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Abstract: To improve reliability in latency-critical applications, a point-to-point communication
system with heterogeneous decoding deadlines is considered. Unlike existing work, this system al-
lows for a message to arrive before the decoding deadline of a prior message. A new coding scheme
with finite blocklength codewords is introduced exploiting the dirty paper coding principle. Rig-
orous bounds are derived for achievable error probabilities. Moreover, numerical results illustrate
that the proposed scheme outperforms time sharing for a wide range of blocklengths.
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Résumé : Pour améliorer la fiabilité des applications critiques en termes de latence, un
systéme de communication point & point avec des délais de décodage hétérogénes est envisage.
Contrairement aux travaux existants, ce systéme permet & un message d’arriver avant la date
limite de décodage d’un message précédent. Un nouveau schéma de codage avec des mots de
code de longueur de bloc finie est introduit en exploitant le principe de codage du Dirty Paper
Coding. Des limites rigoureuses sont dérivées pour les probabilités d’erreur atteignables. De
plus, les résultats numériques montrent que le schéma proposé surpasse le partage de temps pour
une large gamme de longueurs de bloc.

Mots-clés : URLLC, Régime de longueur de bloc fini, Date limite de décodage hétérogéne
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4 Nikbakht & Egan & Gorce

1 Introduction

Mobile wireless networks in 5G and proposals for 6G are increasing intended for use in latency-
critical and high-reliability systems; notably in industrial control applications as well as for
autonomous vehicles and remote surgery [1H4]. Commonly known as ultra-reliable low-latency
communications (URLLC), packets are typically short. As a consequence, data transmission is
no longer arbitrarily reliable and a key challenge is to design coding schemes that support high
reliability requirements [5].

A standard assumption in the design of coding schemes is that consecutive messages have
separated arrival times and decoding deadlines. As such, there is no choice but to encode the
messages independently. On the other hand, this assumption is violated when a message arrives
before the decoding deadline of a prior message. For example, a sensor in an unstable control
system may send rapid measurements in order to stablize the system. In general, each of the
messages will have a different decoding deadline.

In such a situation, code design must account for two issues: (i) messages with close arrival
times; and (ii) messages with heterogeneous decoding deadlines. Omne approach is to begin
encoding only after the second message has arrived. In this case, joint encoding is possible;
however, messages must be decoded at different times.

The problem of code design with heterogeneous deadlines was first considered in the context
of static broadcasting [6], where a single message is decoded at multiple receivers under different
relative decoding delay constraints. The work in [6] was recently generalized to multi-source and
multi-terminal networks by Langberg and Effros in [7]. In particular, the notion of a time-rate
region was introduced, which accounted for different decoding delay constraints for each message
at each receiver.

The work in both [6] and [7] focused on the asymptotic regime. In the finite blocklength
regime, a coding scheme for the Gaussian broadcast channel with heterogeneous blocklength
constraints depending on channel signal-to-noise ratio was introduced in [8]. By exploiting an
early decoding scheme, the authors showed that significant improvements are possible over stan-
dard successive interference cancellation.

Nevertheless, the work in [6H8] all focused on the case where both messages are available
at the time of encoding. In our previous work [9], we introduced a coding scheme for the
Gaussian point-to-point channel where encoding begins for the first message before the second
message arrives. This scheme exploited power sharing for symbols between the arrival time of the
second message and the decoding deadline of the first message. Under a Gaussian interference
assumption, bounds on the error probabilities for each message were established accounting for
the message set size and finite decoding deadline constraints.

In this paper, we introduce a coding scheme for the Gaussian point-to-point channel model
with heterogeneous decoding deadlines in [9] exploiting the dirty paper coding (DPC) principle.
Accounting for finite decoding deadline constraints (corresponding to fixed blocklengths), we
derive rigorous bounds on the achievable error probabilities for each of the messages. This is
achieved by combining techniques to analyze the Gel’fand-Pinsker channel in the finite block-
length regime in [10] and multiple parallel channels in [11].

A natural question is under what conditions our joint encoding scheme outperforms time
sharing with each message allocated a disjoint set of channel uses? We show via a numerical
study that for sufficiently large power constraints and a wide range of finite blocklengths error
probability of both messages can outperform time sharing.

Inria
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Figure 1: System model.
2 Problem Setup

Consider a sensor that seeks to send two messages, where each message lies in the set {1,..., M}.
At time ¢ = a1, transmission commences for the first message mi. At time ¢ = a9, transmission
commences for the second message ms. The two messages my, mo are assumed to be drawn
independently and uniformly on {1,...,M}. For the sake of consistency we only consider the
symmetric case where both messages are of same size. The study can be easily extended to
asymmetric cases.

