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ANALYSIS OF THE IMPLICIT EULER TIME-DISCRETIZATION OF
SEMI-EXPLICIT DIFFERENTIAL-ALGEBRAIC LINEAR
COMPLEMENTARITY SYSTEMS*

BERNARD BROGLIATOf

Abstract. This article is largely concerned with the time-discretization of differential-algebraic
equations (DAE) with complementarity constraints, which we name differential algebraic linear com-
plementarity systems (DALCS). Specifically, the Euler implicit discretization of DALCS is analysed:
the one-step non-smooth problem (OSNSP), that is a generalized equation, is shown to be well-
posed under some conditions, then the convergence of the discretized solutions is studied, and the
existence of solutions to the continuous-time system is shown as a consequence. Passivity of some
operators is pivotal to the analysis. Examples from circuits, mechanics and switching DAE illustrate
the applicability of the developments.

Key words. differential-algebraic system, descriptor-variable system, linear complementarity
system, recession function, discrete-time, well-posedness, passive system, Lur’e equations.

AMS subject classifications. 65K15, 90C33, 90C90, 93B52, 93D30, 93C30.

1. Introduction. The analysis of non-smooth dynamical systems with multi-
valued right-hand sides satisfying maximal monotone properties has witnessed a large
number of contributions [19]. Within this class one finds linear and nonlinear com-
plementarity dynamical systems, projected systems, differential variational inequali-
ties, differential inclusions with maximal monotone right-hand sides, Moreau’s sweep-
ing process, some switching dynamics, etc. In this article we focus on singular, or
differential-algebraic linear complementarity systems (DALCS), which may be viewed
either as an extension of classical differential-algebraic equations (DAE), or of “clas-
sical” linear complementarity systems. As will become clear later, DALCS represent
an extension of the set-valued Lur’e systems studied, e.g., in [39, 40]. The associated
canonical form is motivated by applications in chemistry [53, 52, 62], switching DAE
analysis [48], circuits with nonsmooth electronic components [2, section 3.5, chapter 4]
[22], optimization-constrained differential equations [19, Example 2] with applications
in atmospheric aerosol particles [38], and Lagrangian systems with both bilateral and
unilateral constraints [17] (in spite of the fact that the results presented in this article
do not apply to all of these systems).

The study of singular nonsmooth dynamical systems has not received a lot of attention
yet. Singularly perturbed differential inclusions have been tackled in [26, 56, 32, 58].
The conditions on the set-valued mappings that are imposed (compactness [56, 58],
boundedness and Hausdorff Lipschitz continuity [32], one-sided Lipschitz condition
[26]) are not satisfied by complementarity conditions (or by normal cones to convex
sets). Hence these results do not apply to DALCS. The well-posedness of DAE in semi-
explicit form with nonsmooth constraints (which are related to the class of systems
studied in this article, see Remark 2.1 below) has been analysed in [53, 54, 52]. Passive
singular set-valued systems are studied in [22], who derived well-posedness relying on
a special Weierstrass’ representation. However the time-discretisation is not tackled
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2 BERNARD BROGLIATO

in the above references.

Our goal is to analyse the well-posedness of the one-step nonsmooth problem (OS-
NSP) obtained after an implict (backward) Euler discretization, and the convergence
of the discrete-time solutions towards a continuous-time limit. The second step is use-
ful not only for proving the existence of solutions to the continuous-time system, but
also, perhaps most importantly, to show that the proposed time-discretization makes
sense for numerical simulations. Passivity properties of suitable operators are pivotal
throughout the article. It is noteworthy that implicit Euler methods are well-known
in DAE [30, 14, 33, 42, 12, 35, 61, 7], differential variational inequalities [46, 24],
and complementarity systems fields [41, 21, 59, 34], as well as in the field of max-
imal monotone differential inclusions [8, 47] (implicit Euler method is often called
proximal algorithm, while Euler method refers to the explicit algorithm [47]), and
Moreau’s sweeping processes with the catching-up algorithm [19, 44, 45]. However
their application to DALCS has not been studied yet.

The article is organised as follows: Section 2 introduces the general dynamics of
the nonsmooth singular systems, section 3 presents their time-discretization, section
4 studies the well-posedness of the OSNSP, section 5 is dedicated to convergence
analyses: results in section 5.1 are based on the properties of the numerical scheme,
while section 5.2 uses properties of the system. Section 6 is dedicated to illustrating
examples and simulations, from circuits, mechanics and switching DAE. Conclusions
are drawn in section 7. The appendix is dedicated to recall various mathematical
tools.

Notation and definitions: for any vector x € IR™ and any matrix M ¢ IR™*",
[|z]| is the Euclidean norm and ||M]| is the Frobenius norm, which are compatible
norms [10, Proposition 9.3.5], i.e., ||[Mz|| < ||M]| ||z||. Let M € IR™*™, then Im(M)
is its range, Ker(M) is its null space. We use (x,y) = 2"y, so (z,z) = ||z||>. Positive
definite matrix: M > 0 if 2T Ma > 0 for all z # 0, positive semidefinite matrix:
M = 0if 2" Mz > 0 for all z (such M is not necessarily symmetric). The maximum
singular value is denoted as omax (M), and the minimum eigenvalue as Apin(M). The
ith row of M is denoted as M;,. The n x n identity matrix is denoted I,,. A set-valued
mapping A : R" = IR" is said monotone if for all 21, zq, y1 € A(z1), y2 € A(x3), one
has (z1 — 29,91 — y2) > 0. It is maximal monotone if its graph cannot be enlarged
without destroying monotonicity. It is 7-strongly monotone if there exists > 0 such
that (x1 — @9,y1 — y2) > nl||z1 — 22||?. See also Appendix A for further definitions.

2. The class of nonsmooth singular dynamical systems. Let us consider
the following differential algebraic linear complementarity system (DALCS):

(a) P[i‘(t) = A[J?(t) + B[Z(t):F B[)\(t) + E](t)
(2.1) (b) 0= Arrx(t) + Brrz(t) + Bri(t) + Erg(t)
() K* 3 A(t) L w(t) = Cra(t) + Criz(t) + DA(E) + F(t) € K,

with z(t) € R™, z(t) € R"™, \(t) € R™, w(t) € R™, P € R™*™ is full-rank,
K C IR™ is a closed nonempty convex cone, K* is its dual cone, B;; € IRP*™,
A € ]Rpxnl, B € ]Rpxn2, Cr € Bmxnl, Cir € JRmxn2, D e ]Rmxm, Br €
R ™ Are R™*™ By € R™*™, and E;(-), Erf(+), F(-) are bounded, Lipschitz
continuous functions of time. The form in (2.1) is that of a semi-explicit DALCS. It
corresponds to a kind of extension of the impulse-free Weierstrass form [20], where
the transformed state matrix has non zero off-diagonal terms Ay and Bj.
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IMPLICIT EULER DISCRETIZATION OF DIFFERENTIAL-ALGEBRAIC LCS

Remark 2.1. Assume that K = IR'. The complementarity constraint (2.1) (c)
is equivalently rewritten as ¢(\, w) = 0 where ¢(-) is a C-function [3, 29]. Therefore
(2.1) (b) (c) can be rewritten equivalently as ®(x, z, A,t) = 0 for some function ®(-),
usually nondifferentiable. The system (2.1) thus possesses the form of a semi-explicit
DAE as studied in [53, 52], assuming piecewise differentiable functions ®(-), with z
the differential state, z and A the algebraic state variables. The so-called regularity
conditions (which are an extension of index 1 conditions for DAE) used in [53, 54, 52,
51] may hold in particular cases for (2.1). Examples in section 6.3 illustrate the links
betwen both approaches in [53, 54, 52, 51] and in this article.

Consider (2.1), then the initial data x(0) = z¢ and z(0) = zy are compatible with the
system’s constraints if and only if:

(2 2) 0e A]]QZO + Brrzo + E]](O) — B[](D +NK*)71(C]£L'0 + Crrzo + F(O))
’ A0) € —(D+NK*)71(C1£L'0+C[[ZO+F(O)).

rl:hiS implies that CI.TJQ—I—C]]Z()-FF(O) € Im(D —|—NK*) and A111‘0+B]]ZO+EII(O) S
B]]DOID(D+NK*).

3. Time-discretization of DALCS with implicit Euler methods. Let us
consider the time interval [0,7], T >0, h= %, N € IN4, t, = kh, k € {0,1,..., N},

to = 0, ty = T. For a continuous function f(-), fx £ f(tr). The implicit Euler
discretization of (2.1) reads as:

(a) Pr(xp1 —2x) = hAzpyr + hBrzig1 + hBrggr + hEp
(3.1) (b) Arrxpyn + Brrzgser + Brides1 + Errg =0
(C) K*> /\k—i-l 1 C].rk_H + C[[Zk.H + D>\k+1 + F, € K.

The problem in (3.1) (b) (c¢) is a mixed LCP (MLCP). Let us now state a basic
assumption.

ASSUMPTION 1. The matriz PIh 2 Pr — hAj is full-rank.

In case Py > 0, [25, Theorem 2.11] can be used to set conditions on hAr so that
PIh > 0: there always exists hpax such that the assumption holds for all & € [0, Apax)
(with hmax = +oo if Ar X 0). Let us define the following matrices and vectors:
A=hAr(Ph)~ 1BI + Bir,

B =hA(P})" B + be

Ey = Errp +hA (PP "Ep g + Ar(P}) ' Pray,,

C= hCI(Ph) 'Br +Ciy,

D= hCy (P, ) 1B; + D,

Fk = Fr + hC](PI ) 1E1 k+ C[(Ph) IPIIL'k

Then we deduce from (3.1) the difference equations:

SO e

(a) xk;Jrl (Ph) (P[LCk + hB[Zk+1 + hB[)\k+1 + hE; k)
(3.2) (b) A2k+1 + B)\k+1 + Ek =0 B
(C) K* 9>\k+1 J_CZk+1+D)\k+1+Fk € K,

where the last two lines of (3.2) are a MLCP with unknowns zp41 and Agp4q. It is

therefore possible to study the well-posedness of this MLCP independently of the
first line in (3.2). Letting (x41 = —2k+1, this MLCP can be rewritten equivalently as

This manuscript is for review purposes only.



124

126
127
128
129

131
132
133
134
135
136
137
138
139

141
142
143
144
145
146
147
148
149
150

o e e
ot Or Ot Ut Ut Ut
SISO CR G Ry

==

Q0

4 BERNARD BROGLIATO

follows:

)‘kfl S (NK:* + D)jl(_ézk+1~_ sz» B
(3.3) 7AC]€+1 + Ek c —-B (NK* + D)il(cgk+l - Fk)a
T1 = (PP Y (Prag + hBrzig1 + hBrXga + hEpy).

Also the following calculations stem from the complementarity conditions in (3.2):
(3.4)
Ait1 € =Nk (Czpg1 + DA + Fy) - —Apy1 € Ny (Czpgr + DAgy)
& 80’Fk(—/\k+1) ) CZNk-i-l +~D)‘k+1 & (6Urk + D)(—)\k-i-l) 5 Czpy1
& Agt1 € —(80Fk + D>_1(Czk+1).

where the inversion of set-valued mappings is used in the second equivalence, and

where or, (+) is the support function of the set I'y(tx,zx) 2K - Fy.(t, z1) (which
is a closed convex set, but not a cone as long as Fy, # 0 which is the generic case).
Therefore equivalently we can rewrite (3.3) as:

(@) Aks1 € —(dor, + D)71~(C~'Zk+~1) )
(35) (b) — AZk+1 + B(aO'Fk + D)_l(CZ]H_l) 9_ Ey
(C) Tht1 = (Plh)_l(P]al‘k + hBrzi+1 + hBrg+1 + hE[)k).

The second line in (3.3) is a generalized equation (GE) with unknown (gy1. Its well-
posedness depends on the properties of the operator F : ( — —/1( + B (N~ +
D)~(C¢ — F,). Similarly for (3.5) with the operator G : ¢ — —A( + B(dor, +
D)~1(C¢), and (3.5) (b) is: G(zx41) > Ej. Various results have been published to
characterize such operators [16, 23, 6] and to guarantee that they are single-valued
Lipschitz continuous [16, Propositions 1, 2, 3, Corollary 1], or maximal monotone
(possibly set-valued) [23, 6]. The difficulty in the analysis of DALCS is that they
involve the composition of two operators as seen in the OSNSP for advancing the
scheme from step k to step k + 1:

(3.6)

PIh.’L'kJr1 € Prxy, + hB[g_l(Ek(xk)) — hB](aOpk + D)_l (C‘g_l(Ek(xk))) —+ hE[,k.

Clearly the scheme can be advanced with a unique solution if both Axy; and zpyq
are uniquely defined (the “if and only if” holds with BrAp41 and Bz, uniquely
defined). Thus next we are going to characterize the GEs in (3.3) and (3.5) in order
to analyse the scheme (3.6).

Two main classes of results are provided in the sequel of the article: first the well-
posedness (existence and uniqueness of solutions) for the OSNSP associated with the
time-discretizations in (3.1) (Propositions 4.3 and 4.4, Corollary 4.6) and (3.2) (Propo-
sitions 4.7 and 4.8); second, the convergence of the discrete-time solutions is analysed,
and the limit functions are shown to be solutions of the DALCS (Propositions 5.2 and
5.9).

