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of overhead cranes in 2D operational space

Bernard Brogliato*

May 20, 2022

Abstract

In this report the Lagrange dynamics of overhead cranes is analyzed, in the partic-
ular 2D (two-dimensional) operating space.

1 Generalities on Modeling Aspects

Models can be classified according to different criteria: linear vs nonlinear, finite-dimensional
vs infinite-dimensional (PDEs), control-design oriented vs numerical-simulation oriented, 2D
operating space vs 3D operating space, etc. In this report we shall focus on 2D operational
space models, and we shall provide a detailed study of a lumped-mass Lagrangian model
of the cable. In spite of the fact that several toolboxes allow to derive automatically (or
numerically) the dynamics of such multibody systems, it is of interest to obtain a deeper
understanding of their structure and properties, to pave the way for control design and
stability analysis.

1.1 Models for Control

For control-design purposes two main classes have been used so far:

1. Finite-dimensional models with very few degrees-of-freedom (dof), hence tractable for
control design and analysis: trolley + multibody-like pendulum, where the pendulum
is a series kinematic chain made of rigid links with joints (revolute or spherical), in a
multibody system framework. In the Automatic Control literature, the pendulum has
one, or two dof, rarely more. They may be nonlinear (Coriolis and centrifugal torques,
gravity torques) or linearized around the vertical posture of the cable (in which case
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linear modes can be computed easily and used for control tuning purposes). It seems
that few subclasses have emerged in the Automatic Control literature (this list is not
exhaustive):

2D operating space,
3D operating space,

Single-cable cranes,

Fixed-length links,

)
)
)

d) Multiple-cable cranes,
)
) Variable-length links, with or without control of the length coordinate,
)

With or without stiffnesses (at joints, or inside the links) which correspond to
various potential functions.

It has to be stressed that not all of these may be suitable for a multibody-system
modeling approach.

2. Infinite-dimensional models (which correspond to a coupling ODE+PDE): trolley +
flexible cable. The cable may be represented by a linear wave equation, valid in a
neighborhood of the cable’s vertical posture (i.e., small angles and small transversal
displacement) [6, 7, 8]. These are strongly related to finite-element models, which
are necessary for the control implementation and for simulation. However, while the
continuous-time studies seem tp be restricted to linear systems (PDE), many FEM
models yield nonlinear systems, though not Lagrangian dynamics [23].

It is noteworthy that the models for control, are either nonlinear and with few dof (typically
less than 5), or linear and infinite dimensional. The first class is the most used in the
Automatic Control literature, by far, see, e.q., [9, 24, 25, 26, 27, 28] to cite very few references.

As made clear later, and as a known fact, controlling overhead cranes efficiently, necessarily
implies to take into account and use the inertial and dynamical couplings between the state
variables, because of their strong underactuation. It is therefore quite useful to characterize
rigorously these couplings.

1.2 Models for Simulation

For the sake of numerical simulation (in order to settle numerical benchmark tests for ro-
bustness analysis), one finds:

1. Finite-element-like approximations of PDEs: Rayleigh-Ritz approach, the ALE-ANCF
approach [13, 12], see also [23, 17]. These yield multibody-like dynamics, however not
Lagrange dynamics but rather some kind of quasi-Lagrange systems. Very few works



have used FEM models to design feedback control for overhead cranes, among these
we find [11, 10, 30, 15, 14] for bridge’s cables with significant sag, or [6, 8] for the FEM
of the string model. The FEM dynamics derived in [23] looks promising for control
design, as it combines both the advantages of multibody systems models with global
nonlinearities (large rotations) and of FEM dynamics which are local in nature.

2. Finite-dimensional multibody models of trolley+pendulum with a very large number
of pendulum dof (thus a priori untractable for control design).

The boundaries between these two big classes is, of course, never frozen, as new controller
design may emerge that use more complex cable’s models.

1.3 Disturbances, Uncertainties, Neglected Dynamics

An unwanted effect may be considered as a disturbance, or as being part of the model for
control design. In addition to cable flexibilities, other effects considered as disturbances can
be incorporated in any of the above for control design or in the numerical benchmarks:

1. Disturbances:

Coulomb-like friction between the trolley and the rails,

(a
(b
(c
(d

mechanical play (static or dynamic backlash),

measurement noise (sensors),

~— — ~—

uncertain parameters (inertial parameters),

2. Large parameters variations (e.g., switching between heavy-payload and payload-free
subtasks),

3. Neglected dynamics:

(a) actuators dynamics,

(b) cable flexibilities (for pendulum-like models),

(c¢) multiple cables vs single cable (kinematics at the payload attachment),
)

(d) 3D effects (for 2D designs), like payload rotations involving nonlinear inertial
torques.

1.4 Lagrange Dynamics in Finite Dimensions

Let a mechanical system with n degrees of freedom be given, let ¢ € IR" be the vector of its
generalised coordinates. The Lagrange equations are given as:

L= 22=0Q (1)



where L(q,q) is the Lagrangian function, L(q,q) = T(q,q4) — U(q), T'(¢q,q) is the system’s
kinetic energy, U(q) is its potential energy, ) is the vector of generalized forces (that perform
work on the coordinate ¢). It is assumed that ¢ is minimal, which means that there are no
redundant coordinates, and (1) describes the system’s dynamics without the need to add any
equality (bilateral) holonomic constraints. Usually it is much easier to write the dynamics
with redundant coordinates, and adding bilateral constraints that represent the joints. As
is well-known [2], the Lagrange dynamics can be rewritten as:

M(q)G + Cla.4)q + g(a) = Q (2)
where: M(q) = M7 (g) = 0 is the mass matrix, or inertia matrix (it may be just 3= 0),
C(q,q4)q contains centrifugal and Coriolis nonlinear generalised forces, g(q) = %—Z is the

vector of forces that derive from a potential (gravity, elasticity, etc). The next property is
also well-known (since at least the 1980s in the Automatic Control and the Robotics scientific
communities):

Property 1 The matriz C(q, ), when written with the so-called Christoffel’s symbols®, ver-
ifies

M(q,4) = Clg,4) + CT(q,4) < M(g,q) —2C(q,q) is skew-symmetric, (3)

where M(q,q') is the matriz obtained from M (q) by differentiating each one of its entries
with respect to time.

Property (3) is a key property for the design of passivity-based controllers [2], it implies
passivity but it is not implied by passivity. Another fundamental property is that the
system (1), seen as an input/output operator () — ¢, and under a boundedness condition
on the potential energy, is passive, i.e., V(q(t),q(t)) — V(q(0),¢(0)) < fg Q" (s)j(s)ds along
the trajectories of the system, and where V' (q,q) = T(q,q) + U(q) is the total mechanical
energy.

Remark 1 In this manuscript we focus mainly on the calculation of the mass matriz M(q).
The Coriolis/centrifugal forces can be deduced from it using the classical Christoffel’s symbols

as C(q,q) = >, Uijidr),;, where U'yjp = : (657;: + ag;;’“ — ag:f) [2, Lemma 6.16]. In spite

of the fact that such calculations may not be straightforward in general, they are doable.

1.5 Main Specific Features for Control Design and Analysis

Some essential and specific properties of the overhead crane dynamics are the following ones:

ndeed there is a general not a unique way to write the matrix C(q, ) in C(q, ¢)q.



1. Underactuation: the degree of underactuation d,,.. is equal to the number of dof,
minus the number of independent torque inputs. In cranes like in Figure 1, there are
142N (2D case with varying lengths), or 14+ N (2D case with fixed lengths), or 243N
(3D case with varying lengths) or 2 4+ 2N (3D with fixed lengths) degrees of freedom.
The number of independent inputs varies from 1 (trolley controller) to 3 (trolley and
length controllers). Thus dy. is usually very large.

2. Passivity: the passive outputs usually do not correspond to the output to be con-
troller, mainly due to the noncollocation. A passive mapping can be recovered by
defining another suitable output function [18, 5].

3. Input collocation or noncollocation: the control input usually is the force applied
to the trolley, hence only the trolley’s state yields a collocated input. Usually it is
desired to control the cable’s tip (or the payload mounted at the cable’s tip), which
yields a noncollocated input.

4. High flexibility: cables are highly flexible systems, different from beams since their
bending flexibility is very large.

5. Links with variable length: though this is not very often considered in the overhead
crane control literature, using the cable’s length in the control design may be of great
help. This is used in robotic systems involving cables [18].

All these features render the control problem hard, and make it necessary to use dynamical
couplings for control design.

2 Rigid Links with Varying Length (2D Operating Space)

Let us consider a system as in Figures 1 or 2. This is an overhead crane with a finite-
dimensional approximation of a cable, made of N rigid links (a series kinematic chain with
pivot joints, N = 3 in the figure). The basic assumptions are:

1. Each rigid link is assumed here to possess a varying length [;(¢). Indeed links may
possess some longitudinal stiffness (see section 7), or be assumed perfectly rigid but
with some winch mechanism (it could be assumed that at least [; is acted upon by a
control input, realised with some winding devices at Ay).

2. Links are massless, the masses are lumped at the joints, that one may name nodes
(points A;, 1 <i < N).

3. The trolley has mass m > 0 and is acted upon by a force F(¢), that may be a control
input.
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Figure 1: Overhead crane with pendulum-like cable (controlled links’ lengths).

4. The payload has mass my > 0, each node has a mass m; > 0.

5. Since cables, contrarily to beams, usually have negligible bending stiffness, there is no
angular springs at the joints, or these stiffnesses are very small.

6. Sagging (static) effects are neglected, contrarily to cable models for cable-cars in which
they are a prominent effect.

7. Sometimes it may be justified to assume that the payload mass my is much bigger
than the nodes A; masses (said otherwise, the cable’s mass is much smaller than the
payload mass), so that the latter may be taken equal to zero in the dynamics [5, 18].
This is particularly true for cranes carrying very large payloads of several tenths of
tons.

Remark 2 A slightly more general model of rigid links modelled as rigid slender rods may
be considered. Rotational kinetic energies %Jz(t)ef, 1 <i <N, add terms J;(t)0; + Ji(t)6;
in the Lagrange dynamics. They modify the matriz Mye(q) and the nonlinear terms. If
Ji(t) = J;(I(t)), then J;(1)6; + %‘ZIZ 1,0; have to be considered. However multibody approaches
may not be suitable for modelling variable length cables with winding mechanism at Ag.

Let us derive kinetic energies and potential energy. The Lagrange equations cannot be
written explicitly in the general case (i.e., N > 2) since the many couplings make it quite



cumbersome to write expressions for the Coriolis and centrifugal nonlinearities. This may
be the reason why such pendulum-like models are limited to N = 1 and N = 2 in the
Automatic Control literature. However some properties can be deduced from energies. In
the general case with varying lengths, the system has 2N + 1 degrees of freedom, and the
chosen generalised coordinates vector is ¢ = (x,01,...,0n,11,...,Ix)" € RN

3 Kinetic energies

e Kinetic energy of the trolley:

1
Tiror = §mx2 (4>
so that 18T
trol .
o =M (5)

e Translational kinetic energy of each point-mass m;: let the translational velocity of
point A; be denoted as V4, € IR* in the (O,x,y,2) Galilean frame. For instance, OA; =
x + [y sin(6;)
—lycos(fy) | where OAy = (x(),0,0)". Thus

0
T + llél COS(@l) + il Sin(el)
Va, = 1101 sin(01) — 11 cos(6)
0
T ~ [cos(0h) [ sin(6h) (6)
= 0 + l191 sin(@l) + ll - cos(@l) R
0 0 0
xr + ll Sin(91) + lg Sin(01 + 92)
and OAy = | —lycos(0y) —lacos(by +62) |, ie.,
0
fy ~ [cos(0h) [ sin(6y)
VA2 = 0 -+ l101 sin(@l) -+ ll - COS(¢91>
0 0 0 (7)
~ [cos(t; + 02) [ sin(0) +6)
+lz(¢91 + 62) sin(@l + (92) + lQ - COS(91 + (92)
0 0



Similarly:

by cos(6y) sin(6;)
Vi, = (0] +06, | sin(6y) | +11 | —cos(6y)
0 0 0
~ fcos(0y + 02) ' sin(6; + 05)
+l2(91 + 92) sin(91 + 92) + 12 - 008(91 + (92) (8)
0 0
) ) COS(@l + @2 + 63) . sin(91 + 92 + 93)
+l3(91 + 92 + 93) sin(@l + 92 + 03) -+ l3 — COS(Ql + 492 + 03)
0 0

Clearly there is a recursive structure for linear velocities of joints nodes A;:

i e U (25:1 91’) cos (Zle Qﬁ') S lesin(3F ;)
Va, = 0] + S I (Z?Zl (9]) sin (Z?ﬂ 6]'> + | =k COS(Z?:I 0;) 9)

0
0 0
The translational kinetic energy of each point mass A; is Ty, = %miVATi Vi,

Ty, = 3m (x 30 (Z?Zl 0]> cos (Z?Zl 9j> + 1, sin(zg?:l Gj)>2

, . . 2
+%mi (ZZ:1 lk (Z?:l 9]‘) sin (Z?:l ej) — COS(Z?:I 0]’))
and the total translational kinetic energy of all mass-points is:
. . . 2
Tirans = 3 2inq M <$ + D hm bk <Zf:1 9;‘) cos (Zle 9]-) +ipsin(h 9]-))
(11)
1 N i koo o k ; k 2
5D i M (Zk:l Ik (Zj:l ‘93') sin (Zj:l 9]’) — I COS(Zj:l 93‘)) .

