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Abstract

We consider the problem of policy evaluation for continuous-time processes us-
ing the temporal-difference learning algorithm. More precisely, from the time
discretization of a stochastic differential equation, we intend to learn the continu-
ous value function using TD(0). First, we show that the standard TD(0) algorithm
is doomed to fail when the time step tends to zero because of the stochastic part of
the dynamics. Then, we propose an additive zero-mean correction to the tempo-
ral difference making it robust with respect to vanishing time steps. We propose
two algorithms: the first one being model-based since it requires to know the drift
function of the dynamics; the second one being model-free. We prove the con-
vergence of the model-based algorithm to the continuous-time solution under a
linear-parametrization assumption in two different regimes: one with a convex
regularization of the problem; and the second using the Polyak-Juditsy averaging
method with constant step size and without regularization. The convergence rate
obtained in the latter regime is comparable with the state of the art for the simpler
problem of linear regression using stochastic gradient descent methods. From a
totally different perspective, our method may be applied to solve second-order
elliptic equations in non-divergent form using machine learning.

1 Introduction

Policy evaluation is one of the main building blocks of modern reinforcement learning (RL). One of
the most basic and regarded algorithms for policy evaluation is known as temporal-difference learn-
ing (TD), [35)]. While TD was originally proposed in the tabular case, its large-scale applicability
has been greatly improved by its combination with parametric function approximation [[10]. In this
case, its theoretical analysis is challenging.

Moreover, TD (and more generally most of RL algorithms) is naturally designed for only handling
discrete time processes. In practice, numerous applications in the literature are obtained as time
discretizations of continuous processes. In this case, an overwhelming majority of research papers
proceed as follows: first, they consider a time discretization of the continuous problem; second, they
use RL algorithms on the discretized problem as if it was a simple discrete problem. This approach
has been proven to converge to the right solution when the time step tends to zero, only in the
deterministic setting, see [12| 14, 28|]. However, we argue in the present work that this result does
not hold in the stochastic setting, i.e., learning becomes impossible without additional care as the
time step vanishes. According to our knowledge, the discretization error has never been regarded
in the stochastic set-up before. Yet, it seems absolutely crucial to consider randomness for policy
evaluation, since exploration is impossible in the deterministic setting. The present work aims at
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filling this gap by proposing a robust extension of the TD(0) algorithm adapted to vanishing time
steps, and proving convergence results under a linear parametrization assumption.

Even if most of the arguments in this work concern the limit when the time step tends to zero, we
argue in Section[4.4]that our method may be used for a small fixed non-vanishing time step, making
the constants in the convergent rates independent of the time step. This could be particularly efficient
for improving accuracy and computation speed of reinforcement learning algorithms on stochastic
high-frequency models, even when they do not derive from the discretization of a stochastic differ-
ential equation.

From a different perspective, the limit process when the time discretization tends to zero can be
characterized using the theory of partial differential equations (PDE). More precisely, it consists
in solving a discounted second-order elliptic equation in non-divergent form, see [[15]. Therefore,
the present analysis may be seen as a new method for numerically solving such class of PDE from
observations with potentially unknown drift and diffusion functions.

1.1 Related literature

Temporal-difference learning. The TD algorithm was introduced in the tabular case by [35], with
later convergence results for linearly dependent features [[L1]. Asymptotic stochastic approximation
results were derived by [19] for the tabular case, and by [33]] when using linear approximations, with
a non-asymptotic analysis in the i.i.d. sampling case [27].

Stochastic iterative methods. The analysis of TD requires tools from stochastic approxima-
tion [[7], and many of the required tools have been derived for stochastic gradient descent (SGD) [8]
and reused here. The convergence results presented in the present paper may be compared to stan-
dard results on RL algorithms, see [6} 21] for TD(0). The techniques in the proof (especially con-
cerning the fast-convergence results in Section 4.3)) are adapted from the literature on SGD methods
[1, 31] to the non symmetric setting. In particular, [1] consists in the state-of-the-art results con-
cerning convergence of SGD methods in the non-strongly convex setting, here we reach similar
convergence rates on the more difficult optimization problem raised by TD(0).

Continuous time RL. Continuous-time reinforcement learning started with [2]], which proposed
a continuous-time counterpart to ()-learning; it was later extended by [37]. From a different per-
spective, [9] extended classical RL algorithms to continuous-time discrete-state Markov decision
processes. Then, using deterministic dynamics given by ordinary differential equations (ODE),
and based on the Hamilton-Jacobi-Bellman (HJB) equation, [[14]] derived algorithms for both pol-
icy evaluation and policy improvement. Similar deterministic approaches of continuous-time RL
have recently been explored by [28} 40]. In order to balance between exploration and exploitation,
[39] added an entropy-regularization term to a similar continuous optimization problem, the authors
concluded that Gaussian controls are optimal for their relaxed problems, leading to a similar SDE
system as the one studied in the present work.

Learning methods for solving PDEs. Solving partial differential equations using learning algo-
rithms is a natural idea. Indeed, in general, classical methods such as finite differences, finite el-
ements or Galerkin methods cannot be computed for dimensions higher than three. Some mesh-
dependent learning algorithms have been developed, see [25} 126, 29], but they suffer from the same
computational difficulties in high dimensions as the classical methods. There has been a surge of
works during the last five years for solving high-dimensional PDEs using deep learning, let us cite
[20], or [34] for the Deep Galerkin Method, or [} [17, 18] where the PDEs are reformulated into
a backward stochastic differential equations (BSDE) or Extensions to forward-backward stochastic
differential equations (FBSDE); we refer to the surveys 30} 4] and the references therein for more
results on deep learning methods for PDEs. Our method is also inspired from FBSDE, but we in-
vestigate the stationary formulation from a theoretical viewpoint, and use a stochastic semi-gradient
method such as TD(0) instead of SGD methods as in most of the references above.

1.2 Contributions

We start by giving theoretical evidences that learning methods based on the temporal difference, are
not adapted to high-frequency optimization. More precisely, those methods are doomed to fail when



applied to the discretization of a continuous stochastic problem, when we let the discretization step
tends to zero. This claim is made clear by the first equality in Lemma [3.3]in Section where
it is shown that the variance of the standard rescaled temporal difference tend to infinity, making
learning impossible.

Then, we propose a correction to the temporal difference, based on the Taylor expansion at a neigh-
borhood of the continuous problem when the time step tends to zero. Namely, the variance of the
corrected rescaled temporal difference stays bounded at the limit, see the second equality in Lemma

3.3

The rest of the paper focuses on TD(0). However, we would like to insist on the fact that the
conclusions of the latter two paragraphs hold not only for TD(0), but for any RL algorithm implying
the temporal difference, such as SARSA or Q-learning [36]. Moreover, this holds for nonlinear
parametrizations as well as linear ones.

From the corrected TD(0) method, we propose two algorithms. The first one is model-based since
it requires to know the drift function. Such an assumption may seem affordable in some models
coming for instance from physics, robotics, or finance. Note that we never assume that the diffusion
matrix is known and that our method may be applied for arbitrary distributions of noise. The second
algorithm is model-free as it uses regression to learn the drift function (and the noise) in the same
time as the value function.

Finally, under a linear parametrization assumption, we prove the convergence of the model-based
algorithms. First, using usual decreasing learning steps and regularization methods, we obtain stan-
dard convergence rates for the regularized problem, see Theorem[4.1} we also prove non-asymptotic
bounds on the approximation error to the solution of the unregularized problem, see Corollary
Second, coming back to the original unregularized problem, we prove convergence results with con-
stant learning step and a Polyak-Juditsky averaging method, see Theorem [4.4]in Section Our
rate of convergence, of order 1/k, is analogous to the optimal rate of convergence for the simpler
problem of regression with SGD methods and without strong-convexity assumptions.

2 Context

2.1 From continuous problem to discretization

In the continuous-time stochastic setting, the state, denoted by (X¢).c[0,00), satisfies the following
stochastic differential equation (SDE),

dXt = b(Xt)dt+U(Xt)th, (1)

where W is a d-dimensional Brownian motion and ¢ is a matrix-valued function. The value function
is defined by (with p > 0 the continuous discount factor):

V(z) = E[/OOO e*Ptr(Xt)dt’XO - x] )

The simplest idea to approximate the solution of such an infinite dimensional optimization problem
is to discretize the continuous dynamics and rewards with respect to time with a sufficiently small
time step At > 0. The simplest discretization scheme is the Euler-Maruyama scheme [22]], that we
adopt here for simplicity (however the arguments of this work extend straightforwardly to higher-
order discretization schemes),

Xiipr = Sae(Xy,, &) = Xy, + Atb(Xy,) + VAto(Xy, )&, 3)

where Sa. is the step operator, t; = iAt fori € N, and (§;);>0 are independent distributed random
vectors with zero mean and identity covariance matrix. The discrete value function is then defined by

Vai(z) = E{Z eﬂ'pAtr(Xti)’Xo = x} : “)
i=0
Here, we insist on the fact that we do not assume that the ¢ are normally distributed. Indeed,
Donsker’s Theorem [[13] implies a Gaussianization phenomenon of the noise when At tends to zero.
Therefore, the methods proposed here hold for any distribution of noise with finite second-order
moments. In particular they may be implemented when the distribution of the noise in unknown.



