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Abstract

This article deals with the existence of hypersurfaces minimizing general shape functionals under certain
geometric constraints. We consider as admissible shapes orientable hypersurfaces satisfying a so-called reach
condition, also known as the uniform ball property, which ensures ¢%'! regularity of the hypersurface. In
this paper, we revisit and generalise the results of [9, 4, 5]. We provide a simpler framework and more
concise proofs of some of the results contained in these references and extend them to a new class of
problems involving PDEs. Indeed, by using the signed distance introduced by Delfour and Zolesio (see for
instance [7]), we avoid the intensive and technical use of local maps, as was the case in the above references.
Our approach, originally developed to solve an existence problem in [12], can be easily extended to costs
involving different mathematical objects associated with the domain, such as solutions of elliptic equations
on the hypersurface.

1 Framework and main results

1.1 Introduction

In this paper, we are interested in the question of the existence of optimal sets for shape optimization problems
involving surfaces. More precisely, we are interested in shape functionals written as

J(Q) = LQ (@, veq (), Baq(x)) duo(x)

where © denotes a smooth subset of R?, the wording ‘smooth’ being understood at this stage such that all
the involved quantities make sense, v denotes the outward pointing normal vector to 02 and By is either a
purely geometric quantity such as the mean curvature, or the solution of a PDE on 0f2 or on 2.

We are then interested in the existence of solutions for the optimization problem

Q adlmnigsible J(Q) '

This kind of problem is very generic. What matters here is that the standard techniques, exposed and developed
for example in [7, 10], do not apply to d—1 objects and it is necessary to adopt a particular approach. The first
question to ask is the choice of the set O,q of all admissible domains. Since the shape functionals we consider
involve geometric quantities of the type “outward normal vector to the boundary” or “mean curvature”, it is
necessary that the manipulated surfaces are not too irregular. For this reason, we choose to impose a constraint
that guarantees a uniform regularity, say ¢!, of the manipulated sets. This uniform regularity constraint
is imposed by using the notion of “reach”. Thus, the set O,q represents the set of surfaces having a reach
uniformly bounded by below. The precise definition of this notion will be given in Section 1.3.

This kind of problem has been the subject of recent studies and results [9, 4, 5], which have provided positive
answers to the existence issues. In their approach, the authors used an efficient, but nevertheless laborious,
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approach based on the parametrization of the manipulated surfaces, seen as regular manifolds, using local
charts.

The objective of this paper is to promote a different approach, based on the extension of the functions
defined on the manipulated surfaces to volume neighborhoods, the introduction of an extruded surface and the
rewriting of the surface integrals as volume integrals using ad-hoc variable changes. This is a methodological
paper, in which a proof method is presented that may work in many cases. The results contained in the article
illustrate this point. We discuss possible generalizations of these results in a concluding section.

This method allows to gain conciseness and provides much shorter and direct existence proofs than in the
above references. The method also allows to extend the field of investigation to new families of problems,
involving the solution of a PDE defined on a hypersurface. Nevertheless, some arguments used by the authors
of [9, 4, 5] cannot be shortened by using our approach. We have therefore chosen to expose our method in a
short article, in which we detail all the parts of the proof that can be condensed and we make the necessary
reminders concerning the results that cannot be condensed.

The article is organized as follows: we introduce the definition of the reach of a surface as well as the class
of admissible sets we will deal with in Section 1.3. The main results of this article, regarding several existence
results for shape optimization problems involving surfaces, are provided in Section 1.4. The whole section 2
is devoted to the proofs of the main results. In these proofs, we detail the arguments based on our approach
and leading to simplified proofs of the results in [9, 4, 5]. In order to illustrate the potential of our approach,
we also provide an existence result involving a general functional depending on the solution of a PDE on the
sought manifold.

1.2 Notations

Let us recall some classical notations used throughout this paper:

e For the sake of notational simplicity, we will sometime use the notation T' (resp. T',,) to denote the
hypersurfaces €2 (resp. 0€2,).

o The Euclidean inner product (resp. norm) will be denoted {-,-» (resp. | - | or sometimes | - | when no
confusion with other notations is possible).

o Given two positive integers k < d and Q = R¢, H¥(Q) denotes the k-dimensional Hausdorff measure of
Q.

o Given Q < R%, the distance (resp., signed distance) to Q is defined for all z € R? by

do(z) = inf o —y|  (resp., bo(2) = da(x) — dra\a(2)).

e Given Q c R? and h > 0, the tubular neighborhood Uy (Q2) is defined as

Un(Q) = {z e R? | do(z) < h}.

o Given Q < R?, the reach of Q is defined as
Reach(€2) = sup{h > 0 | dq is differentiable in U (2)\2}.

Recall that, if 0 is a nonempty compact € *'-hypersurface of R?, then there exists A > 0 such that Q
satisfies a uniform ball condition, namely

Vo e dQ, 3d, € R" | |dy|lge = 1, Bp(x — hd,) < Q and Bp(z + hd,) < R™"\Q, (B)

where By, () stands for the open ball of radius h centered in x. Furthermore, assuming H%(0S2) = 0, we
have the simpler characterization

Reach(0€2) = sup{h | Q satisfies (B3)}.

Conversely, if dQ is nonempty and satisfies Condition (/3},), then its reach is larger than h and the
Lebesgue measure of €2 in R™ is equal to 0. Furthermore, 6Q is a €’*'! hypersurface of R®. We refer for
instance to Theorems 2.6 and 2.7 in [1].



« For a given oriented €'!-hypersurface 0f2, we denote by Vsq or Vr the tangential gradient and by V
the full gradient in R?. When needed, each gradient will be assimilated to a line vector in R<.

e N denotes N U {+00}.
o S9! denotes the unit sphere of R,

o My(R) denotes the linear space of d x d matrices with real entries, endowed with the Euclidean operator
norm || - |. Id denotes the identity matrix in R9.

« For a given €1! hypersurface 052, we denote by Haq : 0Q — R, its mean curvature. We refer to Appendix
A for proper definitions.

