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Lagrange dynamics of lumped-mass multibody models
of overhead cranes in 2D and 3D operational spaces

Bernard Brogliato*
February 3, 2023

Abstract

In this report the multibody Lagrange dynamics of overhead cranes is analyzed in
some particular cases, for 2-dimensional and 3-dimensional operational spaces. Cables
are modeled with lumped-mass chains.

1 Lagrange Dynamics in Finite Dimensions

Let a mechanical system with n degrees of freedom be given, let ¢ € IR" be the vector of its
generalised coordinates. The Lagrange equations are given as:

22— =Q (1)

where L(q,q) is the Lagrangian function, L(q,q) = T'(¢,4) — U(q), T(q,q) is the system’s
kinetic energy, U(q) is its potential energy, @) is the vector of generalized forces (that perform
work on the coordinate ¢). It is assumed that ¢ is minimal, which means that there are no
redundant coordinates, and (1) describes the system’s dynamics without the need to add any
equality (bilateral) holonomic constraints. Usually it is much easier to write the dynamics
with redundant coordinates, and adding bilateral constraints that represent the joints. As
is well-known [3], the Lagrange dynamics can be rewritten as:

M(q)G+C(q,d)q+g9(q) = Q (2)

where: M(q) = M7 (q) = 0 is the mass matrix, or inertia matrix (it may be just = 0),
C(q,q4)q contains centrifugal and Coriolis nonlinear generalised forces, g(q) = %—(q] is the
vector of forces that derive from a potential (gravity, elasticity, etc). The next property is
also well-known (since at least the 1980s in the Automatic Control and the Robotics scientific
communities):
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Property 1 The matriz C(q, ), when written with the so-called Christoffel’s symbols', ver-
ifies

M(q,4) = C(q,d) + C"(q,4) < M(q,q) —2C(q,q) s skew-symmetric, (3)

where M(q,q) is the matriz obtained from M(q) by differentiating each one of its entries
with respect to time.

Property (3) is a key property for the design of passivity-based controllers [3], it implies
passivity but it is not implied by passivity. Another fundamental property is that the
system (1), seen as an input/output operator ) — ¢, and under a boundedness condition
on the potential energy, is passive, i.e., V(q(t),q(t)) — V(q(0),¢(0)) < fg Q" (s)q(s)ds along
the trajectories of the system, and where V(q,q) = T'(q,q) + U(q) is the total mechanical
energy.

Remark 1 In this manuscript we focus mainly on the calculation of the mass matriz M(q).
The Coriolis/centrifugal forces can be deduced from it using the classical Christoffel’s symbols

Clq.q) = (Z Fz‘jkdk) , (4)

where [3, Lemma 6.16]

Liik == — 5

T2\ O dq; dq; (5)
Then we have 1m;;(q,q) = ¢ij(q,q) + ¢ji(q,q4), i.e., (3) holds. In spite of the fact that such
calculations may not be straightforward in general, they are doable and this is what we shall
use in the sequel. Notice that each symbol requires the calculation of three partial derivatives,
and each component c¢;;(q,q) requires the calculation of n symbols I';j,. The n x n matric

C(q,q) thus requires the calculation of 3n® partial derivatives of the form %.

2 Overhead Cranes with Rigid Links and Varying Lengths
in 2D Operating Space

Let us consider a system as in Figures 1 or 2. This is an overhead crane with a finite-
dimensional approximation of a cable, made of N rigid links (a series kinematic chain with
pivot joints, N = 3 in the figure). Such multibody cable model is sometimes used [5]. The
basic assumptions are:

1. Each rigid link is assumed here to possess a varying length [;(¢). Indeed links may
possess some longitudinal stiffness (see section 7), or be assumed perfectly rigid but
with some winch mechanism (it could be assumed that at least [; is acted upon by a
control input, realised with some winding devices at Ay).

Indeed there is a general not a unique way to write the matrix C(q,q) in C(q,§)q, just like axy + ba?
can be written as (az, bx) (Z) or as (ay, bx) (i)
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Figure 1: Overhead crane with pendulum-like cable (controlled links’ lengths).

2. Links are massless, the masses are lumped at the joints, that one may name nodes
(points A;, 1 <i < N).

3. The trolley has mass m > 0 and is acted upon by a force F'(t), that may be a control
input.

4. The payload has mass my > 0, each node has a mass m; > 0.

5. Since cables, contrarily to beams, usually have negligible bending stiffness, there is no
angular springs at the joints, or these stiffnesses are very small.

6. Sagging (static) effects are neglected, contrarily to cable models for cable-cars in which
they are a prominent effect.

7. Sometimes it may be justified to assume that the payload mass my is much bigger
than the nodes A; masses (said otherwise, the cable’s mass is much smaller than the
payload mass), so that the latter may be taken equal to zero in the dynamics [7, 11].
This is particularly true for cranes carrying very large payloads of several tenths of
tons.

Let us derive kinetic energies and potential energy. The Lagrange equations cannot
be written explicitly in the general case (i.e., N > 2) since the many couplings make it
quite cumbersome to write expressions for the Coriolis and centrifugal nonlinearities. This
may be the reason why such pendulum-like models are limited to N = 1 and N = 2 in
the Automatic Control literature. However some properties can be deduced from energies.
In the general case with varying lengths, the system has 2N + 1 degrees of freedom, and
the chosen generalised coordinates vector are ¢ = (x,61,...,0y,l1,...,Iy)" € R*NTL or
2= (x,00,...,an,l,...,Iy)" € R



3 Kinetic energies

e Kinetic energy of the trolley:

1
Tiror = imx2 (6)

so that
d aT;frol

dt 01

= mi. (7)

e Translational kinetic energy of each point-mass m;: let the translational velocity of
point A; be denoted as V4, € IR* in the (O,x,y, 2) Galilean frame. For instance, OA; =

x + [y sin(6;)
—lycos(fy) | where OAy = (x(),0,0)". Thus

0
i + 116, cos(0y) + I sin(6;) T ~ [cos(0h) ' sin(6;)
VAl - 1191 Sil’l(@l) — ll COS(@l) = 0 + 1191 sin(@l) + ll - COS(Ql)
0 0 0 0

(m) (cos(ozl)) . ( sin(a) ) (8)
= 10| +hay |sin(ayg) | +1 | —cos(a) |,
0 0 0

x + Iy sin(0y) + Iy sin(6y + 65) x + Iy sin(ay) + I sin(ay)
and OAy = | —lycos(0y) —lacos(0y +6y) | = | —licos(ag) —lycos(as) |, so that:

0
() (cos(@l)) ‘ ( sin(6;) ) o (003(6’1 + 92))
Vi, = + 1,0, sin(fy) | +1; | —cos(61) | +12(01 + 02) | sin(6y + 62)
0 0

cos(a) . sin(ay) cos(a)
+lLiaq | sin(aq) | + 1 | —cos(aq) | + lads | sin(as)
0 0 0



Similarly:

T cos(61) sin(6;) ~ [cos(0y + 02)
A3 0 + l 91 sm(@l + ll — COS(el) + l2(01 + 92) sin(@l -+ 92)
SlIl 01 + 92 COS(@l + QQ + 93) ) sin(@l + 92 + 93)
( cos( 61 +6,) ) + I3( 91 + 92 + 03) (Sin(91 + 0y + 93)) + 3 ( cos(01 + 6, + 03))
0 0
T cos(ay sin(ay ) cos(a)
= (0) + liéy (sm(al)) + 1 ( cos(ozl)) + lacvy (sin(a2)>
0 0 0 0
sin(aw) cos(ag) sin(az)
+iy | — cos(ae) | + l3as | sin(ag) | + Is | — cos(ag)

0 0 0

(10)
Clearly there is a recursive structure for linear velocities of joints nodes A;:

i it b <Zf:1 0;) cos (X252, 9j> e lesin(5, 6;)
Va, = 8 + 22:1 I <Z§:1 éj sin Z?Zl Gj) sl eyt CSS(Z§1 0;)
0

T 22:1 lkOék COS (ozk) 22;1 l.k. sin(ozk)
=10+ | X agsin (o) | + | =D 5—; le cos(ag)
0 0 0

The translational kinetic energy of each point mass A; is TVAi = %miVATi Vi,
. ) 2
Ty, = 3mi (b + S b (D006 ) cos (S0, 65) + hsin(4,0)))
1 i Eoop k i k 2
+3m; (Zk:1 k <Zj:1 ej) Sin (Zj:l 9j> — i COS(Zj:l 9j)>
(12)

. ) 2
= %mi (:E + > iy by, cos (i) + U, sin(ak)>

. _ 2
—l—%mi <22:1 Iy, sin (ag,) — I cos(ak)>



and the total translational kinetic energy of all mass-points is:
1 N : i koo k Pk 2
Ttrans =3 Zizl m; (I + Ekzl lk: (ijl ej) COs (Zj:l 9]) + lk Sln(Zj:I 9]))

+3 sz\il m; (Zizl Ik (Z?:l 9]) sin (Zf:l 9]‘) — I COS(Z?:I 9j>>2

(13)
. . 2
= % Zz]il my (ZE + 22:1 lcy, cos (Oék) + i sin(ak)>
1 N i . . . 2
+3 D im1 M (Zkzl liGy sin (o) — U Cos(ak)>
Therefore the total kinetic energy of the system is
T(Qv q) - 77tral + Erans = T(Z, Z) (14)

The coordinate z may be in general easier to work with, since it yields simpler expression of
the kinetic energy.

4 Lagrange Dynamics of Overhead Cranes in 2D Op-
erating Spaces

In this manuscript the mass matrix is denoted as:

N ) e

with Mo (z) € RYTM>*WN) a2y € RNN | Moo (2) = ML
possible to go a step further with:

o= (370 Vet (19)

(z) € RN 1t s also

with M, (2) € IR, Myo(2) € RVN, Myo(2) € RNN.
This expression of the mass matriz corresponds to the choice of the generalized coordinates
as z = (z,0q,...,an,l,...,Iy)T € IR*NTL. Other choices can be made, like those splitting

the coordinates into actuated q, and nonactuated ones q,,, which is a classical way of doing
in the Control literature [16].

4.1 Calculation of %%—g

This is the term that allows us to derive the mass matrix.



