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Preface

The eight editions of the FCA4AI Workshop showed that many researchers working in
Artificial Intelligence are deeply interested by a well-founded method for classification and
data mining such as Formal Concept Analysis (see https://conceptanalysis.wordpress.
com/fca/).

FCA4AI started with ECAI 2012 (Montpellier) and the last edition was co-located with
ECAI 2020 (Santiago de Compostela, virtual conference). The FCA4AI workshop has now
a quite long history and all the proceedings are available as CEUR proceedings (see http:
//ceur-ws.org/, volumes 939, 1058, 1257, 1430, 1703, 2149, 2529, and 2729). This year, the
workshop has again attracted researchers from many different countries working on actual
and important topics related to FCA, showing the diversity and the richness of the relations
between FCA and Al

Formal Concept Analysis (FCA) is a mathematically well-founded theory aimed at data
analysis and classification. FCA allows one to build a concept lattice and a system of de-
pendencies (implications and association rules) which can be used for many Al needs, e.g.
knowledge discovery, machine learning, knowledge representation, reasoning, ontology engi-
neering, as well as information retrieval and text processing. Recent years have been witness-
ing increased scientific activity around FCA, in particular a strand of work emerged that is
aimed at extending the possibilities of FCA w.r.t. knowledge processing. These extensions
are aimed at allowing FCA to deal with more complex data, both from the data analysis and
knowledge discovery points of view. Actually these investigations provide new possibilities for
Al practitioners within the framework of FCA. Accordingly, we are interested in the following
issues:

e How can FCA support Al activities such as knowledge processing, i.e. knowledge dis-
covery, knowledge representation and reasoning, machine learning (clustering, pattern
and data mining), natural language processing, information retrieval. . .

e How can FCA be extended in order to help Al researchers to solve new and complex
problems in their domains, in particular how to combine FCA with neural classifiers
for improving interpretability of the output and producing valuable explanations. . .

The workshop is dedicated to discussion of such issues. First of all we would like to thank
all the authors for their contributions and all the PC members for their reviews and precious
collaboration. This year, 24 papers were submitted and 14 were accepted for presentation
at the workshop, out of which 6 short papers. The papers submitted to the workshop were
carefully peer-reviewed by three members of the program committee. Finally, the order of
the papers in the proceedings (see page 5) follows the program order (see http://fcadai.
hse.ru/2021/).
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Modelling Conceptual Schemata
with Formal Concept Analysis

Uta Priss

Ostfalia University, Wolfenbiittel, Germany

Abstract. This paper discusses how to construct conceptual schemata (which are
meant to provide conceptual information in a manner close to natural language,
easy to memorise and mentally parse) from concept lattices which tend to present
a more computational view of conceptual information. Different methods for con-
structing schemata from concept lattices (such as OR-definitions for reducing the
number of attributes and implications of a concept lattice) are considered.

1 Introduction

As the name states, Formal Concept Analysis (FCA) provides a means for analysing
concepts. While there are many applications for FCA, it is often easier to employ FCA
for computational problems than to actually analyse concepts in a manner similar to
how natural language is processed by humans. For the purpose of structuring and de-
veloping teaching materials it would be desirable if FCA could serve as a means for
representing concepts in a manner that is close to how students learn domain knowl-
edge. A representation would be desirable that is similar to relations amongst natural
language words, for example hyponyms such as “poodle” and “dog”. Lattices that are
automatically generated from natural language databases, however, such as WordNet
or Roget’s Thesaurus tend to be more computational because their relations are not
sufficiently precisely defined (Priss & Old 2010).

In this paper, we are introducing an approach for shifting between word-based nat-
ural language representations and more formal representations with FCA. For that pur-
pose we are distinguishing (conceptual) schemata which utilise natural language words
from (conceptual) classes which contain a set of formal contexts. Investigating the con-
nections between schemata and classes is a semiotic task because it considers a rela-
tionship between words as representations of signs and concepts as meanings of signs.
It is of interest to determine how well the information of a class is retained in a schema,
how efficiently it is represented and how well a schema covers a class. The semiotic
perspective and the relationship to educational research have been discussed elsewhere
(Priss 2021a and 2021b) and are not further elaborated in this paper.

The notion of “schema” is influenced by Lakoff’s (1987) “image schema”. But the
focus of schemata in this paper is on verbal description, not on images. The words
or phrases that are defined by a schema and relate one schema to other schemata are
called head representamens in this paper in analogy to the headwords of dictionary
entries which are also called catchwords, keywords, subject headings, index terms or



descriptors in other disciplines. From a semiotic view, head representamens are repre-
sentamens of signs (Priss 2017). From a computational view, head representamens are
just strings that are elements of a set. Head representamens are to be distinguished from
other representamens which have an auxiliary function.

Head representamens can serve as building blocks for constructing compound rep-
resentamens using the operations AND, OR and NOT. For example, head represen-
tamens for poodles might be “poodle” and “miniature poodle” whereas a compound
representamen might be “poodle AND cute”. Such operations are syntactically defined
in schemata and semantically defined in classes with interpretations mapping schemata
into classes'. The operations AND and OR for head representamens are similar but
not identical to natural language “and” and “or” because, in natural language, “and”
is sometimes used for an intersection (such as “dog and cute”), sometimes for a union
(such as “dogs and cats”) and “or” can be exclusive or inclusive. An interpretation
should map an AND-operation amongst head representamens into a meet of concepts
in a class, an OR-operation into a join of concepts or a construction involving a union
of extensions and a NOT-operation into an extensional set difference.