1.3 Preliminaries on sets of uniformly positive reach

Given 79 > 0 and a nonempty compact set D < R%, let us introduce the set &,, of admissible shapes whose
reach is bounded by 7, namely

Op, = {0 < D | Qis closed, Reach(dQ) > 7o, Q + &, and H¥(0Q) = 0}. (1)
The elements of 0,, are known to satisfy the following properties.
Lemma 1. Let Q€ O,,. Then
1. 0 is a €4 (d — 1)-submanifold. Conversely,
Ory ={Q2 < D | Q is closed, Reach(0)) = 1o, 09Q is a (d — 1)-submanifold}.

2. For x € 090, Vbq(x) is the unit outward normal vector.

3. For h <rg, Vbq is 2_h -Lipschitz continuous on the tubular neighborhood Uy (09)).

To

4. The restriction of Vbq to 0 is %—Lipschitz continuous.

5. There exists a constant C' depending only on d, ro, and D such that H1(092) < C.

Points 1 and 2 are proved in [7, Theorem 8.2, Chapter 7]. Points 3 and 4 are proved in [4, Theorems 2.7
and 2.8]. The proof of Point 5 is given in Section 2.1.1.
We will endow the set &, with a ‘sequential’ topology, by introducing a notion of convergence in this set.

Definition 1 (R-convergence in 0,,). Given (0,)nen € O, we say that (,)nen R-converges to Qo € Oy,

ro?
and we write §,, B, Qo if
in € (D),
— b, in €1 (U.(00)), Vr < rg, Ya € [0,1), (2)
weakly-star in W2*(U,.(0Qx)), V7 < 70.

ba,
The next result justifies the interest of the class &,, endowed with the R-convergence for existence issues.
Proposition 1. 0, is sequentially compact for the R-convergence.

The proof of this proposition can be found in Section B. Let us end this section by providing several
additional properties of the R-convergence.

Lemma 2. IfQ, £, Qo then
1. HE1(0Q,) converges toward H™1(000y) as n — +oo.
2. HH Q) converges toward H(Qy) as n — +0.
3. If all the 09, belong to the same isotopic class, then 0y also belongs such a class.
The proof of this lemma is given in Section 2.2.
Remark 1. According to Lemma 2, we obtain for example that for a given )y € &), and a < b,
{(Qe 0, | a <HTHIQ) < b, 0Q is isotopic to 0}

is a sequentially compact set.



1.4 Main results

Let us introduce the general shape functional
B2 = | ila,v(o), Hon (o) dpen (o), 3)
o0

where j; is continuous from R? x S~! x R to R and convex with respect to its last variable. We recall that v
and Hpq denote respectively the outward pointing normal vector and the mean curvature.

According to Proposition 1, the set &, is sequentially compact for the R-convergence. Therefore, in
order to infer the existence of an optimal surface minimizing F; over &,, it is enough to prove the lower
semicontinuity of functional F; (under suitable assumptions on the function ji). This is the main purpose of
the following result.

Theorem 1 ([1], Theorem 1.3). Let us assume that ji is continuous with respect to all variables and convex
with respect to its last one. Then, Fy is a lower semi-continuous shape functional for the R-convergence, i.e.,
for every sequence (Q)nen € 6"}1 that R-converges toward 2o, one has

lim inf Fy (Q) = F1 (). (4)

n—+00

As a consequence, the shape optimization problem

inf F1 (Q)

Qel,,
has a solution.
It is notable that, by applying Theorem 1 both to j; and —j;, we get the following corollary.

Corollary 1. If ji is continuous and linear in the last variable, then Fy is a continuous shape functionals for
the R-convergence.

Remark 2. In the case where d = 3, it is proved in [, Theorem 1.3] that Theorem 1 holds if we replace the
mean curvature by the Gaussian one in the definition of F5. We do not provide a proof here since most of the
difficulties are related to the convergence of a product of weak-star converging sequences and our approach
does not change the proof in a significant way.

Let us now consider two classes of shape optimization problems involving either an elliptic PDE inside §2
or an elliptic PDE on the €*! hypersurface €.

Problems involving an elliptic PDE on a ¢!!-hypersurface of R:. Given f € ¥°(D), we consider
the problem of minimizing a shape functional depending on the solution vsq of the equation

Arvea(z) = f(z) in 0%, (5)

where Apq denotes the Laplace—Beltrami operator on 0f). Since we are not considering ¥* manifolds but
rather €1 ones, we need to explain how the PDE must be understood. We use here an energy formulation,
defining, for a closed and nonempty hypersurface 02, the functional

Epr s HL(0Q) 3 u — % J |Vru(z)|Pdpag — f f(@)u(z)dpoq (6)
o2 o2

where H1(0€) denotes the Sobolev space of functions in H'(9Q) with zero mean on Q. We hence define vy
as the unique solution of the minimization problem

in  &qlu). 7
uegil(nm) 20 (u) (7)

Lemma 3. Let Q€ 0,,. Problem (7) has a unique solution vaq. Furthermore, if 0§ is €2 and if f € €°(D),
then voq satisfies (5) almost everywhere in 0S.



The proof of this result is postponed to Section C.
Let us introduce the shape functional

() = L _ia(a.v(z). von(z). Vrven (o) ducn(a).

where js : R? x S1 x R x R? — R is assumed to be continuous.

Theorem 2. The shape functional Fy is lower semi-continuous for the R-convergence, i.e., for every sequence
() nen € ﬁ}?\; that R-converges toward Qs , one has

liminf F5(Qy,) = Fo(Q). (8)

n— -+

As a consequence, the shape optimization problem

ats,, @

has a solution.

Problems involving an elliptic PDE in a domain of R?. Finally, let us investigate the case of a shape
criterion involving the solution of a PDE on a domain of RY. We consider hereafter a Poisson equation with
non-homogeneous boundary condition, but we claim that all conclusions can be easily extended to a larger
class of elliptic PDEs.

