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ANALYSIS OF THE IMPLICIT EULER TIME-DISCRETIZATION OF
SEMI-EXPLICIT DIFFERENTIAL-ALGEBRAIC LINEAR
COMPLEMENTARITY SYSTEMS*

BERNARD BROGLIATOf

Abstract. This article is largely concerned with the time-discretization of differential-algebraic
equations (DAE) with complementarity constraints, which we name differential algebraic linear com-
plementarity systems (DALCS). Specifically, the Euler implicit discretization of DALCS is analysed:
the one-step non-smooth problem (OSNSP), that is a generalized equation, is shown to be well-
posed under some conditions, then the convergence of the discretized solutions is studied, and the
existence of solutions to the continuous-time system is shown as a consequence. Passivity of some
operators is pivotal to the analysis. Examples from circuits, mechanics and switching DAE illustrate
the applicability of the developments.

Key words. differential-algebraic system, descriptor-variable system, linear complementarity
system, recession function, discrete-time, well-posedness, passive system, Lur’e equations.

AMS subject classifications. 65K15, 90C33, 90C90, 93B52, 93D30, 93C30.

1. Introduction. The analysis of non-smooth dynamical systems with multi-
valued right-hand sides satisfying maximal monotone properties has witnessed a large
number of contributions [19]. Within this class one finds linear and nonlinear com-
plementarity dynamical systems, projected systems, differential variational inequali-
ties, differential inclusions with maximal monotone right-hand sides, Moreau’s sweep-
ing process, some switching dynamics, etc. In this article we focus on singular, or
differential-algebraic linear complementarity systems (DALCS), which may be viewed
either as an extension of classical differential-algebraic equations (DAESs), or of “clas-
sical” linear complementarity systems. As will become clear later, DALCS represent
an extension of the set-valued Lur’e systems studied, e.g., in [39, 40]. The associated
canonical form is motivated by applications in chemistry [53, 52, 62], switching DAEs
analysis [48], circuits with nonsmooth electronic components [2, section 3.5, chapter 4]
[22], optimization-constrained differential equations [19, Example 2] with applications
in atmospheric aerosol particles [38], and Lagrangian systems with both bilateral and
unilateral constraints [17] (in spite of the fact that the results presented in this article
do not apply to all of these systems).

The study of singular nonsmooth dynamical systems has not received a lot of attention
yet. Singularly perturbed differential inclusions have been tackled in [26, 56, 32, 58].
The conditions on the set-valued mappings that are imposed (compactness [56, 58],
boundedness and Hausdorfl Lipschitz continuity [32], one-sided Lipschitz condition
[26]) are not satisfied by complementarity conditions (or by normal cones to convex
sets). Hence these results do not apply to DALCS. The well-posedness of DAEs
in semi-explicit form with nonsmooth constraints (which are related to the class of
systems studied in this article, see Remark 2.1 below) has been analysed in [53, 54, 52].
Passive singular set-valued systems are studied in [22], who derived well-posedness
relying on a special Weierstrass’ representation. However the time-discretisation is

*Submitted to the editors DATE.
Funding: This work was partially funded by the INRIA Project Lab (IPL) ModeliScale https:
//team.inria.fr/modeliscale/, and by the Fonds Unique Interministeriel (FUI) ModeliScale.
TUniv. Grenoble Alpes, INRIA, CNRS, Grenoble INP, LJK, 38000 Grenoble, France.
(bernard.brogliato@inria.fr). The author would like to thank Franck Pérignon (CNRS, Univ. Greno-
ble Alpes, Laboratoire Jean Kunztman, Grenoble, France) for his help with the numerical simulations.

1

This manuscript is for review purposes only.


https://team.inria.fr/modeliscale/
https://team.inria.fr/modeliscale/
mailto:bernard.brogliato@inria.fr

S C

-~

a1 Ot o ot ot Ot Ot Ot Gt
S SN GC RO

5

ot
©

60
61
62

63
64
65
66
67
68
69
70

78
79
80
81

2 BERNARD BROGLIATO

not tackled in the above references.

Our goal is to analyse the well-posedness of the one-step nonsmooth problem (OS-
NSP) obtained after an implict (backward) Euler discretization, and the convergence
of the discrete-time solutions towards a continuous-time limit. The second step is use-
ful not only for proving the existence of solutions to the continuous-time system, but
also, perhaps most importantly, to show that the proposed time-discretization makes
sense for numerical simulations. Passivity properties of suitable operators are pivotal
throughout the article. It is noteworthy that implicit Euler methods are well-known
in DAEs [30, 14, 33, 42, 12, 35, 61, 7|, differential variational inequalities [46, 24],
and complementarity systems fields [41, 21, 59, 34], as well as in the field of max-
imal monotone differential inclusions [8, 47] (implicit Euler method is often called
proximal algorithm, while Euler method refers to the explicit algorithm [47]), and
Moreau’s sweeping processes with the catching-up algorithm [19, 44, 45]. However
their application to DALCS has not been studied yet.

The article is organised as follows: Section 2 introduces the general dynamics of
the nonsmooth singular systems, section 3 presents their time-discretization, section
4 studies the well-posedness of the OSNSP, section 5 is dedicated to convergence
analyses: results in section 5.1 are based on the properties of the numerical scheme,
while section 5.2 uses properties of the system. Section 6 is dedicated to illustrating
examples and simulations, from circuits, mechanics and switching DAEs. Conclusions
are drawn in section 7. The appendix is dedicated to recall various mathematical tools.

Notation and definitions: for any vector € IR" and any matrix M € IR™*",
[|z]| is the Euclidean norm and ||M]|| is the Frobenius norm, which are compatible
norms [10, Proposition 9.3.5], i.e., ||[Mz|| < ||M]| ||z||. Let M € IR™*™, then Im(M)
is its range, Ker(M) is its null space. We use (z,y) =z 'y, so (z,z) = ||z||?. Positive
definite matrix: M > 0 if 2T Max > 0 for all z # 0, positive semidefinite matrix:
M =0 if " Mz > 0 for all # (such M is not necessarily symmetric). The maximum
singular value is denoted as omax (M), and the minimum eigenvalue as Apin(M). The
ith row of M is denoted as M;,. The n x n identity matrix is denoted I,,. A set-valued
mapping A : IR" = IR" is said monotone if for all 21, xo, y1 € A(z1), y2 € A(x3), one
has (z1 — 29,91 — y2) > 0. It is maximal monotone if its graph cannot be enlarged
without destroying monotonicity. It is n-strongly monotone if there exists 1 > 0 such
that (x1 — x9,y1 — y2) > nl|z1 — 22||?. See also Appendix A for further definitions.

2. The class of nonsmooth singular dynamical systems. Let us consider
the following differential algebraic linear complementarity system (DALCS):

(a) Pri(t) = Apx(t) + Brz(t) + BrA(t) + Er(t)
(2.1) (b) OZA[[J?(t)+BHZ(t)—|-B]1>\(t)—|—EH(t)
(¢) K* 2 A(t) Lw(t)=Crx(t)+ Crrz(t) + DA(t) + F(t) € K,

with z(t) € R™, 2(t) € R™, \(t) € R™, w(t) € R™, Py € R™™™ is full-rank,
K C IR™ is a closed nonempty convex cone, K* is its dual cone, B;; € IRP*™,
AII c Rpxnl, BII c IRPXHZ, CI € ]RmX7717 CII c ]Rmxnzﬂ D € Bm,xm7 BI c
R™> "™ Ar € R™*™, Br € R™*™, and E(-), Er7(+), F(-) are bounded, Lipschitz
continuous functions of time. The form in (2.1) is that of a semi-explicit DALCS. It
corresponds to a kind of extension of the impulse-free Weierstrass form [20], where
the transformed state matrix has non zero off-diagonal terms Ay and Bj.

Remark 2.1. Assume that K = IR'. The complementarity constraint (2.1) (c)
is equivalently rewritten as ¢(A, w) = 0 where ¢(-) is a C-function [3, 29]. Therefore
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IMPLICIT EULER DISCRETIZATION OF DIFFERENTIAL-ALGEBRAIC LCS

(2.1) (b) (c) can be rewritten equivalently as ®(x, z, A,t) = 0 for some function ®(-),
usually nondifferentiable. The system (2.1) thus possesses the form of a semi-explicit
DAE as studied in [53, 52|, assuming piecewise differentiable functions ®(-), with z
the differential state, z and A the algebraic state variables. The so-called regularity
conditions (which are an extension of index 1 conditions for DAEs) used in [53, 54,
52, 51] may hold in particular cases for (2.1). Examples in section 6.3 illustrate the
links betwen both approaches in [53, 54, 52, 51] and in this article.

Consider (2.1), then the initial data x(0) = z¢ and z(0) = zy are compatible with the
system’s constraints if and only if:

0€ Arrxg + Brrzo + E]](O) — B[[(D -l-NK*)il(C](EO + Crrzo + F(O))

(2.2) A0) € —(D + Ng+) " (Crao + Crrzo + F(0)).

This implies that Crzo + Crrzo + F(0) € Im(D +Ng~) and Arjzo+ Brrzo+ Err(0) €
B]]DOID(D+NK*).

3. Time-discretization of DALCS with implicit Euler methods. Let us
consider the time interval [0,7], T >0, h= %, N € INy, t;, = kh, k € {0,1,..., N},

to = 0, ty = T. For a continuous function f(-), fx 2 f(ty). The implicit Euler
discretization of (2.1) reads as:

(3.1) (b) Arrwgs1 + Brizisr + Birdks1 + Errg =0

(2.
(a) Pr(zrs1 — k) = hA1zgpr + hBrzgsr + hBiheyr + hEp
)
(C) K*> Agy1 L CI$k+1 + C]]Zk_;,_l + D>\k+1 + F, € K.

The problem in (3.1) (b) (c¢) is a mixed LCP (MLCP). Let us now state a basic
assumption.

ASSUMPTION 1. The matriz PIh E Pr — hAg is full-rank.

In case Pr > 0, [25, Theorem 2.11] can be used to set conditions on hAr so that
P}7 > 0: there always exists hmax such that the assumption holds for all h € [0, hmax)
(Wlth hmax = +oo if Ar X 0). Let us define the following matrices and vectors:

A= hAII(Ph) 1B[ + Brr,

B hA[[( ) B[ + B]I,

Ey = Errg +hAr(P}) "Ep g+ Ar(P}) ' Pray,

C= hC[(Ph) 1B[+C]],

D= hCr(P})~'B; + D,

Fk =F.+ hC](PI ) 1E1 kt C[(PI ) IP]{Ek

Then we deduce from (3.1) the difference equations:

SO L

(a) Thi1 = (Ph) (PIJJk + hBrzg+1 + hBrgs1 + hEp i)
(3.2) (b) AZ/C+1 + B)\k;Jrl + Ek =0
(C) K*> Ak+1 L CZk+1 + D>\k+1 + Fk eK,

where the last two lines of (3.2) are a MLCP with unknowns zp41 and Ag4q. It is
therefore possible to study the well-posedness of this MLCP independently of the

first line in (3.2). Letting (41 = —2k+1, this MLCP can be rewritten equivalently as
follows:

M1 € Wier + D) 1 (=Cnps — Fi), )
(3.3) — Al + Ey, € =B (N + D)~ H(CGy1 — Fy),

Tp1 = (PP Y (Pray + hBrzgs1 + hBrigs1 + hEr ).
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4 BERNARD BROGLIATO

Also the following calculations stem from the complementarity conditions in (3.2):
(3.4)
Ait1 € =Ng(Czi1 + DA + i) & —Apy1 € Nr (Czpgr + DAgyr)
& 0or, (= Akt1) D Czpy1 + DAy & (Oor,, + D)(=Ak+1) 2 Czppa
== )\k+1 S *(3(71'*1c + D)fl(CZk_H).

where the inversion of set-valued mappings is used in the second equivalence, and

where or, (+) is the support function of the set I'y(tx,zx) 2K - Fy.(t, z1) (which
is a closed convex set, but not a cone as long as Fy, # 0 which is the generic case).
Therefore equivalently we can rewrite (3.3) as:

(a) At1 € —(dor, + D) (C2py1) i
(3.5) (b) — Azgi1 + B(dor, + D)~ (Cziy1) > By
(C) Tyl = (PIh)fl(P[fﬂk + hBrzig+1 + hBrgy1 + hEI,k)~

The second line in (3.3) is a generalized equation (GE) with unknown (gyq. Its well-
posedness depends on the properties of the operator F : ( — —AC + B (N~ +
D)~YC¢ — F},). Similarly for (3.5) with the operator G : ¢ + —A( + B(dor, +
D)~1(C¢), and (3.5) (b) is: G(zx41) > Ej. Various results have been published to
characterize such operators [16, 23, 6] and to guarantee that they are single-valued
Lipschitz continuous [16, Propositions 1, 2, 3, Corollary 1], or maximal monotone
(possibly set-valued) [23, 6]. The difficulty in the analysis of DALCS is that they
involve the composition of two operators as seen in the OSNSP for advancing the
scheme from step k to step k + 1:

(3.6)

PIhkarl € Prxy, + hBIQ_l(Ek(xk)) — hB[(@O’rk + D)_l (C'Q_l(Ek(xk))> —+ hE[)k.

Clearly the scheme can be advanced with a unique solution if both Agy1 and zpy1
are uniquely defined (the “if and only if” holds with BI)\k_H and Brzi4+1 uniquely
defined). Thus next we are going to characterize the GEs in (3.3) and (3.5) in order
to analyse the scheme (3.6).

Two main classes of results are provided in the sequel of the article: first the well-
posedness (existence and uniqueness of solutions) for the OSNSP associated with the
time-discretizations in (3.1) (Propositions 4.3 and 4.4, Corollary 4.6) and (3.2) (Propo-
sitions 4.7 and 4.8); second, the convergence of the discrete-time solutions is analysed,
and the limit functions are shown to be solutions of the DALCS (Propositions 5.2 and
5.9).