Therefore the total kinetic energy of the system is

T(Qv Q) = Ttrol + ﬂrans- (12)

4 Lagrange Dynamics of Overhead Cranes in 2D Op-
erating Spaces

In this manuscript the mass matrix is denoted as:

Mao(q)  Maoi(q) 142N) % (142N
M(q) = (Mlxi?(il]) Mzi(‘f)) < R " ! (13)

8



with Mug(q) € RN Api(q) € RMN, Mogi(q) = M ,(q) € RYFY*N 1t is also
possible to go a step further with:

~ (Mao(q) Mao(q)
Maolq) = <MJ9(61) MeZ(Q)) (14)

with Mw(q) € B, Mzg(q) € RlXN, M@g(q) c RNXN.

This expression of the mass matriz corresponds to the choice of the generalized coordinates
as q = (2,01,...,0n,01,...,In)" € IR*MTL. Other choices can be made, like those splitting
the coordinates into actuated q, and nonactuated ones ¢,q, which is a classical way of doing
in the Control literature [22].

d oT
4.1 Calculation of & 07

This is the term that allows us to derive the mass matrix.

. d oT
4.1.1 Calculation of =55

Let us examine gT = 8?;‘” + aT““xa"“ =mi + aT““;"* and:

aTtmns Zmz (lek <29> (Ze) + Iy sin jzi;ej)) (15)

The derivative jtaTg“;”s gives the expression for the first row (and the first column by sym-

metry) of the mass matrix M (q), with couplings between i, [, and angles acceleration 6.
Remark 3 Let M =1, then from (15):

ajjmms . A .
c;x' =my (:c + 1161 cos (61) + 14 sm(91)) (16)
from which
%% = m (a: + 1160y cos(6) + 110, cos(6) — 1,02 sin(6y) + 11 sin(6y) + 1,6, cos(@ﬂ)
(17)

In the general case from (15):

iaTtrans — N

N s Sk <Z 0; > cos (Zle 9j> + Iy (Zf L 0; ) cos <Zf:1 9j>
(18)
—ly, <Zf:19 ) sin <Zf:1 9j>

+ 3 e iy lesin(S0)_ 05) + (0 05) cos (320, 67))

9



and 490 — mg 4 4 ians  Both (17) and (18) show the couplings between #, 0; and I, i.e.,

off-diagonal entrles of the first row (and first column by symmetry) of the mass matrix. Let
us derive the form of the first row of the mass matrix using (18). Clearly:

my (q) = m + Z m; (19)

e For 2 <p < N+ 1 (the factor of ép,l in the first row of the mass matrix):

mip(q Z m; Z [y cos Z (20)

p—1 k=p—1

In particular the factor of Ay is equal to myn+1)(q) = myly cos(z:jy:1 6,), and the factor of

6y is equal to mia(q) = Som, mi Yok, Ik COS(Z?Zl g;).
e For N +2 < p <2N +1 (the factor of [,_y_; in the first row of the mass matrix):

mip(q) = | Z my; sin( _Z:_ 6,), (21)

In particular the factor of Iy (i.e., p=2N + 1) is equal to myan41)(q) = my sin(ZéV:l g,),
and the factor of [; (i.e., p = N + 2) is equal to mi+2)(q) = SN mysin(6y). Tt appears

clearly from (21) that the inertial couplings between Z and [ are weak in a neighborhood of
the cable’s vertical posture where angles are small and sin(6;) ~ 6;.

Small angles: If the cable stays in a neighborhood of the vertical position (the y axis),
thus very small angles, we may consider sin(6;) = 0;, and cos(6;) = 1, and same for the sums.
Then (18) simplifies to:

%% = sz\il m;T + sz\il m; Zz;:l lk (Z?:l 9]) + i (Z?:l 9])
(22)

N2 .
1 (1 03) (3000 65) + 0 e iy (2 0) + (2, 6))
Comment: even if angles approach zero, couplings in the Coriolis/centrifugal nonlinearities

are kept through the velocity terms [,6;. This is not the case if lengths are constant. If we
further take 6, = 0 (a zero-order tangent linearisation):

%Mgfns - sz\il miT + sz\il m; 22:1 lk (Z?:l 9J> + I (Z?:l 93) + lk(Zf:l 9]) (23>

10



Small angles and large payload mass: If furthermore my =>> m;, then:

%aTtaT;M = mNT + my Zszl lk’ (Z?:l 9]’) + I (Z?:l 9]) + lk’(Zf:l 93) (24)

It happens from both (21) and (24) that the coupling with [, disappears in this case (heavy
payload, small deviation from the vertical axis with zero order approximation). In case of
first order approximation these couplings are proportional to #;. But the [,6; terms are still
present.

4.1.2 Calculation of 4 8T, 1<n<N

dt 96,,
Let us calculate now gTT = %, 1<n<N.

BT#:M = Zfil m; <x + 22:1 Lk <Z?:1 93) cos (Z?:l Hj) + I SiH(Zle 9]’))
e {22:1 bk <Zf:1 9;‘) cos (Zle 9j> +lsin(3) 9]-)}

+ 3, m (2221 i (Zle 93’) sin <Z§:1 9j> —lrcos(35, 9j)>
) b (S ) sin (3250 65) = licos(2)-, 607)}
Remark 4 If N =1 then (25) becomes:
BT#Z"S =my <x + 1,6, cos (01) + I sin(&l)) 8%1 {1191 cos (01) + 1'191)}
+my (llél sin (01) — A Cos(<91)> 8%1 {llél sin (0;) — A cos(@l)}

=my (x + 140, cos (0y) + I sin(01)> [1 cos (0y) (26)
+my (llél sin (91) - il COS(91>) ll sin (01)

= mlll 008(91):1':' + mllfél
From (26):
i aﬂrans
dt 96,
Let us start with
o iy (s 65) cos(S_,05) + lsin(X4, 6)) |
= % {22:1 Lk <Z§:1 9]‘) COS(Z?:l 0]‘)}
i ) 28
= Y b (41 6)) cos(5, 6)) (28)
_ { > b cos(z:f:1 0;,) if i>n

0 if i<n

= m1l1 COS(Ql)i' + mlil COS(@l)j} - mlllél sin(@l)x' + 2m1l1Z191 -+ mllfﬁl (27)

11



and
Tt (S5 0) im0 — cos( 5100}
-2 {ZZ Ll (Z’? 9'.> sin(YF, 9].)}
— Zk 1 I -2 o6, <Z] 1 0. ) SID(Z§:1 0;) (29)
— { g:k:n Lk sm(Zj:1 0;) if i>n

if 1<n
Thus:

W#‘Zm = sz\in m; (x + 22:1 Uk (Zle 0]) cos (Z?Zl 0, > + 1, sm(z )> Zk Uk cos(zg‘le 6;)
0 my (S b (X065 ) sin (251 65) = ecos(3)_,6) ) i, besin(32) 4 6))

(30)
Then from (30) it is inferred:

40 = SN g (i iy e (X006 ) cos(0h, 67) + i (0065 ) cos(0, 6)
—l; <Z?:1 9j>2 sin(305_, 05) + lesin(35_, 05) + (35, 65) cos(X5, 9j))
X Y e cos(Y)_, 6;)

S
I
>

N—
Q
@}
wn

—

v}

it
>
N~—

P (S (S ) (Sl )+ (S

i (252 0 ) sin(20, 05) — G cos(S25_, 05) + (S5, 65) sin(, 65) )
X Do b sin(325, 60))

2 m (Che e (X0 65) sin (02, 65) = licos(S)_,0)))
XY lesin(SoE L 0) + (35 0;) cos(327 ;)
(31)
e The entry m(i4n)1(¢) in the mass matrix (which multiplies & in the row corresponding to
0,,, and is thus an entry of M,(q) in (14)) is

M(14n)1 Z m; Z [}, cos Z (32)

i=n

For n =1 we get mg(q) = S0 my Yooy I cos.(z:f:1 6,), which is equal to mi5(q) in (20).

And so on by symmetry of the mass matrix for n > 2.

12



e The entry m(14n),(¢), 2 < p < N 4 1 which corresponds to ép_l in the mass matrix’ row
M11n)e(q) of 6, (in the submatrix Mgy(q) in (14)) is given by:

N k i k
M(14n)p(q) = Z m; Z ly {cos Z Zlk cos Z ) + sin Z@-)(Zlk sin(z 6,))
j=1 k=n 7j=1

i=max(n,p—1) k=p—1
(33)
This is equal to my14,)(¢) by symmetry of M(q). In the case N = 2, it can be checked that
(33) gives the expressions for maa(q), mas(q) and mss(q) in (139) and (140), respectively.
The proof proceeds from examination of the terms in (31) that contain angle accelerations
in the row n + 1, M(,11y.(q), and are equal to:

S, mi {Zk 1 lecos(3251 07) (3250 07) (i b cos(327, 67)

i R . (34)
o Shs lesin(0 05) (2, ) (i, esin(X, 07))

Factorizing inside the term between brackets inside the summation in (34):

sz\in mi D g
Loy )l eos(4, ) + s, ) fesin(, )} (55, )
o | (35)
Due to the last summation Zle 0;, 6, appears in all the terms of the sum ), _,, hence in
all the terms of the sum Ziin m; for any 1 < n < N. Hence for all 1 < n < N, the term
multiplying 6; is equal to

k k k i k
M(14n)2 Zlelk {cos ZHJ Zlk cos 2«9] + sin ZHJ)(Z lksin(zej))} ,
i=n j=1 J=1 J=1 k=n j=1

) (36)
where it is noted that max(n,1) = n. Consider now 6. It does not appear for k = 1 in
the summation Z 6, in (35), and it appears in all the terms of the summation 3;_,,

provided that ¢ > 2. Hence for all 2 < n < N the term multiplying éQ is equal to

M(14n)3 Z m; Z I {COS(Z 6;) Z I}, cos Z 6,)) + sm(z Hj)(z I sin(z Hj))} :

i=n Jj=1 k=n j=1

or we may write that for all 1 <n < N:

M(14n)3(q) = Z m; Zlk {COS ZHJ Zlk cos Zﬁj + sm(z Hj)(Zlk sin(z (9]-))},

i=max(n,2) Jj=1 Jj=1 Jj=1 k=n J=1

13
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Consider now the entry of the (1+n)th row M1 ,e(¢), which multiplies 0, 1i.c., M(14n)(14p) (Q):
6, appears in Z?Zl g; only if K > p =14 > p. Thus for p <n < N:

k i k
M(14n)(pt+1) (¢ Z m; Z Iy {COS Z Z l); cos Z ) + sin Z Gj)(z L sin(z Qj))} :
j=1 k=n

j=1
or equivalently for all 1 <n < N:

k k k i k
M(14n)(p+1)(¢) = Z m; Z Iy {cos Z 6;) Z I, cos Z 6;)) + sin Z 03'>(Z Iy sin(z 6]-))} .
J=1 Jj=1 k=n j=1

i=max(n,p) Jj=1

The acceleration fy in (34) appears in the summation (34) only once in Zle 6, for k =
N, hence for i = N, therefore the entries of the last column of Myy(gq), which is part of
M,4+ny(q), are equal to (in this case max(n,p) = max(n, N) = N):

N N N N k
M(14n)1+N) () = myly {cos Z 6;) Z [}, cos Z 6,)) + sin Z Hj)(z I sin(z Gj))}
j=1 J=1 j=1 k=n Jj=1

for 1<n<N. Forn=N:

N N N N

may vy (q) = mal% {COS(Z 0;)cos(Y_0;) +sin()_6;)sin() @)} = myl%.  (38)

J=1 J=1 J=1 J=1

This is in agreement with ms3(q) = mss in (140). The other diagonal terms of Myy(q) are
equal to:

k k k i k
M(14n) (n+1) ZmZZlk {cos 29] Zlk cos ZQJ + sin Z@)(Zlk sin(z 9]-))} ,
i=n j=1 Jj=1 j=1 k=n j=1

since max(n,n) = n.

e The entry m1n)y(q), N+2 < p < 2N +1 which corresponds to ZP,N,l in the mass matrix’
row of 6, is given by:

N p—N—-1 9 k p—N—1 7 k
M(14+n)p(q) = Z { ( Z ) Zlk coS ZGJ — cos ( Z ) Zlk sin ZHJ }
i=max(n,p—N—1) j=1 k=n j=1 j=1 k=n j=1
(39)
For the case N = 2, (39) gives ma4(q), mas(q) and ms4(q), mss(q) in (139) and (140). For
instance mss(q) is obtained from (39) setting n = 2 and p = 5, hence max(n,p — N —
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1) = 2 and mas(q) = mq (sin(01 + 02)l cos(6y + 03) — cos(6y + O)lysin(0 + 02)) = 0. Let us
examine the terms in (31) which contain lengths accelerations lj:

Z m; Z {sin(z 6;) Z I cos( Z — cos( Z 6;) Z L sin(z Qj)} I (40)

The acceleration [ appears in all the summations 2221 so that

i k
M(14n)(N+2)( Z m; {sm (01) Z I}, cos Z ;) — cos(6) Z Iy, sin(z Qj)} )
k=n j=

Next, l» appears in all summations with 7 > 2, hence:
N 2 i k 2 k
M(14n)(N+3)(Q) = Z m; {sin(z 6;) Zlk COS(Z 6;) — cos ZGJ Z [}, sin Z 6;) }
max(n,2) j

and so on for the terms lk, 3 <k < N, from which (39) follows.

