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Abstract. This work extends the Ibragimov’s conservation theorempiantial differential equa-
tions [J. Math. Anal. Appl. 333 (2007 311-3P® under determined systems of differential equa-
tions. The concepts of adjoint equation and formal Lagramfpr a system of differential equations
whose the number of equations is equal to or lower than thebeumf dependent variables are
defined. It is proved that the system given by an equation @rabjoint is associated with a vari-
ational problem (with or without classical Lagrangian) ankerits all Lie-point and generalized
symmetries from the original equation. Accordingly, a N@gttheorem for conservation laws can
be formulated.
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INTRODUCTION

Conservation laws play a vital role in the study of partidfedential equations (PDES)
in the search for qualitative properties such as integtgjstability, existence of global
solutions and the linearizability conditions [1, 2| 3| 4, Bheir usefulness has consider-
ably increased since the work by Jacobi [6] in 1884, who slibaveonnection between
conserved quantities and symmetries of the equations oftiglpad motion in classical
mechanics. Klein |7] has obtained similar result for theaopns of the general rela-
tivity and predicted that a connection between consemdiws and symmetries could
be found for any differential equation obtained from a V@wizal principle. Noether
[8] has showed that the conservation laws were associatédié invariance of varia-
tional integrals with respect to continuous transfornragooups. She obtained the suf-
ficient condition for existence of conservation laws. In 19Bessel-Hagen [9] applied
Noether’s theorem with the so-called "divergence" conditio the Maxwell equations
and calculated their conservation laws. In 1951, Hill [164gented the explicit formula
in terms of variations for conservation laws in the case afsadirder Lagrangian. Ibrag-
imov [11] proved the generalized version of Noether’s tkeoand conservation laws
related to the invariance of the extremal values of vanmtiontegrals. He derived the

1 with copy to hounkonnou@yahoo.fr.
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necessary and sufficient condition for the existence of @wasgion laws and gave the
explicit expressions in the case of a Lagrangian of any order

Recently, some relevant results on conservation laws haegged. See for instance
the works by Wolf [12], Ancol[13, 14], Poole [15], Ibragimaog€, 17], Naz|[18] and
Khamitova [19]. Despites all this progress, there remam#gortant question: How
to associate a conservation law with every infinitesimalegator of symmetries of
an arbitrary differential equation? lbragimav [17] acladvthis goal for any system
of differential equations where the number of equationsgsaé to the number of
dependent variables. Our work extends Ibragimov’s resulinder determined system
of differential equations.

NOTATIONS, BASIC DEFINITIONS AND THEOREMS

ConsiderX, ann-dimensional independent variables space, dnd ®T‘:1Uj, anm-
dimensional dependent variables spaceXet(x,--- ,x") € X andu= (u,--- ,uM €
U with ul € Ul. We define the Jet-spa¢¢® asU® := QT , <®|S:0U(J|)), where

n+l-1

U(jl) is the set of allp, = ( | ) distinct I-th order partial derivatives afi’.

We denote byugk) the pe-tuple of all k-order derivatives ofi). An elementu®® in

the Jet-spac&)® is them(1+ p1+ po+ -+ ps) = m( n;—s )-tuple defined by
S — (vl vl ut W W WM ym L ym

U= = (f‘(o;"‘(l)’ Uie Yoy Yy Uy tiop Uiy g ) ,
A variational problem consists in finding extrema of a fuonal £ defined by

el = /Q L(x,u®)dx, L)

whereQ is a connected open subset ¥fand L defined onX x U(® is ans-order
differential function called the Lagrangian of the varetal problem£. In general,
a functional is a mapping that assigns to each element in $onotion space a real
number, and a variational problem amounts to searchinguiections which are an
extremum (minimum, maximum, or saddle points) of a giverctiomal.

Theorem 0.1.Let u be an extremum @f, then u satisfies the Euler-Lagrange equations
iL(x U(S)):o j=1,---.m (2)
5uj ) b Y b *

Theorem 0.2. (Noether’s theorem)
Let G be a one parameter variational symmetry group for thectional £[u] =

JoL(x;u®¥)dx and V=57, & (x,u) 2 + 5T @l (x,u) % be an infinitesimal gener-
ator of G, i.e. V satisfies the variational infinitesimal invariancéerion

PriOV (L) +Ldivé = divB 3)



for some vector B= (B, ... B") of differential functions, where ¥X is the s-order
prolongation of X. Then the vector€ (C(x,u(®)),... ,C"(x,u®))) defined by:

j

c = B'-i—EL-l—zz z ZDkl D (wi)

J=1k;=0

sk gk
> o3 (~Da)t (D) | e
1,=0 In=0 (Kn-+1n)x"

Uiky ) (i 1) -

where W = @l — 51 & ux,, j=1,---, m provides a conservation law for the Euler-

Lagrange equations[2):2;L(x, ul )) =0, j=1,---,m, i.e. obeys the equation

divC=D,C! +--- + Dy C" = 0 for all solution of the systeni](2). Such a vector C is
called aconserved vector for the systeni(2).

