation (J'°(v),&)x = (L52(v), &)k, for all & € Py(K). Re-arranging
the terms, taking w = JH'°(v) — £572(v), and using the discrete trace inverse inequality
(33) gives

IV2(T&° () = L5 @)k < Chi® [18n (L5 (0) = v)llox-
Bounding the right-hand side using (39) leads to
IV2(T° (0) = L5 )l < CIV (0 = L2 (0)l|x

Putting the above bounds together shows that [[v — Ji°(v) ||y x < Cllv — L52(v)|4.x since
the ||-||¢, x-norm controls the H?(K)-seminorm.

(2) Let us now bound Sax(f}“((v),ff((v)). We have
Sor (T (v), T (v) = hig IS (T i (9v) = D (L3 (D) IBxc < B 10n (v = L3 () 3k

since 115, o I15 - = TI% - and 1%, is L?-stable. The right-hand side is bounded by means
of (39), yielding

Sor (i (v), Ik (v)) < C V2 (v = L2 (0)) I

Since the ||-||s, x-norm controls the H?(K)-seminorm, this concludes the proof. 0

It is convenient to define global versions of the above operators and norms. The global
HHO reduction operator ZF : H2(Q) — V¥ is defined such that, for all v € H?(Q),

I} (v) = (LF 2 0), (T (np-(V0) p) rer) € Vi, (44)

so that the local components of ZF(v) are Z% (v|k) for all K € 7. We also notice that
k() € V}f’(n) if v € H}(Q) since the Lagrange interpolation operator preserves the ho-

mogeneous Dirichlet boundary condition. Moreover, we have f}f (v) € 17: M if g € HZ(Q).
Furthermore, the global HHO interpolation operator mapping onto Py o(7) is defined such
that J;"°(v) g = J'°(vk) for all K € T and all v € H*(Q). Finally, we define the global

augmented norm such that ||1)H§h = KeT HU|K||§7K for all v € VW (Q).

4 Error analysis

In this section, we perform the error analysis under Assumption 1.1. For completeness, we
also outline the main arguments for the error analysis of C°-IPDG methods. In all cases,

the main step is to bound the consistency error by making use of the key identity established
in Lemma 2.3.
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4.1 Preliminaries

Before bounding the consistency error, we need to slightly adapt the bilinear form n§4)

introduced in Section 2.4. Recall the functional space V) (Q) := {v € W?P(Q) | Av €
Wwha(Q)}, p>2,q€ (d2f2,2] (see (13)) and that n§4) is defined on V4 (Q) x H2(T) using
(14) or equivalently (16).

The first adaptation is to allow for discrete functions as the first argument of nﬁ . Since

functions in P} ,(7) are piecewise smooth, n( ) can be extended to (VA (Q) + P, ,(T)) x
H?(T). Moreover, since v p(Vdivp) = (0,0, UK) p for all v, € P} ,(T) (with the notation
VK = Vp|i), a straightforward calculation starting from (16) shows that for all vy, wy, €

Pi-‘rQ (T)a
n§4)(vh»wh) =Y ({0unvn}r. [Vwr]rnre)r, (45)
FecF
where the second-normal derivative is understood to act cellwise on vp. This identity is
important when analyzing the C°-IPDG method (see Section 4.4).

However, when analyzing the C%-HHO method, a second adaptation is necessary since
discrete test functions in the C°-HHO method have two components, one attached to the
mesh cells and one to the mesh faces, and not just one as in the C°-IPDG method. Thus,
inspired from (16), we now introduce the following bilinear form on (V) (Q) + P§ 1o(T)) x

V:’(ID (recall that Vk’(l) C ‘716’(11)):
A dn) =Y > S (3 e (V) npi (e (Vwk)p — ). (46)

KeT FeFox i€{1:d}

Recall the notation W, = (wr,xr) with wr = (Wk)ker and xr = (xr)rer and that
the local components of @, associated with the mesh cell K € T are g = (wg, Xox =

(MK MpP)XF)FeFor)-

Lemma 4.1 (Identltles for n nﬁ ) The following holds for allv, € P}, ,(T), allv € VP (Q),

and all wy, € V k(D)

Al (o @n) = 3 (V2ore, V2 (wie — Ric (@) i (47)
KeT
54)(7) W) = nﬁ (v, wr) Z Z 'yKF (VOv), npixr)F, (48)

FerPie{l:d}
where in the summation over all F € FP, K € T denotes the unique mesh cell such that
F=0KnNoA.

Proof. (1) Proofof (47). Since vy, is piecewise smooth, we have y;i(’F(vaivK)‘F = (nk-Vovk)|r
for all K € T and all F' € Fyk, so that

> ke p(VOwK) i Fnpi(np(Vwg) p — XF))r = / OnnVik (Onwi — Xox) ds,
ie{l:d} F
where all the normal derivatives are understood to be oriented by nx. Therefore, we obtain
_~ 4 A~
Ay (vn, @) = Y (Ounvic, Onwi — XoK ok
KeT
Recalling the definition (21) of the reconstruction operator Ry applied to Wy proves (47).

