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The Crump-Young model consists of two fully coupled stochastic processes modeling the substrate and micro-organisms dynamics in a chemostat. Substrate evolves following an ordinary differential equation whose coefficients depend of micro-organisms number. Micro-organisms are modeled though a pure jump process whose jump rates depend on the substrate concentration.

It goes to extinction almost-surely in the sense that micro-organism population vanishes. In this work, we show that, conditionally on the non-extinction, its distribution converges exponentially fast to a quasi-stationary distribution.

Due to the deterministic part, the dynamics of the Crump-Young model are highly degenerated. The proof is therefore original and consists of technically precise estimates and new approaches for quasi-stationary convergence.

Introduction

The evolution of bacteria in a bioreactor is usually described by a set of ordinary differential equations derived from a mass balance principle, see [START_REF] Hal | The theory of the chemostat: dynamics of microbial competition[END_REF][START_REF] Harmand | The chemostat: Mathematical theory of microorganism cultures[END_REF]. However, in 1979, Kenny S. Crump and Wan-Shin C. O'Young introduced in [CO79] a piecewise deterministic Markov process, as defined in [START_REF] Mark | Markov models & optimization[END_REF], to model such a population.

This model consists in a pair of càdlàg processes pX t , S t q tě0 where S t is the nutrient concentration at time t and obeys a differential equation, and X t is the bacteria population size at time t and obeys a Markov jump process. More precisely, they are defined by the following mechanisms:

• bacterial division: the process pX t q tě0 jumps from X t to X t `1 at rate µpS t qX t ;

• bacterial washout: the process pX t q tě0 jumps from X t to X t ´1 at rate DX t ;

• substrate dynamics: between the jumps of pX t q tě0 , the continuous dynamics of pS t q tě0 are given by the following ordinary differential equation S 1 t " D ps in ´St q ´k µpS t q X t ,

where µ : R `Ñ R `and D, s in , k ą 0 are the specific growth rate, the dilution rate of the chemostat, the input substrate concentration and the inverse of the yield coefficient (i.e. the proportion of cell formed per unit of substrate concentration consumed) respectively. Note that we do not consider the death of bacteria in this model. However, the results of this article can be generalized, under suitable assumptions, with a bacterial loss rate dpX t , S t q `D, taking into account a death rate dpX t , S t q in addition to the bacterial washout, due to the output flow of the chemostat, at rate D.

Formally, the generator of this Markov process is the operator L given by Lf px, sq " rDps in ´sq ´kµpsq xs B s f px, sq `µpsq x pf px `1, sq ´f px, sqq `D x pf px ´1, sq ´f px, sqq ,

for all x P N (with N " t0, 1, 2, . . . u the set of natural numbers including 0), s ě 0 and f P C 0,1 pN ˆR`q , with C 0,1 pN ˆR`q the space of functions f : N ˆR`Ñ R such that for x P N, s Þ Ñ f px, sq P C 1 pR `q.

Since the work of Crump and Young, several chemostat models have been introduced to complete the modeling approach of the chemostat. In particular if the bacteria population size is not too small, it can be relevant to use stochastic continuous approximation of the process pX t q t as in [START_REF] Campillo | Stochastic modeling of the chemostat[END_REF][START_REF] Fontbona | Stochastic modeling and control of bioreactors[END_REF][START_REF] Cloez | Gaussian approximations for chemostat models in finite and infinite dimensions[END_REF]. Conversely, [START_REF] Campillo | Stochastic modeling of the chemostat[END_REF] also propose a discrete version for the process pS t q t , which is relevant in a small number of substrate particles. Models with a mass-structured description of the bacteria population are also been proposed in stochastic version through individual based models [START_REF] Campillo | Weak convergence of a mass-structured individual-based model[END_REF][START_REF] Fritsch | A modeling approach of the chemostat[END_REF] or in deterministic version through partial differential equations [START_REF] Fredrickson | Statistics and dynamics of procaryotic cell populations[END_REF][START_REF] Ramkrishna | Statistical models of cell populations[END_REF]. See also [WHB `16] for a panorama in mathematical modelling for microbial ecology.

Despite the simplicity of the Crump-Young model and the fact that it has been studied in several articles (e.g. [CO79, CJLV11, CMMSM13, CF17, WHB `16]), the long-time behavior of this process is not well understood. It is well known that, under suitable assumptions, it goes extinct in finite time with probability one. However, it can be relevant to look at the distribution of the population size at time t given that the process is not extinct. In fact numerical simulations suggest that, under suitable assumptions on the growth rate µ and if the bacteria population is not too small, the Crump-Young model converges towards a stationary type behavior before the extinction [START_REF] Cloez | Gaussian approximations for chemostat models in finite and infinite dimensions[END_REF]. It then becomes interesting to study, not the stationary behavior of the process, which is extinction, but its quasi-stationary distribution (QSD). QSD refers to the stationary distribution of the process conditioned on not being extinct (see Equation (4) below).

Crump and Young, in their original work [START_REF] Kenny | Some stochastic features of bacterial constant growth apparatus[END_REF], propose an approximation of the moments of a "quasi-steady-state"(in fact the quasi-stationary behavior, even if it is not rigorously defined in this way in their article). They made the approximation that the expectation of the process admits an equilibrium which is the non-trivial equilibrium (i.e. with a non-extinct bacteria population) of a deterministic model. This approximation is valid at least in large population size of the bacteria population since the Crump-Young model converges in distribution towards the deterministic model in large population size (see [START_REF] Cloez | Gaussian approximations for chemostat models in finite and infinite dimensions[END_REF]). More recently, the existence of a QSD, as well as some regularity properties of this QSD, was proved in [START_REF] Collet | Stochastic models for a chemostat and long-time behavior[END_REF]. As stated above, we illustrated in [START_REF] Cloez | Gaussian approximations for chemostat models in finite and infinite dimensions[END_REF], the convergence of the Crump-Young model towards this QSD. In addition, we also illustrated in [START_REF] Cloez | Gaussian approximations for chemostat models in finite and infinite dimensions[END_REF], the validity of the approximation of Crump and Young in large population size. Nevertheless, the long-time behavior of the process before extinction (as defined in [MV12, [START_REF] Collet | Quasi-Stationary Distributions: Markov Chains, Diffusions and Dynamical Systems[END_REF][START_REF] Van Doorn | Quasi-stationary distributions for discrete-state models[END_REF]) was, until now, unknown. In particular, the convergence of the non-extinct process was not proved.

In this work, we prove that, under suitable assumptions, there exists a unique QSD π which admits some moments (existence was proved in [START_REF] Collet | Stochastic models for a chemostat and long-time behavior[END_REF], but not uniqueness). Moreover, we prove that this QSD is also a Yaglom limit, that is for all px, sq P N ˚ˆR ànd bounded function f : N ˚ˆR `Ñ R (with N ˚" Nzt0u " t1, 2, . . . u), we have lim tÑ8 E px,sq rf pX t , S t q | T Ext ą ts " πpf q, with T Ext :" inf tt ě 0 | X t " 0u the extinction time of the process. That is for all initial condition, conditionally on the non-extinction, the law of process converges toward the QSD π. This limiting result is the main result of the present article. It is stated in Corollary 2.3.

This corollary is a consequence of Theorem 2.2. This theorem gives a more complete description of the quasi-stationary behavior. It describes the uniqueness of π through integrability/moment properties; moreover it gives an exponential speed of convergence to it for a certain class of initial distributions. Convergence to QSD is usually proved using Hilbert space methods [CMSM13, CCL `09, VD91]. However, our process of interest is not reversible, therefore its infinitesimal generator cannot be made self-adjoint on a suitable Hilbert space. To overcome this problem, we use recent results [CV23, CV20, BCGM22, CG20] which are a generalization of usual techniques to prove convergence to stationary distribution [START_REF] Sean | Markov chains and stochastic stability[END_REF]. These techniques are applicable to general Banach spaces that are not necessarily Hilbert spaces, for processes that are not necessarily reversible or when the existence of the principal eigenvector is unknown. A drawback is that sharp estimates are needed on the paths such as uniform bounds on hitting times. These estimates are often obtained through irreducibility properties, however proving irreducibility properties for piecewise deterministic processes is an active and difficult subject of research [START_REF] Benaïm | Qualitative properties of certain piecewise deterministic markov processes[END_REF][START_REF] Benaïm | Random switching between vector fields having a common zero[END_REF][START_REF] Benaïm | A user-friendly condition for exponential ergodicity in randomly switched environments[END_REF][START_REF] Costa | A piecewise deterministic model for a prey-predator community[END_REF]. See for instance the surprising behavior of some piecewise deterministic Markov processes in [START_REF] Lawley | Stochastic switching in infinite dimensions with applications to random parabolic pde[END_REF][START_REF] Benaïm | On the stability of planar randomly switched systems[END_REF]. A main part of our proof is nevertheless based on such result.

An important feature of the Crump-Young model is that it is not irreducible. Indeed, fixing the number of bacteria x, the flow associated to the substrate dynamics has a unique equilibrium s s x , which is never reached. In the following, we demonstrate that the hitting times of other points are finite. However, since the hitting times of points px, s s x q are infinite, it is challenging to obtain uniform estimates for the other hitting times, which are fundamental for the QSD existence and convergence.

The deterministic part of the substrate dynamics leads to additional difficulties. This non diffusive behavior prevents the dynamics from reaching any point in short time. This adds difficulty in obtaining the previous uniform estimates which are necessary for applying the results of [START_REF] Champagnat | Practical criteria for r-positive recurrence of unbounded semigroups[END_REF][START_REF] Bansaye | A non-conservative Harris ergodic theorem[END_REF].

All these difficulties are usual in piecewise deterministic models. Finally, even though our model may seem very specific, our proof could be replicated in other contexts and therefore open doors for other applications where this type of processes is applicable. These applications include, but are not limited to, neuroscience [START_REF] Galves | Modeling networks of spiking neurons as interacting processes with memory of variable length[END_REF][START_REF] Khashayar Pakdaman | Fluid limit theorems for stochastic hybrid systems with application to neuron models[END_REF], genomics [START_REF] Goreac | Viability, invariance and reachability for controlled piecewise deterministic markov processes associated to gene networks[END_REF][START_REF] Herbach | Inferring gene regulatory networks from single-cell data: a mechanistic approach[END_REF], and ecology [START_REF] Costa | A piecewise deterministic model for a prey-predator community[END_REF].

The paper is organized as follows. We establish our main results in Section 2: first we state the exponentially fast convergence of the process towards a unique QSD for initial distributions on a restrictive subset of N ˚ˆR `(Theorem 2.2) then we extend the convergence towards the QSD for any initial condition of the process in N ˚ˆR (Corollary 2.3). Section 3 is devoted to the proof of Theorem 2.2, based on results of [START_REF] Bansaye | A non-conservative Harris ergodic theorem[END_REF] and [START_REF] Champagnat | Practical criteria for r-positive recurrence of unbounded semigroups[END_REF] which give conditions leading to the existence and the uniqueness of the QSD as well as the convergence statement. We begin by detailing the scheme of our proof establishing sufficient conditions for applying [START_REF] Bansaye | A non-conservative Harris ergodic theorem[END_REF] and [START_REF] Champagnat | Practical criteria for r-positive recurrence of unbounded semigroups[END_REF]. These conditions, proved in Section 3.4, are mainly based on hitting time estimates, established in Section 3.3. These hitting time estimates represent the main challenges and validate the originality of our work, since our process is not irreducible and contains a deterministic component. Section 4 is devoted to the proof of Corollary 2.3. For a better readability of the main arguments of the proofs, we postpone technical results in two appendices. The first one establishes bounds and monotony properties of the underlying flow associated to the substrate dynamics as well as some classical properties on the probability of jump events. The second one contains the proof of the above-mentioned hitting time estimates and some properties based on Lyapunov functions bounds. We remind in a third appendix the useful results of [START_REF] Bansaye | A non-conservative Harris ergodic theorem[END_REF] and [START_REF] Champagnat | Practical criteria for r-positive recurrence of unbounded semigroups[END_REF].

Notation: In the following, P px,sq denotes the distribution of the process pX t , S t q tě0 conditioned on the event tpX 0 , S 0 q " px, squ. For all probability measure ξ on N ˚ˆR `, P ξ denotes the distribution of the process whose the initial condition is distributed according to ξ, that is P ξ p¨q " ş N ˚ˆR `Ppx,sq p¨qξpdx, dsq. The associated expectations of P ξ and P px,sq are denoted by E ξ and E px,sq respectively.

For any probability measure ξ on the space E, with E " N ˚ˆp0, s

s 1 q or E " N ˚ˆR `,
and any function f : E Ñ R, we will denote by ξpf q the integral of f w.r.t to ξ on E, that is ξpf q :" ş E f px, sq ξpdx, dsq.

Main results

In all the paper, we will make the following assumption.

Assumption 2.1. The specific growth rate µ : R `Þ Ñ R `satisfies to following properties: µ P C 1 pR `q and is an increasing function such that µp0q " 0 and µpsq ą 0 for all s ą 0.

Under Assumption 2.1, it is well known that the process pX t q tě0 goes extinct in finite time with probability one (see [CF17, Theorem 4 and Remark 7] and [CMMSM13, Theorem 3.1]); namely P px,sq pT Ext ă `8q " 1, @px, sq P N ˚ˆR `.

(3)

The stationary behavior of the process is then the extinction of the bacteria population. We are then interested in the quasi-stationary behavior of the process. Recall that a QSD π, for the process pX t , S t q t , is a probability measure on N ˚ˆR `such that P π ppX t , S t q P ¨| T Ext ą tq " π, @t ě 0, (4) that is π is a stationary distribution for the process conditioned on the non-extinction. From [MV12, Proposition 2] or [CMSM13, Theorem 2.2], if π is a QSD, there exists a non-negative number λ ě 0 such that P π pT Ext ą tq " e ´λt , @t ě 0.

(5) Then, if the extinction time T Ext is almost surely finite (which is the case for our process by (3)), then starting from the QSD, T Ext follows an exponential law with parameter λ ą 0, hence the mean time to the extinction is 1{λ.

We denote by s s 1 P p0, s in q the unique solution of Dps in ´s s 1 q ´k µps s 1 q " 0 (see Lemma A.2). Following the lines of the proofs of [CMMSM13, Proposition 2.1 and Corollary 3.1], we can show that Nˆp0, s in q is an invariant set for pX t , S t q tě0 and that N ˚ˆp0, s s 1 q is an invariant set for pX t , S t q tě0 until the extinction time T Ext . Consequently, for any initial distribution ξ on N ˚ˆp0, s s 1 q, the process evolves in pN ˚ˆp0, s s 1 qq Y pt0u ˆp0, s in qq, where t0u ˆp0, s in q is the absorbing set corresponding to the extinction of the process. Theorem 2.2 below states, under the assumption µps s 1 q ą D, the existence and the uniqueness (under integrability conditions) of a QSD on N ˚ˆp0, s s 1 q. Equation (6) gives the convergence of the law of the process conditioned on the non-extinction toward this QSD for initial distributions ξ in N ˚ˆp0, s s 1 q (satisfying an integrability condition). Moreover, it gives an exponential speed of this convergence for this class of initial distributions. Closely related, Equation (7) describes the speed of convergence toward the extinction set t0u ˆp0, s in q of the law of the process without conditioning. The statement of this theorem is based on Lyapunov functions which are used to prove contraction properties entailing the existence of a QSD π as well as the convergence. For an easier reading of this theorem, the reader can refer to the comments just below Theorem 2.2.

Corollary 2.3 below states that the convergence toward the QSD also holds for all initial conditions px, sq P N ˚ˆR, that is π is a Yaglom limit.

For ρ ą 1 and p ą 0, let define for all px, sq P N ˚ˆp0, s

s 1 q W ρ,p : px, sq Þ Ñ ρ x `1 s `1 ps s 1 ´sq p and ψ : px, sq Þ Ñ x.
Theorem 2.2. We assume that µps s 1 q ą D. Then there exists a unique QSD π on N ˚ˆp0, s s 1 q such that there exist ρ ą 1 and p P ´0, µps s 1 q´D D`k µ 1 ps s 1 q ¯satisfying πpW ρ,p q ă `8. Moreover, for each ρ ą 1 and each p P ´0, µps s 1 q´D D`k µ 1 ps s 1 q ¯the QSD π satisfies πpW ρ,p q ă `8, and there exist C, ω ą 0 (depending on ρ and p) such that for any initial distribution ξ on N ˚ˆp0, s s 1 q such that ξpW ρ,p q ă `8, and for all t ě 0, we have

sup }f }8ď1 |E ξ rf pX t , S t q | T Ext ą ts ´πpf q| ď C min ˆξpW ρ,p q ξpψq , ξpW ρ,p q ξphq ˙e´ωt (6)
and sup }f }8ď1 ˇˇe λ t E ξ rf pX t , S t q 1 Xt‰0 s ´ξphq πpf q ˇˇď C ξpW ρ,p q e ´ω t ,

where h defined for every px, sq P N ˚ˆp0, s s 1 q by hpx, sq :" lim tÑ8 e λt P px,sq pT Ext ą tq P p0, `8q,

is such that sup N ˚ˆp0,s s 1 q h{W ρ,p ă 8 and where λ, defined by (5), satisfies

0 ă λ ď D. (9) 
Assumptions on µ are quite standard. For the classical deterministic model [START_REF] Hal | The theory of the chemostat: dynamics of microbial competition[END_REF], there assure the convergence of the model towards a unique non-trivial steady-state. In the same way, for our stochastic model, the assumption µps s 1 q ą D implies that when the bacteria population is small (at the minimum when there is only one bacterium in the bioreactor), it tends to increase rather than go extinct. In fact, when X t " 1, the substrate concentration then converges (until the next jump of the process pX t q t ) toward its equilibrium s s 1 (see Section A.1). Therefore the division rate µpS t q converges towards µps s 1 q and, if there is no jump of pX t q t , becomes larger that the washout rate D. A classical choice for µ is the so-called Monod rate. See also [START_REF] Cloez | Gaussian approximations for chemostat models in finite and infinite dimensions[END_REF] where numerical simulations illustrate the impact of different growth rates µ on the long-time behavior of the Crump-Young model.

The uniqueness of the QSD π as well as the set of initial distributions ξ for which the exponential convergence holds, depends on integrability properties of the Lyapunov function W ρ,p w.r.t. π and ξ. Consequently, choosing large parameters ρ and p ensures that the QSD π admits moments of large order. Conversely, choosing small parameters ρ and p will give that uniqueness holds in a large set of measures, and that the convergences (6) and (7) hold for a large class of initial distributions ξ. In addition, we can see that the heavier the tail ξ, the slower the convergence in (6)-(7). Moreover, if the tail is too heavy then the convergence may not occur. It is then possible to have a second heavy-tailed quasi-stationary distribution r π as it is the case for the Galton-Watson process (see for instance [START_REF] Méléard | Quasi-stationary distributions and population processes[END_REF]). In this case, for any ρ ą 1 and p P ´0, µps s 1 q´D D`k µ 1 ps s 1 q ¯, we would have r πpW ρ,p q " `8. Equation 6 describes the speed of convergence toward π of the laws conditioned on nonextinction (these laws evolve according to a non-linear dynamics due to the conditioning). Equation 7 describes the speed of convergence to the extinction set t0uˆp0, s in q of the laws without conditioning (which evolve linearly). These two inequalities are not rewritings of each other.

Function h is defined from Equation (8) (where Equation (8) states that the limit in the definition of h is well defined, positive and finite). From this expression, we can see that starting from px, sq, the population has approximately hpx, sq{hpx 1 , s 1 q times more chance of survival in the long term than starting from px 1 , s 1 q. This function then describes the impact of the initial position on surviving probabilities. As a side result, in addition to the existence of h, Theorem 2.2 also gives that this non-explicit function verifies hpx, sq ď C ρ,p ˆρx `1 s `1 ps s 1 ´sq p ḟor some C ρ,p ą 0 and any x P N ˚, s P p0, s s 1 q, ρ ą 1 and p ą 0 small enough. Closely related, the inequality λ ď D means that the population will not become extinct at a faster rate than the dilution rate (as one would expect). Theorem 2.2, which is a consequence of [START_REF] Champagnat | Practical criteria for r-positive recurrence of unbounded semigroups[END_REF][START_REF] Bansaye | A non-conservative Harris ergodic theorem[END_REF], implies that π, h, ´λ are the eigenelements of the semigroup defined by (10). In particular, π and h are the left eigenmeasure and the right eigenfunction associated with the eigenvalue ´λ, respectively. In addition, several properties which can be useful in practice (spectral properties, the definition of the so-called Q-process, i.e. the process conditioned to never be extinct...) can be deduced from [START_REF] Champagnat | Practical criteria for r-positive recurrence of unbounded semigroups[END_REF][START_REF] Bansaye | A non-conservative Harris ergodic theorem[END_REF]. Since the main objective of our paper is to give a method to verify that results of [START_REF] Champagnat | Practical criteria for r-positive recurrence of unbounded semigroups[END_REF][START_REF] Bansaye | A non-conservative Harris ergodic theorem[END_REF] hold for hybrid processes with a pure jump component and a continuous one, we do not list these consequences here. For more details, the reader can refer to these two references.