4. OSNSP well-posedness. The approach chosen in this article consists of
considering the system as an ODE (2.1) (a) with a nonsmooth constraint (2.1) (b)
(c): either (3.1) (b) (c) that is a mixed LCP with unknowns zj 41, Ag+1 and parameter
Zrpt+1 (section 4.2), or (3.2) (b) (c¢) (equivalently (3.5) (a) (b)) that is a mixed LCP
with zg41, Ag+1 (section 4.1). As will become clear later, the results rely heavily on
the positive (semi) definiteness of By, and on specific passivity couplings between
z in the complementarity constraint (matrix Cyy) and A in the algebraic constraint
(matrix Brr). When D = 0 in (3.2) (c), let us state the following:

ASSUMPTION 2. There exists a p X p matriz X = X | = 0 such that XB=CT.
The alternative option when D =0 in (3.1) (c):
ASSUMPTION 3. There exists a px p matric X = X | > 0 such that XBj; = C’ITI.
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162 Let us notice that Assumption 2 implies that X B;; = CJ; + O(h), while Assumption
163 3 implies that XB = CT 4+ O(h). The influence of the O(h) terms may not be easy
164 to characterize precisely for finite h > 0. Assumption 3 is a model assumption, while
165 Assumption 2 is a property of the numerical method. One sees that Assumption 3
166 corresponds to a passivity constraint on the triple (Byr, Brr, Crr) [18]. Assumption
167 2 imposes an input/output passivity-like constraint on the triple (A, B, C), which is
168 an O(h) approximation of (Byz, Brr,Crr). When D # 0 and D # 0, extensions of
169  Assumptions 2 and 3 are as follows:

170 ASSUMPTION 4. The quadruple (A, B,C, D) is passive.
171 and the counterpart of Assumption 3:
172 ASSUMPTION 5. The quadruple (Brr, Brr,Crr, D) is passive.

173 Passivity is defined in Appendix C. Notice that the above assumptions imply that
174 mo = p. Assumption 4 refers to the numerical method while Assumption 5 is a model
175 property. Assumptions 2 and 4 refer to (3.2) (b) (c) or (3.5) (a) (b), while Assumptions
176 3 and 5 refer to (3.1) (b) (c). Let us present a result about the relationships between
177 Assumptions 4 and 5, i.e., when does the plant’s passivity guarantees the numerical
178 scheme’s passivity.

179 LEMMA 4.1. The following statements are true:
180 1. Let (B, Brr,Cir, D) be strictly passive. Then (A, B, C, D) is strictly passive
181 for small enough h > 0.
182 2. Let (Brr, Br1,Crr, D) be strictly state passive. Then (A,B,C’,b) is strictly
183 state passive if: a) h > 0 is small enough, b) D+DT =0 and C;(P}) 1B+
184 (CH(PM™IB)T =0, ¢) XA (PM)™1B; — B} (PM)~TC] =0, where X is a
185 solution of the passivity LMI for (Brr, Br1,Crr, D).
186 3. Let h > 0 and (Brr, Br1,Cr1, D) be passive. Then (A,B,C’,b) s passive if:
187 b) and c) in item 2 hold, and a) X Arr(PM)™'B; + B} (P})"TA],X <0,
188 where X is a solution of the passivity LMI for (B, Br1,Crr, D).
189 Proof:
190 1. The strict passivity of (Bys, Brr, Crr, D) means that there exists X = X ' = 0
191 such that:
. oA (=XBy—Bl X —-XBi+Cf,
192 (4.1) M = ( “BILX +Cir D+ DT ) 0.
193 In particular this implies that D + DT = 0 [18, Theorem A.65] and the
194 associated transfer function is strongly SPR [18, Remark 3.19, Section 3.12.2].
195 Now we have A = Byr + O(h), B = Bi; 4+ O(h), C = Ci; + O(h), D =
196 D + O(h). Therefore

~-XA-ATX -XB+CT
197 (4.2) M= (-BTX Ser b +ET ) +N(R)

=3,

198 where N (h) stands for a matrix with suitable dimensions and which vanishes
199 as h — 0 (in fact N(h) is O(h)). Thus M = M — N(h). Applying [25,
200 Theorem 2.11], it follows that M > 0 provided that oy (N(h)) < A2, (M),
201 an inequality which can always be verified if A > 0 is small enough. Under
202 this condition, it follows that the strict passivity of (B;s, Brr, Crr, D) implies
203 the strict passivity of (A, B,C, D) (= D = 0).
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6 BERNARD BROGLIATO

2. The result is proved by developing M in (4.2), then using [10, Proposition
8.2.4, Fact 8.21.22], or [18, Lemma A.69], as well as the fact that —X By —
B}DX >~ 0 from the strict state passivity.
3. The proof is similar to that of item 2.
X

The converse implication in item 1 does not hold, since one may have M = 0 for some
h > 0, but M # 0. It is possible to state necessary and sufficient conditions, relying
on [10, Proposition 8.2.4, Fact 8.21.22] or [18, Lemma A.70]. However the obtained
conditions are cumbersome and hardly usable. Lemma 4.1 can be used to determine
the conditions under which Assumption 4 is verified in the results presented in the next
section. The conditions b) and ¢) in Lemma 4.1 item 2 hold if: b) C; = 0 or By = 0, ¢)
(Arr =0or By =0) and (B; = 0 or C; = 0). Condition a) in Lemma 4.1 item 3 holds
if A;; =0 or By = 0. Let us remind that the solution X = X T > 0 of the Lyapunov
equation XBr; + B;X = —Q, Q@ = QT = 0, can be written X = (—%Q + F)BI_II,
where ' = —F " is unique [60, Theorems 1 and 2]. Let us denote the symmetric
part of a square matrix M as sym(M) and its skew-symmetric part as skw(M). This
allows us to state the following necessary conditions.

COROLLARY 4.2. 1) Let (Byr, Br1,Cr1, D) be strictly state passive with X By +
B, X =-Q, Q=QT =0, and assume that Ar;(P}) =By is right-invertible (= p <
m). Then X = (—1Q + F)B;}, for some F = —F T uniquely defined, and condition
c) item 2 in Lemma 4.1 holds only if

1 _ _
(43) sm(LQB; Au(P}) ™ By + B (P)~TCT) = Fkw(By} Au(P)) ™ By)F:
for any pair (Q, F), and
(4.4) Ker(Cr(P)~™'By) = {0}.

2) Let (Br1, Br1,Ci1, D) be passive with XBrr + B} ;X = —Q, Q = Q" =0 and By
invertible. Then X = (f%Q + F)Bj_jl, for some F = —FT, and condition a) item 3
in Lemma 4.1 holds only if

(4.5) sym(—QB; ' A (P}) ' By) + 2Fskw(B; ' A (P}) ' By)F <0,

for any pair (Q, F).

Proof: 1) Condition c) yields (—3Q + F)B;; A; (P})~'B; = B] (P})~TC], then
(4.3) follows using F' = —FT. Using the right-invertibility, (4.4) follows from [23,
equ. (70)] and the fact that X is full rank. 2) From passivity any solution must be
symmetric. The Lyapunov equation and the skew-symmetry of F' yield (4.5). X

We see that the right-invertibility condition (resp. condition (4.4)) in item 1 of the
lemma, characterizes the couplings between 2 and A in the index reduction (resp.
between z and z in the relative degree reduction (i.e., in w)).

4.1. Analysis of the OSNSP for (3.2). The next proposition analyses the
OSNSP well-posedness, and applies to two main cases: D = 0, and D = 0. Let us
remind that p = ny as a consequence of Assumptions 2, 3, 4 and 5, so that A and By
are p X p matrices.

PROPOSITION 4.3. Let h > 0, k > 0 be given.

This manuscript is for review purposes only.
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Proof:
. Follows from [6, Theorem 1], which is itself inspired from [23] and [16, The-
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Let Assumption / hold. Suppose that either Tm(C) N int(Im(dor, + D)) # 0
or B is square full rank. Suppose also that there is (o such that C(y €
Im(dor, + D). Then the operator G : ¢ — —A( + B(dor, + D)~1(CC) is
mazximal monotone with non empty domain.

. Let D > 0, then both mappings (Nx+ + D)~'(-) and (dop, + D)~'() are

well-defined, single-valued Lipschitz continuous and mazimal monotone for
each h > 0, k > 0 (mazximal monotonicity holds for D %= 0). The operator
G(-) is single-valued and Lipschitz continuous also.

. Let D =0, Assumption 2 hold true, R> = X, R=R" = 0, Im(C) N T} # 0

and K = P(G, 0) (see Proposition A.1 ¢)) for some matriz G € IR™ ™. Let

us assume that RAR™" < 0. Let us consider the set:

S 2 P(GCR™,0)
(4.6) N{¢ € RRAR 6 = - 31 M(GCR™Y) L, A > 0}

NKer(RAR™' + R'ATR).

Deﬁne . = —REk, f() = Yp, © @R_l(-), Iy = K — Fy, and consider the

VI(—RAR~ ,qk,f) Find £,41 = Rzgy1 such that

(4.7) (—RAR™ & 14k, v—Eks1 )+ F(0) = f(&41) > 0, for allv € dom(f).

(a) Ifs = {0}, then the VI(—RAR™! s Gk f) has at least one solution.
(b) If S # {0}, and if there exists & € Ty such that

(4.8) (G — (FRAR™MT¢p,v) > 0 for allv e S, v #0,

where Fk ={¢{ € R™ | GCR ¢ + GF), > 0} = dom(f), then the
VI(~RAR™',§y, f) has at least one solution. o R

(c) ]fg,H_1 and f,jt1~are twtz sohftio~ns of the VI[—RAR™Y, Gy, f), then f,i_H—
&, € Ker(RAR™' + R7'ATR).

(d) Let RAR™! be symmetric. If f,h_l and 51%+1 are two solutions of the
VI(in%Rila (jk, f)? then <(jka€]i+1 - 5]%4—1) =0. o B

(e) Let RAR™! be symmetric. Then any solution of the VII—RAR™, G, f)
is also a solution to the problem: min, p, —%fTRARflf + (Gx, ).

(f) Let —RAR™" = 0 and be symmetric. Then &1 = proj_sza-1Tk; —dk)-

orem 2|, and which states that the negative feedback interconnection of a
passive system with a maximal monotone operator, defines another maximal
monotone operator (under the stated basic conditions).

. Follows from [16, Proposition 1] (see Proposition B.1) and from [55, Lemma

1] (or [9, Corollary 24.4 (ii)]) since Im(D) = RR™ and int(Dom(Ng+)) =
int(K*) # (), and int(Dom(dor,)) # ) because Ty, is convex and int(Ty) # 0.

. The proof follows from Propositions A.1 and A.2. First notice that the MLCP

Azk+1 + B>\k+1 + Ek =0, K* 3 A\gy1 L CZk+1 + D)\k+1 + Fk € K, can

be equivalently rewritten as the VI(—RAR™', G, f) in (4.7). Indeed one
obtains —RAR™'€,41 — RE)y, € —RB 0¢r, (CR™'€,,1). Using the chain rule
of Convex Analysis [49, Theorem 23.9] and the fact that T'y is polyhedral,
the MLCP can written equivalently as in (4.7). Let us now cornpute the

set S in (4.6). Here dom(p) = dom(f) = {z € R? | CR 'z € T} =

This manuscript is for review purposes only.
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{ze¢ R° |CR'2+ F, € K} = {z € R° | GCR 'z + GF}, > 0}. Hence
(dom(p))oe = P(GCR~,0) from Proposition A.1 _e). Now we have f© =
Ur (CRTIE) = ¢p (&) with Ty = {¢ € R | CR™'¢ € K — Fy} = {€ €
R | GCR™¢ + GF, 2 0} = P(GCR™Y,~GFy). Thus fuc() = r,, ()
and dom(fs) = P(GCR™',0). Now we have to calculate the dual cone
P(GCR™1',0)*. Using [31, Example 15], one finds that P(GC’R’l 0O ={we
R™ |w=>", /\i(GC'R* )ies Ai > 0}, where (GCR™');q denotes the ith
row of the matrix GCR™ € IR™*"2. Hence it follows that K(—RAR™!, f) =
{¢ € R™ | RART'¢ = =3 \i(GCR™Y),, A > 0}. The third set in S
is equal to Ker(RAR™' + R™*ATR), from Ker(M + M) in Proposition A.2
a). Then the results in items (a) to (f) are a consequence of Proposition A.2,
where @ (v) = 0 in item (b). Item (f) follows from item e) in Proposition
A2.
X

Item 1 encompasses cases with D 3= 0. If item 2 holds, then Ak+1 is uniquely defined,
provided that zxy1 exists (which is guaranteed if conditions of item 1 hold). From
item 3 (c), it follows that 2,1 is unique if A has full rank (recall that B;; and A are
square p X p matrlces) However from (3.2) and (3.3), 241 is uniquely defined if and
only if Br(Ng+)"1(— Cpyr — Fk) is unique. This happens trivially when B; = 0 (if
one thinks of (2.1) as the limit of a singularly perturbed system, this simply means
that the multiplier enters only the z-dynamics). Let us now deal with the case D 3= 0.
Dy 0

ASSUMPTION 6. Let h >0, and D = ( oo

) with 0 < Dll = Dirl € RmMxm,

Such specific structure occurs for instance when D has the same blockdiagonal struc-
ture and B; = 0, i.e., the multiplier does not intervene in the xz-dynamics. Let us
split the multiplier as A = (\],A\5)7, Ay € R™, \y € R™, my +my = m, and
K =K x Ko C R™ x R™ (hence K* = Kf x K}), B= (B, B,), B € RP*™,
By € RP*™, C = (g;
B =DB,, C =Cs. If D= Dy; > 0 then item 2 in Proposition 4.3 applies.