The basics of FCA can be found in the textbook by Ganter & Wille (1999) and
are not repeated in this paper. But it should be mentioned that a concept (a’,a”) is
called an artribute concept of a and a concept (0", 0’) an object concept. The ordering
amongst object concepts is called object order. Concepts that are not object concepts
are called supplemental concepts in this paper. The extension of a supplemental concept
equals the union of the extensions of its proper subconcepts. In this paper supplemental
concepts are drawn as empty nodes in the Hasse diagrams. Each supplemental concept
corresponds to a clause because for such a concept ¢ with extension ext(c) and inten-
sion int(c) and the condition Yo, € ext(c) : J¢; < ¢ : 0; € ext(c;) it follows that
NA(a; € int(c)) = V(ai | Fe; : ¢; < ¢, a; € int(c;), a; & int(c)) is a clause. It is par-
ticularly interesting to consider whether some concepts always have to be supplemental
with respect to background knowledge even if more objects are added to a context. An
example for this feature is provided in the next section.

Some aspects presented in Section 2 which discusses a certain type of reduction of
concept lattices have already been covered elsewhere, for example, by Ganter & Obied-
kov (2016). Ganter (2019) discusses how to render an implication basis of a formal
context more human readable by changing and grouping some of the implications and
Lopez-Rodriguez et al. (2021) provide a means for determining core implications from
a basis. In this paper, the focus is on reducing implications combined with representing
some of the information by other means (as subconcept hierarchies or prototypical ex-
amples) if that renders the information more human readable. OR-reductions are also
relevant for reducing a concept lattice to its AOC-poset (Osswald & Petersen, 2002)
which consists only of the attribute and object concepts and possibly for feature models
of Product Line Representations (Carbonnel et al. 2016).

The definitions of conceptual schemata, classes and interpretations in Section 3 are
similar to a standard modelling with formal semantics, for example, Prediger’s (1998)
K-interpretations which map ordered sets of concept and relation names into power

! Contrary to standard formal semantics where interpretations map strings into sets, in this paper
interpretations map head representamens into concepts.



context families. The aim of Prediger’s work and others who extended it was to establish
a connection between FCA and Conceptual Graphs and focused on logical properties.
The focus of this paper is on the relationship between representamens and concepts in
a more closed world setting. Most established FCA exploration and reduction methods
tend to focus on reducing the lower parts of a lattice whereas in this paper mainly
supplemental concepts in the upper part of a concept lattice are reduced. Thus, this
paper draws on existing research but from a somewhat different perspective.

2 OR-Reduction

This section uses an example of a formal context and lattice from Ganter & Wille (1999)
consisting of seven prototypical types of triangles and their defining properties (Fig. 1,
left). In this example, the supplemental concepts (represented as empty nodes) must
always be supplemental because every triangle must have exactly one of the attributes
“acute”, “obtuse” or “right” and either be equilateral or not or isosceles or not. Thus
according to background knowledge about triangles, the object concepts describe actual
examples of triangles whereas the extensions of the supplemental concepts must always
be unions of the extensions of their subconcepts even if more triangles are added to the
context. The lattice displays subconcept relationships for the types of triangles. If a
student wants to learn about triangles, their types and their definitions, it would not be
efficient to memorise all of the concepts of the lattice on the left side of Fig. 1. because

it displays more a computational view than a natural language view.

Fig. 1. A lattice of triangles (cf. Ganter & Wille (1999)) and its reduced form

The right side of Fig.2 shows a reduced version of the lattice on the left. The at-
tributes “oblique” and “not equilateral” have been removed because oblique represents
“acute OR obtuse” and “not equilateral” is the negation of “equilateral”. Normally in
FCA reducing means to remove all attributes and objects from a context which are
at attribute or object reducible concepts. Another form of reduction is to calculate an
AOC-poset which only keeps object and attribute concepts and their ordering (Osswald
& Petersen 2002). AOC-posets are compact and can be algorithmically produced (Berry
et al. 2014). A lattice can be reconstructed from its AOC-poset if a clause is added for
each concept that is neither an attribute nor an object concept. A disadvantage of AOC-
posets is that conjunctions of attributes and therefore implications need not correspond



to a single node and cannot easily be read from Hasse diagrams. This disadvantage
is avoided by the reduction methods in this paper. Other means for reducing the size
of concept lattices discussed in the literature tend to rely on statistical or probabilistic
methods which cannot easily be reversed (cf. Priss & Old (2011) for an overview).

In this paper, only reducing attributes is of interest. Reducing attributes in the stan-
dard manner (called AND-reduction in this paper) changes the labelling of a concept
lattice but not its structure. Removing attributes that are OR combinations (called OR-
reduction in this paper) or NOT combinations (NOT-reduction) may change the concept
lattice itself and reduce its size as demonstrated in Fig. 1. All of the following defini-
tions focus on attributes and assume that the contexts are finite and clarified (or purified)
which means that for any two attributes a # b = o/ # V.

Definition 1. An attribute a of a formal context (O, A, J) is called OR-reducible if a
set A* :={ay,...,an} C Aexistswitha' = a)U...Ua] and a; € A* < a, C d
and—3be A:a, CV Cda

Definition 2. For a formal context (O, A, J): For an OR-reducible attribute a, its OR-
definition is provided by a := a; OR ... OR a,, for a; € A*. An attribute a with
Har,..yan} € A d = ay N...Nal, is called (AND-)reducible with an AND-
definition provided by a := a; AND ... AND a,,. An attribute a with3b € A : o’ = O\V
is called NOT-reducible with its NOT-definition provided by a := NOT b.

Lemma 1. Ifa is OR-reducible, then its set A* := {aq, ..., a, } for its representation as
a1 OR ... OR a,, is uniquely determined. If a is NOT-reducible then its NOT-definition
is uniquely determined.