Obviously, the QSD π satisfies the properties established in [START_REF] Collet | Stochastic models for a chemostat and long-time behavior[END_REF], in particular for any x P N ˚, the measure πpx, .q is absolutely continuous with respect to the Lebesgue measure, with C 8 -density on the set Rzt0, s s x u, where s s x is defined in Lemma A.2 (see [CMMSM13, Proposition 5.1].

A direct consequence of (6) is the convergence of the law of the process conditioned on the non-extinction towards the QSD π for any initial condition px, sq P N ˚ˆp0, s s 1 q. The following corollary states that this convergence actually holds for any initial condition px, sq P N ˚ˆR `, i.e. π is a Yaglom limit.

Corollary 2.3. Assume that µps s 1 q ą D. For every px, sq P N ˚ˆR `and bounded function f : N ˚ˆR `Ñ R, we have lim tÑ8 E px,sq rf pX t , S t q | T Ext ą ts " πpf q that is, the QSD π is the Yaglom limit of the process.

Remark 2.4. Assuming that µ is locally Lipschitz instead of µ P C 1 pR `q is sufficient to obtain the convergences established in Theorem 2.2 and Corollary 2.3. The condition p P ´0, µps s 1 q´D D`k µ 1 ps s 1 q ¯then becomes p P ´0, µps s 1 q´D D`k k lip ¯for any local Lipschitz constant k lip in a neighborhood of s s 1 . See the end of Sections B.5 and 4.

We will see that the process pX t , S t q tě0 is not irreducible on N ˚ˆp0, `8q. In general, such non-irreducible processes may have several quasi-stationary distributions and the convergence to them depends on the initial condition of the process; see for instance the Bottleneck effect and condition H4 part of [BCP18, Section 3.1]. In our setting, we will show, using Lyapunov functions, that the convergence holds for any initial distribution on N ˚ˆp0, `8q because N ˚ˆp0, s s 1 q is attractive.

3 Proof of Theorem 2.2

We fix ρ ą 1 and p P ´0, µps s 1 q´D D`k µ 1 ps s 1 q ¯. We will prove that [BCGM22, Theorem 5.1] and [CV20, Corollary 2.4] (which are recalled in Appendix, see Theorems C.2 and C.4) apply to the continuous semigroup pM t q tě0 defined by M t f px, sq :" E px,sq rf pX t , S t q 1 Xt‰0 s (10)

for px, sq P N ˚ˆp0, s s 1 q and f : N ˚ˆp0, s s 1 q Ñ R such that sup px,sqPN ˚ˆp0,s s 1 q |f px,sq|

V px,sq ă 8, where V defined below is such that c 1 W ρ,p ď V ď c 2 W ρ,p for c 1 , c 2 ą 0. Theorem 2.2 is then a combination of these two results. The former gives the bound ξpW ρ,p q{ξphq whereas the latter gives the bound ξpW ρ,p q{ξpψq in (6). Note that the reason for working with V rather than W ρ,p is that the bound (BLF1) below is easier to obtain.

Let us fix α and θ such that

α ě ρ ´1 k , θ ą ppD `k µ 1 ps s 1 qq `D µps s 1 q ´pppD `k µ 1 ps s 1 qq `Dq ą 0 (11)
and set, for all px, sq P N ˚ˆp0, s s 1 q

ψ : px, sq Þ Ñ x, V : px, sq Þ Ñ ρ x e αs logpρq `1 s `1 `1xď1 θ ps s 1 ´sq p . (12) 
Note that 1 ď ψ ď V on N ˚ˆp0, s s 1 q. For convenience, we extend the definition of ψ on the absorbing set by ψp0, sq " 0 for s P p0, s in q such that ψpX t , S t q 1 Xt‰0 " ψpX t , S t q.

We will show that the following three properties are sufficient to prove Theorem 2.2 and we will then prove them. 2. Minorization condition: for every t ą 0, for every subset K :" 1, N ˆrδ 1 , δ 2 s Ă N ˚ˆp0, s s 1 q, with N P N ˚and δ 2 ą δ 1 ą 0, there exist a probability measure ν such that νpKq " 1, and ϵ ą 0 satisfying @px, sq P K, P px,sq ppX t , S t q P ¨q ě ϵνp¨q.

Bounds on

(MC)

3. Mass ratio inequality: for every compact set K of N ˚ˆp0, s s 1 q, we have sup We first establish, in Section 3.1, that the three properties above (Bounds on Lyapunov functions (BLF1) and (BLF2); Minorization condition (MC) (as defined in [START_REF] Sean | Markov chains and stochastic stability[END_REF]) and Mass ratio inequality (MRI)) are sufficient conditions for proving Theorem 2.2. This three properties are then proved in Section 3.4.

Bounds on Lyapunov functions are established using classical drift conditions on the generator (see, for instance, [BCGM22, Section 2.4]). The originality of our approach lies in the proof of the minorization condition (MC) and the mass ratio inequality (MRI). The proofs of these two properties are based on irreducibility properties that we describe in Section 3.3. The minorization condition establishes that with a positive probability ϵ, every starting point leads the dynamics to the same state at the same time, ensuring in particular that the process is aperiodic. The set of starting points which satisfy this property is usually called a small set (see for instance [START_REF] Sean | Markov chains and stochastic stability[END_REF]). A natural approach to proving this result is to show that the measures δ px,sq M t admit of density functions with respect to some reference measure (such as counting measure for fully discrete processes, or Lebesgue measure for diffusion processes) and demonstrate that these densities have a common lower bound. Unfortunately, due to the deterministic part of the dynamics, for every y P N ˚, the measure δ px,sq M t pdy, .q keeps a Dirac mass component in addition to a density w.r.t. the Lebesgue measure. Furthermore, we need to show that it holds for any time t ą 0 which becomes difficult when the process is neither diffusive nor discrete. The mass ratio inequality implies that the extinction time does not vary greatly with respect to the initial condition. It was shown in [START_REF] Cloez | On an irreducibility type condition for the ergodicity of nonconservative semigroups[END_REF] that this condition can be reduced to estimating hitting times. Once again, a natural approach is to prove that the measures δ px,sq M t admit of density functions but with moreover a common upper bound (see for example [START_REF] Berglund | Mixed-mode oscillations and interspike interval statistics in the stochastic fitzhugh-nagumo model[END_REF]). To our knowledge, there is no such result for quasi-stationary distributions in relation to this kind of processes.

Sufficient conditions for proving Theorem 2.2

We will show that (BLF1)-(BLF2); (MC) and (MRI) imply that conditions of [BCGM22, Theorem 5.1] and [CV20, Corollary 2.4] hold.

Let us first detail how these three properties imply [BCGM22, Assumption A] (see Assumption C.1 in Appendix) on N ˚ˆp0, s s 1 q. First (BLF1) implies that for all px, sq P N ˚ˆp0, s s 1 q and for all t ě 0, E px,sq rV pX t , S t q 1 Xt‰0 s ď pe ´η t `ζt qV px, sq and then pM t q tě0 actually acts on functions f : N ˚ˆp0, s s 1 q Ñ R such that sup px,sqPN ˚ˆp0,s s 1 q |f px,sq|

V px,sq ă 8. Let τ ą 0 and K R :" tpx, sq P N ˚ˆp0, s s 1 q, V px, sq ď Rψpx, squ, with R chosen sufficiently large such that K R is non empty and such that R ą ζτ e ´D τ ´e´η τ , where η ą D and ζ ą 0 are such that (BLF1) holds. By definition of V and ψ, we can easily show that K R is a compact set of N ˚ˆp0, s s 1 q. We choose δ 1 , δ 2 ą 0 and N P N ˚such that K R Ă K :" 1, N ˆrδ 1 , δ 2 s P N ˚ˆp0, s s 1 q. Then using the fact that ψ ď V {R on the complementary of K R , for all px, sq P N ˚ˆp0, s s 1 q, we obtain from (BLF1),

E px,sq rV pX τ , S τ q 1 Xτ ‰0 s ď ˆe´ητ `1 R ζ τ ˙V px, sq `ζτ 1 px,sqPK R ψpx, sq ď ˆe´ητ `1 R ζ τ ˙V px, sq `ζτ 1 px,sqPK ψpx, sq,
and the bound on R ensures that

ˆe´ητ `1 R ζ τ ˙ă e ´D τ .
Consequently (BLF1) and (BLF2) imply that Assumptions (A1) and (A2) in [START_REF] Bansaye | A non-conservative Harris ergodic theorem[END_REF] are satisfied. From (BLF1) and the fact that 1 K ď ψ ď V , for any positive function f and px, sq P K, we have E px,sq rf pX τ , S τ q ψ pX τ , S τ qs E px,sq rψ pX τ , S τ qs ě 1 pe ´ητ `ζτ q sup K V E px,sq " f pX τ , S τ q1 pXτ ,Sτ qPK ‰ , and then, since K was chosen of the form 1, N ˆrδ 1 , δ 2 s, by (MC), Assumption (A3) in [START_REF] Bansaye | A non-conservative Harris ergodic theorem[END_REF] is also satisfied.

Moreover (MRI) ensures the existence of some constant C ě 1 such that for every px, sq, py, rq P K and t ě 0, we have [START_REF] Bansaye | A non-conservative Harris ergodic theorem[END_REF]. Therefore Theorem 5.1 of [START_REF] Bansaye | A non-conservative Harris ergodic theorem[END_REF] implies that there exist a unique QSD π on N ˚ˆp0, s s 1 q such that πpV q ă `8, a measurable function h : N ˚ˆp0, s s 1 q Ñ R `such that sup px,sqPN ˚ˆp0,s s 1 q hpx, sq{V px, sq ă 8 and constants λ, C 1 , ω 1 ą 0 such that for any initial distribution ξ on N ˚ˆp0, s s 1 q such that ξpV q ă `8 and for all t ě 0,

E px,
sup }f }8ď1 |E ξ rf pX t , S t q | T Ext ą ts ´πpf q| ď C 1 ξpV q ξphq e ´ω1 t (13) 
and sup }f }8ď1 ˇˇe λ t E ξ rf pX t , S t q 1 Xt‰0 s ´ξphq πpf q ˇˇď C 1 ξpV q e ´ω1 t .

Taking f " 1 and ξ " δ px,sq with px, sq P N ˚ˆp0, s s 1 q in (14) leads to the expression of h given by (8) and choosing ξ " π ensures that λ satisfies (5). In addition [BCGM22, Lemma 3.4.] ensures that h ą 0 on N ˚ˆp0, s s 1 q. Moreover from (4) and ( 5), for all t ě 0, E π rψpX t , S t qs " e ´λ t πpψq, then integrating (BLF2) with respect to π gives the bounds (9).

Let us now detail how the three properties imply that pM n τ q nPN satisfies Assumption G in [START_REF] Champagnat | Practical criteria for r-positive recurrence of unbounded semigroups[END_REF] (see Assumption C.3). We consider the same compact K " 1, N ˆrδ 1 , δ 2 s as before. By (MC), for all px, sq P K and all measurable A Ă K,

E px,sq " V pX τ , S τ q 1 Xτ ‰0 1 pXτ ,Sτ qPA ‰ ě ϵ ż A
V py, rq νpdy, drq ě r ϵ νpAq V px, sq with r ϵ :" ϵ inf py,rqPK V py,rq sup py,rqPK V py,rq ą 0, then Assumption (G1) in [START_REF] Champagnat | Practical criteria for r-positive recurrence of unbounded semigroups[END_REF] is satisfied. Assumptions (A1) and (A2) in [START_REF] Bansaye | A non-conservative Harris ergodic theorem[END_REF] imply Assumption (G2) in [START_REF] Champagnat | Practical criteria for r-positive recurrence of unbounded semigroups[END_REF], then it holds. Since for all py, rq P K, 1 ď ψpy, rq ď N , then (MRI) directly implies Assumption (G3) in [START_REF] Champagnat | Practical criteria for r-positive recurrence of unbounded semigroups[END_REF]. Moreover, as (MC) holds for all t ą 0, then Assumption (G4) in [START_REF] Champagnat | Practical criteria for r-positive recurrence of unbounded semigroups[END_REF] is also satisfied. Finally, by (BLF1) and (BLF2), for all px, sq P N ˚ˆp0, s s 1 q and all t P r0, τ s,

E px,sq rV pX t , S t q 1 Xt‰0 s V px, sq ď 1 `ζτ and E px,sq rψpX t , S t qs ψpx, sq ě e ´D τ .
Therefore, from [CV20, Corollary 2.4.], there exist C 2 ą 0, ω 2 ą 0 and a positive measure ν P on N ˚ˆp0, s s 1 q satisfying ν P pV q " 1 and ν P pψq ą 0 such that for any initial distribution ξ on N ˚ˆp0, s s 1 q such that ξpV q ă `8, we have

sup }f }8ď1 ˇˇˇξ M t f ξM t V ´νP pf q ˇˇˇď C 2 e ´ω2 t ξpV q ξpψq , @t ě 0. ( 15 
)
Following the same way as [BCGM22, Proof of Corollary 3.7], for all f such that }f } 8 ď 1, from triangle inequality and since ˇˇν P pf q ν P p1q ˇˇď 1, we have

ˇˇˇξ M t f ξM t 1 ´νP pf q ν P p1q ˇˇˇď ξM t V ξM t 1 ˆˇˇˇξ M t f ξM t V ´νP pf q ˇˇˇ`ˇˇˇν P pf q ν P p1q ˇˇˇˇˇˇξ M t 1 ξM t V ´νP p1q ˇˇˇď ξM t V ξM t 1 ˆˇˇˇξ M t f ξM t V ´νP pf q ˇˇˇ`ˇˇˇξ M t 1 ξM t V ´νP p1q ˇˇˇ˙.
Applying (15) first to f and second to 1 gives

ˇˇˇξ M t f ξM t 1 ´νP pf q ν P p1q ˇˇˇď ξM t V ξM t 1 2 C 2 e ´ω2 t ξpV q ξpψq .
Moreover, (15) applied to 1 also leads to

ξM t 1 ξM t V ě ν P p1q ´C2 e ´ω2 t ξpV q ξpψq , then for t ě 1 ω 2 log ´2 C 2 ξpV q ν P p1q ξpψq ¯we have ξMt 1 ξMt V ě ν P p1q 2 and then ˇˇˇξ M t f ξM t 1 ´νP pf q ν P p1q ˇˇˇď 4 ν P p1q C 2 e ´ω2 t ξpV q ξpψq .
Furthermore, for t ď 1 ω 2 log ´2 C 2 ξpV q ν P p1q ξpψq ¯, we obtain

ˇˇˇξ M t f ξM t 1 ´νP pf q ν P p1q ˇˇˇď 2 ď 4 ν P p1q
C 2 e ´ω2 t ξpV q ξpψq .

Therefore,

sup }f }8ď1 ˇˇˇE ξ rf pX t , S t q | T Ext ą ts ´νP pf q ν P p1q ˇˇˇď 4 ν P p1q C 2 e ´ω2 t ξpV q ξpψq . (16) 
Finally, from (13) and ( 16), we have π " ν P ν P p1q . Moreover, on N ˚ˆp0, s s 1 q, we have

mintlogpρq ´1, 1u W ρ,p ď V ď max " 1 `θ, e α s s 1 log pρq * W ρ,p ,
then (6) and ( 7) hold with ω " mintω 1 , ω 2 u and C " max

! 1 `θ, e α s s 1 logpρq ) max ! C 1 , 4 C 2 ν P p1q
) . Note that (7) and (8), which have been proved using [BCGM22, Theorem 5.1], could also have been proved using the second part of [CV20, Corollary 2.4], where (70) holds with λ 0 " ´λ and η P " h ν P p1q . The previous QSD π " π ρ,p depends on ρ and p. However, for any initial distribution ξ on N ˚ˆp0, s s 1 q such that ξpW ρ,p q ă `8 for all ρ ą 1, p P ´0, µps s 1 q´D D`k µ 1 ps s 1 q ¯(Dirac measures on N ˚ˆp0, s s 1 q for example), (6) gives that lim tÑ8 P ξ rpX t , S t q P . | T Ext ą ts " π ρ,p then by uniqueness of the limit, all QSD indexed by ρ and p are the same.

Additional notation

We can extend the notation rs 1 , s 2 s and rs 1 , s 2 q to the case where s 1 ą s 2 by considering the set of values between s 2 and s 1 . In other words,

rs 1 , s 2 s " # rs 1 , s 2 s if s 1 ď s 2 , rs 2 , s 1 s if s 1 ą s 2 , rs 1 , s 2 q " # rs 1 , s 2 q if s 1 ď s 2 , ps 2 , s 1 s if s 1 ą s 2 .
This allows us to use the same notation regardless of whether s 1 is greater than or less than s 2 .

Let us begin by giving additional notation relative to flow associated to the ordinary differential equation (1); namely this concerns the case when the number of bacteria is constant, that is the behavior between the population jumps.

For all pℓ, s 0 q P N ˚ˆR `, let t Þ Ñ ϕpℓ, s 0 , tq be the flow function associated to the substrate equation (1) with ℓ bacteria and initial substrate concentration s 0 . Namely, ϕ is the unique solution of # dϕpℓ,s 0 ,tq dt " Dps in ´ϕpℓ, s 0 , tqq ´k µpϕpℓ, s 0 , tqq ℓ, ϕpℓ, s 0 , 0q " s 0 .

(

) 17 
This flow converges when t Ñ 8 to s s ℓ which is the unique solution of Dps in ´s s ℓ q ´k µps s ℓ q ℓ " 0

where the sequence of points ps s ℓ q ℓě1 is strictly decreasing (see Lemmas A.2 and A.3). Due to monotony properties, (see Lemmas A.1 and A.3) we can build inverse functions of t Þ Ñ ϕpℓ, s 0 , tq and s 0 Þ Ñ ϕpℓ, s 0 , tq (both applications are represented in Figure 1). On the one hand, for all ℓ P N ˚and s 0 P R `such that s 0 ‰ s s ℓ , the application t Þ Ñ ϕpℓ, s 0 , tq is bijective from R `to rs 0 , s s ℓ q. We denote by s Þ Ñ ϕ ´1 t pℓ, s 0 , sq the continuation of its inverse function, defined from R `to s R `by

ϕ ´1 t pℓ, s 0 , sq " # t such that ϕpℓ, s 0 , tq " s if s P rs 0 , s s ℓ q , `8 if not.
It represents the time that the substrate concentration needs to go from s 0 to s with a fixed number ℓ of bacteria (without jump event). If s is not reachable from s 0 with ℓ individuals, then this time is considered as infinite. By definition, ϕ ´1 t pℓ, s 0 , ϕpℓ, s 0 , tqq " t and if s P rs 0 , s s ℓ q then ϕpℓ, s 0 , ϕ ´1 t pℓ, s 0 , sqq " s.

On the other hand, for all ℓ P N ˚and t P R `, the application

s 0 Þ Ñ ϕpℓ, s 0 , tq is bijective from R `to rϕpℓ, 0, tq, `8q. Let s Þ Ñ ϕ ´1 s 0 pℓ, s, tq be the continuation of its inverse function, which is defined from R `to R `by ϕ ´1 s 0 pℓ, s, tq " # s 0 such that ϕpℓ, s 0 , tq " s if s ě ϕpℓ, 0, tq, 0 if not.
For s ě ϕpℓ, 0, tq, it represents the needed initial substrate concentration to obtain substrate concentration s at time t by following the dynamics with ℓ individuals. By definition, ϕ ´1 s 0 pℓ, ϕpℓ, s 0 , tq, tq " s 0 and if s ě ϕpℓ, 0, tq, then ϕpℓ, ϕ ´1 s 0 pℓ, s, tq, tq " s.

t =φ -1 t ( ,s 0 ,s) s 0 s =φ( ,s 0 ,t) s (a) t Þ Ñ ϕpℓ, s 0 , tq 0 s 0 =φ -1 s 0 ( ,s,t) s φ( ,0,t) s =φ( ,s 0 ,t) s (b) s 0 Þ Ñ ϕpℓ, s 0 , tq Figure 1: Graphical representation of t Þ Ñ ϕpℓ, s 0 , tq and s 0 Þ Ñ ϕpℓ, s 0 , tq.