4. OSNSP well-posedness. The approach chosen in this article consists of
considering the system as an ODE (2.1) (a) with a nonsmooth constraint (2.1) (b)
(c): either (3.1) (b) (c) that is a mixed LCP with unknowns 241, Ag+1 and parameter
Zpt1 (section 4.2), or (3.2) (b) (¢) (equivalently (3.5) (a) (b)) that is a mixed LCP
with zg41, Ag+1 (section 4.1). As will become clear later, the results rely heavily on
the positive (semi) definiteness of Bjy, and on specific passivity couplings between
z in the complementarity constraint (matrix Cyy) and A in the algebraic constraint
(matrix Bry). When D = 0 in (3.2) (c), let us state the following:

This manuscript is for review purposes only.
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159 ASSUMPTION 2. There exists a p X p matric X = X = 0 such that XB=CT.
160 The alternative option when D = 0 in (3.1) (c):

161 ASSUMPTION 3. There exists a p X p matriz X = XT > 0 such that XBy; = CITI.
162

163 Let us notice that Assumption 2 implies that X B;; = C}; + O(h), while Assumption
164 3 implies that XB = CT + O(h). The influence of the O(h) terms may not be easy
165 to characterize precisely for finite A > 0. Assumption 3 is a model assumption, while
166  Assumption 2 is a property of the numerical method. One sees that Assumption 3
167 corresponds to a passivity constraint on the triple (Byy, By, Crr) [18]. Assumption
168 2 imposes an input/output passivity-like constraint on the triple (/Nl, B, C~'), which is
169 an O(h) approximation of (Bys, Brr,Crr). When D # 0 and D # 0, extensions of
170 Assumptions 2 and 3 are as follows:

171 AssSuUMPTION 4. The quadruple (fl, B.C, [7) 18 passive.
172 and the counterpart of Assumption 3:
173 ASSUMPTION 5. The quadruple (Brr, Brr,Crr, D) is passive.

174 Passivity is defined in Appendix C. Notice that the above assumptions imply that
175 mo = p. Assumption 4 refers to the numerical method while Assumption 5 is a model
176 property. Assumptions 2 and 4 refer to (3.2) (b) (c) or (3.5) (a) (b), while Assumptions
177 3 and 5 refer to (3.1) (b) (c). Let us present a result about the relationships between
178 Assumptions 4 and 5, i.e., when does the plant’s passivity guarantees the numerical
179 scheme’s passivity.

180 LEMMA 4.1. The following statements are true:
181 1. Let (Brz, Brr,Crr, D) be strictly passive. Then (A, B, C, D) is strictly passive
182 for small enough h > 0.
183 2. Let (Brr, Br1,Crr, D) be strictly state passive. Then (A,B,C’,D) is strictly
184 state passive if: a) h > 0 is small enough, b) D+DT =0 and C;(P}) 1B+
185 (CH(PMTIB)T =0, ¢) XA (PM)™1B; — B (PM)~TC] =0, where X is a
186 solution of the passivity LMI for (Brr, Br1,Cr1, D).
187 3. Let h > 0 and (Brr, Br1,Cr1, D) be passive. Then (A,B,Cﬂb) is passive if:
188 b) and c) in item 2 hold, and a) X Arr(PM)™'B; + B} (P})"TA],X <0,
189 where X is a solution of the passivity LMI for (Brr, Br1,Crr, D).
190 Proof:
191 1. The strict passivity of (B, Brr, Crr, D) means that there exists X = X T = 0
192 such that:

_ A (=XBir— B, X —-XBir+CJ,
193 (4.1) M = ( _BLX +Cir D+DT ) = 0.
194 In particular this implies that D + DT = 0 [18, Theorem A.65] and the
195 associated transfer function is strongly SPR [18, Remark 3.19, Section 3.12.2].
196 Now we have A = By + O(h), B = By + O(h), C = Ci; + O(h), D =
197 D + O(h). Therefore

NA_ATY _xBaOT
198 (4.2) M:( XA-A X —XB+C

-B"X+CT D+DT ) +N(R)

1>

M
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where N (h) stands for a matrix with suitable dimensions and which vanishes
as h — 0 (in fact N(h) is O(h)). Thus M = M — N(h). Applying [25,
Theorem 2.11], it follows that M > 0 provided that omax(N(h)) < A2, (M),
an inequality which can always be verified if A > 0 is small enough. Under
this condition, it follows that the strict passivity of (B;s, Brr, Crr, D) implies
the strict passivity of (A, B,C, D) (= D > 0).

2. The result is proved by developing M in (4.2), then using [10, Proposition
8.2.4, Fact 8.21.22], or [18, Lemma A.69], as well as the fact that —X By —
BEX > 0 from the strict state passivity.

3. The proof is similar to that of item 2.

X

The converse implication in item 1 does not hold, since one may have M = 0 for some
h > 0, but M # 0. It is possible to state necessary and sufficient conditions, relying
on [10, Proposition 8.2.4, Fact 8.21.22] or [18, Lemma A.70]. However the obtained
conditions are cumbersome and hardly usable. Lemma 4.1 can be used to determine
the conditions under which Assumption 4 is verified in the results presented in the next
section. The conditions b) and ¢) in Lemma 4.1 item 2 hold if: b) C; = 0 or By = 0, c)
(A;r =0or By =0) and (B; = 0 or C; = 0). Condition a) in Lemma 4.1 item 3 holds
if A;; =0 or By = 0. Let us remind that the solution X = X T > 0 of the Lyapunov
equation XBr; + BJ;X = —Q, @ = Q" > 0, can be written X = (—1Q + F)B;/,
where ' = —F " is unique [60, Theorems 1 and 2]. Let us denote the symmetric
part of a square matrix M as sym(M) and its skew-symmetric part as skw(M). This
allows us to state the following necessary conditions.

COROLLARY 4.2. 1) Let (Byr, Br1,Cr1, D) be strictly state passive with X By +
B, X =-Q, Q=QT =0, and assume that Ar;(P?)~Br is right-invertible (= p <
m). Then X = (—%Q + F)Bj_jl, for some F = —F T uniquely defined, and condition
¢) item 2 in Lemma /.1 holds only if

1 _ _
(43) sm(LQBr Au(P})™ By + B (P)~TCT) = Fkw(By Auy(P)™ By)F:
for any pair (Q, F), and
(4.4) Ker(Cr(P}")™'By) = {0}.

2) Let (Brz, Brr,Crr, D) be passive with X By + BITIX =—Q,Q=Q" =0 and By
invertible. Then X = (—%Q + F)Bl_jl, for some F = —FT, and condition a) item 3
i Lemma 4.1 holds only if

(4.5) sym(—QB;; Arr (P}~ By) + 2Fskw(B;; Arr(PP) "' B;)F < 0,

for any pair (Q, F).

Proof: 1) Condition c) yields (—3Q + F)Bj; A;(P})~™'B; = B (P!)~TC], then
(4.3) follows using F' = —F'. Using the right-invertibility, (4.4) follows from [23,
equ. (70)] and the fact that X is full rank. 2) From passivity any solution must be
symmetric. The Lyapunov equation and the skew-symmetry of F' yield (4.5). X

We see that the right-invertibility condition (resp. condition (4.4)) in item 1 of the
lemma, characterizes the couplings between z and A in the index reduction (resp.
between z and z in the relative degree reduction (i.e., in w)).

This manuscript is for review purposes only.
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4.1. Analysis of the OSNSP for (3.2). The next proposition analyses the
OSNSP well-posedness, and applies to two main cases: D = 0, and D > 0. Let us
remind that p = ny as a consequence of Assumptions 2, 3, 4 and 5, so that A and By;
are p X p matrices.

PROPOSITION 4.3. Let h > 0, k > 0 be given.

1.

Proof:
1.

Let Assumption /4 hold. Suppose that either Im(C) N int(Im(dor, + ﬁ)) £ 0
or B is square full rank. Suppose also that there is (o such that C(y €
Im(dor, + D). Then the operator G : ¢ — —AC + B(dor, + D)~H(CC) is

maximal monotone with non empty domain.

. Let D = 0, then both mappings (Nx+ + D)~'(-) and (dor, + D)~'() are

well-defined, single-valued Lipschitz continuous and mazimal monotone for
each h > 0, k > 0 (mazimal monotonicity holds for D = 0). The operator
G(-) is single-valued and Lipschitz continuous also.

. Let D =0, Assumption 2 hold true, R* = X, R=R" = 0, In(C) N T} # 0

and K = P(G,0) (see Proposition A.1 €)) for some matriz G € R™ ™. Let

us assume that RAR™' < 0. Let us consider the set:

S 2 P(GCR™,0)

(4.6) n{¢e 1RP|RAR L= 3" N(GCRYL, A > 0}
NKer(RAR'+ R 'ATR).

Deﬁne G = —REk, f() = p, © C’]N%_l(), Iy, = K — Fy, and consider the

VI(—RAR™, Gy, f): Find &1 = Rzpiq such that
(4.7) (~RAR™ €1+, v=Er1) +F(0) = f(€1) 2 0, for allv € dom(f).

(a) [fS = {0}, then the VI—RAR~ 7qk,f) has at least one solution.
(b) If S # {0}, and if there exists & € Ty such that

(4.8) (Gr — (—RAR™M)T&0,0) > 0 for allv e S, v #0,

where f‘k {¢ € R™ | GCR™'¢ + GF}, > 0} = dom(f), then the
VI(—RAR™ ,qk,f) has at least one solution. .

(c) If&} ., and §,St1~are two sol@tiops of the VII-RAR™, Gy, f), then &, ,—
&, € Ker(RAR™' + R'ATR).

(d) Let RAR™' be symmetric. If oy and &, are two solutions of the
V](—NRf%R_l, lew f)7 then <(jk7€]};+1 - €]%+1> = O o B

(e) Let RAR™! be symmetric. Then any solution of the VI[—RAR™", g, f)
is also a solution to the problem: min, g, —%gTRAR_lf + (qx, &)

(f) Let —RAR™' > 0 and be symmetric. Then &y = PrOj_ jif-1 [Ch: —ax).

Follows from [6, Theorem 1], which is itself inspired from [23] and [16, The-
orem 2], and which states that the negative feedback interconnection of a
passive system with a maximal monotone operator, defines another maximal
monotone operator (under the stated basic conditions).

. Follows from [16, Proposition 1] (see Proposition B.1) and from [55, Lemma

1] (or [9, Corollary 24.4 (ii)]) since Im(D) = R™ and int(Dom(Ng+)) =
int(K*) # 0, and int(Dom(dor,)) #  because Iy, is convex and int(T'y) # 0.
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3. The proof follows from Propositions A.1 and A.2. First notice that the MLCP
Azk+1 + B>\k+1 + Ek =0, K* 3 A\gy1 L CZk+1 + D)\k+l + Fk € K, can
be equivalently rewritten as the VI(— RAR™! ,qk, f) (4.7). Indeed one
obtains —RAR™ Y —RE, € —RB 31/ka(CR 1¢x11). Using the chain rule
of Convex Analysis [49, Theorem 23.9] and the fact that T’y is polyhedral,
the MLCP can written equivalently as in (4.7). Let us now compute the
set S in (4.6). Here dom(yp) = dom(f f) = {z € R" | CR™ 'z € T}} =
{zeR?P | CR™ 24+ F, € K} = {z € R" | GCR 'z + GF, > 0}. Hence
(dom(p))oe = = P(GCR™1,0) from Proposition A.1 e). Now we have f =
Ur (CRTIE) = ¢p, (§) with Ty = {¢ € R | CR™'¢ € K — F}} = {€ €
R’ | GCR™¢ + GFy, > 0} = P(GCR™',=GF,). Thus fool) = ¥, ()
and dom(fs) = P(GCR™',0). Now we have to calculate the dual cone
P(GCR™',0)*. Using [31, Example 15], one finds that P(Gé’ﬁ’l, 0O ={we
R™ | w=Y" MGCR YL, \i >0}, where (GCR™');s denotes the ith
row of the matrix GCR™! € IR™*"2. Hence it follows that K(—RAR™!, f) =
{¢ € R™ | RAR'¢ = =", Li(GCR™Y)],, \i > 0}. The third set in S
is equal to Ker(RAR™' + R~*AT R), from Ker(M + M) in Proposition A.2
a). Then the results in items (a) to (f) are a consequence of Proposition A.2,

where @oo(v) = 0 in item (b). Item (f) follows from item e) in Proposition
A2,
X

Item 1 encompasses cases with D 3= 0. If item 2 holds, then Ak+1 is uniquely defined,
provided that zjy1 exists (which is guaranteed if conditions of item 1 hold). From
item 3 (c), it follows that zp41 is unique if A has full rank (recall that By and A are
square p X p matrlces) However from (3.2) and (3.3), xx11 is uniquely defined if and
only if By(Ng+)"1(— Czpyr — Fk.) is unique. This happens trivially when B; = 0 (if
one thinks of (2.1) as the limit of a singularly perturbed system, this simply means
that the multiplier enters only the z-dynamics). Let us now deal with the case D = 0.

Dy 0O

ASSUMPTION 6. Let h >0, and D = ( 0 o

) with 0 < Dll = Dirl € IR xm

Such specific structure occurs for instance when D has the same blockdiagonal struc-
ture and B; = 0, i.e., the multiplier does not intervene in the xz-dynamics. Let us
split the multiplier as A = (A{,A5) ", A1 € R™, Ay € IR™, m; + mo = m, and
K =K x Ko C R™ x R™ (hence K* = Kf x K}), B= (B, By), B € RP*™,
By € ]Rpme, C = (g;
B = By, C =Cs. If D = Dy; > 0 then item 2 in Proposition 4.3 applies.

) Cl Blep, ég € ]Rszp. If Dll = 0 then \ = )\2,

_ ASSUMPTION 7. Let h > 0. There exists a (p X p)-matriz Xy = XQT = 0 such that
XoBy =Cy .

This assumption implies that there are couplings between the multiplier Agy; in the
algebraic equation, and the algebraic variable zj 11 in the complementarity conditions,
see (3.2). Define Ry = R2 =0, R2 X, and Ekp1 = R22k+1 The next result extends
Proposition 4.3 to the positive semidefinite case with blockdiagonal structure.

PROPOSITION 4.4. Let Assumptions 6 and 7 hold true, h > 0 and k > 0 be given.

This manuscript is for review purposes only.