) 01 Blep, éz € ]Rszp. If Dll = 0 then \ = )\2,

ASSUMPTION 7. Let h > 0. There exists a (p x p)-matriz Xo = X, > 0 such that
XoBy =Cy .

This assumption implies that there are couplings between the multiplier A;y; in the
algebraic equation, and the algebraic variable zj1 in the complementarity conditions,
see (3.2). Define Ry = R2 =0, R2 X5, and Epr1 = R22k+1 The next result extends
Proposition 4.3 to the positive semidefinite case with blockdiagonal structure.

PROPOSITION 4.4. Let Assumptions 6 and 7 hold true, h > 0 and k > 0 be given.
Define I's j, = Ko — Fs . Consider the VI: find {g41 € dom(f2) such that
(4.9) o o o ~ y
— Ry ARy €1 — RoBx + Ry By(Dyy + Oic;) ™ (CrRy 'Ehya + Fui) € —0f2(Ekt1)

LGy (tr Ekt1)

where f~2( ) 1/)1_‘2 k© C’QREI()
1. Suppose that Im(Cg) NI, # 0. The MLCP Azjsr + By + B, = 0,
K*> M\y1 L Cz;.H_l + D>\k+1 + Fk € K, can be equivalently rewritten as the
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VI in (4.9).

2. Assume that the set f‘27k ={¢ e R"| 6’2]:22_15 € 'y} is compact. Then the
set of solutions to the VI in (4.9) is compact and nonempty.

3. Assume that for each ti, the following well-defined, single-valued and Lip-
schitz continuous mapping, is mazximal monotone:

Gs : Eht1 — RZBl([)ll + 3¢K;)_1(C’1R;1§k+1 - Fl,k)-

[f*RQAREl =0, fzkmh’lt(DOHl(ég)) #+ 0 or IHt(fg’k) ﬂDom(GQ) # 0, then
the set of solutions to the VI in (4.9) is closed and conver. If —RyARy' = 0,
the VI in (4.9) has a unique solution.

Proof:
1. The complementarity conditions in (3.2) (c) are rewritten as:

K} AL kt1 Ch DM ki1 Fiy K,
4.10 ) : I e ot L) e
(4.10) (K;) (/\27k+1 & 1+ 0 * Fa i K,

while the equality constraint in (3.2) (b) is rewritten as:
(411) Azk+1 + BlAl’kJrl + BQ}\Q’]CJF:[ + Ek =0.
From (4.10) it is deduced that:

M1 = —(Nks + Di1) Y (Chziia + Fig)
(4.12) ;
>\2,k+l S 7NK2—F‘2J€(CQZ’€+1)°

Using (4.11) it is inferred:

Azk—&-l - Bl(NKl + 1:)11)71(@125“ + Fl,k)
—BQNK27F2JC(CQZ]€+1) +E.=0
(4.13) o o . ) ) o
—RoAR; '€ + RaBi(Niy + D11) 7 (Crzys + Fig) — Ry
S _RQBQNK2_}?~2J€(CQR51£k+1),

which is (4.9) since RyBsy = RQ_IXQBQ = R;lé’; and applying the chain rule
of Convex Analysis for polyhedral functions.

2. This follows from [29, Corollary 2.2.5] and since the map (Dy; + M)
is single-valued, well defined and Lipschitz continuous (see Proposition B.1).

3. The first assertion is a consequence of [9, Corollary 24.4] (for the maximal
monotonicity of the mapping (—Ro ARy ' +Go+0f5)(-), and of [9, Proposition
23.39]. The second assertion follows from [29, Theorem 2.3.3], noting that the
mapping in the left-hand side of (4.9) is maximal monotone [9, Corollary 24.4
(ii)] and strongly monotone since —Ry AR5 > 0. This can also be proved
using [9, Corollary 23.37]. Single-valuedness and Lipschitz continuity stem

from Di; > 0. X

Further features of the solutions to the VI in (4.9) will be studied in section 5.1.3. The
next lemma states a classical condition that guarantees the maximal monotonicity of
Proposition 4.4 item 3. The first condition in item 1 is a constraint qualification
which guarantees that the function fo(-) has a nonempty domain. It is usually seen
as a technical condition, however in some applications it may not be satisfied. Item 1
states conditions under which the VI in (4.9) can be constructed. Item 3 uses some
results about the zeroes of maximal monotone mappings, or of the sum of these.
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LEMMA 4.5. Let ngBil =~C~’1T for X5 in Assumption 7, then for each fived ty., the
mapping G : g1 — ReB1(D1q +8¢K{)*1(C’1R2_1§k+1 +F ) is mazimal monotone.

Proof: Indeed X5B; = C’lT = RyB; = ]:32_16‘; = (C‘lel)T. The mapping (@11 +
OYx+)~*(+) is maximal monotone, and the following operation: (C1Ry;Y)T(D1y +
awK;)—l(élég '. £ Fy ;) preserves the maximal monotonicity [50, Exercise 12.4]. K

Propositions 4.3 and 4.4 provide some informations about the existence and unique-
ness of the unknown zjy1, and characterize some mappings. It is noteworthy that
other well-posedness results for VIs are available in the literature. For instance if
the set T is compact, [29, Corollary 2.2.5] guarantees existence of a solution to
VI(—RAR™', Gk, f) with a compact set of solutions. Also when Ty = IR one may
rely on P-matrices and LCPs properties, when it is a closed convex cone one may use
copositive matrices [29, Theorem 2.5.10].

The next corollary completes the existence and uniqueness results for the OSNSP.

COROLLARY 4.6. The next results hold true:

1. (set of solutions zp+1) Let Assumption J and the conditions of item 1 in
Proposition 4.3 hold. Then the set of solutions zp11 in (3.5) (or the set of
solutions Cr41 in (3.3)), is closed and convex. If in addition the conditions
of item 3 (a) or (b) in Proposition 4.3 hold, then the set of solutions is non
empty. If in addition A < 0, then Zk+1 1S unique.

2. (set of solutions Ay 1) Let C Dom(G) C Im(dor, + D), and the conditions of
item 1 in Proposition 4.3 hold true. Then the set of solutions \gy1 in (3.5)
(a) is non empty for each zj41.

3. Let Assumption 4 hold with strict passivity, and the conditions of item 1 in
Proposition 4.3 be true. Then the GE in (3.5) (or the GE in (3.3)) has
a unique solution (Agt1,zk+1) for any Ey. Consequently xi+1 in (3.2) is
UNLQUE.

4. Let D = 0 and G(-) be mazimal monotone. Then if the set T), = {¢ €
IR"™ | GCR™'C + GF}, > 0} is bounded, the GE with unknown zyi1 in (3.5)

(or in (3.3)) has at least one solution and the set of solutions is compact.

Proof:

1. Follows from [9, Proposition 23.39] by the maximal monotonicity of G(-). If
—A > 0 then G(-) is strongly monotone (however it may not be Lipschitz
continuous and this property is used later in section 5.2), and so is G(-) + Ey.
Hence the generalized equation G(zj11) + Ej 3 0 has a unique solution [9,
Corollary 23.37].

2. Let us consider Ay, € —(dop, + D)~ (Czpy1). We know that any solution
Zps1 € GH(ER)CIm(G™) = Dom(G). Since Dom(dor, + D)~ = Im(dor, +
D) the result follows.

3. Strict passivity implies that D = 0 and A is a Hurwitz matrix, therefore
from a slight modification of [6, Theorem 1] it follows that the operator G(-)
is strongly, hence strictly monotone (indeed there exists a real o > 0 small
enough such that (A+al,,, B,C, D) is passive). Using [9, Proposition 23.35]
shows that zx41 is unique, and item 2 in Proposition 4.3 shows that Ay is
unique. The conclusion follows.

4. Under these conditions Dom(G) is bounded (compact). Hence from [9, Propo-
sition 23.36 (iii)] existence of a solution holds true. From [29, Corollary 2.2.5]
the compactness of the set of solutions follows. This could also be inferred

from item (e) in Proposition 4.3 in case RAR™! is symmetric.
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X

Item 3 in Corollary 4.6 guarantees the uniqueness of solutions to the OSNSP in (3.6),
in which case the € can be replaced by equality. Concerning item 2 in Corollary 4.6,
an important step is to characterize both Dom(G) and Im(dor, + D). If D = DT =0,

one can apply [15, Theorem 3], and infer that Im(dor, + D) ~ Im(dor, ) + Im(D) =
Dom(d¢r,) + Im(D) C dom(¢r,) + Im(D) = T + Im(D) (see [15] for the exact
meaning of ~ in this context). Similar calculations may be done for in item 1 of
Proposition 4.3. It is inferred that the basic condition in Proposition 4.3 item 1,
i.e., Im(C) N int(Im(dor, + D)) # 0, or in Corollary 4.6 item 2, i.e., C Dom(G) C
Im(dor, + D), always are verified when D > 0. For the sake of briefness the conditions
for the existence and uniqueness of \;11 in (4.12) are not stated, similar tools as for

Corollary 4.6 can be used.

4.2. Analysis of the OSNSP for (3.1). It is also interesting to investigate
the case when Assumption 3 (resp. Assumption 5) is satisfied instead of Assumption
2 (resp. Assumption 4). The operator G(-) is now defined as G : ( — —B;( +
(adp(tk7zk+1) + D)_l(O]]C), where F(tk,$k+1) = {f e R™ | &+ C[$k+1 + F, €
K}. Consequently the results of Proposition 4.3 item 1, Corollary 4.6 item 3, with
Assumption 5 plus strict passivity, and Proposition 4.3 item 2 when D > 0, hold. For
the sake of briefness we do not develop all the arguments once again.

Let us focus now on the case D = 0. From Assumption 3, D = 0 and (2.1) one infers:

(4.14) — RBR™'E(t) — RAa(t) — REq1(t) € —0%a(t.0(t)) (§(1)),

where ¢ = —Rz, R2=X, R=R" =0, ®(t,x) = {{ € R” | C;;R™Y¢ + Cra + F(t) €
K}, and the set-valued term is obtained using the chain rule, under the Convex
Analysis chain rule qualification condition [49, Theorem 23.9]. The first step is to
analyse the existence and uniqueness of solutions to the VI:

(4.15) — RBi R &1 — RA1k11 — REL1 ) € =00ty 0y, 1) (Sk41),s

which is the counterpart of (4.7), relying on Proposition A.2. The unknown is k41
and the other terms and variables are considered as data for this VI. Similar results
to those in item 3 of Proposition 4.3 can be obtained.

PROPOSITION 4.7. Let D = 0, Assumption 3 be true, h > 0 be given, assume that
Im(Cy)N(K —Crzgs1+ Fr) # 0 and that K is polyhedral. Consider the discrete-time
system in (3.1), and the associated VI(—RBryR™', —RAr1wx+1 — RE[1 i, Pa(
in (4.15). Assume that —RBr R~ 3= 0. Consider the set:

(4.16)

S 2 P(GCR1,0)N {€ € R™|RB R =", \(GC R™HL, A > 0}

ie)

tk7wk+1))

N Ker(RB; R~ + R™'B//R).

Then:
1. IfS = {0} the VI(*RB[[Ril, 7RA[[.’Ek+17RE[Lk, ¢¢(tk7$k+1)) has a unique
solution.
2. If § # {0}, and if there exists & € P(ty,xr+1) such that (—RArrxg+1 —
RErr, + RBrrR™1¢y,v) >0 for allv # 0 and v € S, then it follows that the
VI(—RBHR_l, —RA12K41 — REH,hwq)(tk’ka)) has a unique solution.

This manuscript is for review purposes only.
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Proof: The set S in (4.16) is constructed as follows. The chain rule holds from
[49, Theorem 23.9] and the fact that vx_c,q,,,+F, () is polyhedral. Hence the
VI in (4.15) is equivalent to (3.1) (b) (c). Here ¢ = ¥g(1, ¢\.,), hence dom(p) =
D(ty, xp41) and (dom(p))eo. Assume that K = P(G,0) (see Proposition A.1 (e)),
then (dom(p))eo = {¢ € R | GC1R™YE > 0} = P(GC;R™1,0). Further, oo =
1/)((I>(tk;$k+1))oo = ¢P(GCHR*1,O)7 hence dOIn((poo) = P(GCHR_I,O) and dOm((poo)* =
(P(GCR™1,0)* ={we R™ |w=—-%" NGCR™),, A\ > 0}, where [31,
Example 15] was used as in the proof of Proposition 4.3. Thus K(—RB R, ¢) =
{¢€ R™ | —RB; /R =" N(GCR™Y],, \; > 0}. Finally in Proposition
A.2: KerM +MT) = Ker(RBryR™' + (RB;rR™!)T) and R = R". Ttems 1 and 2
are a direct consequence of Proposition A.2 (a) and (b). K

For the sake of briefness we do not state similar results as in Proposition 4.3 (c) to
(f). To enlarge the analysis let us now state the counterpart of Assumption 6:

Dy
0
Similarly to Assumption 7, with the same splitting of the multiplier A, the matrices
By; and Cpy, and of the cone K (see the comments after Assumption 6, in particular

it D11 = 0 the case D = 0 is recovered with Gy(-,-) in (4.17) which vanishes, and the
set @9 = P), let us state the following:

ASSUMPTION 8. Let D = ( 8) with 0 < D1y = D], € R™ ™.

ASSUMPTION 9. There ezists a (p x p)-matriz Xo = X5 = 0 such that XoB%, =
(i’
Let us recall that p is the number of equality constraints in (2.1). Let us define
Ry = R] + 0, B3 = X5, &1 = Rozpyr, Ooltp zpen) = {6 € RP | C3Ry'E+
C?:I;Hl + Fy ), € Ko}. The next proposition is the counterpart of Proposition 4.4. It
states conditions that guarantee that zp41 can be calculated from (3.1) (b) (c).

