An equation for the coefficients of this simplified form is obtained through Galerkin Projection of the original system :

∂u(x, t) ∂t = g (u(x, t)), V T u = α =⇒ dα dt = V T g (u(x, t))
The dynamics g() of the reduced model are computed from the simplified solution, which introduces error :

dα dt ≈ V T g (V α) = V T g (u(x, t)) E. Menier (SystemX / LISN) CD-ROM Euromech 06-2021 3 / 24
To address classical POD-Galerkin model's shortcomings, we propose to add a correction term to their dynamics :

dα dt = V T g (u) = V T g (V α) + f
This correction term depends on information outside of the POD basis :

g (u) = g (VV T u + (I -VV T )u) ≈ g (V α) + g V α (I -VV T )u E. Menier (SystemX / LISN) CD-ROM Euromech 06-2021 5 / 24
Following Taken's theorem, we can retrieve the information lost during the projection on the POD basis by considering the past states of the system : Delay Differential Equations can be used to aggregate information from the past in a time continuous manner :

dx dt = f (t, x, y ), y (t) = 0 -∞ x(t + τ )e λτ dτ
These equations are solved as an augmented ODE system :

dx dt dy dt = f (t, x, y ) x -λy E. Menier (SystemX / LISN) CD-ROM Euromech 06-2021 7 / 24
Neural Correction Term Training data for the true ROM trajectories can be obtained from the snapshot data :

αt i = V T u DNS,t i
The model can then be trained through the Neural ODE 5 framework : 

L(α) = tn t 0 α t i -αt i 2 5 R. T. Q.

Chaotic Pinball

We tested the approach on a more challenging case, the chaotic pinball6 : Reminder : 8 modes are enough to capture 99 % of the cylinder flow's energy. 

dz(t) dt = f (z, t; θ) a(t) = dL dz t da(t) dt = -a(t) ∂f (z(t),t;θ) ∂z dL dθ = - t 1 t 0 a(t) ∂f (z(t),t;θ

ROM NODE

In our case, the Neural ODE corresponds to the complete ROM :

z = α Y f (z, t; θ) = 1 Re K α -α T Nα + N N (Y ; θ 1 ) Enc(α; θ 2 ) - ΛY
Because the model is fully expressed with differentiable objects, the required jacobians can be easily evaluated through automatic differentiation.

E. Menier 

  This idea is related to other Deep Learning SOTA architectures 2 : A Neural Network is used to learn the ROM's correction from the memory y : previous work on DMD and Neural Networks 3 , we propose to use encoder networks to expand the dimension of the memory : dα dt dY dt = g (V α) + N N (Y ) Enc(α) -ΛY With this extension, the model resembles a continuous version of other modeling approaches based on Recurrent Networks 4 .
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Summary & Future Work

Summary :

A novel time-continuous network architecture was proposed.

We showed that it can be used to learn an efficient correction for POD-Galerkin models.

Future Work : Complete work on the pinball case with more data and hyperparameter tuning. Derive energy constraints to give physical sense to the correction model.