Proof: For b € Awithd C o1 if b’ \ U{a} : a; € A*,a; # b} # 0, thenb € A*.
Else b C |J{a} : a; € A*,a; # b} = o’ and either Ja; € A* : V' C af (thus b ¢ A*)
or —Jda; € A* : b C a} (thus b € A*). Thus b € A* or b ¢ A* is uniquely determined.
NOT-definitions are unique because the context is clarified.

An attribute b that was removed during clarification can be considered a strong syn-
onym or SYN-definition in the form of a := b. As mentioned above, AND-reduction
corresponds to standard FCA A-reduction. AND-definitions are not unique because of-
ten several possibilities exist to represent a A-reducible concept as a meet of other con-
cepts. OR-reduction focuses on attributes whereas standard FCA V-reduction focuses
on objects. Thus, these two notions are different. An OR-reducible attribute must be-
long to a V-reducible concept, but not every V-reducible concept has an OR-reducible
attribute. In fact OR- and NOT-reducible attributes need not exist at all in a lattice. In a
similar manner, XOR-definitions could be declared as OR-definitions where the ag are
pairwise disjoint.

Lemma 2. i) The AND-definition of an attribute concept (a',a’) is a.

ii) An object concept (0", 0') cannot be OR-reducible.

iii) A V-reducible concept that is an attribute concept (a’, a’") and not an object concept
can always be made OR-reducible by adding further attributes to the formal context.

Proof: i) Trivial. ii) Because o cannot be in the extension of proper subconcepts of
(0”,0). iii) Attributes a1, ..., a,, can be added so that each lower neighbour of (a’, a’)
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is an attribute concept (a}, a;). Because the concept is not an object concept, Def. 1 is
then fulfilled with A* = {ay, ..., a, }.

Thus Lemma 1 only states that an OR-definition is unique with respect to a fixed
formal context. Turning each lower neighbour into an attribute concept is always possi-
ble but may not be the best strategy. For example in Fig. 1, oblique is definable as “acute
OR obtuse” even though only one of its lower neighbours is an attribute concept.

Standard FCA implications only use logical AND. Implications that are formed with
combinations of AND and OR are called (cumulated) clauses and are more compli-
cated than standard implications. For example, there is no equivalent to the Duquenne-
Guigues basis for clauses (Ganter & Obiedkov 2016). Because the requirements for an
OR-definition are more specific than just a logical OR, the implications discussed in
the next lemma are not standard FCA clauses. The lemma shows that if attributes are
removed from a context as OR-definitions, some of the implications of the original con-
text can be directly reconstructed from the OR-definitions (as background knowledge)
and the implications of the reduced context.

Lemma 3. For implications involving OR-definitions with a :== a1 OR ... OR ay:
i)Va; :a; = a

ii)a — x <= (a1 OR ... OR ay,) = = <= (a1 — ) and ... and (a, — )
iii)t — a<=x — (a1 OR... OR ay,) <> (z — a1) or... or (x — ay)
v)ai...a, > =—a—T

v)Va; : (x = a;y = = — ay)

Proof: i) Because a} C @/.1i)aj U...Ua], C a2’ <= a} C 2’ and ... and a], C .
iii) With A* = {ay, ...,ay } it follows that 2’ C o} U...Ua), <= Ja; € A* : 2/ C a]
because otherwise © € A*. iv) follows from ii) and the Armstrong rule of composition.
v) because of transitivity of “—".

Removing an OR-reducible attribute changes a lattice unless the attribute is also
AND-reducible. It would be desirable to develop an efficient algorithm for reconstruct-
ing the implications of an original non-reduced context from the implications of a re-
duced context together with the OR-definitions. Lemma 3 contains some rules for such
an algorithm, but the list is not complete and it is not clear whether it can be completed.
A challenge for such an algorithm is that if several OR-definitions exist, they can mu-
tually affect each other and thus cannot be processed in a linear sequence. It would be
even more desirable if such an algorithm were to convert basis implications into basis
implications. While all implications of an OR-reduced context are implications of its
non-reduced context, applying Lemma 3 to an implication that belongs to a basis does
not guarantee that it results in a basis implication of the non-reduced context. If effi-
ciency is not an issue, then the implications of the non-reduced context can always be
calculated by adding OR-definitions to a formal context as columns (for attributes) that
are unions of other columns. For the purposes of developing schemata as discussed in
the next section, it is sufficient to store those implications that cannot be easily recon-
structed with Lemma 3 in a separate list in addition to the basis implications.

Presumably reconstructing the implications after NOT-reduction is even more com-
plicated. OR-reduction does not change the object order of a lattice. But adding or delet-
ing NOT-reducible attributes does change the object order as shown in Fig. 1. Therefore
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removal of NOT-reducible attributes may not in general be advisable. For the same rea-
son, combining AND, OR and NOT in definitions is not even discussed in this paper. A
further reason for removing OR-reducible attributes is because their existence is some-
what arbitrary. In the example in Fig. 1, oblique is OR-definable as “acute OR obtuse”.
There are no similar attributes for “acute OR right” and “obtuse OR right”, but there
could be. It is arbitrary which OR-definitions happen to exist as an attribute and which
do not. Successive OR-reduction might reduce a concept lattice to its object ordering.
Presumably, implications involving object concepts are particularly important whereas
all other implications somewhat depend on how upper level concepts are labelled.