(2) Proof of (48). Using the expression (16) for n§4), we infer that

ﬁ§4)(v7@h) —n§4 (v, wy) Z Z { Z ’YKF (Vo) npi(np-{Vurkr —xr))r

KeTie{l:d} FeFi,

- Z (Vi r(VOi), nF,z’XF>F}-

FeFs,,

12



Re-organizing the summation over the mesh interfaces yields

ﬁ§4)(v @) — nﬁ (v, wr) Z Z Z r(VO),npi(np-f{Vur}r — xr))r

FeFiie{l:d} je{1,2}

_ Z Z <7?<7F(Vaﬂ)),nF,iXF>F’

FeFbic{l:d}

recalling the notation F' = 0K, N 0K for all F € F'. Since the first term on the right-hand
side vanishes owing to (17), we conclude that (48) holds true. O

If the function v is smooth, we have Zie{l:d} (7%7F(V5‘iv),np,ixp>p = fF(annv)XF ds.
Thus, we expect that the right-hand side of (48) vanishes when applied with the first ar-
gument equal to the weak solution of (6) (type (II) BC’s). The same property holds when
considering the weak solution of (5) (type (I) BC’s) since, in this case, the face component
of the test function vanishes at the boundary faces. Les us now formalize these arguments.

Lemma 4.2 (Identity for weak solution) (i) Type (I) BC’s: Assume the weak solution
uV to (5) is in VW (Q). Then, we have

Ay (D, @) = i (W wr), Y, e VU (492)

(ii) Type (ii) BC’s: Assume the weak solution v to (6) is in VM) (Q). Then, we have
Ay (W, @) = P (W wr), vy, e VPRI (49b)

Proof. (1) Proof of (49a). The identity is a simple consequence of (48) and the fact that

xr =0 for all F € F® whenever @, = (wr, xF) € ‘7:,(1).

(2) Proof of (49b). Let us prove that for all F' € FP, we have
Z (V5. (VOu"™), npixr)r =0, (50)
ie{l:d}

where K € T is the unique mesh cell such that FF = K N 9OQ. Invoking [21, p. 17], we infer
that there is ¢, € Hj(K) N H*(K), (On¢y)pr = 0 for all F' € Fhy and (9pdy)jr = Xr-
Let QZX denote the zero-extension of ¢, to H}(Q) N H%(Q). Using (Ex as test function in the
weak formulation (6) and since Au € W4(Q) and (EX € Wol’q/(Q), we obtain

0= (V2 V20, )0 + (VAL Vé, )

= (V2U(II)7V2¢X)K + (VAU(II)7V¢X)K = Z {(V@ium),V(aiqu))K + (Aaium)vai(bx)l(}'
ie{1l:d}

Moreover, we have

Y kr(Vou) npixe) e = Y (Vkr(Vu"), (0:6,) 1) F (51)
ie{l:d} ie{l:d}
= > {(V@U(H)NLIF{(&%))K+(A3iu(n)aL§(3i¢x))K}’
i€{1:d}

where we used that the tangential derivative of ¢, vanishes on F' and the definition (9) of
the normal operator 7}1(7 . Subtracting the above two relations gives

> k(Yo npp)e = > {(VOu, Va)k + (200, )i b, (52)
ic{l:d} i€{1:d}

with §; = LE(9i¢¢) — 0;¢0c. We observe that §; € Wol’g/ (K) N L?(K). Considering a
sequence (0; ¢ )eso in C§°(K) which converges to d; in W¢' (K)N L?(K) as e — 0 and since
Yie i) {(V(@iu(n)), V6 )k + (A@u), 52,6);(} — 0 for all € > 0, we conclude that (50)

holds true. Summing over the mesh boundary faces and invoking (48) proves (49b).
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We close this section by stating a boundedness estimate on the bilinear form n( ). We
omit the proof since it follows the arguments from [19, Lemma 3.2].

Lemma 4.3 (Boundedness of ﬁg4)) The following holds for all v € (VW (Q) +P§, ,(T))

and all Wy, € 17}5’(11) :

=~ 2d(5—3) 24+2d(5-1) _
A (v, )| <c( S R g2, |mv||mm) (Z h;an—anwKn%K)

(NI

1
2

KeT KeT
(53)
4.2 Bound on consistency error
We define the consistency errors 6,(11) € (‘A/hk7(1))’ and 5,(51) € (YA/hk’(H))’ such that
(64 @) = Lwr) — an(@h (™), @), v, € VI, (54a)
(6" Bn) = Lwr) — an(@h @) @), v, € V", (54b)

where the brackets refer to the duality pairing between (‘A/:’(I))’ and th,(l) or between

(IA/:’(H))’ and XA/hk’(H) depending on the context. Recall that the spaces XA/:’(I) and XA/:’(ID are
equipped with the norm |[|-||, defined in (32). Recall also that the |-y x-norm is defined
h

n (42).

Lemma 4.4 (Consistency) Let §, denote either (5,(11) or 5;111), let u denote either u) or

u, and let 17}{“ denote either 17,1’“’(” or V =D Assume that u € VA(Q). The following
holds:

2
(On, wp) < C (Z [l — E’%”(u)ll?,K) 1@nllge, ViR € V. (55)
KeT

Proof. Using the key identity (15) from Lemma 2.3 followed by the identity (49a) or the
identity (49b) from Lemma 4.1 depending on the context, we infer that for all @, € Vh ,

wr) = Fowr)y sy o = D (Vo Vi) k=g (wwr) = 3 (V2u, Vi) gy (u, @)
KeT KeT

Moreover, using the identity (47) from Lemma 4.1 gives

an@f ), @) = 3 {(V2J;;H0(u), Vi) + SaK(ﬂg(u),@K)} — A (IO (), @)
KeT
Thus, defining the function 1 := v — J"°(u), i.e., n|x = u|x — J"°(u k) for all K € T,
we infer that

Ons @) = Y (Y20, V2wi) i = Sox The(w), @x) | = 3" (n, @), (56)
KeT

Let us denote by 77 the first two terms on the right-hand side and by 75 the third addend.
We bound 7; x by the same arguments as above, yielding

2

| <C (Z IVl + 11V (u — E’?Q(U))II%) [@n 15

KeT
Moreover, owing to (53), we have

24+2d(3—1) 3

2d(5-3) 3 -
Tl (D hie IV th IV AR ) T (D bR ok —dawlEx )
KeT KeT
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Altogether, this implies that

W=

[(Gns @) < C ( S Il + 12— z’;ﬂ(u»%{) l@llo.