4.1.1 Calculation of %g—g

: OT _ .+ 1 OTirans.
First we compute 5> = ma + Sgans:
2

Mgans — 1850 m, (93 + 375y e cos (ay) + I Sin@ék))
>2

= % Zfil mi% (3: + Zzzl LGy, cos (ag,) + I, sin(ay,)
= Zf\;l m; (x + 22:1 Iy, cos (ag,) + I, sin(ak)>
Therefore:
4Mps — 45T m, <~75 + 2y e cos (o) + I Sin(ak)>
=N m <x + 370 ludi cos(ag) + I sin(ozk)> (18)
+3N m, <ZZ=1 [x6u cos(ay) — Lpcd sin(oy) + [pcuy cos(ak))

The first row and first column (by symmetry) of M(z) are deduced as follows:

mii(z) = m + Z m; (19)

and for all 2 < k < N + 1 (components which multiply dy):

N

mik(z) = mei(z) = (Z mi> lj—1 cos(ag—1) (20)

and for all N +2 < k < 2N + 1 (components which multiply Ij):

map(z) = me (2) = (.Z mi> sin(ay_3) (21)

Thus this determines the submatrices M,,(z) (= my;) and M,.(2) (in (20)). The N
components in (21) are the first row of the matrix M, (2).

4.1.2 Calculation of %gTTn’ 1<n<N
This corresponds to the row n + 1 of M(z). The row and column n + 1 are calculated as

follows. First let us compute %, 1<n<N:



oT

Odun

ak))

Do 1 m; (a: + Zk 1 L, cos (o) + I sm(o@) o <Zk 1 LGy, cos (ag) + [, sin
+ Zz L or

_q lpy sin (o) lk cos(ayg) ) 5% (Zk 1 LGy sin (o) lk cos(ayg >

N———

=N my (4 S ledu cos () + I sin(az) ) 3 <Zk Lk cos (o) + I sin(a k))

(=
(4
"’Zz _,m (Z 1 LGy, sin (o) — I, cos (o, ) o ( e ke sin (o) — I, Cos(ak))
(4
me (Z

O

_Zz nml

+ Zk 1 LGy, cos (ay) + 1y, sin( oy, ) e (Zk 1 LGy, cos (ak)>

_q lgGye sin (o) — I, cos(ayg) g—T Zk:l [} (v, sin (ozk)>

=N m (x + 370 iy cos (o) + I sm(ak)) Ly cos (o)
+3°N m, <2k:1 LeCu, sin (ag,) — I cos(ak)) Ly sin (o)

= Zf\in m;il, cos (o) + Zfin m; 2221 (lko'zk cos (ay,) + I, sin(ak)) I, cos (o)

+ <lkdk sin (o) — I, cos(ozk)> L, sin (o)

= sz\in Ml cos (an) + sz\in m; 22:1 (lklndk cos (ap — ) + Il sin(oy — CVn))
(22)

It is deduced the components of the first column for 1 < n < N (first components of the
rows 2 to N + 1 of M(z), factors of & in (22)):

Mnt1)1(2) = Mam+1)( (Z ml> Ly, cos(ay,). (23)

Let us compute now the components 2 to N + 1 of the row n+1, i.e., for 2 < j < N+ 1.
The factor of é; in (22) is:

M(n41)2( <Z mz> il cos(aq — ay,) (24)

=n

The factor of éy in (22) is

n

Mny1ys(2) = Z m; | Lnla cos(a, — ) (25)

max(2,n)

The factor of ég in (22) is

N

m(n+1)4(z) = Z my; lnlg COS(Oén — O[g) (26)

i=max(3,n)

8



Thus the factor of ¢; in (22), for 1 < j < N, is equal to:

N
M1y G+1)(2) = > my |l cos(an — o) = ms1ymen (2) (27)

i=max(j,n)

In particular when j = n we get (for 1 <n < N):

M (n41) (1) ( (Z m,) I (28)

These are the diagonal terms of M(z), factors of ¢, in the Lagrange dynamics.

~» Therefore from symmetry we have for the moment calculated the principal submatriz
of M(z) of size (N +1) x (N +1).

Let us calculate the factors of I;, 1 < j < N , in (22), which will furnish the last N
components of the rows 2 to N 4+ 1. The factor of [; in the row n + 1 is:

M(n41)(N+2)( (Z mz) Ly sin(ag — ay,) (29)

The factor of l} in the row n + 1 is:

N
Mni1)(N+3)(2) = Z m; | lysin(ag — o) (30)

i=max(n,2)

The factor of I3 in the row n + 1 is:

N
M1 (N+1)(2) = Z m; | by sin(as — az) (31)

t=max(n,3)

Thus the factor of ij in the row n + 1 is:

N
M(nt1)(N+j+1)(2) = Z m; | L sin(a; — ) (32)
i=max(n,j)
In particular for n = j we get m 41y (N4nt1)(2) = 0.

~» Therefore the full characterization of the rows 2 to N + 1 of M(z) is obtained. By
symmetry the full characterization of the columns 2 to N + 1 of M(z) is obtained.

The only submatrix which remains to be calculated is M;(z).



4.1.3 Calculation of jtng, 1<n<N

Let us now calculate the factors of jj in (22), to determine the components of the principal

submatrix My (z). Let us compute first STT using (13):

G+ S0 Iy cos (o) + sin(ak)> a? (.r + 370 ledy cos (o) + I sm(ozk)>

SIS
3

N

A

§
/\

lkOék sin Oék) lk cos(ozk)> % <ZZ:1 lkOék sin (Oék) — l.k COS(Oék))

/\A

i+ 30 Dkcy, cos (og) + I sm(ak)) % (22:1 I sin(ak))

_y Ly sin (o) — I, cos(ak)> % <ZZ:1 —Iy, cos(ak))

/\/\

&+ S T cos (ag) + sm(ak)) sin(a,,)

= S0 i (s b sin () = i cosfan) ) cos(a)

= S masin(a,) + S, me (S5, e cos (o) + i sin(an,) ) sin(a)

= 2, i (XDics i sin () — I cos(an) ) cos(ar)

= S i sin(an) + S0, mi (( iy e cos () + by sin(ag) ) sin(a,)

. (z;zl L sin () — b cos(ozk)> Cos(an)>

= S0 i sin(an) + 200, mi (Choy ecik cos (ag) sin(ay) + by sin(ax) sin(ay)
yéup sin (o) cos(an) + Iy cos(a) cos(ozn)>

= Zf\in m;t sin(ay,) + Zf\in m; (Zzzl LGy sin(a,, — ag) + I cos(ay, — Ozk)>

(33)
This allows us to calculate the components of the row N + 1 + n. Therefore thefactor of &

in this row is:
M(N414n)1 (Z mz> sin(av,) (34)

10



The factor of &;, 1 < 7 < N, in this row is:

N

M1+ G40 (2) = My (2) = | Y my | sin(o, — ay) (35)

i=max(n,j)

In particular we see that m(n414n)(n41)(2) = Mty (W4140)(2) = 0. The factor of lj, 1< <
N, in this row is:

N
MUN+14n)(N4+1) (2) = TN (N 1) (2) = > my | cos(a, — o) (36)

i=max(j,n)

These are the components of the submatrix M;(z).

4.2

Characterization of M (z) and its submatrices

We have the following:

Mo (z) = my(2) =m+ Zf\il m;

The components of My(z) are

N
M0 (2) = movern e (2) = | ma | cos(an — ay)

i=max(j,n)
1<j<N,1<n<N.

The components of Maq(2) are me41)4+1)(2) = (Zﬁimax(j’n) mi) lnl; cos(oy, — o) =

Mjt1ym+1)(2), 1 <jJ <N, 1 <n < N.

The components of M,,(z) are: for all 2 < k < N + 1 (components which multiply

n): man(z) = M (2) = (zj.vz - m) o1 cos(a_1).

The components of M, are: for all N +2 < k
<Zf\;k_3mi> sin(ag_3); and for 1 < n < N, 1

<Zi]imax(n,j) ml) ln Sin(Oéj - @n).

2N + 1, myg(z) = mpa(z) =

<
< J < Nt mggyv+gn(2) =

Some properties can be deduced:

1.
2.

The diagonal components of M(z) are always all constant positive.

The components of M,; are small for small angles (neighborhood of the cable’s vertical

posture) with sin(ay) =~ ;. Hence the mass matrix possesses an almost-diagonal

Mya(2) 0 14+2N)x (142N
za e RU+2N)x(142N)
0 Mll(z))

When the links are aligned (equal angles «;) the inertial couplings between the angles

and the lengths vanish, with sin(o; — a,,) = o — .

structure for small angles, in the limit: M(z) = (

11



3. The components of M, (z) and of My(z) are constant positive for small angles.

4. Assume that M(z) = M(2)" = 0 for all z. Then from the Schur Complement Lemma
[3, Theorem A.65] [2, Proposition 10.2.5], it follows that Myy(z) = 0 and My(z) > 0.

5. In case of large payload mass (i.e., my > m; for all 1 <i < N — 1), the mass matrix
becomes ill-conditionned, since My (z) loses its rank around the vertical position when
m; = 0,1 <7< N—1, and has low rank when in addition the zero order approximation
for small angles is made.

The proof of items 1 to 4 are easy consequences of the above developments. The proof of item

5 is as follows. The components of My (2) are m(n14ny(N+j+1)(2) = (ZN mz-) cos( o, —

i=max(j,n)
a;), 1 <j<N,1<n<N. The zero-order approximation implies cos(a,, — a;) ~ 1, hence
M(N414+n) (N+j+1)(2) = Zﬁvzmax(j’n) m;. In the limit where m; =0 for all 1 <7 < N — 1, then
all components are equal to my and M has rank 1.

4.3 Potential Energy

If no elastic torsional joint stiffness is modeled, this reduces to the gravity potential energy
of each link, that of the trolley being constant chosen equal to zero.

Uglal) = = ity mig Yoy i cos(au) (37)
= - Zk:l 9lk COS(O‘k) Zi:k m;

Thus for 1 <n < N:

ot = —gg2 S Dy cos(ag) iy m
(38)
= gl sin(a,) Zfin m;
U, N N

= —gcos(an) 1L, mi
From the Lagrange dynamics structure, the generalized forces that derive from the potential

oU,
are equal to ——*.