Each message is subject to different decoding delay constraints. In particular, at time dy,
the receiver attempts to reconstruct the message m,. Similarly, at time dy > d;, the receiver
attempts to reconstruct the message ms.

Under the assumption that a; < as and as < dy < da, the encoder outputs symbols at time
te{a,...,da} as

fi(ma), te{ay,...,az — 1}
Xy = ¢ e(mi,ma2),  te€{az,...,di} (1)
d)t(mg), te{d1+1,...,d2}7

where f,1, ¢ are the encoding functions corresponding to the channel uses where only message
my has arrived but not mso, where both mi, mos are present, and m; has been decoded. We
highlight that ms is not known before time ¢t = as; i.e., encoding is causal.

The channel inputs can then be written as

Xl = {Xa17"'7Xa2—1}
Xo={Xu,, -, Xa, }
X3 = {Xd1+17' . 'aXdz}' (2)

We assume that the encoding functions satisfy an average block power constraint; namely,
E[[|X[%]) < niP, i € {1,2,3}, (3)
where
ny=as—ay, no=dy—as+1, mn3g=ds—d;. (4)
Denote the channel outputs by
Yi={Ya, -, Ya,—1}

RR n° 9462



6 Nikbakht & Egan & Gorce

Yy ={Y,,...,Yy}
Ys={Yy1,...,Ys} (5)

The conditional distributions governing the three channels are then denoted by Py | x,, Py, x,,
and Py, x,. We assume that each channel is additive, memoryless, stationary, and Gaussian;
that is,

Y, =X+ Z,, (6)

where Z; ~ N(0,1,,,). This setup is illustrated in Fig.
At the receiver, the decoder attempts to reconstruct the two messages mq, ms based on the
channel outputs via the decoding functions g; and go; i.e.,

m1 =q1(Y1,Y2) and 1y = g2(Y2,Y3). (7)

Observe that both decoders are causal.
The average probability of error for each of the messages is then

€1 = ]P)[’ﬁ’h 7é ml], €9 = P[Thg 75 mg]. (8)

The focus of the remainder of this paper is to characterize the tradeoff between the size of the
message set M, the error probabilities €1, €2, and the decoding deadlines d;, ds. Formally, we
study the achievable region defined as follows.

Definition 1 Given the power constraints Py, Py, Ps, a tuple (a1, a2,d1,d2, M, €1,€3) is achiev-
able if the messages my, mo of cardinality M arriving at the ai-th and as-th channel uses can
be decoded by the di-th and do-th channel uses with an average probability of error not exceeding
€1, €2, Tespectively.

3 Random Coding Scheme

In this section, we introduce a random coding scheme that is based on dirty paper coding [10], [13]
and [15]. In Section |4} we provide upper bounds on €1, €5 for this scheme.

3.1 Encoding

Let 81,82 € [0,1] such that 81 + 82 < 1. The encoding process consists of four phases.

3.1.1 Channel 1

In the first channel, consisting of n; channel uses, only m; is known to the encoder. The
channel input X; corresponding to message m; is a codeword X 1(mq) € R™, where X1(mq) ~
N(0, P11,,,) with X1(m) L X1(m’), m # m/.

3.1.2 Channel 2 -1

In the second channel, both m; and msy are known to the encoder. The channel input X5 is

based on the DPC scheme in [10], which makes use of the notion of a power type.

Inria
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Definition 2 (Power Types) For a given blocklength n, fit § > 0. For each P, = % with
i€40,1,2,...}, define the type class

T"(P) = {x € R" :nP; < ||z|* < nP; + 6}. (9)

For each x € T"(P;), we call P; the type of x and i the index of the type. The set of all types is
given by

Po={® . icr012. 3\ 10
{Riied ) (10)

In general, the type P; of  can be arbitrarily large with non-zero probability. It is therefore
desirable to consider a typical set of power types, defined as

P,={P, eP,: P, <II} (11)

for some II > 0. To produce the channel input X, consider the first ny; < ng symbols of
ny symbols allocated to the second channel. These ny; symbols are utilized to send the power
type P; to the receiver. Over the remaining ng s = no — n2,; symbols in the second channel, a
codeword constructed from both m; and my is sent to the receiver.

More precisely, in the second channel, the encoder first produces a codeword X, € R"22
drawn from a Gaussian codebook of power 33P5, f2 € [0,1] to encode ms. The encoder then
computes the power type of X 5.