Therefore from sections 4.1.1 and 4.1.2 a complete characterization of the submatrices My,
Mg, Mg is obtained in the general case.

Large payload mass: Let us assume that my >> m,, 1 < n < N (the cable’s mass is
negligible compared to the payload’s mass). Then:

= my (& 4+ S0 0 (S50 6) cos(5_,0) + sin(5_,0)))
o {0 e (S 6)) cos(S57, 05) + busin()_, 0))}

aTtﬁans
00,

iy (z;j:l Iy (EL e'j) sin(3k_, 6,) — by cos(S, 6))
) 0 (0 65 ) sin(X2, 65) — e cos(32), 6))

which is quite different from (25), showing the influence of the deformations introduced by
the joints at A,. Let us proceed with some calculations:

{0 b (X 5) cos(2y 03) + lesin(SS0_ 07) = 5= S0 b (350 05) cos(2)-, 65)

= S g (00 5) cos(30_y 07) = S0, e cos(25, 0):
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And similarly

9
o0,

Therefore:

M-

Ik (Z 8]> sin(z 0,) — i COS(Z Hj)} = Z i sin(z 6;)

Jj=1

8Ttrans

b = MmN <I + 3 <Zf:1 9j> cos(325_1 0;) + I sin(3F_, 9j)>
X Zg:n l;. cos <Z?:1 Qj)
(42)

iy (S b (s 6) s (S5 ) = b cos(1,63))
X Zk:n Uy sm(Zf:l g;).

Consequently:

d 8Ttrans

40%s — (i S b (00 05) cos(2hoy 6) + e (4 65 ) cos(325-, 6))
—ly (Zle 93’) 2 sin(30_, 05) + lesin(35_, 05) + (35—, 05) cos(3), 9]'))
X S0, Ik cos(0, 0))

+my <a: + Zk e <ZJ 1 0. ) cos(zk 0;) + I, sin(Zf:1 9]-))
X (2~ ) sin(Sh 0) + 0L, cos(, 65))

iy (zfj:lz'k (zj? e)sm@ 0)) + 1 (z 0-) sin(34, 65)

+l (Zle 9j>2005(25 105) = Tecos(35_ 0) + 1(35—, ) sin(32) 91))
X Y p, lesin(3)_, 65)

e (S0 b (4 65) sin(S25oy 6) — lcos(S)_, )
x (AL (X2 65) cos(Y)_y ) + oL, lsin(Y), 6)

Let us calculate the components of the row M14,)e(q)-

e First entry (inertial term of &, compare with (32)):
m4n)(q) = my Z li. cos Z (44)
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e Entry p (inertial term of 5p_1), 2<p< N+1:

marap(a) = my (X0, beeos(S5_ 7)) S,y becos(30, 05)

45
+my (Zi\;n I sin(Z?zl Gj)> Ziv:p—l Iy Sin(Z:‘];:1 6;) (45)

Indeed in (43) angular accelerations appear in the terms:

miy (S b cos(5-, 0)) Tl lecos(5, 0,)(X5 )
iy (S0 esin(2 67)) S0 lsin(S5, 6,)(55, 6)

The acceleration 6; appears in all the summations, so that

Matn2(q) =my <Zk n Uk COS(Z )) Zk 1l COS(Z?:l 0;)
. (zk esin(E )) SN lesin(3F 6)),

which can be obtained from (36) setting m; = 0 for all 1 < ¢ < N—1. The acceleration 0, ap-
pears in all the summations but the first one for & = 1 in the terms "7, Iy COS(Z?ZI 0,) (3%, 6,)

and S0 I sin(Z?zl 93)(25 L 6;), so that: -
M) = m (00, lecos(3_, ;) ) Ty lcos(, 6)
o (00, esin(0 05)) Sl e sin(X25, 65),

which can also be obtained from (37) setting m; = 0 for all 1 <i < N — 1. It is deduced

that
Mtsmp(a) = may (sznzkcos@’f 0;)) YL e cos(Y2)_, 6)
i (S esin(S, 6)) S, esin(S2, 65).

The inertial component 171 pn)(1+n)(q) for 0, in the row M1 4n)e(q) is equal to:

M (@) = ma (S, beos(51 0)) S, lecos(5, 0))

i (S, besin(Y) @)) S besin(3), 6))

2
= (S eos(S, 67)) +ma (S0, fesin(Sh, 0,))
For n = N (row M4 n)e(q)), the diagonal entry is
N k 2 N . k 2

ma+na+n)(g) = my (Zk:N lpcos(P_5, «9]-)> +mn Doy besin(};_, 9]-)>

= myl% 0052(2;.\7:1 0;) +mylysin® (371, 0;) = myly,
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which is (38).
e Entry p (inertial term of z'p_N_l), N+2<p<2N+1:
-1 N—

p— p— 1 N k
m(1+n)p( = my sin ( Z 0; ) Zlk cos Z — my COS < Z ) Zlk sin(z )
k=n

Jj=1 Jj=1
(46)
The expression in (39) boils down to (46) when m; = 0 for all 1 <i < N — 1. Indeed in (43)
lengths accelerations appear in the terms:

k k
my Zk 1 I Sm(z 0;) Zk - COS(Z]’:I 0;) —my Zk 1 I COS(Z 0;) Zk n lk Sm(z(: )1 0;)-
47
A first comment is that the inertial terms for accelerations le are all proportional to angles
sines, hence the inertial couplings between lengths and angles accelerations are weak in the
neighbordhood of the vertical posture. This is already the case in (21) for inertial couplings
between & and lk

The factor of [; is equal to my sin(6;) o0 I COS(Z?ZI 0,)—my cos(61) Son_ I sin(Zf:1 6;),
the factor of Iy is equal to my sin(6,+6>) Z]kvzn Iy COS(Z?Zl 6;)—my cos(0;+6,) Zszn Iy Sin(Z?zl g;),
and so on.

Small angles and large payload mass: Let us compute 4 4 ajgg‘”“ for small angles (sin(6;) =
6; and cos(6;) = 1) and my >> m;, using (43).

%MatT?zns = mN(legV:n lk) (f + chvﬂ lk (Z?:l 93) + Ik (Z?:l 93)
(S0 8) (Sh) + ) + ()

(&4 Tl e (50 6) + (250 0)

x (S, o 0) (0o 05) + 0 e

ey (S0 (2 00)) (20 b (S50 65) (52000) + 0 (0 65) (5 05)

(S0 0) e L ), 0)

s (S0 0 (S0 6) (S 6) — ) (S0 (S ) + S0 (4, 6))
(48)

The corresponding mass matrix entries can be deduced from (48) or from the above expres-
sions. In order to further simplify and to better understand the couplings around the vertical

18



posture, let us take sin(6;) = 0:
ey (1) (54 S0 () 11 ()
e (S, 0) (& 4+ 20 (S 6))) (49)
—m (S0 ) (S (S )

Remark 5 (inertial couplings) It is visible in both (48) and (49) that the couplings between
the | dynamics and the 6 dynamics, are very small in the mass matriz M (q) since the terms
li are multiplied by the angles sines. But, couplings between these two dynamics exist in the
Coriolis/centrifugal nonlinearities with products [10:. This may be an important property for
control.

Remark 6 In the case N =1 and small angles, from (27) or from (49):

%g—g; == mllli -+ mll%él + mlilzt - mlllélﬁlx' + lellllél. (50)

4.1.3 Calculation of jth, 1<n<N

Let us now compute gTT = % for 1 < n < N. This gives the submatrices M;(q) and

Mi.e(q) in (13). However My,q(q) = M}, (q) which is already characterized in sections 4.1.1
and 4.1.2, so the calculations are not done once again in this section. Let us start from (11).

8T§+':m = Zf\il m; <33 + 22:1 Ik <Z?:1 93) cos (Zf 10 ) + I Sm(Z?:l 9]'))
X (% 22:1 Iy Sin(2§:1 Qj))
(51)
- fo\il m; <Z§c:1 k (Z?:l 9]) sin (Z?:l 9]‘) — COS(Z?:I 8]‘))
% (G i bicos(Y)_,65))

Now =37y lesin(325_,6;) = sin(32)_,6;) if @ > n, = 0 otherwise, and similarly for
% P COS(Zle 6;). Thus:

WTT-Z"S =N m (:U 30k <Z§:1 9]> Cos <Zf e’ > + Iy Sln(Z?zl Qj)> sin(Y27_, 05)

- Zi\;n i (ZZ:1 I <Z§:1 9]) sin (Z?:l 9]’) — Iy COS(Z?:l 9]‘)) COS(Z?:l 0;)-
(52)

19



Consequently:

G = S, mit (90 + 3 e (Zle 9j> cos (Z?:l 9j> +lpsin(32) ‘9j)>
xsin(y_7_, 0;)

+30, m (17 + 2 e (Z?:l 93‘) cos (Zf 10 ) +lsin(327, Qj))
X (3074 65) cos(37_, 65)

l. o . (53)
_ Zfin mi% <Zk:1 I (Z?:l 9j> sin (Z?:l (9j> — 1y, COS(Z;?:1 @))
x cos(d_ i, 0;)
+ sz\in m; (Z; ( ) sin ( f . 9j> — 1, cos(Zf:1 Qj))
X (D51 05) sin(325, 65)
Remark 7 If N =1 we get the following:
%Wg;l.zlms =my 4 <x + 116 cos(6y) + I sm(91)> sin(60y) + my (x + 116 cos(6y) + I sin(01)> 01 cos(6;)

—mldt <1101 sin(f;) — I cos(91)> cos(by) +my <l191 sin(6,) — I COS(@l)) 0, sin(6)

=m (m + 1,6, cos(f0y) + 1,6, cos(fy) — lléf sin(6,) + I sin(0;) + [,6, 008(91)> sin(6;)
+my (i + 16, cos(fy) + I sin(91)> 0, cos(61)

—my (1,6, sin(6;) + 1,6, sin(6,) + lléf cos(t) — I cos(fy) + 1,6, sin(91)> cos(f;)
g (16 sin(6r) — Iy 005(01)> 61 sin(6;)

= myq sin(0y)F + maly + maibs cos(6y).
(54)
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Let us go on with (53):

g e = S m (1‘ + 3 (Zle 9]') cos <Z§:1 9j> + Iy (ZQL éj) cos (Zﬁg 9j)
(S0 8) s (S0, 0) + sin(S )+ (S ) o6 )
< s, 6,)

+ 2o, (33 + 2 bt <Z?:1 9j) cos (Zle 9]-) + I sin(325 93'))

X (ZL 0;) COS(Z?:l 0;)
-, m <Z§c:1 Iy (Zle 93‘) sin (Zle 9j> + (Zle 9}) sin (Zle 91)

(S0 05) s (S42,6)) — cos( S, )+ (S ) sin( 1, 0))
< cos(S1, 0)

+3o0, m (ZZ:I Lk (Z;L 9j> sin <Z§:1 9j> — I cos(35_, 9j)>

X (2= 05) sin(2 5, 0))
(55)

Comments on the mass matrix: It is clear from (55) that the terms multiplying & and
6; are all proportional to sines. Hence they demonstrate weak couplings between the x — 6
dynamics and the [ dynamics at the acceleration level (i.e., the submatrices M;.4(q) and
Mi29(q) in (58)). In the mass matrix row corresponding to I,, couplings with & and with
0; are proportional to sin(_7_, 0;), thus they are weak in the neighborhood of the vertical
position. Using (55) let us calculate the entry m,,(q) of the mass matrix, corresponding to

ly:
Man(q) = Z mi(sin2(z 6;) + cos2(z 6,)) = Z m;. (56)
i=n j=1 j=1 i=l

In order to focus on the submatrix M (q) only, let us keep only the acceleration terms Iy in
(55). This gives:

S mi (i esin(325_ 7)) sin(30 05) + S0 i (i i cos(325, 65) ) cos(S2, 65)

= S0 mi (i i (sin(S2)y 0) s3], 05) + cos(, 0) cos(35, 65) ) )
(57)
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Let us recall that the mass matrix is written as

o Mz@(Q) MIOZ(Q)
M(q) B (Ml:pe(Q) Mll(Q) > ’ (58)

M,y € RUTNI>AEN) - pp e RUFNN Ap e RN Mo = M},,. Thus equation (57) is

rewritten: (m,1, My, .. . ,mnN)Z, 12 (Ii,lay ... IN) T, where (M1, Mg, ..., myy) is the nth
row of My(q), i.e., the (1 4+ N + n)th row of M(q), 1 <n < N.