3 Conceptual Schemata and Classes

Learning is a complicated task that consists of memorising information but also acquir-
ing skills and modes of thinking. With respect to conceptual knowledge different modes
of thinking correspond to structuring content in a variety of manners: some information
as concepts, some as implications, clauses or examples and some by techniques for de-
ducing further information from the memorised information. The idea for conceptual
schemata is that they present information in a format that is closer to how information
would be structured for learning purposes. The role of conceptual classes is then to
ensure that the information that is behind a schema is consistent and as complete as
possible. The definitions in this section only provide a general framework and will need
to be specified with further details for actual applications.

Fig. 2 shows the conceptual schema (on the left) for the concept lattice (on the right)
of the example of Fig. 1. In this case the reduced lattice is already quite close to a
schema, except that the top and bottom node are not necessary because they can be de-
duced. Further details about the schema are explained below. Evidence for the adequacy
of the diagram on the left of Fig. 2 is provided by the fact that the German Wikipedia
page about triangles contains basically the same image? for the “hierarchy of triangles”.
Thus, the Wikipedia authors appear to consider it a suitable summary of knowledge
about basic triangles. Students can memorise that diagram together with the definition
of “oblique” and the fact that acute, right and obtuse are mutually exclusive. Students
can then deduce further implications (such as “obtuse — oblique not_equilateral” and
“equilateral — isosceles acute”) from the memorised information.

The following definitions specify the relationship between conceptual schemata and
classes more precisely. The definitions are similar to standard definitions of formal se-
mantics except that interpretations result in concepts instead of sets.

Definition 3. A (conceptual) class (O, Ar, J, N) consists of a set O of formal objects,
a set Ay, of predicates (or “attributes”, formed according to some language L), a re-
lation J C O x Ay, with oJa <= (a(0) is true) and a set N of formal contexts with
(04,A;,J;) € N forO; CO,A; C Ay, J; CJand J; C O; x A;. The set of all con-
cepts that can be derived from any of the contexts is denoted by C(O, A, J, N), the set
of all true statements that can be derived from any of the contexts by T (O, Ay, J,N).

2 https://de.wikipedia.org/wiki/Datei:Hierarchie.Dreiecke.png
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isosceles  Acute obtuse right

equilateral

oblique := acute OR obtuse
not_equilateral ;= NOT eguilateral
(equilateral —> isosceles AND acute)  [mplications: equilateral —> isosceles acute
acute | obtuse acute obtuse —> L

acute L right acute right —> L

obtuse L right obtuse right —> L

Fig. 2. A conceptual schema (left) and a NOT-OR-reduced concept lattice (right)

A conceptual class is a set of formal contexts which are defined with respect to a
common set of objects and attributes. While it would be possible to consider (O, Ay, J)
a formal context itself, it may be too big to compute anything useful for it. Therefore
concepts and implications are only computed for the contexts in V. It is possible for
implications from one n; € N to contradict implications from another no € N, but
that can be avoided by renaming attributes and is a matter of how the data of an ap-
plication is modelled. In this paper, the language L contains expressions formed from
unary predicates and the symbols AND, OR, NOT, — and :=, although the symbol
“AND” is usually omitted as the default operation. In general, L can be more complex.
The implications of a context are considered true for all objects of the context. In this
paper, the examples of classes only consist of a single context where the predicates are
unary attributes. But in general, Def. 3 encompasses a wide variety of possibilities. For
example, a class can be a computer program of a declarative programming language or
a relational database where the elements of O are tuples and a single predicate for each
table determines whether or not a tuple exists in the table.

Definition 4. A (conceptual) schema (Ry, Ry, B) consists of a set R of head repre-
sentamens, a set Ry, of (representamen) expressions that are formed using head rep-
resentamens and elements of a language L with Ry C Ry and a set B of binary
(representamen) relations B C Ry X Ryp.

Further, non-mathematical conditions of conceptual schemata could be formulated,
for example, that a schema should be coherent, focused on a single topic and have a
certain minimal and maximal size. In this paper, the vocabulary of L is AND, OR and
NOT and B = {—,—,=,:=,1} with ““=” C Ry X Ry, r1 = rp < (r1 —
ro,To — 11), (r1 := r9 => r1 = 19) and (r; < r9 = 1 — r2). The relations
are definition (:=), strong synonymy (=), hyponymy (— or edge in a Hasse diagram),
distant hyponymy (— or arrow in a Hasse diagram) and mutual exclusivity (). Two
expressions are in a distant hyponymy relation if the exact hyponymy chain from one
to the other is not specified. Further syntactic conditions need to be provided for actual
applications. The Hasse diagram on the left of Fig. 2 is an abbreviation for some of the
expressions and the hyponymy relation. Each node corresponds to an expression, either
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by itself (“acute”) or as an AND-definition (“isosceles AND acute”), but only involving
hyponyms, not distant hyponyms. The hyponymy relation is the transitive closure of the
edges in the diagram. The hyponymy instance “equilateral — isosceles AND acute” is
in brackets because it is redundant and can be read from the Hasse diagram.

Expressions and relations in a schema are meaningless strings that are manipulated
according to the rules of a language. In order to evaluate whether expressions and rela-
tions are meaningful or true, they need to be mapped into classes using interpretations.
The following definition specifies that head representamens and expressions are mapped
onto concepts and relations onto true statements.

Definition 5. A schema (Ry, Ry, B) is interpretable over a class (O, Ar,J,N) if a
set L of partial functions (called interpretations) can be defined so that Vr € Ry, i €
Z:i(r)€C(O,AL,J,N)andVB € BYbe B3 €Z:ib) e T(O,AL,J,N).