PROPOSITION 4.8. Let h > 0, and Assumptions 8 and 9 hold true. Consider the
VI: find 41 € dom(f2) such that
—RzB_IIR£1§k+1 — RoArrziy1 — RoErr g
(4.17) + Ry B (D + ;) (CHRy Yt — Fik) € —0fa(6kt1)

G (tsbrr1)

with f2() = (Vk,—C2ap 41— Fay © CHRYM() = Yayty0p. ) ()

1. Assume that Im(C%,) N (Ky — C2xp41 — Fay) # 0, then the VI in (}.17) is
equivalent to the MLCP in (3.1) (b) (c).

2. Suppose that the set ®o(ty, k1) s compact and nonempty, then the set of
solutions to the VI in (4.17) is compact and nonempty.

3. Assume that for each fized ty, the mapping Ga(+) is maximal monotone, and
that —RaBrr Ryt = 0, then the VI in ({.17) has a unique solution.

4. Assume that ngBURQ_l =0, Ga(+) is mazimal monotone for each fized ty,
and Po(ty, zrr1) N Int(Dom(Ga)) # O or Int(Po(ty, 2x41)) N Dom(Ga) # 0.
Then the set of solutions to the VI in (4.17) is closed and convez.

Proof: The proof of the first three items follows closely that of Proposition 4.4 and it
is therefore omitted. Ttem 4: the VI is rewritten as (—RaBrr Ry " + Go + 9 f2)(Ept1) —

A

2H,
RoArrzgsr — RoErr, > 0, and the assumption guarantees that Ho(-) is maximal
monotone [9, Corollary 24.4]. The result follows from [9, Proposition 23.39]. X

This manuscript is for review purposes only.
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The same as Lemma 4.5 can be stated to guarantee the maximal monotonicity in
items 3 and 4. It is noteworthy that the main discrepancy between Proposition
4.4 and Proposition 4.8, is that the solution &x41 depends on zjy; in the latter,
while it depends on z; in the former. This is a difficulty with the application of
Proposition 4.8 in some cases, for instance when C;; = 0 (examples in sections 6.2
and 6.4 will demonstrate that this can occur). Actually, the condition Im(C?%,)N (K —
C?zp11 — Fa) # 0 (that is a form of constraint qualification), or its counterparts in
Propositions 4.3, 4.4, 4.7, happens to be crucial in the setting of this work. It states
that the algebraic variable z has to enter the complementarity constraints through
a C; matrix which has a big enough range. This may occur in some systems, see
section 6.5.

5. Convergence results. In this section it is assumed that the conditions for
existence of solutions in Propositions 4.3, 4.4, 4.7, or 4.8, are fulfilled, so that sequences
can be calculated. The section is divided into two main parts: in sections 5.1.1, 5.1.2
and 5.1.3, convergence is analysed from the properties of the quadruple (A B, C’ D)
which characterize the MLCP in (3.2) (b) (c). In section 5.2, the analysis is led with
the properties of (Brz, Brr,Crr, D) which characterize the MLCP in (3.1) (b) (c).
The relationships between both approaches are explained.

5.1. Convergence results from (3.2). In this section the numerical scheme
in (3.2) and the results in section 4.1 are used. First let us notice that zp4; and
Ak41 are solutions of the generalized equation in (3.5) (a) (b). Thus if existence of
solutions hold, they both are functions of Ej (in addition to being functions of Fy
through the set T'x). Under some conditions which are recalled below, like item 2 of
Proposition 4.3, they can be single-valued Lipschitz continuous functions of E). Then
the right-hand side of the first line in (3.2) may be written compactly as

(5.1) Plagy1 = Prag + hEg(ty, x1)

for some Ejy(ty,x)) which is a linear function of Eri, Errgi, Me+1 and zgy1. The
time-dependence of Ej, comes from E 1.k, L1 and Fy, while the state dependence
comes from the third terms in Ej, and in F}, (which enters Ty (tg, xx) = K —Fk). From
(5.1) it can be calculated and checked by induction that:

k—1

(5.2)  an=((PP)'P) 2o+ 1> (PP Pr)
j=0

P T B (b, ay), k> 1,

Since P} = Py — hAy, it follows that for A > 0 small enough, (P?)~'P; = I,, + O(h)
[10, Proposition 9.4.13] hence (P}')~' = P;* + O(h). Thus

T :xo+0(h)+h2£ o (I + O(h))F=1=i (Pt +O(h)Ej(t;, ;)
(5.3) :onrO(h)Jth%—l(I +O(h))(P7 + O(h))Ej(t;, x;)
. =x0+ O(h) + hZ ( +O(h))E;(t), v;)
=20+ O(h) + h(P; " + O( ) S50 Bty @),
for all £ > 1. It is inferred that:
(5.4) iy & Bt = O (P4 O Bty 251)
=0Q1)+ (P; '+ O(h)E(th—1,7x-1).
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Our aim is now to prove that both {z;} and {&} are uniformly bounded sequences,
which will allow us to conclude about the convergence of the sequence {z"(-)} (see the
definition in (5.7)). For this it is necessary and sufficient that Ey(ty, zx) be uniformly
bounded for all & > 0, since Py is full rank. It follows from (3.5) (a) and (b), that
there are two operators which are crucial to characterize the right-hand side in (3.6).

5.1.1. Analysis of the operator G(-). Notice that the mapping Z : ( — n =
(dor, + D)~1(¢) is under the conditions of Proposition 4.3 item 2, a well-defined
IR™ — IR™ single-valued Lipschitz continuous mapping which is parameterized by
tr and xp through the set T'p(tx,zr). Assume that xj is bounded, then redoing
the proof of Proposition B.1, it follows that the Lipschitz constant of Z(-) does not

depend on dor, (-) but depends only on D, being equal to m. In turn

)\min([) + DT) > 0 uniformly in A > 0 only if D = 0. Thus the operator G :
¢+ —AC + B(dor, + D)~1(C() is also single-valued Lipschitz continuous (being the
composition of Lipschitz continuous mappings) with a Lipschitz constant that does
not depend on xg, and which is bounded for bounded h. Let us now assume the
following which reinforces Assumption 4 and guarantees that D= 0:

ASSUMPTION 10. The system (A, B, C, D) is strictly passive, uniformly in h > 0.

Then if the basic conditions stated in item 1 of Proposition 4.3 are verified in addition
to Assumption 10, the operator G(-) is strongly monotone for some constant € > 0,
and we know from Corollary 4.6 item 3, that xj41 is unique. As stated in Proposition
4.3 item 1, maximal monotonicity follows from [6, Theorem 1]. Strong monotonicity
follows from the fact that under Assumption 10, the quadruple (A + el,,,, B,C, D)
is passive for a small enough € > 0, so that (G — el,,,)(-) is maximal monotone for
such e. Thus if Assumption 10 and the basic conditions in item 1 of Proposition
4.3 are true, G : IRP — IRP is well-defined and single-valued, Lipschitz continuous
and strongly monotone. Consequently it is inferred from [50, Proposition 12.54] that
under the above set of conditions, G71(-) is single-valued, well defined and globally
Lipschitz, and the solution zj41 of the generalized equation Ej, (tg,zk) € G(zp41) &
Zpa1 = gil(Ek(tk,mk)) in (3.5) is Lipschitz continuous in xj and t;. Thus Agyq is
also Lipschitz continuous in zj, and we conclude that the same applies to z;41 in
(3.2).

Remark 5.1. Assumption 10 is stringent. Actually the strict state passivity of
(A, B,C, D) is sufficient to guarantee that G(-) is strongly monotone. However in
the body of sections 5.1.1 and 5.1.2 we need also that A\;x;1 be a Lipschitz continuous
function of its argument, a sufficient condition being that D = 0, which in turn implies
that strict state passivity and strict passivity are identical. Thus strict passivity could
be relaxed to strict state passivity if it is assured that B;(dop, +D)~*(C-) is Lipschitz
continuous. This may occur in certain cases (the trivial case is By = 0).

5.1.2. Boundedness and convergence analysis. Under the above conditions,
the term Ej(tg, zx) and consequently i1 (tk, rx) in (3.2) and @y (tx, zx) in (5.4) are
single-valued and Lipschitz continuous in zy and t; (provided Ey(-), Fy;(-) and F(-)
are Lipschitz continuous functions of ¢, which is a mild requirement on the data),
since By, and Fj, are linear in the argument zx. We have ||E(th,z1) — E(t2,22)]| <
Lyi|ty, — 7]+ La| |z, — 22 || for any ¢y, t7, xy, 27, and for some L; > 0 and L, > 0. Thus
[E(tr,2) — Bt a)|| < Lullek — 23] and [|E (b, 2) — E(t, 0)]| < L], Notice
that due to the Lipschitz continuity both zx41 and Agy; are uniformly bounded in
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time for fixed xy (provided E;(-), Err(-) and F(-) are uniformly bounded, which is
a mild requirement on the data). Therefore E(tx,0) is uniformly bounded also, and
E(tk, zk)|| < ||E(tk,0)|] + Lg||lzk]| < m + Ly||zg]|. Now using (5.2) we get:
(5.5)
k—1
llew]] < o (PF) ™ Pr)lol| + homin(PF) Y ot (Pr(PF) ™) (m+ Lylzj-a ),
j=1

where we used the Hélder induced matrix norm ||-||2.2 = omax () and [10, Proposition
9.4.9, Corollary 9.4.12]. Let us make the following:

ASSUMPTION 11. One has omax((PP)~1Pr) <1 for all h > 0.

Assumption 11 is a technical assumption which is satisfied if for instance the ny x nq
matrix A; < 0 and P; = 0. Indeed this implies that P! = Pr, thus (PP)~1P; < I,,.
Notice that under Assumption 11 one no longer needs h > 0 small enough to obtain
the developments in (5.4), because the spectral radius of (P})~!Pr is smaller than
one. It is also noteworthy that changing Ajxr41 to Ajxy in the right-hand side of
(3.1) (a), allows one to dispense with Assumptlon 11, with a slight modification of the
matrices A, B, C, D, Ej, and Fj, (where (P})~! is repla(’ed by P; ! in all of them).
Consequently from (5 5) one infers that:

k
(5.6) k]| < llwoll + howmn (PF) D (m + Ly|lz;-1 ),
j=1

Assume now that xg, x1,...,25—1 are uniformly bounded by some ,,x, then from (5.6)
one has ||z|| < xmax—l—homin(PIh)k(m—&—Lwarmax) < xmax—&-homin(PIh)n(m—l—wamax) =
Tmax + ho’min(PIh)%(m + LoZTmax) = Tmax + Omin(PP)T(m + LyZmax). Therefore zy,
is also uniformly bounded (its upperbound depends only on T which is fixed), and
we conclude that all x;, 1 < k < n, are bounded provided x( is bounded. Then it is
inferred from (5.4) that @ is also uniformly bounded. Let us define the sequences of
piecewise-linear approximations {z"(-)} and {i"(-)} as follows:

(5.7)

{ xh(t) - xk+l + L(l‘k - $k+1) t c [tk tk‘+1)
5 .

x'h(t) — xk+1h Tk
We have shown that z"(-) and #"(-) are uniformly bounded on [0,7] and for any
h > 0, hence 2"(-) has a Lipschitz constant that does not depend on h, consequently
the family {z"},>0 is equi-Lipschitz continuous. Thus from Arzela-Ascoli Theorem
{a"()} stays in a compact subset of C°([0,T]; IR™) and there exist subsequences
which converge uniformly in C°([0, T; IR™) towards a Lipschitz continuous limit z(-).
Let E"(-) and F"(-) be defined in a similar way as z"(-) in (5.7). Due to the Lip-
schitz continuity of F;(-), E;;(-), and F(-), the sequences of functions {E"(-)}n>0
and {F"(-)}n>0 also converge uniformy in C°([0, T]; IRP) and C°([0, T]; R™) to limits
E(-) = Er(-)+Arz(-) and F(-) = F(-)4Crx(-) as h — 0, respectively. From (5.4) it
is deduced that #"(-) is uniformly bounded. Therefore from the Banach-Alaoglu The-
orem, it follows that i"(-) converges weakly* to a limit v(-). Since the domain [0, 7] is
bounded, one has £2([0,7]; IR™) C L£([0,T]; IR™) [36, Corollary 1, p.80], and conse-
quently " (-) converges weakly in £2([0,T]; R™). Since z"(t) = "(0) + [} &"(r)dr
we infer that v(-) = () almost everywhere.
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16 BERNARD BROGLIATO

Now notice that using (3.2) the following holds:

(a) Pra"(t) = Arzj(t) + Brzji(t) + BiXj,(t) + Bp ()
(5.8) (b) Azf(t) + B, (t) + Bl (t) + A2 (t) = 0
(€) 0 < Ni(t) L Czp(t) + DAL (t) + FM(t) + Cral(t) > 0,

for all ¢ € [ty,tkt1), kK > 0, 2} (t) = xp4q for all ¢ € [ty, tky1) and similarly for the

other terms are step-functions. From the boundedness of ||Z|| 2 |52 < C for
some C' > 0, we infer that z"(-) converges strongly in £2([0,7T]; IR"*) towards x(-).
Indeed:

(5.9)

-1 pt .
lo® = 22117, o pmryy < ks Jo, T (thar — t)? 2k 2dt

— 2 3 2 2
< P (g — )P = 0 — CUTR s 0,

To conclude one notices that ||z" *xilH%Q([o,T};R"l) =|z"+2 *x}*L”ZLz([o,T];R"l)' Now
we have Zf(t) S gil(E?L*(t) + A[]l‘il(f)) for all t € [tk,tk+1), k > 0. Since E[('),

Ep;(-) are Lipschitz continuous, it follows that ||E}|| 2 ||MH < kg where kg
is its Lipschitz constant. We infer that E}LL . () converges strongly in £2(]0,77]; IR?)
towards E77(-), and using the Lipschitz continuity of G=!(-) it follows that z%(-)
converges strongly in £2([0,T]; IRP) towards a limit 2(-) = G Y(Err(-) + Arrz(-)).
Then from (3.3) (1) € (Ngp + D)~ (=C2k(t) — FI(t) + Cral(t)), so that A2 (.)
converges towards a limit A(-) = (Npm + D)~Y(—C=z(-) — F(:) + Crz(-)) strongly in
L£2([0,T]; IR™), due to the single-valuedness, Lipschitzness and maximal monotonicity
of (Ngm + D)~'(). Tt is concluded that P;a"(t) = Ara}(t) + Brzji(t) + Bras(t) +
E}(t) — Pri(t) = Ajx(t)+ Brz(t)+ BiA(t) + Er (t) weakly in £2([0,T]; IR™) as h —
0, AZ;;(t) +B)\Z(t) +E?I(t) +A]]£L'h(t) — B[[Z(t) +B][)\(t) +E]](t) +A]][L'(t) (: 0),
and 0 < A5(t) L Czi(t) + DA;(t) + FM(t) + Cral(t) > 0 — 0 < A\(t) L Crrz(t) +
DX(t) 4 F(t) + Crz(t) > 0 as h — 0 strongly in £2([0, T]; IR") where | depends on the
variables dimensions. Hence we have proved the existence of a continuous solution
(z,2,\) to (2.1) on [0,T]. Consequently the following result is proved:

PROPOSITION 5.2. Let the conditions of item 2 in Corollary 4.6 hold true uni-
formly in h (= D = 0). Assume that Assumptions 10 and 11 hold, E(-) and F(-) are
bounded Lipschitz continuous functions, initial data are bounded. Then the DALCS
in (2.1) possesses for each admissible bounded initial data, a continuous solution
(x,2,\) : [0,T] = R™T™*™ T > 0. Moreover the Euler approzimations converge
to a solution as h — 0.