2.2 Assumption on the observations and discussions

Let (Aty)r>0 be a sequence of vanishing time steps. We access the observations (Xj, X}.)x>0, @
sequence of independent coupled random variables such that X}, is distributed according to my, the
stationary distribution of the discrete dynamics (3), and X; = Say, (Xi, &) where (x> are i.i.d.
latent random variables with zero means and identity covariance matrices.

Let m be the stationary distribution of the continuous dynamics (1)), we introduce X a random
variable distributed according to m and independent of the observations. The sequence (mg)g>o is
weakly convergent to m and a convergence rate is given in the following theorem.

Theorem 2.1 (Theorem 14.5.1 from [22]). For f € C*();R), there exists C > 0 depending only
on the C*-norm of f such that |E [f(Xy) — f(X)]| < CAty.

In the rest of this section, we discuss the above assumptions on the distributions of the observations,
and explain under which alternative settings we believe our analysis holds.

First, according to us, the most restrictive part of the latter assumptions, which is still largely re-
garded in the literature, is that the observations are independent. The most regarded alternative is to
assume that the observations are sampled from the dynamics, i.e., X; = Xj1. Such an assumption
is out of the scope of the present work. We still believe that the results here hold in this case under
a strong mixing assumption on the Markov Chains induced by the discrete dynamics. However, the
convergence rates and the details in the proofs would be affected. Moreover, the obtained results
are in general not suited as well for practice, since the proofs depend on the Markov Chains to be
computed until very large times (corresponding to the mixing time multiplied by a big constant).

Concerning the assumption on X}, being distributed according to my, it may be relaxed straightfor-
wardly in multiple cases. The simplest case is when the sequence of laws satisfy a similar conver-
gence property as in Theorem[2.1] (the exponent on At might be lower than one).

Another interesting setting is when X}, is distributed according to m, and X ,’C = Xay, Wwith
(Xt)o<i<at, satisfying the continuous dynamics (@ and X, = X. This corresponds to having
observations which come directly from the continuous dynamics. In this case, the results hold and
the proofs may be repeated with Taylor expansions replaced by Itd calculus. To illustrate this claim
and give more insights on how to proceed, in Appendix[C.I] we adapted the proof of one of the main
results of this paper to this case, namely Lemma[3.3

Considering offline observations is out of the scope of the present work but it will be considered in
the case of Q-learning for a future work consisting in a similar analysis of the continuous time limit
in stochastic setting.

2.3 Temporal difference with function approximation

Let us consider the problem of approximating V' defined in () using a parametrized function v(-, 6),
where 6 € © and O is the parameter set. For k£ > 0, we denote 6}, the learned parameter at iteration k.
We define the rescaled temporal difference as,

gk = gAtk(Xk,X;C,@) = (Atk)‘l(v(Xk,Hk) — ’}/U(X,/C,ek) — T‘(X;C)At), 5)

where the normalization constant (At )~ is chosen in the latter definition because E[§a;, ] admits
a nontrivial limit when At tends to 0. Choosing a different order of magnitude in the normal-
ization constant would be pointless as it leads to a convergence in average to zero or infinity. In
the following, the term rescaled will be omitted since no non-rescaled temporal difference will be
considered.

At least heuristically, we get the following Taylor expansion of 8, when At — 0,

0k = (Aty) " o= (1= pAty) (04 Voo (At b+ /Alyo€) + Aty "o T (D20)o€) — Aty 7] +o(1)
=pv— V' b— (Atk)févszcrg —¢To T (D2v)ot —r +o(1),
where we omitted the arguments in the functions gAt, v, b, o and r, to simplify the notations. One

may notice that the third term in the right-hand side of the latter equality has zero mean when &
is a centered random variable, but its variance is of order (At;)~!. We thus obtain that any RL



algorithm based on such a temporal difference is doomed to fail when At — 0 because of the latter
variance tending to infinity.

However, removing this term with a divergent variance is possible by simply adding a term in the
temporal difference. We define the corrected temporal difference as,

0 = 0Ae, (Xk,X;;,ek) = (Atk)_l (U(Xk,ek) — ’}/’U(X;IC,HIC) —r(Xg) Aty + Z;g),

6
where Zk = (X]/g - Xk — b(Xk)Atk) . Vzv(Xk,Hk). ( )

One may notice that Zy, satisfy Z;, = /At V,v(X, 0r) T o(X} )&, but we prefer the formulation
from (6) to insist on the fact that Z; can be computed without observing the noise o (X )&k.

We refer to the additional term 7, as the variance-reduction term. This terminology is due to the
facts that the conditional expectation with respect to X, of Zj, is equal to zero, and that the variance

of gk is of order (Atk)’l while the variance of Jj, is uniformly bounded. The use of the letter Z for
the notation comes from its continuous counterpart appearing in the backward stochastic differential
equation (BSDE) point of view of the optimal control problem (see [30] for instance).

2.4 Model-based and model-free alternatives

We define the corrected TD(0) iterations by,
9k+1 = Gk - ’yk(SkVQU(Xk, Ok), (TDO)
This algorithm is model-based since the drift function b has to be known to compute Zj, and thus Jy.

However, we may figure out a model-free alternative to the latter algorithm. For instance, we may
learn z + b(z,6%) and x, 2’ — ((z,2',60) as approximations of b and o¢ respectively, for two
parameters 6°, 05 € ©, in the same time as we are learning the value function. one may compute

(60,03 )r0 as,

6‘2_,’_1 = 6‘2 — ’yk(Atk)71V95(Xk, QZ)T(X;; — X — VAt C(Xk, X;’C, 92)),

05 1 = 05 — W(AtR) "2Vl (Xk, X1, 08) T (X}, — Xi — Aty b(X5, 62)).
This consists in a stochastic gradient descent method on the regression problem of minimizing
E[|At (b(X, X',6°) —b(X)) + VAL({(X, X', 6°) — 0(X)€) ]2} over (6°,0¢), with different learn-

ing steps for b and (. The drawback with the latter iterations is that (5, () will eventually approximate
(0,0¢ + /Atb) instead of (b, o) (especially when Aty is slowly converging to 0). Therefore, we
should add a penalization in the SGD step made on 6¢, in order to make the artificial noises be
independent for different observations, and their mean equal to zero. This additional cost might be

of the form B[ Y, ;< n C(Xi, X7, 69)C(X;, X},6)], where N' > 2 is the batch size.

3 Asymptotic behavior of the temporal difference

From now on, for simplicity of the notations, we assume that ¢ is a constant positive real number. It
is straightforward to extend all the results proved here to the case where we take o a matrix-valued
function such that 5 ' & > o21,;.

3.1 Short review of the continuous problem and boundary conditions
The value function V, defined in (2)), satisfies the following partial differential equation [6]
LV (z) = pV(z) — SV (2) — V.V (2) - b(z) — r(z) =0, @)

where a = oo /2. Up to now we intentionally omitted to mention the boundary conditions on
the state space. In the following, we will make the simplifying assumption that the state space
is the d-dimensional torus, defined as the hypercube [0, 1)¢ with periodic boundary conditions, i.e.,
Q) = T9 = R?/7Z9. Indeed, the choice of the boundary conditions is in general a difficult problem for
continuous state settings, especially when considering PDE-based model, like here with (7). More
precisely, here, we need them to allow the existence of stationary measures for the continuous and



discrete dynamics, and we need a priori estimates on the continuous stationary measure m (more
precisely, we need a uniform bound on V, In m, see Lemma in the Appendix). In an attempt
to separate difficulties, and to stay focused on the main ideas, we prefer to only consider the torus,
where these requirements are easily met, rather than overwhelming the readers with unnecessary
technical difficulties due to boundary conditions. See Remark [3.2] below, for some insights on how
to extend our results to other domains.

Classical results on second-order elliptic equations imply that if we find a candidate function v such
that Lv is small, then v and V are close to each other. For instance, see the following lemma.

Lemma 3.1. Assume that r and b are uniformly bounded on the graph of u. There exists a constant
C > 0 such that if V. € H*(Q;R), then we have

IV =V g < ClILV |-

The proof consists in: first, applying the maximum principle (see [15], Section 6.4, for instance) to
get |V — V¥ < p ||LV]|; second, using Theorem 8.12 from [16] which yields the desired
inequality. More elliptic results, either on weak or strong derivatives, are presented by [24} 23].

Regarding Lemma [3.1] an alternative, that will not be investigated here, is to try to minimize the
residual of £(-,0) through learning [25| [32] [34]. Here, we prefer to use the temporal difference
instead, in order to make links with usual reinforcement learning algorithms, and to avoid computing
second-order derivatives which may be large for high-frequency parametrizations.