Let h e L3(D), g € H*(D), and define ugq as the solution of

Aug =h in Q,
{ ug =g in Q. (9)

Let us introduce the shape functional F3 given by

F3() = L _ia(a.v(z) une), Vun(z) duen (o),

where j3 : R x 81 x R x R — R is continuous.
Theorem 3 ([5], Theorem 2.1). The shape functional F5 is lower semi-continuous for the R-convergence.

We mention this theorem demonstrated in [5]. Nevertheless, it is notable that by adapting the proof of
Theorem 2, it is possible to obtain a much shorter proof of this theorem. In order not to make this article
unnecessarily heavy, we only give the main steps of the proof in Section 2.5. This example is mentioned both
for the sake of completeness, in order to review the existing literature, and also to underline the potential of
the approach introduced here, which allows to find more direct proofs of all the known results and to extend
them.

In addition, it is interesting to notice that our approach allows to deal with problems involving PDEs both
using weak formulations as in (9) and also whose solutions are obtained using a minimization principle, as
is the case in (5). The approach thus seems robust and we believe that it can be easily adapted to general
families of problems (for example to a general non-degenerate elliptic PDE).

2 Proofs

2.1 The extruded surface approach

One of the key ideas to prove sequential continuity of functionals involving an integral on the boundary is to
approximate such an integral by an integral on a small tubular neighborhood (as done e.g. in [0]).
Let us first illustrate the method by proving Point 5 of Lemma 1.



2.1.1 Proof of Lemma 1, Point 5
For 0 < h < rg, consider
T: (=h,h) x Q) — Up(dQ) (10)
(t,x) +— x+tVba(z).

Since T is Lipschitz continuous, it is differentiable at almost every (g, zo), with
d(tg,xo)T(say) =y+ 5VbQ<x0> + tOdIOVbQ(y)a V(S?y) eR x TwoaQ' (11)

Remark 3. Note that as Vbg(zg) is a normal unit vector to 02 at xg, we can identify the tangent hyperplane
T, 092 with R~ endowed with an Euclidean structure inherited from that of R%. We will use this identification
several times in this paper.

As a result, we can identify R x T,,0Q 3 (s,y) — y + sVbq(xg) with an orthogonal matrix. Moreover, up
to the choice of a different orientation on Ty, 052, such a matrix belongs to the special orthogonal group SO(n).
We use the same coordinate representation to identify R x Ty, 08 3 (s,y) — dz, Vba(y) with a n x n matrix.
By uniform continuity of the determinant around SO(d), there exists Cy > 0 such that, for every M € SO(d)
and every [ € My(R) such that ||| < Co,

1 3

—<det(M +1) < —.

5 et(M +1) 5

As Vbq is %—Lipschitz continuous on 02, we have that for almost every xg € 092 and every tg € R, ||[tod,, Vba| <
2[to|

" Let us fix h < min(rg, 79Cp/2) (independent of §2), so that ||[tody, Vba|| < Cp for almost every zo € 0 and
every tg € (—h, h). By the change of variable formula we then have

HITL(00) = J

A

o

1 3
dpso = — det(dp-1(,nT)dy < —H(UL(D)),
0 2 Ju o0 (dr-1)T) 1, 7 Un(D))

whence the conclusion.

2.1.2 Extruded surface and R-convergence

Let us now illustrate the power of this approach in the case of a R-converging sequence.

Let Q, B, Q. From now on, we will use the notation I';, := 09, for the hypersurfaces.
For h < rg and n € N, let us define a parametrization of a neighborhood of I';, by

Tp: (—h,h) x Ty — Un(Ty) (12)
(t,x) — x+tVbg, ().

Lemma 4. For every € > 0, there exists h > 0 such that for all n e N,
1 —e <det(dy,20)Tn) < 1+4¢, fora.e. (to,x0) € (—=h,h) x Tp.

Proof. We follow the same argument as in Section 2.1.1. Namely, for a given £ > 0, there exists Cy > 0 such
that for every M € SO(d) and every | € My(R) such that ||I| < Cy,

l—e<det(M+1)<1+e.

Let us fix h < min(ro,70Cy/2) (independent of n). As Vbq, is 2-Lipschitz continuous on T, we get

[tods, Vba, | < Co for almost every xzo € I' and every ¢y € (—h,h)(i Whence, using Equation (11) with

the previous estimate, we conclude the proof. O

Remark 4. In what follows, we will use the Bachmann-Landau notation o, (1)for a function converging to
0 in L* as h goes to 0 and for a given n, large enough. For example, Lemma 4 implies that

det(dT),) =1+ op—o(1), on (—h,h) x 'y,
which means Ve > 0,3Ny € N, 3k > 0,¥n € N, n > N, implies

|det(d(y w)Tn) — 1| <&, forace. (t,x) e (—h,h)xThy.



Let us now introduce the orthogonal projection p,, onto I';,, defined on U (T',,) for every h € (0,79).
Lemma 5. The following properties hold:

1. p, coincides with the second component of T, 1 : Uy(Ty) — (=h,h) x T,.

2. For all x € Up(Ty), pn(z) = z — ba, (z)Vbq, (z).

3. pn converges toward py, in L®(Up(Ty)).

Proof. Ttems 1 and 2 are obviously equivalent and are proved in [7, Theorem 7.2, Chapter 7]. Item 3 follows
from the ¢! convergence of b, toward ba., - O

We can now state the key equality to relate surface and volume integrals. Apply Lemma 4 with ¢ € (0, 1)
to select h > 0 such that T, : (—=h,h) x [';, — Uy (T, is invertible for every n € N*.

Lemma 6. For allneN, fe LY(T,), and t € (0,h) we have
1
f f(x) dyr,, (1‘) = 7‘[ f Opn(y) det(dT_l( )Tn) dy.
T'n 2t Ut(Fn) " Y

Proof. Using the change of variable formula (also known as area formula for Lipschitz continuous functions),
one gets

:
| | t@due = | fopat)dettdyg, T d
—t JI'y, Ut(Fn)

O
From now on, we will the 7,71 (y) inside the determinant to improve the readability.
Lemma 7. For every h < rg/2 and 0 <t < h, there exists Ng such that
Vn = Ny, Up_t(Tw) < Up(Ty) € Upi4(Top).
Proof. By uniform convergence of b, toward b, , we have that for n large enough
bt ((t—h,h—1)) < by ((—=h,h)) < bot ((—h —t,h +1)).
O

In order to perform changes of variable in surface integrals, it is convenient to use directly p, as a way to
map ', onto I',,. To this aim, we define

Tn: 'y — Ty (13)
x — pu(x).