5.1.3. The case blockdiagonal D=DT >= 0. This section is dedicated to
analyse an alternative to the conditions stated in sections 5.1.1 and 5.1.2. Let us
consider the case of Proposition 4.4 with Assumption 6. Then it follows from the
complementarity conditions that Ay p+1 = (Dll + Ble*)’l(—C’lzkH - 1*:‘17;6), where
the mapping (D11 + OYx+)~*(+) is maximal monotone (being the sum of two maximal
monotone mappings satisfying [9, Corollary 24.4 (ii)]), single-valued, well-defined and
Lipschitz continuous, see Proposition B.1. Thus if By = (B},0) with B} € R™*™
one obtains ByAg11 = B\ py1 = B} (Du + 31#1(;)71(—6'12;“1 — F~‘17k) in the right-
hand side of (3.5) (c).

It may be less restrictive to compute upperbounds using the maximal monotonicity.
To start with let us consider the VI in (4.9) and let us state several features of its
solutions. Here Assumption 7 has to be reinforced a little:
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ASSUMPTION 12. The conditions of Assumption 7 hold where Xo = 0 for any
h > 0.
This secures that the variable change ;41 = 71%2_ 1zk+1 remains well-defined as h —
0. It is also important that item 1 in Proposition 4.4 holds, so that the VI in (4.9) is
equivalent to the MLCP in (3.2) (b) (c).

LEMMA 5.3. Assume that Amin(— Rg[l]%g ) (=Amin(— fl)) s large enough, then
any solution €41 = —R2 Zk+1 of the VIin (4.9) is upperbounded by an affine function
of [|wkl|-

Proof: Let us manipulate the VI in (4.9) as follows:
(5.10)
—R2AR2 €k+1 + RoEj + Gz(tk Ert1) € ~0fo(Ers1)
& —RoARy (§k+1 €0) + RoEy + Go(ty, &p1) + Co — RoARy 6o = —Crp1 + o
with Gip1 € 0f2(8k41), o € 9f2(&0)
= (—RoAR; (§k11 — £0), érir — &) + (R Bk, &1 — &)
G2t Ert1) — G2(th: §0)s Skr1 — o) + (Co — Ry AR €0, 641 — &0)
+(Ga(tk, €0)s Ekr1 — o) = —(Crr1 — G0, Ekv1 — §0) <0,

where we have denoted G (tx, §k+1) to highlight the dependency of this mappmg on ty,
and z, through F,. We have ||R2B1(D11+8w;{*) Yz1)— RQBl(D11+81/JK*) Hz)|| <
N ||z1 — 22| for any z; and 23, so that ||G2(tk,~§k+1~) Gz(t@,fo)ﬂ <n ||C’1R2 (Epr1 —
Eo)ll < 0" |l€k+1 — &oll, where 1 depends on Dyy, Ry and By (see the proof of Propo-
sition B.1 in [16]), and 7’ depends on D11, Ro, Bi, and C;. Thus we obtain:
(5.11)

(—Ro ARy (&y1 — €0), &k+1 — &) < (— Ry By, i1 — o) — (Galte, &), &1 — &o)

+(Co + Ro ARy &0, &1 — o) + 1 [|€k+1 — &ol|?

which implies
(5.12)

(—R: ARy — I na) (€k+1 — €0)s Ekv1 — o) < || Ro By | |[€kt1 — §0H

+||G2(tk7§0) + Gia(to, 0)|| [€k+1 — Eoll + 1160 + Ra ARG &ol| [[€k11 — ol

Now one has: ||Ex|| < ||EHk + hA Ergl| + |Am(PR) 7 Prl| [al], Galty, &) =
ReBi(Di1 + 81/’1(*) YCi1Ry "¢ — Fup), |Ga(t, &) — Ga(to, &)l = ||RzB1(D11 +
8¢K{) (C1R2 50 - Fl,k) RQBl(DH +(9’(/)K1*)_1(01R2 50 — FLO)H < n || — Fl,k +
F{,OH < n ||[Fx + hCr (PP Er || + 0 ||Cr(PP) ™ Pr| ||w]]- Let us denote aj =
| Ro|| [|Err g + hAnErel| +n [[Fx +hCr(PP) " Erll, Bo = [|Ga(to, &)l + [I¢o +
Ry ARy &l|, and y = 1 [|Cr(PF) " Prl| + || Re|| | Arr (P}')~" Pr||. Then:
(5.13)

(—R2 ARy — /Inz)(fkﬂ fo) Eet1 — 50) < (ap + Bo + v |k DI|€err — &0l
< 3ai 4 368 + 372 el ? + §11&k+1 — ol
which implies:
(5.14)

(mRoARy =1 LIy = 51ny) (i1 — o)y €1 — Eo) < 307 + 555 + 377 [Jae]*-

Therefore if RQAR2 —n'l,, — %Inz > 0, one obtains

B < 1 \/ 2 2
||£k+l §0H _\/Amin(*RinR 717,171271[712) QﬂO 27 ||$k||

(5.15
1
ﬂ\/kmin(*ézfiéglfﬂlnz7%17,,2) (\/ Oék + BO + kaH)

IN
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18 BERNARD BROGLIATO

which ends the proof. X

Therefore the term hBjzi41 in the right-hand side of (3.5) (¢), admits also an affine
upperbound in ||zk||. A further characterization of the iterates is given now.

LEMMA 5.4. Assume that 7R2AR2_1 > %Im. Assume also that the mapping

éz() is monotone (see Lemma /.5 for conditions), and that FE;(-), Er;(-) and F(-)
are uniformly bounded and Lipschitz continuous. Then for any k and p > 0 and any
solution of the VI in (4.9), one has:

(5.16) 16k = &ll < @+ Bllog—1 — zp
for some bounded constants a > 0 and 8 > 0, and « is proportional to (tg—1 —tp—1).
Proof: From

(5.17) { 7R2AR2_1§IC + RoEjq + GQ(tk_l,gk) =—(

_RQAR2_1§]) + R2Ep—1 + éQ(tp—h &) = -
with , € 9f2(&k), ¢p € 0f2(&p), it follows that

(—Ry ARy (& — &), &k — &) + (Ra(Ero1 — Ep1), & — &)
(5.18) +(Ga(tr—1,&k) — Ga(te—1,&p) + Ga(te—1,&p) — Ga(tp—1,6p): &k — &p)
= _<Ck - Cpagk - §p>

which implies

<*R21‘1R2_1(€k - Ep)7£k - £p> + <R2(Ek—1 - Ep—l)afk - §p>

(5.19) Gty 1) — Galty1,6), 6k — &) < 0.
One has:
(5.20) o )
. (=Ro(Bx—1 — Ep-1), & — &)
<{—=Ro(Err -1 —Errp-1),& — &) — (Ra(hAr1(Er k-1 — Erp-1)), &6 — &p)

—(Arr(PP) ' Pr(zp-1 = 2p-1), & — &p)

< Y Re((Er1 -1 — Er1p—1) + hAr1(Erg—1 — Erp-1))|* + 316 — &2
+3l1 A (PP PrPllek—1 — zpa|? + 5116k — &I

<\ R2|PIErr.k—1 = Errp-all® + €k = &lI* + Al AP Er k-1 — Erpa?
+5 1A (PR PrPllak—1 — zpal? < o + B llze—1 — zpa|* + 16k — &%

for some o/ > 0 proportional to (tx_1 — t,—1)? since E(-) is Lipschitz continuous,
B’ >0, and it was used that "y < ||lz||[ly[| < 5(|=]* + [|y]|?). Also:

: (=Ga(tk-1,8p) + G2(tp-1,). &k — &p)
HG2(tk:17£p) - 92(tp—1a§p)|| 16k — §p||
ska lFre— — Fpal? + 5116 — 617
< kg, 1 Fi1 = Fpall® + hkg, |C1(PF) " (Er k-1 — Erp-1)|°
+ke, ICT(PP) ' Pr(zp—1 — 2p- ) I + 511€k — &I°
<o + B lzp—1 — zpa | + 3 1E — &2,

INIA

(5.21)

for some o” > 0 proportional to (tx_1 — t,—1)? (since E(-) and F(-) are Lipschitz
continuous), and 5" > 0. Hence using (5.19):

I - Gll =< wmin(—mlmgl—%zp) Vot + (B + Bz — apalP
1 Vol +a" + B+ B7||wg-1 — zp-1]])

< L
VAmin(—R2AR;1-31,)
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and the lemma is proved. X

COROLLARY 5.5. Let h > 0. Assume that the conditions and assumptions of
Lemma 5.4 are fulfilled. For all k > 1 and any solution of the VI in (4.9), one has:

Er+1 — &k T — Tp—
(5.23) |50 < ok Bl |

for some bounded constants a > 0 and 8 > 0.

Proof: Let us consider the proof of Lemma 5.4, replacing k£ by k + 1 and p by k — 1.
Then « in (5.16) is proportional to h. Redoing the calculations in (5.20) and (5.22),
one obtains (5.23). K

Clearly for all h > 0 (5.23) can be written equivalently as: ||{x+1 — &kl < ha +
Bllzr — zk—1]]. The bounds calculated for the variable & also hold for the variable
z2p = —RQé-k. Let us now analyse Ap11 in (3.5) (a). As seen above, A1 p41 = (Du +
877!1;(1*)71(76’12;6_5_1 - 13'17;6) and Mg p+1 € =Nk, (égzk+1 + FQJC). If the matrix By has
the above structure (i.e., By = (B#,0)), then the term BrAri1 = B} is Lipschitz
continuous with respect to the variables zx11, x and Fy. In a more general setting
one obtains:

(5.24) Plaji1 € Prag+ hBrziga + hBp (D1 + 0¥k ) " (—=Crzeqr — Fig)
. 2o ~ £,
7hB1NK2 (022k+1 + F2,k)-

The difficulty is that the last term in the right-hand side of (5.24) is set-valued in
general, and this is intrinsically due to the structure of the implicit scheme in (2.1).
A solution is to consider the VI in (4.9). Its right-hand side matches with the last
term in the right-hand side of (5.24) and it is set-valued. However provided the VI
is well-posed, we know that one element of this set is equal to the left-hand side of
(4.9). We may assume that the scheme in (5.24) is implemented with this element.
This element appears to define a Lipschitz continuous function of &1 (let us recall

that the Lipschitz constant of the third term is equal to ﬁ, see Proposition
min 11

B.1). If this element is chosen then the numerical scheme (5.24) becomes:

(5.25) Phapyq = Pray +hBrze + hB}(Qll:" 31#5(1*)_1(0121@“ — Fiz)
+hB2(—Ro ARy "1 — RoEy + Ga(ty, Epy1)).

Let us now study (5.25), using Lemmata 5.3, 5.4, Corollary 5.5. It is noteworthy that

the constant o in both Lemmata and in Corollary can be made arbitrarily small by

increasing —Ry AR, ! arbitrarily (in the set of positive definite matrices).

PROPOSITION 5.6. Assume that the conditions of Lemmata 5.3, 5.4 and of Corol-
lary 5.5 are verified, Er(-), Er;(-) and F(-) are bounded Lipschitz continuous func-
tions of time, and Assumption 13 below is satisfied. Then the sequences {xh}hzo and
{&"} >0 in (5.7) are uniformly bounded in h on [0, T). Thus {x"}n>0 is equi-Lipschitz
continuous and there is a subsequence of it that converges uniformly in C°([0, T]; R™)
towards a Lipschitz continuous limit denoted as x(-).