Joint flexibility: If joint flexibility is added at joints A;, 1 <7 < N, then the additional

potential energy is Uye, () = %Zj\f:_ol k07, = 307 K0, where k; > 0 is the angular stiffness

at joint A; and K = diag(x;), 0 <i < N — 1. Thus:
= lii_lei, 1 S 1 S N. (40)
This introduces no coupling between the coordinates, contrarily to what occurs in flexible

joint manipulators [12, 4, 19]. In the coordinate angles a; = 375 0;, 1 <i < N, a = J¢

with J in (129), 0 = J o with J~* in (130), hence Upep(or) = 207K0 = 50" J TKJ . In

12



(€51

Qg —
view of (130): Jla= | @ — a2 | hence Upe(@) = Iroad + S0 " ki(cis — ai)? Tt is
anN — anN—1
inferred that O (@)
exr a
e\ ™) Kooy — Ri(ae — a1) = (Ko + K1)y — K1, (41)

8041
for2<j;<N-1:

ou lex\&¥
gT.() = rj1(ey — ajo1) = wj(ajm — o) = (ki1 + K)oy — Kjan — Koo, (42)
J
and 50
g;la;jv@ = rn-1(any —ay-1), (43)
so that
Ko + K1 —KR1 0 e 0
—K1 K1+ Ko — KR 0 0
0 —K9 Ko + K3 —Kg 0 ce . 0
anlem<Oé) _
Ox
0 0 —KN-—2 KN—2+KN-1 —KN-1
0 c. 0 —KN-1 KN—-1
(44)

This time the joint flexibility introduces a triangular structure in the torques that derive
from the elasticity potential, since the row 1 4 n of the Lagrange dynamics, 1 < n < N,
corresponding to M 4n)e(¢a) and ¢, contains the flexibility torque (—kp—10,-1 + (Kn—1 +
Kn) Q) —KnQyi1. One can think of using a backstepping-like control design using the fictitious
input v, 1. However, the vis-a-vis terms in the submatrix M,,(q,) always contain strong
inertial couplings between ¢, and the other angular accelerations. Therefore the global
triangular structure of Spong’s model for flexible-joint manipulators [12, 4] does not exist in
such overhead crane systems.

4.4 Recapitulation

The Lagrange dynamics of the overhead crane is given by:
ia(irtrol + T;frans - Ug) . 8(Erol + T;frans - Ug - Ufle:c)

=Q 45
dt 0% 0z ’ (4)
where (); works on z;. More precisely:
( i a(TtTol+Ttrans) _ _
i e ==L
iaTtrans _ a(TtTanstgiUflez) _ _
it oa 9a =Qa=0 (46)
d OTtrans 8(Ttrans_Ug_Ufleglc) _ _ T
\ dt tal - ol _Ql_(F1707"'70)

13



It may be useful to introduce viscous friction (Rayleigh dissipation [3, Definition 6.12]) at
the joints, and some joint stiffness as well. This may allow to avoid chaotic behaviours of
conservative pendula. Such dynamical behaviour is unlikely to occur in real cables where a
small amount of dissipation and of bending stiffness is always present.

5 The Case N =2

This may be of interest in practice for cranes with two cables related by a hook. It could be
of interest in such a case to investigate energy-based controllers, which have been derived
in case N = 1 [18]. For clarity let us rewrite the above energies for N = 2, starting from
scratch, then checking that the computed values of the mass matrix match with the general
expressions in section 4. In this section we go a step further by calculating the whole

Lagrange dynamics. We have:
1
Tiror = meQ (47)

This kinetic energy concerns only the first component mq; of the mass matrix.

Trrans = % 2?21 m; <a: + 2221 Iy <Z§:1 0]) cos (Z;?:l 9j> + 1y sin(gjz1 9]'))2

+3 > i M <ZZ=1 Ik (Z?:l 6]) sin (Z?:l 93') — Iy COS(Z?:l 93'))2

(48)
. ) 2
= % Z?Zl m; <a: + > i lkdy cos (o) + Uy sin(ak))
. _ 2
+% Z?:l m; <22:1 lkOék sin (Oék) — lk COS(Oék))
Let us split T},4, into three parts:
Tiransg = zma (@ + 1,6, cos(6y) + I sin(6;))? + %ml(llél sin(f;) — A cos(6;))?
(49)
= %ml(x + lldl COS(Oél) + ll sin(oq))2 + %ml(lldl sin(al) - ll COS(Oél))2
and
1 : 2 ko k . k 2
Tirans2 = 3Ma (m +> 1 le (Zj:1 0j> cos (Zj:1 Qj) + lsin(d 5, Qj))
(50)
1 . 2 . ; . 2
= 5My (m + > g Lo cos (o) + U Sln(&k)>
and
1 2 Eooa k ; k 2
Erans,3 = 52 (Zk:l lk (Z]’:l 6]) Sl (Zj:l 9]) - lk COS(Z]’:I 0]))
(51)

1 2 4. ; 2
= 5My <Zk:1 LGy, sin (o) — I COS(Oék)) )

14



The potential energy due to gravity is:

Uy(rag, li,ly) = =37 mig>e_ I cos(Z?z1 ;) = —mygl; cos(6,)
—mag(ly cos(6r) + I cos(01 + 65))
(52)
== 2521 mig >y I cos(ax) = —mugly cos(an)
—mag(ly cos(ay) + Iz cos(az)).
r-arUhUSZ e =0, ‘3%{ = (m1 +ma)gl sin(a), 2%; = magsin(as), %—({f = —(my +mgy)g cos(a),
T = —Mayg cos(az).

Let us calculate the 5x5 inertia matrix. As above we denote ¢ = (z,61,60s,11,15)", and also
Z = (x7 aq, g, llu lQ)T-

3 d acrtrans,l d 8,1—;5rans,1
5.1 Calculation of pra—T and p—r

We have:

aTtg;'cns"_l =my (% + 5191 cos(h) + jl sin(61)) (53)

We infer that the first row of the mass matrix M (q) contains the terms:

My

: myly cos(6y)

:0 (54)

: my sin(6q)

)
)
)
)
)
while the first row of the mass matrix M (z) contains the terms:
)
)
)
)
)

miy(z) @ my
mis(2) 1 myly cos(ay)
m13(z -0 (55)
mia(z) @ mysin(ay)
m15(z :0
MBT—;:L“ = my (& + 1,6, cos(6,) —l—.l'l sin(6;))y cos(6) + mq (1161 sin(6y) — Iy cos(61))l; sin(6y)
= m1l1 COS(Ql)jZ + mﬂ%@l
(56)
We infer that the second row of the mass matrix M (q) contains the terms:
ma1(q) : myly cos(6y)
mgg(q) : mll%
ma3(q) : 0 (57)
may(q) : 0
mas(q) = 0



while the second row of the mass matrix M (z) contains the terms:

21(2) : m1l1 cos(a)
mgg(Z) m1
m23(z) 0
m24(z) 0
MQ5(Z> 0
OTrans,1
o6, —

This does not contribute to the third row of M (q).
aTtruns,l
ol .

= m Sin((91>fl.3 + m1l1

We infer that the fourth row of the mass matrix M (q) contains the terms:

ma1(q) : myq sin(6;)
maa(q) : 0

mys(q) = 0

m44(q) s
mays(q) : 0

This does not contribute to fifth row of the mass matrices M(q) and M (z).

6Tt'rans,1 _ 8’Ttrans,l _ 5 2.
S = et = maly cos(an ) + mylicy

This contributes to the second row of M (z) as:

ma1(z) @ myly cos(ay)
mao(2) : myl?
mas(z) : 0
m24(z) -0
m25(z) -0
aTg;ZS R

This does not contribute to the third row of M (z).

16

(59)

— my (& + 116 cos(6y) + Iy sin(6y)) sin(6y) — my (1,0, sin(6;) — Iy cos(6y)) cos(6;)

(60)

(61)



: iaTtransQ iaTtrans,Q
5.2 Calculation of pTR—T and T

We have in the g-coordinate:

Meez iy (54 S0y by (5o 6 ) cos(Sy 05) + by sin(32)_, )
= My T+ llél COS(@l) + jl sin(@l) + lg(él -+ 92) COS(el + 92) -+ jg sin(91 -+ 92))
= mgft + mg(ll .COS(Ql) + lg COS(@l + 92))01 + mglg COS(Ql + 02)92
+mg sin(01)l; + mosin(6y + 0s)ls
(67)
and we also have in the z-coordinate:

8Ttg;ns,2 =my (2 + Zi:l 1,0y, cOS (ak) + Zk SiIl(Oék)>

= my (& + Ly cos (o) + Iy sin(ay) + ladis cos () + Iy sin(ag)) (68)
= maod + maly cos(ay)dy + maly cos(aw) g + moy sin(al)il + My sin(ag)fZ
We infer that the first row of the mass matrix M (q) contains the terms:
mn(Q) )

mia(q) : ma(ly cos(br) + la cos(01 + 02))

(q):
m13(q) . m2l2 COS(@l + 92) (69)
14261) :

15(q) : mosin(f; + 6s)

33

™11 (Z)
m12(2’>

ma

maly cos(ay)

maz(z) : maly cos(ap) (70)
mis(z) : masin(ay)

mis(z) : masin(ag)

while the first row of the mass matrix M (z) contains the terms:

Now let us pass to the next coordinate in g-coordinate (second row of the mass matrix):

8Tt'rans,2

90, = My (l‘ -+ ll COS(Ql)él + sin(@l)il + lg(él -+ 02) Cos(01 + 62) -+ jg sin(@l -+ 92))

X (11 cos(6y) + I cos(01 + 6))

(71)
and to the next coordinate in z-coordinate:

8Ttrans,2
0dvy

=My (51: + l16 cos(aq) + A sin(aq) + ladeg cos(az) + A sin(o@) licos(ay) (72)

From (71) it can be deduced terms that belong to the second row of the mass matrix
M(q) :
ma1(q) : ma(ly cos(6y) + Iz cos(0; + 605))
maa(q) : ma(ly cos(6y) + Iz cos(6y + 63))?
ma3(q) : maly cos(6y + 02) (11 cos(61) + 2 cos(0y + 6)) (73)
maa(q) : mosin(fy)(ly cos(61) + 2 cos(0y + 6))
mas(q) : mosin(0y + 65) (11 cos(01) + ls cos(6y + 02))

17



and from (72) terms that belong to the second row of the mass matrix M (z):

mo1(2) @ maly cos(ay)

Moo (2) = mal? cos?(ay)

ma3(2) : malaly cos(aq) cos(az) (74)
may(z) @ maly cos(ay) sin(ay)

mas(2) : maly cos(ay) sin(asz)