Indeed, for a fixed d2, the power type of X5 > is of the form

ko
P=22 ke{0,1,2,...}. (12)
n2.2

The set of all power types P; is then given by
koo
PnQQZ{”:kQE{O,l,Q,...}}. (13)
' ng.2

The corresponding typical set is given by

Pn2,2 = {Pt S ,Png,z : Pt S Pmax} (14)

for some Pp.x > 0. A power type P, belongs to 75n2’2 if its index belongs to the set {0, ..., L%J }.
Denoting by P; as the power type of the signal X3 5, we have the following error event:

E11 2 {P, ¢ Puy, ). (15)

To send the power type, the index k9 is encoded to produce a codeword X € R"21 drawn
from a Gaussian point-to-point codebook of power (1 — 51 — 82) Ps.

3.1.3 Channel 2 -2

Over the remaining ny o symbols allocated to the second channel, called channel 2—2, the encoder
exploits DPC treating X o associated to mqy as the state. To employ DPC, we generate the
following codebooks.

Codebook Generation: Denote by L(F*) the random coding parameter illustrating the number
of auxiliary codewords for the type P, € P, For each message m; € {1,...,M} and each

2,27

RR n° 9462



8 Nikbakht & Egan & Gorce

power type P, a random codebook C’l(jpt) containing M L) auxiliary codewords {U(Pf)(ml, 0}
with £ € {1,..., L(Pt)}, where each codeword is independently distributed on the sphere S"2.2~!
with power ng 2(81 P2 + a2 P,;), « € (0,1). That is, the probability density function of U is given
by

(Pt) _ 4 (Hu||2 - n2,2(51P2 + OZZPt)) .
v Snas(v/n22(B1 P2 + 02F;)) (16)

where §(-) is the Dirac delta function, and S, (r) is the surface area of a sphere of radius r in
n-dimensional space.

Given X, the second channel input over the ng o symbols allocated for transmission of
may,msy is given by

X9 = X1+ X2, (17)
where

X271 =U — OéX272. (18)

Here, U € C’I(JP") with ¢ chosen such that X9 € D, where
D= {2, : 12261 P2 — 61 < ||x21]* < n2ofiPo} (19)

for some 9; > 0. If more that one index exists, then one is selected arbitrarily. We have the
encoding error event:

&2 2 {no ¢ exists such that U — a X, 5 € D}. (20)

3.1.4 Channel 3

Over the last ng channel uses, the sensor encodes only mg with a codeword X 5(mg) ~ N (0, P3L,,)
with Xg(mg) 1 X3(m§)7 mo # m’2

3.2 Decoding

Given the structure of the encoding functions, receiver observations can be viewed as arising
from four channels: over the first channel of n; blocks only my is transmitted; over the second
channel of ny; blocks the power type index ko is transmitted; over the third channel of ns 2
blocks, both m; and ms are transmitted; and over the fourth channel of nz blocks only my is
transmitted. We define the outputs of these four channels by Y1,Y 1, Y, and Y 3, respectively
which are of the following forms

Yi=X1+2,4, (21a)
Yr=Xr+Z7p, (21b)
Yo=U—aXasp+ Xopo + Zo, (21c)
Ys= X3+ Zs, (21d)

where Z, € R™, Zp € R™1, Zs € R™2 and Z3 € R™ are i.i.d standard Gaussian noise
sequences.

Inria
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3.2.1 Decoding the power type

The receiver first decodes the power type based on the outputs of the second channel (channel
2 —1). Denoting by ko the decoded index of the power type, then we have the following error
event while decoding the power type

&3 2 {Decoder chooses an index ky # ks}. (22)

In our scheme, we fix the maximum error probability of decoding the power type at er € [0, 1].
Then for a given Prax, P2, B2, n2 and d2, we fix n; o at the smallest value such that the probability
that event &; 3 occurs is less than er.

3.2.2 Decoding m;

Given the power type P;, the receiver decodes m; based on the outputs of the first and third
channels (channel 1 and channel 2 — 2). More specifically, given observations ¥y, ¥, the receiver
estimates m; according to the pair (mlj), such that the corresponding sequences U’ (ml,z?)
and X (7M7) maximize

fyix, (yile) fy |U(’!:J2\u)
i1(u, 21391, 9,) = In - (24)
e ( le(y1)fff2 (¥2)
over all pairs of ©; and u € C’,(JP‘) . We have the following error event while decoding m;:
14 = {Decoder chooses a message M1 # my }. (25)

3.2.3 Decoding mo

The receiver decodes ms based on the outputs of the third and fourth channels (channel 2—2 and
channel 3). After observing gy, and ys, the receiver estimates my such that the corresponding
sequences T 2,3 Mmaximize

(@2 9. T3 G, 1) = In I3 2155, WalT2.2) fyg x5 (Y3]@s) 26)
2\L2,2,L3, ; = =
28 f,(U2) s (y3)
over all pairs of 22 and x3. We have the following error event while decoding m.:
& 2 {Decoder chooses a message Mma # ma}. (27)