Proof: In the proof, use is made of positive bounded constants denoted generically as
k;. Consider (5.25). First recall that the operator ¢ — (D114 0tk ) ™" (¢) is Lipschitz
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1 H in:
————_ Hence we obtain:
Amin (D11)

|(P7)~' B (D11 + 31/)1(1*)11(*0121{“ = Fii) )
 —=(PP)T'Bi(Du1 + 0k ) (=Cizp — Fipll )
(5.26) = kil|Cr(zren = zpr1 + Fip — Fupll < Kall2eir — 2ppall + ksl FLr — Fipl|
< kal|€kr1 — Epral| + kall Fik — Fupl| + ksl Ere — Erpl| + kol|ve — ]|
< ka(a+ Bllze — zpl|) + krlte — tp| + kellzk — @p|| < ks + Kollz — 2|
+k7‘tk —tp‘,

continuous with Lipschitz constant

for any k and p > 0, where we used Lemma 5.4 and the Lipschitzness property. In a
quite similar way one has ||(PF) ™1 B?(G2(&k41) — Ga(&p+1))l| < ks + kol|zge — || +
k7|t —tp|, where k7, ks and kg depend on the Lipschitz constants of Ga(-, ), F(-), and
on [(P})~1B2|. One also has ||(P)~1(B; + B3Ry ARy ") (241 — zp)l| < krola+
Bllek —pll) < ki +kiol|zy —2p], and || Bf Re(Ex — Ey)|| < kus|te —tp|+kiallzn —2p]|.
It is deduced that ||zg+1—2p41]| < (||(PR)"LP||+hk1s) ||z —xp||+hkis|ts—t,|+RE17,
where the term kq7 stems from ks + k11 = a(kg + k10). Here we are led to make the
following which is more stringent that Assumption 11:

ASSUMPTION 13. There exists hymax > 0 such that ||(P}) ™ Pr|| + hkis < 1 for all
0 <h < hmax-

Obviously for A = 0 and the Hélder-induced norm one has ||(P?) =1 Ps||2.2 + hk1s = 1.
Let us choose p = 0, it follows that ||zx1 — 21|| < (|[(PP)" Pr|| + hkis) ||on —
CC()H + hkqi¢T + hki7, hence ||5L‘k+1H < (H(Plh)_lPIH + hk1s) ||$k|| + hki¢T + hki7 +
l|z1]] + (]|(PF)~1Pr|| + hk1s) ||wo||. Now it has to be proved that ||z1|| is bounded.
From Lemma 5.3 and (5.15), ||€1]| and ||z || are upperbounded by an affine function of
initial data ||2o|| and ||2o||. The operator (D1, 40+ )71 (+) is well-defined and single-
valued. Taking & = 0 in (5.25) one infers that indeed ||z1]|| is bounded for bounded
initial data. Consequently it follows that ||zxy1|| < (||(PP)" 1 Pr|| + hkis) ||zx]| +
hk16T + hki7 + hf(z0, 20) + ||(PP) "1 Ps|| ||wo|| for some function f(-) that is bounded

for bounded initial data. To simplify the notations let us set hy 2 ||(P})=LPr|| + hk1s
and ho 2 k16T + k17 + f(x0,20). We obtain for all k¥ > 1:

k=143 _
llexl| < B¥[lwol[ + 32520 B (hha + [|(PF) = Prl| |zl 1)

Jj=

_ 1Ak
< hf[zo|| + (Rh +[|(PF) = Prl| [lzo| ) 5=

(5.27)

Thus in view of Assumption 13 the sequence {xj }r>0 generated by (5.25) is uniformly
bounded for bounded initial data.

Let us now reconsider the inequality ||zx+1 — zpi1|] < (||(PP)71Pr|| 4 hkis) ||zk —
zpl|| + hkig|ts — tp| + hki7 obtained above. Setting p = k — 1 yields ||zg41 — 2| <
(I(PP)~ Py|| + hkys) ||z — zpoi]] + h2kig + hkir = 1Z=2ell < () (PR) =1 Py]] +
hk1s) w + hkig + k17. Now using Lemma 5.4 and the Lipschitzness it follows
that a, hence k7, are proportional to k%h?. We may therefore write the inequality
as Woaat=oell < () (PP Py + hkys) 12e=Zemtll 4 gy 4 kygh? for some kig > 0.
Proceeding as for (5.27) one infers that if w is bounded then M is
bounded for all £ > 1. Evaluating (5.25) at k = 0 and using the boundedness of x;

as shown above, proves that this is indeed the case. The proposition is proved using
the Arzela-Ascoli Theorem. X

Clearly in practice one needs to compute the constants k;, for instance k15 is needed
to determine Ay in Assumption 13.
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COROLLARY 5.7. Under the conditions of Proposition 5.6, the sequences {zh}hzo
and {z"} >0 (respectively {€"} >0 and {€"}1>0) are uniformly bounded in h on [0,T],
0 <T < +oo. Thus {z"}n>0 (respectively {€"}n>0) is equi-Lipschitz continuous and
there is a subsequence of it that converges uniformly in C°([0,T]; IR™*) towards a
Lipschitz continuous limit denoted as z(-) (respectively &(-)).

Proof: This follows from Proposition 5.6 and using Lemmata 5.3, 5.4, Corollary 5.

X

Let us now pass to the analys1s of the multiplier convergence Recall that A\ p41 =
(D114 00 )" (—=Chrzesr — Fii) and Ao py1 = —Ro AR '§oy1 + Ro By 4 Go(Er41) €
~Ni,(Cozpy1 + Fay.), therefore for all ¢ > 0, ML () = (D11 + Ok )~ Y(=Cy2l(t) -
FP () and A3, (t) = —RaARy '€l (t) + RoEL(t) + Ga(€l (1) € —Niy(Cozl(t) +
F2 (1), where we recall that the step-functions are defined as f/(t) = fi41 for
t € [tr, tes1). We know that &, = ||5’“rl L H < C for some C' > 0, hence:

te41
€ — M2, oy < Shme SO (bt — o)t

(5.28) e
S 02 Zk:()(tk-i-l _ tk)B _C ’:;Lh — C%

Consequently [|€" — €7z, 0,11:m72) — 0 as h — 0. Since [|€" — €8, 0,11 m72) =
|l £ € — §f||£2([07T};Rn2) =€ - §f||£2([07T};Rn2) — 0, we conclude that the sequence
{€0} >0 converges strongly in £2([0, T]; IR™*) towards the limit £(-). The same result
holds for the sequence {z!},>¢ with the limit z(-). Therefore the sequence {—C} 2} —
F‘lh L th>o also converges strongly in Lo towards a limit, and we infer that the same
conclusion holds for both {A}, (-)}r>0 and {A},()}n>0. Since N, () is maximal
monotone, it follows from [9, Proposition 20.33] that the limit Ao(-) satisfies \a(t) €
—Nk,(Cr1,22(t) + F>(t) + Cr 22(t)). Thus we proved the following result.

LEMMA 5.8. Let the conditions of Lemmata 5.3, 5.4, Corollary 5.5 be satisfied for
all h > 0. The sequences {€M} >0, {27 nz0, {AL, () nz0 and {\5, (-)}nz0 converge
strongly in L2([0,T]; IR™?) towards the limits £(+), x(-), A1 (-) and Aa(-), respectively.
To finish this section, one can consider again (5.8) and the analysis which follows it,
to obtain a proposition similar to Proposition 5.2, relying on Lemma 5.8, Proposition
5.6, and on Corollary 5.5. It is noteworthy that the three fundamental assumptions
in this section, are that —Rg[lég ! be sufficiently large as a positive definite matrix,
that a suitable selection is chosen for the multiplier A2, and that a coupling as stated
in Assumptions 2 or 7 exists.

PROPOSITION 5.9. Assume that the conditions of Proposition 5.6, Corollary 5.7
and Lemma 5.8 are verified. Then the limit functions x(-), z(-), A(+), are solutions of
the DALCS (2.1).

Proof. Let us consider (5.8). From Lemma 5.8, {z"()}, {z"(-)}, {\?(-)} converge
strongly in £2([0,T]; R™) towards limits z(-), 2(-) and A(-). Using the same argu-
ments as those developed before Proposition 5.2, it is inferred from (5.8) (b) (c¢) that
the limits verify (2.1) (b) (c). Using the same arguments as those developed just above
(5.8), it is deduced that {Z"(-)} convergee weakly* to a limit v(-) where v(-) = ()
almost everywhere. Consequently Pyi"(t) = Az (t)+ Brzi(t)+ Br\;(t) + Er (t) —
Pri(t) = Arx(t) + Brz(t) + Br(t) + Er(t) weakly in £2([0,T]; IR™) as h — 0. O

5.2. Convergence results from (3.1). In this section the properties of the
plant’s model (2.1) are used, thus the numerical scheme in (3.1) and the results in

This manuscript is for review purposes only.

21



823
824
825
826
827
828
829

831
832
833
834
835
836
837
838
839
840
841
842
843

844

845
846
847
848

849

852
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section 4.2 are analysed. This section is devoted to the case D = 0 as in Proposition
4.8. Indeed, since the strict passivity of (B;z, Brr, Crr, D) implies Assumption 10 for
small enough h > 0, it is unnecessary to repeat the developments in sections 5.1.1 and
5.1.2. However, it is not possible in general to determine the implications between
Assumption 7 and Assumption 9, nor the relations between Apmin(A) and Amin (Br I)
for h > 0. Therefore let us deal with the VI in (4.17) where x4 is replaced by
ZTpto = Oxp + (1 — 0)xgy1, 0 € [0,1]. The following holds, which is the counterpart of
Lemma 5.3.

LEMMA 5.10. Assume that )\min(—RanR;l) (= Amin(—Brr)) is large enough,

E;(+), Err() and F(-) are uniformly bounded and Lipschitz continuous functions of
time. Then any solution &x11 = Ry 2,41 of the VI in (4.17) is upperbounded by an
affine function of ||xktell.
The proof follows the same steps as the proof of Lemma 5.3 and it is therefore omitted.
Lemma 5.10 implies that the term Brzpii in the right-hand side of (3.1) (a), is
upperbounded by an affine function of ||zx1¢||. The coefficients of the affine function
depend only on the system’s data (constant matrices, Lipschitz constants) and on the
initial conditions. Let us now propose the counterpart of Lemma 5.4.

LEMMA 5.11. Assume that —RQBHRgl = Ip,. Assume also that the well-defined,
single-valued and Lipschitz continuous mapping Go(-) is monotone, and that E;(-),
Err(-) and F(-) are Lispchitz continuous functions of time. Then for any k and p > 0
and any solution of the VI in (4.17), one has:

(5.29) 16k — &pll < @+ Bllzr—140 — Tp—1+40l

for all k > 1 and some bounded constants o > 0 (proportional to |tx—1 — t,—1|) and
B> 0.

Proof: The proof is similar to the proof of Lemma 5.4, since both VIs in (4.17) and
(4.9) possess similar structures. Using (4.17) one finds:

(5.30) { —RoBrRy €5yt — RoArrwiie — RoErry + Ga(ty, Ev1) = —Crrn
' ~RyBriRy '€ 1 — RoArrtyig — RoErrp + Golty, &pi1) = —Cpin

with (x € 9f2(&k), k > 0. Using the monotonicity of Ga(tg,-) and of df>(-) it follows
that:

(—R2BriRy (&1 — &pi1)s Erpr — Epin)
< (RoAri(xkto — Tpto) + Ro(Err ke — Errp), Ekt1 — Ept1)
—(G2(tk; Ekv1) — Ga(trs Epr1)s Shr1 — Epi1)
(5.31) H(Go(tr, Epr1) — Gatp, Epr1), Ekr1 — Eprt)
< R A1 ||| 2kro — wproll + | RolPRE (8 — tp)?
+5kE I Fe = Fpll® + l€k1 — Epa |
< |RoAr1|P|wkro — Zproll® + | Ral*kE (ts — tp)* + §k&, k3 (tr — tp)?
H|&rt1 — Epra .
The lemma is proved. X
Thus Corollary 5.5 extends as well, and in particular one has || g1 — &kl < ha +
Bllxk+o — xx—1+40|| for all & > 1, for bounded constants & > 0 and 8 > 0. The scheme
in (5.25) is now replaced by:
(5.32)
Phayiq = Pray + hBrzp1 + hB}(D1y + 0¥k )~ (CF Ry s + Fu)
+hB?(—RoBriRy "¢ki1 — RoArragsg — RoFrr i + Golte, k1)),
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equivalently:
(5.33)
(P} +h(1 — 0)BfRoArr)wp41 = Pray + hBrzpia
+hB} (D11 + 0¢rc; )" CF Ry Hérra + Fig) + hBEH(—RyBriRy Y6y
—0R2 Arrz, — RoEqp i + Ga(th, Ept1)),

and it appears that both schemes in (5.25) and in (5.33) possess the same structure.
Consequently the results of convergence obtained for the foregoing implicit scheme
(Proposition 5.6, Corollary 5.7, Lemma 5.8) extend to the scheme in this section, for
suitably chosen numerical and system parameters. For the sake of briefness we do not
repeat the developments.

Remark 5.12. Using Lemma 4.1 item 1, Assumption 10 could be replaced by
assuming the strict passivity of the quadruple (Bys, Bry, Crr, D) (a system property)
and h > 0 small enough.

Remark 5.13. Obviously when By; is invertible it is possible to recast (2.1) into
an LCS by solving the equality constraint for z. This yields the LCS quadruple
(P7*(Ar — BiBy'Arr), Pp Y (Br — B1B;'Brr),Cr — CriB; A, D — Cr By Bry).
It is unclear how to relate in general the passivity of this quadruple, to the above
assumptions which focus on the MLCP part (2.1) (b) (c) of the system. Especially
no specific assumptions are made on the matrices A7, By, By, C; in the above analy-
ses. For instance Assumption 3 implies that the feedthrough matrix of the LCS is
D — C’HBl_IlX ~1C];, which may be indefinite in general. It is also noteworthy that
transforming the MLCP into an LCP may be undesirable [59].