Let us mention for later use, that the stationary law m € P(R?) of the continuous dynamics ()
satisfies the following PDE,

—U—;Awm —div(b(x, u(z))m(z)) = 0. (8)

This may be seen as the dual equation to the homogeneous counterpart of (7).

Remark 3.2. Let us give some hints to extend the present results to other state spaces or boundary
conditions. The case Q = R? is more involved than the torus, but one may get some insights on
the simple case consisting in taking a drift function deriving from a potential, i.e., b(z) = VU (x)
for some U. In this case, there exists a stationary probability measure of the continuous dynamics if
Z = [, e~2U@)/o* iy is finite, given by m = e~2U/ /Z. Moreover, here, V, In(m) is bounded if
and only if VU is bounded. This simple example emphasizes the fact that, for R, some restrictions
should be satisfied for the results to hold, for instance that the drift function should be bounded and
pointing out in the direction of a compact subset of R%, with sufficient magnitude.

Alternatively, one may be interested in considering 2 as a smooth bounded subset of R® with, for
instance, Dirichlet or Neumann conditions [|15|]. In this case, other restrictions appear, but we also
believe that our results may be adapted up to making additional assumptions.

3.2 Bellman error and asymptotic analysis of the residual gradient algorithm

In this section and the next one, we assume that 6 is a fixed parameter, At is the step size, (X, X”)
are random variable such that X’ = Sa+(X, £) for some latent random variable £ with zero mean
and identity covariance matrix.

Instead of directly making the asymptotic analysis of TD(0), we start by considering another method,
namely the residual gradient algorithm (RG, [3]]). Indeed, similar non-robustness phenomena happen
for both algorithms when the time steps vanish, but RG allows a more quantitative analysis since
it is directly linked with the Bellman error. More precisely, RG is a SGD method to reduce the
mean-square error of the Bellman error, which here, can be decomposed in two terms as follows,

Ecx xn[[0a¢(X, X', 0))] =Ex [Ex: [0a:(X, X',0)| X]*]+Ex [ Varx: (5a:(X, X', 9)}){)} )

Bellman error perturbating term

A similar formula holds when § is replaced by 4. The asymptotic behavior of the terms inside the
expectation E x, at fixed z, is characterized in the following lemma.

Lemma 3.3. Assume that r and b are uniformly bounded, and that v admits bounded continuous
derivatives in x everywhere up to order two. For X = §,, the means and variances of 0 and §



satisfy,
lim Ex/[6a¢(z, X',0)] = Lo(x,0), and lim At Varx: (5a(z, X',0)) = 02 |Vau(z,0)%
At—0 At—0
4
. . o
Al}‘,IEOEX/ [0ac(z, X', 0)] = Lv(x,0), and AlirgoVarX/ (0at(z, X',0)) = Ttr (D3v(z,6)?).

The proof is straightforward, using a similar expansion as the one proved in Lemma [B.I] below in
the Appendix, but only up to order two instead of order four, and Lemmal[B.3] also in the Appendix.

Passing to the limit At — 0 in (@), we obtain
+ oo if v(-, 8) is not constant,

Aim Ex,x7) DEA‘S(X’ X/’e)‘ } - {]E[(pc+r(x))2} ifv(-,0) = C.

Consequently, for the residual gradient method, when At tends to zero, the perturbating term in the
decomposition (@) totally overwhelms the Bellman error and the only approximations that can be
learnt are constant functions.

(10)

The same arguments used on ¢ implies,

4
. o

dim By [[6a(X, X7, 0)°] = Ex [Lo(X,0)%] + 5 Ex [tr (D2v(X,0)%)]. (11)
In this case, learning is possible even if we see an additional term appearing on the right-hand side.
In the following, we focus on TD(0), however, one may derive similar results for RG that may be
found in Section[C2]in the Appendix.

3.3 Asymptotic analysis of TD(0)

Let us recall that the corrected TD(0) algorithm is given in (TDQ). Similar decomposition and
analysis of the asymptotic behavior as in (9) and Lemma[3.3]respectively, yield

T o’ 2 2
Var (5Atv(w) ~ Var (LvVgv) + EE [|va| [Vou| } ,

where the arguments of v and Lv are (X, ) and the ones of ¢ are (X, &, 6). This implies the rest
of our first contribution, for the case of TD(0). Indeed, learning is impossible at the limit At = 0
because the variance of the update becomes infinite (except if |V, v||Vgv| is uniformly equal to zero
which does not seem likely to happen for a large class of functions v).

Repeating the same arguments for § instead of 5, we obtain
4
lim Var (6a:Vov) = Var (LoVv) + °E [tr ((D2v)?) |V9v|2] .
At—0 2

Therefore, the latter variance stays uniformly bounded when At tends to zero and learning remains
possible even at the limit.

4 Linear setting

4.1 Assumptions

We say that a function is C* for £ > 1 if it admits continuous and bounded derivatives up to order .
Let us make the following assumptions:

H1 The function v is linear with respect to 8, more precisely the set of parametrized functions
is Vg = {z—v(,0)=0"p(z),0 €O} for p : & — R%, and © = R% for some
dg > 1.

H2 The functions 7 and b are C*.

H3 The feature vector ¢ is CS.

The first assumption, [HT] is common in the theoretical literature [, 3T, 38], since very little is known
about theoretical guarantees in the non-linear case. It is also common to assume some regularity the
functions of the model, i.e., b and r, and the feature vector ¢. The precise regularity needed here
comes from applying Theorem[2.1to b, r and its derivatives of v up to order two.



4.2 Non-asymptotic analysis using regularization and decreasing learning steps

This section may be thought of as a warm-up for the next one. First, for a regularization constant
w1 > 0, let us identify the potential limit 6* of TD(0), it should satisfy:

Ex~m [p(X) Linp(X)] 0 = Egzom [r(X)p(X)], (12)
where Ly, is the linear part of £, satisfying £L = Ly, — r. From Lemma in the appendix,
the symmetric part of E [(X ) L1inp(X)] is positive, and it has full rank if either E [¢(X)@(X) 7]

or E [V,(X)Va4o(X)T] has full rank. In this case, 6* exists, is uniquely defined and satisfies
|0*| < M for some M > 0. We define ITp g, 5s) as the projection on B(0, M) the Euclidean ball of

R? centered at 0 with radius M. Let us consider the projected regularized TD(0) algorithm as,
Ok+1 = po.an) (O — 1 0ae, (Xi, Xp, 0x)o(X3) + b)),
For p1 > 0, the proof of convergence of such an algorithm is simple and may easily be compared

with the literature. In particular, we use the common decreasing assumption on the learning step,
i.e., that it is proportional to 1/(u(k 4 1)), and we obtain the usual convergence rate in 1/k.

Theorem 4.1. Assume[HT] [H2) >0 v = (k+1) and Aty, < c/\k + 1, for some ¢ > 0 and
forany k > 0. The sequence (ék)kzo is convergent, and there exists C' > 0 such that, for k > 1,

- 2 C
|- af] <

where 0%, satisfies (1lq + Exm [¢(X) Lin(X)]) 05, = Exom [1(X)p(X)].

Using an averaging method, we might reduce the factor 1/42 into 1/4 with the same assumptions,
this is a first motivation to introduce of averaging method in the next section.
Moreover, the distance between 6* and 9; might be bounded as follows.

Lemma 4.2. Under the same assumption as in Theorem4 ] there exists C' > 0 such that, for any
6% < Cp.
S

The latter two results directly implies the following non-asymptotic error bound.
Corollary 4.3. Under the same assumption as in Theorem after K > 2 iterations with u =
K’i, we obtain

<
T

4.3 Averaging method with constant learning step and no relaxation

~ 2
’9;(—9*

<

In this section, we use the Polyak-Juditsky averaging method, see [31]], to accelerate the convergence
of the TD(0) algorithm. In the same spirit as the results from [1]], we get the convergence of the
algorithm with constant learning step and without regularization assumption and without projection
map. Moreover, the convergence rate is competitive with the state of the art for the simpler problem
of linear regression using SGD methods. Therefore, following (I2), the potential limit 6* satisfies

TLo(-,0%) = 0, (13)
where IT is the L?(m)-orthogonal projector onto Ve.

Theorem 4.4. Assume [HI) B2l and H3| and that 0* is bounded. If 3.7 At? is finite, there exist
C, R > 0 such that, the following inequality holds for v < R™2, k > 1,

c N Cd+u(HH™T))
vk k ’
where 0), = + Zk ' 0;, fork>1,and H = E [o(X) Lrinp(X) T].

E [v(X,0k) — v(X,0%)] <

If instead we assume that Zk ! At? < aln(1 + k) for some a > 0 for any k > 0, then for any
€ > 0 there exists C,R > 0 such that for v < R™2, k > 0, the latter inequalities are replaced with
the following ones respectively

% L Cld+u(HHT))

E [v(X,0)) — v(X,60%)] < e



The proof is adapted from [1]] with the extra difficulties that the linear operators applied to 6y, in
are different for any £ > 0, and they are not symmetric, even there symmetric part has no
interesting properties (only the symmetric part of the expectation of its limit when k¥ — oo has useful
properties). Moreover, our sequence of stochastic estimators have vanishing biases that introduce
new terms in the proof, this leads to the necessity to add assumptions on )y, At?.

