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Queueing Systems with Service

Interruptions:

An Approximation Model
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We present a single queueing model which can be used to.

analyse queueing systems with service interruptions. The model
is based on a diffusion approximation using an instantaneous
return process which reflects the particular queueing system
under consideration. Applications to queueing systems with
preemptive resume priority and breakdowns are given in this
paper as well as numerical results showing the accuracy of the
approximation.

Keywords: Queueing Systems; Diffusion Process, Break-
downs, Preemptive Resume Priority.
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1. Introduction

This paper is an extension of Fischer’s paper [2]

in which the author proposed a model to ap-
proximate the distribution function of the steady
state load of a given class of customers, for various
systems with service interruptions. We pursue and
generalize this work, in order to approximate the
stationary queue length distribution in such sys-
tems, in the case where- the arrival processes are
not necessarily all Poisson processes. We use the
method of the diffusion approximation which is
based, according to the central limit theorem, on
the approximation of a process which is not time-
continuous by a time-continuous process. This
technique has originated in the queueing theory
with the work of Gaver [3] and Newell [14] for a
single-server queue and generalised to queueing
networks by Kobayashi [11,12]. Gelenbe [4] in-
vestigated the instantaneous return process which
permits of not requiring the introduction of results
from queueing theory to obtain the boundary con-
ditions. : -
The diffusion approximation is used in queue-
ing theory to obtain good approximations [15] of
steady state [6,7,8] as well as time-dependent char-
acteristics [3] of queueing’systems whose corre-
sponding exact results are unknown or not readily
usable.

In particular, queueing systems with service in-
terruptions are often such systems [13].

In this paper we use a diffusion approximation
which reflects the particular system under consid-
eration.

The structure of the approximation is given in
Section 2. Applications to queueing systems with
preemptive resume priority and breakdowns are
proposed in Section 3.

Numerical comparisons with the exact results
or with results obtained through simulation mod-
els are given in Section 4.
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2. The approximation

In what follows, we consider a G1/GI/1 queue
with interarrival times distribution of mean 1/A
and variance ¥, and with service times distribution
of mean 1/p and variance V.. We assume that
pEAN/p<l.

Let {P(k)},en be the stationary queue length
distribution. If the server continually serves
customers (p close to 1), then Gelenbe [4] used a
diffusion approximation with an instantaneous re-
turn process to show that P(k) (k=0,1,2,...) s

given by
1—p if k=0,

P =%
(k) {p(l—f))p‘f-' iftk=1,2,...

where p=exp(—28/a), B=A—p, a=XNV,+
T

B and a« are called the infinitesimal mean and
variance of the diffusion process approximating
the number of customers in the queue at time .
The mean queue length at steady state provided by
this approximation is then given by

p
N~ '1—;7):

We now consider a GI/GI/1 queue with service
interruptions. That is, for periods of time, the
system behaves as a standard GI/GI/l queue,
and for periods of time as a system with arrivals
and no departures. :

The idea is to modify the infinitesimal mean
and variance, 8 and «, in order to take into
account the service interruptions.

Let J(x) be the distribution function for a
length of time during which the server is available
and B(x) the distribution function for a length of
time during which the server is unavailable.

We assume that [(x) and B(x) have finite
means, E£(/) and E(B), and variances, V; and V.
We further assume that all random variables are
mutually independent.

Let N(¢) be the queue size at time ¢, A(¢) and
D(t) the number of arrivals and departures in
(0, t], respectively; then
N(t)=N(0)+A(¢)-D(¢t), t>0. (1)

For any renewal process {M(¢); t > 0} where the

inter-event times have mean m and variance V, for
large values of ¢,

E(M(t))~1t/m (2)

(0)

and

var(M(t)) ~ tV/m? (see Cox [1]). (3)
By hypothesis { A(¢); ¢ = 0) is a renewal process,

so from (2) and (3) we obtain for large values of ¢

E(A(1)) = At, (4)

var(A(t)) ~ NV,t. (5)

The process {D(t); ¢ = 0} is not a renewal pro-
cess because of the idle periods and of the unavail-
ability periods of the server. However, in heavy
traffic (see at the end of Section 2), the server will
be occupied most of the time during its availability
periods, so we approximate D(¢) by D(1), where