The definition does not provide any details with respect to how the interpretations
are constructed. Further conditions must be supplied for specific applications. For ex-
ample, if r; is a hyponym of 79, it should be required that i(ry) <, i(re) in some
context n. Ideally, there should be exactly one interpretation for each formal context so
that a head representamen can be assigned different concepts for different contexts but
only at most one concept within a single context. Because different relation instances in
a schema can utilise different interpretations, a certain amount of flexibility, ambiguity
or fuzziness is possible. For example, a tomato can be a fruit in one context and a veg-
etable in another context. A schema should not just be interpretable, but also provide
sufficient information about its underlying class as specified in the next definition. All
examples of schemata in this paper fulfil Def. 6.

Definition 6. A schema (Ry, Rr,B) covers a class (O, Ar,J, N) under a set T of
interpretations if each object concept is an interpretation of at least one representamen
expression, if the object order and the relationship between an object concept and its
attribute concepts is an interpretation of some instances of “—” and T (O, Ap,J,N)
can be logically derived from interpretations of representamen relations.

4 Two Further Examples of Schemata and Classes

This section provides two further examples for developing conceptual schemata. The
example in Fig. 3 is based on Ganter & Obiedkov (2016) where it is utilised for a dis-
cussion of clauses. According to the example, a driving license is passed exactly if both
the theoretical and the driving part are passed and failed if one of them is failed. Ganter
& Obiedkov argue that the 8 implications of the lattice do not represent the information
in a natural manner. Instead they are suggesting to use 6 clauses and 2 implications.
A difference between the clauses of Ganter & Obiedkov and the OR-definitions in this
paper is that OR-defined attributes can be removed from the set of attributes before cal-
culating the remaining implications. Thus the set of implications becomes smaller. The
example in Fig. 3 shows that after defining the attribute “license fail” as “driving fail OR
theory fail” and then removing it from the formal context, only four relation instances
corresponding to implications are left. The first two correspond to both directions of
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an AND-definition ( “license pass” as “driving pass AND theory pass”). The other two
state that passing and failing each part of a driving test is mutually exclusive. Thus the
schema on the left of Fig. 3 presents all relevant information and covers the class on the
right in a succinct manner.

license_fail
theory_ driving_ driving_ theory_ 1cense Tl
fail fail pass pass
theory ivi theory_
fail d pass
license_pass

license_fail := driving_fail OR theory_fail
(license_pass := theory_pass AND driving_pass)
driving_pass_L driving_fail

theory_pass L theory_fail

¢gense_pass

Fig. 3. A conceptual schema (left) for the driving license example (right)

The final example of this paper is based on Ganter & Wille (1999) and consists of
properties of binary relations as defined in the following table?.

property definition

reflexive Ya € A:aRa

irreflexive Va € A: —aRa

symmetric  |Va,b € A:aRb— bRa
asymmetric |Va,b € A: aRb — —(bRa)
antisymmetric|Va,b € A : aRband bRa — a = b

transitive Ya,b,c € A:aRband bRc — aRc
semiconnex [Va # b€ A:aRborbRa
connex VYa,b € A: aRborbRa

The concept lattice in Fig. 4 follows Ganter & Wille (1999). But it contains addi-
tional AND-defined attributes, such as “preorder := reflexive AND transitive”. It also
contains some attributes about extreme cases. The example assumes that the relations
R are defined as R C § x S for a non-empty set S. It may seem counter-intuitive that
a relation can be both an order relation and an equivalence relation or symmetric and
antisymmetric at the same time because that is only possible for extreme cases with at-
tributes suachas R =S x S, R = {(i,7) | i = j}, |S| = 1 or R = {}. These attributes
are included in the lattice.

Supplemental concepts are identified in Fig. 4 using background knowledge about
binary relations. OR-definitions are only applicable to supplemental concepts. In the

3 It should be remarked that the notions “semiconnex” and “connex” are used ambiguously in the
literature. Sometimes “connex” is used instead of “semiconnex” and “strong connex” instead
of “connex”.
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reflexive irreflexive

'

e e,

S ~—
e, S
e A e S 11
“"' R=((1,) i=j) 4

Fig. 4. A conceptual class of types of binary relations

previous examples, the concept lattices had supplemental concepts higher up in the
lattice which could be removed using OR-definitions. This example only has very few
supplemental concepts which are at the bottom of the lattice. These could be removed
by introducing more attributes according to Lemma 2, but that does not reduce the
complexity of the lattice significantly and increases the set of implications. Instead, the
suggestion for developing a conceptual schema in this example is to extract meaningful
parts of the lattice. Fig. 4 indicates a subdivision according to whether a relation is
reflexive, irreflexive or neither. But such a division groups equivalence relations closely
with order relations which are separated from strict orders. Thus it seems more natural
to consider symmetric and NOT-symmetric as the main dividing factor for types of
binary relations. Therefore, Fig.5 and Fig. 6 divide the conceptual schema of binary
relations into 3 parts: those that are not symmetric and tend to be orders, those that
are symmetric and closely related to equivalence relations and the extreme cases at the
bottom of the lattice which are antisymmetric and symmetric at the same time.

reflexive  semiconnex transitive antisymmetric irreflexive

connex \ /.

asymmetric

strict partial
preorde order

total order stricrt t(%tal

d

(transitive AND irreflexive —> asymmetric)
reflexive L irreflexive

Fig. 5. Conceptual schema for types of binary relations: part 1
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reflexive transitive symmetric . . .
antisymmetric. symmetric

transitive
- \l / asymmetric
uigi‘l‘ftl“l reflexive

irreflexive
fion (ij)eR=> i=j N
R={}

{1.{1.2}

semi—
connex

\cozli preorder

total preorder
conne;

(1D12.2DVth
k=sxg (D11 OA1)