4.4 Discussion on the case of non-vanishing time steps

In practice, we never iterate until convergence, and the algorithms are stopped after a certain number
of iterations are computed, or after some threshold is reached. Therefore, we never really consider
the case At — 0.

Consequently, an interesting different setting consists in considering non-vanishing time steps. In
this section, we consider (Aty)r>0 to be constant and equal to some At > 0. Classical results
of convergence of TD(0) apply here to state similar results as the one proved in the present work.
However, the constants in the rates of convergence of the latter classical results will depend on At.
Typically, those constants will tend to infinity when At tends to zero.

Here, we can do better by extending the results of the vanishing setting to the non-vanishing setting.
Namely, if At is small enough, i.e., At < Aty for some Aty > 0, the results of Sections and
hold with constants independent of At. This extension is justified because all the inequalities
and arguments needed to prove the original results, hold for small At up to changing a little bit the
associated constants, using Theorem 2.1}

5 Conclusion

In the present work, we proved that standard reinforcement learning method based on the temporal
difference are not adapted to solve continuous stochastic optimization, nor their discretizations using
small time-steps. We proposed a correction to the temporal difference, in order to overcome the latter
problem and obtain robust algorithms with respect to vanishing time steps.

This allows us to introduce two algorithms base on TD(0) using the corrected temporal difference.
The first one is model-based since it requires to compute the drift function (but not the diffusion
coefficient), and the second is model-free as it learns the drift function on the fly.

When the parametrized function is linear with respect to the parameters, we proved two types of
convergence results for the model-based method. In Section we introduce a regularized al-
gorithm and prove similar convergence rate as standard results (in particular, that make it easy to
compare with the literature). Then we deduce a non-asymptotic upper bound of the error between
the regularized iterations and the solution of the unregularized problem. In Section[4.3] we consider
the original unregularized problem and use a Polyak-Juditsky averaging method, we recover con-
vergence which corresponds to the state-of-the-art rate for the simpler problem of linear regression
with SGD methods without strong-convexity assumption.

From another viewpoint, this work consists in an original learning method for solving discounted
second-order elliptic equation in non-divergent form, with potentially unknown diffusion (and un-
known drift function in the case of the model-free algorithm).

Acknowledgements. We thank Justin Carpentier for fruitful discussions related to this work.
This work was funded in part by the French government under management of Agence Na-
tionale de la Recherche as part of the “Investissements d’avenir” program, reference ANR-19-P3IA-
0001(PRAIRIE 3IA Institute). We also acknowledge support from the European Research Council
(grant SEQUOIA 724063).

References

[1] F. Bach and E. Moulines. Non-strongly-convex smooth stochastic approximation with conver-
gence rate O(1/n). Advances in Neural Information Processing Systems, 26:7173-781,2013.

[2] L. Baird. Advantage updating. Technical report, Wright Lab Wright-Patterson AFB OH, 1993.



[3] L. Baird. Residual algorithms: Reinforcement learning with function approximation. In Pro-
ceedings of the International Conference on Machine Learning, pages 30-37, 1995.

[4] C. Beck, M. Hutzenthaler, A. Jentzen, and B. Kuckuck. An overview on deep learning-based
approximation methods for partial differential equations. arXiv preprint arXiv:2012.12348,
2020.

[5] C. Beck, A. Jentzen, et al. Machine learning approximation algorithms for high-dimensional
fully nonlinear partial differential equations and second-order backward stochastic differential
equations. Journal of Nonlinear Science, 29(4):1563-1619, 2019.

[6] R. Bellman. Dynamic programming. Science, 153(3731):34-37, 1966.

[7] A. Benveniste, M. Métivier, and P. Priouret. Adaptive Algorithms and Stochastic Approxima-
tions, volume 22. Springer Science & Business Media, 1990.

[8] L. Bottou, E. E. Curtis, and J. Nocedal. Optimization methods for large-scale machine learning.
SIAM Review, 60(2):223-311,2018.

[9] S.Bradtke and M. Duff. Reinforcement learning methods for continuous-time Markov decision
problems. Advances in Neural Information Processing Systems, 7, 1994.

[10] S.J. Bradtke and A. G. Barto. Linear least-squares algorithms for temporal difference learning.
Machine Learning, 22(1):33-57, 1996.

[11] P. Dayan. The convergence of TD()\) for general A. Machine Learning, 8(3):341-362, 1992.

[12] P. Dayan and S. P. Singh. Improving policies without measuring merits. Advances in Neural
Information Processing Systems, pages 1059—1065, 1996.

[13] M. D. Donsker. An invariance principle for certain probability linit theorems. AMS, 1951.

[14] K. Doya. Reinforcement learning in continuous time and space. Neural Computation,
12(1):219-245, 2000.

[15] L. C. Evans. Partial differential equations, volume 19. American Mathematical Soc., 2010.

[16] D. Gilbarg and N. S. Trudinger. Elliptic Partial Differential Equations of Second Order. Clas-
sics in Mathematics. Springer-Verlag, Berlin, 2001. Reprint of the 1998 edition.

[17] J. Han and A. Jentzen. Deep learning-based numerical methods for high-dimensional parabolic
partial differential equations and backward stochastic differential equations. Communications
in Mathematics and Statistics, 5(4):349-380, 2017.

[18] J. Han, A. Jentzen, and E. Weinan. Solving high-dimensional partial differential equations
using deep learning. Proceedings of the National Academy of Sciences, 115(34):8505-8510,
2018.

[19] T. Jaakkola, M. Jordan, and S. Singh. Convergence of stochastic iterative dynamic program-
ming algorithms. Advances in Neural Information Processing Systems, 6, 1993.

[20] Y. Khoo, J. Lu, and L. Ying. Solving parametric pde problems with artificial neural networks.
European Journal of Applied Mathematics, 32(3):421-435,2021.

[21] D. E. Kirk. Optimal control theory: An introduction. 1970.

[22] P. E. Kloeden and E. Platen. Numerical Solution of Stochastic Differential Equations, vol-
ume 23 of Applications of Mathematics (New York). Springer-Verlag, Berlin, 1992.

[23] N. V. Krylov. Lectures on Elliptic and Parabolic Equations in Holder spaces. Number 12.
American Mathematical Soc., 1996.

[24] O. A. Ladyzhenskaia and N. N. Uraltseva. Linear and quasilinear elliptic equations [by] Olga
A. Ladyzhenskaya and Nina N. Uraltseva. Translated by Scripta Technica. Translation editor:
Leon Ehrenpreis. Academic Press New York, 1968.

[25] I. E. Lagaris, A. Likas, and D. 1. Fotiadis. Artificial neural networks for solving ordinary and
partial differential equations. IEEE Transactions on Neural Networks, 9(5):987-1000, 1998.

[26] I. E. Lagaris, A. C. Likas, and D. G. Papageorgiou. Neural-network methods for boundary
value problems with irregular boundaries. IEEE Transactions on Neural Networks, 11(5):1041—
1049, 2000.

10



[27] C. Lakshminarayanan and C. Szepesvari. Linear stochastic approximation: How far does con-
stant step-size and iterate averaging go? In International Conference on Artificial Intelligence
and Statistics, pages 1347-1355, 2018.

[28] M. Lutter, S. Mannor, J. Peters, D. Fox, and A. Garg. Value iteration in continuous actions,
states and time. arXiv preprint arXiv:2105.04682,2021.

[29] A. Malek and R. S. Beidokhti. Numerical solution for high order differential equations us-
ing a hybrid neural network—optimization method. Applied Mathematics and Computation,
183(1):260-271, 2006.

[30] H. Pham, X. Warin, and M. Germain. Neural networks-based backward scheme for fully
nonlinear PDEs. SN Partial Differential Equations and Applications, 2(1):1-24, 2021.

[31] B. Polyak and A. B. Juditsky. Acceleration of stochastic approximation by averaging. SIAM
Journal on Control and Optimization, 30:838-855, 1992.

[32] K. Rudd. Solving Partial Differential Equations using Artificial Neural Networks. PhD thesis,
Duke University, 2013.

[33] R. E. Schapire and M. K. Warmuth. On the worst-case analysis of temporal-difference learning
algorithms. Machine Learning, 22(1):95-121, 1996.

[34] J. Sirignano and K. Spiliopoulos. DGM: A deep learning algorithm for solving partial differ-
ential equations. Journal of Computational Physics, 375:1339-1364, 2018.

[35] R. S. Sutton. Learning to predict by the methods of temporal differences. Machine Learning,
3(1):9-44, 1988.

[36] R.S. Sutton and A. G. Barto. Reinforcement Learning: an Introduction. Adaptive Computation
and Machine Learning. MIT Press, Cambridge, MA, second edition, 2018.

[37] C. Tallec, L. Blier, and Y. Ollivier. Making deep Q-learning methods robust to time discretiza-
tion. In International Conference on Machine Learning, pages 6096-6104. PMLR, 2019.