E(D(1)) =py(1), (6)
var(D(1)) = p*V,y(1) (7)
and where y(r) is a random variable taking its
values in [0, ¢] and which is the amount of time in
[0, ¢] during which the server is available (y(¢) =t

for a standard GI/GI/1 queue).
Using the following well-known formulas,

E(D(1)) = E(E(D(1)/y(1)))

and

var(D(1)) = var( E(D(t)/y(1)))
+E(var(D(t)/y(1))),

we obtain from relations (6) and (7)

E(D(1))=pE(y(1)), (8)

var(D(1)) = p? var(y(1)) + P’V E(y(1)).  (9)

We must now determine E( y(¢)) and var( y(t))
to obtain an approximation of E(D(r)) and of
var( D(1)).

Using the definition of y(¢) and renewal theory
(see Cox [1, pp. 91-101]), we have that

E(y(!))~———ﬂE“f(+I;(B) (10)
and
a0~ E(I)'Vz+E(B) V’: (11)

(E(1)+E(B))’

for large values of 1.
From relations (1), (4), (5), (8), (9), (10) and
(11) we obtain the approximate results

o EOV@) , E(D)

t—co t

E(I)+E(B)
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and
. var(N(1)) 3 3 E(I)
A I S T )
LE(1)'V,+ E(B)YY,
(E(1)+E(B))

which suggests that we approximate the jump pro-
cess {N(t); 1= 0} by a diffusion process {N(1); ¢
= 0}, with infinitesimal mean and variance given
by

. E(I)
PN E D v () o
g 0 g E(])
A K N+ E(8)
E(I)' Vs + E(B)'V, (1)

(E(1)+E(B))
Let {Q(k),en be the stationary queue length
distribution of this GI/GI/1 queue with service
interruptions.
Using a diffusion approximation with an in-
stantaneous return process [5], O(k) (k=0,1,...)
is then given by (see (0))

E(I)+E(B)

]—p E([) if k=0,
0~ _gyqpn EL)+E(D)
ifk=1,2,...

(14)
where § = exp(—28/&) with  and & given by (12)
and (13).
The hypothesis of heavy traffic takes the form
of
E(I)+E(B)
E(I)
and the mean queue length at steady state pro-
vided by this approximation is

- p(E(I)+E(B))
N TR -a) =

closeto 1,

3. Applications

3.1. Queueing system with preemptive resume
priority

We assume that customers arrive at a service
facility at r priority levels (r > 2). A single server
serves under a preemptive resume discipline (see
Jaiswal [9]) where level 1 has the highest priority
and level r, the lowest. Those customers arriving at
priority level i will be called i-customers (i =1,...,
r).

For each priority level 1,...,r~ 1, the arrivals
form a Poisson process with parameter A;,..., A, _,
and these renewal processes are mutually indepen-
dent. For the lowest priority level r, the arrival
process has an arbitrary renewal distribution func-
tion with finite mean 1/A, angd variance ¥, and
this process is independent of the arrival processes
for priority levels 1,...,r— 1.

The service times have an arbitrary distribution
function which depends upon the priority level.
Let S;(x) be the service times distribution function
of the i-customers (i=1,...,r).

Further, we assume that the service times
processes are mutually independent and indepen-
dent of the arrival processes and, that the neces-
sary equilibrium condition Y_,p, <1 is verified
(p, 2 X,/1,) [9]. For the i-customers let 1 /i, be the
mean service time and ¥, the variance of the
service times distribution (i = 1,...,r).

Case 1. Let r=2.

For the 1-customers, the system behaves as a
standard M/G/1 queueing system, and no ap-
proximation. is required. _

We use the approximation to describe the be-
havior of the 2-customers and particularly the
queue size distribution at stationarity.

First, one must determine B(x) and I(x) in
order to reflect the priority rule under considera-
tion. The length of time the 2-customers have
control of the server is the idle period of the
1-customers and so

Ix)=1—e%% (5320).

Hence
E(I)=1/A,, (16)
V= 1/A. (17)

The length of time the 2-customers do not have
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control of the server is the busy period of the
I-customers and so

1

zl-‘-l(l -p)’
__E(s?)