Bounds on the hitting times of the process

In this section, we will develop some irreducibility properties of the Crump-Young process through bounds on its hitting times, which will be useful to prove the mass ratio inequality in Section 3.4.3. To that end, let K be a non empty compact set of N ˚ˆp0, s s 1 q and let s K " min px,sqPK s and S K " max px,sqPK s. We will prove that each point of Kz Ť ℓě1 pℓ, s s ℓ q can be reached, in a uniform way, from any point of K. Points pℓ, s s ℓ q can not be reached. There exists L s K P N ˚, such that s s ℓ ă s K for all ℓ ě L s K (see Lemma A.2), let then set L K " maxtmax pℓ,sqPK ℓ, L s K u. The constants s K , S K and

L K satisfy K Ă 1, L K ˆrs K , S K s Ă 1, L K ˆps s L K , s s 1 q. Let also t min :" max ␣ ϕ ´1 t p1, s s L K , S K q , ϕ ´1 t pL K , s s 1 , s K q ( (19) 
be the maximum between the time to go from s s L K to S K with one individual and the time to go from s s 1 to s K with L K individuals. Since both times are finite then t min ă 8. Note that, from the monotony properties of the flow (see Lemma A.3) for all s 1 , s 2 such that s

s L K ď s 1 ď s 2 ď S K , then ϕ ´1 t p1, s 1 , s 2 q ď ϕ ´1 t p1, s s L K , S K q ď t min and for all s 1 , s 2 such that s K ď s 2 ď s 1 ď s s 1 , ϕ ´1 t pL K , s 1 , s 2 q ď ϕ ´1 t pL K , s s 1 , s K q ď t min . Then t min is the minimal quantity such that, for all s 1 , s 2 satisfying s s L K ď s 1 ď s 2 ď S K or s K ď s 2 ď s 1 ď s s 1
, there exists L P 1, L K , such that ϕ ´1 t pL, s 1 , s 2 q ď t min (i.e. the substrate concentration s 2 is reachable from s 1 in a time less than t min with a constant bacterial population in 1, L K ).

Proposition 3.1. For all τ 0 ą t min , τ ą τ 0 , ε ą 0 and δ ą 0, there exists C ą 0, such that, for all px, sq P K, for all py, rq P K satisfying |r ´s s y | ą δ, we have P px,sq pτ ´ε ď r T y,r ď τ q ě C ą 0 , where r T y,r :" inftt ě τ 0 , pX t , S t q " py, rqu is the first hitting time of py, rq after τ 0 .

The proof of Proposition 3.1 relies on a sharp decomposition of all possible combinations of initial conditions. Instead of giving all details on the proof, we will expose its main steps and the technicalities are postponed in Appendix.

Proof. Let s ε :" min " 3 mints K ´s s L K , s s 1 ´SK u maxtD s in , k µps s 1 q L K u , 4 mints K ´s s L K , s s 1 ´SK u D pτ 0 ´tmin q{2 maxtD s in , k µps s 1 q L K u p1 `D pτ 0 ´tmin q{2q * .
We assume, without loss of generality, that 0 ă ε ď mintτ ´τ0 ; s εu because if the result holds for all ε ą 0 sufficiently small, then it holds for all ε ą 0. Assuming 0 ă ε ď

3 mints K ´s s L K , s s 1 ´SK u maxtD s in , k µps s 1 q L K u ensures that, for py, rq P K, s s L K ď ϕ ´1 s 0 py, r, ε 3 q ď s s 1 (and consequently that s s L K ď ϕ ´1 s 0 py, r, ε 4 q ď s s 1 ); see Lemma A.7-1 and Remark A.8. Consequently S ε y,r :" 1, L K ˆ"ϕ ´1 s 0 py, r, ε 3 q, ϕ ´1 s 0 py, r, ε 4 q ‰ Ă 1, L K ˆrs s L K , s s 1 s.
To prove Proposition 3.1, we will prove that, with positive probability, the process:

1. reaches the set S ε y,r before τ 0 ;

2. stays in this set until the time τ ´ε;

3. reaches py, rq in the time interval rτ ´ε, τ s.

These steps are illustrated in Figure 2 and the associated probabilities are bounded from below in lemmas below. These ones are proved in Appendix B. To state them, let us introduce E ε y,r , defined by

E ε y,r :" tpℓ, r ε y,r q | ℓ P 1, L K and s s ℓ ě r ε y,r u Ytpℓ, R ε y,r q | ℓ P 1, L K and s s ℓ ď R ε y,r u Ă S ε y,r ,
where r ε y,r " minpϕ ´1 s 0 py, r, ε 3 q, ϕ ´1 s 0 py, r, ε 4 qq and R ε y,r " maxpϕ ´1 s 0 py, r, ε 3 q, ϕ ´1 s 0 py, r, ε 4 qq. The set E ε y,r represents the points pℓ, sq P S ε y,r such that s belongs to the bounds of the substrate part " ϕ ´1 s 0 py, r, ε 3 q, ϕ ´1 s 0 py, r, ε 4 q ‰ and ℓ is such that the flow t Þ Ñ ϕpℓ, s, tq leads the dynamics to stay in " ϕ ´1 s 0 py, r, ε 3 q, ϕ ´1 s 0 py, r, ε 4 q ‰ , at least for small t, if ϕ ´1 s 0 py, r, ε 3 q ‰ ϕ ´1 s 0 py, r, ε 4 q (that is if r ‰ s s y ). Note that E ε y,r is well defined if r " s s y and we obtain E ε y,s sy " 1, L K ˆts s y u.

Lemma 3.2. For all τ 0 ą t min , there exists C τ 0 1 ą 0, such that, for all px, sq P K, for all py, rq P K and for 0 ă ε ď

4 mints s 1 ´SK , s K ´s s L K u D pτ 0 ´tmin q{2 maxtD s in , k µps s 1 q L K u p1`D pτ 0 ´tmin q{2q , P px,sq `TE ε y,r ď τ 0 ˘ě C τ 0 1 ,
where T E ε y,r :" inf

␣ t ě 0, pX t , S t q P E ε y,r ( . Lemma 3.3. Let 0 ă ε ď 3 mints K ´s s L K , s s 1 ´SK u
maxtD s in , k µps s 1 q L K u , δ ą 0 and T ą 0. Then there exists C ε,δ,T 2 ą 0, such that, for all py, rq P K satisfying |r ´s s y | ą δ, for all px, sq P E ε y,r , P px,sq `pX t , S t q P S ε y,r , @t P r0, T s ˘ě C ε,δ,T

2

. Step 1: starting from px, sq, the process pX t , S t q t reaches the set S ε y,r before τ 0 .

T E ε y,r τ-ε τ Ty,r τ 0 t s φ -1 s 0 y,r, ε 3 φ -1 s 0 y,r, ε 4 sy r S t step 1 reaches S ε y,r step 2 stays in S ε y,r step 3 reaches (y,r) S t X t x y X t
Step 2: the process stays in S ε y,r until τ ´ε.

Step 3: the process reaches py, rq before τ .

Lemma 3.4. Let 0 ă ε ď

3 mints K ´s s L K , s s 1 ´SK u
maxtD s in , k µps s 1 q L K u and δ ą 0. Then there exists C ε,δ 3 ą 0, such that, for all py, rq P K satisfying |r ´s s y | ą δ, for all px, sq P S ε y,r , P px,sq ´Ty,r ď ε ¯ě C ε,δ 3 with T y,r :" inftt ě 0, pX t , S t q " py, rqu the first hitting time of py, rq.

Although not optimal, some explicit expressions of

C τ 0 1 , C ε,δ,T 2 , C ε,δ
3 of the previous lemmas are obtained in Appendix B. Let us show below that they imply the conclusion of Proposition 3.1.

P px,sq pτ ´ε ď r T y,r ď τ q ě P px,sq ´tT E ε y,r ď τ 0 u X ␣ pX t , S t q P S ε y,r , @t P rT E ε y,r , τ ´εs ( X tτ ´ε ď r T y,r ď τ u ě P px,sq `TE ε y,r ď τ 0 Ppx,sq ´pX t , S t q P S ε y,r , @t P rT E ε y,r , τ ´εs | T E ε y,r ď τ 0 Ppx,sq ´τ ´ε ď r T y,r ď τ | T E ε y,r ď τ 0 , pX t , S t q P S ε y,r , @t P rT E ε y,r , τ ´εs ¯. ( 20 
)
By Lemma 3.2, the first probability of the last member of (20) is bounded from below by a constant C τ 0 1 ą 0. By Lemma 3.3 and the Markov property the second probability is bounded from below by a constant C ε,δ,τ 2 ą 0. By definition, r T y,r ě τ 0 , moreover py, rq R S ε y,r , therefore on the event tpX 0 , S 0 q " px, sq, T E ε y,r ď τ 0 , pX t , S t q P S ε y,r , @t P rT E ε y,r , τ ´εsu we have r T y,r ě τ ´ε almost surely. By Lemma 3.4 and the Markov property, the third probability is bounded from below by a constant C ε,δ 3 ą 0, which achieves the proof.

Proof of the sufficient conditions leading to Theorem 2.2

We prove in this section that the three conditions -Bounds on Lyapunov functions (BLF1) and (BLF2); Minorization condition (MC) and Mass ratio inequality (MRI) -hold. Since it was proved in Section 3.1 that they imply Theorem 2.2, it will conclude the proof of this theorem. Bounds on Lyapunov functions (BLF1) and (BLF2) are given by Lemma 3.6; Minorization condition (MC) is given by Lemma 3.8; Mass ratio inequality(MRI) is given by Lemma 3.9.

Bounds on Lyapunov functions

Let r

V px, sq " V px, sq 1 px,sqPN ˚ˆp0,s s 1 q for all px, sq P pN ˚ˆp0, s s 1 qq Y pt0u ˆp0, s in qq, where we remind that V is defined on N ˚ˆp0, s s 1 q by (12). Assumptions (11) and a simple computation lead to the following lemma, whose the proof is postponed in Appendix (see Section B.5).

Lemma 3.5. There exist η ą D and ζ ą 0 such that

L r V ď ´η r V `ζψ,
on pN ˚ˆp0, s s 1 qq Y pt0u ˆp0, s in qq, where L is the infinitesimal generator of pX t , S t q tě0 defined by (2).

Using well-known martingale properties associated to the Crump-Young model, Lemma 3.5 extends into the following lemma.

Lemma 3.6. There exist η ą D and ζ ą 0, such that for all t ě 0, x P N ˚and s P p0, s s 1 q, we have e ´Dt x " e ´Dt ψpx, sq ď E px,sq rψpX t , S t qs ď e pµps s 1 q´Dqt ψpx, sq " e pµps s 1 q´Dqt x (21) and E px,sq rV pX t , S t q 1 Xt‰0 s ď e ´ηt V px, sq `ζ e pµps s 1 q´Dqt η ´D ψpx, sq .

Proof. It is classical (see for example Section 4 of [START_REF] Campillo | Weak convergence of a mass-structured individual-based model[END_REF]) that, for f P C 0,1 pN ˆR`q , the process ˆf pX t , S t q ´f pX 0 , S 0 q ´ż t 0

Lf pX u , S u qdu ˙tě0 (23) is a local martingale. Since ψ ď r V on pN ˚ˆp0, s s 1 qq Y pt0u ˆp0, s in qq, from Lemma 3.5,

r V satisfies L r V ď ζ r
V for some ζ ą 0. Then using classical stopping time arguments (see [BCGM22, Section 6.2.] or [MT93, Theorem 2.1] and its proof for instance), we can show that it is a martingale when f " r V and then that pE px,sq r r V pX t , S t qsq tPr0,T s is bounded for all T ą 0. Consequently, ( 23) is also a martingale for f " ψ, because ψ ď r V . Then, from the dominated convergence theorem and the fact that, from the expression of ψ, ´Dψ ď Lψ ď pµps s 1 q ´Dqψ, we obtain (21). Similarly, by the linearity of L, from Lemma 3.5 and (21), This part is similar to the approach used in the proof of [CMMSM13, Theorem 4.1]. In fact, in order to prove the existence of the QSD, tightness is sufficient and is ensured by the use of Lyapunov functions (see for instance [CMMSM11, Theorem 4.2]). The significance of our work lies in proving the minorization condition (MC) and the mass ratio inequality (MRI), for our process, which is not irreducible and includes a deterministic component. These properties are the objectives of the next two sections.

L ˆr V ´ζ η ´D ψ ˙ď ´η r V `ζψ `ζ η ´D Dψ " ´η ˆr V ´ζ η ´D ψ ṫhen, for all px, sq P N ˚ˆp0, s s 1 q E px,sq rV pX t , S t q 1 Xt‰0 s " E px,sq " r V pX t , S t q ı ď e ´η t r V px, sq `ζ η ´D `Epx,

Minorization condition

Let K be a compact set of N ˚ˆp0, s s 1 q. In agreement with the notations of Section 3.3, let s K :" min px,sqPK s and S K :" min px,sqPK s be respectively the minimal and maximal substrate concentration of elements of K.

Our aim in this subsection is to prove the minorization condition (MC) established page 9 by introducing the coupling measure ν. The proof is based on Lemma 3.7 below.

Lemma 3.7. Let τ ą 0, let 0 ă s 0 ă s K , s 1 ą s 0 and x P N ˚. Then there exists ϵ 0 ą 0 such that, for all py, rq P K, P py,rq ppX τ , S τ q P txu ˆrs 0 , s 1 sq ě ϵ 0 . Lemma 3.7 is proved in Appendix (see Section B.6). As for Proposition 3.1, its proof relies on sharp pathwise estimates. From this, we deduce the next result which is one the cornerstone of the proof of Theorem 2.2. Lemma 3.8. For every τ ą 0, there exist ϵ ą 0 and a probability measure ν on N ˚ˆp0, s s 1 q such that @py, rq P K, P py,rq ppX τ , S τ q P ¨q ě ϵν.

(24)

If moreover K " 1, N ˆrδ 1 , δ 2 s, for some N P N ˚and δ 2 ą δ 1 ą 0, then we can choose ν such that νpKq " 1.

Proof. Starting from py, rq P K, the discrete component can reach any point z of N ˚in any time interval with positive probability, so we can easily use any Dirac mass δ z (times a constant) as a lower bound for the first marginal of the law of pX τ , S τ q. Let us use z " 1.

For the continuous component, we can use the randomness of the last jump time to prove that its law has a lower bound with Lebesgue density. Consequently to prove (24), we consider the paths going to t2uˆrs 0 , s 1 s for some s 1 ě s 0 well chosen, then being subjected to a washout, and we study the last jump to construct a lower bound with density.

Let us consider some s s 1 ą s 1 ą s 0 ą 0 such that s 0 ă s K and 0 ă τ 0 ă τ which will be fixed at the end of the proof. On the one hand, from Lemma 3.7, there exists ϵ 0 ą 0 such that for all py, rq P K, P py,rq ppX τ ´τ0 , S τ ´τ0 q P t2u ˆrs 0 , s 1 sq ě ϵ 0 .

(25)

On the other hand, let f be any positive function, s P rs 0 , s 1 s and t ą 0. By conditioning on the first jump time and using the Markov property, we have E p2,sq rf pX t , S t qs " e ´2 D t´2 ş t 0 µpϕp2,s,uqqdu f p2, ϕp2, s, tqq where the last bound comes from a second use of the Markov property on the second term. Roughly, we bounded our expectation by considering the event "the first event is a washout and occurs during the time interval p0, tq and no more jump occurs until t".

`ż t 0 2 D e ´2 D v´2
Since s Þ Ñ ϕpx, s, uq and x Þ Ñ ϕpx, s, uq are respectively increasing and decreasing (see Lemma A.1) and µ is increasing, we have for all s P rs 0 , s 1 s µpϕp2, s, uqq ď µpϕp1, s 1 , uqq, hence E p2,sq rf pX t , S t qs ě 2 D e 

f p1, wqdw,
where the last term is non negative as soon as ϕp2, s 1 , tq ă ϕp1, s 0 , tq. First, we fix any s 0 ă s K . Since ϕp2, s 0 , tq ă ϕp1, s 0 , tq, by continuity, we can find s 1 ą s 0 satisfying ϕp2, s 1 , tq ă ϕp1, s 0 , tq. Fixing such two points s 0 and s 1 for t " τ 0 with 0 ă τ 0 ă τ , then leads to @s P rs 0 , s 1 s, P p2,sq ppX τ 0 , S τ 0 q P ¨q ě ϵ 1 ν,

with νpdy, dsq " δ 1 pdyq 1 rϕp2,s 1 ,τ 0 q,ϕp1,s 0 ,τ 0 qs psq ϕp1, s 0 , τ 0 q ´ϕp2, s 1 , τ 0 q ds, and ϵ 1 " c 0 2 D e ´2 D τ 0 e ´2 ş τ 0 0 µpϕp1,s 1 ,uqqdu pϕp1, s 0 , τ 0 q ´ϕp2, s 1 , τ 0 qq.

As a consequence, from (25) and (26), Equation (24) holds with ϵ " ϵ 0 ϵ 1 , by the Markov property.

If K " 1, N ˆrδ 1 , δ 2 s, even if it means choosing τ 0 small enough, s 0 and s 1 can be chosen such that they furthermore satisfy ϕp1, s 0 , τ 0 q ą δ 1 and ϕp2, s 1 , τ 0 q ă δ 2 . Then νpKq ą 0 and (26) holds with r ϵ 1 and the probability measure r ν, satisfying r νpKq " 1, defined by

r ν " ν p1 K ¨q νpKq , r ϵ 1 " ϵ 1 νpKq .
Note that if τ 0 ă ϕ ´1 t p2, 0, δ 2 q (i.e. ϕ ´1 s 0 p2, δ 2 , τ 0 q ą 0) then such s 0 and s 1 exist. In fact, we can choose s 0 and s 1 such that s 0 P pϕ ´1 s 0 p1, δ 1 , τ 0 q, δ 1 ^ϕ´1 s 0 p2, δ 2 , τ 0 qq and s 1 P ps 0 , ϕ ´1 s 0 p2, δ 2 , τ 0 q ^ϕ´1 s 0 p2, ϕp1, s 0 , τ 0 q, τ 0 qq. Since δ 1 ă s s 1 and because ℓ Þ Ñ ϕ ´1 s 0 pℓ, s, τ 0 q and s Þ Ñ ϕ ´1 s 0 pℓ, s, τ 0 q are both increasing (by definition of ϕ ´1 s 0 and by Lemma A.1), we can check that δ 1 and δ 2 are well defined. Moreover s 0 and s 1 are such that s 0 ă δ 1 " s K and s 0 ă s 1 , and by Lemma A.1, we have ϕp1, s 0 , τ 0 q ą ϕp1, ϕ ´1 s 0 p1, δ 1 , τ 0 q, τ 0 q ě δ 1 ; ϕp2, s 1 , τ 0 q ă ϕp2, ϕ ´1 s 0 p2, δ 2 , τ 0 q, τ 0 q " δ 2 ; ϕp2, s 1 , tq ă ϕp2, ϕ ´1 s 0 p2, ϕp1, s 0 , τ 0 q, τ 0 q, τ 0 q " ϕp1, s 0 , τ 0 q.

Mass ratio inequality

Our aim in this subsection is to prove the mass ratio inequality (MRI) given on page 9 by using our bounds on the hitting time given in Proposition 3.1. Lemma 3.9. Let K be a compact set of N ˚ˆp0, s s 1 q, then sup 

We first show by Proposition 3.1 that (28) holds for py, rq P r Kz ´ŤL`1 ℓ"1 tℓu ˆBps s ℓ , δq with Bps s ℓ , δq :" tr, |r ´s s ℓ | ď δu. Then for py, rq P K X Ť L ℓ"1 tℓu ˆBps s ℓ , δq, conditioning on the first event, either no jump occurs and we make use of (21), or a jump occurs and the process after the jump belongs to r Kz ´ŤL`1 ℓ"1 tℓu ˆBps s ℓ , δq ¯which then allows to use (28).

By the Markov property, for all 0 ď u ď t, for all py, rq P r K, E py,rq rψpX t , S t qs " E py,rq " E pX t´u ,S t´u q rψpX u , S u qs

‰

. Applying (21) to E pX t´u ,S t´u q rψpX u , S u qs, we then obtain 

e ´D u E
with T y,r :" inftt ě 0, pX t , S t q " py, rqu the first hitting time of py, rq and r C ą 0. In the first line, we used the strong Markov property, in the second line σ x,s y,r represents the law of T y,r conditionally to tppX 0 , S 0 q " px, sqq X pT y,r ď τ qu and the third line comes from (29) and Proposition 3.1.