[38] J. Tsitsiklis and B. Van Roy. Analysis of temporal-diffference learning with function approxi-
mation. Advances in Neural information Processing Systems, 9, 1996.

[39] H. Wang, T. Zariphopoulou, and X. Y. Zhou. Reinforcement learning in continuous time and
space: A stochastic control approach. Journal of Machine Learning Research, 21:198-1, 2020.

[40] C. Yildiz, M. Heinonen, and H. Lihdesmaiki. Continuous-time model-based reinforcement
learning. In International Conference on Machine Learning, pages 12009—12018. PMLR,
2021.

11



A Proof of the main results

Here, C is a constant that can change from line to line and is independent from (v )r>0, (6k)k>0
and p.

A.1 Proof of Theorem [d.1]

Theorem A.1. Let A € R**? be a square matrix such that A + AT > 2ul, for some p > 0, and
b,0* € RY such that AG* = band |0*| < M for some M > 0. For 0 € O, the sequence (0 ) >0 is
defined by induction by,

Ort1 = o, ar) (O — Y9k 5
for k > 0, where v, > 0 is convergent to zero and Zk>0 Ve = E [gk|0k]) — A — b] <
(1 + |0k])er. ex € Ry is convergent to zero, and E [|gy|? ‘Hk] C(l + [0k|?). Then (0r)k>o0 is
convergent in expectation to 0* and

k—1
E[|6r — 2] <4MZe #Zi20 % 4 C(1+ M?)Y 7y (v +pte?) e Eimin .
1=0

Proof. Up to starting the iterative algorithm from 6, instead of 6y, we may assume that |6;| < M
for every k > 0. For k > 0, let us denote by, = E [|6), — 6%|?]. We recall that [IT g r)(6) — 6%| <
|6 — 6*| for any 6 € O, since 8* € B(0, M). This and the induction relation satisfied by 6y, imply

bp+1 =E [lHB (Ok — Ykgr) — 9*|2}
<E [|9k -0 — 'ngklﬂ
< b — 2 E [ (0 — 9*)T9k] +E [|gk|2}

0°)E [gn16x]] + 172 [E [|gul? 164]]

< by — 29E (01 — %) T (AGy, + b)] + 27kerE |01 — 0% (1 + [0k])] + CHZE [(1 + |64]%)]
<be—WE [0k — 07)T(A+ A7) (O — 0)] + pE [0k — 07 7] + 2(1 + M)~ yied + C(1+ M)}
< (1= pye)br + C(L+ M?)yi, (n™ el + i)

< e b+ C(1+ M)y (1" ef + ) s
where we used a Young inequality to get to the fifth line. Therefore, we obtain,

[(
< by — 2%E [(6x —
[0

k—1
be < e P im0 Yibg + O(1 + M?) Z% (i + p'e2) e M
i=0
which leads to the desired inequality using by < (|6g| + |6%])? < 4M>2. O

Proof of Theoremd.1] The proof only consists in checking that we can apply Theorem[A1l Using
the same notation as in Theorem[A.1] we define,

A =E[p(X)Lun(X)] 4+ pls, b=E[F(X)p(X)], and g = pp(Xi) + 6.
Then, we get

E[gx|0k] = E [‘P(Xk) (ﬁlinsﬁ(Xk) + Ro i + At? Ry + Athz,k)} O + pOr + E [o(Xp)r(Xe)]

=E [p(X5) Lrine(Xi)] O + 10 + E [0(Xi)r(Xi)] + Atk E [o(Xi) R 1] Ok,
where Ry, = Ro(Xk,&k), R1x = R1(Xk, &) and Ry, = Ro(Aty, Xi, &) are given in Lemma
[B.1l From Theorem[.1] we get
IE [p(Xk) Linp(Xk)] — Al < C, and |E [p(Xg)r(X)] — b < C.
Therefore, we obtain |E [g;|60k] — A6k — b| < C(1 + |0x]) Atx. The fact that E [|gx|?|6x] < C(1 +
|0x|?) is straightforward. Finally, A + AT > 2;.I; comes from Lemma[B.2l Theorem[A.Tland the
k

1
inequalities |0*| < Cu~! and exp | — Z = | <i/kfork > i > 0, conclude the proof. O
j=i+1
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A.2  Proof of Theorem 4.4
We start with the following definitions,
2
g
S = pE [p(X)p(X)'] + S E [Drp(X)Dap(X) ']

[ ?vwm +b>D (X)T}

H(z) = ¢(x)Linp() "
Hy(z) = H(z) + E[H(X) — H(X})]
H=E[H(X)].

Proof of Theoremd.4 Here, C' > 0 stands for a generic constant which value may change from
line to line, it depends on the constants in the assumptions and is independent of &, of the smallest
eigenvalue of .S and of ~.

Using Lemma[B 1] we get
N T
Ort1 = O—r0(Xk) (ﬁlin@(Xk) + Ro(Xk, &) + At Ri(Xy, &) + Aty Ro(Aty, le&)) Or—vo(Xp)r(Xe),

where Ry(z,&)T0 = % (¢"D2v(z,0)¢ — Ayv(w,0)), and Ry and R can be red in Lemmal[B11
and we get E¢[Ro(z, §)] = E[R1(z, §)] = 0. Take ny, = 65 — 6*, it satisfies the following induction
relation,

Mo = (Ia — vHe( X)) me—y (He(X2)0* + o(Xi)r(Xi))—y (H — E[H (Xk)] + Atrp(Xi) Ry 1) (m40%),

where Hy(z) = gp(m)(ﬁlingo(x)—l—Ro,k—i-At,%Rl,k)T + H —E[H(X})], in particular E[Hy (X})] =

H. On may easily check that 7, can be rewritten as 7, = Ef;é ., where 77 is defined by,

N1 = (La —YH)np, + x5, + Atgiy,

7Y = 1o, ny=0ifr > 1, (9
where xj. and v}, are defined by
Xi = y(H — Hi(Xp))0" + 7 (B [o(Xk)r(Xe)] — o(Xp)r(X))
i = yAL T (Elp(X) Lo(Xk, 09)] — E[p(X)Lo(X, 07)]) — vo(Xk) By 407, 15)

Xt =~(H — Hi(Xy))ng,

Uit = (A (E[H (Xx)] = H) = o(Xk) Ra k) 1k,

where we used that E [o(X)Lv(X, 6*)] = 0 to get the second line. One may notice that n}, = 0 if
r>k.

First step: getting bounds on the covariance matrices of x* and 1)*. Here, we prove by induction
on r and k that

E [0y @ ny] < 3Cky"R* 14,

E[y; ® x| < Cpymxr+12) p2rg

E[y] ® ¢]] < eCprymax(r+12) pr g
where 12 = 3C (|| Cisnp + E[Ro (-, 60)]l o + A5 | B (- )l + 26 supysg [ Ba( At -, )] +2571),
0 <e< A*Q is a constant that will be defined later, C is the constant from Lemma B4l and
Cr = (16"* + 10 Smo) exp(e Yo AL?).

For k > 0, and r > 1, let us prove the results for (k + 1, ) while assuming that it holds for (k,r),
(k,r — 1) and (k + 1,7 — 1). For by, = eAt3, we get from (I4) and 20D,

E N1 @ Mopr] < (L+0x) E[(Ta — yH)ng @ nj(la — vH )] +E [x}, @ x3] + AR (1 + b HE [V @ ¢
<3Cky" R¥ (14 by) (Ig — yH)(Ig — vH") 4+ Cpy" T RY 4+ eCr A2y TLR?" (1 4+ b 1Y)
<30y R* (1 + eAt3)(Iq — 4S) + 4 TR CrL(2 + eAt2)S
< 30Ky R¥ (1 4 eAt2) ], < 3C,e">%y" R Iy = 3C)17" R I,
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Then, concerning X}, , ;, using Lemma[B.4] we get

E [Xii1 © Xis1] <3Cki1y ™ R °E [(H — Hi(Xi))(H — Hi(X3)) "]
< 3Ck+1")/T+1R2T72E [Hk(Xk)Hk(Xk)T}

< 3Cka1y R Linp + ElRo(-, ) + At Ra(,€9)]||_E [(X0) @ 9(X0) ]

00
< Ck+1'7T+1 R2TS.

Finally, using Lemmal[B.4once again for ¢}, ,, we get,

E [$h1 ® Yf 4] < 6Cki1y T R 2 (AL (BE[H(Xy)] — H)(E[H (Xk)] — H) "+ E [|Ry 1 [*0(Xk) © (X))
< eCrp1y"TIR?S.

It remains to prove the inequalities for £ = 0 and r = 0. Concerning r = 0, the proof is similar but
we use the boundedness of §* and r instead of the induction assumption. Then &k = 0 and > 1 is
straightforward since ny = xg = ¥ = 0.