(I_PI)3

where E(S}) is the second moment of the I-
customers service times distribution (see Kleinrock
[10]).

Let {P,(k)},cn be the stationary queue size
distribution of the 2-customers.

Using (12), (13), (14), (16), (17), (18), (19) we
obtain

E(B) (18)

V, - E(B) (19)

] —t2_ if k=0,
I_Pi

P, ” k=1
1—-
1—.0;( 6,)6;

Pz(k)"
itk=1,2,...

(20)
where

P, = exp{—28,/a;}, Ez':Az_P-z(l_P]),
= )\32;/;1 B AIP'%E(SE) +.”“€1Vsz(1 =py).

From (15) we find the mean queue size at
steady state,

P,

N =5 Al
Case 2. Let r > 2 and consider the r-customers.
The analysis proceeds through reductions of the

processes of interest to corresponding processes in

a simple generalization of an M/G/1 queue.
Indeed, regarding to the r-customers, the

customers of priority level 1,...,7— 1 have the

same behavior as the behavior of customers of an

M/G/1 queueing system with mean interarrival

times 1/A,_, where A,_,=X/Z|A, and with

service times distribution function

r—1

E AJ‘S‘i(x)//ir—l

=1

(see Welch [16]).
Thus, the problem is reduced to Case 1 (the

‘r=2 case). Let {P.(k)},n be the stationary-

queue size distribution of the r-customers.
Applying the same method as in Case 1 where

the above M /G /1 queueing system is substituted

(x=0)

for the M/G /1 queueing system with mean inter-
arrival times 1 /A, and with service times distribu-
tion function §,(x), we easily obtain from (20)

TR S if k=0,
, b (1-p) ik=1,2,...
I= i=1P;

where g, = exp(—28./a,), B.=\,— (1 - Z/Z!p)n,,

p=} r=1
= Z P,) +Pf Z ArE(Sr'Z)'

i=1 i=1

a, =XV, +1V,

The mean queue length at steady state provided by
the above approximation, for the r-customers, is
then, from (21),
Nt
(1 - i-lpi)(l =&)

Numerical comparisons between the approxi-
mate mean queue length at steady state (for r =2)
and exact results or results obtained through a

simulation model are given in Section 4, for differ-
ent values of the traffic load.

3.2. Queueing systems with random or scheduled
breakdowns

We consider a GI/GI/1 queue with two types
of breakdowns, random or scheduled. Random
breakdowns mean that the length of time the
server is available has an exponential distribution
and that the length of time the server is not
available also has an exponential distribution, in-
dependent of the first.

Scheduled breakdowns mean that the availabil-
ity and the unavailability periods of the server are
deterministic. For either case, let i (b) be the
expected length of the on (off) period.

So, for random breakdowns

I(x)=1—exp{—x/i},

B(x)=1—-exp{—x/b), x=0
and for scheduled breakdowns
(1 ifx=i,
[(")_{o ifx<i
and
_J1 ifxzb;
B(x)*{o if x < b,

Let N (Ng) be the mean queue size at stationarity
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of the GI/GI/1 queue with random (scheduled)

breakdowns.
Using the approximation described in Section

2, we obtain (see (14) and (15)):

g p(i+b) 54
0 p) £
where pp = exp{—2Bg/ag), Bg =A —pi/(i +b),

L (ib)z

=N 4 +2

for random breakdowns, and

N~ ) (23)
i(1-ps)

where pg = exp{—2Bs/ag), Bs = Br,

ag =NV, + p’lfsﬁ for scheduled breakdowns.

In both cases the equilibrium condition is p < ¢
2j/(i+b). No exact result is known for the
GI/GI/1 queue with random or scheduled
breakdowns. Exact results are only known for the
corresponding M/G/1 queue (see Mitrany and
Avi-Itzhak [13]).

Numerical comparisons between Ny (Ng) and
the corresponding result obtained through a simu-
lation model are given in Section 4, for different
values of the traffic load.

4, Numerical comparisons and conclusions

In this section we present numerical compari-
sons between the expected queue length (exact
results or results obtained through a simulation)
and the approximation given in Section 3.

The exact results are known, for the queueing
systems described in Section 3, only if all the
arrival processes are Poisson processes. In the other
cases we used simulation models.