It remains to extend the previous inequality to py, rq P K X Ť L ℓ"1 tℓu ˆBps s ℓ , δq. By conditioning on the first jump and using the Markov property, we have and (28) holds with C :" 2 pL ^r C ´1e pµps s 1 q´Dqτ q, which finishes the proof.

Proof of Corollary 2.3

Let us now show that the convergence towards the quasi-stationary distribution π, established in Theorem 2.2, extends for initial measures with support larger than N ˚ˆp0, s s 1 q. The proof is in two parts, first we extend the convergence to initial conditions in N ˚p0, `8q and then for S 0 " 0. For the first part of the proof, it is sufficient to show that h can be extended for all px, sq P N ˚ˆrs s 1 , `8q such that hpx, sq P p0, 8q and lim tÑ8 e λt E px,sq rf pX t , S t qs " πpf q ˆhpx, sq,

for any bounded function on NˆR `such that f p0, ¨q " 0. In fact, if such function h exists, then choosing f px, sq " 1 x‰0 leads to hpx, sq " lim tÑ8 e λt P px,sq pT Ext ą tq (extending the definition of h given by (8) on N ˚ˆR `) and the result holds. Let ϵ ą 0 and set T ϵ " T N ˚ˆp0,s s 1 ´ϵs being the hitting time of N ˚ˆp0, s s 1 ´ϵs. We have 

E
Moreover, fixing ρ ą 1 and p P ´0, µps s 1 q´D D`k µ 1 ps s 1 q ¯, for all 0 ă r ω ď ω (with ω depending on ρ and p), since (7) holds replacing ω by r ω and as, by continuity of the process pS t q t , pX Tϵ , S Tϵ q P N ˚ˆts s 1 ´ϵu Ă N ˚ˆp0, s s 1 q on the event tT ϵ ď tu, we obtain " e pλ`r ωq Tϵ V 0 pX Tϵ , S Tϵ q 1 Tϵďt ı with r C " logpρq e ´αps s 1 ´εq `ps s 1 ´ϵq ´1 `ϵ´p and V 0 defined by V 0 px, sq " ρ x e α s { logpρq for all px, sq P N ˆR`. In the same way as in Section B.5, for all η ą 0, there exists C η ą 0 such that LpV 0 px, sq ´Cη q ď ´ηpV 0 px, sq ´Cη q for all px, sq P N ˚ˆR `. And by the same arguments used in the proof of Lemma B.5, `pV 0 pX t , S t q ´Cη q e η t ˘t is a submartingale. Then by the stopping time theorem and remarking that tT ϵ ď tu Ă tT ϵ ď T Ext u, we obtain for η " λ `r ω 

ˇˇe λt E px,
Hence, (37), ( 38) and ( 40) gives e λt E px,sq rf pX t , S t q1 pTϵ^T Ext qďt s ÝÑ tÑ8 πpf q E px,sq " e λTϵ hpX Tϵ , S Tϵ q1 Tϵă8 ı ,

where we used that h ď C h W ρ,p on N ˚ˆp0, s s 1 q, (40) and the dominated convergence theorem. Then, (35) holds with hpx, sq " E px,sq " e λTϵ hpX Tϵ , S Tϵ q1 Tϵă8 ‰ for all px, sq P N ˚ˆrs s 1 , `8q, which is finite by the previous arguments. Moreover Lemma B.5 ensures that hpx, sq ą 0.

It remains to show the result for s " 0. Let x P N ˚, the Markov property gives for t 1 ą t ą 0,

E px,0q " f pX t 1 , S t 1 q | T Ext ą t 1 ‰ " E px,0q rf pX t 1 , S t 1 q1 T Ext ąt 1 s E px,0q r1 T Ext ąt 1 s " E px,0q rf pX t 1 , S t 1 q1 T Ext ąt 1 | T Ext ą ts E px,0q r1 T Ext ąt 1 | T Ext ą ts " E px,0q " E pXt,Stq " f pX t 1 ´t, S t 1 ´tq1 T Ext ąpt 1 ´tq ‰ | T Ext ą t ‰ E px,0q " E pXt,Stq r1 T Ext ąt 1 ´ts | T Ext ą t ‰ " E ξ " f pX t 1 ´t, S t 1 ´tq1 T Ext ąpt 1 ´tq ‰ E ξ r1 T Ext ąt 1 ´ts " E ξ " f pX t 1 ´t, S t 1 ´tq | T Ext ą pt 1 ´tq ‰
where ξ is the law of pX t , S t q conditioned on the event tT Ext ą tu X tpX 0 , S 0 q " px, 0qu. Assume that ξ is a probability distribution on N ˚ˆp0, s s 1 q, then, from (6), sup }f }8ď1 ˇˇE ξ " f pX t 1 ´t, S t 1 ´tq | T Ext ą t 1 ´t‰ ´πpf q ˇˇď C min ˆξpW ρ,p q ξphq , ξpW ρ,p q ξpψq ˙e´ωpt 1 ´tq with ρ ą 1 and p P ´0, µps s 1 q´D D`k µ 1 ps s 1 q ¯. Since ξpψq ‰ 0 (or ξphq ‰ 0 because from Theorem 2.2, hpy, rq P p0, 8q for all py, rq P N ˚ˆp0, s s 1 q), then Corollary 2.3 holds for s " 0 if in addition ξpW ρ,p q " E px,0q rW ρ,p pX t , S t q | T Ext ą ts ă `8. So let us prove that, for ρ sufficiently small, ξ is a probability distribution on N ˚ˆp0, s s 1 q and that ξpW ρ,p q ă `8, which both consist of proving that

E px,0q " 1 S t | T Ext ą t ȷ ă `8.
Indeed, note that conditionally on the non-extinction S t ď ϕp1, 0, tq ă s s 1 . Moreover pX t q t can be stochastically dominated by a pure birth process with birth rate µps s 1 q, whose the law at time t is a negative binomial distribution with parameters x and e ´µps s 1 qt . Then, for 1 ă ρ ă p1 ´eµps s 1 qt q ´1, E px,0q " ρ Xt | T Ext ą t ‰ ď pe ´µps s 1 qt ρ{p1 ´ρ p1 ´e´µps s 1 qt qqq x . Since the process pX t q t dominates a pure death process with death rate (per capita) D, we have P px,0q pT Ext ą tq ě e ´Dxt , then it is sufficient to prove that for all (sufficiently small) t ą 0,

E px,0q " 1 S t ȷ ă `8.
Instead of using a Lyapunov function, we prove this bound using a coupling method. On r0, ts, from (1) and given that S 0 " 0, we have the following upper-bound @u P r0, ts, S u ď pS 0 `Ds in tq ^sin ď Ds in t, and also the two following ones @s P r0, Ds in ts, µpsq ď s µ t , µ 1 psq ď s µ 1 t , for some constant s µ t , s µ 1 t ą 0. Consequently, we can couple pX u q uPr0,ts with a Yule process pZ u q uPr0,ts (namely a pure birth process) with jumps rate (per capita) s µ t in such a way @u ď t, X u ď Z u .

In particular, X u ď Z t . From this bound and the evolution equation of the substrate (1), we have

@u P r0, ts, S 1 u ě Dps in ´Su q ´ks µ 1 t S u Z t , (41) 
and then, by a Gronwall type argument,

@u P r0, ts, S u ě Ds in D `ks µ 1 t Z t p1 ´e´Du´ks µ 1 t Ztu q ě Ds in D `ks µ 1 t Z t p1 ´e´Du q.
Finally using the classical equality for pure birth processes E px,0q rZ t s " xe s µtt , we obtain

E px,0q " 1 S t ȷ ď D `ks µ 1 t xe s µtt
Ds in p1 ´e´Dt q , which ends the proof. Note that relaxing the assumptions as in Remark 2.4, even if it means choosing t small enough, s µ 1 t can be replaced by a local Lipschitz constant in a neighborhood of 0 in (41).

A Classical and simple results on the Crump-Young process

In the present section, we gather some basic properties of the Crump-Young process, under Assumption 2.1.

A.1 Preliminary results on the flow

In this subsection, we expose simple results on the flow functions relative to the substrate dynamics with no evolution of the bacteria. We begin by results on the behavior of ϕ, defined by (17), and then we give bounds on ϕ ´1 t and ϕ ´1 s 0 .

Lemma A.1. The flow satisfies the following properties: for all s, r s P R `, t ą 0, ℓ, r ℓ P N such that s ă r s and ℓ ă r ℓ 1. ϕpℓ, s, tq ą ϕp r ℓ, s, tq ;

2. ϕpℓ, s, tq ă ϕpℓ, r s, tq.

Proof. The first inequality comes from the decreasing property of ℓ Þ Ñ D ps in ´sq´k µpsq ℓ.

The second point comes from the Cauchy-Lipschitz (or Picard-Lindelöf) theorem.

Lemma A.2. For every ℓ P N ˚, Equation (18), that is Dps in ´s s ℓ q ´k µps s ℓ q ℓ " 0 , admits a unique solution in p0, s in q. Furthermore the sequence ps s ℓ q ℓě1 is strictly decreasing and lim ℓÑ8 s s ℓ " 0.

Proof. The map g ℓ : s Þ Ñ Dps in ´sq ´k µpsq ℓ is strictly decreasing, g ℓ p0q " Ds in ą 0, g ℓ ps in q " ´k µps in qℓ ă 0 then (18) admits a unique solution in p0, s in q. Moreover, for every s ą 0, the sequence pg ℓ psqq ℓě1 is strictly decreasing then ps s ℓ q ℓě1 is also strictly decreasing and lim ℓÑ8 µps s ℓ q " lim ℓÑ8 D ps in ´s s ℓ q k ℓ " 0 then, by Assumption 2.1, lim ℓÑ8 s s ℓ " 0.

Lemma A.3. For every s P R `, ℓ P N ˚and t ě 0, 1. if s ă s s ℓ , then u Þ Ñ ϕpℓ, s, uq is strictly increasing from R `to rs, s s ℓ q; 2. if s ą s s ℓ , then u Þ Ñ ϕpℓ, s, uq is strictly decreasing from R `to ps s ℓ , ss.

In particular |s ´s s ℓ | ě |ϕpℓ, s, tq ´s s ℓ | .

Proof. By Lemma A.1, if s ă s s ℓ then ϕpℓ, s, tq ă s s ℓ for every t ě 0. On r0, s s ℓ q, B t ϕpℓ, ¨, tq is strictly positive because, by Assumption 2.1, g ℓ : s Þ Ñ Dps in ´sq ´k µpsq ℓ is strictly decreasing and g ℓ ps s ℓ q " 0. Finally, s ď ϕpℓ, s, tq ă s s ℓ .

In the same way, on ps s ℓ , `8q, B t ϕpℓ, ¨, tq is strictly negative and s ě ϕpℓ, s, tq ą s s ℓ for s ě s s ℓ which ends the proof.

Corollary A.4. For every s 0 , s 1 , s 2 P R `and ℓ P N ˚satisfying s 0 ě s 1 ě s 2 ą s s ℓ or s 0 ď s 1 ď s 2 ă s s ℓ then ϕ ´1 t pℓ, s 0 , s 2 q " ϕ ´1 t pℓ, s 0 , s 1 q `ϕ´1 t pℓ, s 1 , s 2 q ă `8 .

Proof. The result directly comes from the monotony properties of the flow given by Lemma A.3 and the flow property.

Lemma A.5. For all ℓ P N ˚, s ě 0, and t ě r t ě 0, ϕ ´1 s 0 pℓ, s, tq ą 0 ñ ϕ ´1 s 0 pℓ, s, r tq ą 0.

Proof. On the one hand, for every u ě 0, by Lemma A.1 and definition of ϕ ´1 s 0 , we have ϕ ´1 s 0 pℓ, s, uq ą 0 ô s ą ϕpℓ, 0, uq.

From Lemma A.3 u Þ Ñ ϕpℓ, 0, uq is increasing. Thus ϕ ´1 s 0 pℓ, s, tq ą 0 ô s ą ϕpℓ, 0, tq ñ s ą ϕpℓ, 0, r tq ô ϕ ´1 s 0 pℓ, s, r tq ą 0.

Lemma A.6. For ℓ P N ˚, ps 0 , sq P r0, s s 1 s 2 , such that s 0 ‰ s s ℓ and ϕ ´1 t pℓ, s 0 , sq ă 8, |s ´s0 | maxtD s in , k µps s 1 q ℓu ď ϕ ´1 t pℓ, s 0 , sq ď |s ´s0 | D |s s ℓ ´s| .

Proof. Since ϕ ´1 t pℓ, s 0 , sq ă 8, then s " s 0 `ż ϕ ´1 t pℓ,s 0 ,sq 0 rDps in ´ϕpℓ, s 0 , uqq ´k µpϕpℓ, s 0 , uqq ℓs du " s 0 `ż ϕ ´1 t pℓ,s 0 ,sq 0 rDps s ℓ ´ϕpℓ, s 0 , uqq `k pµps s ℓ q ´µpϕpℓ, s 0 , uqqq ℓs du .

The first equality will allow to obtain the lower bound and the second one will lead to the upper bound for ϕ ´1 t pℓ, s 0 , sq. Either s 0 ď s ă s s ℓ then, from Lemma A.3, the flow u Þ Ñ ϕpℓ, s 0 , uq is increasing and for all u P r0, ϕ ´1 t pℓ, s 0 , sqs, s 0 ď ϕpℓ, s 0 , uq ď s ă s s ℓ . Since µ is increasing, we then obtain, ϕ ´1 t pℓ, s 0 , sq Dps s ℓ ´sq ď s ´s0 ď ϕ ´1 t pℓ, s 0 , sq D s in .

Or s 0 ě s ą s s ℓ then the flow u Þ Ñ ϕpℓ, s 0 , uq is decreasing and s 0 ě ϕpℓ, s 0 , uq ě s ą s s ℓ for all u P r0, ϕ ´1 t pℓ, s 0 , sqs. Since ϕpℓ, s 0 , uq ď s s 1 ď s in and µ is increasing, we then obtain ´ϕ´1 t pℓ, s 0 , sq k µps s 1 q ℓ ď s ´s0 ď ϕ ´1 t pℓ, s 0 , sq D ps s ℓ ´sq and the result holds.

Lemma A.7.

1. For all pℓ, s, εq P N ˚ˆr0, s s 1 s ˆR`s uch that ϕ ´1 s 0 pℓ, s, εq ď s s 1 , |s ´ϕ´1 s 0 pℓ, s, εq| ď ε maxtD s in , k µps s 1 q ℓu .

2. For all pℓ, s, εq P N ˚ˆR `ˆR `such that ϕ ´1 s 0 pℓ, s, εq ą 0,

D|s ´s s ℓ | ε ď |s ´ϕ´1 s 0 pℓ, s, εq| .
Remark A.8. If s ď s s 1 , then assumption ϕ ´1 s 0 pℓ, s, εq ď s s 1 is satisfied when ε ď s s 1 ´s k µps s 1 q ℓ . Indeed, from Lemmas A.3 and A.2, u Þ Ñ ϕpℓ, s s 1 , uq is decreasing, then for all u ě 0, ϕpℓ, s s 1 , uq ď s s 1 and ϕpℓ, s s 1 , εq " s s 1 `ż ε 0 rDps in ´ϕpℓ, s s 1 , uqq ´k µpϕpℓ, s s 1 , uqq ℓs du ě s s 1 ´ε k µps s 1 q ℓ . Then ε ď s s 1 ´s k µps s 1 q ℓ implies that s ď ϕpℓ, s s 1 , εq. Hence, either ϕ ´1 s 0 pℓ, s, εq " 0 ď s s 1 , or ϕpℓ, ϕ ´1 s 0 pℓ, s, εq, εq " s ď ϕpℓ, s s 1 , εq and then, by Lemma A.1, ϕ ´1 s 0 pℓ, s, εq ď s s 1 .

Proof of Lemma A.7. First, we assume that ϕ ´1 s 0 pℓ, s, εq ą 0. By definition of ϕ ´1 s 0 , s " ϕ ´1 s 0 pℓ, s, εq `ż ε 0 rDps in ´ϕpℓ, ϕ ´1 s 0 pℓ, s, εq, uqq ´k µpϕpℓ, ϕ ´1 s 0 pℓ, s, εq, uqq ℓs du " ϕ ´1 s 0 pℓ, s, εq `ż ε 0 rDps s ℓ ´ϕpℓ, ϕ ´1 s 0 pℓ, s, εq, uqq `k pµps s ℓ q ´µpϕpℓ, ϕ ´1 s 0 pℓ, s, εq, uqq ℓqs du .

On the one hand, if s ď s s ℓ , then for all u P r0, εs, ϕ ´1 s 0 pℓ, s, εq ď ϕpℓ, ϕ ´1 s 0 pℓ, s, εq, uq ď s ď s s ℓ , hence, from the second equality and since µ is increasing, s ´ϕ´1 s 0 pℓ, s, εq ě Dps s ℓ ´sq ε ą 0 .

In the same way, if s ě s s ℓ , then for all u P r0, εs, ϕ ´1 s 0 pℓ, s, εq ě ϕpℓ, ϕ ´1 s 0 pℓ, s, εq, uq ě s ě s s ℓ , hence ϕ ´1 s 0 pℓ, s, εq ´s ě Dps ´s s ℓ q ε ą 0 and the lower bound of |s ´ϕ´1 s 0 pℓ, s, εq| then holds. On the other hand, if s P r0, s s 1 s and ϕ ´1 s 0 pℓ, s, εq P r0, s s 1 s, then for all u P r0, εs, ϕpℓ, ϕ ´1 s 0 pℓ, s, εq, uq ď s s 1 and from the first equality, |s ´ϕ´1 s 0 pℓ, s, εq| ď ε maxtD s in , k µps s 1 q ℓu , then the upper bound for |s ´ϕ´1 s 0 pℓ, s, εq| holds for 0 ă ϕ ´1 s 0 pℓ, s, εq ď s s 1 . If ϕ ´1 s 0 pℓ, s, εq " 0, then s ď ϕpℓ, 0, εq and |s ´ϕ´1

s 0 pℓ, s, εq| " s ď ż ε 0 rDps in ´ϕpℓ, 0, uqq ´k µpϕpℓ, 0, uqq ℓs du ď εD s in and the upper bound for |s ´ϕ´1 s 0 pℓ, s, εq| also holds for ϕ ´1 s 0 pℓ, s, εq " 0.

A.2 Preliminary results on the jumps

In contrast with the previous section, in the present one, we let the bacteria evolve. Let pT i q iPN ˚be the sequence of the jump times of the process pX t q tě0 :

T i :" # inftt ą 0, X t´‰ X t u if i " 1; inftt ą T i´1 , X t´‰ X t u if i ą 1.
Let us also introduce a classical notation in the study of piecewise deterministic Markov process (see [START_REF] Benaïm | Qualitative properties of certain piecewise deterministic markov processes[END_REF] for instance). Let px 0 , s 0 q P N ˚ˆR `, 0 ď t 1 ď ¨¨¨ď t N `1 and let Ψ px 0 , s 0 , pt j , x j q 1ďjďN , t N `1q be the iterative solution of # Ψpx 0 , s 0 , t 1 q " ϕpx 0 , s 0 , t 1 q, Ψ px 0 , s 0 , pt j , x j q 1ďjďi , t i`1 q " ϕ ´xi , Ψ px 0 , s 0 , pt j , x j q 1ďjďi´1 , t i q , t i`1 ´ti

¯. ( 42 
)
Then Ψ px 0 , s 0 , pt j , x j q 1ďjďN , tq represents the substrate concentration at time t, given the initial condition is px 0 , s 0 q and that the bacterial population jumps from x i´1 to x i at time t i for i " 1, ¨¨¨, N .

For all n P N ˚, u 1 , . . . u n ą 0, let set

E D pu 1 , . . . , u n q :" n č i"1 tX u i " X 0 ´iu X tT i " u i u and E B pu 1 , . . . , u n q :" n č i"1 tX u i " X 0 `iu X tT i " u i u
the event "the first n events are washouts (respectively divisions) and occur at time u 1 , . . . u n ".

In Lemma A.9 below, we use Poisson random measures to bound the probability of one event by the probability of this event conditionally on having followed a certain path (no jump, successive washouts or successive divisions).

Lemma A.9. Let A be a measurable set (of the underlying probability space). We have the following inequalities.

1. For all δ ě 0 and px, sq P N ˚ˆR Ppx,sq pAq ě P px,sq pA X tT 1 ą δuq ě e ´pD`µps s 1 _sqq x δ P px,sq pA | T 1 ą δq .