KeT

Invoking Lemma 3.8 completes the proof. 0

Remark 4.5 (Classical regularity assumption) For completeness, let us briefly sketch
how the consistency error is bounded under the classical reqularity assumption u € H?**4(Q)
and f € H=25(Q), s € (%, 1]. As above, we let u denote either u") or u™, and Vi denote

either ‘7:’(1) or ‘A/,f’(n). Starting from the identity from Lemma 2.1 and using that Opnu is

single-valued at every mesh interface -7:}91( and that either Opnu or Xox vanish at every mesh
boundary face F € ]-'gK depending on the type of BC that is enforced, we infer that for all
’L/l}h c V}f,

(fowr) gosre gzs = Y {(Vgu, Vi) — (Opntt, Onwi — XaK)aK}~
KeT

Furthermore, using the identity Rg Of}% = JHO from Lemma 3.8 together with the definition
(21) of Rk (k) leads to

~

an(@h(w), @) = Y {(V2IRO (), V2wr) x = Onn TR (), Outwic = Xor orc + Sonc (Th (u), ) }-
KeT

Defining the function n cellwise as |k := u|x — J'°(u) for all K € T, we infer that
<6ha @h> = <f7 wT>H72+s7H02*5 - ah(i-llf(u)a ﬂ}h)

=> {(V277, Viwi)k = (Onnt), Ok — XoK )oK — SaK(ﬂ?(u),@K)}-
KeT

Setting ||v]} x = IV?0l% + hic||0nnv]35, it is then straightforward to establish that

(O, Wh) < C <Z llu — 5’%”(“)”:?,1{) [@n 5

KeT

4.3 Energy-error estimate

We are now ready to establish our main convergence result bounding the error in the en-
ergy norm. For completeness, improved error estimates in weaker norms are outlined in
Section 4.5. Let us define the discrete error €, := ZF(u) — 4y, € V,* with local components

ek =1k (u) —lg € VE forall K € T.

Theorem 4.6 (Error estimate) Let u denote either the weak solution u'V of (5) or the
weak solution u") of (6). Let @y denote either the discrete solution @gLD of (30) or the

discrete solution ﬂgl) of (31), respectively. Under Assumption 1.1, the following holds:
> {llu = R @) 2 + Sox@r,ei) f <€ lu— L2 @3k (57)
KeT KeT

Moreover, assuming u € H**5(Q) with s > 0, and letting t := min{s, k + 1} as well as
Jo=1ift<1+ d(% — %) and J; := 0 otherwise, we have
1+d(3—3)

> {llu=Ric@) I x+Sox @ ex) } < €S (Riclul s+ il

2
VAU )
KeT KeT

(58)
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Proof. (1) Let d;, denote either (5,(11) or 5}(51), and let ‘7}5 denote either ‘7:7(1) or ?hk’(n)
depending on the context. Since ap(€n,en) = —(0p, €p), the coercivity of the bilinear form
ap, implies that

ollenllE < an@h,@n) = —(n, En) < 10nll sy 1@nll s,

so that Gl < 2100l gz Since e (192 Ric@rc) | -+ S (G, 10} < O X peer (19 RacErolfe+
Sor (€K, €x)} < C’||€h||%7k owing to the inverse inequality (35) and the upper bound in (25),

h
we infer from Lemma 4.4 that

> {IV R @I i + Sox Fre, i) f <€ Y llu— £ W)l
KeT KeT

Since u — R (ugx) = (u — J'°(u)) + Rk (€x), the triangle inequality combined with
Lemma 3.8 and the above bound proves (57).

(2) The estimate (58) results from (57) and the approximation properties of £52 estab-
lished in Lemma 3.6. 0

Remark 4.7 (Variant) Invoking inverse inequalities shows that for all K € T,
lure — Ric (i)l < CIV?(ure — Ric (i) | e < CSore (ke i), (59)

where the second bound follows from (V*(ux — Rk (lik)), VW) = (Opur — Yox , OnnW)ok
for all w € Prio(K)*, a discrete trace inequality, Opnw € Pr(For), and the definition of
the stabilization operator. Moreover, the triangle inequality combined with the bound (43)
from Lemma 3.8 implies that

1 ~ o~ o~ PN SN
5 Sox (Ux, k) < Sox (Ti (u), Ii (w)) + Sox (€x, ) < Cllu — L2 (w)l|g, x + Sox (€x, €x)-
This leads to the following variant of the above energy-error estimate:

> {1V = ui) I + Soxcliin i) } <C Y Nlu= L2k, (60)
KeT KeT

which follows from (57), the triangle inequality, and the above bounds.