{(1.1),(1,2),(2,1),2.2)}.{ 1.2}

{A,D}.{1,2}
{(L1,2.2D}.{1.2}

\ |S|=1] semiconnex

reflexive AND symmetric AND semiconnex —> transitive symmetric AND antisymmetric —> transitive

Fig. 6. Conceptual schema for types of binary relations: parts 2 and 3

The three parts of the schema in Fig.5 and Fig. 6 are derived from the lattice of
the class by deleting and restricting some attributes. Restricting means in this case that
an attribute is replaced by its meet with another attribute. For example, in Fig. 5, the
attribute “symmetric” is deleted and the attributes “reflexive”, “semiconnex” and “con-
nex” are replaced by their meet with “transitive” which results in distant hyponyms
in the schemata. AND-definitions involving distant hyponyms cannot be read from the
Hasse diagrams of the schemata. The left schema in Fig. 6 is derived by deleting the

9 ¢ EEINY3

attributes “antisymmetric”, “asymmetric”, “irreflexive” and “semiconnex”. The right
schema is derived by restricting all attributes to their meet with “antisymmetric”, “sym-
metric” and “transitive”. For the non-restricted attributes, the hyponymy relation of the
schema corresponds to the subconcept relation of the class and results in the same im-
plications. The restricted attributes are considered distant hyponyms because their im-
plications are not completely contained in the parts of the schema. All phrases in Fig. 5
are head representamens. In Fig. 6, the phrases and formulas that are written above
the nodes are head representamens. The strings below the nodes represent prototypical
examples and are not head representamens. The conceptual class contains four implica-
tions which are not just AND-definitions. Each of these four implications is included in
the part of the schema where it is visible. In this case, even the schemata are still quite
complex. But that is due to the subject manner. Learning all the relevant information
about the head representamens in Fig. 5 and Fig. 6 will require a significant amount of
time.

5 Conclusion

In summary, conceptual classes and schemata mutually influence each other. In some
cases, it might be more suitable to extract a class from a schema using some form of
conceptual exploration. In other cases, a schema can be constructed after reducing a
class. The following strategies can be employed:

e Possibly splitting the context into smaller coherent subcontexts
e Conceptual exploration (for completing the set of objects and attributes)
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Purifying the lattice, adding SYN-definitions

AND-reduction

OR-reduction

Further OR-reduction after adding attributes according to Lemma 2
NOT-reduction

The motivation behind this strategy is that with respect to relationships between
conceptual schemata and classes, the core content of a class is retained in its object
concepts, their ordering and the AND-definitions of object concepts. The concepts that
are above the object order may be less important, in particular if they are supplemen-
tal concepts, because they tend to represent attributes that may be expressible as OR-
definitions.
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Abstract. Being able to have a quick look at a dataset is essential in
many applications. One way is to summarize the dataset by means of a
small set of patterns. In this paper we suggest defining such set of pat-
terns as the closed elements of delta-classes of equivalence. This approach
allow us to propose an overview of a dataset and then, if necessary, any
delta-class of equivalence can be expanded to provide more detailed in-
formation about a certain part of the dataset.

To demonstrate our proposal we deeply studied the Titanic dataset about
survival of passengers and showed the connections between the passenger
attributes and a possible dataset summary in terms of patterns.

Keywords: FCA - A-closure - A-concepts - use case - A-implications.

1 Introduction

In this paper, we are interested in pattern or itemset mining in tabular data.
There is a considerable amount of work on many aspects of this subject, espe-
cially regarding algorithms and search for interesting patterns [1]. One recurrent
problem in itemset mining is the exponential number of resulting itemsets. Focus-
ing on closed itemsets allows a significant reduction of this number by replacing
a whole class of itemsets with the largest one, i.e., the closed itemset, which has
the same support [7]. Nowadays, there are very efficient algorithms for comput-
ing frequent closed itemsets [6], even for low frequency thresholds. However, the
efficient generation of closed itemsets only partially solves the problem of the
exponential explosion of itemsets, since the main difficulties appear afterwards,
when the generated itemsets are processed.

An alternative to the exhaustive enumeration of itemsets is based on “sam-
pling” [4] and on a gradual search for itemsets according to an interestingness
measure or a set of constraints [8]. Such algorithms usually result in a rather

* The reported study was funded by RFBR, project number 20-31-70047
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small set of itemsets while they may provide only an approximate solution. Al-
though both approaches use quite different techniques, they rely on the same
assumption, namely that the “internal or intrinsic structure” of the dataset un-
der study can be understood by means of subset of selected itemsets.

Then, in each approach a particular set of itemsets is returned, which provides
a “multifaceted view” of the intrinsic structure underlying the data.

Our approach is based on A-classes of equivalence, the generalization of stan-
dard classes of equivalence based on closure operator. A user-set parameter A
measures how much a closed set can differ from its upper neighbors in the partial
order of closed sets.

A A-class of equivalence allows one to characterize the distribution underly-
ing the data, i.e., when A is large, there are only a few A-classes of equivalence
whose elements are very stable, while when A is small, the number of A-classes
increases and the related information becomes less stable. Moreover, the A-
classes of equivalence are very stable for large A and do not significantly depend
on the data sampling used for the analysis.

In this paper we study A-classes for Titanic dataset. In particular, we show
what kind of conclusions w.r.t. the passengers of Titanic can be made. Further we
study what kind of information can be stored in “implications” of the A-classes
of equivalence. In particular, such implications can show what information is
usually associated with a set of attributes.

The paper has the following structure. First we introduce basic definitions
related to generalized closure operator. Then in Section 3 we evaluate this closure
operator on Titanic dataset.