Second step: getting a bound on E [(ﬁ;)—r S ﬁ;} . Namely, we will prove that

C max(rfl,O)RQT
E [(ﬁ;f Sﬁﬂ < %tr([d—i-H’TH ( ZO o <Z At;C? ) +5T_0”yl> ,

for some constant C' > 0. First, we notice that

k—1
mh= (Lo —yH)*"" ' nf + ) (la = vH)" 770 (0 + Ata))

=0
ﬁTZLH_l (Id_(Id_'YH) )77 +ikz:l(fd—(fd—7H)ki) H™ (X + Atiy)
k ’Yk 0 ’Yk gt [ ¥ )

which implies that

E ()" Sﬁz] < ) (la— Ua—t1)) HTSH (1= (1= 71)*)

,72
2k2 ZE (Ta = (Lo =BTV BTSH™ (1o = (T = vH)* ) xi]
+ %2 > E [1/;] (Is— (Ig —yH")FYH TSH™! (Id - (Ia — WH)H) 1/);} :
v 0<i,j<k—1

Let us define I ,, I} ; and I} , as the first, second and third term, respectively, in the right-hand
side of the latter inequality. One may notice that I}, ;, = 0if » > 1. Then concerning, I, D 0> We get

3 —i _ _ —1
0, = an (I — (s —yHT ) (H-T + HY) (Id — Iy — ~H) ) o

< ¢ T < ¢
e 72]{770 o > 72]{7
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where we used (23)) to obtain the last line. Then let us pass to I} ,,

I, = ka ZIE { X (Ia = (Is = vHT Y1) (H-T + HY) (Id Iy — yH)F ) xz}

k—1
3 K3 ' ' —1 — —
= zkztrz Ij— (I —vyH)* NVEN; @ xf] (Ia— (Ta—~H D)) (H T+ H )

<3 Ttrz Ci (In— (Ig —yH) ) S (I — Iy —vyH )= (H~ T + H)
3,ymax(r—170)R2r k—1 Toki bei _T 1T
= TuZQ (Ia — (Ia —~yH") ) (Is — (Ia —vH)* ) 2+ HH™ " + H'H")
=0

C,ymax(r— 1,0) R27‘

< 2

k—1
w(lag+HH™ )Y Ci.
i=0

Then, concerning I}, ,, using the triangular inequality, we get
N 2
T i — — k—1 r|2
Ii, < ka (ZAt E [ T (Lo — (Iy—vH)=) (H-T + HY) ([d — (Ig —~H) ) wi} )

max(r—1,0) p2r (k=1 2
< C“TR (Z At; [Citr (Id +H_TH)] )

[SE

=0

2
O,.Ymax(rfl,O)RQT e k-1 1
=g ——uw({at+ H "H) Z:Aticf ,

where we obtained the second line with similar arguments as in the calculus of the bound of I ;
above.

Third step: getting the desired bound. Using the triangular inequality on the norm induced by S, we

obtain
2

C C

k—1 k—1 ) 2
<-4+ ——  uw(ly+HH T C; + At;C?
=9k k2(1—~3R) T ) ; <;

Therefore, if >~ At? is finite, then Cj, is uniformly bounded and we can conclude by taking
e = Aty 2. If instead Zk ! At2 < aln(1 + k), we obtain that Cj, < (1 + k) and Zf:_ol C; is of
order k1€ leading to the des1red inequality up to changing € into a " 'e. O

IN

E [(7) " S7]

B Technical lemmas

B.1 Expansions of the temporal differences
Lemma B.1. For (z,£,0) € Q x R x © and 0 < At < 1, there exist R(z, €, 0) such that

Sar(z, Sai(x,€),0) = Lo(z) + Ro(2,) 70+ At2 Ry (2,€) 70 + AtRy(At,2,8) 70
Ro(w, €70 = % (Avv(e) - €7 D2(@)e).
3

Ra(2,6)0 = poVsv(x) - € = Fh(a,u(@))T Dv(a)e — - div(@)(€,€.€).
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Jor some Ra(At, x, &) such that, if € is a random variable normally distributed with zero mean and
identity covariance matrix, then for p > 1, E[|R2(At, z, §)|P] is bounded uniformly with respect to
At and .

Proof. The proof consists in defining ¢ : [0,1] — R by
o(s) = e 5PAy (x +s ( (z,u(z))At + oV A 5))

and taking the development up to order four,

0(1) = p(0) + ¢’ (0) + £10) + #(0) + /01 d-s)r S)Scp’”’(s)ds.

2 6 6
Using b € RY defined by b = b(x, u(x))At + ov/Até, the latter derivatives of  are given by
#(0) = o(x)
¢'(0) = —pAtv(z) + Vyou(z) - b
¢"(0) = p?At?v(z) — 2pAtV,0(x) - b+ d2v(z) (b, b)
¢ (0) = —pP At*v(z) + 3p° At>V v(z) - b — 3pAtd2v(x) (b, b) + d>v(z) (b, b, b)
@ (s) = e A Pt Atto — 4pP APV 0 - b+ 6p2 At2d2 (b, b) — ApAtd3u(b, b, b) + d%@jﬁﬁ)} :
We conclude by replacing all the equalities in this proof in (6). O

B.2 Some lemmas used in the proof of Theorem [4.4]

Lemma B.2. The matrices S and A are respectively the symmetric and asymmetric part of H.
Moreover; they satisfy

S% <tr(S)S (16)
ATA=-A2< b+ QVzln(m) i 5?2 (17)
(SA—AS) <2 12 b+ gvz 1n(m)H S2 (18)
E[HX)H(X)"] < p~ | Linp(X)]1%.S. (19)

Proof. First step: proving that S and A are respectively the symmetric and asymmetric part of H.
Take 0 € O, we get:

0THO=0TE [(P(X)ﬁlin</7(X)T] ¢
= E [U(X, o)ﬁlinv(Xa 9)]

_ /Q (m - ";AM +b(x) - w) v(@)m(z)de

= o5 [o(X ] + ZE 9,000

where the last line is obtained using (8)) and the following integration by parts,

Vv - b(x)v(x)m(z)dx = %Vw(zﬂ) -b(z)m(x)dx
Q Q

= —5 [ Av@m(a)? (@),
— | Agv(z)v(z)m(z)dz = |V o)* m(x)dz + 1VI(UQ) - Vym(z)dx
Q o2

|Vo0|® m(z)de — 1 Apm(z)v? (x)de.
Q 2 Ja
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This implies that S’ is the symmetric part of H. Then it is straightforward that the asymmetric part
of H is equal to A.

Second step: proving the four inequalities. The first inequality (16)) is straightforward, it only relies
on the fact that S is symmetric and positive. The fourth inequality (T9) is straightforward using the
definitions of H(X) and S. The third inequality (I8) is a consequence of (7). Therefore, there
is only (I7) left to prove. Let us take A € C a complex eigenvalue of H, and 6 an associated
normalized eigenvector, it satisfies 0" S = R(\) and 0" A0 = iS(\). Therefore, we get

[S(V] =107 46|
= [E[5(X,0) (6(X) + Vo lnm(X)) Vao(X,0)]|

=
=

< ||b+ Ve In(m)|| L E [|[v(X, 0)[?]

/ 2 Nl

E [|Vov(X,0)°]

This concludes the proof. o
Lemma B.3. Fory < R™2, the following two inequalities hold for any k > 0,

(Is —yH")(Ia —vH) < Is— 7S (20)

(L= (1= vH")) (1= (1 = yH)*) < 4*K*H T H, 21

(= (T =vH ")) (1o = (1= 7H)*) <4 (1 + %HH V. 1n<m>||io) o

(22)
(Is— (I —yH")*) (H+HT) (Id - (- wH)’“) <27k (1 + \/%Hb + Ve 1n<m>|oo> La.
(23)

The latter lemma would be straight forward if H were symmetric. Conversely, it does not hold if we
only assume the eigenvalues of H to be bounded and with positive real part. In fact, we need some
bound on the imaginary part of the spectrum of H, depending on its real part.

Proof. One may notice that (23) is a straightforward consequence of 1) and (22). Then, concerning
([0, it is sufficient to write (Ig —vH ") (Ig —vH) = Ig — 2S5 +~* (S% + SA — AS — A?), and
use the definition of R, (16), (I7) and (I8). Therefore, it only remains to prove 1) and 22).

First step: proving @1). Let us proceed by induction, the case k = 0 is straightforward. Let us
denote y;, = (Id —(Iq—~vH )k) and assume that the inequality holds for k. One may notice that
for € R?, using (20), we obtain

1 1

0 Typ (Lo —~vH)"HO < (0" y, (Is —vH) " (Is — vH)yx0)? (0" H'"H6)?
<~kOTHTHO,

which implies y;| (I4 — ”yH)T H+HT" (I —vH)yr < 2ykH" H. Using the latter inequality, the

relation yy4+1 = (Ig — vH )y, + vH, and (20) again, we get

Uiyt = Y (Lo = vH) " (Lo = yH)ye +7y (la —vH) " H +H " (I = vH)y, +7*H'H
<AK’H"H +2y?kH"H +~*H"H =~*(k+1)°H"H.

This concludes the induction.