4.4 Energy-error estimate for C°-IPDG methods

To illustrate that the key identity (15) from Lemma 2.3 has a broader applicability than
C°-HHO methods, we briefly outline here how this identity can be used in the error analysis
of C°-IPDG methods. Focusing for brevity on type (II) BC’s only, the C°-IPDG bilinear

form is defined as follows for all vy, wy, € V;%z =P§ o (T) N Hg():

CLI}];DG(UmU}h) = Z (V2’Uh, V2wh)K + Z ’thl;l([[an'Uh]]F, Hanwh]]p)p

KeT FeFi (61)
- Z ({{annvh}}Fa [[anwh]]F)F - Z ([[anvh]]Fa {{annwh}}F)Fa
Feri FeFi

where all the normal derivatives are understood to be oriented by np and with the user-
defined penalty parameter wp > 0. For type (I) BC’s, the three summations over the mesh
interfaces are realized over the whole set of mesh faces. The discrete problem consists of
finding uy, € VﬁBQ such that

ay " (0n, wn) = (wn) i = (fywWn)yy1 g aars  Vwn € Vio' (62)
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IPDG

The stability analysis reveals that the bilinear form aj;°¢ is coercive on Vﬁfﬁ if the penalty

parameters wp are large enough; see, e.g., [2]. The coercivity norm is H'LUhH%/IH»Q =
T,0
-1
Yer IVwnlk + Xpem bip | [0nwn] %

The novelty here consists in bounding the consistency error under Assumption 1.1. Let
the bilinear form néPDG be defined as n§4), except that the contributions of all the mesh
boundary faces F' € FP are discarded. The arguments in the proof of (49b) show that
ny™P% (u, wp) = n§4) (u,wp,) for all wy, € V7’37‘52. Therefore, using the key identity (15) from
Lemma 2.3 gives

<f7 wh)w—l,q lel/ = Z (VQU" v2wh)K - n§4)(u7 ’LUh) = Z <v2u7 VQ’UJh)K - népDG(u7wh),
e KeT KeT

(63)

for all wy, € Vﬁjﬁ. Moreover, using the same proof as for (47), we establish the following

identity for all vy, wp, € V7’37J62:

nf% (p,wn) = Y (§Onnvn}r, [OnwnlF)r. (64)

FeFi

Putting everything together and setting n := u — £Z+2(u), we can express the consistency
error as follows:

(Onywn) == (wy) — ap® (L} (u), wp)

= > (V0. Viun)k + Y @rhp ([0un]r, [Onwn] ) e

KeT FeFi
=™ (. wn) = Y (0wl ps {Onnwn}r)r, (65)
FeFi
where we used that [0,u]p = 0 for all F € F'. Using the same ||| x-norm as for

the C°-HHO method, and invoking the Cauchy-Schwarz inequality, Lemma 4.3 to bound
ny"P¢(n, wp), and the estimate (39) to estimate J,7 at the mesh interfaces, we infer that

2
(6, wp) < C (Z o — g’;j?(u)niK) lwnllyese,  Yun € Vi, (66)
KeT

Finally, proceeding as above for the C°-HHO method readily leads to the same error esti-
mates.

4.5 Improved error estimates in weaker norms

To derive error estimates in weaker norms, we assume that the following regularity pickup
holds true: There exists a constant Cq such that for all g € H?(Q)), o € {—1,0}, the adjoint
solution such that A%, = g in Q with either type (I) or (II) BC’s satisfies the bound

¢l a4o () < Callgllae (), Vo € {—1,0}. (67)

A sufficient condition for (67) to hold with type (I) BC’s is that the domain  is convex;
see [23, p. 182]. In what follows, we assume f € L?(2) so that the above regularity pickup
implies that u € H*(Q2). Hence, the setting of Assumption 1.1 is not needed here, and we
simply use the || - ||4, kx-norm already considered in Remark 4.5, that is, ||v||§K = ||V2|% +
hicl|Onnv||35 for all K € T. We also set [|v]|7 ), := > ey lvikllf k- Let h:= maxger hi
denote the (global) mesh size and let I be the piecewise constant function such that E\ K=
hg forall K € T.
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Theorem 4.8 (L?-and H'-error estimate) Let u denote either the weak solution uV of
(5) or the weak solution u(H of (6). Letuy, denote either the discrete solution ﬂg) of (30) or

the discrete solution u uh of (31), respectively. Assume f € L*()). Then, if the reqularity
estimate (67) holds true with o = 0, we have

> llu— Ruc ()|l < Ch2012) (842, 4 lu— L5 ()2, + [R2(f = TE2())IR),
KeT "

(68)
and if the regularity estimate (67) holds true with o = —1, we have

> IV (= Ruc @)k < CR* (18nl13, + llu— L5225+ [R2(F = TE2()IR)- (69)
KeT

To prove Theorem 4.8, we need to consider a novel HHO interpolation operator. For
all K € T, let C&™2 : H*(K) — Pyy2(K) be the local interpolation operator associated
with the canonical hybrid finite element in K; see [17, section 7.6] (this is the finite element
considered in the first step of the discrete de Rham diagram). Recall that for d = 3 and a
function v € H*(K), C§(+2(’U) is uniquely defined by the following properties:

Ch2(v)(2) = v(2), Vz € Vi, (70a)
(Cl2(0).bp)p = (v.6p)E,  Vir € Py(E).VE € £, (70)
(€12 (), €r)r = (v,€p) P, VEr € Py (F),VF € Fi, k> 1, (70c)
(€2 0). )k = (0., Ver € Pea(K), k> 2, (70d)

where Vi, £k, and Fi collect the vertices, edges, and faces of K, respectively. For d = 2,
CEF2(v) is defined similarly by using (70a), (70b), and (70d) with & € Py_y(K), k > 1.
The following holds for all K € T and all v € H3(K):

lo = P2 W)llex < Cllv — L2 ()llz (71)
This follows from the triangle inequality, inverse inequalities yielding [|[C52 (v)—LEF2 (v) .1 <
C||V2(CE2(v) — L5 2(v))| i, and the H?-stability of Ch'? together with the fact that
Ciet(v) = L3 (0) = C (v = L2 ().
We then define the new local HHO reduction operator P¥. : H?(K) — V£ such that, for

all v € H*(K),
Pl (v) = (€3 (v), M (ngc-Vw)) € V. (72)

as well as the new local HHO interpolation operator such that
T .= Ry o Pl : H*(K) — Pjo(K). (73)

The main motivation for the above construction is the following result.

Lemma 4.9 (New HHO interpolation operator) The following holds for oll K € T
and allv € H*(K):

(V2T (v), VW) g = (VZ0, VW), Yw € Pryo(K)*L. (74)

Moreover, we have for all K € T and all v € H3(K),

lv = TR W)II} 5 + Sox (Ph(v), P (v)) < Cllv = L2 ()1} & (75)
Proof. (1) Proof of (74). Using the definition of the reconstruction operator Rk, the
identity V - V2 = VA and integration by parts gives
(VT3°(0), V)
— (V2CE2(0), V2u) k — (0,052 (0) — Ty e (- V0), D)o
= —(VC2(v), VAW) k + (g (N V), Opn)ox + (CE2(0), Opew) ok

= (Cf<+2(v), AQw)K — (Cﬁ”(v), ng-VAw)ox + (HgK(nK-Vv),amw)aK + (8th{+2(v), Ontw) oK -
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Integrating by parts the last term on the right-hand side gives (for d = 3)

(OCIT2 (v), Orw)ore = Y {— (CK(0), 0 (Onw))r + D (Cffz(v)’nF'amw)E}-

FeFk ECOF

Owing to (70) and since w € Pyy2(K), we infer that
(V2T (), V2w) g = (v, A%w) g — (v, ng-VAW)ox + (N -V, Onpw)ax + (040, Oniw) ok,

whence we deduce from integration by parts that (74) holds true.
(2) Proof of (75). Proceeding as in Lemma 3.8 yields

lo = TR )} & + Sorx (P (v), P (v)) < Cllv = Ci2 () i

and we conclude owing to (71). 0

We are now ready to prove Theorem 4.8. The proof proceeds similarly to that of [11,
Thm. 10] on the L2-error estimate for second-order elliptic PDEs, but requires some non-
trivial adaptations using the above tools. We detail the proof of (68) and only outline the
minor changes needed to prove (69).

Proof of (68) Let PF: H2(2) — Vi¥ be defined such that, for all v € H2(S),

~

Pri() = (G (), (Wi (np- (Vo)) reF) € Vi,
where C; 12 © H2(Q) — Pji2(T) is the global interpolation operator associated with the

canonical hybrid finite element. Notice that the local components of 73,’f (v) are ’ﬁf((w K ) for
all K € T. Let @y, := (ur,vr) € V¥ be the discrete solution. Let us set

en =1 — PF(u),

so that, setting &, := (er,0r), we have ex = ugx — Ci%(u) for all K € T and 0 =
vr — % (np-Vu) for all F € F.

(1) Let (. be the adjoint solution such that A?(, = e7 in Q with the appropriate type of
BC’s. Owing to our regularity assumption with o = 0, we have ||(c| g1y < Caller|la.
Integration by parts gives

ler |3 = (er, A%¢)a = —(Ver, VAL )a = —(Ver, V-V3()a

= > {(V2er. V) = (Oner, BunCone — (Duer, Ouike)ox |-
KeT

The last summation on the right-hand side vanishes for both types of BC’s. Therefore, we
have

lerla = >~ {(V2er, V3)k = (@ner, OanCo)ox }
KeT
= > {(Ver, V2 — (Ouer — 05, OunClonc
KeT
= 3 {(Ver, VTHO(G))x — (ner — 07, BunClo .
KeT

where we used that ). (07, 0nnCe)ox = 0 for both types of BC’s on the second line and
the identity (74) on the third line. Since

(V2Rk (ex), V2T (Ce))x = (VZex, VPTE(Ce)) K — (Oner — borc, Onn TR (Ce))oxc
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straightforward algebra using the definition of €5, that u, solves the discrete HHO problem,
and that (f,()a = (V2u, V2(.)q gives |ler||3 = Ty + To — T3 with

Tyi= = 3 {Sox(Eic, PE(C)) = (Onex — Oorc, dan(Ce = TH(C)))ox |

KeT
Ty = (V2u, V3Ce)a — an(Py (u), PR (CC)),
Ty = (f,6 = G2 (C))a = (F = T72(), G = G 2(Ce))e
where the last equality for T3 follows from (70d) (with the convention that I} ~2(f) = 0 for

k € {0,1}). It remains to bound the above three terms.
(2) Owing to the Cauchy—Schwarz inequality and (75), we have