326
327
328
329
330
331

332
333
334
335

336

344
345
346
347
348
349
350

IMPLICIT EULER DISCRETIZATION OF DIFFERENTIAL-ALGEBRAIC LCS

Define I'y j, = Ko — FQJC. Consider the VI: find {41 € dom(fg) such that

(4.9)

— RyARy "¢1 — RoBx + RoBy(Day + 0ic; )™ (C1Ry ' Ehya + Fui) € —0f2(Ekt1)

LGy (tr Ekt1)

where fg() Yr,, © 02R51< ).

1.

Proof:
. The complementarity conditions in (3.2) (c) are rewritten as:

Suppose that Im(Cg) NTok £ (0. The MLCP Azji1 + BX\py1 + Er, = 0,
K*> Ay L Czk+1 + D>\k+1 +Fy € K, can be equivalently rewritten as the
VIin (4.9).

. Assume that the set fg’k ={{ e R’ | 6'2]:3515 €'y} is compact. Then the

set of solutions to the VI in (4.9) is compact and nonempty.

. Assume that for each ty, the following well-defined, single-valued and Lip-

schitz continuous mapping, is maximal monotone:
Gy : Ert1 — RQBl([)H + 3¢K;)_1(C’1R;1€k+1 - Fl,k)-

If =Ry AR; ' = 0, Ty, NInt(Dom(Gy)) # 0 or Int(Ty 1) ﬁDom(Gg) # (Z) then
the set of solutzons to the VIin (4.9) is closed and convex. If — RQAR2
the VI in (4.9) has a unique solution.

Ky AL k+1 Ch DM ki1 Fiy, K
4.10 B E) ’ 1| = ’ L S
( ) (Ki) (/\2,k+1 CQ 1 + 0 + Fg’k K2

while the equality constraint in (3.2) (b) is rewritten as:
(411) AZ}C+1 + Bl/\17k+1 + Bg)\g’lﬂ_l + Ek =0.

From (4.10) it is deduced that:

(4.12) { Atk = —WVi; + ﬁl})_l(élzkﬂ + Fig)

/\2,k+1 S 7NK27F‘21,C(CQZ/€+1)'
Using (4.11) it is inferred:

Aze1 — Bi(Nk, + D) M (Crzrga + Fug)
—BQNK27F2JC(CQZ]€+1) +E,=0
(4.13) 3 ~ o
—Ro ARy "€y + RQBl(NK* + D)~ (Clzk+1 + Fi ) — RoEy
€ —RyBoNy,_p, k(C'zR Y1),

which is (4.9) since RyBs = R;lXQBQ = R;lé’; and applying the chain rule
of Convex Analysis for polyhedral functions.

. This follows from [29, Corollary 2.2.5] and since the map (D1, + M) ()

is single-valued, well defined and Lipschitz continuous (see Proposition B.1).

. The first assertion is a consequence of [9 Corollary 24.4] (for the maximal

monotonicity of the mapping (—Ra ARy ' +Gy+0f2)(-), and of [9, Proposition
23.39]. The second assertion follows from [29, Theorem 2.3.3], noting that the
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10 BERNARD BROGLIATO

mapping in the left-hand side of (4.9) is maximal monotone [9, Corollary 24.4
(ii)] and strongly monotone since —RyAR;* > 0. This can also be proved
using [9, Corollary 23.37]. Single-valuedness and Lipschitz continuity stem
from Dq; = 0. ®

Further features of the solutions to the VI in (4.9) will be studied in section 5.1.3. The
next lemma states a classical condition that guarantees the maximal monotonicity of
Proposition 4.4 item 3. The first condition in item 1 is a constraint qualification
which guarantees that the function fg() has a nonempty domain. It is usually seen
as a technical condition, however in some applications it may not be satisfied. Item 1
states conditions under which the VI in (4.9) can be constructed. ITtem 3 uses some
results about the zeroes of maximal monotone mappings, or of the sum of these.

LEMMA 4.5. Let XgBl C1 for X5 in Assumptzon 7, then for each fixed ty, the
mapping Gy : Ekr1 — RsB; (D11 +0Yrs)” (C’lR2 &kt +B k) is mazimal monotone.

Proof: Indeed XyB; = C] = RyB; = Ry 'C| = (C1R;")T. The mapplng (D11 +
OYk:)~'(-) is maximal monotone, and the following operation: (C1R;MYT(Dyy +
81/1K1*)*1(C~’1]:22_1 -4+ 1) preserves the maximal monotonicity [50, Exercise 12.4]. X

Propositions 4.3 and 4.4 provide some informations about the existence and unique-
ness of the unknown 241, and characterize some mappings. It is noteworthy that
other well-posedness results for VIs are available in the literature. For instance if
the set I‘k 1s compact, [29, Corollary 2.2.5] guarantees existence of a solution to
VI(— RAR™, g, f) with a compact set of solutions. Also when ', = IR"" one may
rely on P-matrices and LCPs properties, when it is a closed convex cone one may use
copositive matrices [29, Theorem 2.5.10].
The next corollary completes the existence and uniqueness results for the OSNSP.

COROLLARY 4.6. The next results hold true:

1. (set of solutions zp+1) Let Assumption J and the conditions of item 1 in
Proposition 4.3 hold. Then the set of solutions zp11 in (3.5) (or the set of
solutions Cry1 in (3.3)), is closed and convex. If in addition the conditions
of item 3 (a) or (b) in Proposition 4.3 hold, then the set of solutions is non
empty. If in addition A < 0, then Zk4+1 18 unique.

2. (set of solutions Ay 1) Let C Dom(G) C Im(dor, + D), and the conditions of
item 1 in Proposition 4.3 hold true. Then the set of solutions Ag+1 in (3.5)
(a) is non empty for each zpi1.

3. Let Assumption 4 hold with strict passivity, and the conditions of item 1 in
Proposition 4.3 be true. Then the GE in (53.5) (or the GE in (3.3)) has
a unique solution (Ag+1,zk+1) for any E). Consequently Tpy1 n (3.2) is
UNLQUE.

4. Let D = 0 and G(-) be mazximal monotone. Then if the set Tj, = {¢ €
IR"™ | GCR™'C + GF}, > 0} is bounded, the GE with unknown zyi1 in (3.5)
(orin (3.3)) has at least one solution and the set of solutions is compact.

Proof:
1. Follows from [9, Proposition 23.39] by the maximal monotonicity of G(-). If
—A = 0 then G(-) is strongly monotone (however it may not be Lipschitz
continuous and this property is used later in section 5.2), and so is G(-) + E.
Hence the generalized equation G(zk4+1) + E), 5 0 has a unique solution 9,
Corollary 23.37].
2. Let us consider A\p11 € —(dop, + D)*I(C’zkﬂ). We know that any solution
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Zps1 € GTH(ER)CIm(G™) = Dom(G). Since Dom(dor, + D)~ = Im(dor, +
D) the result follows.

3. Strict passivity implies that D = 0 and A is a Hurwitz matrix, therefore
from a slight modification of [6, Theorem 1] it follows that the operator G()
is strongly, hence strictly monotone (indeed there exists a real o > 0 small
enough such that (A+al,,, B,C, D) is passive). Using [9, Proposition 23.35]
shows that zx41 is unique, and item 2 in Proposition 4.3 shows that Ay is
unique. The conclusion follows.

4. Under these conditions Dom(G) is bounded (compact). Hence from [9, Propo-
sition 23.36 (iii)] existence of a solution holds true. From [29, Corollary 2.2.5]
the compactness of the set of solutions follows. This could also be inferred
from item (e) in Proposition 4.3 in case RAR™! is symmetric.

X

Item 3 in Corollary 4.6 guarantees the uniqueness of solutions to the OSNSP in (3.6),
in which case the € can be replaced by equality. Concerning item 2 in Corollary 4.6,
an important step is to characterize both Dom(G) and Im(dor, +D). If D = DT 3= 0,

one can apply [15, Theorem 3|, and infer that Im(dor, + D) ~ Im(or,) + Im(D) =
Dom(d%r,) + Im(D) € dom(r,) + Im(D) = T + Im(D) (see [15] for the exact
meaning of ~ in this context). Similar calculations may be done for in item 1 of
Proposition 4.3. It is inferred that the basic condition in Proposition 4.3 item 1,
i.e., Im(C) N int(Im(dor, 4+ D)) # B, or in Corollary 4.6 item 2, i.e., C' Dom(G) C
Im(8or, +D), always are satisfied when D = 0. For the sake of briefness the conditions
for the existence and uniqueness of A1 in (4.12) are not stated, similar tools as for

Corollary 4.6 can be used.

4.2. Analysis of the OSNSP for (3.1). It is also interesting to investigate
the case when Assumption 3 (resp. Assumption 5) is satisfied instead of Assumption
2 (resp. Assumption 4). The operator G(-) is now defined as G : ( — —B;( +
(80p(tk,mk+1) + D)fl(C]]C), where I (tg, Tr+1) = {f € R" | £+ Crzpqq + Fy, €
K}. Consequently the results of Proposition 4.3 item 1, Corollary 4.6 item 3, with
Assumption 5 plus strict passivity, and Proposition 4.3 item 2 when D > 0, hold. For
the sake of briefness we do not develop all the arguments once again.

Let us focus now on the case D = 0. From Assumption 3, D = 0 and (2.1) one infers:

(4.14) — RBrR™Y¢(t) — RA1x(t) — RE;[(t) € —0%a 1,20 (£(1)),

where ¢ = —Rz, R =X, R=R" =0, ®(t,2) = {¢ € R? | C;;R™ ¢+ Crx + F(t) €
K}, and the set-valued term is obtained using the chain rule, under the Convex
Analysis chain rule qualification condition [49, Theorem 23.9]. The first step is to
analyse the existence and uniqueness of solutions to the VI:

(4.15) — RBriR "1 — RAw1 — RErr), € —0%a 1y s ) (ERt1),

which is the counterpart of (4.7), relying on Proposition A.2. The unknown is 11
and the other terms and variables are considered as data for this VI. Similar results
to those in item 3 of Proposition 4.3 can be obtained.

PROPOSITION 4.7. Let D = 0, Assumption 3 be true, h > 0 be given, assume that
Im(Cr)N(K —Crzgs1+ Fr) # 0 and that K is polyhedral. Consider the discrete-time
system in (3.1), and the associated VI(—RBrfR™', —RA1x)11 —REI1 1, Yty 0ns1))

This manuscript is for review purposes only.
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in (4.15). Assume that —RBrR™! = 0. Consider the set:
(4.16)

sa P(GCR7Y,0)N {£ € R™|RB R =%" N(GCR™Y)5, X\ >0}

N Ker(RB; R~! + R™'BJ,R).

Then:
1. If§ = {0} the VI(-RB;R™ 1, —RA128k 11— REIT ks Yoty 2110)) haS @ unique
solution.
2. If § # {0}, and if there exists & € P(ty,xr+1) such that (—RArjxg+1 —
RE1 1+ RBi1R™'¢,v) >0 for allv # 0 and v € S, then it follows that the
VI(-RB; R~ Y, —RA[1z1 41 — REII,k7¢¢(tk,zk+1)) has a unique solution.

Proof: The set S in (4.16) is constructed as follows. The chain rule holds from
[49, Theorem 23.9] and the fact that vx_c,a,,,+F, () is polyhedral. Hence the
VI in (4.15) is equivalent to (3.1) (b) (c). Here ¢ = ¥t z,,,), hence dom(p) =
D(ty, xpt+1) and (dom(yp))eo. Assume that K = P(G,0) (see Proposition A.1 (e)),
then (dom(p))ee = {€ € R? | GC1R7YE > 0} = P(GC1R™1,0). Further, oo =
V(@ (tho0s1))ee = VP(GCr R-1,0), hence dom(pse) = P(GCR™,0) and dom(pos)* =
(P(GCHR™1,0)* ={we R™ |w=—-3" NGC R}, \i > 0}, where [31,
Example 15] was used as in the proof of Proposition 4.3. Thus K(—RB; Rt ) =
{£€ R | — RB;jR71¢=— S \i(GCrrR™Y) L, A > 0}. Finally in Proposition
A2: Ker(MM +M7) = Ker(RBr;R™' + (RB;rR™Y)T) and R = RT. Ttems 1 and 2
are a direct consequence of Proposition A.2 (a) and (b). X

For the sake of briefness we do not state similar results as in Proposition 4.3 (c) to

(f). To enlarge the analysis let us now state the counterpart of Assumption 6:

Dy; 0
0 0

Similarly to Assumption 7, with the same splitting of the multiplier A, the matrices

Bjr and Cpy, and of the cone K (see the comments after Assumption 6, in particular

if D11 = 0 the case D = 0 is recovered with G(-,-) in (4.17) which vanishes, and the
set &9 = P), let us state the following:

ASSUMPTION 8. Let D = ( > with 0 < D1y = D], € R™*™*,

ASSUMPTION 9. There ezists a (p X p)-matriz Xo = X9 = 0 such that XoB%, =
Ci’.
Let us recall that p is the number of equality constraints in (2.1). Let us define
Ry = R} > 0, R3 = Xy, §y1 = Rozpyn, Palte,zry1) = {€ € R | O Ry '+
C%.Tk+1 + Fy i, € Ko}. The next proposition is the counterpart of Proposition 4.4. It
states conditions that guarantee that zp41 can be calculated from (3.1) (b) (c).

PROPOSITION 4.8. Let h > 0, and Assumptions 8 and 9 hold true. Consider the
VI: find &,41 € dom(fa) such that

*RQB_HRQ_lﬁkH — RoArrziy1 — RoErr g
(4.17) + RoBj (D11 + 0¥k ) M (CH Ry 1 — Fii) € —0f2(Eks1)

éG2(75k,5k+1)

thh fQ() = (wK2-C?$k+1—F2yk o %IRQ_I)() = ¢¢2(tk,$k+1)(')'
1. Assume that Im(C%;) N (K2 — C3xgyq — Foy) # 0, then the VI in (4.17) is
equivalent to the MLCP in (3.1) (b) (c).