2. For all δ ě 0, px, sq P N ˚ˆR `and 1 ď n ď x, P px,sq pAq ě P px,sq ´A X

n č i"1 ! tT i ď δu X tX T i " x ´iu )ě ż δ 0 ż δ u 1 . . . ż δ u n´1 ˜x ź k"x´n`1 D k ¸e´pD`µps s 1 _sqq px u 1 `řn´1
i"1 px´iq pu i`1 ´ui qq ˆPpx,sq ´A ˇˇE D pu 1 , . . . , u n q ¯du n . . . du 1 .

3. For all δ ě 0, px, sq P N ˚ˆR `and all n ě 1 P px,sq pAq ě P px,sq ´A X

n č i"1 ! tT i ď δu X tX T i " x `iu )ě ż δ 0 ż δ u 1 . . . ż δ u n´1 ˜n ź k"1 µ pΨpx, s, pu i , x `iq 1ďiďk´1 , u k qq px `k ´1q ȩ´pD`µps s 1 _sqq px u 1 `řn´1
i"1 px`iq pu i`1 ´ui qq ˆPpx,sq ´A ˇˇE B pu 1 , . . . , u n q ¯du n . . . du 1 .

Proof. Under the event tX t ě 1u (or equivalently under the event tX u ě 1 for u P r0, tsu since t0u is an absorbing state for the process pX t q t ), from the comparison theorem and Lemma A.3, for all 0 ď u ď t we have S u ď ϕp1, S 0 , uq ď S 0 _ s s 1 . Let px, sq P N ˚ˆR `, the individual jump rate µpS t q of the process pX t , S t q starting from px, sq is then bounded by µps s 1 _ sq.

The bounds established in the lemma are classical and based on the construction of the process pX t , S t q from Poisson random measures: we consider two independent Poisson random measures N d pdu, dj, dθq and N w pdu, djq defined on R `ˆN ˚ˆr0, 1s and R `ˆN respectively, corresponding to the division and washout mechanisms respectively, with respective intensity measures n d pdu, dj, dθq " µps s 1 _ sq du ´ÿ ℓě1 δ ℓ pdjq ¯dθ and n w pdu, djq " D du ´ÿ ℓě1 δ ℓ pdjq ¯.

Then the process pX t , S t q starting from pX 0 , S 0 q " px, sq can be defined by pX t , S t q " px, ϕpx, s, tqq

`ż t 0 ż N ˚ż 1 0 1 tjďXu´u 1 t0ďθďµpSuq{µps s 1 _squ rp1, ϕpX u ´`1, S u , t ´uq ´ϕpX u ´, S u , t ´uqs N d pdu, dj, dθq `ż t 0 ż N ˚1tjďXu´u rp´1
, ϕpX u ´´1, S u , t ´uq ´ϕpX u ´, S u , t ´uqs N w pdu, djq . We refer to [START_REF] Campillo | Weak convergence of a mass-structured individual-based model[END_REF] for more details on this construction.

1. By construction of the process, if pX 0 , S 0 q " px, sq, we get T 1 " T d ^Tw where, T d is the time of the first jump of the process t Þ Ñ N d ˆr0, ts ˆtxu ˆ"0, µpϕpx, s, uqq µps s 1 _ sq ȷȧ nd T w is the time of the first jump of the process t Þ Ñ N w pr0, ts ˆtxuq.

The distribution of T d is a non-homogeneous exponential distribution with parameter µpϕpx, s, uqq x, i.e. with the probability density function

t Þ Ñ µpϕpx, s, tqq x exp ˆ´ż t 0 µpϕpx, s, uqq xdu ˙.
The distribution of T w is a (homogeneous) exponential distribution with parameter D x. T d and T w are independent, then P px,sq pT 1 ą δq " e ´şδ 0 pµpϕpx,s,uqq`Dq x du ě e ´pD`µps s 1 _sqq x δ and the first result holds.

2. On the event

Ş k i"1 ! tT i " u i u X tX T i " x ´iu
) , the distribution of T k`1 ´uk is a non-homogeneous exponential distribution with parameter pµpϕpx ´k, S T k , tqq `Dq px ´kq with S T k " Ψpx, s, pu i , x ´iq 1ďiďk´1 , u k q P p0, s s 1 _ sq, i.e. with the probability density function (evaluated in t) pµpϕpx ´k, S T k , tqq `Dq px ´kq e ´şt 0 pµpϕpx´k,S T k ,uqq`Dq px´kqdu ě pµpϕpx ´k, S T k , tqq `Dq px ´kq e ´pµps s 1 _sq`Dq px´kq t and on the event tT k`1 " uu, the event is a bacterial washout with probability D{pµpϕpxḱ , S T k , uqq `Dq. We then obtain the second assertion.

3. The third assertion is obtained in the same way as the second one.

B Proofs of technical Lemmas B.1 Additional notation

For all n ě ℓ ě 1 and all t ě 0 , let P d pn, ℓ, tq defined by

P d pn, ℓ, tq " ż t 0 ż t u 1 . . . ż t u ℓ´1 ˜n ź k"n´ℓ`1
D k ¸e´pD`µps s 1 qq pn u 1 `řℓ´1 i"1 pn´iq pu i`1 ´ui qq du ℓ . . . du 1 be the probability that the ℓ first events are deaths and occur in the time interval r0, ts for a birth-death process, with per capita birth rate µps s 1 q and death rate D, starting from n individuals. For all n ě ℓ ě 1 and all t ě 0, let P b pn, ℓ, tq defined by

P b pn, ℓ, tq " ż t 0 ż t u 1 . . . ż t u ℓ´1 ˜n`ℓ´1 ź k"n
µps s 1 q k ¸e´pD`µps s 1 qq pn u 1 `řℓ´1 i"1 pn`iq pu i`1 ´ui qq du ℓ . . . du 1 be the probability that the ℓ first events are births and occur in the time interval r0, ts for a birth-death process, with per capita birth rate µps s 1 q and death rate D, starting from n individuals.

Remark P px,sq ´TL,rS, s Ss ď τ 0 ¯ě e ´pD`µps s 1 qq pτ 0 ´δ1 ´δ2 q L ˆpµps s L q{µps s 1 qq L´1 P d pL, L ´1, δ 1 q P b p1, L ´1, δ 2 q with δ 1 :"

τ 0 ´t‹ 2 D |s s 1 ´s| D |s s 1 ´s|`maxtD s in , k µps s 1 q Lu and δ 2 :" τ 0 ´t‹ 2 D |s s L ´s| D |s s L ´s|`maxtD s in , k µps s 1 q Lu .
Proof of Lemma 3.2. Let py, rq P K and let us define S :" ϕ ´1 s 0 py, r, ε 3 q, s S :" ϕ ´1 s 0 py, r, ε 4 q if r ď s s y and s S :" ϕ ´1 s 0 py, r, ε 3 q, S :" ϕ ´1 s 0 py, r, ε 4 q if r ě s s y . Then T E ε y,r " T L K ,rS, s Ss . From Lemma A.7-1 and Remark A.8, we have |r ´ϕ´1 s 0 py, r, ε 4 q| ď ε 4 maxtD s in , k µps s 1 qyu, then the condition

ε ď 4 mints s 1 ´SK , s K ´s s L K u D pτ 0 ´tmin q{2 maxtD s in , k µps s 1 q L K u p1 `D pτ 0 ´tmin q{2q
implies that, for r P rs K , S K s Ă rs s L K , s s 1 s and y P 1, L K ,

s ď ϕ ´1 s 0 ´y, r, ε 4 ¯ď S (43) 
with s :" s K ´ps K ´s s L K q D pτ 0 ´tmin q{2 1`D pτ 0 ´tmin q{2 and S :" S K `ps s 1 ´SK q D pτ 0 ´tmin q{2 1`D pτ 0 ´tmin q{2 .

In addition, since s s L K ă s ď s K ď S K ď S ă s s 1 , from Corollary A.4 and Lemma A.6,

ϕ ´1 t p1, s K , Sq " ϕ ´1 t p1, s K , S K q `ϕ´1 t p1, S K , Sq (44) 
ď t min `S ´SK D |s s 1 ´S| " τ 0 ´τ0 ´tmin 2 and ϕ ´1 t pL K , S K , sq " ϕ ´1 t pL K , S K , s K q `ϕ´1 t pL K , s K , sq (45) 
ď t min `sK ´s D |s ´s s L K | " τ 0 ´τ0 ´tmin 2 . Let set δ 1 :" τ 0 ´tmin 2 D |s s 1 ´s| D |s s 1 ´s|`maxtD s in , k µps s 1 q L K u and δ 2 :" τ 0 ´tmin 2 D |s s L K ´s| D |s s L K ´s|`maxtD s in , k µps s 1 q L K u .
From (43) S or s S (or both) belongs to rs, Ss, hence for px, sq P K, we have three cases.

1. If s ď S, then S ď S, from Corollary A.4 and from (44)

τ 0 ´ϕ´1 t p1, s, Sq ě τ 0 ´ϕ´1 t p1, s K , Sq ě τ 0 ´tmin 2 ą 0
then from Lemma B.2-1 and Remark B.1, P px,sq `TE ε y,r ď τ 0 ˘ě e ´pD`µps s 1 qq pτ 0 ´δ1 q P d pL K , L K ´1, δ 1 q ; 2. If s ě s S, then s S ě s, from Corollary A.4 and (45),

τ 0 ´ϕ´1 t `LK , s, s S ˘ě τ 0 ´ϕ´1 t pL K , S K , sq ě τ 0 ´tmin 2 ą 0
then from Lemma B.2-2 and Remark B.1, P px,sq `TE ε y,r ď τ 0 ˘ě e ´pD`µps s 1 qq pτ 0 ´δ2 q L K ˆµps s L K q µps s 1 q

˙LK ´1 P b p1, L K ´1, δ 2 q ;
3. If s P pS, s Sq, then S or s S belongs to rs, Ss, and at least one of both conditions τ 0 ´ϕ´1 t p1, s, Sq ě τ 0 ´tmin 2 ą 0 or τ 0 ´ϕ´1 t `LK , s, s S ˘ě τ 0 ´tmin 2 ą 0 is satisfied. We then deduce from Lemma B.2-3 and Remark B.1 that

P px,sq `TE ε y,r ď τ 0 ˘ě e ´pD`µps s 1 qq ´τ0 ´δ1 `δ2 2 ¯LK P d ˆLK , L K ´1, δ 1 2 μps s L K q µps s 1 q ˙LK ´1 P b ˆ1, L K ´1, δ 2 2 ˙.
Finally Lemma 3.2 holds with

C τ 0 1 :" e ´pD`µps s 1 qq pτ 0 ´mintδ 1 ,δ 2 uq L K ˆPd ˆLK , L K ´1, δ 1 2 ˙ˆµps s L K q µps s 1 q ˙LK ´1 P b ˆ1, L K ´1, δ 2 2 ˙.
Proof of Lemma B.2. Proof of Item 1. If s ď S, we will prove that one way for the process to reach BpL, rS, s Ssq before τ 0 is if the population jumps from x to 1 by x ´1 successive washout events during the time duration δ :" pτ 0 ´ϕ´1 t p1, s, Sqq D |s s 1 ´s| D |s s 1 ´s|`maxtD s in , k µps s 1 q Lu and if then no event occurs during the time duration τ 0 ´δ. The main arguments of the proof are the following: we will see that during the time duration δ, the substrate concentration remains greater than or equal to s ´δ maxtD s in , k µps s 1 q Lu and that δ is chosen such that ϕ ´1 t p1, s ´δ maxtD s in , k µps s 1 q Lu, Sq ď τ 0 ´δ that is the remaining time after the successive washout events is enough for the substrate process to reach S.

• if x " 1 and s 0 P rs ´δ maxtD s in , k µps s 1 q Lu, Ss, from Lemma A.9 we have P p1,s 0 q ´TL,rS, s Ss ď τ 0 ´δ¯ě P p1,s 0 q ´tT L,rS, s Ss ď τ 0 ´δqu X tT 1 ą τ 0 ´δu ě e ´pD`µps s 1 qq pτ 0 ´δq P p1,s 0 q ´TL,rS, s Ss ď τ 0 ´δ | T 1 ą τ 0 ´δ¯.

Moreover, from Lemma A.6 ϕ ´1 t ´1, s ´δ maxtD s in , k µps s 1 q Lu, s ¯ď δ maxtD s in , k µps s 1 q Lu D |s s 1 ´s| " T with T " pτ 0 ´ϕ´1 t p1, s, Sqq maxtD s in , k µps s 1 q Lu D |s s 1 ´s|`maxtD s in , k µps s 1 q Lu . Then from Corollary A.4,

ϕ ´1 t p1, s 0 , Sq " ϕ ´1 t ´1, s ´δ maxtD s in , k µps s 1 q Lu, S φ´1 t ´1, s ´δ maxtD s in , k µps s 1 q Lu, s 0 ď ϕ ´1 t ´1, s ´δ maxtD s in , k µps s 1 q Lu, s ¯`ϕ ´1 t ´1, s, S ď T `ϕ´1 t ´1, s, S ¯" τ 0 ´δ .
Then, since from Lemma A.3 t Þ Ñ ϕp1, s 0 , tq is increasing, ϕp1, s 0 , τ 0 ´δq ě ϕp1, s 0 , ϕ ´1 t p1, s 0 , Sqq " S .

On the event tpX 0 , S 0 q " p1, s 0 q, T 1 ą τ 0 ´δu, we then have S τ 0 ´δ ě S a.s. Since pS t q tě0 is a continuous process, from the intermediate value theorem, pS t q tě0 reaches S in the time interval r0, τ 0 ´δs. Moreover, since S ă s s 1 then P p1,s 0 q ´TL,rS, s Ss ď τ 0 ´δ | T 1 ą τ 0 ´δ¯" 1 and therefore P p1,s 0 q ´TL,rS, s Ss ď τ 0 ´δ¯ě e ´pD`µps s 1 qq pτ 0 ´δq .

Since P p1,sq ´TL,rS, s Ss ď τ 0 ¯ě P p1,sq ´TL,rS, s Ss ď τ 0 ´δ¯, taking s 0 " s leads to the result.

• if x ą 1, from Lemma A.9,

P px,sq ´TL,rS, s Ss ď τ 0 ¯ě ż δ 0 ż δ u 1 ¨¨¨ż δ u x´2 ˜x ź k"2 D k ¸e´pD`µps s 1 qq px u 1 `řx´2 i"1 px´iq pu i`1 ´ui qq P px,sq ´TL,rS, s Ss ď τ 0 | E D pu 1 , . . . , u x´1 q ¯du x´1 ¨¨¨du 1 .
On the one hand, on the event E D pu 1 , . . . , u x´1 qXtpX 0 , S 0 q " px, squ, with u x´1 ď δ, the substrate concentration at time u x´1 verifies S u x´1 " Ψpx, s, pu i , x ´iq 1ďiďx´2 , u x´1 qq ě s ´δ maxtD s in , k µps s 1 q Lu, where we recall that Ψ was defined by (42). Indeed, we more generally have that, for all t P r0, δs, S t " s `ż t 0 pD ps in ´Su q ´k µpS u q X u q du ě s ´δ k µps s 1 q L .

On the other hand, at the end of the washout phase, either S u x´1 ě S and then T L,rS, s Ss ă u x´1 ď τ 0 or S u x´1 ă S and then T L,rS, s Ss ě u x´1 . Applying the Markov Property as well as (46) in the last case, we obtain

P px,sq ´TL,rS, s Ss ď τ 0 | E D pu 1 , . . . , u x´1 q " 1 tΨpx,s,pu i ,x´iq 1ďiďx´2 ,u x´1 qqěSu `1tΨpx,s,pu i ,x´iq 1ďiďx´2 ,u x´1 qqăSu
ˆPp1,Ψpx,s,pu i ,x´iq 1ďiďx´2 ,u x´1 qq ´TL,rS, s Ss ď τ 0 ´ux´1 ě e ´pD`µps s 1 qq pτ 0 ´δq and then P px,sq ´TL,rS, s Ss ď τ 0 ¯ě e ´pD`µps s 1 qq pτ 0 ´δq P d px, x ´1, δq .

Proof of Item 2. If s ě s S, one way for the process to reach BpL, rS, s Ssq before τ 0 is if the population jumps from x to L by L ´x successive division events during the time duration δ :" pτ 0 ´ϕ´1 t `L, s, s S ˘q D |s s L ´s| D |s s L ´s|`maxtD s in , k µps s 1 q Lu and if then no event occurs during the time duration τ 0 ´δ. We omit the details of the proof which is exactly the same as for the case s ď S and leads to

• if x " L, for all s 0 P r s S, s `δ maxtD s in , k µps s 1 q Lus P pL,s 0 q ´TL,rS, s Ss ď τ 0 ¯ě P pL,s 0 q ´TL,rS, s Ss ď τ 0 ´δ¯ě e ´pD`µps s 1 qq pτ 0 ´δq L ;

• if x ă L, remarking that Ψpx, s, pu i , x `iq 1ďiďk´1 , u k q ě s s L for all 1 ď k ď L ´x in the term below, since µ is increasing

P px,sq ´TL,rS, s Ss ď τ 0 ¯ě e ´pD`µps s 1 qq pτ 0 ´δq L ˆż δ 0 ż δ u 1 . . . ż δ u L´x´1 e ´pD`µps s 1 qq px u 1 `řL´x´1 i"1 px`iq pu i`1 ´ui qq ˆ˜L´x ź k"1 µ pΨpx, s, pu i , x `iq 1ďiďk´1 , u k qq px `k ´1q ḑu L´x . . . du 1
ě e ´pD`µps s 1 qq pτ 0 ´δq L ˆµps s L q µps s 1 q ˙L´x P b px, L ´x, δq .

Proof of Item 3. If s P pS, s Sq, in order that the process reaches BpL, rS, s Ssq, it is necessary for the process pS t q tě0 to exit rS, s Ss and come back to this set. If τ 0 ą ϕ ´1 t `1, s, s S ˘, we will bound from below the probability that the process exits pS, s

Sq by the bound s S, at time T L,r s

S, s

Ss (that is we also impose that the bacterial population is in 1, L at this exit time) before the time τ 0 ´τ0 ´ϕ´1 t p1,s, s Sq 2 and then comes back to rS, s Ss during the time interval pT L,r s

S, s

Ss , τ 0 s. We obtain

P px,sq ´TL,rS, s Ss ď τ 0 ě P px,sq ˜tT L,rS, s Ss ď τ 0 u X # T L,r s S, s Ss ď τ 0 ´τ0 ´ϕ´1 t `1, s, s S 2 +ȩ P px,sq ˜TL,r s S, s Ss ď τ 0 ´τ0 ´ϕ´1 t `1, s, s S 2 Ppx,sq ˜TL,rS, s Ss ď τ 0 | T L,r s S, s Ss ď τ 0 ´τ0 ´ϕ´1 t `1, s, s S 2 ¸. (48) 
On the one hand, since

τ 0 ą τ 0 ´τ0 ´ϕ´1 t p1,s, s Sq 2 ą ϕ ´1 t `1, s, s S ˘, from Lemma B.2-1 we have P px,sq ˜TL,r s S, s Ss ď τ 0 ´τ0 ´ϕ´1 t `1, s, s S 2 ȩ e ´pD`µps s 1 qq ˆτ0 ´τ0 ´ϕ´1 t p1,s, s Sq 2 ´δ1 ˙Pd px, x ´1, δ 1 q (49)
with δ 1 :"

τ 0 ´ϕ´1 t p1,s, s Sq 2 D |s s 1 ´s| D |s s 1 ´s|`maxtD s in , k µps s 1 q Lu .
On the other hand, from the definition of T L,r s

S, s

Ss , pX T L,r s

S, s

Ss , S T L,r s S, s Ss q P 1, L ˆt s Su, then by the law of total probability 

P px,sq ˜TL,rS, s Ss ď τ 0 | T L,r s S, s Ss ď τ 0 ´τ0 ´ϕ´1 t `1, s, s S 2 " L ÿ i"1 P px,sq ˜TL,rS, s Ss ď τ 0 | T L,r s S, s Ss ď τ 0 ´τ0 ´ϕ´1 t `1, s, s S 2 , X T L,r s S, s Ss " i Ppx,sq ˜XT L,r s S, s Ss " i | T L,r s S, s Ss ď τ 0 ´τ0 ´ϕ´1 t `1, s, s S 2 ¸. Set A i :" " T L,r s S, s Ss ď τ 0 ´τ0 ´ϕ´1 t p1,s, s Sq 2 , X T L,

´δ2

˙L ˆµps s L q µps s 1 q ˙L´1 P b p1, L ´1, δ 2 q ě e ´pD`µps s 1 qq pτ 0 ´δ1 ´δ2 q L P d pL, L ´1, δ 1 q ˆµps s L q µps s 1 q ´δ1 ˙Pd pL, L ´1, δ 1 q ě e ´pD`µps s 1 qq pτ 0 ´δ1 ´δ2 q L P d pL, L ´1, δ 1 q ˆµps s L q µps s 1 q

˙L´1 P b p1, L ´1, δ 2 q . If τ 0 ą ϕ ´1 t pL
˙L´1 P b p1, L ´1, δ 2 q
with δ 1 :" ˆµps s L q µps s 1 q

τ 0 ´ϕ´1 t pL
˙L´1 P b p1, L ´1, t s S´S q + , (51) 
with t s S´S " | s S ´S|{ maxtD s in , k µps s 1 q Lu and if s s ℓ R rS, s Ss, then P px,sq `pX t , S t q P 1, L ˆrS, s Ss, @t P r0, T s ě

C Y T γ ] `1 min # P d pL, L ´1, t 1 q; ˆµps s L q µps s 1 q ˙L´1 P b p1, L ´1, t 2 q + ( 52 
)
where the preceding constants are defined by C " µps s L q D pD `µps s 1 qq 2 e ´pD`µps s 1 qq ℓ ϕ ´1 t pℓ,S,s 2 q e ´pD`µps s 1 qq pℓ`1q ϕ ´1 t pℓ`1, s S,s 1 q ˆ"1 ´e´pD`µps s 1 qq ℓ ϕ ´1 t pℓ,s 2 , s Sq ı "

1 ´e´pD`µps s 1 qq pℓ`1q ϕ ´1 t pℓ`1,s 1 ,Sq ı and γ " ϕ ´1 t pℓ, s 1 , s 2 q `ϕ´1 t pℓ `1, s 2 , s 1 q ; ] `1 is a lower bound for x " ℓ and s ă s 1 (including px, sq " pℓ, Sq) and for x " ℓ`1 and s ą s 2 (including px, sq " pℓ`1, s Sq); we then deduce the result for x ‰ ℓ and s " S and for x ‰ ℓ `1 and s " s S, with px, sq P BpL, rS, s Ssq reaching one of both previous cases by successive washout or division events; then leading to (52) for any possible initial condition in BpL, rS, s Ssq.

t 1 " | s S ´s2 | maxtD s in , k
If s s ℓ P rS, s Ss:

• If x " ℓ: If no event occurs during r0, T s, then by Lemma A.3, for all s 0 P rS, s Ss, the process starting from pℓ, s 0 q stays in tℓu ˆrs 0 , s s ℓ s Ă tℓu ˆrS, s Ss. Hence, P pℓ,s 0 q `pX t , S t q P 1, L ˆrS, s Ss, @t P r0, T s ˘ě P pℓ,s 0 q pT 1 ě T q ě e ´pD`µps s 1 qq ℓ T ě e ´pD`µps s 1 qq L T .