T3] < Cllénllgpllce — £372(Ce)llg.n-

Moreover, since [|¢. — LET2(C)||pn < Ch™EFL2)1C, Fminth+3.9) (@) AN [Ce| grminthta,n gy <
Caller]|lq by our assumption on regularity pickup, we infer that

71| < O L2 g ler o

Furthermore, using the definition of a; and the identity (74) yields

T = {(V2(u = THOW), V(G = TR )k — Sox (Ph(w), P (¢.)) }-
KeT

Using the Cauchy—Schwarz inequality and the same arguments as for T3 gives
| To| < CR™ D — L3752 (w) [ le -
Finally, we have
ITs] < [|R°(f =TI 2 () llallh ™2 (G =CEP2 () la < CR™ DR (£ 1172 () [lellerlo-
Putting everything together gives

lerllo < CR D (6l + u = L5 ()l + B2 = TE2(F)lla)- (76)
(3) Using the triangle inequality and the definition of ey gives

S llu = Rec(@)le <C S {llellie + lure — Rac(@ro) e + llu — C ()%
KeT KeT

The first term on the right-hand side is bounded using (76). The second term is bounded
by the Poincaré inequality, (59), and the triangle inequality giving

luk — Ric (i)l < Chi |V (uk — Ri (i) ||l < ChicSox (k. Ur)
< Chic (Sox (k. x) + lu — L& (w)llg )
mally, observing that eaves (u — u)) invariant, invoking (38) an gives
Finally, observing that £k 1 CE*?(u)) invariant, invoking (38) and (71) gi

lu = CF2 ()l < Chg|IV? (u = C2 ()i < Chicllu — L2 (w)]

BK-

Putting everything together proves (68) since h? < Ch™n(k+1,2), 0

Proof of (69) The only salient change with respect to the previous proof is the definition
of the adjoint solution which now satisfies A?¢, = Aer € H1(Q) with the appropriate
type of BC’s (recall that ez € Hg(£2) by definition). Proceeding as above and invoking the
regularity pickup assumption (67) with o = —1 then gives

IVerly = (Aerer)m-rm < Ch(I@ullgs + e = L5 2@)lgn + IF(F = TE2(F) e ) 6 sco
< Ch([@ullgy + = L5 (@)l + [R2(F = TE2(F) o) [ Aerlli 0.

The assertion finally follows from ||Aer||g-1(q) = [|[Ver]a.
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Remark 4.10 (Variants and decay rates) Proceeding as in Remark 4.7 shows that the
bounds (68) and (69) hold true also with the left-hand side replaced by Y o1 |lu—uk||% and
Y rer IV(u —ug)|%, respectively. Concerning the right-hand side of (68) and (69), the
first term is controlled by the second term owing to Theorem J.6, so that both terms converge
at rate O(h?*+1)) . Moreover, the last term converges at rate O(h?™x2k+1)) (i e at the
same rate for k > 1 and at one order faster for k =0). Taking into account the scaling factor
in front of the parenthesis and taking the square root, we infer that the L?-error converges
at rate O(h?) for k = 0, which is suboptimal by one order in h, whereas it converges at the
optimal rate O(h**+3) for all k > 1. Finally, the H'-error converges at the optimal rate
O(R¥*2) for all k > 0.

5 Numerical examples

In this section, we present numerical examples illustrating our theoretical results on the
convergence of the C°-HHO method. We also compare the numerical performance of the
C°-HHO method to other (classical) C°-conforming methods from the literature. All the
computations were run with Matlab R2021b on the Cleps platform at INRIA Paris using 12
cores (all offering the same computational performance in terms of RAM and frequency), and
all the linear systems after static condensation (if applicable) are solved using the backslash
function (invoking Cholesky’s factorization).

5.1 Convergence rates for the C°-HHO method
We select f and type (I) BC’s on €2 := (0, 1)? so that the exact solution is

u(z,y) = sin(rz)? sin(my)? + e~ (@05~ (=05

We employ the polynomial degrees k& € {0,...,4} and a sequence of successively refined
triangular meshes consisting of {32,128,512,2048,8192,32768} cells. Despite an hp-error
analysis falls beyond the present scope, we weigh the stabilization terms in (22) by replacing
hi' by (k+1)2hy' for all K € T.

Let us first verify the convergence rates obtained with the C°-HHO method with k €
{0,1,2,3,4}. We consider a sequence of successively refined triangular meshes. We measure
errors in the (broken) H?2-seminorm, in the H!-seminorm, in the L2-norm, and in the stabi-
lization seminorm. The first three errors are evaluated using the reconstruction of the HHO
solution cellwise. The errors are reported in Figure 1, and the rates are reported in Table 1
as a function of DoFs'/ 2 where DoFs denotes the total number of globally coupled discrete
unknowns (that is, the face unknowns in addition to the cell unknowns except the bubble
functions). We observe that the H?-error, H!-error, and stabilization error converge at the
optimal rates O(h**1), O(h**+2), and O(h¥*+1), respectively, as expected. The L2-error con-
verges at the optimal rate O(h**3), except for k = 0 where the rate is only O(h?). All these
rates are consistent with the analysis presented in the previous section. We also notice that
some errors and decay rates are not reported on the finest meshes for the higher polynomial
degrees. The reason is that a stagnation of the error at levels around 108 is observed owing
to the poor conditioning of the linear system (see below). Notice that stagnation does not
affect the stabilization error.