This manuscript is for review purposes only.
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2. Suppose that the set ®o(ty,xrr1) is compact and nonempty, then the set of
solutions to the VI in (4.17) is compact and nonempty.

3. Assume that for each fized ty, the mapping Ga(-) is maximal monotone, and
that —RQBUR;1 = 0, then the VI in (4.17) has a unique solution.

4. Assume that —RQB[[RQ_:L =0, Ga(+) is maximal monotone for each fized ty,
and ®o(ty, zr11) N Int(Dom(Gs)) # O or Int(Ps(tg, Txs1)) N Dom(Gs) # .
Then the set of solutions to the VI in (4.17) is closed and convez.

Proof: The proof of the first three items follows closely that of Proposition 4.4 and it
is therefore omitted. Item 4: the VI is rewritten as (_RQBIIRgl + Go+ 0f2)(Ekr1) —

A

2H,
RyAjjzks1 — RoErr > 0, and the assumption guarantees that Ho(-) is maximal
monotone [9, Corollary 24.4]. The result follows from [9, Proposition 23.39]. X

The same as Lemma 4.5 can be stated to guarantee the maximal monotonicity in
items 3 and 4. It is noteworthy that the main discrepancy between Proposition
4.4 and Proposition 4.8, is that the solution &x4; depends on zjyy; in the latter,
while it depends on zj in the former. This is a difficulty with the application of
Proposition 4.8 in some cases, for instance when Cj; = 0 (examples in sections 6.2
and 6.4 will demonstrate that this can occur). Actually, the condition Im(C?%;)N (K2 —
C2xp41 — Fo i) # 0 (that is a form of constraint qualification), or its counterparts in
Propositions 4.3, 4.4, 4.7, happens to be crucial in the setting of this work. It states
that the algebraic variable z has to enter the complementarity constraints through
a C7; matrix which has a big enough range. This may occur in some systems, see
section 6.5.

5. Convergence results. In this section it is assumed that the conditions for
existence of solutions in Propositions 4.3, 4.4, 4.7, or 4.8, are fulfilled, so that sequences
can be calculated. The section is divided into two main parts: in sections 5.1.1, 5.1.2
and 5.1.3, convergence is analysed from the properties of the quadruple (fl, B,C, D)
which characterize the MLCP in (3.2) (b) (¢). In section 5.2, the analysis is led with
the properties of (Brs, Brr,Crr, D) which characterize the MLCP in (3.1) (b) (c).
The relationships between both approaches are explained.

5.1. Convergence results from (3.2). In this section the numerical scheme
in (3.2) and the results in section 4.1 are used. First let us notice that zp4; and
Ak+1 are solutions of the generalized equation in (3.5) (a) (b). Thus if existence of
solutions hold, they both are functions of Ej, (in addition to being functions of Fy
through the set I'y). Under some conditions which are recalled below, like item 2 of
Proposition 4.3, they can be single-valued Lipschitz continuous functions of Ej,. Then
the right-hand side of the first line in (3.2) may be written compactly as

(5.1) Playiy = Proy + hBg(te, vx)

for some Ej(ty, ;) which is a linear function of Erx, Errk, Aet1 and zx11. The
time-dependence of Ej, comes from E 1.k Err and Fj, while the state dependence
comes from the third terms in Ej, and in F}, (which enters Ty (tx, 1) = K — Fk) From
(5.1) it can be calculated and checked by induction that:

k—1

(5.2) @ = (PP wo 0 (PP) )T (P B (), k> 1,
7=0

This manuscript is for review purposes only.
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Since P} = Py — hAy, it follows that for A > 0 small enough, (P?)~'P; = I, + O(h)
[10, Proposition 9.4.13] hence (P})~' = P;* + O(h). Thus

o :xo+o(h)+h2£— o (Ip + O(h)*1 J(P + O(R))Ej(t5, ;)
s =2+ O(h) +h L, —|—(9(h))P +O(h)Ej(t;, z5)

: =20+ O(h) +h Y~ é(P +O(h))E;(t;,z;)
(h)

O(h
=20+ O(h) + h(P; ' + O(h)) Y570 Ej(t;, ;)
for all £ > 1. It is inferred that:

iy 2 e = O (P O(R) By, 21)

(5.4) =01) + (P; '+ O(h)E(ty—1,7x-1).

Our aim is now to prove that both {z;} and {&x} are uniformly bounded sequences,
which will allow us to conclude about the convergence of the sequence {x" ()} (see the
definition in (5.7)). For this it is necessary and sufficient that Ej, (¢, z)) be uniformly
bounded for all & > 0, since Py is full rank. It follows from (3.5) (a) and (b), that
there are two operators which are crucial to characterize the right-hand side in (3.6).

5.1.1. Analysis of the operator G(-). Notice that the mapping Z : ( — n =
(dor, + D)~1(¢) is under the conditions of Proposition 4.3 item 2, a well-defined
IR™ — IR™ single-valued Lipschitz continuous mapping which is parameterized by
tr and xp through the set T'p(tx,zr). Assume that xj is bounded, then redoing
the proof of Proposition B.1, it follows that the Lipschitz constant of Z(-) does not

depend on dor, (-) but depends only on D, being equal to m. In turn
)\min([) + DT) > 0 uniformly in A > 0 only if D = 0. Thus the operator G :
¢+ —AC + B(dor, + D)~1(C() is also single-valued Lipschitz continuous (being the
composition of Lipschitz continuous mappings) with a Lipschitz constant that does
not depend on xg, and which is bounded for bounded h. Let us now assume the
following which reinforces Assumption 4 and guarantees that D = 0:

ASSUMPTION 10. The system (A, B, C, D) is strictly passive, uniformly in h > 0.

Then if the basic conditions stated in item 1 of Proposition 4.3 are verified in addition
to Assumption 10, the operator G(-) is strongly monotone for some constant ¢ > 0,
and we know from Corollary 4.6 item 3, that xj41 is unique. As stated in Proposition
4.3 item 1, maximal monotonicity follows from [6, Theorem 1]. Strong monotonicity
follows from the fact that under Assumption 10, the quadruple (A + el,,,, B,C, D)
is passive for a small enough ¢ > 0, so that (G — el,,)(-) is maximal monotone for
such e. Thus if Assumption 10 and the basic conditions in item 1 of Proposition
4.3 are true, G : IRP — IRP is well-defined and single-valued, Lipschitz continuous
and strongly monotone. Consequently it is inferred from [50, Proposition 12.54] that
under the above set of conditions, G~1(+) is single-valued, well defined and globally
Lipschitz, and the solution zxy; of the generalized equation E) (te,xk) € G(2kt+1) <
Zp41 = GV (Ex(ty, x)) in (3.5) is Lipschitz continuous in zj and t,. Thus \jiq is
also Lipschitz continuous in zj, and we conclude that the same applies to xx41 in
(3.2).

_ Remark 5.1. Assumption 10 is stringent. Actually the strict state passivity of
(A, B,C, D) is sufficient to guarantee that G() is strongly monotone. However in
the body of sections 5.1.1 and 5.1.2 we need also that A\;41 be a Lipschitz continuous
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T = W N = O ¢

[SAINNV, BV, BN, BNV, SV, NG, BN,
b B B B BN B B |

589

590
591
592
593
594
595

596

598
599

600

IMPLICIT EULER DISCRETIZATION OF DIFFERENTIAL-ALGEBRAIC LCS

function of its argument, a sufficient condition being that D = 0, which in turn implies
that strict state passivity and strict passivity are identical. Thus strict passivity could
be relaxed to strict state passivity if it is assured that By (o, +D) ' (C-) is Lipschitz
continuous. This may occur in certain cases (the trivial case is By = 0).

5.1.2. Boundedness and convergence analysis. Under the above conditions,
the term Ej (g, z)) and consequently i1 (tx, zx) in (3.2) and @ (tg, 7x) in (5.4) are
single-valued and Lipschitz continuous in zj and t; (provided E;(-), Ey;(-) and F()
are Lipschitz continuous functions of ¢, which is a mild requirement on the data),
since Ej, and Fj, are linear in the argument zg. We have ||E(t),z1) — E(t2,22)]] <
Li|ty — 12|+ Ly| |z} —2}|| for any ¢}, t3, x}, 27, and for some L; > 0 and L, > 0. Thus
1Bt o)) — Bt )| < Lollwh — o3]] and [|B(tx, 21) — B(te, 0| < Lyllawl. Notice
that due to the Lipschitz continuity both zjy; and Ap41 are uniformly bounded in
time for fixed x; (provided E;(-), Err(-) and F(-) are uniformly bounded, which is
a mild requirement on the data). Therefore E(tg,0) is uniformly bounded also, and
||E(tk, zi)|| < ||E(t,0)|| + Le||zk|] < m + Ly||zk||. Now using (5.2) we get:

(5.5)

k—1
[l < Ot (PF) T Pr)l|ol| + homin(PF) D omad ™ (Pr(PF) ™) (m + Lal[z;-11)),
Jj=1
where we used the Hélder induced matrix norm ||-||2,2 = omax(-) and [10, Proposition

9.4.9, Corollary 9.4.12]. Let us make the following:
ASSUMPTION 11. One has omax((PP) ™1 Pr) < 1 for all h > 0.

Assumption 11 is a technical assumption which is satisfied if for instance the ny x nq
matrix A; < 0 and P; = 0. Indeed this implies that P! = P, thus (PP)~1P; < I,,.
Notice that under Assumption 11 one no longer needs h > 0 small enough to obtain
the developments in (5.4), because the spectral radius of (PP)~!P; is smaller than
one. It is also noteworthy that changing Ajxii1 to Ajxy in the right-hand side of
(3.1) (a), allows one to dispense with Assumptlon 11, with a shght modlﬁcatlon of the
matrices A, B, C, D, E}, and F}, (where (P})~" is replaced by P; " in all of them).
Consequently from (5’) one infers that:

k
(5.6) llzkl] < [[@oll + homin (PF) Y (m + Lylla; 1)),
j=1

Assume now that zg, z1,...,x5_1 are uniformly bounded by some %y, then from (5.6)
one has ||zg|| < :cmaerhcrmm(PI Ve(m+L,Tmax) < xmax+h0min(PIh) (m+LyTmax) =
Tmax + hOmin (PP ) (M + LyZTmax) = Tmax + Omin(PP)T(m + LyTmax). Therefore xy
is also uniformly bounded (its upperbound depends only on T which is fixed), and
we conclude that all z;, 1 < k < n, are bounded provided zg is bounded. Then it is
inferred from (5.4) that & is also uniformly bounded. Let us define the sequences of
piecewise-linear approximations {z"(-)} and {i"(-)} as follows:

h k+1

>0 { pTmnt™ o) e

We have shown that z"(-) and #"(-) are uniformly bounded on [0,7] and for any

h > 0, hence 2"(-) has a Lipschitz constant that does not depend on h, consequently
the family {xh}hzo is equi-Lipschitz continuous. Thus from Arzela-Ascoli Theorem
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16 BERNARD BROGLIATO

{z"(-)} stays in a compact subset of C°([0,T]; IR™) and there exist subsequences
which converge uniformly in C°([0, T]; IR™") towards a Lipschitz continuous limit z(-).
Let E"(-) and F"(.) be defined in a similar way as z"(-) in (5.7). Due to the Lip-
schitz continuity of E;(-), Err(-), and F(-), the sequences of functions {E"(-)}n>0
and {F"(-)}n>0 also converge uniformy in C°([0, T]; IR?) and C°([0, T]; R™) to limits
E(-) = Er;(-)+ Arz(-) and F(-) = F(-)4Crx(-) as h — 0, respectively. From (5.4) it
is deduced that #"(-) is uniformly bounded. Therefore from the Banach-Alaoglu The-
orem, it follows that #"(-) converges weakly* to a limit v(-). Since the domain [0, 7] is
bounded, one has £2([0,T]; IR™) C £([0,T]; IR™) [36, Corollary 1, p.80], and conse-
quently £"(-) converges weakly in £2([0, T]; IR™). Since z"(t) = 2"(0) + fg i (r)dr,
we infer that v(-) = @(-) almost everywhere.