2 A-classes of equivalence

The proposed approach is introduced in terms of Formal Concept Analysis
(FCA) [5] and the following notation. A formal context is a triple (G, M, 1),
where GG and M are sets of objects and attributes correspondingly and I C Gx M
is a relation between them. Derivation operator is denoted with arrows in order
to clearly show the range and domain of the corresponding mappings:

Al={meM|(Vge A)(g,m) € I},ACG (1)

B'={ge G| (¥meB)(gm) eI}, BC M (2)

We should note that operators (-)™ and (-)*' form closure operators on 2¢
and 2M | respectively. Hereafter, we focus on the operator (-)*' and its general-

izations. Let us reformulate the definition in terms of “instance counting”. Let
B be any set of attributes.

Definition 1. An attribute set B is closed iff (Ym € M\ B)|(BU{m})*| # |B*|.

It can be seen that (-)*T maps any set of attributes to a closed set of attributes.
Let us reformulate Definition 1 in the following equivalent way. B is closed iff

(Ym € M\ B)[|B*| — [(BU {m})*| > 1].
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This form allows changing the threshold 1 at the end of the formula to any other
positive value. The larger this value, the less attribute sets would pass a test
similar to the one from Definition 1. This leads to the definition of A-closedness
of an attribute set [2].

Definition 2. A set of attributes B is called A-closed if for any m € M :
[BH = (BU{m})*|=A>1. (3)

In [2] it was shown that A-closedness is a closure operator. In particular
it means that from a computational point of view, given a non A-closed set
of attributes B, i.e., 3m € M(|B‘| — [(B U {m})* < A), it can be closed by
iteratively changing B to B U {m}, for any m violating (3) until such attribute
is not found. The corresponding closure operator is denoted by (-)4. Since it is a
closure operator, it divides all sets of attributes 2™ into classes of equivalences
having the same closure.

Definition 3. Given an attribute set B, its equivalence class Equiva(B) is the
set of all attribute sets with the closure equal to the closure of B, i.e.,

Equiva(B) = {X C M | (X)? = (B)4}. (4)

Moreover, since according to Definitions 1 and 2 if a set of attributes is
A-closed than it is necessary closed. Thus, these A-classes of equivalence are
joins of several closure-based classes of equivalence. It allows introducing a new
derivation operator related to A-closure.

Ata = (A2 Acaq (5)
B¥a =(B)*,BC M (6)

The new A-derivation operator allows defining A-concepts ordered within a
lattice in the similar way to the classical formal concepts. Moreover, since any
A-closed set of attributes is a closed set of attributes, than the set of A-concepts
are subset of formal concepts and the order of A-concepts is a suborder of the
corresponding formal lattice.

Finally, we should discuss A-implications since they provide a useful tool for
finding associations between attribute sets.

Definition 4. A rule A X B is called A-implication if B = A2\ A, i.e., A and

AU B are from the same A-class of equivalence.

Since A-closure can change the support of the attribute set a A-implication
is not necessary an implication. However, the set of A-implications is subset of
all association rules, thus they are more easy analysable. In particular, given an
implication A — B, the set B is the set of attributes that are associated with A
in most samples from the underlying distribution.

In the next section we experimentally show how such lattices of A-concepts
and the corresponding implications can be used for data analysis. Moreover,
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since A-concepts can be found in polynomial time? [3], such analysis is suitable
for processing really big data.

3 Evaluation

3.1 Dataset

In this paper we use Titanic dataset downloaded (train dataset) from Kaggle®*.
This is one of the most known datasets with easily interpretable patterns that
do not require deep diving into the domain knowledge. The dataset describes
891 passengers of the last Titanic ship travel. Every passenger is described with
name, age, sex, the number of parents and/or children and the number of spouse
and/or siblings travelled together with the passenger. The ticket price and the
ticket class is also known as well as the survival state of the passenger after the
Titanic shipwreck.

All numerical data is divided into 5 percentiles and then inter-ordinal scaling
is used on top of these percentiles. For example, for the quantity Age it is known
from the data that % of the passengers were below 19 years old, the next %
between 19 and 25, then between 25 and 32 and then between 32 and 41 and
finally the last % of the passengers were above 41 years old. Then new binary
attributes are formed based on these limits (19, 25, 32,41), these eight attributes
are “Age > 19,7 “Age < 19”7. “Age > 25, “Age < 25”. “Age > 32, “Age < 327.
“Age > 41, “Age < 417.

Additionally, from the "Name” field the social status is extracted, including
"Mr”, "Mrs”, ”Master”, etc. It makes in total 49 attributes.

3.2 Concept lattice navigation

Even for such relatively simple data the total number of concepts is 9002. It is
not hard to build such a lattice. However, analysis of the lattice is quite hard.
It is hardly possible to draw the whole lattice and the only way is to navigate
it from the top or from the bottom concepts. However, A-classes of equivalence
give another means for such analysis and navigation.

Let us first increase the A threshold for the lattice. If A = 90, then the
lattice size is only 11 and it can be drawn. It is shown in Figure 1. For every
concept the corresponding extent size and A-measure are shown. Every attribute
is shown outside of the concept with an arrow attached to the concept of the first
attribute entry. It can be seen that the lattice involves only 9 attributes out of
49. All other attributes are attached to the BOTTOM concept and are not shown. It

3 Being more precise the enumeration procedure can be set in such a way, that it fin-
ishes in input-polynomial time. It is achieved by iteratively increasing the threshold
0 if the number of the already found patterns is too large. The result is the set of all
patterns with A > 0. However, if 6 is automatically set to be too high, the procedure
still finishes in input-polynomial time but the result set is empty.