Let us compute the term m,,,(q), with 1 < p < N, p # n, which collects all terms multiplying
Z'p in (57). Let us start with p = 1. Since [, appears in all the sums Z 1, it follows that:

mni(q) = ZZ =, mi(sin(01) sin(3_7_, 05) + cos(01) cos(Yo5_, 05))

n 59
= S mcos(S, 0, 0) )
Now if p < n, lp appears also in all the sums 22:17 and we get:

M (q) Zl o i(sin(327 6 )SIH(ZJ 105) + cos(325-, 05) cos(325, 05)) (60)

- Ez =n M COS(Z?:l 9 ]:1 0 )

Ifp>n, l appears only in the sums Z » , in the terms

N 7 . k n N i B k n

Z m; (Z Iy sin(z Hj)) sin(z 6;) + Z m; (Z i COS(Z Qj)> COS(Z 6;).

i=p k=1 j=1 j=1 i=n k=1 j=1 j=1
Thus:

Mnp(q) Zz —pma(sin(_5 05) sin(3_7, 0;) + cos(o5_, 05) cos(3o5, 6;)) (61)

= Z’L =p m; COS(Z]:I 0] - ?:1 0])

To summarize:

Mpp(q) = Z m; cos( Z Z 6;) (62)

i=max(n,p) j=1

Using the notation as in sections 4.1.1 and 4.1.2 where p denotes the column of the mass
matrix M (q), thus N+2 < p < 2N+1,1 < n < N, and the mass matrix’ entry corresponding
to my,(q) in (62) is:

N p—N—1

m(1+N+n)p<Q) = Z m; COS ZQ - Z 0;) (63)

i=max(n,p—N—1)

For instance for N = 2, n = 2 and p = 5 correspond to ms5(q)

2
Zz max(2,2)=2 1" COS(Z]':1 0;—
2

S22 ,0;) = my, n =2 and p = 4 correrspond to ms(q) = 3. max(2.1)=2 MM cos(Z?:1 6; —

7=1
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2]1.:1 ;) = mgcos(fy), which are equal to the ones in (142). And n = 1, p = 5 gives

mys(q) = Z?:max(l,Q):Q m; cos(zjl.:1 6, — 25:1 6;) = mgycos(6), while n =1 and p = 4 gives
maa(q) = Z?:max(l,l):l mi Cos(z:}:1 6; — 2}21 6;) = mq + my, which are equal to the ones
n (141).

Remark 8 These results indicate that if small angles are considered, then the matriz My(q)
15 constant.

Large payload mass: Let us assume as above that my >> m; in (55). This yields:

40Tns =y sin(Y5, 0;) (& + 00 k(S0 05) cos(2y 0) + (35, 6) cos(4, 0)
(2 0P sin (2 0) + iy 0) + (25 0) cos(5, 65))

e (i S0 (35 67) cos(X20, 0) + dusin(2)_, 67)) (357, 65) cos(5-, 05)

i cos(5y 0) (A i (25 0) sin(2y 0) + (25, 6) sin (2, 0))
(35 0;)? cos(Y5_ 0;) — I cos(35_, 0;) + k(325 6;) sin(325, 9j)>
+my (Zgzl (325 05)sin(320, 0;) — I cos(XF_ 9j)> (371 6;)sin(327, ;)

(64)
In this case we obtain:

Man(q) = Z m; (sinZ(Z 6;) + cosz(z Qj)> = Z m;. (65)

i="n Jj=1

The other entries are obtained from (64) or directly from the general case above.

Large payload mass and small angles: Let us start with the first order linearization
sm(@l) ~ 91
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G e = mn (25 0)) (x + 3 (325 6) + (2, 65)
(S 02 (2 09) + (S 09) + (25 )

oo (& 4+ 0L (T 6) + (T 09)) (T, 6)

(66)
—may (S (5 0 (5 6) + (T, ) (), 6))
F(S 0% =+ (S 6)()0)
oo (0 () 6 (0 0) = B ) (5, 6) (1 6))
and when sin(6;) ~ 0:
d aT‘trans o l - 0 ~ l : 0 2 l
TR x+zkz ;j)—mzv ;k(; i) =l (67)

from which (54) is recovered.

Remark 9 It follows from (67) that the assumption made in this paragraph yields a sub-
matriz My(q) = My with all entries equal to my, hence it has rank 1 and the approzimated
mass matriz is low rank. See also remarks 13 and 1/.

4.2 Calculation of ?)—T

Nonlinear terms stemming from 2 69 and BT

(notice that - = 0).

are present in the Lagrange dynamics, see (11)

4.2.1 Calculation of geT, 1<n<N

Clearly 88 = 8T"““”$ . Let us recall that:

Trrans = % Zf\il m; (9(: + 22:1 li (Z§:1 Hj) cos (Zle Qj) + 1 sin(Zle 9]’))2
(68)

+% Zi\il m; <Z§€:1 Ik (Z?:l 6]) sin (Zf:l 9]’) — Iy COS(Z?:I 63'))2 :
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Consequently:

Lgans = =N m (m +50 (E 9]) cos (Zf L 9-) + Iy sin(Z:?:1 @-))
(Zk 1k (E 9-) % cos (Zf 10, ) -+ lkae sm(Z?zl 9]-)>

+ Zz]il m; (Z?@ l (Z?:l 9]) sin <Z?:1 9]’) — I COS(Z?:l 93’))
X <Zj€:1 bk (Z?:l 0]) % sin <Z?:1 9j> - ik% COS(Z?:I 0j)>
(69)
= 5o mi (4 Xy e () 65) cos (z;?_l 0;) + bsin(24, 6,))
(Zk Uk (Z 0, ) coS 1 0; ) + lkae sm(z:?:1 9]-)>
0

o cos (2
+ 0 mi (i e (5 05) sim (5, 65) = lecos(32)_, 6)
$ (S b (S5 65) o sin (200 05) — b cos(2416)))

Now for k£ > n, one has %sin (Zle 9j> = %(Zf 1 0;) cos <Z§:1 Qj) = oS (Zle 9j>,
and % cos <Z§:1 8j> = —%(Z? L 0;)sin <Z§:1 8j> = —sin (Z?Zl 9j>.
Thus:

aTmms =N m <x +30 (Z 9J> cos (Zf ) 6-) + 1 sin(Z;?:l (9]-)>

< (X =l (0 0 ) sin (0, 65) + i cos(S5, 65))
(70)

+ 3, mi (Z;@ i (Zle 9j> sin (Zle 9]-) — Iy cos(3) 9j)>
X <Z§c:n Lk <Z§:1 93’) cos (Zle 9j> +lsin(3) 93‘))
Remark 10 In the case N =1, (70) becomes:
QT#‘;”S =m (:c + 1,0, cos(fy) + I sin(91)> <—1191 sin (01) + I cos(91)>
+my <1191 sin(6;) — A cos(ﬁl)) <1191 cos(0) + I sin(91)>
= mlzt(—llél sin(@l) + l.l COS(@l))

—i—ml(—lfé% cos(6y) sin(6) + {11:191 cos?(6,) — !1Z191 sin?(6;) + 12 sin(6) cos(6;)
+m1(l%0% sin(@l) COS(@l) + lll101 SiIlz(el) — lll191 c082(91) — l% Sin(¢91> COS<¢91)>

= —mldvllél sin(@l) + mljfh COS(@l)).

(71)
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Large payload mass my >> m; and small angles: From (70) with sin(6;) ~ 0;:

s =y (& + X0 (0o 0) + (50 6)) (S0, —0(y 0 (00 6) + i)

iy (S0 (D )0 6) = i) (S0, (S0 ) + (TS, 6)

(72)
From (70) with sin(6;) ~ 0:
Pgans = iy (& + sy ()1 0,) (0l ) — mar (0L, 1) (e e 05—, 0))
(73)
= (s, ) (@ + s e o5 05— Ym0 0;) = ma (4L, le)d
Both (72) and (73) reduce to (71) when M = 1.
4.2.2 Calculation of gIT, 1<n<N
Here ‘ng aTtr""S First:
8T5+Zns = Zz]\; my <x + 22:1 Lk <Z§:1 0]) Cos (Zf 1 05 ) + lk Sm(Zk 1 9]‘))
X % > et b <Z§:1 93‘) cos <Z?:1 9]')
(74)
+ szil m; (2221 Lk (Z?:l 9]') sin (Z?:l 9]‘) — I COS(Z?:l ej))
X o= D et (Zle 9j> sin <Zf:1 9j> :
Proceeding as above:
8T5+Zm = ZzNzl my (x + 22:1 Lk (Z?:l 93) Cos (Zf iz ) + lk Sln(Z?:l 9]‘))
X % > ke i <Z§:1 ej) cos (Z?:l 9]')
+ Zz]il m (Zizl Ik (E?:l 9]) sin <Z?=1 03) I COS(Zf_l 9]’))
X% 22:1 Lk <Z§:1 ej) sin (Z?:l 93’)
(75)

= Z;Nn i <m + ZZ p U (Zkﬂ 9]) cos (Z?:l 9]‘) + 1y Sin(Z?:l 0]‘))
«(Siahi) eon (10))

+3°N m, (Z; ( L 6; ) sin (Zle Gj) — 1 008(2?21 Hj))
<Z . 9]> sin < )
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Large payload mass my > m;, 1 <i < N —1:

sy (4 0,0 (S0, 6,) cos (S5,0,) + busin(SE, 6)

x (Z?:l 9]') cos (Z?:l ‘9J'>
+my <ZkN:1 Ik (Zle 93‘) sin (Zle 9j> — Iy cos(325, Qj))
x (25 6 ) sin (27, 65)

Large payload mass my > m;, 1 < i < N — 1, and small angles: With the first
order approximation:

Dgans = iy (i + 0y (0 0) + (51 0)) (1 65)

ey (S (2 0 (0 07) = i ) (25, (), 6))
and with the zero order approximation:
s = my (i + X0, (5, 0) (5, 6) (78)
Remark 11 If N =1 from (75):

BT(g;l‘l”” =my (llél sin(6;) — I 008(01)) 0, sin(60y) + my (x + 1,0, cos(0y) + I sin(&l)) 0, cos(61)

= mlzi:'él COS(el) + mllléf

(79)
and from (77):
aTrans LA ; i
at—l = mlmﬁl + mlllﬁf + mdﬂf@f, (80)
1
(an error of order 2 in 0, appears), and from (78):
T . .
a trans = mlxﬂl + m1l19%. (81)
dly

4.3 Potential Energy

If no elastic torsional joint stiffness is modeled, this reduces to the gravity potential energy
of each link, that of the trolley being constant chosen equal to zero.

k

U, = —Zmingk COS(Z 6;) (82)

J=1
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Thus:
U, o N 4 co k 0
05 = —20. 2ui 1 Mg E 2;,1 Ik S(Zj:l j)

== Zi\;n m;g Z;c:n lk% COS(Z?:I 0]) = Zi\;n mig Z’ILC:TL lk SlH(Zle 6])

(83)
so that for small angles g%’ = 0 (the potential energy is almost constant), and for my > m;:
% =mpg 25:1 Ik Sin(zgil 0r). And
T = e i g Y b cos(3), 6)
== Zf\il mig% 22:1 Ik COS(Z?:I 0;) = — i\;n ng% ZZ:n Ik COS(E?:l 0;) (84)
= = 2, migcos(X_, 0;)

For small angles %%’ = — Zfin m;g. For my 3> m, this gives %%’ = —mnyg.