Now notice that using (3.2) the following holds:

(a) Pra(t) = Araj,(t) + Brz;(t) + BiAj(t) + E7(t)
(5.8) (b) Az (t) + BN, () + B (t) + Arpa(t) =0
(€) 0 < N\ (t) L Czf(t) + DAL (t) + Fh(t) + Crah(t) > 0,

for all ¢ € [tg,tkt1), kK > 0, 2} (t) = xp4q for all ¢ € [ty tky1) and similarly for the
other terms are step-functions. From the boundedness of ||Z|| 2 |52 < C for
some C' > 0, we infer that z"(-) converges strongly in £2([0,T]; IR"*) towards x(-).
Indeed:

(5.9)

n—1 pt .
H’I’h — fo%Q([QT];IRnl) g Zk:() t:+1 (tk+l - tk)2||xk||2dt
— 2 3 2 2
<Pty — t)? = S0 = T s g as h— 0.
- h_ .k gk h

To conclude one notices that ||z —x*|\%2([oﬂ;mnl) = ||z :I:x—:c*||%2([0’T];Bnl). Now
we have 20'(t) € GTH(E}, (t) + Appalh(t)) for all t € [ty tri1), k > 0. Since Ej(-),

Ep;(-) are Lipschitz continuous, it follows that ||Ey|| = ||MH < kg where kg
is its Lipschitz constant. We infer that E?I)*(-) converges strongly in £2([0,T7]; IR?)
towards FEr7(-), and using the Lipschitz continuity of G~1(-) it follows that z7(-)
converges strongly in £2([0,T]; IR?) towards a limit z(:) = G~ Y(Err(-) + Arrz(+)).
Then from (3.3) M\ (t) € (Nrm + D)~ Y (=Czl(t) — FIMt) 4+ Cra(t)), so that \(-)
converges towards a limit A(-) = (Npm + D)"Y (=Cz(-) — F(-) + Crx(-)) strongly in
L£2([0,T]; IR™), due to the single-valuedness, Lipschitzness and maximal monotonicity
of (Ngmp + D)~'(-). Tt is concluded that Pi"(t) = Ara}(t) + Brzf(t) + Br\i(t) +
E}(t) — Pri(t) = Arax(t)+ Brz(t)+ BrA(t) + Er (t) weakly in £2([0,T]; R™) as h —
0, AZ;(t) +B)\;:(t) +E?I(t) +A[]$h(t) — B[[Z(t) -‘rB[])\(t) +E11(t) —I—A[]l‘(t) (: 0),
and 0 < Ni(t) L Czi(t) + DA;(t) + FM(t) + Cral(t) > 0 — 0 < A(t) L Crrz(t) +
DA(t) + F(t) + Crz(t) > 0 as h — 0 strongly in £2([0, T]; R") where [ depends on the
variables dimensions. Hence we have proved the existence of a continuous solution
(x,2,A) to (2.1) on [0,T]. Consequently the following result is proved:

PROPOSITION 5.2. Let the conditions of item 2 in Corollary /.6 hold true uni-
formly in h (= D > 0). Assume that Assumptions 10 and 11 hold, E(-) and F(-) are
bounded Lipschitz continuous functions, initial data are bounded. Then the DALCS
in (2.1) possesses for each admissible bounded initial data, a continuous solution
(z,2,\) : [0,T] — R™F™%™ T > 0. Moreover the Euler approzimations converge
to a solution as h — 0.
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5.1.3. The case blockdiagonal D = DT 3= 0. This section is dedicated to
analyse an alternative to the conditions stated in sections 5.1.1 and 5.1.2. Let us
consider the case of Proposition 4.4 with Assumption 6. Then it follows from the
complementarity conditions that A\ 411 = (f)u + ale*)_l(—C’lzkH — Fl’k), where
the mapping (D11 + 0% k)~ '(-) is maximal monotone (being the sum of two maximal
monotone mappings satisfying [9, Corollary 24.4 (ii)]), single-valued, well-defined and
Lipschitz continuous, see Proposition B.1. Thus if BI = (BI, 0) with B € R™*™
one obtains Br\iy1 = B py1 = B} (D11 + O0vKyr)” H=Crzpa1 — FLk) in the right-
hand side of (3.5) (c).

It may be less restrictive to compute upperbounds using the maximal monotonicity.
To start with let us consider the VI in (4.9) and let us state several features of its
solutions. Here Assumption 7 has to be reinforced a little:

ASSUMPTION 12. The conditions of Assumption 7 hold where Xo = 0 for any
h>0.

This secures that the variable change &1 = —RQ_ 1zk+1 remains well-defined as h —

0. It is also important that item 1 in Proposition 4.4 holds, so that the VI in (4.9) is
equivalent to the MLCP in (3.2) (b) (c).

LEMMA 5.3. Assume that )\min(—RgzZlRQ_l) (:)\min(_A)) is large enough, then
any solution €41 = —]N%Q_lzkH of the VIin (4.9) is upperbounded by an affine function
of ||zk||-

Proof: Let us manipulate the VI in (4.9) as follows:
(5.10)
—Ro ARy €k+1 + Ry By + Ga(th, &kr1) € —0f2(Eri1)
& —RAR; (§k+1 €0) + RoEy + Go(tr, &) + Co — RoARy 6o = —Cr1 + Go
with Gep1 € 0f2(8k41), o € 9f2(&0)
= (=Ro ARy (§k11 — €0)s k1 — o) + (R, €1 — &)
+(Ga(tr, Eri1) — Galtr, £0), Ehr — &o) + (Co — Ro ARy &0, &1 — &o)
(G2 (tk, €0)s Sk+1 — €0) = —(Cht1 — Cos Ekt1 — &0) <0,

where we have denoted G (tk, {k+1) to highlight the dependency of this mappmg on ty,

and z, through F,. We have ||R2B1(D11+a”¢)[{*) Yz1)— RQBl(DH—i—awK*) Hz)|| <

7 ||z1 — 22| for any z; and 23, so that ||G2(t;€,~§k+1~) Gg(tﬁ,fo)H <n||CiRy (€ki1 —

)l <7 |€ks1 — &ol|, where i depends on Dyy, Ry and Bj (see the proof of Propo-

sition B.1 in [16]), and 7’ depends on D1y, Ry, By, and C. Thus we obtain:

(5.11)~ o o ~

(—R2 AR5 (k11 — &) 1 — o) < (—RaB, &1 — &o) — (Galtr, o), Err1 — o)

+(Co+ RaAR; €0, Gk1 — €o) + 17 [[€k11 — Eol?

which implies
(5.12)
(mR2AR;' — 0/ 1,) (Egr — €0), k1 — Eo) < || Ro k| ||€ks1 — §0|\
+||G2(tk7€O) + Go(to, &0)|| ||€xs1 — &ol| + |1Co + R2ARS *&o|| ||kt — ol|-

Now one has: HEkH < ||E11k + hAIIE[ kH + HAII(Ph) 1P]H ||l‘k|| GQ tk,&)) =
Ry By (D1 + 3¢K*) YC1Ry 60 — Fu), 1|Galtr, o) — Gz(to,ﬁo)H = ||R2B1(D11 +
i) TH(C1Ry & — Fi i) — RaBi(D11 + 0¥k )" HC1Ry "o — Fro)|| < m || — Fuw +
Fioll <0 ||Fx + hCr (PP Er || + 1 [|C1(P})~ Py|| ||zk||. Let us denote ay =
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18 BERNARD BROGLIATO

| Ral| 1Erpg + hAnErgll + 0 [[Fk +hCr(PF) " Ergll, Bo = [|Ga(to, &0)l| + [ICo +
Ro ARy '&||, and v = 1 ||Cr(Pf) ™ Pr|| + || Ro|| || A7z (Pf) ' Pr||. Then:
(5.13)

(—R2 ARy " — q/fnz)(ﬁlkﬂ - §0)7§k+1 - 502 < (o + Bo + v llzelDI[€k+1 — ol

< sap 4368 + 577 ol * + 311Ekt1 — ol

which implies:
(5.14)

(R ARy — 'Ly — $10,) (k41 — 0)s ki1 — o) < 507 + 583 + 377 [l

Therefore if —Rgﬁfgl —n'l,, — %Im > 0, one obtains

_ < 1 \/; 2 1152 1.9 2
(5 15) ||£k+1 £0H = \/Amin(—RQAREI—n'InZ—%Ing) 2ak+ 260—1_ 327 ||$/€||

1 (VT + 88+ lall)

ﬁ\/Amin(_RQAREI_n/Inz —31n,)

IN

which ends the proof. X

Therefore the term hBjzgy1 in the right-hand side of (3.5) (c), admits also an affine
upperbound in ||zg||. A further characterization of the iterates is given now.

LEMMA 5.4. Assume that —]?zflf%gl >~ %Im. Assume also that the mapping

Gs(-) is monotone (see Lemma /.5 for conditions), and that Er(-), Err(-) and F(-)
are uniformly bounded and Lipschitz continuous. Then for any k and p > 0 and any
solution of the VI in (4.9), one has:

(5.16) 16k = &pll < @+ Bllar—1 — zp
for some bounded constants o > 0 and 8 > 0, and « is proportional to (tg—1 —tp—1).
Proof: From
(5.17) { —1?21‘:11:%2:1& + RoBr 1 + Galte-1,6) = =Gk
—Ro ARy "&p + RoEp 1 + Ga(tp—1,) = —Gp
with ( € 0f2(&x), ¢p € 0f2(&p), it follows that
(=R ARy (& — &), &k — &) + (Ra(Ek—1 — Ep1), &k — &)

(5.18) H{(Ga(tr—1,&) — Ga(th—1,&) + Galte_1,&) — Ga(tpy-1,6p), &k — &)
= *<Ck - Cpaék - £p>

which implies

(5.19) (~Ra ARy (& = &). & — &) + (Ra(Brcr = Bpr) 66— &)
+(Ga2(tk-1,&) — Ga(tp—1,&p), & — &) < 0.

One has:
(5.20) o )
) (=Ro(Bx—1 — Ep-1), & — &)
<{(=Ra(Err k-1 — Errp-1),k — &) — (Re(hA11(Ere—1 — Erp—1)), & — &)

—(Arr(PP) ' Pr(zp-1 = 2p-1), & — &)

< Y Re((Er1 -1 — Er1p—1) + hAr1(Erg—1 — Erp—1))|* + 316 — &2
3l A (PP PP lze—1 — zp-al* + 3llE — &I

<|\R2|PIErrk-1 = Errp—1l® + € = &lI* + Al AP Er k-1 — Erpa?
+5 1A (PR PrPllak—1 — zpal? < & + B llze—1 — zpa|* + 16k — &%
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IMPLICIT EULER DISCRETIZATION OF DIFFERENTIAL-ALGEBRAIC LCS

for some o/ > 0 proportional to (tx_1 — t,—1)? since E(-) is Lipschitz continuous,
B’ >0, and it was used that 2"y < ||lz|||lyl| < 2(|]*> + [|y||?). Also:

. (—Ga(te-1,&p) + Galtp-1,5), & — &)
< NGa(ti-1,&) — Galtp—1, &)l 1€ — &l
< gk, I FPrr-1 = Fpl + 506 — &l
(5.21) i 2 hy—1 2
< kg, [Fr—1 — Fp1|* + hkg, || C1(Pr) ™ (Er k-1 — Erp-1)||
+ka, |Cr(PP)  Pr(x—1 — xp-1)|I” + 5116k — &7
<a’ + B wp—1 = zpal® + 311E — &%,

for some o > 0 proportional to (tx—1 — t,—1)* (since E(-) and F(-) are Lipschitz
continuous), and 3’ > 0. Hence using (5.19):
1€ — &l < . 5 Vo (B Bz — zpa P
2°P

(5.22) - \/)\min(ff%zlAR;lf
S e VY T VB Bk — )

and the lemma is proved. X

COROLLARY 5.5. Let h > 0. Assume that the conditions and assumptions of
Lemma 5.4 are fulfilled. For all k > 1 and any solution of the VI in (4.9), one has:

- T — Th—
(5.23) IS < g g g T T

for some bounded constants a > 0 and 8 > 0.

Proof: Let us consider the proof of Lemma 5.4, replacing k& by k + 1 and p by k — 1.
Then « in (5.16) is proportional to h. Redoing the calculations in (5.20) and (5.22),
one obtains (5.23). K

Clearly for all h > 0 (5.23) can be written equivalently as: |[€x11 — &kl < ha +
Bllxx — xk—1]|- The bounds calculated for the variable & also hold for the variable
Zp = —Ro&k. Let us now analyse Ay in (3.5) (a). As seen above, \j p41 = (D11 +
81/JKI)_1(—C~'12}€+1 — Fl,k) a_md )\2,k_+1 € —NK2 (02Zk+1 + F_Q’k;). If the_matrix B[ has
the above structure (i.e., By = (B},0)), then the term BjAri1 = Bj is Lipschitz
continuous with respect to the variables z;y1, ; and Fj. In a more general setting
one obtains:

P[hkarl S PI%E + hB[%;c+1 + hB}(Du + 8¢K{)_1(—élzk+1 — Fl,k)
7hB%NK2 (CQZk+1 + FQ,k)~

The difficulty is that the last term in the right-hand side of (5.24) is set-valued in
general, and this is intrinsically due to the structure of the implicit scheme in (2.1).
A solution is to consider the VI in (4.9). Its right-hand side matches with the last
term in the right-hand side of (5.24) and it is set-valued. However provided the VI
is well-posed, we know that one element of this set is equal to the left-hand side of
(4.9). We may assume that the scheme in (5.24) is implemented with this element.
This element appears to define a Lipschitz continuous function of &;41 (let us recall
that the Lipschitz constant of the third term is equal to see Proposition

(5.24)

1
Amin(D11)’
B.1). If this element is chosen then the numerical scheme (5.24) becomes:
P!y = Prag+ hBrzge + hB}(l?nj- 31/15(1*)_1(0121@“ — Fiz)

5.25 &+ Bz
( ) +hB?(—R2AR; Y¢pi1 — RoEy + Ga(tr, Ekt1))-
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20 BERNARD BROGLIATO

Let us now study (5.25), using Lemmata 5.3, 5.4, Corollary 5.5. It is noteworthy that
the constant o in both Lemmata and in Corollary can be made arbitrarily small by
increasing —Ry AR, L arbitrarily (in the set of positive definite matrices).

PROPOSITION 5.6. Assume that the conditions of Lemmata 5.3, 5.4 and of Corol-
lary 5.5 are verified, Er(-), Err(-) and F(:) are bounded Lipschitz continuous func-
tions of time, and Assumption 13 below is satisfied. Then the sequences {xh}hzo and
{@&"}n>0 in (5.7) are uniformly bounded in h on [0, T). Thus {x"},>0 is equi-Lipschitz
continuous and there is a subsequence of it that converges uniformly in C°([0, T); R™)
towards a Lipschitz continuous limit denoted as x(-).