)
=
|

2%

(1/053—1-53,—&-\/03*—1)2, (23a)

a2 5
Yo = —275 + 2In (.]2) + nzln (1 + Pg) + n2,2 (1 +1In ( 52 ) _ 3

0=

2
T
-2 (o, + (- P b)) (231)

. A UZ* Oy
=2y +2In(J1) +nln(1+P)+ngp | 1+In| 5= | — =

n2,2
o2,

RR n° 9462



10 Nikbakht & Egan & Gorce

4 Main Result
Fix 81 € [0,1] and 5 € [0,1] such that 31 + 32 < 1 and define
@1 = vp —ve and Qo 2 vy — v, (28)

with vy ~ X2(ny), va ~ X%(ny), v} ~ X%(n3) and v ~ X?(n3) where X2(s) is central chi-squared
distribution of degree s. Also define

AN
Tys = 14 (B1 + Ba) P, (292)
02 21+ (1-a)2Be P, (29h)
02. 214 P, + 2P (29¢)

By employing the scheme proposed in Section [3] we have the following theorem on the upper
bounds on the error probabilities €; and es.

Theorem 1 (Achievability bounds) For a fized message set size M, the error probabilities
€1 and €s are upper bonded by

€1 <1 Fg,(1) + MLPe M (1 — e "2%) 4 ep
n2o M2 2P Pmax 2,2 1/3
r r G T2 30
(R T (7 >+ te (30)
€2 < 1— Fo,(32) + Me (1 — e "52%)
n n 1/3
(2, =)/ 22)4F(?%76_”22“ (31)

for any ~v1 and o, where 1 and A2 are defined in , and

L(Pt)

GA@Awmmmg+&a ) (32a)

I 61(1 Py + o*P,) I'(%5*)
2012361 Po/TPraxB1 P2 r(Z22=l)

(1 —(c+a?5 + 51\/Pt/Pmax)/n27251P2) 2 (32b)

¢2 (02 (2y/m22P0) + 81/ (20 /12 Po) ) (32¢)

Note that J1, J2, K, 01, 02 and 0, are constants and I'(-) is the gamma function, I'(-,-) is the
upper incomplete gamma function, Fg,(-) and Fg,(-) are the cumulative distribution functions
of Q1 and Q2, respectively.

Proof: See Appendix [A] [ |

A

||l> X

4.1 Numerical Results

In Figure[2] we evaluate the bounds in Theorem [I]for the case where the consecutive messages m4
and mg are each of a transmission window of 20 channel uses, i.e., |d1 —a1+1| = |da—az+1] = 20.
The solid lines correspond to the error probabilities under our scheme and the dashed lines to
time sharing scheme, where each message is allocated the same number of channel uses.

Inria
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LUBREL (UBREARLLE ARRLL) WAL

€2, €1
= =
9 9
[=] [53)
/

| epn=1
W e — P =1
1078é —— e, Pi=5
F|—— e,P1=5
1079 | = = = Time Sharing
| | |
4 8 12 16 20

ni

Figure 2: Upper bounds on ¢; and €5 in terms of ny for P, = Py = P53, Ppax = 2P, 1 = 0.4,
62 = 0.4, Ry = Ry = 0.3466 and e = 1010,

The bounds are evaluated for different values of nq, different transmit power levels and for o
set at f};fpz. Recall that n; is equal to the number of channel uses between the arrivals of m;
and ms. As n; increases, the transmissions of m; and ms overlap over a fewer number of channel
uses and thus their corresponding error probabilities decrease. The minimum error probabilities
occur at n; = 20. In the time-sharing scheme, for example when n; = 4, we assign 12 channel
uses to the transmission of each message. Note that in this figure we assign (1 — 81 — 2) P2 to

the transmission of the power type. One can increase this power up to n’?l (1- n,ff (Br+ B2)) P

which still satisfies the power constraint in (3)).

Observe that when the transmit power is small, the error probabilities obtained under the
time sharing scheme are slightly lower than the bound on e;. For larger transmit powers, however,
the error probabilities of both messages outperform time sharing over a wide range of n;.

5 Conclusions

We considered a point-to-point communication where messages arrive at different times and are
subject to heterogeneous decoding delay constraints. We proposed a coding scheme exploiting
the dirty paper coding principle to jointly transmit consecutive messages with heterogeneous
decoding deadlines. We derived rigorous bounds on the achievable error probabilities for each
of the messages. We also numerically analyzed the obtained bounds in the finite block length
regime and identified potential performance improvements over standard time sharing schemes.
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12 Nikbakht & Egan & Gorce

A Proof of Theorem [1]

A.1 Analyzing €

The average error probability €; is lower bounded based on the four error events &; 1, &1.2, 1.3

and &; 4 defined in , , and , respectively and is as following:
€1 S P& 1] +PE12|ET 1] + PIEL3IET 1, ET o) + PIELAIET 1, ET 25 €1 5] (33)

A.1.1 Analyzing P[£; 1]

We start by analyzing the probability that the power type of the signal X5 > denoted by P; does
not belong to the typical set P, ,.