(53)

• If x ą ℓ: From Lemma A.9, P px,sq `pX t , S t q P 1, L ˆrS, s Ss, @t P r0, T s ě

ż t s S´S 0 ż t s S´S u 1 . . . ż t s S´S u x´ℓ´1 ˜x ź k"ℓ`1 D k ¸e´pD`µps s 1 qq px u 1 `řx´ℓ´1 i"1
px´iq pu i`1 ´ui qq P px,sq ´pX t , S t q P 1, L ˆrS, s Ss, @t P r0, T s ˇˇE D pu 1 , . . . , u x´ℓ q du x´ℓ . . . du 2 du 1 .

Since px, sq P BpL, rS, s Ssq, we easily check from Lemma A.6 that, on the event tpX 0 , S 0 q " px, squ X E D pu 1 , . . . , u x´ℓ q, the process pX t , S t q 0ďtďu x´ℓ stays in 1, L rS, s Ss for u x´ℓ ď t s S´S . By the Markov property and (53) we then obtain, for s 0 " Ψpx, s, pu i , x ´iq 1ďiďx´ℓ´1 , u x´ℓ q P rS, s Ss:

P px,sq ´pX t , S t q P 1, L ˆrS, s Ss, @t P r0, T s ˇˇE D pu 1 , . . . , u x´ℓ q " P pℓ,s 0 q ´pX t , S t q P 1, L ˆrS, s Ss, @t P r0, pT ´ux´ℓ q _ 0s ě e ´pD`µps s 1 qq L T , and therefore P px,sq `pX t , S t q P 1, L ˆrS, s Ss, @t P r0, T s ˘ě e ´pD`µps s 1 qq L T P d px, x ´ℓ, t s S´S q ě e ´pD`µps s 1 qq L T P d pL, L ´1, t s S´S q .

• If x ă ℓ: in the same way, replacing the washouts event condition E D pu 1 , . . . , u x´ℓ q by the divisions event condition E B pu 1 , . . . , u ℓ´x q in the previous case, we obtain P px,sq `pX t , S t q P 1, L ˆrS, s Ss, @t P r0, T s ě e ´pD`µps s 1 qq L T ˆµps s L q µps s 1 q ˙ℓ´x P b px, ℓ ´x, t s S´S q ě e ´pD`µps s 1 qq L T ˆµps s L q µps s 1 q

˙L´1 P b p1, L ´1, t s S´S q
and then (51) holds.

If s s ℓ R rS, s Ss: By definition, ℓ is such that s s ℓ ą s S and s s ℓ`1 ă S. Note that throughout this part of the proof, we will use the following properties (see Corollary A.4): for all S ď r 0 ď r 1 ď r 2 ď s S, ϕ ´1 t pℓ, r 0 , r 1 q ď ϕ ´1 t pℓ, r 0 , r 2 q ă `8, ϕ ´1 t pℓ `1, r 1 , r 0 q ď ϕ ´1 t pℓ `1, r 2 , r 0 q ă `8 .

• If x " ℓ and S ď s ď s 1 : We prove that P pℓ,sq `pX t , S t q P 1, L ˆrS, s Ss, @t P r0, T s ˘ě

C Y T γ ] `1 . (54) 
One way for the substrate concentration process pS t q tPr0,T s to stay in rS, s Ss is if the first event is a division and occurs at time T 1 P rϕ ´1 t pℓ, s, s 2 q, ϕ ´1 t pℓ, s, s Sqq, the second event is a washout and occurs at time T 2 P rT 1 `ϕ´1 t pℓ `1, S T 1 , s 1 q, T 1 φ´1 t pℓ `1, S T 1 , Sqq and if the process pS t q T 2 ďtďT _T 2 stays in rS, s Ss. In fact, we easily check that on this event

pX t , S t q P $ ' & ' % tℓu ˆrs, s Sq if 0 ď t ă T 1 , tℓ `1u ˆrs 2 , s Sq if t " T 1 , tℓ `1u ˆpS, s Sq if T 1 ď t ď T 2 .
Therefore, from Lemma A.9 and the Markov Property P pℓ,sq `pX t , S t q P 1, L ˆrS, s Ss, @t P r0, T s ě

P pℓ,sq ´␣X T 1 " ℓ `1( X ␣ ϕ ´1 t pℓ, s, s 2 q ď T 1 ď ϕ ´1 t pℓ, s, s Sq ( X ␣ X T 2 " ℓ ( X ␣ ϕ ´1 t pℓ `1, S T 1 , s 1 q ď T 2 ´T1 ď ϕ ´1 t pℓ `1, S T 1 , Sq ( X ␣
pX t , S t q P 1, L ˆrS, s Ss, @t P r0, T s ( ě µps s L q ℓ ż ϕ ´1 t pℓ,s, s Sq ϕ ´1 t pℓ,s,s 2 q e ´pD`µps s 1 qq ℓ u 1 D pℓ `1q ż ϕ ´1 t pℓ`1,ϕpℓ,s,u 1 q,Sq ϕ ´1 t pℓ`1,ϕpℓ,s,u 1 q,s 1 q e ´pD`µps s 1 qq pℓ`1q u 2 P pℓ,ϕpℓ`1,ϕpℓ,s,u 1 q,u 2 qq `pX t , S t q P 1, L ˆrS, s Ss, @t P r0, pT ´u1 ´u2 q _ 0s du Assumption s ă s 1 implies that u 1 ě ϕ ´1 t pℓ, s 1 , s 2 q, moreover u 1 ě ϕ ´1 t pℓ, s, s 2 q implies that u 2 ě ϕ ´1 t pℓ `1, s 2 , s 1 q. Hence T ´u1 ´u2 ď T ´γ. In addition, u 2 P rϕ ´1 t pℓ `1, ϕpℓ, s, u 1 q, s 1 q, ϕ ´1 t pℓ `1, ϕpℓ, s, u 1 q, Sqs implies that ϕpℓ 1, ϕpℓ, s, u 1 q, u 2 q P rS, s 1 s. Then, in order to obtain (54), by recurrence, it is sufficient to prove that µps s L q ℓ ż ϕ ´1 t pℓ,s, s Sq ϕ ´1 t pℓ,s,s 2 q e ´pD`µps s 1 qq ℓ u 1 D pℓ `1q ˆż ϕ ´1 t pℓ`1,ϕpℓ,s,u 1 q,Sq ϕ ´1 t pℓ`1,ϕpℓ,s,u 1 q,s 1 q e ´pD`µps s 1 qq pℓ`1q u 2 du 2 du 1 ě C . (56)

Remarking that, from Corollary A.4, we have ϕ ´1 t pℓ `1, ϕpℓ, s, u 1 q, Sq ´ϕ´1 t pℓ `1, ϕpℓ, s, u 1 q, s 1 q " ϕ ´1 t pℓ `1, s 1 , Sq we then obtain D pℓ `1q ż ϕ ´1 t pℓ`1,ϕpℓ,s,u 1 q,Sq ϕ ´1 t pℓ`1,ϕpℓ,s,u 1 q,s 1 q e ´pD`µps s 1 qq pℓ`1q u 2 du 2 " D D `µps s 1 q e ´pD`µps s 1 qq pℓ`1q ϕ ´1 t pℓ`1,ϕpℓ,s,u 1 q,s 1 q ´1 ´e´pD`µps s 1 qq pℓ`1q ϕ ´1 t pℓ`1,s 1 ,Sq ě D D `µps s 1 q e ´pD`µps s 1 qq pℓ`1q ϕ ´1 t pℓ`1, s S,s 1 q ´1 ´e´pD`µps s 1 qq pℓ`1q ϕ ´1 t pℓ`1,s 1 ,Sq ¯.

In the same way, µps s L q ℓ ż ϕ ´1 t pℓ,s, s Sq ϕ ´1 t pℓ,s,s 2 q e ´pD`µps s 1 qq ℓ u 1 du 1 " µps s L q D `µps s 1 q e ´pD`µps s 1 qq ℓ ϕ ´1 t pℓ,s,s 2 q ´1 ´e´pD`µps s 1 qq ℓ ϕ ´1 t pℓ,s 2 , s Sq ě µps s L q D `µps s 1 q e ´pD`µps s 1 qq ℓ ϕ ´1 t pℓ,S,s 2 q ´1 ´e´pD`µps s 1 qq ℓ ϕ ´1 t pℓ,s 2 , s Sq ¯.

Hence (56) holds.

• If x " ℓ `1 and s 2 ď s ď s S: Replacing both steps:

1. the first event is a division and occurs at time T 1 P rϕ P pℓ`1,sq `pX t , S t q P 1, L ˆrS, s Ss, @t P r0, T s ˘ě

C Y T γ ] `1 . (57) 
• If x ‰ ℓ `1 and s " s S: Since px, sq P BpL, rS, s Ssq, therefore, x ą ℓ `1. Let t 1 " | s S ´s2 |{ maxtD s in , k µps s 1 q Lu, by Lemma A.9, P px,sq `pX t , S t q P 1, L ˆrS, s Ss, @t P r0, T s ě

ż t 1 0 ż t 1 u 1 . . . ż t 1 u x´ℓ´2 ˜x ź k"ℓ`2 D k ¸e´pD`µps s 1 qq px u 1 `řx´ℓ´1 i"1
px´iq pu i`1 ´ui qq P px,sq ´pX t , S t q P 1, L ˆrS, s Ss, @t P r0, T s ˇˇE D pu 1 , . . . , u x´ℓ´1 q du x´ℓ´1 . . . du 2 du 1 .

Since s s x´i ď s s ℓ`1 ă s 2 for all i P 1, x ´ℓ ´1 , we easily check from Lemma A.6 that, on the event tpX 0 , S 0 q " px, squXE D pu 1 , . . . , u x´ℓ´1 q, the process pX t , S t q 0ďtďt 1 stays in 1, L ˆrs 2 , s Ss. By the Markov property and (57) we then obtain, for s 0 " Ψpx, s, pu i , x ´iq 1ďiďx´ℓ´2 , u x´ℓ´1 q P rs 2 , s Ss with u x´ℓ´1 ď t 1 : P px,sq ´pX t , S t q P 1, L ˆrS, s Ss, @t P r0, T s ˇˇE D pu 1 , . . . , u x´ℓ´1 q " P pℓ`1,s 0 q ´pX t , S t q P 1, L ˆrS, s Ss, @t P r0, pT ´ux´ℓ´1 q _ 0s ě

C Y T γ ] `1 ,
and therefore P px,sq `pX t , S t q P 1, L ˆrS, s Ss, @t P r0, T s ě

C Y T γ ] `1 P d px, x ´ℓ ´1, t 1 q ě C Y T γ ] `1 P d pL, L ´1, t 1 q .
• If x ‰ ℓ and s " S: Remarking that px, sq P BpL, rS, s Ssq implies x ă ℓ, in the same way as the previous case and using (54), we obtain P px,sq `pX t , S t q P 1, L ˆrS, s Ss, @t P r0, T s ě

C Y T γ ] `1 ˆµps s L q µps s 1 q ˙ℓ´x P b px, ℓ ´x, t 2 q ě C Y T γ
] `1 ˆµps s L q µps s 1 q ˙L´1 P b p1, L ´1, t 2 q with t 2 " |s 1 ´S|{ maxtD s in , k µps s 1 q Lu.

B.4 Proof of Lemma 3.4

Lemma 3.4 is a corollary of the following lemma with δ 1 " ε 4 and δ 2 " ε 3 .

Lemma B.4. Let L P N ˚, ε ą 0 and let δ 1 , δ 2 such that ε{2 ą δ 2 ą δ 1 ą 0. Then for all py, rq P 1, L ˆrs s L , s s 1 s ztpℓ, s s ℓ q, ℓ P 1, L u such that 0 ă δ 1 ď mintr´s s L , s s 1 ´ru maxtD s in , k µps s 1 q Lu and for all px, sq P 1, L ˆ"ϕ ´1 s 0 py, r, δ 2 q, ϕ ´1 s 0 py, r, δ 1 q ‰ P px,sq ´Ty,r ď ε ¯ě C

ε,δ 1 ,δ 2 |s sy´r| with C ε,δ 1 ,δ 2 |s sy´r| " e ´pD`µps s 1 qq L ε 2 ˆmin # P d pL, L ´1, t ‹ q ; ˆµps s L q µps s 1 q ˙L´1 P b p1, L ´1, t ‹ q + where t ‹ " mintD |s sy´r| δ 1 , D pD δ 2 `1q |s sy´r| pε{2´δ 2 qu maxtD s in , k µps s 1 q Lu .
Proof. The aim is to prove that, with positive probability, the process goes from px, sq to tyu ˆ"ϕ ´1 s 0 py, r, ε{2q, r ‰ , in a time less than ε{2; and then starting from an initial condition in tyu ˆ"ϕ ´1 s 0 py, r, ε{2q, r ‰ it reaches py, rq in a time less than ε{2. We then have three cases.

1. If x " y then by definition of ϕ ´1 s 0 py, r, .q, for all s 0 P " ϕ ´1 s 0 py, r, ε{2q, r ‰ if there is no jump during the time interval r0, ε{2s, then the process starting from py, s 0 q reaches py, rq before the time ε{2, then, from Lemma A.9, P py,s 0 q ´Ty,r ď ε{2 ¯ě P py,s 0 q ´T1 ą ε{2 ¯ě e ´pD`µps s 1 qq L ε 2 .

(58)

As P py,sq ´Ty,r ď ε ¯ě P py,sq ´Ty,r ď ε{2 ¯and s P " ϕ ´1 s 0 py, r, ε{2q, r ‰ , then the result holds.

2. If x ă y then from Lemma A.9, and P px,sq ´Ty,r ď ε ¯ě e ´pD`µps s 1 qq L ε 2 P d px, x ´y, t ‹ q ě e ´pD`µps s 1 qq L ε 2 P d pL, L ´1, t ‹ q .

P px,sq ´Ty,r ď ε ě ż t ‹ 0 ż t ‹ u 1 . . . ż t ‹ u y´x´1 ¨x ź k"y`1 D k ' e ´pD`µps s 1 qq px u 1 `řx´y´1
Let us prove that (60) holds. More generally, we will prove that for all n P N, for all u 1 ă ¨¨¨ă u n`1 ă t ‹ , for all px i q 1ďiďn with value in 1, L Ψpx, s, pu i , x i q 1ďiďn , u n`1 q P " ϕ ´1 s 0 py, r, ε{2q, r ‰ .

By ( 42) and (17)

|Ψpx, s, pu i , x i q 1ďiďn , u n`1 q ´s| ď t ‹ maxtD s in , k µps s 1 q Lu . (62) 
First δ 1 ď mintr´s s L , s s 1 ´ru maxtD s in , k µps s 1 q Lu ensures, from Lemma A.7-1 and Remark A.8 that s s L ď ϕ ´1 s 0 py, r, δ 1 q ď s s 1 , then from Lemma A.7-2, |r ´ϕ´1 s 0 py, r, δ 1 q| ě D |s s y ´r|δ 1 ,

• if ϕ ´1 s 0 py, r, ε{2q ą 0, since ϕ ´1 s 0 inherits a flow property from ϕ, we have ϕ ´1 s 0 py, r, ε{2q " ϕ ´1 s 0 py, ϕ ´1 s 0 py, r, δ 2 q, ε{2 ´δ2 q. Then from Lemma A.7-2

|ϕ ´1 s 0 py, r, ε{2q ´ϕ´1 s 0 py, r, δ 2 q| ě D |ϕ ´1 s 0 py, r, δ 2 q ´s s y | ´ε 2 ´δ2 " D `|ϕ ´1 s 0 py, r, δ 2 q ´r| `|r ´s s y | ˘´ε 2 ´δ2 ě D pD δ 2 `1q|r ´s s y | ´ε 2 ´δ2 ¯,
hence, by (62), the definition of t ‹ , (63) and the previous inequality, |Ψpx, s, pu i , x i q 1ďiďn , u n`1 q ´s| ď mint|r ´ϕ´1 s 0 py, r, δ 1 q| ; |ϕ ´1 s 0 py, r, ε{2q ´ϕ´1 s 0 py, r, δ 2 q|u with s P " ϕ ´1 s 0 py, r, δ 2 q, ϕ ´1 s 0 py, r, δ 1 q ‰ Ă " ϕ ´1 s 0 py, r, ε{2q, r ‰ and (61) holds.

• If ϕ ´1 s 0 py, r, ε{2q " 0, hence by (62), the definition of t ‹ and (63), |Ψpx, s, pu i , x i q 1ďiďn , u n`1 q ´s| ď |r ´ϕ´1 s 0 py, r, δ 1 q| with s P " 0, ϕ ´1 s 0 py, r, δ 1 q ‰ then Ψpx, s, pu i , x i q 1ďiďn , u n`1 q P r0, rs and (61) holds.

3. If x ă y then in the same way, reaching y by x ´y successive division events, we have P px,sq ´Ty,r ď ε ¯ě e ´pD`µps s 1 qq L ε 2 ˆµps s L q µps s 1 q ˙y´x P b px, y ´x, t ‹ q ě e ´pD`µps s 1 qq L ε 2 ˆµps s L q µps s 1 q

˙L´1 P b p1, L ´1, t ‹ q .
B.5 Proof of Lemma 3.5

On t0u ˆp0, s in q, we have L r V " 0 " V . So let us prove the result on N ˚ˆp0, s s 1 q. For convenience, we consider the natural extension of V to x " 0 given by V p0, sq " logpρq ´1e αs `s´1 `p1 `θq{ps s 1 ´sq p for all s P p0, s s 1 q. Since for all px, sq P N ˚ˆp0, s s 1 q L r V px, sq " LV px, sq ´D V p0, sq 1 x"1 ď LV px, sq and since r V " V on N ˚ˆp0, s s 1 q, it is sufficient to prove that there exist η ą D and ζ ą 0 such that, on N ˚ˆp0, s s 1 q, LV ď ´ηV `ζψ .