5.3. Recapitulation. Let us recapitulate the various assumptions upon which
the results in this article rely. Assumptions 2, 4, 7, 10 , 12 (respectively Assumptions
3, 5, 9), characterize the passivity properties of an auxiliary operator defined by the
DALCS constraints in (3.2) (b) (c) (respectively in (2.1) (b) (c)). These passivity
properties constrain the relative degree between the “input” Ax4; and the “output”
Wil = C’zkH + D)\k;+1 (respectively A and w = Crrz + DA). Assumptions 6 and 8
have practical importance (because some systems possess such D matrix), they are
also related to passivity in the sense that passive systems possess positive semidefinite
throughout matrices. Thus all these assumptions are fundamental ones for the devel-
opments in this article, which basically deals with the analysis of two types of gener-
alised equations (GE): 0 € A(u)+B(u) in (4.7) and (4.15), and 0 € A(u)+B(u)+C(u)
in (4.9) and (4.17), where the mappings A(-), B(-) and C(-) are maximal monotone
(notice in passing that due to time-dependency, these GEs do not fit with those in [28,
Chapter 2], so that in particular [28, Theorem 2F.6] cannot be applied in general).
Most importantly, the convergence results (Proposition 5.2, Lemmata 5.3 and 5.4,
Corollary 5.5, Proposition 5.6, Corollary 5.7, Lemmata 5.8 and 5.10) rely upon the
positive definiteness of —RyBrr Ry ! and —]:22;11:25 1, which is an index one condition
and guarantees strong monotonicity properties, allowing us to characterize the prop-
erties of the solutions to the GEs. It would be worth relaxing it in future studies.
One path could be to use least norm elements [34]. Finally, it is worth noting that
many practical systems like circuits with nonlinear resistors and inductances contain
nonlinearities [19, section 4.1]. An extension of the above developments, consists of
replacing the linear term Ajz in (2.1), by a nonlinear term Aj(z), where Ay(-) is
globally Lipschitz continuous, and setting A;(x) in (3.1). The matrices A, B, C, D
keep the same structure with PI_1 instead of (P")~!, while both Ej, and Fy contain
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(a) First RLCD circuit. (b) Second RLCD circuit.

Fig. 1: Two circuits with ideal diodes.

Aj(xg). Nonlinearities in the equality and in the complementarity constraints should
also be considered, where the results in [27] could be useful.

6. Examples and Numerical Simulations. The next examples are taken
from circuits, mechanics and state-dependent-switch DAEs. They aim at illustrat-
ing the above developments, and the limitations imposed by some assumptions.

6.1. Example 1 (circuit). Let us consider the circuit in Figure 1b. Using
Kirchhoff laws its dynamics are given by:

1( ) R(Ijxl( )Jr R?‘TQ( ) + Ru’Dl(t)
@o(t ) = zaT2(t) + sper1(t) + 2RuDQ(t)
(6.1) 0= 3up,(t) — Reg(t) — Faa(t) + 21(: 1(t)
0 <up,(t) L 5&1(t) + ggw2(t) + fup, (t) >0
0 <up,(t) L zz(t) >0,
with xq (¢ fo i1(s)ds, xo(t fo ia(s)ds, x3 = i3 = z, A = (up, up,)' (the

Voltages across the dlodes), K = K* = lRi, ny =2, p=mng =1, m=2. One

190 =2 1 0 _ 1 0
has D = (8 0>7 PI = 127 AI = (RIC Ii(f)y BI = (O)’ BI = < 1)3
2RC RC 2R
0
C _
) ()

_ =2
Arr = (56— ¢) Brr = *R, Bir = (0 %), Cr = <ROC
Assumption 8 holds with Dy = . Thus B, = 3, C7, =1, Xo = 2 and Assumption
9 is verified. Item 1 in Proposmon 4.8 applies sinee Im(C%) = IR. Since B}; =0
the mapping Ga(-) is zero, and item 3 in Proposition 4.8 applies. The quadruple
(Br1,Br1,Cr1, D) is passive because the LMI (C.1) is verified with X = 2 hence

Assumption 5 is satisfied, but it is not strictly passive since D 3= 0. It can be checked
1

0
that the transfer matrix H(s) = D + Cy;(s — Bry)~'By; = <g 3 ) is positive
_2(s+R)
real [18, Theorem 2.48]. The conditions of Lemmata 5.10 and 5.11 are verified by
taking R large enough (notice that all other parameters depend on %) Here A =
Brr = —R, but Assumptions 2 and 6 do not hold, hence the material in Proposition

4.4 cannot be used.

=3

oF-
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6.2. Example 2 (circuit). Let us consider now the circuit in Figure la. Using
Kirchhoff laws its dynamics may be written as:

iq(t) = =By () — Ho2(t) + Tu(t) + Tup(t)
62 ialt) = f2() ~ e
’ 0=uz(t) + chxg(t) -1+ R—z)z(t)
0 <up(t) Lzi(t) >0,
where 1 = iy, 2o(t fo i2(s)ds, z = i3, A = up (the voltage across the diode),

K=K*=IRy,n = 2 p=mno =1, m = 1. Let apply the feedback control u = 2R3z,

B 0 By\  _ 1
which modifies By. We get: A; = ( OL 1 ), B; = (i) B; = (6),
"R R,

1
Z’LL
A

Ar=1(1 ch) B = —(1+ )BU—OCI (1 )»CIIZO,D:O,EI:<

A1
Err=0,F(t)=0, Pr =1, P} = <1+OhL 1+h;) = 0 for all h > 0. Thus
R>C
5o A hR 5 h i _ _ RotR 1 1
B - hR1+L’ C L+h3R17 D — L+hRy? A - 21_%_2 : + hR3 (L+hR1 + Rz(h-‘rRzC))'

Assumption 2 holds with X = Rs, D > 0 for all h > 0, and Assumption 4 holds
for h > 0 small enough such that A < 0. For h > 0 small enough the set S = {0}
in (4.6) since RAR™' = A < 0, hence the VI in (4.7) always has a solution z,; by
Proposition 4.3 item 3 (a). By item (c) (or (f)) of the same proposition, the solution is
unique. When A < 0, the quadruple (A B, C, D) is strictly passive for all A > 0, hence
items 1 and 3 of Corollary 4.6 apply. However Assumption 10 does not hold since
D — 0 as h — 0. Consider now the quadruple (Brr, Br1,Cr1, D) = (Byr,0,0,0).
It is passive since (C.1) is verified, it is even strictly state passive but not strictly
passive since D = 0. Assumptions 3 and 9 are trivially satisfied since both sides of
the passivity equality are null. Provided that {0} € Ry —x1 p+1 < 1,541 > 0, item 1
in Proposition 4.7 applies and the OSNSP for (3.1) has a unique solution (but clearly
there is no guarantee that this inequality is satisfied along the integration process,
rendering Proposition 4.7 unapplicable). Proposition 4.8 item 3 also applies here for
the VI in (4.17), however one has to check the equivalence stated in item 1 of the
same proposition.

As noted above, the matrix A; intervenes only in Assumption 1, hence its modification
does not alter the results. Setting u = 2R3z + Ryx1 + aLxzy + v(t) yields the modified

A = (g B 01 ), and B as above. This yields (see Remark 5.13): P;l(AI —
R>C

a -+ RoR3 R3
BrBj!Arr) = L%”R@ _LC(RQI“'R‘*) , which is unstable if a + % >
Ro+R3 (R2+R3)C

m The other elements of the reduced LCS quadruple are given by P (B I —

— 1 —
B]BI_] B[[) = (6) 5 O[ — CIIBI_I A]] = (1 0), D — OIIBI_I B][ =0. Consequently

the reduced LCS is not passive with the above feedback controller. Also P! = diag(1—
ha, 1+RC)>-Ofordllh<f
To sunphfy the calculations let us set Ry = R3 = 10, L = 1H, C = 1F, a = 1. Then
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the discretization (3.1) of (6.2) writes as:

T1 g1 — T1k = hoy g1 + hzgpr + hggr + hog
(6.3) T k41 — T,k = —NTo g1 + hzp

0=21 g41 + T2 pp1 — 22841

0<Ay1 Laip1 >0

Equivalently the discretization in (3.2) can be used with the above matrices A,B,C,D.

6.3. Example 3 (switching DAEs). Let us consider the following system,
which is a nonsmooth DAE (similar to those studied in [53, 54, 52, 51|, and which
can be interpreted as a DAE with state-dependent switches):

{ (a) &(t) = Ara(t) + Brz(t) + Er(1)
(0) 0 = alz(t)] + blz(t)] — cz(t) + Er(1),

with z(t) € IR, z(t) € IR, a,b,c € IR, ¢ > 0. The constraint in (6.4) (b) is equivalently
rewritten as:

(6.4)

0=a\ (t) + a)\g(t) + b/\g(t) + b)\4(t) — CZ(t) + E[](t)
A1 (t) Aw(t) —(t) 0
(6.5) Do) No(t) (t) 0
0= Agm) Sl [T oo [T w2
Aa(1) Aa(t) 0 2(t)

Therefore (6.4) (a) (6.5) fits with (2.1) with A;; = 0, By = —¢, By = (a a b b),
D=1,C=(-1100)",C;y = (00 —11)", F(t) =0, By = 0. Let us check the
strict passivity of the quadruple (Bys, Bry, Crr, D). This boils down to checking that
(see (C.1)):

2¢X —aX —aX -bX -1 —-bX+1
—aX 2 0 0
(6.6) M2 | —aX 0 2 0 0 =0,
bX -1 0 0 2 0
—bX+1 0 0 0 2

for some X > 0. Let us denote M = P + N with P = diag(2¢X,2I4) > 0, and
Noo the matrix obtained for a = b = 0. Applying [25, Theorem 2.11] or [10, Fact
8.19.2], it follows that P + Ngg = 0 if 02, (Noo) = 2 < Amin(2¢X)Amin (214) = 4cX.
Using continuity of the eigenvalues [10, Fact 10.11.8], it is deduced that given ¢ > 0,
X > 0, there exists a and b small enough such that (6.6) holds (or, given a, b and
X > 0, there exists ¢ > 0 large enough). Thus, item 1 in Lemma 4.1 holds, item 2
in Proposition 4.3 holds for A~ > 0 small enough (guaranteeing D - 0), Assumption
10 holds true for small enough h > 0 (see the proof of item 1 in Lemma 4.1), and
the arguments stated at the beginning of section 5.2 about the convergence analysis

led in sections 5.1.1 and 5.1.2, hold. We have: A = —¢, B = (a a b b), C

00 —11D)T +h(=1100)7(1—hA;)'B; = (2B -hBir_ ()7, D

1-hA; 1-hAr D.

Integration can proceed using (3.2).
Let us now pass to a second example of state-dependent-switch DAE:

j)1(t) = alxl(t) + b1$2(t) + C1Z(t) + e (t)
Jfg(t) = agscl(t) + b2$2(t) + CQZ(t) + 62(t)
0= agfﬂl(t) + bgl'g(t) + CgZ(t) + eg(t) if ZL’l(t) <0
0 = aqxy(t) + byxa(t) + c32(t) + es(t) if x1(¢) > 0,

(6.7)
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where the switching conditions in (c¢) and (d) are equivalently rewritten as:

0 = 7&3)\1(0 —+ a4)\2(t) + b3(132(t) —+ CgZ(t) —+ 63(t)
0 S )\2(t) 1 )\Q(t) — xl(t) Z 0.

ap b

Thus we have:A; = (a b
2 02

)7 Br=(c1e)",Br=(00)", Ef = (e1 e2)", By =

10

(—as as)", Arp = (0 bs), Biy = cs, Ejp = es, Cp = <_1 0

>, Cir=(00)",D=1I,

C1

F(t)=(0 0)7. Also D =D =I5, A= c3 + h(0 b3)(Iy — hA;)~! =c3+ O(h),

B=Bi=(-a3 ay) ,C=h ( 11 8) (I;—hA[)~! (Zl> = O(h). It can be checked
- 2

that Proposition 4.3 items 1 and 2, Corollary 4.6 items 1, 2 and 3 (if the passivity LMI
—2XA —X(ag as) + é) -
(—X(CL3 0,4) —|—é)T 215
is verified for ag, a4 and h > 0 small enough, given ¢z < 0, X > 0, implying the
strict passivity of the quadruple (A, B,C, D), uniformly as h — 0 (Assumption 10
holds true). It is of interest to investigate what happens if ¢3 = 0, which makes
the “index” increase. Let us assume for simplicity that A; = 0, the matrix of the
—2hXb3€2 —X(—a3 a4) + h(Cl — Cl)
(7X(70,3 a4)+h(01 761))T 2]2 ’
For given X > 0 and h > 0, there always exists b3ce < 0 such that this matrix is > 0,
showing that there exists conditions under which the OSNP is still well-posed when
c3 = 0. Tt is interesting to note that the term bscoz(t) appears when an index reduction
is applied to the equality in (6.8) by differentiating it once. Simulations are shown
in Figures 2 and 3. They are performed with the INRIA software package sicoNos!
[1]. The MLCP is solved with an enumeration method and the differential variables
21(+) and xo(-) are calculated in a second step (hence we follow the philosophy of the
foregoing sections). The parameters are chosen as follows: a; = as = by = by = a3 =
ag =bs =c3=1,c; =10, co = 20, e1(t) = 40sin(25¢t), ea(t) = sin(t), ez(t) = sin(10¢),
h = 2.1073s, £1(0) = 0, #2(0) = 0.1. Simulations are done on [0,2]s. The errors are
calculated as maxejo g ||74(t) — T @)], i = 1,2, with 14 different values of step

size h between 10~'s and 10~%s, where 27/ () is calculated with h = 10~%s. Tt is
observed in Figure 2 that the order is approximately equal to one for small enough
step size. Figure 3 depicts the time evolution of various variables, demonstrating that
the complementarity constraints are respected. Clearly the multipliers are continuous
but non differentiable when the complementarity switches from one mode to another.

holds strictly) apply. The passivity LMI (

passivity LMI becomes (

6.4. Example 4 (mechanical system). As an extension of the systems studied
in [37], let us consider a linear mechanical system with both unilateral springs and
bilateral constraints, whose dynamics are:

(a) M(t) + Kuq(t) + Kpq(t) = 7(t) + H Ao (t) + GT A (2)
(6.9) (b) 0= Gq(t) — f(t)
() 0 < Au(t) L DAu(t) + Cra(t) + F(t) = 0,

Lhttps://nonsmooth.gricad-pages.univ-grenoble-alpes.fr/siconos/index.html
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errotx)

Fig. 2: Log-log error diagram: x; (left) and x5 (right).