Let us pass to the third row in g-coordinate:

angzs,g = My (a: + 15 cos(0)0; + sin(0)l; + lo(0; + ) cos(01 + 0s) + I, sin(6; + 92)>
X1y cos(01 + 03)
(75)

and in z-coordinate:

aTtrans,Q
Oda

=My <x + 11y cos(ay) + I sin(a) + lad cos(ag) + Iy sin(ag)) Iy cos(ag)  (76)
From (75) it can be deduced terms that belong to the third row of the mass matrix M (q)

mz1(q) : maly cos(6y + 0s)

msa(q) : malils cos(61) cos(0y + Os) + mal3 cos?(0; + 65)

mas(q) : mal? cos? (6, + 6) (77)
m34(q) . m2l2 sin(@l) COS(Ql + 02)

mas(q) : maly sin(0y + 65) cos(0; + 0)

From (76) it can be deduced terms that belong to the third row of the mass matrix M(z) :

ma1(2) : maly cos(az)
maa(z) @ malyly cos(aw) cos(ay)
mas(z) : mal3 cos?(aw) (78)
34(2) . m2l2 Sil’l(Oél) COS(O[Q)
(2) : mals sin(ag) cos(a)

z
z

3 3

35 Z)

Now terms of the fourth row of the mass matrix M(q) are obtained from:

aTt(;—;l’”’Q =my (&4 Y0, I <Z§:1 9]> cos (Z§:1 0j> + Iy sin(Z?:1 Qj)> sin(6;)
=my (i + 116, cos(0y) + I sin(6;) + 12(91 + 92) cos(0; + 02) + I sin(f; + 92)> sin(6;)

(79)
and terms of the fourth row of the mass matrix M (z) are obtained from:

8’Tt'r‘ans,Q

A = my (w + l16y cos(aq) + I sin(a) + ladg cos(ag) + Iy sin(%)) sin(ay) (80)

From (79) it can be deduced terms that belong to the fourth row of M (q) :

ma1(q) : Mo sin(6;)

maa(q) : maly cos(6y) sin(6y) + mals cos(01 + 02) sin(6;)

may3(q) : maly cos(fy + 62) sin(6,) (81)
maa(q) : Mo sin®(6;)

mys(q) = mosin(6y) sin(0; + 6,)
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and from (80) it can be deduced terms that belong to the fourth row of M(q) :

(2) : masin(aq)

(z) : maly cos(ay) sin(ay)

13(2) = maly cos(az) sin(ay ) (82)
(2) : mgsin®(ay)

(2) : mgsin(az) sin(ay)

Let us end with terms of the fifth row of the mass matrix M(q):

aTta’“—;:S’Q =my (&4 S0, I <Z§:1 9]> cos (Z?Zl 0j> + 1 sin(Z?:1 Qj)> sin(6;)

=my (i + 116, cos(0y) + I sin(6,) + 12(91 + 92) cos(0; + 02) + Iy sin(f; + 92)> sin(6; + 65)

(83)
and the fifth row of the mass matrix M(z):

aTt'r'ans,2

w5 =msy (x + 116 cos(ay) 4 Iy sin(ay) 4 ladey cos(as) + I Sin(a2)> sin(aw) (84)

From (83) it can be deduced terms that belong to the fifth row of the mass matrix M(q):

ms1(q) : mosin(6y + 0s)

ms2(q) = maly cos(6y) sin(6y + 62) + maly cos(6; + 62) sin(6; + 65)

ms3(q) : mals cos(0y + 62) sin(6y + 65) (85)
msa(q) : mosin(fy) sin(6y + 63)

mss(q) : magsin?(6; + 6y)

and from (84) it can be deduced terms that belong to the fifth row of the mass matrix
M (z):

ms1(z) : Mo sin(as)
msa(z) : maly cos(ay ) sin(az)
ms3(z) : maly cos(ay) sin(az) (86)
msa(z) : masin(aq ) sin(a)
mss(2) : my sin®(ay)
5.3 Calculation of %—ang;”‘“‘ and %_87}3?5,3

Recall that

. . 2
T;‘/rans,B - %mQ (Zi:l lk (Z?:l 9]) sin <E?:1 9]) - lk COS(Z?:l 0]))
. . . . . 2
%mg (llel sin (61) — ll COS(91> + l2<91 + 92) Sin(@l —+ 92) — lQ Cos(91 + 62))

(87)
Tiranss = %mg <l1d1 sin (aq) — I cos(aq) + lade sin (a) — A cos(a2)>2 (88)

Hence:
Hltransa ), (89)



This does not contribute to the first row of M (q) and M(z). Concerning the second row:

M = My (llél sin (01) — il COS(Ql) + lg(él + 62) sin(@l + 02) - lg COS(91 + 02))

961 (90)
X (ll sin(@l) -+ 12 Sin(91 -+ 92))
and
% = my (lldl sin (aq) — I cos(av) + ladg sin () — Iy cos(a2)> [y sin(ay) (91)
From (90) the following terms are in the second row of M(q):
moy (q> -0
m22(q) . m2<ll sin(@l) + lz sin(€1 + 92))2
Mmaz(q) : maly sin(fy + 02) (14 sin(0y) + la sin(6y + 62)) (92)
may(q) : —mg cos(0y)(ly sin(6y) + o sin(6, + 65))
Mas(q) : —mgcos(0y + 02) (1 sin(0y) + Iy sin(6y + 62))
From (91) the following terms are in the second row of M(z):
ma1(2) : 0
Maa(2) : mol? sin®(ay)
mas(z) : malils sin(ay ) sin(as) (93)
mayg(2) : —maly cos(aq) sin(ay)
mas(2) : —maly cos(aw) sin(ay )
Let us pass to the third rows:
mﬂg—g:&i‘ = Mo (llél sin (91) — jl COS(91) + 12(91 + 92) sin(91 -+ (92) — ig COS(Gl + 92)) (94>
Xlg sin(@l + 62)
and
8T%+gs,3 = my (lldl sin () — I cos(ay) + ladrg sin (ap) — Iy cos(a2)> Iy sin(cv) (95)
From (94) the following terms are in the third row of M(q):
ms1(q) : 0
mgg(q) . mg(ll sin(é’l) + lg sin(@l + 92))[2 sin(91 + 92)
m33<Q) . mglg Sin2(¢91 -+ 92) (96)
mz4(q) : —maly cos(6) sin(f; + 65)
m35(q) . —m2l2 COS(Ql + 92) sin(@l + 92)
From (95) the following terms are in the third row of M (z):
ms1(2) : 0
masa(2) @ malilysin(ay) sin(as)
m33<2> . mgl% SiIlQ(OéQ) (97)
mag4(z) : —mals cos(ay ) sin(a)
mass(2) : —maly cos(as) sin(as)
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Let us pass to the fourth rows:

81}5—?1715'3 = —1My (llél sin (01> — jl COS(01) + lg(él + 92) sin(01 + 92) — Zg COS(Ql + 92))
x cos(61)
(98)
and
aTtg—Zm’?’ = —my <l1d1 sin (ay) — Iy cos(ay) + lacrg sin (ag) — Iy cos(a2)> cos(a) (99)
From (98) the following terms are in the fourth row of M (q):
my1(q) : 0
ma2(q) + —ma(ly sin(6y) + losin(0; + 6)) cos(6;)
mas(q) 1 —mals sin(6y + 65) cos(6;) (100)
mas(q) : Mg cos?(6;)
mays(q) = Mg cos(fy + 02) cos(6,)
From (99) the following terms are in the fourth row of M (z):
myi(2) : 0
Myo(2) : —mely sin(ay) cos(ay)
masz(2) © —maly sin(ag) cos(ay) (101)
maa(z) = may cos?(ay)
mys(z) : Mg cos(ag) cos(ay)

Let us pass to the fifth rows:

Mﬂtg—gm’:; = —1My (llél sin (61) — l‘l COS<61> + lg(él + 92) Sin(91 -+ 92) — jg cos(01 + 62))
x cos(0y + 0s)
(102)
and
W%T—Efsﬁ —mgy (lldl sin (a) — Iy cos(ay) 4 Lo sin (ag) — Iy COS(&Q)) cos(a) (103)
From (102) the following terms are in the fourth row of M (q):
ms1(q) : 0
m52(q) : —mg(ll sin(@l) + 12 Sin((91 + 92)) COS(el + 02)
ms3(q) : —malysin(f; + Os) cos(6y + 02) (104)
ms4(q) : mo cos(fy) cos(6; + 65)
mss(q) : ma cos®(0; + 05)
From (103) the following terms are in the fourth row of M(z):
m51(z) -0
msa(2) : —maly sin(ay ) cos(az)
ms3(z) : —mals sin(as) cos(az) (105)
msa(z) : Mo cos(aq ) cos(az)
mss(2) : ma cos® ()
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5.4 Recapitulation: Calculation of M (q)

Let us gather the above results to obtain M (q):

mn(q) =m-+m;+ mo

mia(q) = mqly cos(0y) + ma(ly cos(0y) + I cos(0y + 65))
= (mq + ma)ly cos(6r) + mals cos(0y + 05)

mas(q) = mols cos(6r + 65)

mi4(q) = my sin(0y) + mosin(0y) = (my + mo) sin(6y)

m15(q) = My sin(¢91 -+ 62)

(106)

ma1(q) = maly cos(0y) + ma(ly cos(0y) + I3 cos(0y + 65))
= (mq + mq)ly cos(6r) + mals cos(01 + 05)
maa(q) = myl} + ma(ly cos(6y) + Iy cos(6y + 02))? + ma(ly sin(6y) + Iy sin(6; + 65))?
mgg(q) = mglg COS(Ql + 02)([1 COS(Ql) + lQ 008(91 + 02)) + mglg sin(Ql + 02)([1 Sin(01) + l2 sin(Ql + 02))
= m2l1l2 COS(&Q) + m2l§
maa(q) = maosin(6y)(ly cos(6y) + o cos(0y + 0s)) — mg cos(0y)(1y sin(0y) + I sin(6y + 62))
= —mgly sin(6s)
mas(q) = mosin(fy + 62)(l; cos(0y) + lo cos(by + 02)) — ma cos(6y + 0s) (11 sin(6y) + Lo sin(6y + 62))
= mgll Sin(eg)