P[glvl] = P[Pt ¢ 75712,2] (34)
= PHIXQ,Q”Q > n2,2Pmax] (35)
X2 2 12 no 2Pmax
=P =" > = 36
”vﬂsz” B2 Py (36)
122 Prax
=1- F(%;”Q,Q) (37)
n n2,2 Pmax
—1_ 7( ;27 22722132 ) (38)
ez
F(n2,2 B F(n2'2 n2,2pmax)
=1-—2 2 ' 25:P, (39)
M%)
no. N2 2 Prax
T e "
E=y

where in (36), the variable \/);z—’;? ~ N(0,1I,,,) and therefore ||\/)227;2||2 has a central chi-squared

distribution of degree na 5. In (37), F(-;-) is the cumulative distribution function (CDF) of the
central chi-squared distribution and in this CDF is replaced by its following form

F(x; k) = (41)
where 7(-, ) is the lower incomplete gamma function and I'(-) is the gamma function. In (39),
the lower incomplete gamma function is replaced by
'Y(va) = F(S) —F(S,IC), (42)
where I'(+, ) is the upper incomplete gamma function.

A.1.2  Analyzing P[£ 5|&f 4]

To calculate this probability we follow the same argument provided in [10, Appendix E]. Recall
that for a fixed power type P;, we have ||U||? = na2(81 P2 + o?P;) almost surely. From we
have that U — a X35 € D if and only if

221 Py — 61 < U + || X 20]|* — 20(X 2,2, U) < 21 P (43)

Inria
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or equivalently

n272apt 61

nQ,QOéPt
2 20"

2

< (X22,U) = S| X0l < (44)
Since U is drawn uniformly from the sphere, the distribution of (X3, U) depends on X 2 only
through its magnitude, this is seen by noting that the inner product of two vectors is unchanged
when an orthogonal transformation is applied to both arguments, and the distribution of U is
unchanged under any orthogonal transformation. Thus assume that X2 = (]| X2,2]/[,0,...,0).
In this case,

n272aPt n2)2aPt 51

«
< X - —||X 2 < 45
S wl| Xzl - S X22l" < =3 o (45)
or equivalently
No,200P; « no s Py 01 «
S X2l S ur < o + 511X 22l 46
2Nl 22l S S g aagi g eI (46)

According to the definition of the typical power set in (14), for P, € 75n2,2, we have || X39]| <

v/12 2 Pmax, thus

no200P; « ng 20 P « 01
+ 51Xl Swr < o= + Sl Xeall + ———. (47)
2[[ X0l 2 2|| X 20| 200y/12,2 Prax

We conclude that P[U — aX 2 2 € D] is lower bounded by the probability of the first entry of U
falling with an interval of length ——=%L— starting at ;T)?jljltl + $/|X2,2]|. The distribution

2aiy/n2 2 Pmax

of a given symbol in a length-n, 2 random sequence distributed uniformly on the sphere is [16]

1 p(rz2) 9 n2,273
U
fUl (ul) 3 no 5—1 ( - - 2
Vna2(B1 Py + a?P) T(#22=) na2(B1 P + a2 F)
X]].{Ul S n272(51P2+o¢ Pt)} (48)
This density function is decreasing in u?, which implies that
5 o QCYPt 61
PlU —aXs, € D] > fu ’ ||X22H+7 (49)
204/na P\ 21 X, || 2004/M2,2Pmax
Conditioning on P; € P, ,, then from (J) we have
P22t | Q) ol| < ol Xoall < ay/ia P+ 0 (50)
= 22| S @ 2,2|] = /N2 217 2
2[Xaal 2
0152
< ay/ne P+ —— (51)
! 2¢/no 2Py
where the last inequality is because v1+a <1+ 5. Thus
P, 5 ’
Ng 20 Lt « 1
B [ O e — 52
<2|X272 2 H 2’2” 200 n2,2Pmax> ( )
2
0152 51
< | ay/no o P + + 53
- < 22T no 2 204\/712,2Pmax> (53)
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14 Nikbakht & Egan & Gorce

2 ad 01
= N9 sa“P; + 200y /Mo o P, +
22l 22t (2 no,2 P 2a\/n2,2pmax>

2
CK(SQ (51
+ + 54
<2 ng 2P 2a\/n2,2pmax> (54)
2
Pt 052 51

< ng 0Py + oy + 51 + + 55
< na20®P + 0%+ | 50 s e (55)