WhereM:MT>0,D>07x:(qTq'T)T,q(t)GZR%,ZZ)\I,EB"Z,AZ)\HE
R™, Ge R"™ 7, f: Rt — R™ is twice differentiable, 7(+) is an exogenous force.
Here an index reduction is possible, in order to replace (6.9) (b) by:

(6.10) 0= GG4(t)—f(t) = GMTTH " At)+GM LG 2(t) - GM ™YK, K,)z(t)— f(1),

and Gq(0)— £(0) = 0, GG(0)— f(0) = 0. Thus B;; = —GM~*GT (< 0 if bilateral con-
straints are independent, i.e., rank(G) = p = na = ny > 2ns), A;; = GM YK, K,),

By = -GM~'H", B; = (_ 0 , and Crr = 0 (similarly to the example in

M-1GT
section 6.2, one major difference being that here D > 0). Let us examine the OSNSP

for (6.9) on a particular example as depicted in Figure 4, whose dynamics are given
by:

mq (t) = 7(t) + Ai(t) = A2(t)

méa(t) = =(t) .
(6.11) ¢ 0=gqo(t) — f(t) & >+f<>—o ¢2(0) — f(o>=o, G2(0) — f(0) =0
0< A(t) L A(t) +k(qu(t) — L —aft) —1) >
0 < Aa(t) L Aa(t) — <>+L B(t) + >>o.

where ¢ = (q1 ¢2)T are the mass coordinates, k& > 0 is a stiffness constant, a(-)
and () are the massless springs’ varying positions, [ > 0 is the spring’s free length,
B(t) > a(t) +2L + 2l for all t > 0. We have: = = (q1 ¢1 ¢2 ¢2)", G = (0 1), H =

1 0 . 1 5 ;
(_1 0), M = diag(m,m), D = I, A;; =0, By = Wl, B =0, E(t) = f(t),

Cr = (_kk 0 0 8) F(t) = (ﬁ(]&ﬁ:gg;;g) Crr= 0, By = (000 1),

i T
P; = I (and Assumption 1 holds for A > 0 small enough), By = (8 m 8 8) ,

A== B=0,C=hC(P})'B;, D=1+ hCr(P})"'B; = 0if h > 0 is small
2x ~
enough. Let us check Assumption 4. The passivity LMI is <~m ~ C~ ) > 0,
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Figure (a) Figure (b)

-z
— lambda1

000 025 050 075 100 125 150 175 200 000 025 050 075 100 125 150 175 200
time time

Figure (c) Figure (d)

— lambdazx1 — lambdal +x1
== lambda2 == lambdal

025 05 075 100 125 150 175 200 000 025 050 075 100 125 150 175 200
time time

Fig. 3: (a) 21(¢) (dashed) and z2(t), (b) z(¢) (dashed) and A (t), (¢) A2(t) —z1(¢) and
A2(t) (dashed), (d) A1(t) 4+ z1(t) and A1 (t) (dashed).

X > 0, which is verified for i > 0 small enough and X > 0 large enough. Hence under
these conditions the quadruple (fl, B,C, D) is strictly passive. It can be checked that
items 1 and 2 in Proposition 4.3 hold, as well as items 1, 2 and 3 in Corollary 4.6.
Therefore the dynamics can be integrated using (3.2) with g2,0+ fo = 0, da2,0 + fo =0.
We note also that the quadruple (Byr, Brr,Crr, D) = (%, 0,0, I5) is strictly passive
(Assumption 5 is verified), hence item 1 in Lemma 4.1 holds. Assumption 10 is
also verified (for h > 0 small enough but uniformly in A > 0). Let us analyse the
convergence as in section 5.1. Assumption 11 may not be verified in this case, however
as noted after this assumption it is easy to modify slightly the numerical scheme so
that it is satisfied with P; = I;. Hence it is inferred that Proposition 5.2 applies.

6.5. Example 5 (circuit). Let us consider the circuit in Figure 5, with Ry =
Ry =0 Q. Let 1 = 19, 9 = fot is(t)dt, z = i1, A = up is the voltage across the
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Fig. 4: A mechanical DALCS.

(u2) (an)
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—_— C
R3
i2
| R1 3 | Ro
i3

Fig. 5: An RLCD passive circuit.

diode, () and uz(-) are two voltage sources. One way to write its dynamics is:

(t% Bagq () + TA() + T ua(t)

) io(t) = 1() 2(t)
(6.12) 0: Lo (t) + N(t) + ua(t)
0 < A(t) L 2(t) 2 0.

Assume that the feedback us = —az + ug is applied, so that the equality constraint
becomes 0 = &xa(t) + up(t) — az(t) + ug(t). We have: Ay = (0 &), Cr = 0,
C]]—].B][—*a B[[—lD—O B[—(L O)T B[ (0 )T,andD:D:O,
C C]] — 1 A = —a+ hA][(Ph) 1B[7 B =1 +hA]](Ph) 1BI The condition
Im(Cr1) N (K —Crags1+Fy) = RNIR; — §xg g1 # 0 is verified always. The set S in
(4.16) is equal to {0} hence Proposition 4. 7 item 1 applies and the VI in (4.15) always
has a solution. Proposition 4.8 items 1, 2, 3 apply, with D;; = 0 in Assumption 8.
The system (Byr, Brr, Crr) = (—a, 1,1) is passive and Assumptions 3 and 5 hold true.
Also the system (121, B, C‘) is passive for h > 0 small enough and Assumptions 2 and
4 hold true. The set S in (4.6) is equal to {0} so Proposition 4.3 item 3 (a) applies.
For h > 0 small enough, A < 0 so Corollary 4.6 items 1 and 2 apply. Assumption 12
is verified for h > 0 small enough with X = B~1. It is inferred that if a > 0 is large
enough, the convergence results in sections 5.1.3 and .2 apply.

7. Conclusion. This article is devoted to analysing the implicit Euler discreti-
sation of a class of nonsmooth nonlinear systems with equality constraints, named
differential-algebraic linear complementarity systems. The well-posedness of the one-
step nonsmooth problem is studied first, then the convergence of the discrete-time
solutions is analysed. This article only scratches the surface of singular nonsmooth
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systems analysis. The above results could be extended in various directions. Most
importantly, it would be worth extending the results to more general indices and rela-
tive degrees, to deeper analyse how the algebraic and the complementarity constraints
are coupled, and to consider state discontinuities and solutions of bounded variation.

Appendix A. Well-posedness of Variational Inequalities. @ Some basic
notions of Convex Analysis and Complementarity Theory are briefly introduce now
[11, 29, 49, 31]. Let f : R™ — IR U {400} be a proper convex and lower semicontin-
uous (Isc) function, we denote by dom(f) £ {z € R"| f(z) < +o0} the domain of
the function f(-). The Fenchel transform f*(-) of f(-) is the proper, convex and lsc
function defined by: for all z € IR", f*(2) = SuP,e dgom(s){(®,2) — f(2)}. The sub-
differential Of(z) of f(-) at © € IR" is defined by: df(z) = {w € R"| f(v) — f(z) >
(w,v — x),Yv € R"}. We denote by Dom(df) 2 {z € R"|0f(z) # 0} the domain of
the subdifferential operator df : IR" — IR".

Let g be any element in the domain dom(f), the recession function f.(-) of f(-)
is defined by: for all z € R" : foo(x) = limy— 400 %f(xo + Az). The function fu :
R" — IRU{+o0} is a proper convex and lsc function which describes the asymptotic
behavior of f(-). Let K C IR" be a nonempty closed convex set. Let xz be any
element in K. The recession cone of K is defined by [49]:

1
Ky = ﬂ X(K—xo):{UEB”L@—!—/\UEK,V)\EO,VJ:EK}.
A>0

The set K., is a nonempty closed convex cone that is described in terms of the
directions which recede from K. The indicator function of a set K C IR" is g (x) =0
ifx € K, Yg(x) = 40 if z ¢ K. If K is closed non empty convex, we have
Y (z) = Nk(z), the so-called normal cone to K at z, defined as Nk (z) = {v €
R"|v'(s—z)<0forallsec K}.

Important properties of the recession function and recession cone are recalled now:
PROPOSITION A.1. [11, Proposition 1.4.8] The following statements hold:
a) Let f1 : R" — RU {+o0} and fy : R" — IR U {400} be two proper, convex and

Isc functions. Suppose that f1 + fo is proper. Then for all x € R™: (f1 + f2)oo(x) =
(f1)oo () + (f2) o ().

b) Let f : R" — IR U {400} be a proper, conver and lsc function, and let K be a
nonempty closed conver set, such that f + Uy is proper (equivalently dom(f) N K is
non empty). Then for allx € R™: (f + Vk)oo(®) = foo(x) + (Vi) oo ().

¢) Let K C IR" be a nonempty, closed and convex set. Then for all x € IR":
(k)oo(x) = Uk (x). Moreover for allz € K ande € Koo: x +e € K.

d) If K C IR" is a nonempty closed and convex cone, then K, = K.

e) Let K = P(A,b) = {x € R"|Ax > b} for Ac R™" and b€ R™. If K # () then
Ko = P(A,0) = {z € R"|Az > 0}.

Let us now concatenate [4, Theorem 3, Corollaries 3 and 4]. They concern variational
inequalities (VIs) of the form: Find v € IR"™ such that

(A1) Mu +q,v —u) + ¢(v) — p(u) >0, for allv € R"

where M € IR™™" is a real matrix, q € IR" a vector and ¢ : IR" — IR U {+occ}
a proper convex and lsc function. The VI in (A.1) is equivalent to the inclusion
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Mu+q € —9p(u), which is a generalized equation (GE) of the form: 0 € A(u)+ B(u)
where A(-) and B(-) are two maximal monotone operators (since it will be assumed
M = 0). In fact the problems encountered in this paper (see (4.7), (4.9), (4.14), (4.15),
(4.17)) all belong to this class of GEs. Numerical schemes that compute solutions of
such GEs have been studied for a long time in the mathematical literature, see [57]
and references therein. The next proposition states conditions about existence and
uniqueness of solutions.

The problem in (A.1) is denoted as VI(M, q, ), and we set:
(A.2) KM, ¢) ={z € R"|Mzx € (dom(¢u0))*}.

Note that (dom(pe))* is the dual cone of the domain of the recession function e
while (dom(¢))eo (that we may denote also as dom(yp)eo) is the recession cone of
dom().

PROPOSITION A.2. [/] Let ¢ : R" — IRU {+o00} be a proper, convex and lsc
function with closed domain, M € IR"™™", and suppose that M = 0.

a) If (dom(¢))oe N Ker{M +MT'"} N K(M, p) = {0} then for each q € IR™, problem
VI(M,q, ) has at least one solution.

b) Suppose that (dom(p))ee N Ker{M +MT} N K(M, p) # {0}. If there exists x¢ €
dom(yp) such that

(A.3)

(@ — M z0,0) + @oo(v) >0, Vv € (dom(e))e NKer{M + M} NK(M,p), v # 0,

then problem VI(M, q,¢) has at least one solution.

¢) If uy and uz are two solutions of problem VI(M,q, @) then u; —ug € Ker{M +
M'}.

d) If M = MT and u; and uy denote two solutions of problem VI(M,q, ), then
(a,u1 — ua) = p(u2) — p(u1).

e) If M =M, then u is a solution of VI(M,q, ) if and only if it is a solution of
the optimization problem mingepr 3" Mz + (q, z) + ¢(z).

Appendix B. Some Convex Analysis and Complementarity Theory
tools. If K C IR" is a set, then K* = {z € R"|(z,2) > 0 forall z € K} is
its dual cone. Let K be a nonempty closed convex cone, then:

(B.1) K*'szlyeK & re-Ng(y) < ye —Ng-(2).

Let M = MT = 0, z and y two vectors, then [29]
1
(B.2) M(z—vy) € —Ng(z)ez=rprojyK;y < z= Héi}(l Q(Z —y) T M(z —y).

We note that this is a particular case of (A.1), so that Proposition A.2 can be con-
sidered as the characterization of a generalized projection operator VI(M, q, ¢). The
next proposition is used several times in the article:

PROPOSITION B.1. Suppose that the m x m matriz D = 0, and M : R™ = IR™
is a mazimal monotone operator. Then the operator (D + M)~1(-) is well-defined
(i.e., for each y € IR™ there is an x € R™ such that y € Dx + M(x)), single-valued

and Lipschitz continuous with modulus L = %
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1146 It was proposed in [16, Proposition 1] when M = 9¢ for some convex proper lsc ¢(+),
1147 extended to maximal monotone M(-) in [5].

1148 Appendix C. Passive Systems. A quadruple (4, B,C, D) is said passive if:
149 (C.1) <_XA ~ATX —XB+ CT) 20, X=X">0

‘ ' -B'X+C D+D" )7 :
1150 for some X. It is said strictly passive if the first matrix inequality is satisfied with > 0
1151 (this implies that D > 0). This is not to be confused with the strict state passivity [18,
1152 Definition 4.54] (strict passivity implies strict state passivity). In fact strict passivity
1153 is directy related to strongly SPR transfer matricess [18, p.62 and section 3.12.2],
1154 while SPR transfer matrices with minimal realization are strictly state passive [18,
1155  Theorem 4.73] [43]. Strict state passivity holds when —XA— AT X = 0 in (C.1), with
1156 D+DT 3= 0. The two inequalities in (C.1) make a linear matrix inequality (LMI) with
1157 unknown X, equivalently a Riccati inequality using the Schur complement Theorem
1158 [18, Theorem A.65]. Numerical algorithms exist that efficiently solve LMIs, see [13],
1159 and can be used to test whether or not a quadruple is passive.
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