Table 2 reports the condition number of the full and condensed linear systems arising
from the CY-HHO methods with k € {2,3,4} on the same meshes as above. For fixed k,
all the condition numbers scale as O(h~%), as expected. In addition, the condition number
of the condensed linear system is always smaller than that of the full linear system. The
ratio is about 4, 6, 9 for k = 2, 3, 4, respectively. Furthermore, the condition number of
the condensed linear system is above 101° on the finest mesh for k£ € {2,3} and on the
two finest meshes for k = 4, thereby causing an error stagnation at about 10~® with our
current implementation. Finally, we mention that the above condition numbers correspond
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Figure 1: Convergence of CY-HHO in H2-, H!-, L?-(semi)norms, and stabilization seminorm
on triangular meshes.

to nodal basis functions based on the Fekete points. We also tested modal basis functions,
but obtained even larger condition numbers (by a factor of about 2, 4, 8 for k = 2, 3, 4,
respectively).

5.2 Comparison with C°-IPDG, HHO, DG, and Morley and HCT
FEM

In this section, we compare the computational performance of C°-HHO with the C°-IPDG,
HHO, dG, Morley, and HCT methods on triangular meshes. We point out that we implement
the jump of the normal gradient for dG and C°-IPDG methods using the weight ng(k +
1)2th71 for all F' € F, with ng = 4. In addition, we implement the jump of the trace term
for dG methods using the weight ng(k + 1)6h.? for all F € F.

We first compare the C°-HHO method to the dG, HHO (more precisely, the so-called
HHO(A) method from [13]), and C°-IPDG methods. To put the C°-HHO and the other
methods on a fair comparison basis, we compare the C°-HHO and HHO methods with face
polynomial degree k& > 0 to the dG and C°-IPDG methods with cell polynomial degree
¢ =k +2, so that all the methods deliver the same decay rates on the H?2-error. Moreover,
all the methods are assembled by using affine geometric mappings from a reference triangle.
Interestingly, we point out that using affine geometric mappings can accelerate the assem-
bling procedure about 4 to 8 times for DG and HHO methods in contrast with the use of a
physical basis in each mesh cell, see [3, Sec. 6] for a more detailed discussion.

A comparison of total DoFs, assembling time (including static condensation if applica-
ble), and condition number of the linear system (again after static condensation if applicable)
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H? error k=20 k=1 k=2 k=3
#T # DoFs | rate | # DoFs | rate | # DoFs | rate | # DoFs | rate
32 137 — 281 — 457 — 665 —
128 497 0.99 1041 1.62 1713 2.69 2513 3.66
512 1889 1.00 4001 1.91 6625 2.87 9761 3.86

2048 7361 0.99 15681 1.96 26049 2.94 38465 3.93
8192 29057 0.98 62081 1.98 | 103197 | 2.97 | 152705 | 3.96
32768 115457 | 0.99 | 247041 | 1.99 | 411393 | 2.99 | 608513 -

H' error k=0 k=1 k=2 k=3
#T # DoFs | rate | # DoFs | rate | # DoFs | rate | # DoFs | rate
32 137 — 281 — 457 — 665 —
128 497 1.82 1041 2.71 1713 3.63 2513 4.66
512 1889 1.93 4001 2.89 6625 3.87 9761 4.85

2048 7361 1.96 15681 2.95 26049 3.94 38465 4.96
8192 29057 1.98 62081 2.97 | 103197 | 3.98 | 152705 -
32768 115457 | 1.99 | 247041 | 2.98 | 411393 - 608513 -

L? error k=0 k=1 k=2 k=3
#T # DoFs | rate | # DoFs | rate | # DoFs | rate | # DoFs | rate
32 137 — 281 — 457 — 665 —
128 497 1.76 1041 3.60 1713 4.62 2513 5.58
512 1889 1.90 4001 3.82 6625 4.82 9761 5.92

2048 7361 1.95 15681 3.92 26049 4.94 38465 5.82
8192 29057 1.97 62081 3.95 | 103197 - 152705 -
32768 115457 | 1.99 | 247041 - 411393 - 608513 -

Stab error k=0 k=1 k=2 k=3
#T # DoFs | rate | # DoFs | rate | # DoFs | rate | # DoFs | rate
32 137 — 281 — 457 — 665 —
128 497 0.95 1041 1.72 1713 2.70 2513 3.66
512 1889 0.98 4001 1.90 6625 2.88 9761 3.85

2048 7361 0.99 15681 1.95 26049 2.95 38465 3.93
8192 29057 0.99 62081 1.98 | 103197 | 2.98 | 152705 | 3.97
32768 115457 | 0.99 | 247041 | 1.99 | 411393 | 2.99 | 608513 | 3.99

Table 1: Convergence rates of C-HHO in H?2-, H'-, L?-(semi)norms, and stabilization semi-
norm on triangular meshes.