Proof: In the proof, use is made of positive bounded constants denoted generically as
k;. Consider (5.25). First recall that the operator ¢ — (D114 0t ) ™" (¢) is Lipschitz

continuous with Lipschitz constant L

————. Hence we obtain:
Amin (D11)

[(PP) ' BH(D11 + 0vrc;) M (=Chzppr — Fig) )
 =(PP)T'Bi(Du + 0k ) T (=Chrzpn — Fipll )
(5.26) = kil|Cr(zren = zpe1 + Fip — Fupll < Kall2eir — 2pgall + Ksl[ FLr — Fipl|
< kall€kr1 — Spall + KallFre — Fupll + ks||Erk — Erpll + kel loe — @y
< ka(a + Bllze — @pl|) + krlte — tp| + kellzw — || < ks + kolzk — @y
+kelty, — 1,

for any k and p > 0, where we used Lemma 5.4 and the Lipschitzness property. In a
quite similar way one has ||(P}) "1 B?(G2(&k41) — Ga(&p41))|| < ks + kol|lze — 2| +
k7|ty —t,|, where kr, kg and kg depend on the Lipschitz constants of G (-, -), F(-), and
on [|(P}) 1B One also has [|(P)~}(B; + B3(RaARy " )(zra1 — zps1)l| < kaola +
Bllwe—ap|l) < ki +kizlloe—ap||, and || BERy (Ey — Ep )| < kisltr —tp|+Fiallze — |-
It is deduced that ||1'k+1*1‘p+1 H S (|‘(P}L)71P]||+hk15) ||.Z‘k71‘p| |+hk16|tk7tp|+hk17,
where the term k17 stems from ks + k11 = (ks + k19). Here we are led to make the
following which is more stringent that Assumption 11:

ASSUMPTION 13. There exists hmax > 0 such that ||[(P?) = Pr|| + hkis < 1 for all
0 < h < hpax-

Obviously for A = 0 and the Hélder-induced norm one has ||(P?) =1 Ps||2.2 + hk1s = 1.
Let us choose p = 0, it follows that ||zx1 — 21|| < (|[(PP)" Pr|| + hkis) ||on —
CC()H + hkqi¢T + hki7, hence ||$k+1” < (H(Plh)_lPIH + hk1s) ||$k|| + hki¢T + hki7 +
l|z1]] + (]|(PF)~1Pr|| + hk1s) ||wo||. Now it has to be proved that ||z1|| is bounded.
From Lemma 5.3 and (5.15), ||&1]| and ||z || are upperbounded by an affine function of
initial data ||2o|] and ||2o||. The operator (D1, 40+ )" (-) is well-defined and single-
valued. Taking & = 0 in (5.25) one infers that indeed ||z1]|| is bounded for bounded
initial data. Consequently it follows that ||zxy1|| < (||(PP)"1P;|| + hkis) ||zx]| +
hk16T + hki7 + hf(z0, 20) + ||(PP) "1 Pr|| ||wo|| for some function f(-) that is bounded

for bounded initial data. To simplify the notations let us set hy 2 ||(P)=LPr|| + hk1s
and ho 2 k16T + k17 + f(x0,20). We obtain for all k¥ > 1:

k=1, _
el < hilleol| + 32570 W (hhe + |[(PF) ™ Prl| [[o]])

Jj=

- 1—hA*!
< hillzoll + (hha + ||(PF) = Pyl| [Jol ) =5

(5.27)

Thus in view of Assumption 13 the sequence {xj },>0 generated by (5.25) is uniformly
bounded for bounded initial data.
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Let us now reconsider the inequality ||zx+1 — zpi1|] < (||(PP)71Pr|| + hkis) ||zk —
xpl|| + hkig|ts — tp| + hki7 obtained above. Setting p = k — 1 yields ||zg+1 — 2] <
(IBF) " Prll + Bhas) k= wra|l + B2hag + hkag = W=l < ([P Prl| +
hk1s) w + hk1g + k17. Now using Lemma 5.4 and the Lipschitzness it follows
that a, hence k17, are proportional to k%h?. We may therefore write the inequality

S 7”””}:“" < (|[(PM)~LP;|| + hkis) 7“1’“7;“1" + hkig + kigh? for some kig > 0.
Proceeding as for (5.27) one infers that if w is bounded then M is
bounded for all k¥ > 1. Evaluating (5.25) at & = 0 and using the boundedness of x;
as shown above, proves that this is indeed the case. The proposition is proved using
the Arzela-Ascoli Theorem. X

Clearly in practice one needs to compute the constants k;, for instance k15 is needed
to determine Ay in Assumption 13.

COROLLARY 5.7. Under the conditions of Proposition 5.6, the sequences {z" th>o0
and {Z"Yn>o (respectively {€"} >0 and {€"},>0) are uniformly bounded in h on [0,T),
0 <T < +oo. Thus {z"}n>0 (respectively {€"}n>0) is equi-Lipschitz continuous and
there is a subsequence of it that converges uniformly in C°([0,T]; IR™) towards a
Lipschitz continuous limit denoted as z(-) (respectively &(+)).

Proof: This follows from Proposition 5.6 and using Lemmata 5.3, 5.4, Corollary 5.5
X

Let us now pass to the analyblb of the multiplier convergence Recall that A\ p41 =
(D1 + 0k ) (= Crziir — Fip) and g sy = —RoAR; '€yt + RoEy + Ga(Exy1) €
~Ni,(Cozpy1 + Fay.), therefore for all ¢ > 0, ML) = (D11 + Opgs)~ Y=Cy2h(t) —
FPL () and A3, (t) = —RaARy '€l (t) + ReEL(t) + Ga(€l (1) € —Niy(Cozl(t) +
F2 (1)), where we recall that the step-functions are defined as fI(t) = fry1 for
t € [thytry1). We know that & = ||MH < C for some C' > 0, hence:

t
th f* ”Lz([o T);IR™2) < Z k+1 (tk+1 - tk) ka“zdt

(5.28)
<C? Zk:o (thr — ) = Cpht = CIE

Consequently [[€" — &2[| 2, (o.7):m72) —+ 0 as b — 0. Since [|€" — &l 2,(0,11:mm2) =
[€" £ &= &M eocro,mmm2y = 1€ — €8] (0,77 m2) — O, We conclude that the sequence
{0} 1,50 converges strongly in £5([0, T]; IR™*) towards the limit £(+). The same result
holds for the sequence {z!},>¢ with the limit z(-). Therefore the sequence {—C} 2! —
Flh «th>0 also converges strongly in £y towards a limit, and we infer that the same
conclusion holds for both {A},(-)}a>0 and {M;,()}n>0. Since N, () is maximal
monotone, it follows from [9, Proposition 20.33] that the limit Ay(-) satisfies Ao(t) €
—Nik, (Cr122(t) + Fa(t) + Cr22(t)). Thus we proved the following result.

LEMMA 5.8. Let the conditions of Lemmata 5.3, 5.4, Corollary 5.5 be satisfied for
all h > 0. The sequences {€M} >0, {7 nz0, {ML, () az0 and {\5, (-)}nz0 converge
strongly in L2([0,T]; IR™?) towards the limits £(+), x(-), A1 (-) and Aa(-), respectively.
To finish this section, one can consider again (5.8) and the analysis which follows it,
to obtain a proposition similar to Proposition 5.2, relying on Lemma 5.8, Pr0p051t10n
5.6, and on Corollary 5.5. It is noteworthy that the three fundamental assumptions
in this section, are that —fig[lﬁu{; ! e sufficiently large as a positive definite matrix,
that a suitable selection is chosen for the multiplier A2 j, and that a coupling as stated
in Assumptions 2 or 7 exists.
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22 BERNARD BROGLIATO

PROPOSITION 5.9. Assume that the conditions of Proposition 5.6, Corollary 5.7

and Lemma 5.8 are verified. Then the limit functions z(-), z(-), A(:), are solutions of
the DALCS (2.1).

Proof. Let us consider (5.8). From Lemma 5.8, {z()}, {z"(-)}, {\?()} converge
strongly in £2([0,T]; IR™) towards limits z(-), z(-) and A(-). Using the same argu-
ments as those developed before Proposition 5.2, it is inferred from (5.8) (b) (c¢) that
the limits verify (2.1) (b) (c). Using the same arguments as those developed just above
(5.8), it is deduced that {#"(-)} converges weakly* to a limit v(-) where v(-) = @(-)
almost everywhere. Consequently Pyi"(t) = Az (t)+ Brzi(t)+ BrA;(t) + Er(t) —
Pri(t) = Arx(t) + Brz(t) + Br(t) + Er(t) weakly in £2([0,T]; R™) as h — 0. O

5.2. Convergence results from (3.1). In this section the properties of the
plant’s model (2.1) are used, thus the numerical scheme in (3.1) and the results in
section 4.2 are analysed. This section is devoted to the case D = 0 as in Proposition
4.8. Indeed, since the strict passivity of (Brz, Brr, Crr, D) implies Assumption 10 for
small enough h > 0, it is unnecessary to repeat the developments in sections 5.1.1 and
5.1.2. However, it is not possible in general to determine the implications between
Assumption 7 and Assumption 9, nor the relations between /\min(/i) and Apin(Brr)
for h > 0. Therefore let us deal with the VI in (4.17) where x;41 is replaced by
ZTpro = Oz + (1 — 0)zgy1, 6 € [0, 1]. The following holds, which is the counterpart of
Lemma 5.3.

LEMMA 5.10. Assume that )\min(—RanRgl) (= Mmin(—=Birr1)) is large enough,
Er(+), Err() and F(-) are uniformly bounded and Lipschitz continuous functions of
time. Then any solution &x11 = Ry ‘241 of the VI in (4.17) is upperbounded by an
affine function of ||xk+oll-

The proof follows the same steps as the proof of Lemma 5.3 and it is therefore omitted.
Lemma 5.10 implies that the term Bjziyi in the right-hand side of (3.1) (a), is
upperbounded by an affine function of ||zx1¢||. The coefficients of the affine function
depend only on the system’s data (constant matrices, Lipschitz constants) and on the
initial conditions. Let us now propose the counterpart of Lemma 5.4.

LEMMA 5.11. Assume that —RanRgl >~ I,. Assume also that the well-defined,
single-valued and Lipschitz continuous mapping Ga(-) is monotone, and that Ey(-),
Err(-) and F(-) are Lispchitz continuous functions of time. Then for any k and p > 0
and any solution of the VI in (4.17), one has:

(5.29) 16k — &pll < @+ Bllzr—140 — Tp—1+0l

for all k > 1 and some bounded constants o > 0 (proportional to |tx—1 —t,—1]) and
£ > 0.

Proof: The proof is similar to the proof of Lemma 5.4, since both VIs in (4.17) and
(4.9) possess similar structures. Using (4.17) one finds:

(5.30) { —RoBriRy €41 — ReArraiio — RoErr g + Ga(t, k1) = —Crpa
' ~RoBriRy "6 1 — RoArryig — RoErrp + Golty, &pi1) = —Cpin

with ;€ 9f2(&k), k > 0. Using the monotonicity of Ga(tg,-) and of dfa(-) it follows
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that:

(=RoBr1 Ry &k — Ep1), b1 — Eptr)
<(RoArr(xkt0 — Zpto) + Ro(Erre — Errp), Skt1 — Ept1)
—(Ga(th, k1) — Ga(tr, Epr1), Err1 — Ept1)
(531) +<G2(tk7£10+1) - GQ(tlﬂgp-i-l)vgk-l-l - §P+1>
< ||RoArr|Plzhro — wprall® + | RellPkE (tr — tp)?
+5kE N Fr — Fpll? + €41 — &pral?
< |[R2Ar1|Pllekro — wpyoll® + | Ral?kE (tr — tp)* + 5k, kB (tk — tp)?
k1 — Epral*-

The lemma is proved. X

Thus Corollary 5.5 extends as well, and in particular one has ||{x+1 — &kl| < ha +
Bllxk+o — xx—1+40|| for all k > 1, for bounded constants & > 0 and 3 > 0. The scheme
in (5.25) is now replaced by:
(5.32)

Plagyr = Prog + hBrzg + hBH(Di + 0x;: )~ (CF Ry e + Fug)

+hB?(~RoBriRy "¢k11 — RoArragsg — RoFrr i + Golte, &xt1)),
equivalently:
(5.33) i
(P} +h(1— 0)Bi Ry Arr)wry1 = Pray + hBrzig B
+hB}(D11 + (91/1}(1*)71(011[}22_15164.1 + F17k) + hB%(—RgB[]RQ_IEk_H

—ORyArrzy, — RoErr g + Ga(te, Eet1)),

and it appears that both schemes in (5.25) and in (5.33) possess the same structure.
Consequently the results of convergence obtained for the foregoing implicit scheme
(Proposition 5.6, Corollary 5.7, Lemma 5.8) extend to the scheme in this section, for
suitably chosen numerical and system parameters. For the sake of briefness we do not
repeat the developments.

Remark 5.12. Using Lemma 4.1 item 1, Assurrlption 10 could be replaced by
assuming the strict passivity of the quadruple (B;y, Brr, Crr, D) (a system property)
and h > 0 small enough.

Remark 5.13. Obviously when By is invertible it is possible to recast (2.1) into
an LCS by solving the equality constraint for z. This yields the LCS quadruple
(P;Y(Ar — B;By' Arr), Py Y (Br — BiBy'Br1),Cr — C11Br A1, D — C11 By Bry).
It is unclear how to relate in general the passivity of this quadruple, to the above
assumptions which focus on the MLCP part (2.1) (b) (c) of the system. Especially
no specific assumptions are made on the matrices Ay, By, By, C; in the above analy-
ses. For instance Assumption 3 implies that the feedthrough matrix of the LCS is
D-Cy IB;;X ~1C};, which may be indefinite in general. It is also noteworthy that
transforming the MLCP into an LCP may be undesirable [59].

5.3. Recapitulation. Let us recapitulate the various assumptions upon which
the results in this article rely. Assumptions 2, 4, 7, 10, 12 (respectively Assumptions
3, 5, 9), characterize the passivity properties of an auxiliary operator defined by the
DALCS constraints in (3.2) (b) (c) (respectively in (2.1) (b) (c)). These passivity
properties constrain the relative degree between the “input” A;y; and the “output”
W1 = C’zkH + D)\k+1 (respectively A and w = Cyyz + DA). Assumptions 6 and 8
have practical importance (because some systems possess such D matrix), they are

This manuscript is for review purposes only.