(107)

mz1(q) = mala cos(6y + 0s)
m32(q) = mglllg COS(@l) COS(@l + 92) + mglg COSQ(91 + 92) + mg(ll Sin(Ql) + lz sin(Ql + 02))[2 sin(01 + 92)
= mgl% + m2l1l2 008(92)
ma3(q) = mal? cos?(0y + 03) + mal2sin?(6; + 0y) = myl2
ms4(q) = malssin(6y) cos(by + 05) — maly cos(0y) sin(6y + 05)
= —m2l2 Sil’l(92>
mas(q) = mals sin(0y + 0s) cos(0y + 05) — mols cos(0y + ) sin(0; + 05) =0
(108)

my1(q) = mysin(fy) + masin(6y) = (my + me) sin(6;)
My (q) = moly cos(0y) sin(6y) + maly cos(0y + 63) sin(01) — mo(ly sin(0y) + Iy sin(6y + 0s)) cos(6;)

= —myly sin(fy)
ma3(q) = mals cos(0y + 02) sin(6y) — maly sin(0; + 65) cos(6;)

= —mgyly sin(6s)
mas(q) = my + mysin?(0y) + my cos?(601) = my + mo
mys(q) = mosin(0y) sin(0y + ) + my cos(6y) cos(0y + 0s)

= my cos(6s)
(109)
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ms1(q) = mosin(6; + 63)
ms2(q) = moly cos(0y) sin(6y + 02) + mols cos(6y + 02) sin(fy + 0s)
—mg(ly sin(fy) + lo sin(6y + 65)) cos(6y + 62)

= maly cos(0y) sin(0; + 03) — moly sin(6y) cos(6r + 02)

= myly sin(fy)
m53(q) = m2l2 COS(Ql + 92) sin(Ql + ‘92) - mng COS(Ql + 02) Sin(91 + 02) =0
ms4(q) = mosin(6y) sin(fy + 63) + mo cos(6y) cos(br + 02) = my cos(6s)
mss(q) = mg cos?(6; + 0y) + mysin?(6; + 63) = mo

(110)

and to obtain M(z):

mn(z) =m—+myi + me

mia(z) = myly cos(ay) + maly cos(ay) = (my + ma)ly cos(ay)

mi3(z) = maly cos(az) (111)
mig(2) = mysin(ay) + mosin(ay) = (mq + my) sin(ay)

mis(z) = masin(ay)

mo1(z) = myly cos(ay) + maly cos(ay) = (my + ma)ly cos(ay)
Maa(2) = myl? + myl? cos®(ay) + myl? sin(ay) = (my + my)l?
mas(z) = malily cos(ay) cos(as) + malyls sin(aq) sin(as)
= malyly cos(a; — ag) (112)
may(z) = maly cos(ay ) sin(ay) — maly cos(aq) sin(ay) =0
m25(z) = mgll COS(Oél) Sin(OéQ) — m2l1 COS(O[Q) Sil’l(Oél)
= m2l1 SiH(OZQ — 041)

ma1 (Z) = m2l2 COS(OCQ)
maa(z) = malily cos(as) cos(ay) + malils sin(an) sin(ay)
= molyily cos(ay — )
ma3(2) = mal3 cos?(ay) + mal? sin®(ay) = myl3 (113)
ma4a(z) = malysin(ay) cos(ag) — mals cos(ay ) sin(az)
= m2l2 SiD(Oél — 042)
mgs(z) = malysin(as) cos(ag) — maly sin(as) cos(az) =0

my1(z) = mysin(ay) + mesin(ay) = (my + me) sin(ay)
Maa(z) = maly cos(ay ) sin(ay) — maly cos(aq) sin(ay) =0
muys(2) = maly cos(ae) sin(ay) — mals cos(aq ) sin(ae) = maly sin(a; — ) (114)
mas(z) = my + mosin®(ay) + my cos®(ay) = my + my
mys(z) = masin(az) sin(ay) + meg cos(ay) cos(az) = ma cos(a; — o)

51(2) = masin(aw)

52(2) = maly cos(ay) sin(ag) — mely sin(ay ) cos(ae) = maly sin(ae — )

(115)
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5.4.1 my > m, and small angles

This occurs if m; (the hook’s mass) is much smaller that msy (the tool plus payload mass).
Then m; = 0 can be taken in M(z) and M (q). It follows that the submatrix M; () satisfies
det(My(6)) = mysin?(fy) and det(My () = my sin?(a; —aw). If the small angles assumption
is made (sin(q;) & «;), cos(a;) & 1), then det(Mjy(0)) = mo03 and det(My(a)) = mao(ay —
as)?. In the limit there is a decoupling between the (z,6;,6,) dynamics and the (Iy,1l5)
dynamics in the mass matrix which has a block diagonal structure.

5.5 Coriolis/centrifugal forces

Let us calculate them in the z-coordinates. These generalized forces are equal to 4 (M (z))z —
12 (2T M(2)2).
5.5.1 Calculation of £(M(z)): € IR°

1. —(my + ma)l; sin(ay)a? — maly sin(ag)da + 2(my + my) cos(al)dlil + 2my cos(@g)dﬂg

2. —(m1 +m2)l1 sin(al)dlx'—mglllg sin(ql —012)(dl —012)0(2 +m2l1 Cos(a2—a1)(d2—d1)j2+
(mq + mg)l1 & cos(an) + 2(my + ma)lilidn + malilacy cos(ay — ag) + malali g cos(ay —
062) —+ m2l1l2 Sin(@g — Oél)

3. mgl'gx’ cos(qQ) —mals SiH(Olg)dgi'—mQ.lllg sin(ag — ) (dy —0'42)0‘1.1 +mals Cqs(al —av) (g —
Gio)ly + malycly cos(ag — an) +malilad cos(ag — ag) + 2malaladis + molsly sin(ay — a)

4. (m1 + mg) COS(O&l)dlft + m2l2 COS(Ozl — O[Q)(dl — dg)dg — My sin(a1 — Oég)(dl — C.Yg)l.g +
Maladis sin(ay — a)

5. My qos(ag)dgj:+m2l1 cos(ag — aq ) (g — vy )iy —mg sin(ag — ag) (g — dg)ll +mg sin(ag —
al)l1d1

5.5.2 Calculation of

FM(2)E=) & Z M (2)Z; (116)
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so that

T M(z)z Zk 1Zk Zj ma(2)%
=iy my(2)g + Z; 1 maj(2)3 + G2 Y0 mai(2)%
+iy Z]  maj(2) % + Iy ZJ 1 misj(2) %5
= xz(m + my + mg) + &y (my + ma)ly cos(ay) + Tégmals cos(a) + xll(ml + mey) sin(ay)
+ilyms sin(ay)
@ (my + ma)ly cos(ay) + &2 (my + ma)l? + dydamalyly cos(a; — ay)
+cvylomioly sin(ag — )
—f—dgi'?’ﬂglg COS(O(Q) + d2d1m2l112 COS(Oél — 062) -+ Oé%mgl% -+ dgilmglg SiH(Oq — 062)
+112:(my + ma) sin(ay) + liéamaly sin(ay — ag) 4+ 2(my + my) + l1lyma cos(ag — a)
+lyims sin(a) + locymaly sin(ag — aq) + lolyms cos(ag — ) + lgmg.

(117)
Therefore:
2(:TM(2)2) =0 (118)
0 ZTM 2)z = —211/’0[1 my + mo ll sin ) + ZZEll my + mo) cos(ay) — 2d1d2m2l112 sin a1 — 062)
da X . ..
—lelgmgll COS(OCQ - Oll) + 2[1@27’)’12[2 COS(Oél - 012) — 2[1[27712 SiIl(O[l — OéQ)
(119)
O (3TM(2)%) = —2idemalysin(ay) + 2j:i2m2 cos(a) + 2cdymalyly sin(ag — oo
Oaz . . ..
+2d112m2l1 COS(O{Q - Oél) - 20'4211777,212 COS(Oél - Oég) + 2l1l2m2 Sil’l(Oél — Oég)
(120)
Q%(ZTM(Z)Z) = 2&cq (my + ma) cos(ay ) + 2 damals cos(ay — ) (121)
+2ly61my sin(ag — ay) + 282 (my + mo)l;
9 (3TM(2)2) = 2&dsms cos(as) + 20y maly cos(ay — an) + 2f1d2m2 sin(ay — ag) + 2a3msly
" (122)

5.6 Calculation of C(z,%): € IR

1. First component: —(m; +ma)l sin(a )62 — maly sin(ag) & + 2(my + my) Cos(al)alll +
2my cos(ary )ialy. So the first row of C(z, 2) is

Cie(z,%2) = (0,—(my + ma)ly sin(ay)dy + (mq + my) cos(al)il, —mealy sin(ag)dy + moy cos(ag)lg,
(my 4+ mg) cos(ay)dn, ma cos(ag)ds)
(123)

2. Second component: —(my+my)ly sin(ay )@ —malily sin(og —a ) (G —ca) do+moly cos(an—
ozl)(ag - al)lg + (my + m2>l1]7 cos(aq) + 2(mq + ma)lilicy + moly lacy cos(ay — ag) +
Mialsly iy cos(al—a2)+mgl Iy sin(ag—ay ) +2dq (my+me)ly sin(ay)— xll(ml—i—mz) cos(aq)+
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1 omiglyly sin(ag — ) + dlymaly cos(ag —ay) — [16eamials cos(ag —az) +2152m2 sin(aq —
), after simplifications: malily sin(a; — Q2)A3 + 2mpyly cos(ay — Oél)Oézlz + 2(my +
MQ)llllOé1+m2l lQ SIH(OéQ—()él)—f—lllng SlIl(Oél—OQ) mgl lQ Sln(Oél—()ég)Oé2+2m2l1 COS(Oég—
041)012[2 + 2(m1 + mg)l l1a1

so the second row of C(z, 2) can be chosen as

CQ.(Z, Z) = (0, (m1 + mg)lljl, m211l2 SiIl(Oél — 062)(562 + m2l1 COS(O{Q — 061>Z2, (m1 + mg)lldl,
m2l1 COS(Oé2 — Oél)(jég)
(124)