MAIN RESULTS FOR UNDER DETERMINED SYSTEMS OF
NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS

Definition 0.1. (Adjoint equation)
Consider the system

Fq (x,u(s),ﬁ(s)> =0, a=1,...,m (4)

where F are differential functions having n independent variables (x,...,x")
and mi- m dependent variables=t (u,...,u™), U= (T%...,0™), u=u(x), U= U(x);

S (resp.U® ) is a vector encompassing dependent variable u (réspand their
derivatives up to order.3Me introduce the differential functions

Fr = 5—‘30 Z VFg+ (Bil N) <V§1FV>:
F: = 5%(3 -levBFB-i— (le ) (Z Fv>- :

where v= (V1,....v™) andV = (¥,...,v™) are new dependent variables, £/v(x),
V =V(x)), also called nonlocal variables. Then, we define the cpwesing system of
adjoint equations by

x,u(s>,a<5),v(s),\7<s>> = 0 a=1,....m (5)
,V(s),v(5)> - 0, ad=1,....Mm (6)



Theorem 0.3.Any system of PDEE](4)'aF<x, u(s),ﬁ“)) —0, a=1,...,m considered

together with their adjoint equations](9)}(6), has a Laggéan. Namely, the Eq&1(4)4(6)
with 2(m+ m) unknowns are the Euler-Lagrange equations with Lagrangian

m m - m
(000, 70) = 3 s [ 5 (Z Fv>.
B=1 B=1 v=1

Proof. It is immediate from the definitions of Euler-Lagrange equad and adjoint
equations.m

Definition 0.2. The system{4) is called self-adjoint if the substitutierv) = (u,l)
in its adjoint Eqgs. [(6)i(6) gives, for some differential étionsT 4, and Faw Fo =
Y™ FavFy, a=1..,m andF: =30 T5F, &=1...,M. The systeni)4)
is called quasi-self- adjomt if there exist two functionsahd h such that the same
expansions of f-and F~ in terms ofl 4, and Fav hold upon the substitutio(v,v) =

( (u, ), h(u,m) .
Provided these statements, we can now provide the mairtseguhis paper.

Theorem 0.4. Consider the system[l(4). Then Its adjoint Egsl [(5)-(6) inher
its symmetries of equatlon$] (4). Namely if the system (4hitadan operator

9
X =738 +Zg 1nlgauﬁ +zﬁ 1'7135“1? where X is a generator of a point
transformation group, i.e&' = &'(x,u,0), ng = ng(x,u,l, ’,75 = ﬁfﬂv(x,u,ﬂj and
Pri9X(Fa) = SF_1Aqp(x,ul®,0®)Fp, then the equationsD(S[-](G) have the gener-
ator of symmetries Y= X + zg]:lnﬁavﬁ ZB L Ba“ﬁ where '713 + za 1'7a =

- znglva)‘aﬁ +VP zpzl Dx‘(Ei) + (Zazl > ZC{:l)\aﬁ + (Z&:l > (Zi:l Dxi(f >)]
which is satisfied in particular fon; = — [23;1 (v" + zg‘:lv’d) Aap+VP 51 Dy (fi)} :
ﬁg = -V Zir‘:lei<'fi)-

Proof. Using the variational infinitesimal test and setting theftoients of Fg to 0
yield the resultsm

Theorem 0.5. Consider the system[l(4) Its adjoint Eqs. (B)-(6) inheritse-Li
Backlund operator of equatlonE](4) Namely if the systelna@mits an operator
XI s €I(9XI +zl3 1NB55 auﬁ +ZB 1'713 a~ﬁ’ where X is a Lie-Backlund operator, i.e.
EI = E (X7 ( )7,\(51))7 rIB nB(XaU( )7,\(52)% rl~ = r’ ( ) ( )7%88)> are any differen-
tial functions,_ and PrXF,) = Z.IT:l Dvu(Fu) for some .d.if.ferential operator@vu =
A\(/)N + Zir]]_:l)\\l/]p DXil + ZPLiz:lA\I/JlIJZDXilDXiZ + Zinbiz,ig:l)\‘l/]ilﬂsDXil DX|2 DX'3 +- then

equations[(b)t(6) admit the Lie-Backlund operatoeYX + z;gnzl '7,3 avﬁ Z[B L Ba“ﬁ’



where

WA g Z Dy (W“)\ Llﬁ)

Il—

g+ Y Ny = ‘{WB.Z Dy (£") +
B=1

n
+ Y DDy (w“AL1[;2> S Dy:De:Dys (wﬂ)\;j;'s)Jr .

}

i]_,l2:1 i17i27I3:1
with wh = v 57 98
Proof. Replacingn® = v# + Z v in the result of the computation af= P (L) +

LDiv (¢ ) and setting the coefﬂuents 5,§ to 0, then the resulting expressioniofeduces
to a divergence, what achieves the promf.
Finally, we arrive at the following general formulation bktconservation theorem.

Theorem 0.6. Every infinitesimal generator (or Lie-Backlund operator)

0 K2 0

of differential equationd (4) provides a conservation law the system of differential
equations[(#) and their adjoint{5)4(6).

Relevant nonlinear partial differential equations of neatfatical physics such as the
three dimensional time-dependent Ginzburg-Landau (Guaggns|[20, 21] are studied
in this framework. Main results of these investigationd i in the core of forthcoming
papers.
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