Second step: proving @2). In this step, we will only work with the complex eigenvalues of H: let
A € C be one of them, we get

1= (1= =1 =) (1= 1 —N)F) + |
S (L= 1= @ =)k +7[A]) -

17



This implies

k—1
1= (1= )" <A 1=
=0
YIAl
T 11—~}
YAl .
< — using 20D,
L—(1T=9R0N))>2
YAl
< ——————— because YR(N) < 1,
= (1- 3%0V) »)
(A2
<
< 24/1+4+ ROV?

1

2

2
<2 (1 +—lb+ Ve 1n(m)|§o> :
po
where the last inequality comes from a similar argument as in the proof of (I7). This concludes the
proof.
O

Lemma B.4. Assume[[3| There exists C > 0 such that the two following inequalities hold for any
k>0,

E[p(Xk) ® o(Xy)] < CS,
(E[H(Xy)] — H)(E[H(Xy)] - H)" < CAES.
Proof. We recall that the set of admissible functions v is finitely dimensional, therefore the Cc4-
norm and the H'(m)-norm are equivalent and there exists C' > 0 such that Hv(-,9)|\2c4 <
Cllv(-, 9)||§{1(m). For § € © and k > 0, this implies
0"E [p(Xk) ® ¢(Xi)] 6 = CE [v(Xy, 0)°]
< CE [v(X,0)%] + CAty|[v(-, 0)*|| -
< C (1 + AL 00 0) 371 (my-

where the second line is obtained from Theorem2.1l Here, C is a constant that can change from line
to line. The first inequality is then obtained by recalling that |[v(-, 8)|| %1 ) < (P71 +2072)07 S6.

Concerning the second inequality, we get
(E[H (X)) H) 0] = [E[p(X) Lo(X, 0) — o(X) Lo(X, 0)]
< C(Atgflo(,0)]| o)’
< CAL [, 0)ll7s )

where the second line is obtained from Theorem 2.1} and the third line from the fact that the C¢-
norm is equivalent to the H!(m) on the finite dimensional space of functions v. We conclude the
same way as we did for the first inequality. O

B.3 Calculus of variances and covariances

Lemma B.5. Let (x,0) € Q x O and £ a Gaussian vector with zero mean and identity covariance
matrix, the following equalities hold

Var (€ - Vou(z)) = |Vau(z))?, (24)
Var (gTDQv(x)g — Agu(z)) = tr (Div(z)?) . (25)

18



Proof. The first equality is straightforward. Since D?v(z) is symmetric, there exists P an orthogo-
nal matrix and D a diagonal matrix such that D?v(z) = P " DP. The couples (X, ¢) and (X, PT¢)
have the same law and ¢ is independent of X and D, this implies

Var (¢" D%v(z)é — Ayv(z)) =E :({TDQU(x)g - Amv(x))2]
=K ((pTg)T D*v(z)PT¢ — sz(:c)) 2}

=E —(gTDf - sz(:c))q

=E ZD2 € —1) ] Z ? = 2tr (D2v(2)?).

s

This concludes the proof. o

C Complementary results

C.1 Counterpart of Lemma 3.3 with discrete observations of the continuous dynamic

In this section, we prove the counterpart of Lemma [3.3] to the case when the samples are directly
observed from the continuous dynamics (), instead of the discrete one (@). Basically, the proof
consists in replacing the Taylor expansions used in the other proofs by It6 Calculus. We believe that
all results in the present paper may be adapted to this case, using similar arguments.

Lemma C.1. Assume that r and b are uniformly continuous, and that v admits bounded continuous
derivatives in x everywhere up to order three. For At > 0, x € Q, W a Brownian motion and
6 € ©, we define 6™ the continuous temporal difference by,

SN = (At)” [ (x,0r) — yv(Xat, 0) — r(x)At + cWas - Vayu(z, 9)],
where dX; = b(X;) + 0dWy, and X = x.

The mean and variance of 651 satisfy,

4

cont conty __ U_ 2 2
Atﬁ E[6X:"] = Lv(z, 0), and hm Var(5 )= 5 (Div(z,0)%).

Proof. In this proof, the dependence of v in 6 is omitted. From It6 calculus, we have,

At At
v(Xar) = v(Xo) +/ (Var(X0) - b(X0) + S A0(X) ) dt 4o | Tou(X0) - dW,.
0 0
Therefore, the continuous temporal difference satisfies,
1— —pAt _ At —pAt At
S = Lo(z) + ¥v(x) S / (Vou(Xy) - b(Xy) — Vyo(z) - b(z))dt
At At g
0,287pAt Ueprt At

(Vou(Xy) — Vaeu(x)) - dW,.

At
~ ToAT /0 (Azv(Xy) — Ago(x))dt — A7 ;

In the latter equality, the last term has zero mean, the second is convergent to zero and we prove in
the following that the third and fourth are also convergent to zero.

Take ¢ : 2 — R abounded continuous function (we take g = V,v-b for the proof of the convergence
of the third term, and g = A, v for the proof concerning the fourth term). We define A as a set of
measure zero such that (X;(w))o<i<1 is continuous for any w € Qx\A (where Qx is the sample
space of the random process X). For any w € Qx\ A, Heine’s Theorem states that t € [0,1] —
X(w) admits a uniform modulus of continuity (which depends on w), this implies that

At
L / (9(X(w)) — g(x))dt = 0.

I
A%E}O At
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We just proved that < fo g(X¢(w)) — g(x))dt converges almost surely to zero, moreover it is
uniformly bounded because g 1s bounded, so by the dominated convergence theorem, we obtain:

At
g wmwmwwkm.

As a consequence, we obtain lima,—o E[65] = Lo(z, 6).

At
g M&w@mfﬂ—m

so the only term on the rlght -hand side of the latter expansion of §5°** whose variance does not
vanish at the limit is the last, i.e.,

lim E
At—0

Similar arguments imply that

lim E
At—0

9 2

hm Var(éc"nt) = hm )

At—0 At2 (26)

At
A(W“&Fvwm%mq

Using It6 calculus on V,v(X}), we obtain

Vzv(Xt)—Vzv(x)—/t (DZv(X6)b(Xs) + ValAgv(X,)) ds—i—/OtDQv(X dW.

0

Let us prove that the first integrable in the latter equality leads to a vanishing term only in the limit
[26). This time, we take g = D2v b+ VA, v, let us consider the following sequence of inequalities

At t 2 At ) A#3
:/ El/m&ws ﬁs/ #lglide = =gl
0 0 0

Indeed, once we multiply by X—;, this leads to a term of order A¢ which will vanish at the limit
At — 0. Let us consider the only remaining part of the variance,
¢ 2
/ D2v(X)dW, 1 dt
0

At 2
s)ds - AWy

At
0D2 $)dW, - dW;

0_4 /At
= — E
At
At2 / / [tr ( X,)%)] dsat
4

AﬁA(m—Q[MW(&ﬂMs

At2

= 04/0 (1 —w)E [tr (D2v(Xyar)?)] du,

where the last line is obtained using the change of variable s = u At. Using once again the domi-
nated convergence theorem, we obtain:

hm Var((scont) o*E [tr (DZv(z)?)] /0 (1 —wu)du= %E [tr (D2v(z)?)] .

x

This concludes the proof. o

C.2 Similar analysis of the residual gradient method

In this section, we state similar results as Theorems [.1] and [4.4] while replacing the used algorithm
by the residual gradient method, instead of TD(0). We want to insists that some notations in this
section and the followings will differ from the rest of the article, more precisely, it consists in 6*, 9:;,
(0k) k>0, (0r)k>0. Indeed, those quantities are defined using TD(0), while here they come from RG.
Let us start by defining those quantities here.
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The unregularized corrected RG algorithm consists in computing (6 )x>0 as,
Or+1 = Ok — k0K Volr, (RG)

and the p-regularized corrected RG algorithm consists in computing (ak)kzo as,
Ok+1 = po,an) (O — Vel;(%tk (Xk, X}, O0x)% — 1)),

where M is assumed to be a known upper bound of ¢, which is defined later as the limit of the
p-regularized.

Let us define I, the RG cost,

F.(0) =Ex [Lv(X,0)%] + ?Ex [tr (D2v(X,0)%)] + g|9|2.

Then, 9: is defined by,

0, = argmingcg F,(0).
Similarly, we define F' = Fp and 6* = 6. The following theorem is the counterpart to RG of

Theorem[d.1] it concerns the convergence rate of the regularized RG method.

Theorem C.2. Assume [HI] >0,y = ﬁ and Aty < ¢/\k+ 1, for some ¢ > 0

and for any k > 0. The sequence (§k)k20 is convergent, and there exists C' > 0 such that, fork > 1,

2 C
<%

E U5k—9; e

We refer to the proof in the following section[C3l

Then, we state below the counterpart to RG of Theorem[d.4] it concerns the convergence rate of the
unregularized RG method with constant learning step and an averaging method.

Theorem C.3. Assume HI) [H2 and[H3| and that 6* is bounded. If "> At? is finite, there exist
C, R > 0 such that, the following inequality holds for v < R™2, k > 1,
C cd

E[v(X.00) —v(X,07)] < 1+

where 0), = %Zf:ol 0;, for k > 1.