3. Third component: Molod cos(ozg) maly sin(ag ) dod — malyly sin(ay — o) (g — CYQ)Oél +
mals cos(ag —ag) (v —ag)ll +mialyculs cos(ag —ay) +miglylacyy cos(ay —a2)+2m2l2l2a2+
Malsly sin(ay — i) + Tdomalysin(ay) — &lomsg cos(ag) — dadamelilssin(ag — ag) —
cvylymaly cos(ag —ay) + duglymaly cos(ag —ag) — [ylyms sin(ay — ap), after simplifications:
—mglllg SiIl(Oél — OQ)O.Z% mglg COS(Oél Oég)dgl'l —|— 2m2l'10.é1l2 COS(Oél — 062) + 2m212i2d2 +
Malsly sin(a; — ag) + Cuolymoly cos(ay — a2) — Iylyms sin(ay; — ag) = —mgalyls sin(ay —
Q) it + 2mialy vyl cos(ay — ) + 2Lyl crs

so the third row of C(z, 2) can be chosen as

03.(2, Z) = (0, —m21112 sin(a1 — 062)0.41 + m21112 COS(Oél — Oég), mglglg, (125)

—|—m2d1l2 COS(O[l — 042)7 mglgdg)

4. Fourth component: (m1 +mg) cos(ay)dd 4+ mals cos(ag — an)(Qy — dn) &g — Mg sin(ay —

a)(dy — Oég)lg + Miglyces sin(ag — ag) — &y (my +me) cos(ay ) — &y damals cos(ay — an) —

loGvyms sin(ag — ) — &3(my + ma)ly, after simplifications: —maly cos(ay — ao)ds +
2m2i2d2 sin(a1 — 042) — oz%(ml + mg)ll

so the fourth row of C(z, 2) can be chosen as

Cue(2,2) = (0,—dq(my + ma)ly, —maly cos(ay — ag)de + Mols sin(ag — ag), 0, mady sin(ay — ag))
(126)

5. Fifth component: my cos(ay)dnd +maly cos(ag — ) (b — dn )y —masin(ag — ) (dy —
Oég)ll + Mg sin(ag — ozl)lloq — Béiymy cos(g) — dadymaly cos(ag — an) — l1damyg sin(a; —
Qip) — My, after simplifications: —maly cos(ag—ay ) a2 —2my sin(ap —aw)dy ly —damals

so the fifth row of C(z, 2) can be chosen as

Cse(2,2) = (0, —maly cos(ag — )y + mg sin(ag — al)il, —domigly, —ma sin(ay — ag)dy, 0)
(127)

~ It is noteworthy that the above choice for C(z,%) corresponds to the Christoffel’s
symbols in (5) with (M (z)) = C(z,%) + C'(z, 2).

~ This choice is important because this form of the matriz C(z, 2) is useful in passivity-
based controllers requiring the well-known skew-symmetry property [3].

26



5.7 Forces that derive from gravity potential energy

Using (52) we obtain:

% =0, g%i’ = (my + my)gly sin(aq),
g%g = magsin(az), %—[ﬁ’ = —(my + mg)g cos(a), (128)
%TU: = —mgyg cos(az)

The corresponding generalized forces satisfy F,(z) = —aaUZ 2

6 Mass Matrix Structure

6.1 Other Generalized Coordinates: Angles a;, 1 <i < N

Most of the authors work with the angles o; = 23:1 0;, with generalized coordinate q, =

(r,a1,...,an,li,...,Iy)", see Figure 1. The transformation matrix ¢, = T'q is given by
1 0 0
T=(0 J 0], Je R, with:
0 0 Iy
10 0 . 0 0 0
110 0 ... 0 0
111 0 0 ...0
J=1. . , (129)
1 11 1 1 0
1 11 1 1

1 0 0 0 0 0

-1 1 0 0 0

» 0 -1 1 0 ... 0
Jh=1 . (130)

0 0 ...0 -1 1 0

0 0 0 —1 1
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Then

1 0 0 1 0 0
My(go) =T "M()T'=[0 J7 0 |M@g |0 J* 0
0 0 Iy 0 0 Iy
1 0 0 1 0 0
— (o J 7 o (Mfg(q) ]\2) 0 J1 0 (131)
0 0 Iy oo 0 Iy
1 0 1 0
_ -T MZ‘G(Q) -1 0 _ an(Qa) 0
= \o J 0 J — 0 YRR
0 Mll I

Remark 2 (Differences with flexible-joint manipulators) The mass matriz in coor-
dinates q or qo, has a block-diagonal structure, with small off-diagonal blocks in the neigh-
borhood of the cable’s vertical posture. But, this does not seem to put the system’s dynamics
in an amenable form for control design, as it is for instance the case for Spong’s model of
flexible joint manipulators. One reason is the number and location of the inputs in (46): the
underactuated structure of overhead cranes and of flexible-joint manipulators, totally differ
one from each other. It is noteworthy that Spong’s model for flexible-joint manipulators, is
obtained by neglecting the kinetic energy of actuators’ shafts, which is a justified assumption
i many applications, and allows one to get rid of some inertial couplings. Doing a similar
“triangularization” assumption in Mpg(q) or My (z) is not possible. In this sense the over-
head crane dynamics is closer to the complete flexible-joint manipulators dynamics where
off-diagonal blocks are present in the mass matriz [19]. It is known that the backstepping
method no longer applies in this case.

6.2 Horizontal Positions of the Mass-Points

Let us analyse the system when the coordinates are the horizontal coordinates of each point-
mass A;: r; = x + Z;Zl [; sin( i:1 0y), and the angles 6;, see Figure 1. The small angle
and large payload mass assumptions are made to ease the calculations of the transformation
(which otherwise involves trigonometric functions): x; = + >7°_, [;(3°7_, 0x). It is note-
worthy that this type of coordinates together with the small angles assumptions, are used
in some PDEs approaches (wave, or string equations) [9, 8]. The new generalized coordi-
nate is q, = (2,601,...,0y,71,...,2x5)", and the transformation from ¢ to ¢, is nonlinear:

¢: = Q(q), hence ¢, = %(q)q’ and ¢, = %(q)q + % (%) (¢,¢)g. In the new coordinates
90— T 90 —1
M,(q.) = 8—3 M(q)a—fl2 . We have:

Inei 0O
Q)
—(@)= 1 : (132)
% QL Q

1



with:

I 0 . 0
ll + 12 l2 0o ... 0
L+l+ls b+l I3 0 0
QL= : : (133)
lN_1 0
SV b S Inoi+ v Iy
and
0, 0 . 0
0, 6,+6, 0 ... 0
Qo= | : : : (134)
: : 0
0 60, +0, ... SV b
Clearly Qg is not invertible at ; = 0, etc, its determinant being equal to 01(6;+6,) . . . (Z,]le 0r),

and neither is %(q) at these angles, because the lengths [, cannot be obtained from ¢, at

those coordinates values. From the matrix inversion Lemma:
0Q ! Init 0
— = = _ 135
aq (Q) (_Qe 1QL Q@ 1 ( )

with Qp = : 0 Qp |, and (iy,...,2n)" = Q10+ QuL, L = (I1,...,Ix)". Therefore:

) =% G ) (i ) (o, o) 09

In order to analyze the dynamics using the positions z; let us try to start directly with the
kinetic energy, doing some basic assumptions as done in the PDEs approaches [9, 8], like
constant total length, that we may translate here by constant length, and pure horizontal
motion of the nodes. In this case ¢ = (z, 21, 79,...,2x)", Va4, = @+, and the total kinetic
energy is 7' = %mx’z + %ZZ]\; m;z?. In this case the mass matrix is linear invariant with
M(q) = diag(m, mq,...,my), and the Lagrange dynamics is easily obtained.

7 Links with Linear Longitudinal Elasticity (2D Oper-
ating Space)

Flexibility at the joints have already been studied in section 4.3. Now the same system is
considered as in Figure 1, with elastic links to approximate extensible cables. This is depicted
in Figure 2. Each link has a longitudinal linear elasticity with stiffness k; > 0, 1 <17 < N.
The same framework as in the foregoing sections is adopted, but the potential energy is
augmented with terms %k‘z(ll — 1;»)? (assuming that springs are at rest for [; = [;,). This
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Figure 2: Overhead crane with pendulum-like cable (elastic links).

model is close in spirit to the lumped-mass models developed in [6, 11], but nonlinearities are
considered here. It is also easy to add some viscous friction (linear spring-dashpot model)

c;l;, which is some kind of Rayleigh dissipation [3]. Remind that [ = (I3, ls,...,Iy)", one

has:
8Uelas
ol

= (ki(lh —lLiy), . kn(y —Ine)) T (137)
Thus (46) is changed to:

8T TT‘anS
(a) %% —Q,=F

(b) %6Tg‘;ns _ 8(Tt7-ans_(?gg_Uflew) _|_ C@e — Q@ — 0 (138)

OTirans oT _U« —Uttea—Uelas | _
\ (C) %Ttai - (iron: q(‘)lﬂ l )+CZZ_QZ_(F1707"'7O>T

with C; = diag(c¢;), the form of Cy = 0 depends on the choice of the coordinates.

Remark 3 (Linear chains) The overhead crane dynamics and control may be seen as an
extension of the linear chains dynamics and control [14, 15]: it is a nonlinear chain that is
much more complex than its linear counterpart, where (138) (a) and (b) are absent.

Remark 4 (Influence of flexibilities) The flexibility potential energy due to links’ elas-
ticity, does not fundamentally modify the system’s structure for control, as it does for instance
for flexible joint kinematic chains with triangular structure, rendering the system suitable for
tracking control via backstepping and passivity-based inputs, as proposed for the first time in
[12, 4]. It is noteworthy also that the triangular structure for flexible-joint chains is obtained
at the price of neglecting the kinetic energy of some parts, since otherwise the mass matriz
is “dense” [19]. As said above, joint flexibilities in the joints A; is not a reasonable mod-
elling assumption for most cables, since cables usually possess a very low bending stiffness.
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Moreover this does not seem to bring anything useful to the control problem (at least with
the chosen q).

From the above the Lagrange equations are (which are also given in [18, Equations (6) (7)
(8)] and [17, Equations (1) (2) (3)]):
( (a) (m~+mq)Z +my (ll cos(01)0; + sin(6y)ly + 20,6, cos(6,) — 1,62 sin(91)> =F

(b) m1l1 COS(@l)Zi' + mllfél -+ lel.lllél + mlgll sin(@l) =0 (139>

[ (¢) mysin(61)i + maly — mygcos(6r) — mili62 = Fy,

where Fj is the force exerted on the “cable” by some winding device mounted at joint Ay.
Property (3) can be checked. Here @ = (F}0, Fy)" and passivity holds with supply rate
w(Q, §) = Fi + Fil;. The mass matrix for ¢ = (z,01,11)" is:

m+my  mqlycos(0y) mysin(6f;) M.y Mo,
M) = {mibycos(@)  mul? o= (e M)
my sin(6;) 0 my 20101 i

with M, = m,. Following [16], if the coordinate is rearranged as ¢, = (z, )" and q,, = 01,
then:

m+my  mysin(6y) myly cos(6q) Mo Mo,
M(q) = ma Sin(el) mi 0 _ <M_|C_C 1 ]\21 1) ’ (141>
maqly cos(6q) 0 myl? zl 0, 01

with M9, = myly cos(6y), My, = myl3.