Note that for n large enough, Lemma 7 ensure that 7, is well-defined. We also introduce Jac(7,) to denote
the Jacobian of 7,,. Then we have the following lemma.

Lemma 8. Forn large enough, 1, : 'y — 'y, is a diffeomorphism. Besides

sup |Jac(m,)(z) — 1| —— 0. (14)

xel'

Proof. Let © € T',. We take v € T,I'y,, and identify it with an element of the tangent hyperplane (see
Remark 3). As v is tangent to 'y, at z, we get

(v, Vbg,, (z))y = 0.

Using Lemma 5, Item 2, we get,

depn(v) = v — (Vbg, (x),v)Vba, () — ba, (x)V3bq, (2)v.

1Tt is actually well-known that the domain of invertibility of 73 contains Uy, (Tn).



Let us now fix h < 2. For n large enough, thanks to Lemma 7, we have I, = Up,(I'). Thus,
|dapn(v) = v]| < [Vba, () = Vbay, (@) + b, |= .. [ V20, (@)]]0]

Vb, w0

< ol (1980, = Vo0 Ly 0.+ o, L

We recall that both [Vbg, — Vba, ||L=@., (1)) and |ba, |L=, ) converge toward zero. Besides, the quantity
3

IV2ba, ()| L (17 g (1)) is uniformly bounded. As a consequence,
=R

sup sup |dypn(v) —v| —— 0. (15)
zel o veT,. T, n—0a0
[v]=1

Using a similar argument to the one used in Lemma 4, we take the determinant and obtain Eq. (14).
As a result we know that 7, is a local diffeomorphism. It remains to prove that 7, is injective. To this
aim, we suppose that n is large enough to ensure that

1
IVba, = Vba, Lo @, ) < 5
3

Let z,y € I'y, such that p,(z) = p,(y). If z % y, it implies that there exists ¢ € (—252, 22)\{0} such that
T =y +1tVba,(pn(y)) = y + tVba,(y)

As Qg € O, it satisfies the ry uniform ball property (see (51,)). Thus, one has
By, (y + 1osigntVbg, (y) n T = .
But we have

|z —y —rosigntVbg, (y)| = [tVbq, (y) — rosigntVba,, (y)]

t
< 5 + [t — rosignt| < ro.
This is a contradiction, hence 7,, is injective which implies that it is a diffeomorphism from I'y, to I',,. O

2.2 Proof of Lemma 2

Suppose that (2, )nen € ﬁ}}; R-converges toward o, € O, .

2.2.1 Proof of Point 1

For h < rp and using Lemma 6, we have

1
D) = | du, (@)= 5 [ dettdT)dy.
s Un(Tr)

By Lemma 7, moreover,

1
det(dT,,) dy + — det(dT,,) dy

1
Hd*l(l'\n) _
2h Ju, (Ca\ U (Te)

20 Ju,
for t € (0, h) and n large enough. Let us compare the first term in the right-hand side with
1
HIL(T,) — 7J det(dT,) dy.
* 2(h —1) Un—t(T'w) ”

Using Lemma 4, det(dT%) = det(dT},) + op—o(1) on (—h, k) x T'y,. Besides, 5 — ﬁ = O (£). Hence,

1 t
—j det(dT,) dy = Hd_l(I‘oo) +0p—o(1) + O (> .
2h Un—¢(T'e) h



On the other hand, using again the relation det(dTy,) = det(dT},) + op—o(1),
1 1

— det(dT,,) dy < — det(dT},) dy
2h Ju, (0 \Un—e(T) 20 Jup (Do \ U= (T
1
= —( det(dT,,) dy — f det(dT},) dy)
2h Un+t(I'eo) Un—t(T)
1 _ _
= (2 U (L) — 20— H (L) + o ()
2% ., t
= %’H (Tw) + 0p-0(1) =0 7 + op—o(1).

By taking h arbitrary small while t = h2, we prove that H?™1(I',,) — H 1 (T'y).

2.2.2 Proof of Point 2
Using the uniform convergence of b, to bo_ , we deduce that for every € > 0 there exists Ny € N such that
bs_zolo((—oo7 —¢]) bg_l}l((—oo,O)) c bs_zi((—OO,é)% Vn = No.

Hence, we get
< —¢) < HUQ,) < HY(bo, < ).

o0

H(bg,
By inner regularity of H?, H(bg, < —e) 20, H(ba, < 0) = H¥(Qy). Similarly, by outer regularity
H(bo, <¢) 20, H(ba,, < 0) =H(Qy), where we used that Q. belongs to O, .
2.2.3 Proof of Point 3
We want to prove that I';, is isotopic to 'y, for n large enough. We consider

on(t,z): [0,1]xTy, — R?
(tyib’) — T+ t(pn(x) _ x)

According to Lemma 8, ¢, (1,-) = 7, is a diffeomorphism from Ty, onto T',,. Besides, following the proof of
Lemma 8, we easily get that for ¢ € (0,1), ¢,(t,-) is a diffeomorphism onto its image.

2.3 Proof of Theorem 1

Suppose that (2, )nen € ﬁ,{\g R-converges toward Qq € O,,. Let 0 < t < h small enough (to be fixed later)
and n large enough.
We recall that the unit normal vector to I'y, is given by Vbg, (see Lemma 5). Then, according to Lemma 6,

Fi(Q,) = f 1 (2, Vg, (), Hr, (pn (1)))dpir, (2)

1 .