For the preemptive resume priority, Figs. 1 to 3
give families of curves (each representing a given
level of priority traffic) of the expected nonpriority
queue length as a function of its traffic load. The
exact results can be found in Jaiswal [9].

The approximation is very good for any level of
high priority traffic in the Markovian case (see
Fig. 1) (if interarrival times and service times have
exponential distribution functions) and the accu-
racy of the approximation decreases as the coeffi-

Ny

2n['I?l.te:rarri\.'all times distribution (I.t.d) :
. Exponential

Exponential

Service times distribution (S.t.d)

2 — — —— Approximation
/ e EXHBE
. I A i L 'l 1 1 1 J ﬂz

ol il "D .4 5 4.6 = | .8

Fig. 1. Preemptive resume priority (P.R.P): Expected queue
length of the nonpriority customers in the Markovian case.

cient of variation of the service times distribution
decreases from 1 (see Figs. 2 and 3).

Table 1 shows comparative results between the
mean queue length at steady state obtained through
a simulation model and the approximation de-
scribed in Section 3, in the case where the arrival

I.t.d : Lxponential

20
F S.t.d : Erlang 2
-
L

— — — Approximation

4 —_— TIxact
L i 1 i 02

4 +5 0 ) .8

%)
s

Fig. 2. P.R.P: Expected queue length of the nonpriority
customers in a non-Markovian case.
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Fig.3. P.R.P: Expected queue length of the nonpriority

customers in a non-Markovian case.
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process of the 2-customers has an arbitrary re-
newal distribution function. The approximation
always remains in the confidence interval of the
result obtained through a simulation model.

Tables 2 and 3 give the corresponding results
for a GI/GIl/1 queueing system with random or
scheduled breakdowns, and comments similar to
the ones presented for Table 1, can also be made
as to the behavior of the approximation.

We have presented a diffusion approximation
which gives accurate results for queueing systems
with service interruptions. These results are very
useful for such queueing systems especially when
the arrival processes are not all Poisson processes,
since the exact results are unknown,

The accuracy of the approximation can be sum-
marized as follows: As the coefficients of variation
of arrival processes and of service times processes
become close to 1, the approximation becomes
very good.

Table 1
P.R.P: Expected queue length of the nonpriority customers (I.t.d and S.t.d of the 2-customers are Erlang 2)
P> 0.1 0.2 0.3 0.4 0.5 0.6 0.8
P
0.1 Approximation 0275 0.682 1.531 5.568
Simulation 0.286 0.706 1.497 5.555
+0.02 +0.03 ¥0.07 02
0.3 0.546 0.984 3.051 7.080
0.559 0982 2.810 7.470
+0.03 +0.05 +0.14 +0.37
0.5 0.557 1.444 3.160 8.200
0.568 1.425 3.050 8.014
: F0.03 F0.07 +0.15 F04
L — — — - —_—
Table 2
def
Er 2/Er 2/1 queue with random breakdowns: Expected queue length (¢ - i/(i+ b))
P 0.1 0.2 0.3 0.4 0.5 0.6
c
0.9 Approximation 0.115 0.241 0.386 0.567 0.817 1.214
Simulation 0.107 0.251 0.374 0.603 0.793 1.401

+0.008 +0.02 F0.03 F0.05 F0.07 +0.26

0.66 0.160 0.346 0.591 0.980 1.788
0.161 0.333 0.633 0.975 1.915

+0.01 +0.03 +0.07 F0.13 +0.39

0.5 0.222 0.514 1.018 2.246
0.204 0.538 1.037 2.307
+0.02 +0.06 F0.12

+0.46
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Table 3
Er 2/Er2/1 queue with scheduled breakdowns: Expected queue length
p 0.1 0.2
c
0.9 Approximation 0.115 0.241
Simulation 0.110 0.233
F0.01 +0.02
0.66 0.158 0.339
0.151 0.322
+0.01 +0.02
0.5 0.214 0.487
0.203 0.468
+0.02 +0.04

Moreover, the accuracy of the approximation is
independent of the traffic load (see Figs. 1, 2 and
3%

The diffusion approximation has been applied
to queueing systems with preemptive resume pri-
ority and random or scheduled breakdowns.
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