Remark 5 If instead of lumped-mass model we consider that the links are rigid bodies with
center of mass G; situated inside the segments A;A; 11, and with moments of inertia J;, then
the above developments have to be modified accordingly. Their kinetic energies are the sum of
the translational gravity centers energy T, = %miVGTZ, Ve, plus the rotational kinetic energies

102,

8 Single-pendulum in 3D operational space and vary-
ing links’ lengths

The angles notation are the classical ones, see [13, Figure 1] and [10, Fig. 1] and Figure 3.

The velocity of the payload mass at the link’s tip A; in the Galilean frame of reference is
given by:

i + Iy sin(0;) cos(6) + 1161 cos(0;) cos(fs) — 1y sin(6;) sin(6,)65
VAl = y -+ l‘l SiH(@Q) + llég COS(@Q) (142>
—11 cos(y) cos(Ba) 4 110, sin(6y) cos(0a) + 1105 cos(6y) sin(6s)
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Figure 3: 3D single-pendulum.

Let us now deduce the system’s kinetic energy which is the sum of the kinetic energy of
the cart and the kinetic enery of the point mass $m; V) Va,, from which M(q) in (150) is

derived, as follows:

T(q,q) = %mj:? + %mgf + %ml(y +1 sin(fs) + 110 cos(f))?

+3my (@ + Iy sin(61) cos(02) + 1101 cos(6;) cos(f) — 1y sin(6y) sin(62)6;)? (143)

—i—%ml(—l.l cos(671) cos(By) + 110y sin(6) cos(fa) + 1102 cos(01) sin(6y))?

The mass matrix is obtained by examining %%7 q = (x,1,01,02,11)", which yields:

M(q) =
(m+mq) 0 mily cos(61) cos(f2) —mylysin(6r) sin(62) mq sin(f;) cos(62)
0 (m+m;) 0 mily cos(6q) my sin(6s)
mily cos(6r) cos(02) 0 m1l3 cos?(0z) 0 0
—myly sin(f1) sin(62) maly cos(62) 0 myl3 0
my sin(6;) cos(62) my sin(fz) 0 0 my
(144)

The nonlinear inertial forces matrix in (150) which satisfies the skew-symmetry property
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L(M(q)) = C(q,q) + C" (g, q) is given by (row by row):
Cle(q,q) = (0,0, —myly sin(6y) 00_5(92)6’1 — myqly cos(6q) si_n(Qg)ég + my cos(6;) cos.(é’g)l'l,
—myly sin(6y) cos(0s)0y — myly sin(6y) sin(fy)ly — myly cos(0y) sin(6y)6;,
—my sin(6;) sin(6)0 + my cos(6y) cos(6,)6;)

Cae(q,G) = (0,0,0, —myly sin(2)0s + my cos(02)l1, my cos(6)6,) 812;

Cse(q,¢) = (0,0,m14 Cos_2(02)f1 — my 12 cos(0y) sin (), —my 13 sin(6) cos(6)61, (147)
myly cos®(63)6,)

Cua(q,4) = (0,0, myl; cos(6s) Sin(92)91, mlily, m11192) (148)

Cse(g.q) = (0,0, =muly 0082(92)91, —m1l192, 0) (149)

As above the coefficients can be obtained from the Christoffel’s symbols, or by computing

C(q,q)q = (%M(q)) ] — %a%q'TM(q)q and rearranging the terms in a suitable way so that

m;; = ¢i; + ¢j; for all 1 <4, 7 < 5. The single-pendulum 3D dynamics take the form:

p

(m 4+ mqy)@ + myly cos(@_l)‘ 608(92)91 —mily sin(ﬁ.l). sin((%)ég + my sin(6,) 098(92)3‘1—1—
+2my cos(61) cos(62)l161 — 2my sin(6r) sin(6)1161 — maly sin(6h) cos(6y)0?
—m111 sin(é’l) COS(QQ)Q% — 2m1l1 COS(Ql) sin(92)9102 = F1

(m —+ ml)y —+ m1l1 008(91)52 +my Sin(egﬂ.l -+ 2m1 COS(eg)jlég — mlll sm(92)9§ = FQ

maly cos(0y) cos(02)@ + myl2 cos®(02)0, + 2myly cos?(03)l10; — 2my 12 sin(0) cos(Gg)éléy
+mqgly sin(6) cos(fy) = 0

—mayly sin(6;) sin(6)i 4+ maly cos(02)ij + mal26, + mal? cos(0y) sin(62)6? + 2myly110,
+mygly cos(6y) sin(fy) = 0

my sin(6; ) cos(02) & + my sin(6s)y + myly —maly 0052(02)9% - mlllﬁg + mqg cos(6y) cos(6s)
= I
\

(150)
where ¢ = (x,,01,05,011)", Fy, Iy and F} are as above.

9 Double-pendulum in 3D operational space with vary-
ing links’ lengths and constant masses

The dynamics of this OC have been derived in [13, Equations (1)-(6)] and [10, Equations
(1)-(6)] in the case of constant links’” lengths. The angles notations follow [13, Figure 1] and
[10, Fig. 1]. When the links’ lengths vary, the joints’ centers A; and A, positions in a fixed
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Galilean frame of reference are given by:

Iy sin(6y) cos(6s)
A()Al = ll Sil’l(@g) (151)

—1y cos(0y) cos(6s)
where A is the attachment joint between the cable and the cart, and

lo sin(03) cos(6y)
A1A2 = lQ Sil’l(¢94> (152)

—ls cos(f3) cos(0y)

so that
x + 1y sin(6y) cos(0y) + Iy sin(f3) cos(6y)

OA2 = Yy —+ ll Sin(92) —+ l2 sin(94) (153)

—1y cos(by) cos(fz) — s cos(63) cos(6,)

The spherical joints” velocities at points A; and A, are given by:
i 4 Iy sin(6,) cos(6) + 110, cos(6;) cos(fy) — 1y sin(6;) sin(6;)0;
VAl = y -+ ll Sin<92) + llég COS(QQ) (154)

—ly cos(0y) cos(By) + 116 sin(6y) cos(6y) + 110 cos(6;) sin ()

and
i 4 Iy sin(6y) cos(6) + l1.9.1 cos(f1) cos(f2) — Iy sin(6r) sin(63)0y + Iy sin(63) cos(6y)
+l263 COS(63) COS(64) - 1264 Sin(gg) Sil’l(64)
Va, = U+ sin(fy) + 1,6+ cos(fy) + Iy sin(fy) + 150, cos(6y)

—l cos(6;) cos(6,) + l19:1 sin(6) cos(6s) + 119:2 cos(8y) sin(fy) — Iy cos(fs) cos(by)
+l293 Sin(83) COS(Q4) + l26)4 COS(Qg) sin(94)

(155)
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Thus the overhead crane system’s total kinetic energy is obtained as:
T(q,4) = Lmi?+ imy? + L[y + 1y sin(6s) + 1165 cos(6s))?
+img[d + I sin(6y) cos(63) + 110, cos(6;) cos(fa) — 1y sin(6;) sin(6;)6,]?
+3my [—11 cos(6y) cos(0y) + 11601 sin(0y) cos(6) + 116, cos(6y ) sin(6s)]?

+imold + 1 sin(0y) cos(6s) + 116, cos(6y) cos(fa) — 1165 sin(6y) sin(6s)

(156)
+1g sin(f3) cos(y) + 1205 cos(03) cos(0,) — lo0, sin(6,) sin(,)]?
—I—%mg [y + l.l sin(6’2) + llég COS(@Q) + l.2 sin(04) + l2é4 COS(04)]2
—l—%mg[—h cos(0y) cos(6) + 116 sin(6y) cos(63) + 1105 cos(6;) sin(6s)
—ly cos(6s) cos(8,) + lo03 sin(B3) cos(8y) + 120, cos(s) sin(6,)]?
The mass matrix is deduced by examining the term %—5, and it is calculated:
mi1(q) = m +my + mgy, miz(q) =0, miz(q) = (M1 + ma)ly cos(:) cos(bs),
mia(q) = —(my + ma)ly sin(6y) sin(s), mis(q) = mals cos(f3) cos(bay), (157)
mie(q) = —mals sin(0s) sin(fy), mi7(q) = (my + my) sin(6;) cos(62),
mlg(q) =My 8111(63) COS(64)

ma1(q) =0, maa(q) = m~+ my + ma, mas(q) =0, mas(q) = (mq + ma)ly cos(bs),
mas(q) = 0, mag(q) = mals cos(0y), maz(q) = (my 4+ ma) sin(fy), mag(q) = masin(b,)
(158)
ma1(q) = mas(q), msa(q) = mas(q) = 0, mass(q) = (M1 + ma)ly cos®(6s),
mz4(q) = 0, mss(q) = malily cos(0s) cos(0y) cos(6y — 03), (159)
m36(q) = mglllg SiH(&Qy) COS(GQ) sin(@l — 93), m37(q) = 0,
mgg(q) = m2l1 COS(94> COS(@Q) sin(83 — 91)

m41(Q) m14( ), m42(Q) m24( )7 m43(Q) = m34(q) =0, m44(Q) = (ml + m?)l%a
mys(q) = molyls sin(fy) cos(6y) sin(fs — 01), mas(q) = mylilysin(6y) sin(fs) sin(f3) sin(6,)
+malyla[cos(6s) cos(0y) + cos(6y) sin(By,) cos(fs) sin(fay)], maz(q) =0,
mys(q) = maly[cos(0s) sin(fy) — cos(y) sin(fs) cos(6; — 03)]

(160)

ms1(q) = mis(q), m52( )=m
mss(q) = m2l2 COS (94) 56(q

mss(q) = 0

( ) ( ) m35(q), m54(Q) = m45(q),

) ms7(q) = mals cos(6s) cos(6,) sin(6y — 03), (161)
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mm(Q) = m16(Q)7 mﬁz(Q) = mze‘(Q), m63(Q) = m36(‘]>7 m64(Q) = m46(Q)7 m65(Q) = m56(Q)7
mﬁﬁ(q) = mglg, m67(q) = m2l2[cos(94) sin(92) — sin(94) COS(QQ) COS(@I — 93)]7
mes(q) =0