Py

= n2’2a2Pt + 0[252 + 51 + ¢, (56)

max

where

2

A ads 01

2 + . 57
¢ (2\/n2,2pf, 204\/712,2Pmax> (57)

By substituting into (49), and again using the fact that fi;, (u;) is a decreasing function
of u2, we have

’!L2,2

B1 Py 2
PlU — aX DI>A | —————— 58
U -aX,2€D]2 (51P2+a2Pt (58)

where
ng 2—3
P, 2 n
4o __ 0GPty [ cEeR ity R CCE) (5
2(17121251P2\/7T.Pmaxﬁ1p2 n2,2ﬂ1P2 F(nQ’;il) ’

Since the L") codewords are generated independently, thus the probability of the error event
&1 conditioning on that X5 5 has a given type P; is equal to

L(Pt)

B1Ps ES
P cl1<(1—-A| ——— .
[51’2|81’1] N ( (ﬂlpz + a2Pt> ) (60)

A.1.3 Analyzing P[& 3|85 1, &7 5]

In our scheme, we fix the error probability of decoding the power type at er € [0,1]. Recall that
the sensor transmits the power type over an AWGN channel during ny ; channel uses. Then for
a given Phax, P, B2, no and dz, we fix ny 2 at the smallest value such that this probability is
less than er.

A.1.4 Analyzing P[€) 4|7 |, EF o, EF 5]

Note that the output sequence Y does not follow a Gaussian distribution due to the fact that
the vector U is not Gaussian. Thus similar to [14, Section IV.B], for the outputs of the third
channel, we define the following set of typical channel outputs

A " 1.
F={y, eR™>: @||y2||2 € [‘7;; - 5%”5; + 6y} (61)
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for a fixed d,, > 0 where 05; is defined in (29a). By Cramer’s theorem in [12], we have
A ~
&y =PYs ¢ Fl< eXp(—n2721€5§) (62)

for some constant « > 0. By setting 6, = n;é/3, then exp(—ng,gnéz) decays faster than any
polynomial.
To evaluate this error event, we use the threshold bound for maximum-metric decoding. L.e.,
PlE1alEF 1, €5 2, EF 5] < &+ Plin(U, X1;Y1,Y3) < Y5 € FIE
+MLPIPiy (U, X1;Y1,Y2) > 1|V 3 € FIE, (63)

for any 71, where U ~ fy and le' [x, are independent of (X22,U, X1,Y71, Ys,).
We start by bounding P[i1 (U, X1;Y1,Y2) > 71]. By Bayes rule we have

_ Iy (W) fy, 92) fov, (@Y2) fx v, (Z1y1)
le\Xl (Y1 |531)fY2|U('!~/2‘ﬁ)
= fuv, (@Y fx, v, (@1]y,) exp (—i1(w, 213 Y1, 92)) (65)

fx, (1) fu(u) (64)

For fixed sequences y; and g, € F, by multiplying both side of the above equation by 1{i; (@, Z1;y,,Ys) >
~1} and integrating over all Z; and @, we have

[ / L{i (@, 2191, ) > 11} x, (@1) fo(@)dada, (66)
:[ [exp(fil(avjl;yth))
x1{ir (@, Z15Y1,Y2) > Nt oy, (@lY2) fx, v, (Z1]y,)dude; . (67)

=[ /_eXp(—il(ﬁ,551§y1ag2))

' {fmxfy(y(l:l'z;j”iy(yuzngM) >en } o, (@g) fx v, (@1 ]y, dudz, . (68)
< /j /ﬂexp (—i1(a, Z15Y,,Y3))
lelXJifj(ny;;f”fiiigy2|U)e% Tore, (@) fx v, (@1 ]y, )dud,. (69
<o (70)
Equivalently
Pliy (U, X1;Y1,V3) > m|Va € F] <e . (71)
Thus
Pliy(U,X1;Y1,Y2) >n|Y2 € F]- £ < (1— ein;’/;ﬁ)eﬂl' (72)

To calculate }P’[il(U,Xl;Yl,f’g) < 71|Y2 € F], for a fixed P, we first define the output
Y ~ N(0, [712,2‘75;)' Then by |5}, proof of Lemma 61], we have

min Y272 < J1 (73)
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for a finite constant j; > 0.
To calculate fy ;(Y2|U), we define vector U™ following the distribution N(0, (51 +

o?Py)1,,,). Then by [5, proof of Lemma 61] and also by [17, Proposition 2|:

fu(u)

min <J2
wilul[2=n2 2 (81 Pa+a2Py) fu-(u)