23



910

911
912

913

914

915
916
917
918
919

920
921
922
923
924

24 BERNARD BROGLIATO

also related to passivity in the sense that passive systems possess positive semidefinite
throughout matrices. Thus all these assumptions are fundamental ones for the devel-
opments in this article, which basically deals with the analysis of two types of gener-
alised equations (GE): 0 € A(u)+B(u) in (4.7) and (4.15), and 0 € A(u)+B(u)+C(u)
in (4.9) and (4.17), where the mappings A(-), B(-) and C(-) are maximal monotone
(notice in passing that due to time-dependency, these GEs do not fit with those in [28,
Chapter 2], so that in particular [28, Theorem 2F.6] cannot be applied in general).
Most importantly, the convergence results (Proposition 5.2, Lemmata 5.3 and 5.4,
Corollary 5.5, Proposition 5.6, Corollary 5.7, Lemmata 5.8 and 5.10) rely upon the
positive definiteness of —RyBrr Ry ! and —ﬁb[lé; 1, which is an index one condition
and guarantees strong monotonicity properties, allowing us to characterize the prop-
erties of the solutions to the GEs. It would be worth relaxing it in future studies.
One path could be to use least norm elements [34]. Finally, it is worth noting that
many practical systems like circuits with nonlinear resistors and inductances contain
nonlinearities [19, section 4.1]. An extension of the above developments, consists of
replacing the linear term Ajz in (2.1), by a nonlinear term Aj(z), where A;(-) is
globally Lipschitz continuous, and setting A;(x) in (3.1). The matrices A, B, C, D
keep the same structure with P, Y instead of (P})~!, while both Ej, and Fy, contain
Aj(z). Nonlinearities in the equality and in the complementarity constraints should
also be considered, where the results in [27] could be useful.

6. Examples and Numerical Simulations. The next examples are taken
from circuits, mechanics and state-dependent-switch DAE. They aim at illustrating
the above developments, and the limitations imposed by some assumptions.

6.1. Example 1 (circuit). Let us consider the circuit in Figure 1b. Using
Kirchhoff laws its dynamics are given by:

iy (t) = %xl(t) + ma®2(t) + Fup, (t)

i2(t) = 7&T2(t) + spari(t) + gup, (1)

(6.1) 0= 3up,(t) — Res(t) — Sw2(t) + 5521(t)
0 <up,(t) L 7&z1(t) + pgr2(t) + Fup, (t) >0
0 <wup,(t) L zs(t) >0,

with z1(t) = fot i1(s)ds, wa(t) = fot io(s)ds, w3 = i3 = z, A\ = (up, up,)' (the
voltages across the diodes), K = K* = ]Rf_, ny
Lo =2 _1_ 0 _ 1
has D = (R >7 PI = 127 AI = <Rlc }i(f)7 BI = ( )a B[ = <R 1 ))
0 0 2RC  RC 0 0 37

R
Air = (6 — &) Bir=—-R, By =0 %), C

Assumption 8 holds with Dy = &. Thus B, = 3, C%, =1, X = 2 and Assumption
9 is verified. Item 1 in Proposition 4.8 applies since Im(C%;) = IR. Since B}, = 0
the mapping Ga(-) is zero, and item 3 in Proposition 4.8 applies. The quadruple
(Brr, Brr,Crr, D) is passive because the LMI (C.1) is verified with X = % hence

Assumption 5 is satisfied, but it is not strictly passive since D 3= 0. It can be checked
1
_ = 0
that the transfer matrix H(s) = D + C;(s — Brr) ‘B = <g 3 ) is positive
2(s+ R)
real [18, Theorem 2.48]. The conditions of Lemmata 5.10 and 5.11 are verified by
taking R large enough (notice that all other parameters depend on %) Here A =
Brr = —R, but Assumptions 2 and 6 do not hold, hence the material in Proposition

4.4 cannot be used.

~
|
/
x| |
Oo‘w
sl
og-
~_
Q
~
I
/
=)
~
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(a) First RLCD circuit. (b) Second RLCD circuit.

Fig. 1: Two circuits with ideal diodes.

6.2. Example 2 (circuit). Let us consider now the circuit in Figure la. Using
Kirchhoff laws its dynamics may be written as:
i1 (t) = ;%ml(t) — Baz(t) + Tu(t) + tup(t)
a(t) = f2z(t) — magra(t)

6.2
62 0= (1) + plgralt) - (1+ 22):(0)
0 <up(t) Lxi(t) >0,
where z1 = i1, xo(t fo ia(s)ds, z = i3, A = up (the voltage across the diode),

K=K*=R;,n = 2 ,p=mng =1, m = 1. Let apply the feedback control u = 2R3z,
_ R Rs _ 1
which modifies By. We get: A = ( OL 01 >7 By = <1%3>7 B = <6>’

" R.C Ro> 3
_ U
Arr =1 g6), Bir=—(1+442),Bir=0,C1 = (1 0),C1; =0,D =0, By = (LO );
Ry
E[]:O,F('ﬁ):O,P]:IQ,P}L:<1+OhL 1+}? )>Oforallh20 Thus
R‘ZC
R _ ~ hR, N _ Ry+R 1 1
B =g O =it D = hm A= 55 + hhs (L+hR1 T Rz(h+RzC))'

Assumption 2 holds with X = Rs, D > 0 for all & > 0, and Assumption 4 holds
for h > 0 small enough such that A < 0. For h > 0 small enough the set S = {0}
n (4.6) since RAR™' = A < 0, hence the VI in (4.7) always has a solution z,; by
Proposmon 4.3 item 3 (a). By item (c) (or (f)) of the same proposition, the solution is
unique. When A < 0, the quadruple (A, B, C, D) is strictly passive for all A > 0, hence
items 1 and 3 of Corollary 4.6 apply. However Assumption 10 does not hold since
D — 0 as h — 0. Consider now the quadruple (Brr, Brr,Cr1, D) = (Brr,0,0,0).
It is passive since (C.1) is verified, it is even strictly state passive but not strictly
passive since D = 0. Assumptions 3 and 9 are trivially satisfied since both sides of
the passivity equality are null. Provided that {0} € Ry —z1 g41 < 1,541 > 0, item 1
in Proposition 4.7 applies and the OSNSP for (3.1) has a unique solution (but clearly
there is no guarantee that this inequality is satisfied along the integration process,
rendering Proposition 4.7 unapplicable). Proposition 4.8 item 3 also applies here for
the VI in (4.17), however one has to check the equivalence stated in item 1 of the
same proposition.
As noted above, the matrix Ay intervenes only in Assumption 1, hence its modification
does not alter the results. Setting u = 2R3z + Ryx1 + aLzq + v(t) yields the modified

Ar = (g 01)7 and Bj as above. This yields (see Remark 5.13): Pl_l(AI —

T R,C
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a4+ L2l R
BiB Ap) = L§Q1§2+R3) _LC(R21+R3) , which is unstable if a + % >
R2+R3 (R2+R3)C

1

ZET ok The other elements of the reduced LCS quadruple are given by P, Y4By -

_ 1 _
B]B;;B[[) = (6) 5 C[ - C[[B;;A[] = (]. 0), D — C[[B;;B][ =0. Consequently

the reduced LCS is not passive with the above feedback controller. Also P} = diag(1—
ha,1+ #5) = 0 for all h < L.

To simplify the calculations let us set Ry = R3 = 1Q, L = 1H, C = 1F, a = 1. Then
the discretization (3.1) of (6.2) writes as:

T1 k41 — L1,k = "M@ g1 + hzrg1 + A1 + hog
(6.3) T k41 — Tok = —hTo py1 + hzgga

0 =21 k41 + T2 k41 — 22841

0< A1 L2141 2> 0.

Equivalently the discretization in (3.2) can be used with the above matrices fl, B , C , D.

6.3. Example 3 (switching DAE). Let us consider the following system,
which is a nonsmooth DAE (similar to those studied in [53, 54, 52, 51|, and which
can be interpreted as a DAE with state-dependent switches):

(6.4) { (a) @(t) = Arz(t) + Br2(t) + Ei(t)

(0) 0 = alz(t)| +blz(t)| — c2(t) + Err(t),

with 2(t) € IR, z(t) € R, a,b,c € IR, ¢ > 0. The constraint in (6.4) (b) is equivalently
rewritten as:

0=a)\ (t) + alg (t) + b/\g(t) + b)\4(t) — CZ(t) + Eprg (t)
MO\ (MO () [0
(6.5) Ao(t) (1) a(t) 0
Bl PO Bl PRVl N SO0
yw) )\ o (1)

Therefore (6.4) (a) (6.5) fits with (2.1) with A;; = 0, Biy = —¢, By = (a a b b),
D=1,C=(-1100)",C;; = (00 —11)", F(t) =0, By = 0. Let us check the
strict passivity of the quadruple (Bys, Bry, Crr, D). This boils down to checking that
(see (C.1)):

2¢X —aX —aX -bX-1 —-bX+1
—aX 2 0 0
(6.6) M2 | —aX 0 2 0 0 =0,
bX -1 0 0 2 0
—bX+1 0 0 0 2

for some X > 0. Let us denote M = P + N with P = diag(2¢X,2I4) > 0, and
Noo the matrix obtained for a = b = 0. Applying [25, Theorem 2.11] or [10, Fact
8.19.2], it follows that P + Ngog = 0 if 02, (Noo) = 2 < Amin(2¢X)Amin (214) = 4cX.
Using continuity of the eigenvalues [10, Fact 10.11.8], it is deduced that given ¢ > 0,
X > 0, there exists a and b small enough such that (6.6) holds (or, given a, b and
X > 0, there exists ¢ > 0 large enough). Thus, item 1 in Lemma 4.1 holds, item 2

in Proposition 4.3 holds for A > 0 small enough (guaranteeing D - 0), Assumption
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10 holds true for small enough A > 0 (see the proof of item 1 in Lemma 4.1), and
the arguments stated at the beginning of section 5.2 about the convergence analysis

led in sections 5.1.1 and 5.1.2, hold. We have: A = —¢, B = (a a b b), C =

00 —11)T +h(~=1100)7(L—hA) By = (2B 2B 00)7, D = D,

Integration can proceed using (3.2).
Let us now pass to a second example of state-dependent-switch DAE:

Q(t) = agﬁl(t) + bgl‘g(t) + CQZ(t) + eg(t)
azxy(t) + bsxa(t) + c3z(t) + es(t) if x1(t) <0
= a4x1(t) + baxa(t) + ca3z(t) + e3(t) if x1(t) > 0,

(6.7)

where the switching conditions in (¢) and (d) are equivalently rewritten as:

0= —a3>\1(t) + a4)\2(t) + b313
(6.8) 0 < Ai(t) LA (E) +21(t) >0
0 é )\2(15) 1L )\Q(t) - xl(t) 2 0

Q(t) + C3Z(t) + 63(t)

ar b

Thus we have:A; = (a b
2 02

), Br=(c1 )", Br=(00)", B = (e1 e2), Brr =

1 0

(—as as)", Arp = (0 bs), Biy = cs, Ejp = e, Cp = (1 0

)7 CII = (0 0)T7 D= 125
F(t) = (O O)T Also D =D = 12, A =c3+ h(O b3)(]2 — hA[)_l <21> =c3 + O(h),
2

B=DBi=(-a3 as)",C=h < 11 8) (I;—hA[)~! (21> = O(h). It can be checked
- 2

that Proposition 4.3 items 1 and 2, Corollary 4.6 items 1, 2 and 3 (if the passivity LMI
92X A —X(a3 a4)+é> “ 0
(—X(ag a4) +é)T 215
is verified for ag, a4 and h > 0 small enough, given c¢3 < 0, X > 0, implying the
strict passivity of the quadruple (A, B,C, D), uniformly as h — 0 (Assumption 10
holds true). It is of interest to investigate what happens if ¢3 = 0, which makes
the “index” increase. Let us assume for simplicity that A; = 0, the matrix of the
72hXb362 7X(7a3 a4) + h(Cl — Cl)
(—X(—ag a4)—|—h((31 —Cl))T 215 )
For given X > 0 and h > 0, there always exists b3ce < 0 such that this matrix is > 0,
showing that there exists conditions under which the OSNP is still well-posed when
cs = 0. It is interesting to note that the term bscoz(t) appears when an index reduction
is applied to the equality in (6.8) by differentiating it once. Simulations are shown
in Figures 2 and 3. They are performed with the INRIA software package SICONOS!
[1]. The MLCP is solved with an enumeration method and the differential variables
21(+) and xo(-) are calculated in a second step (hence we follow the philosophy of the
foregoing sections). The parameters are chosen as follows: a; = ag = by = by = ag =
ag =bg =c3=1,c1 =10, co = 20, e1(t) = 40sin(25t), ea(t) = sin(t), eg(t) = sin(10t),
h = 2.1073s, £1(0) = 0, #2(0) = 0.1. Simulations are done on [0,2]s. The errors are
calculated as max;ejo,g) ||7(t) — i (@)]|, i = 1,2, with 14 different values of step

size h between 10~1s and 10~%s, where 7%/ (-) is calculated with h = 10™%s. It is

i

observed in Figure 2 that the order is approximately equal to one for small enough

holds strictly) apply. The passivity LMI (

passivity LMI becomes (

Lhttps://nonsmooth.gricad-pages.univ-grenoble-alpes.fr/siconos/index.html
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step size. Figure 3 depicts the time evolution of various variables, demonstrating that
the complementarity constraints are respected. Clearly the multipliers are continuous
but non differentiable when the complementarity switches from one mode to another.

10° 10°

,_.
o
L
=
b

error(x1)
error(x2)

,_.
=)
i
o
-
=)
o

1073

107° 1074 1073 1072 107 10-° 1074 1073 1072 107t
time step time step

Fig. 2: Log-log error diagram: x1 (left) and x5 (right).