=57 J1(Pn(y), Voo, (pn (), Hr, (pn(y))) det(dgp-r () Tn) dy.
2h U}L(Fn) " Y

Using Lemma 7, moreover,
1 .
Fi(Qn) =ﬁf ( )Jl(pn(y), Vba, (Pn(y)), Hr, (pn(y))) det(dT}) dy (16)
Up—t(T'eo

1

+ 57 J1(Pn(y); Vbe, (pn(y)), Hr, (Pn(y))) det(dTy,) dy. (17)
Uh(Fn)\Uh—t(FOO)
The key idea is to prove that all arguments of j; in the first term convergence toward their analogues for
n = o0 and to ensure that the second term is small for ¢ small.
Let us start with comparing the first term in the right-hand side with F; (). Notice that

o 310 (), Vb, (pu (), Hi, (pn(9)) et (dT,) dy
Up—t(T)

B 1 f 2(h — t) det(dT,)
~ 2h—=t) Ju, .,y 2h det(dTy)

jl (pn (y)7 Vbﬂn (pn (y))7 Hl"n (pn (y))) det(dToo) dy



By Lemma 4, we have

2(h — t) det(dT})
’ 2h  det(dTy)

— ono(1) 4+ O (2) . (18)

Let us now investigate the mean curvature term. Note that this term is slightly technical to handle for two
reasons:

L*(Un(T'w))

o the mean curvature Hr, is defined as the trace of the shape operator, which is itself defined as the
differential of the restriction to the hypersurface of Vbg, (see A);

o the Hessian of bn, converges only in a weak sense.
We will use the following lemma, which is obtained thanks to the chain rule.
Lemma 9 (Theorem 4.4 of [6]). Let h <7 and n € N. If V2bq, () exists for x € Up(T'y), then V2bq, (pn(z))
exist and
V2ba,, (pn(x)) = V2ba, (2)[1d ~bq, () V?ba, (2)] .
Besides, one has that V2bq, (1, (pn())) exists as well.

Notice that the last part of the statement is not explicitly contained in [6] but can be obtained by straight-
forwardly adapting the proof of its Theorem 4.4.

As V?bg,, is uniformly bounded on a neighboorhood of I'y, and that bg, (z) < h for x € U,(T},), there
exists C' > 0 such that

ess Sup e, (r,) [[1d —ba,, (x)V?bg, (z)]* —Id|| < Ch,

for h small. As a consequence, using Lemma A.1 (given in the appendix), one has

Hr, (pn(2)) = Tr V?bq, (pa(z)) = Tr V2bg, (z) + O(h).

Note also that Hr, < % on I';,. We can use the uniform continuity of j; on a compact set to ensure that for
n large enough and n = oo,

ST by g, P00 0, 0 ), Hir 0 0) det(0T) dy

1 :
=57 J 71(Pn(y), Vg, (pn(y)), Tr V2o, (y)) det(dTi) dy + O(h). (19)
2(h - t) Unh—t(Tw)
The next step is to pass to the limit within the integral. Note that, by definition of R-convergence,
DPn — Poo strongly in L®(Ur (T'y)),
n—o0 2

Vba, opn  —— Vba, ope  strongly in L*(Ux (Te)),
TrV?by, —— TrV3bg, weak star in LU (I'n)).

Thus, using for example [1], we have
. 1 .
it [ (). Vi, (50 (), T Ve, (0) det(dT) dy
n—w0 2(h —1t) Ju, ..

> ﬁ fUht(Fm)jl(pw(y)7Vwa (P (y)), Tr V2bay, (y)) det(dTy) dy

=

= S g, 10 T (o) T T, (1) et (4 dy + O

— F1(Q00) + O(h). (20)

In order to conclude, let us check that the term in line (17) is small. Since j; is continuous on a compact set,
it admits a minimum mg € R. Let m; = min(0, mg) < 0. Then,

1 .
2h J1(Pn(y), Vb, (pn(v)), Hr, (pn(y))) det(dTy) dy
Up(Trn)\Un—t(To)
1
2h Up(Tp)\Unh—+(Te)
1
y det(dTn) ot (at,) dy.

— my 9etldln)
20 JUp s P \Un_i (D) det(dT)

10



Using

det(dT,)
'det(dToc) ! LUz (T)) = or-o(l)
and
J my det(dT) dy = 2(h + t)mHY Y (Ty),
Un+¢(Teo)
we get
1

h
(21)

) 1 t
3 L 000 V0, 00 0). Hr (0 0)) et )y = it ) (om0 40 (7))

Finally, combining Equations (19)—(21), we obtain

liminf £ (Q) > (F1(Qee) + O(h)) (1 +0 (2)) + o HEN (T ) <0,H0(1) +0 (2)) .

n—+00
Hence, taking h — 0 while ensuring ¢ = o(h) gives

liminf Fy(Q,) = F1(Q),

n—+00

and finishes the proof.

2.4 Proof of Theorem 2

Let (2,,)nen denote a sequence that R-converges to {2, and let v, denote the unique solution vr, to Prob-
lem (7) for Q@ = Q,,. The difficult part here is that vr, is not defined on I'y;. Our main tool will be 7,, the
restriction to 'y, of the orthogonal projection p, on I',,. Those objects were introduced in Section 2.1.2 and
we proved that 7, is a diffeomorphism between I'o, and I',, in Lemma 8.

We also have to be careful when we transport the tangential gradient of a function. In order to relate the
tangential gradient and the ambient gradient, we establish the following pointwise estimate.

Lemma 10. Let ne N and f, € H'(I',,). Then f, o7, € H'(I'y) and, for almost every x € I'y,
Vr,, (faom)(@) = Vr, fu(ma(2))(1d +Cp(2)), (22)

where tangential gradients are understood as d-dimensional line vectors and
C(x) = (Vba, (z) " Vb, (x) — 1d)Vbe, (2) Vb, (z) + ba, (x)V?bg, (2)(Vba,, () Vb, (x) —1d).
Besides, C,, converges toward zero in the L™ norm:

esssup,er, [Cn(z)| —— 0. (23)

n—o0

Proof. First notice that
Vr., (fn o pn) () = V(fn 0 pn © ps) ()

for almost every x € 0€), since the directional derivative of f,, opyopy at the point x in the direction Vbg, ()
is zero. By Lemma 9, V2bq, () is well-defined for almost every z in I'y;. By Lemma 5 and the chain rule we
obtain, almost everywhere on I'y,,

V(fn 0P 0 poo) () = (V) 0 a) (1 =Vb$, Vbo, —ba, V3o, )(1d =Vbh, Vb, —bo, Vb, )
= ((Vr, fn) 0 Ta)(Id —(Id =Vb¢, Vba,)Vbl, Vba, —ba, VZbo, (Id—Vb, Vba, ),

where we used that Vf, = Vr, fn, Pn = T, and bg, = 0 on I'y,. This shows Eq. (22).
Let us now bound the L* norm of C,,. There exists C' > 0 such that, for every n satisfying ', < U%o (),

esssup,er, [V2ba, (2)(Vbg,, (2) Vg, (x) —1d)| < C.