is presented in Table 3 for the four discretization methods. We consider a triangular mesh
with 32768 cells and let the polynomial degree vary from k£ = 0 to £ = 3. Concerning
assembling time (the reported values are meaningful up to 5-10%), we observe that for the
lowest-order cases (k € {0,1}), C°-HHO methods are the most effective, whereas for the
higher-order cases (k € {2,3}), C%-IPDG methods take slightly less time. Another interest-
ing observation is that C°-HHO methods spend about 20% to 30% less time for assembling
the linear system compared to (fully discontinuous) HHO methods and dG methods. Con-
cerning the condition number, the first observation is that the condition number for C°-HHO
and (fully discontinuous) HHO methods is comparable although the latter is about 10% to
30% larger. The second observation is that the condition number of C%-HHO methods is
(significantly) smaller than the one produced by CY-IPDG and (fully discontinuous) dG
methods. One reason for this difference is the elimination of the higher-order bubble func-
tions from the cell unknowns in C°~-HHO methods. We also mention that the condition
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Cond No k=2 k=3 k=4
#T condensed full condensed full condensed full
32 2.99e4+04 | 8.74e+04 | 8.56e+04 | 3.93e+05 | 2.02e+05 | 1.53e+06
128 2.96e+05 | 9.33e+05 | 8.82e+05 | 4.41e+06 | 2.13e+06 | 1.77e4+07
512 3.41e4+06 | 1.14e+07 | 1.05e+07 | 5.64e+07 | 2.59e+07 | 2.34e+08
2048 4.96e+07 | 1.72e4+08 | 1.55e+08 | 8.65e+08 | 3.89e+08 | 3.62e+09
8192 7.42e4+08 | 2.63e+09 | 2.36e+09 | 1.34e+10 | 5.95e+09 | 5.68e+10
32768 1.13e+10 | 4.09e4+10 | 3.63e+10 | 2.11e+11 | 9.23e+10 | 8.97e+11

Table 2: Condition number of condensed and full linear system for CY-HHO on triangular
meshes.

number of the C9-IPDG and dG methods are about 4 times smaller if one chooses ng = 1
instead of ng = 4, although the former value is below the minimal coercivity threshold
predicted by the theory.

| C"-HHO | C"-IPDG
order | kDoFs | assembling (s) | Cond No | order | kDoFs | assembling (s) | Ratio
k=0 114 75 2.27e+08 || ¢ = 66 112 67.4
k=1 212 197 2.50e+09 | £ =3 148 238 168.0
k=2 310 507 1.13e+410 =4 263 498 369.0
k=3 407 1091 3.63e+10 | £ = 411 1061 597.8
| HHO | dG
order | kDoFs | assembling (s) | Ratio order | kDoF's | assembling (s) | Ratio
k=20 147 118 1.3 (=2 197 154 23.1
k=1 244 306 1.2 (=3 328 330 70.0
k=2 342 666 1.1 (=4 492 718 125.7
k=3 440 1284 1.1 (=5 688 1438 226.2

Table 3: Comparison of total DoFs, assembling time, and condition number for the C°-HHO,
CY-IPDG, HHO and dG methods. The polynomial degree is chosen so that all the methods
deliver the same decay rates on the H?-error.

Finally, we compare in Table 4 the C°-HHO methods to the Morley and HCT methods
on a a triangulation composed of 32768 cells. The first observation is that the Morley
element only takes about 65% of the assembling time of C°-HHO methods with k = 0, but
the condition number of the CY-HHO method is about half of that obtained with the Morley
element. The second observation is that the C°-HHO method with k = 1 takes about 60% of
the assembling time of the HCT element and, at the same time, delivers a condition number
which is 5 times smaller than that obtained with the HCT element. One possible reason
for the discrepancy in assembly time is that HCT methods cannot be constructed by using
affine geometric maps and that these methods lead to larger stencils compared to C°-HHO
methods.

5.3 Nonsmooth problem with type (II) BC’s

We select f and the boundary conditions on 2 := (—1,1)? so that the exact solution to (1)
is

sin(ﬂy)(g + 25 (cos(2mz) — 1)) (—1,0] x (—1,1)
u(z,y) = (77)
sin(ﬂ'y)(ﬁ . sin(Qﬂ'x)) (0,1) x (—1,1).
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k=0 | kDoFs | assembling (s) | Cond No k=1 | kDoFs | assembling (s) | Cond No
Morley 65 42 4.79e+08 HCT 97 354 1.20e+10
CY%-HHO 114 65 2.27e+08 || C-HHO 212 197 2.50e4-09

Table 4: Comparison of total DoFs, assembling time, and condition number for the C°-HHO,
Morley, and HCT methods. The polynomial degree is chosen so that the two methods in the
same column deliver the same decay rates on the H?2-error. Triangular mesh composed of 32768

cells, 49408 edges, and 16641 vertices.

It can be checked that the solution satisfies u € H3-5~¢ with € > 0 arbitrarily close to zero.
More precisely, the fourth-order derivative 0,,.,u contains a Dirac measure supported on

the line {z = 0}. In addition, the forcing function satisfies f € H~%57¢((Q).

regularity of v and f are compatible with Assumption 1.1.
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Thus, the

methods in H2-seminorms on triangular

The error decay rates depend on whether one considers meshes aligned with the line

v =

0} that supports the singularity. Considering first aligned meshes composed of

{32,128,512, 2048, 8192, 32768} triangular cells, Figure 2 shows that, as expected, the C?-

HHO and C°-IPDG methods deliver optimal convergence rates.

Considering now non-

aligned meshes composed of {50,162,578, 2178, 8450, 33282,132098} triangular cells (see
Figure 3 for an illustration), we notice from Figure 4 that both C9-HHO (with k = 0) and
CY-IPDG (with £ = k + 2 = 2) deliver the optimal decay rate O(h) for the error, whereas
the decay rate levels off, as expected, at O(h!:?) in the higher-order case. This result is
again in agreement with the above theoretical results.
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