We will prove that there exists η ą D such that LV `ηV is bounded from above on N ˚ˆp0, s s 1 q. Since ψ ě 1 on N ˚ˆp0, s s 1 q it therefore implies the result. To that end, let define, for all px, sq P N ˆp0, s s 1 q

V 0 : px, sq Þ Ñ logpρq ´1 ρ x e αs , V 1 : px, sq Þ Ñ s ´1, V 2 : px, sq Þ Ñ p1 `1xď1 θqps s 1 ´sq ´p so that V " V 0 `V1 `V2
. By the linearity of L, we then have LV " LV 0 `LV 1 `LV 2 on N ˚ˆp0, s s 1 q, with for px, sq P N ˚ˆp0, s s 1 q LV 0 px, sq "

" rDps in ´sq ´kµpsqxsα `pρ ´1q ˆµpsq ´D ρ ˙xȷ V 0 px, sq LV 1 px, sq " ´Dps in ´sq ´kµpsqx s V 1 px, sq LV 2 px, sq " " p Dps in ´sq ´kµpsqx s s 1 ´s ´µpsq1 x"1 θ 1 `θ `2 D θ 1 x"2 ȷ V 2 px, sq.
We will prove that there exist η ą D such that LV 0 `LV 1 `ηpV 0 `V1 q and LV 2 `ηV 2 are bounded from above on N ˚ˆp0, s s 1 q.

Let η P R and let 0 ă ε ă D ρ´1 ρ . Since α ě ρ´1 k we have pLV 0 `LV 1 `ηpV 0 `V1 qqpx, sq ď Apx, sq `Bpx, sq with Apx, sq :" " D s in α ´ˆD ρ ´1 ρ ´ε˙x `ηȷ V 0 px, sq, Bpx, sq :"

" ´Dps in ´sq ´kµpsqx s `η ´ε x V 0 px, sq V 1 px, sq ȷ V 1 px, sq .
We easily check that A is bounded on every set on the form 1, L ˆp0, s s 1 q with L ě 1, moreover sup sPp0,s s 1 q Apx, sq tends towards ´8 when x Ñ 8. Then A is bounded from above. In addition, from the expression of V 0 and V 1 , kµpsq s ´ε V 0 px,sq V 1 px,sq ď 0 if x ě C `2 logp1{sq{ logpρq, with C :" log pk µps s 1 q logpρq{εq { logpρq. Therefore, setting s µ 1 1 " sup sPr0,s s 1 s µ 1 psq, we obtain The right member does not depend on x, is bounded on every set on the form pr, s s 1 q with 0 ă r ă s s 1 , and tends towards ´8 when s Ñ 0. Hence B is bounded from above and LV 0 `LV 1 `ηpV 0 `V1 q is bounded from above for every η P R.

We easily check that LV 2 `ηV 2 is bounded on every set on the form N ˚ˆp0, rs, with 0 ă r ă s s 1 . Moreover, for x ě 2 and s s 2 ă s ă s s 1 , we have Dps in ´sq ´kµpsqx ď Dps in ´sq ´2 kµpsq ă Dps in ´s s 2 q ´2 k µps s 2 q " 0 then sup p rDps s 1 ´sq `kpµps s 1 q ´µpsqq s s 1 ´s ´θµps s 1 q 1 `θ " prD `k µ 1 ps s 1 qs ´θµps s 1 q 1 `θ ă ´D.

It follows that LV 2 `η V 2 is bounded from above for all 0 ă η ă ´lim sÑs s 1 LV 2 p1, sq{V 2 p1, sq. Therefore Lemma 3.5 holds and we can choose any η P pD, ´lim sÑs s 1 LV 2 p1, sq{V 2 p1, sqq.

Note that relaxing the assumptions as in Remark 2.4, the limit above does not necessary exist. However we can bound from above lim sup sÑs s 1 LV 2 p1, sq{V 2 p1, sq by ´D replacing µ 1 ps s 1 q by k lip in (11). In the same way, in the upper bound for B, s µ 1 1 can be replaced by a local Lipschitz constant of µ in the neighborhood of 0 when s tends towards 0.

From Corollary A.4, τ ´ε ą ϕ ´1 t pL, S K , s 1 `s0 2 q ą ϕ ´1 t pL, S K , r s 1 q ą ϕ ´1 t pL, r, r s 1 q, for all py, rq P K. Then from Lemma B.2-2 and Remark B.1, P py,rq `TL,rr s 0 ,r s 1 s ď τ ´ε˘ě e ´pD`µps s 1 qq pτ ´ε´δq L ˆµps s L q µps s 1 q ˙L´1 P b p1, L ´1, δq ": C 1 (65) with δ :" pτ ´ε ´ϕ´1 t pL, S K , r s 1 qq D |s s L ´sK | D |s s L ´sK |`maxtD s in , k µps s 1 q Lu . Moreover, from Lemma B.3, there exists C 2 ą 0 such that for all pz, sq P BpL, rr s 0 , r s 1 sq, P pz,sq ppX t , S t q P 1, L ˆrr s 0 , r s 1 s, @t P r0, τ ´εsq ě C 2 , therefore, by the Markov Property P py,rq `pX t , S t q P 1, L ˆrr s 0 , r s 1 s, @t P rT L,rr s 0 ,r s 1 s , τ ´εs | T L,rr s 0 ,r s 1 s ď τ ´ε˘ě C 2 . (66)

In addition, on the event tX u P 1, L , @u P r0, εsu,

|S ε ´S0 | " ˇˇˇż ε 0
pD ps in ´Su q ´k µpS u q X u q du ˇˇˇď ε maxtD s in , k µps s 1 q Lu then, since r s 0 ´s0 " s 1 ´r s 1 " ε maxtD s in , k µps s 1 q Lu, for all pz, sq P 1, L ˆrr s 0 , r s 1 sq, P pz,sq pS ε P rs 0 , s 1 s | X u P 1, L , @u P r0, εsq " 1 .

Therefore, bounding from below the probability by the probability that, in addition, there is no event if z " x, there are z ´x washouts is z ą x and there are x ´z divisions if z ă x in the time interval r0, εs and no more event, then P pz,sq ppX ε , S ε q P txu ˆrs 0 , s 1 sq ě P pz,sq pT 1 ą εq 1 z"x `Ppz,sq ˜z´x č

i"1 tT i ď εu X tX T i " z ´iu X tT z´x`1 ą εu ¸1ząx `Ppz,sq ˜x´z č

i"1 tT i ď εu X tX T i " z `iu X tT x´z`1 ą εu ¸1zăx .

For all u 1 ă ¨¨¨ă u |z´x| ď ε, from the Markov Property and Lemma A.9, if z ą x P pz,sq `T|z´x|`1 ą ε | E D pu 1 , . . . , u |z´x| ˘" P px,Ψpz,s,pu i ,z´iq 1ďiď|z´x|´1 ,u |z´x| qq `T1 ą ε ´u|z´x| ě e ´pD`µps s 1 qq x ε and if z ă x P pz,sq `T|z´x|`1 ą ε | E B pu 1 , . . . , u |z´x| ˘" P px,Ψpz,s,pu i ,z`iq 1ďiď|z´x|´1 ,u |z´x| qq `T1 ą ε ´u|z´x| ě e ´pD`µps s 1 qq x ε then, still from Lemma A.9, P pz,sq ppX ε , S ε q P txu ˆrs 0 , s 1 sq ě e ´pD`µps s 1 qq x ε 1 z"x `Pd pL, L ´1, εq e ´pD`µps s 1 qq x ε 1 ząx `ˆµps s L q µps s 1 q ˙L´1 P b p1, L ´1, εq e ´pD`µps s 1 qq x ε 1 zăx ě C 3 with C 3 :" e ´pD`µps s 1 qq x ε min " P d pL, L ´1, εq e ´pD`µps s 1 qq x ε , ´µps s L q µps s 1 q ¯L´1 P b p1, L ´1, εq * .

Then by Markov Property, P py,rq ppX τ , S τ q P txu ˆrs 0 , s 1 s | Eq ě C 3 .

Finally, from (64), ( 65), (66) and (67) P py,rq ppX τ , S τ q P txu ˆrs 0 , s 1 sq ě C 1 C 2 C 3 ": ϵ 0 ą 0 .

B.7 Lemma B.5 and its proof

Lemma B.5. There exist ε ą 0 and A, C, β ą 0 such that for all px, sq P N ˚ˆr s s 1 , `8q E px,sq " e pD`CqpTε^T Ext q ı ď Ae βs and P px,sq pT ε ă 8q ą 0.

with T ε " T N ˚ˆp0,s s 1 ´εs :" inftt ě 0, pX t , S t q P N ˚ˆp0, s s 1 ´εsu the hitting time of N ˚ˆp0, s s 1 ´εs.

Let g be defined for px, sq P N ˆR`b y gpx, sq " p1 xě2 `p1 `δ1 q1 x"1 `δ0 1 x"0 q e βs , with δ 0 , δ 1 and β positive constants (fixed below). Then g ě mint1, δ 0 u and Lgpx, sq gpx, sq `D "

$ ' & ' % rDps in ´sq ´kµpsqs β ´µpsq δ 1 1`δ 1 `D δ 0 1`δ 1 if x " 1,
rDps in ´sq ´2 kµpsqs β `D p1 `δ1 q if x " 2, rDps in ´sq ´kµpsq xs β `D if x ě 3.

We can choose δ 0 , δ 1 , β and ε ą 0 such that Lgpx, sq ď ´pC `Dqgpx, sq, @px, sq P N ˚ˆrs s 1 ´ε, `8q ,

with C ą 0. Indeed, let δ 1 ą 0 and let s ε P p0, s s 1 ´s s 2 q be fixed. From Lemmas A.2 and A.3, we have D ps in ´s s 1 `s εq ´2 k µps s 1 ´s εq ă 0, then we can choose β ą 0 sufficiently large such that C 1 :" rDps in ´s s 1 `s εq ´2 kµps s 1 ´s εqs β `D p1 `δ1 q ă 0 . Moreover, rDps in ´s s 1 `εq ´kµps s 1 ´εqs β ´µps s 1 ´εq δ 1 1`δ 1 ÝÑ εÑ0 ´µps s 1 q δ 1 1`δ 1 ă 0, then we can choose ε P p0, s εq and δ 0 ą 0 sufficiently small such that C 2 :" rDps in ´s s 1 `εq ´kµps s 1 ´εqs β ´µps s 1 ´εq δ 1 1 `δ1 `D δ 0 1 `δ1 ă 0 .

Setting such β, δ 0 and ε, then for all x ě 1 and s ě s s 1 ´ε we have Lgpx, sq gpx, sq `D ď

# C 2 if x " 1 C 1 if x ě 2
and (68) holds with C :" ´pC 1 _ C 2 q ą 0.

For any initial condition px, sq P N ˚ˆrs s 1 , `8q, we have pX u , S u q P N ˚ˆrs s 1 ´ε, `8q for all u ă T ε ^TExt , then by standard arguments using the Dynkin's formula and (68) (see for instance [MT93, Theorem 2.1] and its proof) `g pX t^Tε^T Ext , S t^Tε^T Ext q e pC`Dqpt^Tε^T Ext q ˘t is a nonnegative super-martingale. Then, since by (3) T ε ^TExt is a.s. finite, by classical arguments (stopping time theorem applied to truncated stopping times and Fatou's lemma) minp1, δ 0 q E px,sq " e pC`DqpTε^T Ext q ı ď E px,sq " gpX Tε^T Ext , S Tε^T Ext qe pC`DqpTε^T Ext q ı ď gpx, sq which leads to the first part of the lemma.

We can show that the upper bound of Lemma A.6 holds even if s 0 ě s s 1 . Then from Lemma A.2, for all ℓ ě 2 and s ě s s 1 ´ε ą s s 2 , ϕ ´1 t pℓ, s, s s 1 ´εq ď s ´s s 1 `ε D ps s 1 ´ε ´s s ℓ q ď s ´s s 1 `ε D ps s 1 ´ε ´s s 2 q ": t s s 1 ´ε .

Then, if x ě 2, from Lemma A.9

P px,sq pT ε ă 8q ě P px,sq pt s s 1 ´ε ă T 1 q ě e ´pD`µpsqq x t s s 1 ´ε ą 0 .

If x " 1, then for all δ ą 0, from Lemma A.9 and the Markov property P p1,sq pT ε ă 8q ě P p1,sq ptT 1 ď δu X tX T 1 " 2u X tT ε ă 8uq ě ż δ 0 µ pϕp1, s, uqq e ´pD`µpsqq u P p1,sq ´Tε ă 8 ˇˇtX u " 2u X tT 1 " uq ¯du " ż δ 0 µ pϕp1, s, uqq e ´pD`µpsqq u P p2,ϕp1,s,uqq pT ε ă 8q du .

From Lemma A.3, ϕp1, s, uq ą s s 1 ą s s 1 ´ε, then by (69), P p1,sq pT ε ă 8q ą 0.

C Theorems of [BCGM22] and [CV20]

We recall in this section the theorems of [START_REF] Bansaye | A non-conservative Harris ergodic theorem[END_REF] and [START_REF] Champagnat | Practical criteria for r-positive recurrence of unbounded semigroups[END_REF] which establish the convergence towards a unique quasi-stationary distribution.

(G2) (Global Lyapunov criterion). We have θ 1 ă θ 2 and inf xPK ψpxq V pxq ą 0, sup xPX ψpxq V pxq ď 1, P 1 V pxq ď θ 1 V pxq `c2 1 K pxq V pxq, @x P X P 1 ψpxq ě θ 2 ψpxq, @x P X .

(G3) (Local Harnack inequality). We have sup nPZ `sup yPK P n ψpyq{ψpyq inf yPK P n ψpyq{ψpyq ď c 3 .

(G4) (Aperiodicity). For all x P K, there exists n 4 pxq such that for all n ě n 4 pxq,

P n p1 K V qpxq ą 0.
Theorem C.4 (Corollary 2.4. in [START_REF] Champagnat | Practical criteria for r-positive recurrence of unbounded semigroups[END_REF]). Assume that there exists t 0 ą 0 such that pP n q nPN :" pM nt 0 q nPN satisfies Assumption C.3, `MtV V ˘tPr0,t 0 s is upper bounded by a constant s c ą 0 and ´Mtψ ψ ¯tPr0,t 0 s is lower bounded by a constant c ą 0. Then there exist a positive measure ν P on X such that ν P pV q " 1 and ν P pψq ą 0, and some constants C 2 ą 0 and γ ą 0 such that, for all measurable functions f : X Ñ R satisfying |f | ď V and all positive measure ξ on X such that ξpV q ă 8 and ξpψq ą 0, ˇˇˇξ M t f ξM t V ´νP pf q ˇˇˇď C 2 e ´γ t ξpV q ξpψq , @t ě 0.

In addition, there exists λ 0 P R such that ν P M t " e λ 0 t ν P for all t ě 0, and e ´λ0 t M t V converges uniformly and exponentially toward η P in BpV q when t Ñ 8. Moreover, there exist some constants C 3 ą 0 and γ 1 ą 0 such that, for all measurable functions f : X Ñ R satisfying |f | ď V and all positive measures ξ on X such that ξpV q ă `8, ˇˇe ´λ0 t ξM t f ´ξpη P q ν P pf q ˇˇď C 3 e ´γ1 t ξpV q, @t ě 0 .
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Figure 2 :

 2 Figure 2: Illustration of the three steps of the proof of Proposition 3.1.Step 1: starting from px, sq, the process pX t , S t q t reaches the set S ε y,r before τ 0 .Step 2: the process stays in S ε y,r until τ ´ε.Step 3: the process reaches py, rq before τ .

ş v 0

 0 µpϕp2,s,uqqdu E p1,ϕp2,s,vqq rf pX t´v , S t´v qs dv`ż t 0 2 µpϕp2, s, vqq e ´2 D v´2ş v 0 µpϕp2,s,uqqdu E p3,ϕp2,s,vqq rf pX t´v , S t´v qs dv ě ż t 0 2 D e ´2 D v´2 ş v 0 µpϕp2,s,uqqdu ˆe´pt´vq D´ş t´v 0 µpϕp1,ϕp2,s,vq,uqqdu ˆf p1, ϕp1, ϕp2, s, vq, t ´vqq dv,

E

  py,rq rψpX t , S t qs " e ´D y t´y ş t 0 µpϕpy,r,uqqdu ψ py, ϕpy, r, tqq `ż t 0 y D e ´D y v´y ş v 0 µpϕpy,r,uqqdu E py´1,ϕpy,r,vqq rψpX t´v , S t´v qs dv `ż t 0 y µpϕpy, r, vqqe ´D y v´y ş v 0 µpϕpy,r,uqqdu E py`1,ϕpy,r,vqq rψpX t´v , S t´v qs dv. (31)

Since y ě 2, then ż t 0 D e ´D py´1q v´ş v 0 yµpϕpy,r,uqqdu dv ď ż t 0 De

 00 ´D v dv ď 1

E

  px,sq " e pλ`r ωq Tϵ W ρ,p pX Tϵ , S Tϵ q1 Tϵďt ı ď r C ˇˇE px,sq " e pλ`r ωq Tϵ^t pV 0 pX Tϵ^t , S Tϵ^t q ´Cη q ıˇˇˇ`r C C η E px,sq " e pλ`r ωq Tϵ 1 Tϵďt ı ď r C |V 0 px, sq ´Cη | `r C C η E px,sq " e pλ`r ωq pTϵ^T Ext q , λ ď D. Then, for 0 ă r ω ď ω sufficiently small (smaller than the constant C of Lemma B.5), Lemma B.5 and (39) lead to E px,sq " e pλ`r ωq Tϵ W ρ,p pX Tϵ , S Tϵ q1 Tϵďt ı ď r C |V 0 px, sq ´Cη | `r C C η A e β s .