Besides, |bq,, |[L=(r,,) converges to zero. Finally, using the uniform convergence of Vb, toward Vbg, , we get
Vb, Vb, VbG, Vba, ——2h b (Vba, Vbl )Vba,, = Vb, Vba,.
This concludes the proof of Eq. (23). O
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From the solution v,, in H}(T,,), we introduce the function w,, defined on I'y, by

Wy = Up O Tp —

1
m JF Up O T d/,L[‘oc . (24)

Note that, defined as such, w,, belongs to H}(T).

Step 1: convergence of (wp)nen. Let us start by considering the sequence of energies (éT, (vn))nen-
This sequence is upper bounded by 0, since ér, (v,) < ér,(0) = 0 for every n. By using the uniform
Poincaré inequality stated in Proposition C.1 combined with the Cauchy—Schwarz inequality, we get that
(Srn |vn|? dpr,, (2))nen is bounded. We now compute

1 1
(1) Lw Up, O Ty dir,, = AT J vy, Jac(Ty)dur,,

_ 7’v()
HUHHLQ(Fn) On—eo(1),

Hd 1(1" )

where we used Lemma 8, the Cauchy—Schwarz inequality, and the fact that v,, has zero average on I';,. Hence,
we infer that w, = v, o7, + 0,—x(1). Besides, by performing a change of variable and by using Lemmas 8
and 10, we get

[ (3190 = 16100 i) = [ (315000 = S0 00 07)0)) Jacr) e (1)

n Ty

1

~ [ (5IVre a0 = 1)) dir () + 000
I

where we used that Vr_ w, = Vr_ (v,07,) by definition of w,,. By using Proposition C.1 and again the Cauchy—

Schwarz inequality, we successively infer that the sequences (SFOO |wn,|? dur, (%)) neny and (SI‘OO |V, wal? dur., (7)) nen

are bounded. By using Theorem C.1, the sequence (wp)neny converges up to a subsequence toward wy €

Hl(Ty), weakly in H'(I'y) and strongly in L?(T'x). Up to extracting a subsequence, we get

J |prwoo(x)\2 dpr, < lim inff |prwn(a:)|2 dur,,,
o n—-+0oo0 e

lim wp () f (o () dur,, = J Weo () f(z) dur, .

n—o0 F(l) Fac

As a consequence,
ér,, (We) < liminf &1 (vy,).

n——+0o0

Step 2: Minimality of w,,. Let ue H.(Ty) be given and define z, in H}(T',) by

1

—1 —1
Zp =UOCT, — m Ln uoT, d/ll"n. (25)

Let n € N. By minimality, one has

ér, (vn) < ér, (2n)-

By mimicking the arguments and computations of the first step, we easily get that

an (Zn) = gF:xj (’LL) + O7L—>OO(1)7 (26)

yielding at the end &1 (wy) < &1, (v). We infer that wg, is the unique solution to the variational problem (7).
Since the reasoning above holds for any closure point of (wy,),en, it follows that the whole sequence (wy,)nen
converges toward wy, weakly in H!(T'») and strongly in L?(T's). Finally, using u = we, in (26), we obtain
that

ér., (We) = liminf &1 (vy,).

n—+00

In particular (Hw"H%—Il(FOO))nEN converges toward HwOOHHl(FOQ) which implies the strong convergence of w,, in
HY(Ty).
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Step 3: lower semi-continuity of F». Let us use the same notations as previously. Using a change of
variable, we get

F2(Qn) = J.F j2(w7Vbﬂn(x)7vn(x)ﬂVann@g))dﬂFn(m)

L Jo(tn (), Vb, (T (2)), 05 (1n(2)), Vr, vy 0 T (2)) Jac(Tn)_ldupoO (z).

Besides, according to the results above and Lemma 5, the following convergences hold

Jac(r,) ™1 — 1 strongly in L*(T'y)
T, —— Id|r, strongly in L®(T'y)

Vbq, o™y - Vba,, strongly in L®(T'y)
Up O Th T, Weo strongly in L?(T'y)
Vr, Un © Ty % Vr, wye  strongly in L?(T'y),

where wq, is the unique solution to the variational problem (7).
By applying [1, Theorem 1], one has

n— -+

This is the desired conclusion.

2.5 Main steps in the proof of Theorem 3

First note that ug — g solves Eq. (9) with source term h — Ag and Dirichlet boundary condition. As a
consequence, we can reduce our study to the case of homonegeous Dirichlet condition (i.e., ug = 0 on I').

The method relies on a uniform extension property proved by Chenais in [3] for surfaces satisfying an
e-cone condition, which is weaker than the uniform ball condition.

Lemma 11 ([3, Theorem I1.1]). There exists a positive constant C' (depending only on ro and D) such that
for every Q € O,, there exists an extension operator Eq € L(H? (), H%(D)) satisfying
Eq(u)lo = u, |Eal z(az(9),12(0)) < C. (27)

We will use this lemma to extend the solution of the PDEs to the whole box D. The next step is to find
a uniform H? estimate of the solutions. In our case such an estimate was proved by Dalphin who extended a
result for domains with 4 boundary obtained by Grisvard in [3].