Remark 12 In case N =1 the general expression (83) gives:

%—gf = my gl sin(6,) (85)
and from (84) for N = 1:
%—(ljlg = —mygcos(6;) (86)

Joint flexibility: If joint flexibility is added at joints A;, 1 < i < N, then the additional
potential energy is Uye, (6) = %Zj\[:_ol k07,1 = 30T K0, where r; > 0 is the angular stiffness
at joint A; and K = diag(x;), 0 <7 < N — 1. Thus:

= lii_lei, 1 S 1 S N. (87)
This introduces no coupling between the coordinates, contrarily to what occurs in flexible

joint manipulators [19, 3, 29]. In the coordinate angles a; =35 0;, 1 <i < N, a = J¢
with J in (155), 0 = J o with J~* in (156), hence Uper(or) = 207K0 = ST JTKJ . In

g
g — (1
view of (156): J'a= | @ =2 | hence Upe,(a) = Lrgad + 30" kil — ai)? Tt is
N — anN—1
inferred that OU (@)
exr a
gT = Koy — K1(ag — a1) = (Ko + K1)y — Kiag, (88)
1
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for2<j;<N-1:

GU lex QY
gT.() = Kj—1(aj — ajo1) = Koy — aj) = (Kj-1 + Kj)ay — Koy — ki1, (89)
J
and O pea(0)
exr «
g;la—N = rn-1(any — ay_1), (90)
so that
Ko + K1 —K1 0 R 0
—K1 K1+ Ko —Kg 0 0
0 —KR2 Ko + K3 —K3 0 c. 0
8Uﬂex(a) _
oo
0 c 0 —KN—2 KN—2 T KN_-1 —KN-1
0 - 0 —KN-1 KN-1
(91)

This time the joint flexibility introduces a triangular structure in the torques that derive
from the elasticity potential, since the row 1 + n of the Lagrange dynamics, 1 < n < N,
corresponding to M 4n)e(¢a) and d,,, contains the flexibility torque (—kp—1an—1 + (Fn—1 +
Kn) Q) —KnQpye1. One can think of using a backstepping-like control design using the fictitious
input «,,1. However, as seen in Lemma 1, the vis-d-vis terms in the submatrix M, (qa)
always contain strong inertial couplings between &, and the other angular accelerations.
Therefore the global triangular structure of Spong’s model for flexible-joint manipulators
[19, 3] does not exist in such overhead crane systems.

4.4 Recapitulation

The Lagrange dynamics of the overhead crane is given by:

ia(ﬂrol + 71trans - Ug) a(ﬂrol + ,-Efrans - Ug - Ufle:r)

dt 94 N dq - 2
where (; works on ¢;. More precisely:
(40 TwatTirens) _ () —
%Bngns . a(Ttmns—al;g—Uﬂez) = Qp=0 (93)
\ %8%5;”5 . a(Ttrans_all]g_Uflez) = Q= (F,0,... 7O)T
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It may be useful to introduce viscous friction (Rayleigh dissipation [2, Definition 6.12]) at
the joints, and some joint stiffness as well. This may allow to avoid chaotic behaviours of
conservative pendula. Such dynamical behaviour is unlikely to occur in real cables where a
small amount of dissipation and of bending stiffness is always present.

5 The Case N =2

This may be of interest in practice for cranes with two cables related by a hook. It could be
of interest in such a case to investigate energy-based controllers, which have been derived in
case N =1 [26]. For clarity let us rewrite the above energies for N = 2:

1
Thror = Em:tQ. (94)

Tirans = % 23:1 m; (J: + 22:1 Ik (Z?Zl 83) cos (Zle 9]-) + 1 sin(Z:f:1 gj))Q

, . . 2 (95)
+% Z?:l m; <ZZ::1 i (Z?:l 9]’) sin (Z?:l 9]‘) — i COS(Z?:I 8]‘))
Let us split T},4,, it into three parts:

Erans,l = %ml (l’ + llél COS(@l) + il sin(@l))2 -+ %ml(llél sin(@l) — il COS(@l))Q (96)

and

. . 2

Tirans2 = %mz (w + Zi:l " (Z?:l 9j> cos <Zf:1 Qj) + U sin(Zle Qj)> (97)

and

: : 2
Tiranss = o (zizl L (z;;l ej) sin (Zﬁll ej) — lycos(3F, ej)) . (98)
The potential energy due to gravity is:

2 i k
U, =— Z mig Z i COS(Z 6;) = —mqgly cos(01) — mag(ly cos(61) + Iz cos(61 + 62)) (99)
i=1 k=1

j=1

Let us calculate once again the Lagrange equations. All the terms in (94)—(99) are easily
handled, excepted for (97) and (98) with which we start now.
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5.1 Calculation of 4 2Lirans2
ait T 9q

Let us consider:

aTrans . = . ) : T :
t&& 2 o, (x + Zlk ZHJ- cos(z 6;) + L sm(z 6;) (100)

Hence:

%—th;"s’? =my (x +57 lk(Z 0, )COS(Z 0;) + Y (Z 16;) COS(Z?zl 0;)

3 (TS 0,2 sin(308 L 05) + Lesin(32 05) 4+ 135 0;) cos(XE, 9j))
(101)
We infer that the first row of the mass matrix contains the terms:

mi(q) : ma

( ) . m2(11 COS(@l) + lg COS(¢91 + 02))

13(q) * mala cos(0y + 6-) (102)
( ) - Mo sin(é’l)

( ) LMo Sin(91 —+ 92)

Now let us pass to the next coordinate:

aTg—g:M = my <x + i b <zk Z ) o8 (Zﬁ:l 9j> i Sm(z?ﬂ 0j)>
o (4 00 (S0 ) cos (51,0,

=My <9€ + 3 e <ZJ 1 93) cos (Zjﬂ 93') + Iy sin(zle 9j)> (103)
(Zk 1lkae <Z] 1 6, ) cos (Zf:l 9j>>

— my <m + Zi:l I <Z§:1 9j> cos (Z?Zl 9j> + I Siﬂ(Zf:l 9j)>
X (15 cos(61) + Iy cos(6y + 65))
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Consequently:

i aTtrq,ns,Q
dt 001

= My (x + % Zizl Ui <Zf ) cos (ZJ 1 ) + I Sln(Zf:l 9]‘))
X (15 cos(61) + Iy cos(6y + 65))

s (i 300 e (352 6 ) cos (25265 ) + i sin(, 65))
X (l1 cos(fy) — 1,6, sin(6;) + Iy cos(0; + 63) — 12(91 + 82) sin(0; + 92)>

= my (:c + 57 (Z§:1 0J> oS (Z?Zl 6j> + 1 sin(Z?zl 0;) (104)
+Hi(35, 05) cos(325, 6,) + L (2521 éj) cos (Zle 9]-)
—lp <Z§:1 éj>2 sin <Z?:1 9j>) (11 cos(0y) + Iy cos(6; + 62))

+may <$ +57 <Z] 1 9-) cos (Zle 9j> + I sin(Z:f:1 @-))
X (ll COS(@l) — l191 Sln(@l) + l‘g COS((91 -+ 92) — 12(91 -+ 92) sin(91 -+ 92))

From (104) it can be deduced terms that belong to the second row of the mass matrix (recall

q = (z,01,05,11,l5)") and which come from

Similarly:

8Ttrans,2

905

d aTtT(LTLSQ .
dt 96,

ma1(q) : ma(ly cos(01) + l2 cos(0y + 6))

maz(q) : ma (I cos(0) + Iy cos(6y + 02))2

m23(q) : m2l2 COS(Ql —+ 82) (ll COS(Ql) —+ lQ COS(Ql + 02)) (105>
ma4(q) : mosin(by)(ly cos(by) + ls cos(61 + 02))

mas(q) : mosin(fy + 0s) (1 cos(6y) + Iz cos(01 + 05))

= ma (& S0y b (32065 ) cos (0, 05) + lsin(), 65))
i (o S (S0 s (210)

=my <33 +307 <Zk 9]> Ccos (Zf_

» 9]> + I sin(325 91)) (106)
(Zk ) l’fae (Z] . 0. ) cos (Zle 6’]‘))

= my (ac +5°7 (Z] . 9') cos (Zle 9;’) +lesin(38 9j)>
X1y cos(01 + 02)
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Consequently:

%WZ—SZS’Q =my (93 + 3 (Zle 9j> cos (Zle 9]‘) + Iy (Zle éj) cos (Z?:l 9j>

L\ 2 . . .
b (50 05) sin (32520 05) + lesinS2yy 0) + (0 65) cos(S)y e»)
Xy cos(6y + 02)

+mo (m + Zizl Iy (Z?:l 03) cos <Z§:1 ;) + Ik sin(z;?:l t9j)>
X (lg COS(91 + 92) - lg(él + 92) sin(91 -+ 92)

(107)

From (107) it can be deduced terms that belong to the third row of the mass matrix and

3 d 8Tt7'ans,2 .
which come from TR

ms1(q) : mals cos(0y + 02)

msa(q) : ma(ly cos(6y) + Iy cos(0y + 02))ls cos(0y + 65)

ms3(q) : mal3 cos®(0y + 0s) (108)
ms4(q) : mosin(6y)ly cos(6y + 65)

mas(q) : mosin(0y + 03)l cos(0; + 6)

Now terms of the fourth row of the mass matrix:

MB”—E?:”S’Z’ = my (JI + 22:1 Lk (Z?:l 9]') cos (Zg;l 9j> + Ik Sin(Z?zl 9j)>
x 2 (S bsin(SE, 0))) (109)

= My (x - Zi:l U (Z?:l HJ> cos <Zf:1 0j> + 1, S.in(zjz1 6]-)> sin(6y)

Hence

%BTE—ZLS,? = My <x + Zzzl Iy, <Z§:1 9j> coS (Zle 9j> + 1, sin(Zle Qj)> 0, cos(fy)

+mg sin(6) (m + Zi:l I, (Zle 9]> COS (Z?Zl 0j> + I (Z?:l 9j> cos (Zfil 0j>

1, (Zle 9'j>2 sin (2221 ej) +lesin(35 0;) + k(325 0)) cos(35 @))
(110)
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From (110) it can be deduced terms that belong to the fourth row of the mass matrix and

which come from %BTE_ZM .
mai(q) - masin(6;)
mya(q) : mosin(6y)(ly cos(0y) + Iy cos(6r + 0s))
mys3(q) = mosin(fy)ls cos(6y + 62) 111)
mua(q) : my sin®(6;)
mas(q) : mosin(6y) sin(0; + 02)

Let us end with terms of the fifth row of the mass matrix:

Hirenzz - — (a: + ks b (Zle 93) cos (25:1 91) +liesin(Z 6 ))
< (S lesin(0, )

= my (m +50 I (Zle 9J> cos (Zle 9j> + I sin(zg’?:1 @)) sin(0; + 65).
(112)
Thus:

4z g (G S0y b (5o 6 ) cos (020 05) + lhsin(25-, 6)) (81 + 62) cos(0y + )

+mey <3: + Zizl I, <Z§:1 9j> cOS (Z?:I 0j> + 1, (25:1 9J> cos (Z?:l (9]->

—1, (25:1 9j>2 sin (Z?:l 9]-) + Ik sin(z:f:1 ;) + lk(Zle 0;) cos(z:f:1 9]-)) sin(f; + 0y).

(113)

From (113) it can be deduced terms that belong to the fifth row of the mass matrix and
iaTtransz .

which come from TR

ms1(q) : mosin(6y + 0s)

msa(q) = masin(fy + 02)(ly cos(61) + 2 cos(0y + 6))

ms3(q) : mosin(fy + 62)ly cos(0; + 65) (114)
ms4(q) : mosin(0; + 6,) sin(6;)

mss(q) : mo sin?(6; + 60,)

: d aﬂrans,S
5.2 Calculation of AT

3 : 3 8T rans
Calculations are similar to those of %ta—qﬂ.

aﬂransﬁ

- 11
el (115)
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hence

i a,-rtrans,?)
dt 0z
This does not contribute to the first row of the mass matrix.

g = ma (S e Ty 6y) s (£56) = hecos( 5, 61)
g (St (o) s (S0

=0, (116)

(S (D) (S0) ) g
(Zk llkael (ZJ 1é]> sin (Zf: 9j>>

—_

= M2 <Zi:1 Ik (Z?:l 93) si
X (ll sin(@l) + lQ sin(91 + 92)

— B

Consequently:

%BTB—JS = ms (Zi:l L (Z?:l 9;‘) sin (Zle 9j> — lpcos(35, 9j)>
X <l1 Sin(el) —+ llél COS(91) + jg Sin(91 -+ 92) —+ lgél + 62) COS(&l + 92))

g (Zk A (Zj 0 ) sin (Zf 0; ) + (ZJ 16 ) sin (Zle 9j)

+15 <Zj:1 9j>2 cos (Z?Zl Gj) I, COS(Z ;) + I z 9 sm(Z?zl Hj))

X (ll SiH(@l) + lg Sin(91 + 92))
(118)
From (118) it can be deduced terms that belong to the second row of the mass matrix (recall

q = (z,01,05,11,l5)") and which come from i% :
ma1(q) : 0
mgg(q) : mz(ll sin(@l) + lg sin(@l + 92))2
mas(q) : malssin(6y + 0s) (1y sin(6y) + Iy sin(6y + 0s)) (119)
mas(q) : —mg cos(6q) (11 sin(0y) + losin(6y + 65))
Mmas(q) : —magcos(0y + 02) (I sin(6y) + Iy sin(0; + 02))
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Similarly:

0 trans 1 . 7
Tae‘Q = =my Zizl li Z?:l 9]‘) Sin <Z§:1 9]‘) — I COS(Z?:l 0]‘))

— malasin(0 -+ 62) (202, b (352 65 ) sin (300 05) = cos(4, 65)) -
(120)
Consequently:

%aTthg:sﬁ = maly(0y + 65) cos(fy + 65) (Zizl Iy <Z§:1 Qj) sin <Zf:1 0j> — Iy cos(Z?zl Qj)>
+maly sin(f; + 6) 4 (Zi:l Iy (Zle 6’]> sin (Z§:1 9j> — Iy cos(Zf:1 Qj))

= mglg(él + 92) cos(0; + 62) (Zzzl Ui <Z?:1 93> sin (Z?:l 9j> — I 008(2521 (9]'))

+maly sin(6y + 0s) (Zizl Ik <Z§:1 GJ) sin <Z§:1 Oj) + Uy, (Z?Zl 0j> sin (Zle 0j>
(S 85) os (S0, 6)) — cos(Sh, ) + (S ) sin( 1,09

(121)
From (121) it can be deduced terms that belong to the third row of the mass matrix and
3 d aTtT‘ans, .
which come from 38—%3 :
mz1(q) : 0
m32(q) : malysin(0y + 0) (11 sin(0;) + Ly sin(6y + 65)
mgg(Q) . mgl% Sin2(91 + (92) (122)
ms4(q) : —mals sin(6y + 6) cos(6;)
m35(q) . —mglg sin(@l + 92) 008(91 -+ 92)

Let us pass now to the fourth row of the mass matrix (the /;-dynamics):

MBT—}TS’B = =My <Zz=1 Ui (Z§:1 éj) sin (Z?Zl 9]') — I COS(Z?Z1 9]-)) cos(6y). (123)
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Hence:
40—y (20 (32006 ) sin (3002 05) — cos(324, 65)) 6 sin(6)
—1my (Zizl Iy (25:1 9j> sin (ZL 9;‘) + U (Z’Z 9) sin (Zle 9]')
+lk (Z?:l 9j>2 cos (Z?Zl Qj) Ik cos(zk 6;) + lk(z L 6;) sin(Z:;f L0, )> cos(61)

(124)

From (124) it can be deduced terms that belong to the fourth row of the mass matrix and
which come from gtaTté—‘l’l"“’ :

ma1(q) : 0

ma2(q) : —mg cos(0y) (1 sin(6y) + Lo sin(6y + 65))

masz(q) : —mg cos(6q)lasin(6y + 6s)) (125)

mas(q) : mg cos?(6;)

mys(q) = mo cos(6y) cos(6; + 65)

Let us end with terms of the fifth row of the mass matrix:

aTtgf('L;S’S = TMs (Zizl bk (Z?:l 9]) sin (Zj‘::l 0]‘) - lk COS(Z§:1 0j)> cos(f1 + 02).

(126)
Thus:
%aTt(;;:&g =mz <Zi 1 Uk (Z > sin ( f 1 9j> - lk COS(Z§:1 9j)> (91 + 92) sin(6; + 65)
—Mma (Zi Ly < ) sin ( f 1 6-) + i (Z’?: 9») sin (Zle 9j>
N2 )
+Ui (Zle 9]-) cos (Zle 0, ) i cos(35 1 0;) + 1(35_, 0;)sin(325 @-)) cos(f; + 0)
(127)
From (127) it can be deduced terms that belong to the fifth row of the mass matrix and
which come from i% :
ms1(q) : 0
msa(q) : —mg cos(6y + o) (11 sin(6y) + I sin(6; + 605))
ms3(q) + —ma cos(br + 02)l> sin(6r + 02) (128)
ms4(q) : Mg cos(6y + 02) cos(6;)
m55(q) LMo COSQ(el + 82)
5.3 Calculation of iaTtg;”“
From (96):
aﬂé;m’l =my (2 + 1,0, cos(f;) + I sin(6y)) (129)
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Therefore:

%% = my (% + 1161 cos(61) + 1161 cos(6y) — 1,02 sin(6;) + Iy sin(6y) + 1161 cos(6y))
(130)
We infer that the first row of the mass matrix contains the terms:
mn(Q) tmy
mlg(q m1l1 COS(@l)
mi4(q) : my sin(6,)
m15(q 0

) :
):
) :
)

Let us now pass to the second row of the mass matrix:

Wg—;r“ = myly cos(0) (@ + 116 cos(6) + Iy sin(0y)) + maly sin(0y) (1161 sin(6y) — Iy cos(6;))
(132)
from which:
%Mg—gfs’l = ml(il cos(fy) — 1,0, sin(60y)) (& + 1,6, cos(0;) + I sin(6y))
+myly cos(01) (@ + 1160y cos(61) + 110 cos(6y) — 1,602 sin(6y) + 1y sin(0y) + 116, cos(6y))

+m1 (ll sin(@l) —{—1191 008(01)(@'9‘1 sin(@l) — ll cos(@l)) B o
—l—mlll sin(@l)(llﬁl Sin(el) + l191 sin(ﬁl) + llef 008(91) — ll COS(@l) + l191 Sin(91>>
(133)
The terms corresponding to the second row of the mass matrix are:

21(q) : myly cos(6y)
22(q) 1 a1

23(61) :0

24(q) : 0

25(q) 1 0

(134)

33333

Further, aT’g—;;“’l =0, and aTtg—;;S’l = 0: these terms do not contribute to the third and fifth
rows of the mass matrix.
<‘9Ttg+:s,1 = my sin(0y) (& + 116y cos(6y) + Iy sin(6y)) — my cos(0y) (116, sin(6y) — Iy cos(6;))
(135)
Hence:
%BTE—Z"“ =m0y cos(6:) (& + 116y cos(6y) + 11 sin(6;))
+my sin(0y)(Z + 110 cos(6y) + 1161 cos(0y) — 11607 sin(6y) + 1y sin(6;) + 1160, cos(6;))
+m191 Sil’l(el)(l}él sin(@l) — ll COS(Ql)) ) B o
—my cos(6y) (110, sin(6y) + 116, sin(6y) + 1167 cos(0y) — [y cos(y) + 110, sin(6,))
(136)
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The terms corresponding to the fourth row of the mass matrix are:

ma(q) :m

maa(q) : 0

m43(q) -0 (137)
mas(q) :m

mys(q) : 0

Since 8T’5—;2"S’1 = (0 and 8T’g—g;"“ = () the contributions to the third and fifth rows of the mass
matrix are zero.

5.4 Recapitulation: Calculation of M(q)

Let us gather the above results. This gives:

119 =m-+mi+ me

(138)

S33533
AA%A/\
\/\./S\./\/
I
S
Do
o~
[\
(@]
o
0
—~
e
3
+
>
[\V)
N—

mo1(q) = maly cos(0y) + mao(ly cos(0y) + Iz cos(0y + 62)) = mi2(q)
maa(q) = myl? +ma(ly sin(6y) + losin(0y + 602))? + ma(ly cos(0y) + Iy cos(0; + 69))?
= myl? + mal? + mal3 + 2molylo(sin(6;) sin(6; + 65) + cos(6y) cos(6; + 6-))
= mylZ + mal? + mol3 + 2malyly cos(0y)
mgg(q) = m2l2 sin(01 + 02)([1 sin(@l) + lg sin(91 + 02)) + m2l2 COS(91 + 02)(l1 COS<01> + l2 COS(91 + 92))
= mylyly cos(6y) + myl3
maa(q) = masin(6y)(ly cos(0y) + I cos(by + 62)) — ma cos(6y) (11 sin(6y) + losin(0; + 62))
= maly(sin(6y) cos(0y + O) — cos(6y) sin(0; + 62))
= —m2l2 sin(Qz)
mas(q) = —mgcos(by + ) (1y sin(6y) + la sin(6; + 0s)) + masin(0y + 0)(1; cos(01) + I cos(fy + 65))
= maly (— cos(fy + 65) sin(#y) + sin(6; + 65) cos(61))
= mgaly sin(6s)
(139)
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ms1(q) = malycos(by + 02) = mi3(q)

mgz(Q) = mzlg Sin(&l + 92)([1 Sin(91 + lQ sin((91 + 92)) + m2l2 COS(Ql) + 92)([1 cos(91 + 12 COS(el + 02))
= malyily cos(0y) + mal? = mas(q)

ma3(q) = mal3sin®(0y + O) + mal3 cos?(0, + 02)

= mglg

mas(q) = —molasin(fy + 0s) cos(01) + maly cos(by + 02) sin(6,)
= —mgyly sin(6s)

mzs(q) =0

(140)

mai(q) = (m1 4 me)sin(6h) = m(q)
mya(q) = —macos(0y)(ly sin(6y) + lasin(fy + 02)) + maosin(0y) (1 cos(01) + 2 cos(6y + 65))
= maly(sin(6y) cos(fy + 6;) — cos(#y) sin(0; + 605))

= —mlysin(fy) = may(q)

myz(q) = —mals cos(0y) sin(6y + 02) + maly sin(fy) cos(01 + 65)
= —msly sin(92) ms4(q)

mua(q) = mq +mycos(01) + masin®(0;) = my + my

mys(q) = mycos(0y) cos(fy + O2) + mo sin(fy) sin(6; + 65)
= my cos(6y)

(141)

ms1(q) = masin(fy + 0a) = mis(q)
msa(q) = —mgcos(by + ) (1 sin(6y) + la sin(6; + 0s)) + mosin(0y + 0)(1; cos(0) + I cos(fy + 65))
= maly (sin(6y + 02) cos(6,) — cos(6y + 65) sin(6;))
= m2l1 Sin<02) = m25(q)
ms3(q) =0 =mzs(q)
msa(q) = mosin(6y)sin(fy + 62) + mo cos(y) cos(6y + 62)
= my cos(fy) = mus(q)
mss(q) = mocos?(0) + ;) + mysin®(0; + ) = my
(142)
It is verified that indeed M(q) = M "(q). Also when I; and [, are constant the mass matrix
given in [27, 28] is retrieved, noting that 6, + 6, is the angle 6y in [27, 28], which modifies
some terms of the mass matrix.
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5.4.1 mo >> My

This can be simplified if my > my, if for instance m; is the hook’s mass while my is a much

bigger tool plus object mass. Then m; = 0 can be taken in M(q):

ma1(q) = ma(ly cos(6r) + Iy cos(by + 62)) = mia(q)
maz(q) = mo(l} + 13 + 21115 cos(62))

mgg(q) = mglllQ COS(HQ) + mgl%

mas(q) = —malysin(6y)

mas(q) = maly sin(6s)

mi (

m32(q) = m2l1l2 COS(@Q) + ml% = m23(q)

ma3(q) = mol;

m34(q) = —m212 sin(02)

mas(q) =0
ma1(q) = masin(61) = mu(q)
maz(q) = —molysin(fe) = mas(q)
m43(q) = —mglg sin(Qg) = m34(q)
m44(Q) = Mo
mys(q) = mgcos(6s)

ms1(q) = masin(by + 02) = my5(q)

mso(q) = maly sin(fy) = mas(q)

m53(Q) =0= m35(q)

msa(q) = macos(fz) = mys(q)

m ( ) =My 0032(91 + QQ) -+ Mo sin2(91 + 92) =My

(143)

(144)

(145)

(146)

(147)

Remark 13 In this case the matriz My(q) has its determinant equal to m3(1 — cos®(6s))
which vanishes at 03 = 0. On the contrary if my > 0 then My(q) has rank 2 from (141) and

(142).
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5.4.2 Small Angles

If the small angles assumption is made with the zero order approximation (6; ~ 0 and
05 ~ 0), then the mass matrix simplifies to:

ma1(q) = m +my + mo
miz(q) = mily +ma(ly + lz)
mlg(q) = mQZQ (148)
mia(g) =0
mis(q) =0
maor(q) = maly +ma(ly +l2) = mia(q)
mas(q) = myl? + mal} + mols + 2malyly
maz(q) = malyly + mol3 (149)
mas(q) =0
mas(q) =0
ma(q) = maly = m13(Q)
ms2(q) = malily + mal3 = mas(q)
m33(q) = m2l% (150)
mza(q) =0
mzs(q) =0
mai(q) = 0=miu(q)
maa(q) = 0=maa(q)
maz(q) = 0=mz4(q) (151)
mas(q) = ma+ mo
m45(Q) = my
m51(Q) =0= m15(Q)
msa(q) = 0= mas(q)
ms3(q) = 0=mz5(q) (152)
msa(q) = ma = mus(q)
m55(Q) =My
Hence:
m 4+ mq + moy m1l1 + mg(ll + lg) m2l2 0 0
m1l1 + mg(ll + lg) mll% + mgl% + mgl% -+ 2m2l1l2 m2l1l2 + mgl% 0 0
M(q) = m2l2 mglllg + mglg mglg 0 0
0 0 0 mi +mag Mo
0 0 0 o o
(153)

There is a decoupling between the (z,6;,02) dynamics and the (I1,l3) dynamics in the mass
matrix which has a block diagonal structure.
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Remark 14 (large payload mass) As alluded to above in Remarks 13 and 9, it follows from
(153) that if ma > my then the determinant of the mass matriz gets close to zero. Indeed
i the limit as mq = 0 the submatrixz M has rank 1.