If instead we assume that Zi:ol At? < aln(1 + k) for some a > 0 for any k > 0, then for any
€ > 0 there exists C, R > 0 such that for v < R™2, k > 0, the latter inequalities are replaced with
the following ones respectively

C Cd

E [v(X,0) — v(X,0%)] < s + e

The proof consists in repeating the proof of Theorem[.4] it is even simpler since here all the linear

operators are symmetric.

C.3 Proof of Theorem[C.2]

Let us start by proving the following theorem on stochastic gradient descent methods.

Theorem C.4. Let f : © — R be u-convex, L-semi-concave, and such that 6* = argmin, f(6)
satisfies |0*| < M for some M > 0. For 0y € O, the sequence (0))r>0 is defined by induction
using the following projected stochastic gradient descent method,

Ort1 = o, ar) (O — Yr9x) 5

for k > 0, where vy, > 0 is convergent to zero, and ), Vr = 00,

E[gkl0k] — f'(0k)] < (1 +
|0k |)er. e € Ry is convergent to zero, and E [|gi|?|6k] < C(1+(60k|?). Then (0x)r>0 is convergent
in expectation to 0*, and

k—1
E [|9k . 9*|2] < 4M2€_% Z?;ol Vi 4 C(l + M2) Z,yi (’Yi + /14_1512) 6_% Z?;ilJrl Vi,
=0
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Proof. Up to starting the iterative algorithm from 6, instead of 6, we may assume that |0;| < M for
every k > 0. For k > 0, let us denote by, = |0}, — 0*|*. We recall that [ITgo ar)(0) — 6] < |6 — 6*|
for any 6 € O, since 6* € B(0, M). This and the induction relation satisfied by 6}, imply

bpy1 <E [|9k -0 — %gkﬂ
< by, — 2%E [0k — 0) " 9] + 72E [|9k| }
< b = 24E [0 — 0°) TE [g4/64]] +1ZE [E [Ignl? 164
< by — 2%E [0k — 0%) T £/ ()] + 2vkerE [16x — 07 |(1 + 0k])] + CARE [(1 + |6x]*)]
< b = 290 [£(0%) = £(60) = 510k — O] + 201 + M)yeeiE (16 — 0[] + C(L+ M)}
< (1= )i + SNE (100 = 0°712] + 401+ M) e + (1 + M)
<(1- g”yk)bk +C(1 4+ M)y (pted + )

< e BMby + C(1+ M)y (p~ et + r),

where we used the p-strong convexity of f to get to the fifth line, and a Young inequality to obtain
the sixth line. Therefore, we obtain

k—1
bk < 6_% E?gol %bo + C(l + M2) Z,% (,71 + /1'_1812) 6_% Z_’;;i1+l ’717
=0

which leads to the desired inequality using by < (|6g| + |6%])? < 4M2. O

Proof of Theorem[C2] This proof consists in checking that we can apply Theorem [C.4] using the
following notations,

4
fO)=E [mv(x, 9)|2} + %E [tr (D2u(X,0)?)] + g|9|2, and g = Vo|6¢|2 + p..
Thus, we get,
1 2
E[gr|0x] = E [Ve ’E(Xk, Or) + Ry w0k + At2 R L0k + Ath;—,kek‘ } + pbk
—F [vg £(Xr, 9,€)|2} +E [vg |R{. 64| } + pby + AtE [vg IR 64| ] + 204K [V (64R3 404)] -
Then, from Theorem[2.1] we obtain

1 2
'E [Ve ’E(Xk, Or) + ROTJCH;C + At} R1T,k9k + Ath;kﬂk’ } + by — ' (0k)

< C(1+ 0k])-

This implies that [E [gx|6k] — f/(0k)| < CAtg(1+ |0x]). The fact that E [|gx|?|0x] < C(1+|6k|?)
k
1

is straightforward. Theorem[C4l and the inequalities [#*|?> < Cpu~! and exp | — E - | <i/k
=]
J=i+1

for k > i > 0, conclude the proof. O

C.4 Possible extensions of RG

One important weakness of RG algorithm is the presence of the term U—;E X [tr (ng(X , 9)2)} in
the definition of F),. In this section, we propose four alternatives to remove it. More precisely, we
replace F), by F}, defined by

F,(0) = Ex [Lo(X,6)°] + £16P,

and 0% x,, is now defined by ¢, = argmin ﬁ: Similarly, we take F = ﬁo and 6* = 65.
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In particular, Theorems and [C3lhold with this four alternatives.

Multi-step RG. This algorithm consists in the following induction relation,
) 1 Nk — 1
Okr1 = Ok — i (Volo|* + puby) . with ), = Z oty (Xkti» Xktir1:0k),  (MS-RG)
=0
where X o = X and Xy 4, = Sas, (Xk,t;5€k,i), for 0 < ¢ < ny and ny, > 1 a sequence con-
verging to infinity. The conclusions of Theorem[C.2]then hold with v, = ﬁ, ng > c Wk +1,
npAty < c¢/vVk+1,and of, < ck_%, for some ¢ > 0, for any £ > 0. In particular the proofs or the

counterparts to the multistep setting of Theorems[C.2]and[C3] are similar to the originals but using
Lemmal[C.3]below instead of Lemmal[B.1l

Vanishing viscosities. This algorithm consists in the following induction relation,

O = Ok — 1 (VolOkl® + i) , with 6 = Sy Aty (X, i, O), (0RG)
where 0., At 1S dar, Where o has been replaced by oy, in (3) and (@). Here, we assume that we may
choose the intensity of the noise, which is only possible when the noise have been added artificially
to a deterministic problem, which is in general interesting for the three following reasons: allowing

exploration, having regular continuous-time solutions and having full-supported invariant measures
of the dynamics.

The conclusions of Theorem 4.1l then hold with vy, =
for k > 0.

k+1 , Aty < ¢/vVk+1,and o, < ck™ 5,

Using mini-batches. Another alternative consists in using mini-batches, i.e.,
1 O
Oki1 = Ok — i (Volor” + b)), with 6, = o > Oat, (Xe, iy O1), (MB-RG)
i=1

where (N & )k>0 are the size of the mini-batches. The conclusions of Theorem .| then hold with
Ve = u(k+1)’ Aty < ¢/VE+1,and N, > ¢ *Vk, for k > 0.

Changing the law of the noise. Note that the perturbating term from (II)) comes from the variance
of a term involving {,;r D2v¢), — A,v. Let us make the simple observation that, in dimension d = 1,
the latter expression is null if £, is a Rademacher random variable. This argument can be generalized
to dimension d > 1. Since DQ’U(X k, 0k ) is symmetric, we can find P an orthogonal matrix and D a
diagonal matrix such that chv(Xk, 0r) = PTDP. Therefore, it we can take & = PTCk where (i
is a random vector, each of its coordinate being an independent Rademacher random variable.

Using Donsker’s theorem [13]], the random process at the limit is still a Brownian motion even if the

increments before convergence are not Gaussian anymore. However, the weak convergence of the
1

sequence (my)>o is slower here: Aty is replaced by At} (thisisa consequence of the central limit

theorem). The conclusions of Theorem [£.1] then hold with ~y;, = and Aty < ¢/(k+ 1), for

k> 0.

u(k+1)

C.5 Counterpart to Lemma[B.1lin the multi-step setting

Lemma C.5. There exists C > 0 such that, for any (z,0) € Q x0,n > 1,0 < At < % and
§ = (&)o<icp independent normally distributed random variables with zero mean and identity
covariance matrix, we have

I [|0%,(2,£,0)[2] — Lo(2)?| < C (1 + |9|2) (n™' 4+ nAt),
|E [Vo|0R (2, & 0)]?] = VoLo(z)?| < C(1+16]) (n~" +nAt).

Proof. Taking Xo =z and X;,,, = Sa¢(Xy,,&) for 0 < i < n, we obtain

n—1

1
6%, (2,€,0) Z Sat(Xei, Xt ). 27)

=0
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Let us do the expansion of Lv(X¢,) around « up to order two,
1
Lu(Xy,) = Lu(x) + Vi Lo(z) - b+ / (1—s)b" D2Lv (x + sb) bds,
0

where b = Z;;E (b(th ;u(Xy,))At + oV Atfj). The latter equalities and Lemma[B.limply

n

o R,
6n(x7§a 9) = ‘C(I)+

; D? i) +—— n—1—1i)o v( Xy, )&
5y 2 (Bev(Xi) =& D v(Xti)&)Jrnm;{( 1-1)oV, Lo(X,,)-€

S
|
—

-
Il
=)

g U3
+poVau(Xy,) - & — §b(XtiaU(Xti))TD%(Xti)& - Fdiv(Xti)(&,&,ﬁi)} + RA(7,€,0),

with E [|Rgt(x, £, 9)|2} < C(1+10]*)(n~! + nAt)%. We conclude by taking the expectation of

the square in the latter equality and using the independence of (;),, <i<n- O
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