Lemma 12 ([5, Proposition 3.1]). There exists C > 0 (depending only on ro and D) such that for every
Qe 0, and f e H*(Q) n HY(Q), we have

£l m20) < ClAf]L2(0)- (28)
As a consequence, we have a uniform H?(D) estimate on the extension of the solution ug, namely,
|Ea(ue)la2py < Clhlz2py, V€ O (29)

Let us now consider €, —» Q.. Using Eq. (29), we get that (Eq,(uq, ))nen is uniformly bounded in
H?(D). Up to extracting a subsequence, we can assume that

" { weakly in H%(D)

Eq, (ug,) Y\ strongly in H (D).

n—o0

(30)

The next step is to prove that the restriction to Qq of u* is ugq,, .

To this aim, let us consider an arbitrary compact set K contained in the interior of 2o, and a ¥* function ¢
with compact support included in K. For n large enough, K is contained in the interior of €,, (see Lemma 7),
and, therefore, one has ¢ € H}(€2,) for such integers n. Using the variational formulation of the PDE (9), we
get

fD<VEQﬂ (u0, ). V) — fio = 0. (31)

Using the density of €* functions with compact support in H{(2,) and passing to the limit yields that
’U,*‘QOO = UQ -

13



Remark 5. In order to replace Dirichlet boundary conditions by Neumann’s ones, one can follow similar
steps as those leading to Equation (30). Then, by considering the variational formulation with ¢ € €% (D)
and passing to the limit in

J‘ gau@ - gaV(Pa
T Iy

(consequence of Corollary 1 if g € °(D)) one gets that u*|q, = uq,, .

The last step is to relate F3(€2,) and F5({2y). Since the involved functions belong to Sobolev spaces and
since one aims at comparing surface integrals with tubular ones, we need a suitable uniform trace result.

Lemma 13. There exists C such that for every h < 2, every n € N and every f € Hl(U%o (Tn)),
If - fopn“LZ(Uh(Fn)) < Chlf e g (00 (32)

where f denotes the trace of f on T,,.

Proof. Let f be a smooth function. According to Lemma 5, every point y € Uy, (I';,) can be written in a unique
way as y = x + tVbq, (x) with z = p,(y) € I';, and ¢ € (—h, h). Moreover, one has

|/ (@ + Vb, (2)) = F(2)]* < C*|05q, o)/ (@ + yVba, (2))[ 72 _zp w9 [t];

202

where Oyy,, ~stands for the derivative in the direction Vbg, () and C'is the norm of the continuous embedding

of H([— TQ", 2]) into the space €3 of %—Hélder continuous functions. Hence, using Lemma 4, we get

h
If = f opaliz,r,y) = J J |f(z + tVbg, (x)) — f(z)|* det(dT,) dzdt
—nJr,
h
< J J C?(0bq, f( +yVba, ()72 _ra ra;|t| det(dT,) dzdt
—hJr, oz

<C20 [ 105t 1o+ b0, @) g g (1 + 0nm(1)) da
< CQhQHfH%{l(U%O () (1 + 0ns0(1)).
We conclude thanks to the density of the smooth functions in H®. O
Using that ugq,, is uniformly bounded in H?(D), let us apply Lemma 13 to ug, and Vug,. We obtain

lue, —uq, o palizw, .y + IVua, = (Vua,) o pul 2w, r,)) = ono(h).

The end of the proof is similar to the one of Theorem 1 and consists in using the extruded surface approach
to prove

n—+o n—+o0 2h

lim inf Fy(Q) > (1 + opo(l ))hmmfi f o 338 V000 (2), B (16, ) 0), VB, (0, ) @) do
> (1 ona 1)1+ 0 ( )imint g [ ol Vb, (o) (o), V()
coat=o(3)
F3(Qy) + op-o(l) + O( )

which concludes the proof.

3 Conclusion

In this paper, we have introduced a new method to tackle the existence issue for shape optimization problems
under uniform reach constraints on the considered shapes, of the type

inf J Jj(x,vea(x), Boq(x)) dusa ().
QEﬁTO o0
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While several references such as [9, 4, 5] have already addressed similar questions on the same type of problems,
we believe that the approaches developed in this paper are on the one hand simpler, but also sufficiently robust
to allow easy extension of the results to more general settings.

For example, we believe that minor adaptations of the developed proof techniques allow one to extend our
results to the following cases without much effort:

- Under weaker regularity hypotheses, one could think of replacing the continuity assumption by lower
semicontinuity on the integrand jy; 2 33. Another example would be to assume that f in equation (5) belongs
to H'/2(D) instead of C(D).

- More general PDEs could be considered Theorems 2 and 3. Extension to general elliptic equations associ-
ated with differential operators of the kind V- (o Vr) satisfying a coercivity property should be straightforward.
We also believe that our framework allows extensions to nonlinear elliptic PDEs under reasonable assumptions.

- One could consider costs involving the solution of a minimization problem depending on € but not
necessarily related to a PDE. Indeed, in the proof of Theorem 2, our study of the variational problem does
not rely on the underlying PDE. We treated a case involving a convex minimization problem over the set of
divergence-free vectors fields on 0€ in [12].

All those generalizations do not seem obvious when using other methods.

Appendix

A Curvatures of a submanifold

Let us quickly review the definition of the mean curvature for an oriented (d — 1)-submanifold of R? with ¢!
regularity. To stick with our notation, we consider the submanifold to be the boundary of some Q € 7.

Definition A.1. The Gauss map is the application which assigns to each x € T' = 0Q) the direct unit normal
vector to I' at x. In our setting it can be defined as

N:T - 8¢t
x — Vbg(x).

We can now define the following objects:

e the shape operator (or Weingarten map) is the differential of the Gauss map. For every x € T', the
tangent spaces T,I' and TN(I)Sd’l are equal as linear subspaces of RY and, the shape operator at x is
self-adjoint where it is defined. See e.g. [11, Chapter 5] for a general introduction.

o The trace of the shape operator is called the mean curvature and is denoted H?.
e The determinant of the shape operator is called the Gauss curvature.