6 Mass Matrix Structure

6.1 Coordinate ¢ = (z,0y,...,0n,01,...,Ix)"

Using (19), (20), (21), (24), (33), (39), Remarks 5, 9, 13, 14, (55), (56)—(61), (63), (194), the
following holds in the general case:

Lemma 1 Let N > 1 and q = (2,01,04,...,0n,l1,ls,...,Ix)". Consider the mass matriz
in (13) and (14).

1. If small angles are considered (the cable stays in a neighbordhood of the vertical posi-
tion) with a zero-order approximation, i.e., sin(6;) ~ 0; ~ 0, then the mass matriz in
(58) has the block-diagonal form:

M(q) = (MQ"’S(Q) ]\2”) (154)

where 0 < Myg(q) € RUTV>*UHN) "0 < Ay e RV,

2. If the first order approzimation is chosen, i.e., sin(6;) ~ 0;, then the off-block-diagonal
terms Mg and Mg are proportional to the angles 6; and sums of them, and My is
still constant.

3. The matriz My(q) always has constant diagonal entries m.,, equal to Z?:1 m;. The
matriz M,,(q) is the entry mqy and is constant.

4. The matriz My(q) has entries proportional to angles cosines, or to the sum of cosines
and sines, and thus remains bounded away from zero in the neighborhood of the cable’s
vertical posture (roughly speaking, the inertial couplings between the trolley’s and the
angle’s accelerations, are not weak around the vertical posture).

5. The submatriz Mpy(q) has entries made of sums of terms functions of products of
cosines only, and of products of sines only. Hence they remain nonlinear in the angles
(including terms like 6,0;) if the first order approximation is chosen. Also the inertial
couplings inside Mgy(q) are strong, in the sense that they remain bounded away from
zero even in the neighborhood of the cable’s vertical posture.

6. The submatriz M,e(q) has entries linear in I, if the first and second order approzima-
tions are chosen.
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7. The small angles assumption (even the zero order approzimation) does not imply that
the Coriolis/centrifugal nonlinearities vanish in the case of varying lengths: products
;0 and 1,0; are still present.

8. In case of large payload mass, the mass matriz becomes bad-conditionned, since My(q)
loses its rank around the vertical position when m; =0, 1 <1t < N — 1, and has low
rank when in addition the zero order approximation for small angles is made.

This lemma is important because it shows that when the cable is close to the vertical posture,
the (x,0)-l couplings become very small in the mass matrix. They clearly could not be
inverted to design a controller. Item 7 can be verified for instance in (194) below.

6.2 Other Generalized Coordinates
6.2.1 Angles a;, 1 <i< N

Most of the authors work with the angles o; = Z;zl 0;, with generalized coordinate ¢, =

(x,0q,...,an,l1,. .., lN)T, see Figure 1. The transformation matrix ¢, = Tq is given by
10 0
T=(0 J 0|, Je RV, with:
0 0 Iy
10 0 . 0 0 0
110 0 ... 0 O
111 0 0 ... 0
J=1. . _ (155)
r 11 ... 1 1 0
1 11 1 1

The matrix J is full-rank Toeplitz [1, Definition 3.1.3], and its inverse is [1, Fact 3.18.11]:

1 0 0 0 0 0
~1 1 0 0 0
B 0 -1 1 0 ... 0
Jh=1 . (156)
0 0 ...0 -1 1
0 0 0 -1 1
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Then

1 0 0 1 0 0
Mo(ge) =T "TM(@T =0 J T 0| M@0 J" 0
0 0 ]N 0 0 IN
1 0 0 1 0 0
— (o o7 o (ng(q) z\g) 0 J1 0 (157)
0 0 Iy YN0 0 Iy
1 0 1 0
_ -T MxG(Q) -1 0 o Mza(Qa) 0
=(\o 7 0 J - ).
0 Mll 12

Therefore the conclusions of Lemma 1 still hold in the new coordinates.

Remark 15 (Differences with flexible-joint manipulators) The mass matriz in coor-
dinates q or qo, has a block-diagonal structure, with small off-diagonal blocks in the neigh-
borhood of the cable’s vertical posture. But, this does not seem to put the system’s dynamics
i an amenable form for control design, as it is for instance the case for Spong’s model of
flexible joint manipulators. One reason is the number and location of the inputs in (93): the
underactuated structure of overhead cranes and of flexible-joint manipulators, totally differ
one from each other. It is noteworthy that Spong’s model for flexible-joint manipulators, is
obtained by neglecting the kinetic energy of actuators’ shafts, which is a justified assumption
i many applications, and allows one to get rid of some inertial couplings. Doing a similar
“triangularization” assumption in Mpg(q) or Mao(qa) is not possible. In this sense the over-
head crane dynamics is closer to the complete flexible-joint manipulators dynamics where
off-diagonal blocks are present in the mass matriz [29]. It is known that the backstepping
method no longer applies in this case.

6.2.2 Fixed Lengths [}, 2 < k < N, Controlled [;(t)

In most cases the winding device is mounted at node Ay and we may lump the cable’s length
variation in the first link, i.e., {1(¢) is varying while the other links are constant (this is not
the case if we consider links’ longitudinal elasticity as in section 7). The kinetic energy in
(11) becomes equal to:

Toons =455 (54 i) + Sy (S eos (206,) )
(158)

+% Zi\;l m; <—i1 cos(6) + 2221 Uy <Z§:1 6j> sin (Z?:l 9]'))2 .
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The generalized coordinate reduces to ¢ = (2,0y,...,0x,01)" € R*™. From (31) it is
inferred:

4 00e = SN i (i -+ 2001 cos(0)) + Iy sin(6r) + iy b (5, 65 ) cos(35-, 65)
. .\ 2 .
=Y b (X4 05) sin(h 9») (he tecos(X1,0)))

+ Ziin m; (:13 + Zl sin(6;) + Zzzl Ly <Z§:.1 9j> COs <Z§:1 9]‘))
y (ZZn _lk<Z§:1 éj)sin(Z§:1 0,) +{ él cos(fy) if n=1 )

if n>2

+ Zfin m; (Qilél sin(6;) — I cos(0y) + 22:1 Ui <Zf:1 9j>2 COS(Z?Zl 6;)
e (S50 ) sin(S5, 6) (S, besin(L, 6)

+3°N m, (—il cos(61) + 20, Ik (Z?;l 9y> sin <Z?:1 9j)>

; . [ sin(fy) if n=1
X (Zk_n lk(zgzl 0]-)008(2?:1 9j)+{ 01 ) if n>2 >

(159)
From (55) it is inferred:

%GT#(;M = Zf\il m; (x + 216, cos (61) + [y sin(6) + 22:1 Ik <Z§:1 @) cos <Z§:1 6’j>
EoAN\2 . ‘
—ly (ijl 9j> sin <Zj:1 Gj)) sin(6;)

+ Zf\; m; <a: +1 sin(6;) + 2221 Ui <Z?:1 93) cos (235:1 (9]-)) 0, cos(6,)

_ le\il m; <2i191 sin (0;) — I cos(b) + 2221 I <Z?:1 9]> sin (Zle 9j>
A (Z§:1 9j>2 cos (Zle @)) cos(6)

+ Zf\il m; (—il cos(fy) + 2221 Ik (2521 6]> sin <Z?:1 @)) 0, sin(6;)
(160)
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Finally from (18) it is inferred:

iaTtru.ns J— N
G = i mad

+ Zz]\; m; (ilél cos (01) + 35, I (Zf L 6; ) Ccos <Z§:1 €j> — I (Zj}:l 0‘j>2 sin (Z?f’:l 6’j>)

+ 300 my(ly sin(6y) + 16, cos(61))

(161)
The three equations (159), (160) and (161) are sufficient to deduce M(q).
e Row Mi.(q) = M, (q): from (161) it follows that:
mai(g) = m+ Zmi (162)
(N+2) = SlH 01 Zmz (163)

which is (21) for p = N+2, and for 2 <n < N+1 (my,(q) is the factor of 0, ,in Mie(q)§):

min(q Z m; Z [}, cos ZGJ (164)

which is (20).

® Row Mpe(q), 2 < n < N + 1: this time it follows from (159) that the entry multiplying
Op—1,2<p<N+1,is:

Mnp(q) = Z m; Z Iy {COS Z Z I}, cos Z )) + sin( Z Z l;; sin Z

i=max(n—1,p—1) k=p—1 =1 k=n—1

(165)
Indeed the terms involving angles accelerations 6; in (159) are exactly equal to (34), hence
the mass matrix entries are those in (33) (there is a shift from 1+ n to n between (33) and
(165) because we considered 1 < n < N in section 4.1.2 while we consider 2 < n < N + 1

now). And the entry that multiplies # in the row M,4(q), 2 <n < N + 1, which corresponds

to enfl, is:
mn1(q Z m; Z Iy, cos( Z (166)

i=n—1 k=n—1
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One sees that this is equal to (164) which confirms the symmetry of M(q) with Mi.(q) =
M, (q). Finally the factor of [; is:

MuN+2)(q) = van L (sin(@l) Z; _— COS(Z;?:l 6;) — cos(6y) Zzzn_l Uy sin(Zle Qj))

_Zz n— llek n— llksul(gl Zg 19])
(167)

® Row M(n42)e(q): from (160) it follows that the entry multiplying # is:
m(n+2)1(q) = sin(6) Z m;, (168)

which is (163), and for 2 <p < N + 1:

N i
M(N+2)p Z m; Z Iy sin(6y — 29) (169)

k=p—1 j=1

Indeed the terms involving angular accelerations in (160) are

ZmZ Zlk (cos ZHJ sin(f;) — sm(z 6;) 008(91)> Zﬁj (170)

j=1

él is in all the summation terms so that:

mviop(a) = s iy e (COS(Zf 1 0;) sin(6h) — sm(Zf_ ;) COS(91)> (171)
= ZZ 1msz y lesin(0) — Z] 105)

which is (167) with n = 2. Now for fs:

mn+2)3(q) = Dt M S s bk (COS(Zkfl 0;) sin(61) — Sin(2§:1 ;) COS(QI)) (172)
= Yy mi Yy besin(0r — Z] 105)

which is (167) with n = 3. And so on. Finally the diagonal term for I is:

mva (@) = Y mi. (173)

Therefore a complete characterization of the mass matrix is obtained.
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Remark 16 In case N = 2 the 4 X 4 mass matrix is equal to:

m + mq + mo mily cos(01) + mo(ly cos(01) + la cos(01 + 02) mala cos(01 + 02) (m1 + ma)sin(61)
M(q) = mily cos(01) + ma(ly cos(01) + la cos(01 + 02) mll% + mg(Zl% + l%) + 2mqlils cos(02) mzlg + m2l12lg cos(61) —malso s%n(@g)
moly cos(01 + 02) mal5 + malyla cos(62) mals —myalo sin(02)
(m1 + mg)sin(61) —malo sin(03) —malo sin(62) my + mo

(174)
which is equal to the principal 4 x 4 submatriz of M(q) in section 5.4. This shows that the
mass matriz with some of the lengths considered as being fixed, is obtained from the one with
all varying lengths, by dropping the corresponding rows and columns.

Referring to (13) and (14): M,.(q) = mu1, Mu(q) = mn12ynv+2)(q), Mes(q) has entries in
(

) =
(165), the coupling column M.a1(q ) = (mav+2)(@), man12)(@)s - .. mv41y(v4+2)(q)) T, and
the coupling row M,4(q) = (m12(q), - .., Miv+1) (q)) c R in (164) It is inferred that the
conclusions of Lemma 1 still hold.

Lemma 2 Let ¢ = (z,0y,...,0x,01)", then the mass matriz in (13) and (14) has the fol-
lowing properties:

1. M., and My are scalar constant positive entries.

2. The coupling column M,g(q) € RWHTYVL s weak in the neighborhood of the cable’s
vertical posture, since it is proportional to angles sines.