6.4. Example 4 (mechanical system). As an extension of the systems studied
in [37], let us consider a linear mechanical system with both unilateral springs and
bilateral constraints, whose dynamics are:

(a) Mij(t) + Ko(t) + Kpg(t) = 7(6) + HTA () + G (1)
(6.9) (b) 0 = Ga(t) — f(¢)
(¢) 0 < Au(t) L DX(t) + Cra(t) + F(t) > 0,

where M = MT =0, D=0, 2= (q" ¢7)7, qt) e R?, 2=\, € R"™, A=\, €
R™, G € R™*% f: R" — IR™ is twice differentiable, 7(-) is an exogenous force.
Here an index reduction is possible, in order to replace (6.9) (b) by:

(6.10) 0= G4(t)—f(t) = GMYHTAt)+GM G 2(t)-GM (K, K,)z(t)— f(t),

and Gg(0)— £(0) = 0, G§(0)— f(0) = 0. Thus B;; = —GM~*GT (< 0 if bilateral con-
straints are independent, i.e., rank(G) = p = na = ny > 2ns), A;; = GM YK, K,),
_ B 0

By =-GM™'HT, B; = _MlaT
section 6.2, one major difference being that here D > 0). Let us examine the OSNSP

for (6.9) on a particular example as depicted in Figure 4, whose dynamics are given
by:

, and Crr = 0 (similarly to the example in

(t) + A (t) — Aa(?)

~H

méi (t) = 7(t)
mda(t) = z(t) ) '
(6.11) § 0=qo(t) — f(t) & =2 4 f(t) =0, g2(0) — £(0) =0, ¢2(0) — f(0) =0
0< M) LM +k(a(t)—L—alt)—1)>0
0< )\2(t> 1L )\g(f) — k(ql(t) + L — ﬁ(t) + l) > 0.

where ¢ = (q1 ¢2)" are the mass coordinates, k& > 0 is a stiffness constant, a(-)
and () are the massless springs’ varying positions, [ > 0 is the spring’s free length,
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Figure (a) Figure (b)

Fig. 3: (a) z1(¢) (dashed) and z2(t), (b) z(¢) (dashed) and A1 (t), (¢) A2(t) —z1(¢) and
A2(t) (dashed), (d) A1(t) + z1(t) and A1 (t) (dashed).

B(t) > a(t) +2L + 21 for all t > 0. We have: z = (q1 ¢1 ¢2 ¢2)", G = (0 1), H =

1 0 , o .
1 0>7 M = diag(m,m), D = I, A;; =0, Biy = =%, Byp = 0, Erg(t) = f(t),

Cr = (_kk 8 8 8>, F(t) = (k—;(k_(é:gg;g)’ Crr =0 B =(000 )T,

_ 1 T
Pr = I (and Assumption 1 holds for h > 0 small enough), By = (8 m 8 O> ,
A== B=0,C=hnC(P})"'B;, D= I, +hCr(P})~'Br = 0if h > 0 is small

2X A

= C

_ ion 4. .. . O

enough. Let us check Assumption The passivity LMI is < & by DT) > 0,
X > 0, which is verified for A > 0 small enough and X > 0 large enough. Hence under

these conditions the quadruple (A, B, C, D) is strictly passive. It can be checked that
items 1 and 2 in Proposition 4.3 hold, as well as items 1, 2 and 3 in Corollary 4.6.
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Therefore the dynamics can be integrated using (3.2) with g20+ fo = 0, g2,0 + fo=0.
We note also that the quadruple (Brr, Brr,Crr, D) = (_ﬁl, 0,0, I5) is strictly passive
(Assumption 5 is verified), hence item 1 in Lemma 4.1 holds. Assumption 10 is
also verified (for & > 0 small enough but uniformly in h > 0). Let us analyse the
convergence as in section 5.1. Assumption 11 may not be verified in this case, however
as noted after this assumption it is easy to modify slightly the numerical scheme so
that it is satisfied with P; = I4. Hence it is inferred that Proposition 5.2 applies.

q2
2L
f(t)
k k
| A MO o ' LA /\l
a Vi q1(t) YAV q1
a(t) B(t)

Fig. 4: A mechanical DALCS.

(uz) ()
up
L
—-— C
R3
i2
R1 | RQ

i3

Fig. 5: An RLCD passive circuit.

6.5. Example 5 (circuit). Let us consider the circuit in Figure 5, with Ry =
R; =0Q. Let 21 = ig, o0 = fo is(t)dt, z = i1, A = up is the voltage across the
diode, 1 () and uz(-) are two voltage sources. One way to write its dynamics is:

xlgg = 1(}2):5 (t)(;)r FA() + Fui(?t)
(6.12) 2 1o é) L

A(t) + ua(t)
2(t) > 0.

Assume that the feedback us = —az + ug is applied, so that the equality constraint
becomes 0 = &xa(t) + up(t) — az(t) + us(t). We have: Ary = (0 %2, Cr =0,
C[[—l B[[ —a, B[[—l D—O B]—(% O)T,B[:(O —1)T,andD:D:O,
C C[[ = 1 A = —a+ hA]](Ph) 1B[, B =1+ hA[[(Ph)_lBI The condition
Im(Cr1) N (K = Craps1+Fy) = RNIR; — §xg 1 # 0 is verified always. The set S in
(4.16) is equal to {0} hence Proposition 4. 7 item 1 applies and the VI in (4.15) always
has a solution. Proposition 4.8 items 1, 2, 3 apply, with D;; = 0 in Assumption 8.
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The system (Bjy, Brr,Crr) = (—a,1,1) is passive and Assumptions 3 and 5 hold true.
Also the system (/1, B, C‘) is passive for h > 0 small enough and Assumptions 2 and
4 hold true. The set S in (4.6) is equal to {0} so Proposition 4.3 item 3 (a) applies.
For h > 0 small enough, A <0 so Corollary 4.6 items 1 and 2 apply. Assumption 12
is verified for h > 0 small enough with X = B~1. Tt is inferred that if a > 0 is large
enough, the convergence results in sections 5.1.3 and 5.2 apply.

7. Conclusion. This article is devoted to analysing the implicit Euler discreti-
sation of a class of nonsmooth nonlinear systems with equality constraints, named
differential-algebraic linear complementarity systems. The well-posedness of the one-
step nonsmooth problem is studied first, then the convergence of the discrete-time
solutions is analysed. This article only scratches the surface of singular nonsmooth
systems analysis. The above results could be extended in various directions. Most
importantly, it would be worth extending the results to more general indices and rela-
tive degrees, to deeper analyse how the algebraic and the complementarity constraints
are coupled, and to consider state discontinuities and solutions of bounded variation.

Appendix A. Well-posedness of Variational Inequalities. @ Some basic
notions of Convex Analysis and Complementarity Theory are briefly introduce now
[11, 29, 49, 31]. Let f : IR" — IR U {+00} be a proper convex and lower semicontin-

uous (Isc) function, we denote by dom(f) = {z € R"| f(z) < 400} the domain of
the function f(-). The Fenchel transform f*(-) of f(-) is the proper, convex and lsc
function defined by: for all z € IR", f*(2) = sup,e aom(s){(7,2) — f(z)}. The sub-
differential Of(x) of f(-) at @ € IR" is defined by: df(z) = {w € R"| f(v) — f(z) >
(w,v —x),Yv € IR"}. We denote by Dom(df) & {x € R"|0f(x) # 0} the domain of
the subdifferential operator df : IR" — IR".

Let zy be any element in the domain dom(f), the recession function f.(-) of f(-)
is defined by: for all z € R" : foo(x) = limy— 400 %f(xo + Az). The function [ :
R" — IRU{+0o0} is a proper convex and lsc function which describes the asymptotic
behavior of f(-). Let K C IR™ be a nonempty closed convex set. Let zy be any
element in K. The recession cone of K is defined by [49]:

1
Ko=) LUK —w0) = {u € R"[x +u € K,¥A>0,Y e K}
A>0

The set K., is a nonempty closed convex cone that is described in terms of the
directions which recede from K. The indicator function of aset K C IR" is U (x) =0
itz € K, Ug(x) = 400 if ¢ ¢ K. If K is closed non empty convex, we have
OV (x) = Nk (x), the so-called normal cone to K at z, defined as Ng(z) = {v €
R" |vT(s—az)<0forallse K}

Important properties of the recession function and recession cone are recalled now:
PROPOSITION A.1. [11, Proposition 1.4.8] The following statements hold:
a) Let f1 : R" — RU {400} and fy : R" — R U {400} be two proper, conver and

Isc functions. Suppose that f1 + fo is proper. Then for all x € R™: (f1 + f2)oo(x) =
(f1)oo () + (f2) oo ().

b) Let f : R" — IR U {400} be a proper, conver and lsc function, and let K be a
nonempty closed conver set, such that f + Uy is proper (equivalently dom(f) N K is
non empty). Then for allx € R™: (f + Vi )oo(®) = fool(x) + (Vi )oo ().
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¢) Let K C IR"™ be a nonempty, closed and convexr set. Then for all x € IR":
(TK)oo(x) = Uk (x). Moreover for allx € K and e € Koo: v+ ¢ € K.

d) If K C IR" is a nonempty closed and convex cone, then K., = K.

e) Let K = P(A,b) 2 {z € R"|Az > b} for A€ R™" andbe R™. If K # () then
Ko = P(A,0)={z € R"|Az > 0}.

Let us now concatenate [4, Theorem 3, Corollaries 3 and 4]. They concern variational
inequalities (VIs) of the form: Find u € IR" such that

(A1) Mu +q,v —u) + ¢(v) — p(u) >0, for allv € R"

where M € IR™ " is a real matrix, q € R" a vector and ¢ : R" — R U {+occ}
a proper convex and lsc function. The VI in (A.1) is equivalent to the inclusion
Mu+q € —9p(u), which is a generalized equation (GE) of the form: 0 € A(u)+ B(u)
where A(+) and B(-) are two maximal monotone operators (since it will be assumed
M = 0). In fact the problems encountered in this paper (see (4.7), (4.9), (4.14), (4.15),
(4.17)) all belong to this class of GEs. Numerical schemes that compute solutions of
such GEs have been studied for a long time in the mathematical literature, see [57]
and references therein. The next proposition states conditions about existence and
uniqueness of solutions.

The problem in (A.1) is denoted as VI(M, q, ¢), and we set:

(A.2) KM, ¢) ={z € R"Mzx € (dom(pu))*}.

Note that (dom(¢s))* is the dual cone of the domain of the recession function .,
while (dom(p))s (that we may denote also as dom(p),) is the recession cone of
dom(yp).

PROPOSITION A.2. [4] Let ¢ : IR" — IR U {+0o0} be a proper, conver and lsc
function with closed domain, M € IR™*", and suppose that M = 0.

a) If (dom(¢))oo NKer{M +MT} N K(M, p) = {0} then for each q € IR™, problem
VI(M,q, ) has at least one solution.

b) Suppose that (dom(p))s N Ker{M +MT} N (M, p) # {0}. If there exists x¢ €
dom(y) such that

(A.3)

(@ —MTz0,0) + 9oo(v) > 0, Vv € (dom(¢))oo NKer{M +M"}N KM, p), v #0,

then problem VI(M, q,¢) has at least one solution.

¢) If uy and ug are two solutions of problem VI(M,q, ) then u; —us € Ker{M +
M'}.

d) If M = M" and u; and uy denote two solutions of problem VI(M,q, ), then
(q,u1 —uz) = p(uz) — p(u1).

e) If M = M, then u is a solution of VI(M,q, ) if and only if it is a solution of
the optimization problem minge pr 3" Mz + (q, z) + ¢(z).

Appendix B. Some Convex Analysis and Complementarity Theory
tools. If K C IR" is a set, then K* = {z € R"|{(z,z) > 0 forall z € K} is
its dual cone. Let K be a nonempty closed convex cone, then:

(B.1) K'szlyeK & € —-Nk(y) < yec —Ng-(x).
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Let M = MT = 0, x and y two vectors, then [29]
1
(B.2) M(z—vy) € —Nk(z)ez=projy[K;y] = Hél? i(z —y) M(z —vy).

We note that this is a particular case of (A.1), so that Proposition A.2 can be con-
sidered as the characterization of a generalized projection operator VI(M, q, ¢). The
next proposition is used several times in the article:

PRrROPOSITION B.1. Suppose that the m x m matrix D = 0, and M : R™ = IR™
is a maximal monotone operator. Then the operator (D + M)~Y(-) is well-defined
(i.e., for each y € IR™ there is an x € IR™ such that y € Dx + M(x)), single-valued

and Lipschitz continuous with modulus L = %.

It was proposed in [16, Proposition 1] when M = 9¢ for some convex proper lsc ¢(-),
extended to maximal monotone M(-) in [5].

Appendix C. Passive Systems. A quadruple (4, B,C, D) is said passive if:

(C.1)

—XA-ATX —-XB+CT
-BTX+C D+DT

);0, X=X"so.

for some X. It is said strictly passive if the first matrix inequality is satisfied with > 0
(this implies that D > 0). This is not to be confused with the strict state passivity [18,
Definition 4.54] (strict passivity implies strict state passivity). In fact strict passivity
is directy related to strongly SPR transfer matricess [18, p.62 and section 3.12.2],
while SPR transfer matrices with minimal realization are strictly state passive [18,
Theorem 4.73] [43]. Strict state passivity holds when —XA— AT X = 0in (C.1), with
D+DT = 0. The two inequalities in (C.1) make a linear matrix inequality (LMI) with
unknown X, equivalently a Riccati inequality using the Schur complement Theorem
[18, Theorem A.65]. Numerical algorithms exist that efficiently solve LMIs, see [13],
and can be used to test whether or not a quadruple is passive.
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