Remark A.1. The Gauss map is %—Lipschitz continuous (see Lemma 1), where rq is the reach of T'. Thus,
the shape operator is in L® and at almost every x € I', all the eigenvalues x1(z),...,kq—1(z) of the shape

operator are bounded in modulus by %

We insist on the fact that N is defined only on I' and thus the shape operator is not defined on R¢ or any
tubular neighborhood of I'. Nevertheless, we have the following property.

Lemma A.1. The mean curvature coincides with the trace of V2bg on T.

Proof. Let x € ' and let B be an orthonormal basis of T,I'. Using the identification between T,I" and the
tangent hyperplane (see Remark 3), we obtain that {Vbg(z)} U B is an orthonormal basis of R%. Vbgq is
constant along the direction Vbg(x) (see e.g. [7, Theorem 7.8.5.ii]). As a consequence, the trace of V2bg and
the mean curvature coincide. O

2Note that in differential geometry it is common to define the mean curvature as the trace of the shape operator divided by

(d—1).
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B R-convergence: proof of Proposition 1

The compactness property follows from two facts. First, the Arzela—Ascoli theorem, combined with the fact
that every function bq, for Q € 0, is 1-Lipschitz continuous. Second, the reach constraint which imposes a
uniform bound on the second derivative of bg. These two facts are used in [7] and [4] to get the sequential
compactness results used below.

Let (Q2,)nen denote a sequence in &,,. By the compactness property of sets of uniformly positive reach
proved in [7, Chapter 6], it follows that, up to a subsequence, bg, converges to b, for the C° topology on D.
In [4] the convergence is shown to hold also for the strong €’1® topology (for a < 1) and for the weak W2
topology in a r-tubular neighborhood of 0Q4, with r < rg.

As a consequence, Reach(T'y,) = ro. In particular, according to Lemma 1, bg_ is €1 on U-(To).

C The Laplace—Beltrami equation on a manifold: proof of Lemma 3

Let (092, g) denote a closed compact manifold. We explain hereafter how to understand the equation Azqv = h
in 0 in a weak sense, whenever ) € &, . Indeed, under this assumption, 02 is a €' submanifold according
to Lemma 1, not necessarily %2, which justifies why such an equation cannot be understood in a strong sense.

The key ingredient in what follows is the Rellich-Kondrachov lemma, stating the compactness of the
embedding H}(0Q) — L?(09).

Theorem C.1 (Rellich-Kondrachov theorem on surfaces). Let Q € O,,. Let (un)nen denote a sequence in
H(09) such that (§s |[Vun(2)? duoo)nen is bounded. There exists u* € Hy(0Q) such that, up to a subse-
quence, (U, )nen converges to u* weakly in HL(0Q) and strongly in L?(09).

Proof. According to [0, Th 4.5.ii], since 02 is €', the L? norm |- |12(a0) on the surface 9 and the L? norm
L2(09) 3 u — |u o pa|r2,@0)) on the thickened surface Up(d€2) are equivalent whenever h > 0 is small
enough, where po(x) denotes the orthogonal projection of x onto 00, that is, po(z) = = — b (z)Vba(z), and
Un(09) = {z e R? | |bo(z)| < h and pq(z) € 0Q}.

Similarly, according to [6, Th 4.7.v], since 0Q is ¢'!*!, the norm | - ”Hi(m) defined as

lullZrs 20y = f Vrul® dusa,
o

and the norm | - HH%, o given by
R (@

1

= — |Vru o pal® duso
2h Ju,, (00)

lulmy oo,

are equivalent whenever h > 0 is small enough. We conclude by using the standard Rellich—-Kondrakov theorem
(see e.g. [2, Section 9.3]) on the thickened surface Uy (02). O

The following result is a Poincaré type lemma, uniform with respect to the chosen surface in the set &, .

Proposition C.1 (Poincaré lemma on a surface). Let ro > 0 and Q € O,,. There exists C(rg,D) > 0 such
that

Vue HL(D), J Vru() 2 dur > C(ro,D)f ()2 dysr-
T T

Proof. Let (Q, vn)nen, with v, € HL(T,,), be a minimizing sequence for the problem

v >d
inf  inf SF | FU(my a
Q€0 ueHL(T) 1 u(@)[? dur

Let us argue by contradiction, assuming that

and J v ()2 dur, =1
F'VL

1
f Ve, vn (@) dpr, < =
Ty n

by homogeneity of the Rayleigh quotient. According to Proposition 1, we can assume without loss of generality
that (2,)nen R-converges toward Qo € O, .
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Let p,, denote the orthogonal projection on T',, and let us introduce the function w,, defined in U, (T,) for
h as in Lemma 4 and n large enough by w,, = v, o p,. We follow exactly the same lines as in the first step of
the proof of Theorem 2. A direct adaptation of the first step of the proof of Theorem 2 yields

f |Vmen(y)|2d/~LFw(y):J 1V, val? dar, () + o(1). (1)

n

We infer that
f Ve, wal? dur, (1) <L+ o(1).

By using Theorem C.1, we get that the sequence (wy,)neny converges up to a subsequence toward w* €
H1(Ty) weakly in H'(T'») and strongly in L?(I'y). Up to extracting a subsequence, we get

f |V, w*(x)]? dur, < liminff |V, wn(z)|* dur, =0,
T n—+00 T
[ wr@pdir, = 1
T
f wp(z)dur, = 0.
T'o

By using the first equality, we get that w* is constant on I' and we obtain a contradiction with the two last
equalities above. O

Let us now prove Lemma 3. Let (uy,)neny denote a minimizing sequence for Problem (7). Since (&1 (un))nen
is bounded, and since

&r(un) = C(d, 7o) unl 720y — Ihll 20y lun ] L2y

according to Proposition C.1, we infer that (|u,|z2(r))nen is bounded. Since

f IV rtn (@) dpr = & (un) +j tn(@h(@) dur < [h] g ] 2o,
I T

we infer the existence of u* € HJ(T') such that, up to a subsequence, (uy)nen converges weakly in H1(T') and
strongly in L?(T"). Up to extracting a subsequence, we get

it () = it () > | 19 @ aur = | @) die = 6 07)

and the existence follows. The uniqueness is standard and follows from the strong convexity of the functional
ér.
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