Let us further split the matrix Mg /(q) = <sz(Q)>7 so that:

Mai(q)
Mx:p ]\7[939 Mxl
M(q)= | M}y My My (175)

M), My My

Item 1 in Lemma 2 allows us to perform Spong’s transformation for actuated and unactuated
coordinates [22]. Indeed 6 = M,,'(—M,i — Mgly — NLg(q,q)), hence:

éMz‘ éMmll
(176)
and

(Mg — My Mgy M jg)ie+ (My — MelMee Mel)l — Mgy Myy' N Lo(q, )+ N Ly, (g,4) = Fi (177)

,Mll

where M, > 0 and M;, > 0 from the Schur complement Theorem. Rearranging the matrix
in (175) and applying again the Schur complement Theorem, it follows that:
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Lemma 3 Let us consider (176) (177), then:

A Mq(q) Mau,(q) _oaqT
M= (L) N ) =M@ o e

Consequently the system in (176) (177) with state (z,#,1;,1)7 is controllable, linearizable
by state feedback. Then the crucial and classical question is: what about the system of
unactuated coordinates:

6 = Mgy (=N — Myl — NLo(q, 0)) (179)

From Lemma 2 the term Mpy,;(q) vanishes at the vertical cable’ s posture and is proportional
to #; and sums of angles in a neighborhood of it. Thus around the vertical posture only
M ,i remains available as a control input to this subdynamics, and some control action may
also exist thanks to N Lg(q, ¢). Said otherwise:

Proposition 1 Let ¢ = (x,61,...,0x,11)", with all links’ lengths from ly to I, being con-
stant. The only way to control the 6 dynamics (179) in the neighborhood of the cable’s
vertical posture, is through & and/or some velocity couplings in the nonlinearities N Ly(q, q),
as wvisible in (159).

Let us take a close look at (159), for n = N:

4 0%s — (i + 200y cos(0r) + Iy sin(0r) + S0 e (5, 65 ) cos(5-, 65)
N k \2 . k N
= ke bk <Zj:1 9j) sin(_,_, 9]-)> Incos(d i, 6;)

+my (:t +lysin(6) + S0, I <Z§:1 9j> cos(35, 9j>)
o l ) if N=1
X (-lN(zj.Vl ej)sm(zjil 0;) +{ 01 os(fh) 1f N >2 )
(180)
.o - N k -\ 2 k
+my (2[101 sin(61) — Iy cos(01) + > iy lk <Zj:1 93‘) cos(2_j-, 65)

1 (S 6) sin(h16) b sin(2,6))

+my (—h cos(01) + Sy I (Zéll 9;') sin(3)_, <9j)>

. lisin(f) if N=1
« <1N(z§v_1 ;) cos(SV, 6;) +{ ) B )
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and at (70), for n = N also:

s — v (i + 0 e (41 05) cos(5, 65) + i sin(6r))

N\ L [y cos(6y) if N=1
% <_lN (Z;VZI 9j> sm(Zj-V:l ;) + { 01 (61) £ N> 2 )

+my <le€v:1 Ui <Zf:1 9]> sin(Z?zl g;) — I cos(91)>

. Iysin(6,) if N =1
X (lN (Zjvzl 9]> COS(Z;\Ll 9]) +{ 01 ( 1) if N > 2 )

These two expressions allows us to calculate the Coriolis/centrifugal velocity quadratic cou-

(181)

plings in the Lagrange dynamics row %agg;“ — m;;g‘;”s. The terms involving [; are:
2myly 6, cos(by) Cos(Zj.V:1 6;) +mnl; sin(6;) (—ZN(Z?; 6;) sm(Zj-V:l 0,) + { 01 cos(0) 1
A . N ; N N il sin(fy) if
+2mylilnt sin(0h) sin(3 2, 0;) — mly cos(0h) | In(D2;2, 05) cos(D_2, 0;) + 0 it

—muylyly sin(6;) <Zj\[:1 Oj) sin(Z;.V:l 0;) — mnlyly cos(0y) <Z;V:1 Gj) COS(Z;\; 6;)
(182)

The terms involving & vanish. For N = 1, equation (182) boils down to:

2m1i1l191 COS2(01) -+ mlil sin(@l) <—l19.1 sin(@l) + il COS(91)>

+2m1Z1l191 sin2(6’1) - mljl COS(Ql) <l191 COS(Ql) + l.l Sin(01)> (183>

—mljlll sin2(91)91 — mlilll COSQ(61>91

= 2m1f11191.
For N > 2:
om0y (cos(6y) Cos(z:jy:1 6;) + sin(6,) sin(Zj.V:l 6,))

~2mulily (X1, 05) (cos(0r) cos()L, 65) + sin(0)) sin( 7, 65))
(184)
= QWNMN <91 COS(Z;-VZQ 0;) — (Z;L 9]) COS(Zévzz 9]’))

= —2mylily (Zﬁvzg 9]') COS(ijzz 0;)
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Lemma 4 Let ¢ = (x,0y,...,0n,11)", with all links’ lengths from ly to I, being constant.
The Coriolis/centrifugal velocity couplings in the Lagrange dynamics, corresponding to the
On dynamics (the row M(ny1)e(q)), and involving ly in the vector (C(q,q)q)1+n, are given

by:

2m1i1l191, (185)
for N =1, and
. N . N
—2myhin () 6;) cos( _0)) (186)
3=2 J=2
for N > 2.

Clearly quadratic terms in velocities 0; are present in the nonlinearities also.

6.2.3 Horizontal Positions of the Mass-Points

Let us analyse the system when the coordinates are the horizontal coordinates of each point-
mass A;ir x; =+ )5 [sin(Y -, 0k), and the angles 6;, see Figure 1. The small angle
and large payload mass assumptions are made to ease the calculations of the transformation
(which otherwise involves trigonometric functions): @; = @ + 375 [;(3 75—, 6x). It is note-
worthy that this type of coordinates together with the small angles assumptions, are used
in some PDEs approaches (wave, or string equations) [7, 6]. The new generalized coordi-
nate is ¢, = (7,01,...,0x,71,...,2x)", and the transformation from ¢ to ¢, is nonlinear:

¢: = Q(q), hence ¢, = %(q)q’ and §, = %(q)d + 4 (%) (¢,q)g. In the new coordinates

M,(q.) = 8—Q_TM(q)%—("3_1. We have:

dq
Inia 0
oQ
g D= 1 : (187)
Q. Qe
1
with:
ly 0 . 0
1+ 1y ly 0o ... 0
L+l+1ls b+l I3 0 0
QL= : : (188)
: lN—l 0
25:1 Lk Z;CVZQ ... INo1+Iv Iy
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and

0, 0 o 0
0, 0,+60, 0 ... 0
Qo= | : : : (189)
: : 0
0 6, +06, ... SV b
Clearly Qg is not invertible at #; = 0, elc, its determinant being equal to 01(61+6,) . .. (fo:l 1),

and neither is %(q) at these angles, because the lengths [, cannot be obtained from ¢, at

those coordinates values. From the matrix inversion Lemma:
0Q ! Init 0
— = hR _ 190
2 0= (_on, o (190)

with Qp = © Qp |, and (iy,...,2n)" = QL0+ QuL, L = (I1,...,Ix)". Therefore:

= (0 G Gl Vi) (oo, a) 0o

In order to analyze the dynamics using the positions xz; let us try to start directly with the
kinetic energy, doing some basic assumptions as done in the PDEs approaches |7, 6], like
constant total length, that we may translate here by constant length, and pure horizontal
motion of the nodes. In this case ¢ = (z, 21, 79,...,2x)", Va, = @+, and the total kinetic
energy is 7' = %mﬁcz + %Zf\;l m;i?. In this case the mass matrix is linear invariant with
M (q) = diag(m,mq,...,my), and the Lagrange dynamics is easily obtained.

7 Links with Linear Longitudinal Elasticity (2D Oper-
ating Space)

Flexibility at the joints have already been studied in section 4.3. Now the same system is
considered as in Figure 1, with elastic links to approximate extensible cables. This is depicted
in Figure 2. Fach link has a longitudinal linear elasticity with stiffness k; > 0, 1 <7 < N.
The same framework as in the foregoing sections is adopted, but the potential energy is
augmented with terms %k‘z(lz — 1;,)? (assuming that springs are at rest for [; = [;,). This
model is close in spirit to the lumped-mass models developed in [4, 18], but nonlinearities are
considered here. It is also easy to add some viscous friction (linear spring-dashpot model)
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Figure 2: Overhead crane with pendulum-like cable (elastic links).

cil;, which is some kind of Rayleigh dissipation [2]. Remind that | = (I3, l,...,ly)", one
has: 5U
5;“ = (ki(ly = L), oo k(I — I )T (192)
Thus (93) is changed to:
( (a) %Q(Tt'rol;a}Ttrans) — Qx — F
(b) %angns - B(Tt'ransfagngflez) + C@e — Q@ — O (193)

d 8T1‘ans 1% T'rans_U -U .—U, < ; o o
(C) E tdl . ( t gal flex eZQS)+Cll—Ql—(F1,07,,,,O>T

with C; = diag(¢;), the form of Cy = 0 depends on the choice of the coordinates.

Remark 17 (Linear chains) The overhead crane dynamics and control may be seen as an
extension of the linear chains dynamics and control [20, 21]: it is a nonlinear chain that is
much more complex than its linear counterpart, where (193) (a) and (b) are absent.

Remark 18 (Influence of flexibilities) The flexibility potential energy due to links’ elas-
ticity, does not fundamentally modify the system’s structure for control, as it does for instance
for flexible joint kinematic chains with triangular structure, rendering the system suitable for
tracking control via backstepping and passivity-based inputs, as proposed for the first time in
[19, 8]. It is noteworthy also that the triangular structure for flexible-joint chains is obtained
at the price of neglecting the kinetic energy of some parts, since otherwise the mass matriz
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is “dense” [29]. As said above, joint flexibilities in the joints A; is not a reasonable mod-
elling assumption for most cables, since cables usually possess a very low bending stiffness.
Moreover this does not seem to bring anything useful to the control problem (at least with
the chosen q).

From the above the Lagrange equations are (which are also given in [26, Equations (6) (7)
(8)] and [25, Equations (1) (2) (3)]):
([ (a) (m +ma)i +my (z1 cos(01)0, + sin(61)ly + 2016, cos(8y) — 1,62 sin(@l)) —F

(b) m1l1 COS(el)Zi' + mll%él —+ 2m1i1l191 + mlgll sin(@l) =0 (194)

L (¢) mysin(6y)3 + mily — mag cos(b) — m1l19% = I,

where F7j is the force exerted on the “cable” by some winding device mounted at joint Ay.
Property (3) can be checked. Here Q@ = (F0, Fy)" and passivity holds with supply rate
w(Q, §) = Fi + Fil;. The mass matrix for ¢ = (z,601,11)" is:

m—+ my maly cos(61) mysin(6;) v v
M(q) = | myly cos(6y) myl? 0 = ( M%91 M“) . (195)
my sin(6) 0 m @01l .
1 1 1

with My = m;. Following [22], if the coordinate is rearranged as q, = (z,1;)" and ¢,, = 01,
then:

m+my  mysin(fy) myly cos(6q) Mo Mo,
M(q) = | mysin(6y) my 0 — <M% 1 ]\21 1) 7 (196)
maly COS(@l) 0 mll% zl161 01

with M9, = myly cos(6y), My, = myl3.

8 Some Remarks

8.1 Rigid Links

If instead of lumped-mass model we consider that the links are rigid bodies with center
of mass G; situated inside the segments A;A;,;, and with moments of inertia J;, then the
above developments have to be modified accordingly. Their kinetic energies are the sum of
the translational gravity centers energy T, = %miVGTi V., plus the rotational kinetic energies

17,62,
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8.2 3D Operational Space

The derivation of the dynamics in 3D is quite cumbersome as soon as N > 3. It is conjectured
that most of the above properties of the mass matrix, still hold true in 3D.

8.3 Finite-Element Models

Let N — +4oo. If the total mass my, is constant, clearly m; = et — 0 for all 1 <
i < N — 1 (the payload mass my stays the same). This justifies the study of the cases
my 3> m;. Lumped-mass models and Rayleigh-Ritz discretization are compared in [16],
where it is concluded that: It was shown through linear frequency responses that the Rayleigh-
Ritz model more accurately represents the natural frequencies of the system compared to the
lumped-mass method, when using a small number of basis functions or lumped masses. This
highlights a major advantage of using the Rayleigh-Ritz method to model flexible CDPMs,
rather than lumped-mass methods. As alluded to in the introduction of this report, other
FEM approaches should be tried for overhead cranes control, like the one in [23]. Indeed
it seems to be able to combine the multibody approach with global nonlinearities, and the
FEM discretizations which take into account more vibrational modes than multibody models.
It takes the form of a multibody model (see [23, Equations (83)-(85)]), though this is no
Lagrange dynamics. The main issues concerning its applicability to feedback control, are
about the measurement of the state vector v4p and of the variable d in [23, Equation (85)],
and the properties of this dynamics (passivity, etc).
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