  Lyapunov functions: There exist η ą D and ζ ą 0 such that, for all px, sq P N ˚ˆp0, s s 1 q and t ě 0, E px,sq rV pX t , S t q 1 Xt‰0 s ď e ´ηt V px, sq `ζt ψpx, sq ,

		(BLF1)
	E px,sq rψpX t , S t qs ě e ´D t ψpx, sq,	(BLF2)
	with ζ t :" ζ e pµps s 1 q´Dqt	

η´D

.

  sq rψpX t , S t qs ψpx, sq ď E px,sq rψpX t , S t qs ď CE py,rq rψpX t , S t qs ď CN E py,rq rψpX t , S t qs

	ψpy, rq	,
	then integrating the last term w.r.t. νpdy, drq on K leads to Assumption (A4) in	

  By the flow property and Lemma A.1, for 0 ă ε ă t ´v, we have ϕp1, ϕp2, s, vq, t ´vq " ϕp1, ϕp1, ϕp2, s, vq, εq, t ´pv `εqq ą ϕp1, ϕp2, ϕp2, s, vq, εq, t ´pv `εqq " ϕp1, ϕp2, s, v `εq, t ´pv `εqq and then v Þ Ñ ϕp1, ϕp2, s, vq, t ´vq is strictly decreasing on r0, ts. Moreover from (17) the derivative of u Þ Ñ ϕp1, s, uq is bounded from above by D s in . Since r Þ Ñ ϕp1, r, t ´vq is increasing for r ď s s 1 from Lemma A.3, then from the expression ϕp1, r, t ´vq " r şt´v 0 pDps in ´ϕp1, r, uqq ´k µpϕp1, r, uqqq du, we have 0 ď d dr ϕp1, r, t ´vq ď 1. In addition, either s ď s s 2 and d dv ϕp2, s, vq ě 0 or s ă s s 2 and from (17) and Lemma A.3, d dv ϕp2, s, vq ě ´2 k µps s 2 q. So finally, from the chain rule formula ´vq | r"ϕp2,s,vq ´d du ϕp1, ϕp2, s, vq, uq | u"t´v , the derivative of v Þ Ñ ϕp1, ϕp2, s, vq, t´vq is then bounded from below by ´D s in ´2 k µps s 2 q. By a change of variable, for every s 0 ă s 1 , we have for c 0 " rD s in `2 k µps s 2 qs ´1 and for s P ps 0 , s 1 q E p2,sq rf pX t , S t qs ě c 0 2 D e ´2 D t e

	d dv	ϕp1, ϕp2, s, vq, t ´vq "	d dv	ϕp2, s, vq	d dr	ϕp1, r, t ´2 ş t 0 µpϕp1,s 1 ,uqqdu	ż ϕp1,s,tq	f p1, wqdw
							ϕp2,s,tq	
			ě c 0 2 De ´2 D t e ´2 ş t 0 µpϕp1,s 1 ,uqqdu	ż ϕp1,s 0 ,tq
							ϕp2,s 1 ,tq	

´2 D t e ´2 ş t 0 µpϕp1,s 1 ,uqqdu ż t 0 f p1, ϕp1, ϕp2, s, vq, t ´vqq dv.

  py,rq rψpX t´u , S t´u qs ď E py,rq rψpX t , S t qs ď e pµps s 1 q´Dqu E py,rq rψpX t´u , S t´u qs . (29) Mimicking the arguments of the proof of [CG20, Theorem 1.1], we then deduce that for every px, sq P K Ă r K and py, rq P r Kz ´ŤL`1 ℓ"1 tℓu ˆBps s ℓ , δq ¯, for all t ě τ , E px,sq rψpX t , S t qs ě E px,sq " 1 Ty,rďτ ˆEpy,rq rψ pX t´u , S t´u qs | u"Ty,r ı ě P px,sq pT y,r ď τ q e ´pµps s 1 q´Dqu σ x,s y,r pduqE py,rq rψpX t , S t qs ě r Ce ´pµps s 1 q´Dqτ E py,rq rψpX t , S t qs ,

	ż τ
	E py,rq rψ pX t´u , S t´u qs σ x,s y,r pduq
	0
	ż τ
	ě r C
	0

  From the definition of ψ and (21), we have, for any px, sq P K E px,sq rψpX t , S t qs . E py´1,ϕpy,r,vqq rψpX t´v , S t´v qs ďe D v E py´1,ϕpy,r,vqq rψpX t , S t qs . tℓu ˆBps s ℓ , δq, then r P Bps s y , δq, and ϕpy, r, vq P Bps s y , δq for all v ě 0 because of Lemma A.3 (i.e. equilibrium points are attractive). Thus, by definition of δ, we have |ϕpy, r, vq ´s s y´1 | ě |s s y´1 ´s s y | ´|ϕpy, r, vq ´s s y | ą 2δ ´δ " δ, We can then apply (29) and (30) to obtain E py´1,ϕpy,r,vqq rψpX t´v , S t´v qs ď e D v E py´1,ϕpy,r,vqq rψpX t , S t qs ď e D v r C ´1e pµps s 1 q´Dqτ E px,sq rψpX t , S t qs . E py`1,ϕpy,r,vqq rψpX t´v , S t´v qs ďe D v r C ´1e pµps s 1 q´Dqτ E px,sq rψpX t , S t qs . E py,rq rψpX t , S t qs ď E px,sq rψpX t , S t qs ´e´D py´1q t´y

	ψ py, ϕpy, r, tqq " Now since py, rq P From (29), Ť L py ´1, ϕpy, r, vqq R y x ψ px, sq ď L y x ď ℓ"1 tℓu ˆBps s ℓ , δq. e D t (32) (33) Similarly, we have (34) From (31)-(32)-(33) and (34), we then obtain ş t 0 µpϕpy,r,uqqdu y x 0 ℓ"1 then `r C ´1 e pµps s 1 q´Dqτ ż t y pD `µpϕpy, r, vqqq e ´D py´1q v´y ş v 0 µpϕpy,r,uqqdu dv ¯.

First notice that, since δ ă s s 1 ´SK , then (y, rq necessarily satisfies y ě 2. Therefore py ´1, ϕpy, r, vqq P r K and py `1, ϕpy, r, vqq P r K (see Lemma A.3).

ď pL ^r C ´1e pµps s 1 q´Dqτ q E px,sq rψpX t , S t qs ˆ´1 `ż t 0 D e ´D py´1q v´y

  px,sq rf pX t , S t qs " E px,sq rf pX t , S t q1 pTϵ^T Ext qďt s `Epx,sq rf pX t , S t q1 pTϵ^T Ext qąt s.On the one hand, from Lemma B.5 we can choose ϵ sufficiently small such that, from the Markov inequality, P px,sq pT ϵ ^TExt ą tq ď E px,sq " e pD`CqpTϵ^T Ext q ı e ´pD`Cqt ď Ae βs e ´pD`Cqt ,(36)where A, β and C are positive constants (which depend on ϵ) given by Lemma B.5. Since λ ď D by (9), we then havee λt E px,sq rf pX t , S t q1 Tϵ^T Ext ąt s ď }f } 8 e λt P px,sq pT ϵ ^TExt ą tq ď }f } 8 Ae βs e ´Ct ÝÑ tÑ8 0 . On the other hand, noting that f pX t , S t q1 T Ext ďt " 0, from the strong Markov Property e λt E px,sq rf pX t , S t q1 pTϵ^T Ext qďt s " e λt E px,sq rf pX t , S t q1 Tϵďt s " e λt E px,sq

" E pX Tϵ ,S Tϵ q rf pX u , S u qs | u"t´Tϵ 1 Tϵďt ı .

  Tϵ q1 Tϵďt

	ı	
	.	(38)
	In addition,	
	E px,sq	

sq " E pX Tϵ ,S Tϵ q rf pX u , S u qs | u"t´Tϵ 1 Tϵďt ı ´Epx,sq " e λTϵ hpX Tϵ , S Tϵ qπpf q1 Tϵďt ıˇˇď E px,sq " e λTϵ ˇˇe λpt´Tϵq E pX Tϵ ,S Tϵ q rf pX u , S u qs | u"t´Tϵ ´hpX Tϵ , S Tϵ qπpf q ˇˇ1 Tϵďt ı ď ||f || 8 C e ´r ω t E px,sq " e pλ`r ωq Tϵ W ρ,p pX Tϵ , S " e pλ`r ωq Tϵ W ρ,p pX Tϵ , S Tϵ q1 Tϵďt ı ď r C E px,sq

  Ssq is chosen such that the process remains in this set during some positive time after T L,rS, s , and let px, sq P 1, L ˆrs s L , s s 1 s, 1. if s ď S, then for τ 0 ą ϕ ´1 t p1, s, Sq, P px,sq ´TL,rS, s Ss ď τ 0 ¯ě e ´pD`µps s 1 qq pτ 0 ´δq P P px,sq ´TL,rS, s Ss ď τ 0 ¯ě e ´pD`µps s 1 qq pτ 0 ´δq L pµps s L q{µps s 1 qq L´x P b px, L ´x, δq ě e ´pD`µps s 1 qq pτ 0 ´δq L pµps s L q{µps s 1 qq L´1 P b p1, L ´1, δq L ´s|`maxtD s in , k µps s 1 q Lu ; 3. if s P pS, s Sq, then for τ 0 ą ϕ ´1 t `1, s, s S ˘^ϕ ´1 t pL, s, Sq ": t ‹

	If S " s S then BpL, rS, s Ssq " 1, L ˆtSu. B.2 Proof of Lemma 3.2 Lemma 3.2 is a consequence of Lemma B.2 below. Lemma B.2. Let L P N ˚, S, s S such that s s L ă S ď s S ă s s 1 with δ :" pτ 0 ´ϕ´1 t `L, s, s D |s s L ´s| S ˘q D |s s	Ss if S ă s S.

B.1. Both maps t Þ Ñ P d pn, ℓ, tq and t Þ Ñ P b pn, ℓ, tq are increasing. For all L P N ˚, S, s S such that s s L ă S ď s S ă s s 1 , we define the hitting time T L,rS, s Ss by T L,rS, s Ss :" inf ␣ t ě 0, pX t , S t q P BpL, rS, s Ssq ( , where BpL, rS, s Ssq :" tpℓ, Sq | ℓ P 1, L and s s ℓ ě Su Y tpℓ, s Sq | ℓ P 1, L and s s ℓ ď s Su . In addition of being a hitting time of 1, L ˆrS, s Ss, the boundary BpL, rS, s d px, x ´1, δq ě e ´pD`µps s 1 qq pτ 0 ´δq P d pL, L ´1, δq with δ :" pτ 0 ´ϕ´1 t p1, s, Sqq D |s s 1 ´s| D |s s 1 ´s|`maxtD s in , k µps s 1 q Lu ; 2. if s ě s S, then for τ 0 ą ϕ ´1 t `L, s, s S ˘,

  L ´s|`maxtD s in , k µps s 1 q Lu . Therefore P px,sq ˜TL,rS, s Ss ď τ 0 | T L,r s

								*
								r s S, s Ss " i	, the Markov property entails now
	Ss ď τ 0 | A i P px,sq ´TL,rS, s	ě
	P px,sq ´TL,rS, s Ss ď τ 0 | A i , T L,r s S, s Ss ď T L,rS, s Ss ¯Ppx,sq ´TL,r s S, s Ss ď T L,rS, s Ss | A i	Ppx,sq
			´TL,rS, s Ss ď τ 0 | A i , T L,r s S, s Ss ą T L,rS, s Ss ¯Ppx,sq ´TL,r s S, s Ss ą T L,rS, s Ss | A i	ě
	P pi, s Sq ˜TL,rS, s Ss ď	τ 0	´ϕ´1 t `1, s, s S 2 ¸Ppx,sq ´TL,r s S, s Ss ď T L,rS, s Ss | A i	1
		S, s Ss ą T L,rS, s Ss | A i ˆPpx,sq ´TL,r s	ě
	P pi, s Sq ˜TL,rS, s Ss ď	τ 0	´ϕ´1 t `1, s, s S 2 ¸.
	In addition, for all i P 1, L , from Lemma B.2-2 applied to	τ 0	´ϕ´1 t p1,s, s Sq 2	ą 0 " ϕ ´1 t pL, s S, s Sq,
	P pi, s Sq ˜TL,rS, s Ss ď	τ 0	´ϕ´1 t `1, s, s S 2 ȩ
								e ´pD`µps s 1 qq ˆτ0	´ϕ´1 t p1,s, s Sq 2	´δ2	˙L ˆµps s L q µps s 1 q	˙L´1	P b p1, L ´1, δ 2 q
	with δ 2 :"	τ 0	´ϕ´1 t p1,s, s Sq 2	D |s s L ´s| Ss ď τ 0 D |s s S, s ´τ0	´ϕ´1 t `1, s, s S 2 ȩ
						e	´pD`µps s 1 qq ˆτ0	´ϕ´1 t p1,s, s Sq 2	´δ2	˙L ˆµps s L q µps s 1 q	˙L´1	P b p1, L ´1, δ 2 q . (50)
	Finally, from (48), (49) and (50)
	P px,sq ´TL,rS, s Ss ď τ 0 ¯ě e	´pD`µps s 1 qq ˆτ0	´τ0	´ϕ´1 t p1,s, s Sq 2	´δ1	˙Pd px, x ´1, δ 1 q
								t p1,s, s Sq ˆe´pD`µps s 1 qq ˆτ0 ´ϕ´1 2

  , s, Sq, we can bound from below the probability that the substrate process exits pS, sSq by the bound S, at time T L,rS,Ss before the time τ 0 ´τ0 ´ϕ´1 Ss during the time interval pT L,rS,Ss , τ 0 s. In the same way as for τ 0 ą ϕ ´1 t `1, s, s S ˘, we obtain

	then comes back to rS, s						
	Ss ď τ 0 P px,sq ´TL,rS, s	ě		
	P px,sq ˆTL,rS,Ss ď τ 0	´τ0	2 ´ϕ´1 t pL, s, Sq	Ṗpx,sq
		ˆTL,rS, s Ss ď τ 0 | T L,rS,Ss ď τ 0	´τ0	2 ´ϕ´1 t pL, s, Sq	ě
	e	´pD`µps s 1 qq ˆτ0	´τ0	´ϕ´1 t pL,s,Sq 2	´δ2	˙L ˆµps s L q µps s 1 q	˙L´x	P b px, L ´x, δ 2 q
	t pL,s,Sq ˆe´pD`µps s 1 qq ˆτ0 ´ϕ´1 2	
									t pL,s,Sq 2	and

  ,s,Sq 2 D |s s 1 ´s| D |s s 1 ´s|`maxtD s in , k µps s 1 q Lu and δ 2 :"D |s s L ´s| D |s s L ´s|`maxtD s in , k µps s 1 q Lu . Assuming 0 ă ε ď 3 mints K ´s s L K , s s 1 ´SK umaxtD s in , k µps s 1 q L K u ensures that rϕ ´1 s 0 py, r, ε 3 q, ϕ ´1 s 0 py, r, ε 4 qs Ă rs s L K , s states that the probability that the process stays in an interval can be bounded from below by a constant which only depends on the interval length.Lemma B.3. Let β ą 0, L P N ˚and T ą 0. Then there exists C B.3 ą 0 such that for all Proof. Let ℓ :" maxtl P N ˚such that s s l ě Su, and let s 1 and s 2 such that S ă s 1 ă s 2 ă s S. Note that, from Lemma A.2, 1 ď ℓ ď L ´1. We aim to show that Inequalities (51) and (52) below hold. Namely, if s s ℓ P rS, s Ss, then P px,sq `pX t , S t q P 1, L ˆrS, s Ss, @t P r0, T s ě

			#			
	e ´pD`µps s 1 qq L T min	P d pL, L ´1, t S´S q; s
							τ 0	´ϕ´1 t pL,s,Sq
							2
	B.3 Proof of Lemma 3.3	
							s 1 s
	from Lemma A.7-1 and Remark A.8. Moreover, remarking that,
		ϕ ´1 s 0 ´y, r,	ε 3	¯" ϕ ´1 s 0 ´y, ϕ ´1 s 0 ´y, r,	ε 4	3 ´ε 4 ¯, ε	¯,
	from Lemma A.7-2 we have			
	ˇˇϕ ´1 s 0 ´y, r,	ε 3	¯´ϕ ´1 s 0 ´y, r,	ε 4	¯ˇˇě D ˇˇϕ ´1 s 0 ´y, r, " D ´ˇˇϕ ´1 s 0 ´y, r, ε 4 ě D ´D ε 4 `1¯| r ´s s y | ¯´s s y ˇˇε 12 ε 4 ¯´r ˇˇ`|r ´s s y | ε 12 .	¯ε 12
	Lemma 3.3 is then a consequence of Lemma B.3 below with β " D pD ε 4 `1q δ ε 12 .
	Lemma B.3 S and s S such that s s L ď S ă s S ď s s 1 and s S ´S " β, for all px, sq P BpL, rS, s Ssq,
	P px,sq `pX t , S t q P 1, L ˆrS, s Ss, @t P r0, T s ˘ě C B.3 .

  B.3 " β{p4 maxtD s in , k µps s 1 q Luq.

	with t So let us prove, first, that if s s ℓ P rS, s Ss then (51) holds and, second, that if s s ℓ R rS, s Ss
											Y	T
	then (52) holds. To prove (52), we first show that C	γ
						µps s 1 q Lu	;	t 2 "	|s 1 ´S| maxtD s in , k µps s 1 q Lu	.
	Remarking that, if s s ℓ R rS, s Ss, then |s s ℓ ´s2 | ě | s S ´s2 | and |s 1 ´s s ℓ`1 | ě |s 1 ´S|, we
	obtain from Lemma A.6, remarking in addition that in this case 1 ď ℓ ď L ´1,
	C ě	µps s L q D pD `µps s 1 qq 2 e	´D`µps s 1 q D	L ´s2 s S´s 2 ´S	`s S´s 1 s 1 ´S ¯"1	´e´p D`µps s 1 qq p s S´s 2 q maxtD s in , k µps s 1 q Lu	ȷ "	1	maxtD s in , k µps s 1 q Lu ´e´p D`µps s 1 qq ps 1 ´Sq	ȷ
	and					γ ě	2 |s 2 ´s1 | maxtD s in , k µps s 1 q Lu	.
	In particular, choosing s 1 " S `p s S ´Sq{4 and s 2 " S `3 p s S ´Sq{4, Lemma B.3 holds
	with									
	C B.3 " min	# ˜µps s L q D pD `µps s 1 qq 2 e ´6 D`µps s 1 q D	L		"	1	´e´p D`µps s 1 qq β 4 maxtD s in , k µps s 1 q Lu	ȷ 2	¸maxtD s in , k µps s 1 q Lu T β	`1 ;
						+			
				e ´pD`µps s 1 qq L T				
				#							+
		ˆmin	P d pL, L ´1, t B.3 q;	ˆµps s L q µps s 1 q	˙L´1	P b p1, L ´1, t B.3 q
		ą 0								

  ´1 t pℓ, s, s 2 qq, ϕ ´1 t pℓ, s, s Sqq 2. the second event is a washout and occurs at timeT 2 P rT 1 `ϕ´1 t pℓ`1, S T 1 , s 1 qq, T 1 φ´1 Sqq 2.the second event is a division and occurs at time T 2 P rT 1 `ϕ´1 t pℓ, S T 1 , s 2 qq, T 1 φ´1 t pℓ, S T 1 , s Sqq gives the same lower bound starting from x " ℓ `1 and s ě s 2 :

t pℓ `1, S T 1 , Sqq in the proof for x " ℓ and s ď s 1 by 1. the first event is a washout and occurs at time T 1 P rϕ ´1 t pℓ `1, s, s 1 qq, ϕ ´1 t pℓ 1, s,

  px,sq ´Ty,r ď ε ˇˇE D pu 1 , . . . , u x´y q ¯du x´y . . . du 2 du 1 . (59)In order to obtain the result, it is sufficient to prove that for all u 1 ă ¨¨¨ă u x´y ă t ‹ , ‹ ď δ 1 ă ε{2. By the Markov property and (58) we then obtain P px,sq ´Ty,r ď ε ˇˇE D pu 1 , . . . , u x´y q " P px,sq ´ux´y ď T y,r ď ε ˇˇE D pu 1 , . . . , u x´y q " P py,Ψpx,s,pu i ,x´iq 1ďiďx´y´1 ,u x´y qq ´Ty,r ď ε ´ux´y ě P py,Ψpx,s,pu i ,x´iq 1ďiďx´y´1 ,u x´y qq ´Ty,r ď ε{2 ě e ´pD`µps s 1 qq L ε 2 .

			i"1	px´iq pu i`1 ´ui qq
	Ψpx, s, pu i , x ´iq 1ďiďx´y´1 , u x´y qq P	"	ϕ ´1 s 0 py, r, ε{2q, r	‰	.	(60)
	Indeed we easily check, using (63) below and Lemma A.7, that t			

P

  tends to ´8 when s Ñ s s 1 then LV 2 `ηV 2 is bounded from above on N ˚zt1u ˆp0, s s 1 q for all η P R. For x " 1, (11) leads to lim

		xě2	LV 2 px, sq V 2 px, sq	ď p	Dps in ´sq ´2 k µpsq s s 1 ´s	`2 D θ
	sÑs s 1	LV 2 p1, sq V 2 p1, sq	" lim sÑs s 1	"	p rDps in ´sq ´kµpsqs s s 1 ´s	´θµpsq 1 `θ ȷ
				" lim sÑs s 1		
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Let pX t q tě0 be a càdlàg Markov process on the state space X Y tBu, where X is a measurable space and B is an absorbing state. Let V : X Ñ p0, 8q a measurable function. We assume that for any t ą 0, there exists C t ą 0 such that E x rV pX t q1 XtRB s ď C t V pxq for any x P X . We denote by BpV q the space of measurable functions f : X Ñ R such that sup xPX |f pxq| V pxq ă 8 and B `pV q its positive cone. Let pM t q tě0 the semigroup defined for any measurable function f P BpV q and any x P X by M t f pxq :" E x rf pX t q 1 XtRB s and let define the dual action, for any ξ P PpV q , with PpV q the set of probability measures that integrate V , by

There exist τ ą 0, β ą α ą 0, θ ą 0, pc, dq P p0, 1s 2 , K Ă X and ν a probability measure on X supported by K such that sup K V {ψ ă 8 and Theorem C.2 (Theorem 5.1. in [START_REF] Bansaye | A non-conservative Harris ergodic theorem[END_REF]). Assume that pM t q tě0 satisfies Assumption C.1 with inf X V ą 0. Then, there exist a unique quasi-stationary distribution π such that π P PpV q, and λ 0 ą 0, h P B `pV q, C, ω ą 0 such that for all ξ P PpV q and t ě 0, ∥e λ 0 t P ξ pX t P ¨q ´ξphq π∥ T V ď C ξpV q e ´ω t and ∥P ξ pX t P .|X t ‰ Bq ´π∥ T V ď C ξpV q ξphq e ´ω t , with ∥.∥ T V the total variation norm on X .

Assumption C.3 (Condition (G) (including Remark 2.2) in [CV20]

). There exist positive real constants θ 1 , θ 2 , c 1 , c 2 , c 3 , an integer n 1 ě 1, a function ψ : X Ñ R `and a probability measure ν on a measurable subset K of X such that (G1) (Local Dobrushin coefficient). For all x P K and all measurable A Ă K, P n 1 pV 1 A qpxq ě c 1 νpAq V pxq.