(162)

m?l(Q) = ml?(Q)7 m72(Q) = m27( )7 m73(Q) m37( ), m74(Q) = m47(Q),
mzs(q) = ms7(q), mre(q) = mez(q), mrr(q) = my + ma, (163)
mrs(q) = me[sin(6s) sin(fy) + cos(h) cos(6y) cos(6y — 03)]

s3(q) = mas(q), msa(q) = mas(q), mss(q) = mss(q),

(164)
Then the Christoffel’s symbols can be used to compute the Coriolis/centrifugal nonlinear

Bmw om;. . 3mkj
gy, 0q; 9g;

[3, Lemma 6.16]. The matrix C'(q, ¢) has 64 components and each component 7j is calculated
with 8 symbols I';;%, each symbol involves the calculation of 3 partial derivatives: the overall

matrix’ calculation therefore involves 64x8x3=1536 terms of the form 867’; :

inertial generalized forces, as C'(q, §) = (Zk 1 zngk) where T = 3 <

Ce(g:q) = (0, 0, c13 = (ma + mo) [~y sin(61) cos(62)61 — Iy cos(6:) sin(6)02 + cos(61) cos(Qg)ll)] ,
c14 = —(my + my)[ly cos(by) sm(92)91 + sin(6;) 31n(92)l1 + [y sin(6y) 005(92) 5]
c15 = ma|—Iy sin(f3) cos(04)63 — Iy cos(03) 8111(94)94 + cos(03) 005(64)12] :
16 = —my|ly cos(B3) sin(Ay)Bs + Iy sin(fs) cos(64)0, + sin(fs) sin(6,)ls] ,
ci7 = (ma + mo)[cos(6h) cos(6,)6y — sin(0y) sin(62)0s] , 15 = ma[cos(03) cos(6,)65
— sin(63) sin(Ay)64])
(165)

Coe(q,q) = (0, 0, 0, cog = (mq +ma)[—1 s1n(¢92)92 + 005(92)l 1, 0, co6 = —maly sin(94)94
+1my COS(04)12, cor = (my + msy) 008(92)02 , C28 = Mo 008(94)94)
(166)

Cse(q,q) = (0, 0, c33 = —(m1 +ma)li cos(fs) sin(6)0> + 5 L(my + my) cos®(62)1; _
C34 — (m1 + m2)11 COS(QQ) Sln(02)02 , C35 = m2l1l2 COS(QQ) COS(QQ) 8111(91 ‘93)93
—mylyly cos(fy) sin(6y) cos(0y — 03)94 + maly 008(92) cos(fy) cos(0; — 03)l2 ,
C36 = é(mg my)lils cos(6y) sin(6y) sin(63) sm(94)92
—malyly cos(fy) sin(fy) cos(0; — 93)93 + malyls cos(6y) cos(62) sin(91 63)94
+myly sin(8y) cos(6) sin(0; — 03)ly , 57 = +(my 4+ my) cos 2(0,)0,
C3s = Maly cos(0y) cos(0,) cos(0y — 05)05 + maly sin(6,) cos(6y) sin(6; — 65)0,)

(167)
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C4o(q> Q) =

C5O(Q7 Q) =

C6O(q7 Q) =

(0, 0, c43 = (mq + my)ly cos(6s) 3111(92)02 , Cag = m(1+ma)lily

a5 = malyly sin(By,) cos(6ay) cos(f; — «93)93 — malyls sin(fy) sin(fy) sin(63) cos(@l)Q

+mdma g g sin(6;) sin(6s) cos(63) sin(64)04 + moaly sm(@z) cos(6y) sin(Bs — 0,)l,

Cag = m1+m2l1l2 cos(6;) sin(6s) sm(93) sm(94)91 + mll Iy sin(6y) sin(6s) cos(03) sm(94)0

—3mylyly sin(6,) sin(fy) sin(f3 — 01)0s + maly 1 8111(91) sin(f) sin(63) cos(64)0,

—miglyly cos(0) sin(0,)604 + molyls cos(b1) sin(62) cos(6s) cos(64)6,

+15721; sin(6,) sin(6s) sin(6) sin(6,)l, + mEm2 [ sin(6y) sin(fs) sin(61) sin(63)ls

+m211 cos(fs) 008(94)l2 + maly cos(6) sm(ﬁg) cos(f3) sm((94)l2 , Car = (mq +ma)ly 0,

+ M52 [y sin(6y) sin(6;) sin(6,) sm(93)94 . Cas = maly cos(6) cos(6,)0,

—|—m2l1 sin(6y) sin(6y) cos(6;) cos(63)04 + mEm2 1, sin(6) sin(6;) sin(6s) sin(64)64)
(168)

(0, 0, c53 = —malyly cos(6y) cos(by) sin(f; — 63)91 — malyly sin(6y) cos(6,) cos(br — 93)92
+myly cos(6y) cos(8y) cos(By — 05)ly,

Cs4 = —mMalyly sin(fy) cos(y) cos(0y — 93)91 + molyls cos(6s) cos(6y) sin(fs — 61)92
+m25 Iy sin (6, ) sin(6y) sin(6y) cos(0s)0y + maly sin(6y) cos(6,) sin(fs — 61)1;

Cs5 = —mal3 cos(0y) sin(04)04 + maly cos?(04)ly ,

a6 = "5 11y sin(6;) sin(6y) cos(0s) sin(91)92 — mpl? cos(fy) sin(94)93 ,

Cs7 = Mmaly cos(0y) cos(0y) cos(y — 03)0; — maly sin(6y) cos(0y) sin(0; — 05)0s

Css = —maly cos?(04)03)

(169)

(0, 0, cg3 = malylsysin(fy) cos(6y) cos(fy — 03)91 — malyly sin(fy) sin(6fy) sin(6;) 008(03)92
+3(mi 4+ ma)lils cos(6;) sin(6s) sin(63) sin(0,)0s + mals sin(6y) cos(0s) sin(6y — 03)l; |
Coa = —Malyly sin(6fy) sin(hy) cos(6s) sin(Qg)él + ml;””?lll? cos(f;) sin(6s) sin(6s) sin(94)91
+mylyly sin(6y) cos(s) sin(6s) sm(94)92 malyls sin(6s) 008(94)92

+malyls cos(6y) cos(6s) cos(f3) sm(64)02 + #5721 o sin(f) sin(04) cos(0s) sin(6; )05
+1maly cos(0;) sin(6s) cos(03) sin(faq)l; + m2l2 cos(6y) cos(64)l;

—i—m1+m2 l5 sin(6y,) sin(6f) sin(6;) sin(ég)il + M52 sin (6 ) sin(6s) sin(93) sin(94)ig ,
ces = 5721y sin(6s) sin(6s) cos(63) sm(01)92 + myl? cos(6y) sin(6,)05

Co6 = m212l2 , Cer = Miala cos(fy) 8111(84) sin(f; — 83)91 + maly cos(6y) 608(92)92

+1mily cos(0;) sin(fs) cos(fs) sin(6,)0 + mEm2 1, sin(fy) sin(6s) sin(6;) sin(63)6,

Cer = Mialy cos(fyy) sin(fy) sin(6y — 93)91 + maly cos(6y) cos(9)92

+maly cos(61) sin(2) cos(63) sin(6,)0; + mrmal, sin(6y) sin(6s) sin(61) sin(63)0 |

Cos = Malafy + ™= 5211 sin(fy) sin(6;) 5111(01) sin(03)6,)

(170)
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Cre(g:4) = (0, 0, cr3 = —5(my +my) cos2(6)61, Cra = —(mq1 + ma)l16s
— m1§m2 Iy sin(94> Sin(QQ) sin(é’l) Sin(93)04,
Cr5 = —Maly cos(0a) cos(ba) cos(br — 03)03 — maly cos(fa) sin(ba) sin(6r — 03)6s
+mg cos(0y) cos(0y) sin(0y — O4)ls , c76 = M2t [, sin 0,) sm( 5) sin(6) sin(63)6,
)

s
(
—m2l2 COS(QQ) Sin(94> sin(91 — 03)93 — m212 sin(94) Sil’l(¢92>94
—1migly cos(6y) cos(6s) cos(6; — 05)0, + my cos(8,) sin(6s)ls
—meg sin(6y) cos(fy) cos(0; — 93)i2 , cr7 =0, 78 = Mg cos(fy) cos(0,) sin(0; — 93)93
—my cos(0s) sin(8y) cos(6; — 05)0,)
(171)

Cse(q,4) = (0, 0, cg3 = —mgaly cos(by) 008(9_2) cos(fy — 03)91 — megly cos(6y) sin(6s) sin.(93 — 91)92
+mg cos(6y) cos(0s) sin(fs — 01)l1, csa = maly cos(fy) sin(by) sin(6y — 05)6,
—mgly sin(6s) sin(04)92 maly cos(0s) cos(6) cos(0; — 05)0, + #2t ] sin(6,) sin(6,)
sin(fa,) sin(6)0, 4 ma cos(6s) sin(6,)l; — ms cos(y) sin(6s) cos(91 —05)l4,
Cs5 = Maly COS (94)63 ,Cg6 = "5 Sln<(94) sin(fy) sin(63) sm(91)92 Malafy
cg7 = —Mmg cos () cos(6y) S1n(91 05)0; + My cos(6s) sin(64)6;
—my cos(0,) sin(fy) cos(fy — 05)0, , cgs = 0)

(172)
It can be checked that each term satisfies 7;; = ¢;; + ¢;;. The Lagrange dynamics are then
complete by adding forces that derive from a potential (gravity, elasticity) and nonconser-
vative forces (like torque inputs).

Remark 6 [t would be good to extend these calculations to the case where the payload mass
point is replaced by a rigid body modeling a container or else. Then three orientation angles
have to be added in the generalized coordinates, the FEuler or the Bryan angles could be
suitable. However the system then has 11 degrees of freedom and the above calculations,
especially those for C(q,q), become very lengthy and cumbersome. The first step would
be to calculate the kinetic energy, then the 11x 11 mass matriz, which are two reasonable
steps. Some formal calculation tool for the Christoffel’s symbols (5) seem mandatory to
avoid calculating by hand 3 x 113 = 3993 partial derivatives like m”
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