(74)

where jp > 0 is a constant. We also define fy+ y:(u, 95) as the joint distribution of Y5 and U™.
We have

f v, (U g
U,YZ( ~2) ~ D7y (75)
fU*,Y; (ua y2) ’
where it can be shown that there is a constant j3 such that
D} o > i (76)
By combining and , we have

ffo\U(@ﬂu) . fupv, (uys,)

(85)

p > — 77
fy,(U2) Jafu=(u) e
_ fU7Y2(uag2) (78)
j2fU*(“)f)72(172)
fU,f/'2(u7:’:)2) (79)
~ Jujefur(u) fry (92)
>j73_ Ju+ys(u,§s) (80)
T iz fus(u)fys(Ys)
fysu (92, w)
=J=—=2-——" 7 81
' fY;(yz) (1)
where J1 . We thus have
£ - Pliy (U, X1; Yl,ffg) <Y, e F] (82)
Y1 X)) fyso- (YU N
<p | (Lo OXD v WalU) ) 0y g, e 7 L EC (83)
fy (Y1) fys(Y2)
1 [Y1—X.|?
s o (-l
=Plln
! exp (_ Y]] )
(V2r (P 2(1+ 1)
|YVo-U|?
fidea " eXp ? </
o | T P gwln(Jl)Ysz]'fﬁ (84)
A H2
o ()
gt ey Xl YR neay (7
2 ! 2 20+P) 2 o2
Y, —UJ]* | [|Y2? o
— 20_2* + 2033 < Y1 — In (Jl) |Y2 e F gy

Inria
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i Va2 [[Yo-UJ2  |[Vaf? :

—ply, —x, |2 - X - >AY LEC 86

1Y dl (1+P) a2 055 2mlY2eF Y (86)

[ 1 ||172—U||2 nggd ~,

<P|||Z1]|]? = —=||YV1|? + ——— >/ - =YYy -EC 87

<P|[|Z4]] 1+P1|| 1] o7 > +n2s = YoeF|-& (87)
i Yol + [U + 20Ul - [V

<P|||Z1|]? - —— 24 V2 Y, LEC 88

<P|I1ZiIP - 5 YAl + S Vs € F| & (39)
- : 20U, /na2(02, +6,)

1 Oy n226 HUH2 ) Y2 Y
<P|||Z1|]* - Y42 >4 — Yo 22 W - -E°(89
= || 1” 1—|—P1|| IH ZMN nQ,QJg* 0_3* Ug* Jg* y( )
<P|||Z4]]* - 90
P21 - o > (90)
where

71/ é 7271 + 2In (Jl) + nlln(l + Pl) + 77,2721I1 (0’5;) — Tl272111 (O’g*) (91)
A N9 90,
N2 + g — —at (92)
o2,
Y2
A, 0.23 n2’25y ||U||2 QHUH n272(o’§;—|—5y)
=T 22 05* B ol - ol B ol ' (93)
Note that \/W ~ N(0,1I,,). Define
A 2. 2
vy \|Zl|| v ~ X% (n1) (94)
2, 2
vy ~ X*(n 95
where X2(s) is central chi-squared distribution of degree s. We define
A
Q1=1)1—’U2. (96)
Thus
EPlii(U,X1;Y1,Y3) <9|Y3 € F (97)
<PQ1>%]=1-Fg, (%) (98)

where F, is the CDF of Q7. To calculate this CDF we follow the argument in [18] on the
difference of correlated chi-squared random variables.
To sum up,

ng o LFt)

~ P = /B
61S1_FQ1(71)+<1_A<&_P251—|—2042_P) > +€T+e 2,2 K
t
T ?’L22, 12,2 Pmax
5 e 2Baby )—i—ML(Pt)e_”(l e~mala ), (99)

=)
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A.2 Analyzing ¢
Recall the definition of & from . We upper bound the average error probability e, as

€ < P[eﬂ + P[||X272||2 > TL27262P2] + P[51,2|(€1C71]. (100)

A.2.1 Analyzing P[&;]

Similar to Section [A.1.4] to evaluate this error event, we use the threshold bound for maximum-
metric decoding and we condition on y, € F. lLe.,

Pl&] <&, - Plia(X22, X3;Y2,Y3) < 7|Ys € F]
+MP[iz(X 22, X3;Y2,Y3) > 72|Y3 € F] - £5 + &, (101)

for any 7o, where X5 ~ Ix,., and X3 ~ fx, are independent of (X22,X3,Y3, f’g)
For given channel outputs Y3 and Y 3, we follow the same argument proposed in Section
to bound Pliz(X 22, X3;Y2,Y3) > 72]. Thus

Plia(X 22, X3; Y5, Y3) > 7|V, Y] <e 2, (102)

We continue by calculating Plio(X 22, X 3; Y. Y;) < 72|1~/2 € F]. First note that similar to
the argument provided for bonding €1, here also Y5 does not follow a Gaussian distribution. We
again bound fy as in . To calculate f};2|X212(Q2|x272), note that f’g\Xg,g is equivalent to
the output of a Gaussian channel with a Gaussian noise Z ~ N ((1 — a) X, I, ,) and with the
input vector U that is on the power-shell. According to [17, equation 109], f?2|X212(Q2|a:272) is
of the following form:

f?2|X2,2@2|932,2) (103)

_ 1 ng2 2 ~ 2
= WF( 9 ) exp (—||U|| — g2 — (1 — a)z22| )
o Inaa/2-1 (192 — (1 — a)zaa|| - ||ul)

(g — (1= oz):c272|| . ||U||)n2,2/2—1

(104)

where Z,(-) is the modified Bessel function of the first kind and a-th order. Define Qy+ x,, as
the output distribution of the Gaussian channel with noise Z but where the input sequence U
follows the Gaussian distribution A(0, (81 P2 4+ a?P;)1,, ). Then according to [17, Appendix Bl:

f}"2|x2 2(?}2‘5’32,2)
= =Droo 105
QY*|X2,2 (y2|w272) £,Q, ( )

where one can prove that for all ¥, and 3

Dy g2 > ja (106)

. A .
where j, > 0. Define J; = ;—‘1‘, then by employing above arguments, we have

&y Plia(X 2,2, X3:Y2,Y3) < 7|Y3 € F] (107)
. Y,|X Y| X .
< P |1 @ xea Vel Xoo) fyax, (Vs X) <qp—1In(Jy)|Ys € F| - & (108)
fy; (Ya)fr,(Ys)

Inria
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(_ ||3_’2—(1—Q)X2,2||2)

1 exp( HZ;HQ)
+In (“2?) - Foy | SR [Yae ]-'] £ (109)
3
(V27 (1+Ps))"s P (7 2(1+P3)>
_o| n22 2 n22. . o 1Yy — (1— o)X, | [[V2)?
B Plan (Uy;) a Tln (U“*> a 202. + 2055
n3 Y3 - X512 | Y3 >
—In(1+ P3) — < —In(Jy)| Yo € F|-E° 110
+2n(+3) 5 S0Py =2 n(J2)[Ys ) (110)
Y2 — (1 —a)Xool*  [[Y2]? o IYslP s
=P : — Y; - X — > Y,e F| & 111
Ui* 055 +1Y3 3| 1+ Ps > 95|Y y (111)
i Y2 — (1 — a)Xas|? n2,20y o c
<P |\Z3\|2—rpg||Y3|\2+ = 27§/+n272—7y|Y2€]: -&, (112)
[ 1
<P|||Zs|* - 1+p3||Y3H2
Yo 2+ (1 — @)?||Xas|? +2(1 — )| Xa2]| - ||Y .
Tl (0= 0 X 20— ) Xoall ¥ Ef] e
O—u*
2 1 2 ’ 055 n2,20y
<P|||Zs]]" - 1JrPg||Y3|\ Y - T
T 2
n22P; + 02 2y/m22 Pyt 02y /n2(0y; +0y) ge 114
g2, B o2, y (114)
Y;
<P|||Z5]]? - || —=]* > 32|, 115
where
,Yé’ é 7272 + 2In (JQ) + Tlgln(l + Pg) + n2721n (0’5;) — n2721n (03*) (].].6)
A N9.90
R (117)
O %
Ys
2
R DV & _ n22by  nooP+dy 2y/n22 P + 02y /n2(0y; +8y) (118)
12=92 2252, o2, o2, o2,
Define
o2 NZs |12 v ~ X2 (ng), (119)
AN Y3 2 / 2
=l ~ X . 120
(%) ||m|| Vg (n3) ( )
Also define N
Q20— (121)
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Thus
&, Plig(Xa2,X3;Y9,Y3) <] <P[Q2> ] =1— Fg,(32). (122)

where Fg,(-) is the CDF of Q5.

A.2.2 Analyzing P[||X22||? > n2.28:2P]

We calculate P[|| X 2.2||> > na.282P] by following the same argument as in that of Section [A.1.1
We can prove that

I
P[[| X 2,2|[* > no,2BePo] =

2 2 123
To sum up
T na2 N22
e < 1~ Foy(3a) + Me—(1 — e—imy 4 120 27)
r(=52)
ng .o L(Pt)
_pl/3 B1 P 2

Je 2R (1A 122 . 124

< (51132 + a2pt> ) (124)
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