* https://www.kaggle.com/c/titanic
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fare >= 8

Extent: 801
Delta: 175
age <= 41

-

Extent: 521
Delta: 105

Extent: 378
Delta: 90

class >=2

fare <= 40
embarked = S

Extent: 564 Extent: 590
Delta: 113 Delta: 104
> ' fare <= 22

Extent: 442 Extent: 451
Delta: 96 Delta: 104

class >=3

Extent: 571
Delta: 156

Extent: 525
Delta: 111

Extent: 415
Delta: 104

Extent: 347
Delta: 95

BOTTOM

Fig. 1. The lattice of concepts with A > 90 for Titanic dataset.

means that starting for any attribute a from this set, one has A({a}¥) < 90, i.e.,
smaller than the threshold. For example, the attribute fare > 8 is introduced to
the lattice at the very top concept. It means that |@+| — [{fare > 8}+| < 90, i.e.,
for most of objects fare > 8. Moreover, since the top concept in this lattice has
the maximal value of A, its extent is the most typical extent for all passengers.
Since we cannot make it more precise without excluding less objects than 175.

Then we can see that there are 5 concepts below the top concept. They are the
only concepts that are significantly different from their children. Accordingly, this
concept lattice for A = 90 shows the structure of different groups of passengers
(formal concepts with A-closure for A = 90. A concept is only shown if there is
no more precise description that contains similar number of objects.

This setting allows finding and prioritizing the association rules related to a
certain set of attributes.

3.3 A-Association rules

Let us study female subpopulation of the passengers. In particular, we can try to
A-close the following description sex = female. What A should be used? One
of the reasonable choice is the maximal A such that A-closure of sex = female
is different from M. For example in Figure 1 no concept with sex = female
is found. It means that for A > 90, {sex = female}*T4 = M. If the whole
lattice is available it corresponds to the concept with the maximal A-measure
such that the intent of the concept is a superset of {sex = female}. In the form
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of A-implication it can be written as®:

{sex = female} e {fare > 10}.

It suggests that women rarely buy cheapest tickets. Moreover, since we do
not find class < 2 attribute, it means that they can afford the 3rd class, but
nevertheless not the cheapest tickets. What about men?

{sex = male} 2 {title = Mr,fare > 8}.

Now we see that the preference for more expensive tickets is missing. However,
we see that most of the men are titled "Mr”. It is not the classical closure
assuming that all men are Mr. Indeed, the correspondence between the title and
sex is shown in Table 1.

Table 1. Correspondence between passenger sex and title

‘Miss Mrs Mr Master Other
female| 182 128 0 0 4
male 0 0 525 40 12

Let us dive deeper into the title. What do we know about Master-title?

{title = Master} e {sex = male, age < 19, fare > 10, class > 2}.

We can see, that Master corresponds to young men from 2nd and 3rd class but
not with the cheapest tickets. It is a quite strange combination and a deeper
investigation is needed. However, it is not an artefact of the procedure. If we
check the original dataset all findings are supported, i.e., they are mostly from
the 2nd and 3rd class, but not so cheap. The proposed procedure was useful here
only for highlighting such finding. In contrast, for Miss-title no new information
is found.
Let us now formulate a question about women that had cheap tickets:

{sex = female, fare < 10} — {title = Miss, class = 3, fare < 8}.
A

In fact if decision is to travel cheap, then it is the cheapest option. Similar,
answer will be given for men traveled cheap. However, the group of men that
traveled cheep is about 7 times larger than the group of women. Thus, if we
would have just requested ”who traveled cheap”, than the result would be the
group of men.

Finally, let us ask how age affects the travel behavior.

{age < 25} e {class > 2,8 < fare < 40}.

5 For simplicity, the attribute sets are shown with reduction, i.e., if by knowing that
fare > 10 we can conclude that fare > 8, the last attribute is not shown.
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Thus, young people usually travel in the 2nd or 3d class. Similarly, for people
aged more than 41 years.

{age > 41} e {class < 2, fare > 22},

i.e., such people usually prefer the 1st or 2nd class and the fare is more than 22.
Let us finally show that we can be interested also in combinations of at-
tributes. For example, what about women of age more than 41 years?

{age > 41, sex = female} e {class = 1,fare > 40,title = Mrs}

So in contrast to generally aged people, women usually travel in the 1st class
and they are titled Mrs.

4 Conclusion

Based on Titanic dataset A-classes of equivalence are shown to be useful for ex-
ploratory data analysis. In particular, it can be used to systematize the dataset
and to prioritize association rules related to certain requests, e.g., every at-
tribute can be associated with the most frequent attributes taken into account
co-occurrences of the attributes. Since, A-classes of equivalence can be found
in polynomial time [3], such approach is suitable for very large datasets. More-
over, such approach focuses on the distribution, where the dataset is taken from,
rather than the dataset itself.
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Abstract. Relational Concept Analysis (RCA) was designed as an ex-
tension of Formal Concept Analysis (FCA) to multi-relational datasets,
such as the ones drawn from Linked Open Data (LOD) by the type-wise
grouping of the resource into data tables. RCA has been successfully
applied to practical problems of AI such as knowledge elicitation, knowl-
edge discovery from data and knowledge structuring. A crucial question,
yet to be answered in a rigorous manner, is to what extent RCA is a true
extension of FCA, i.e. reveals concepts that are beyond the reach of core
FCA even using a suitable encoding of the original data. We show here
that the extension is effective: RCA retrieves all concepts found by FCA
as well as many further ones.
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- Propositionalization.

1 Introduction

FCA provides the mathematical framework for several Knowledge Discovery in
Databases (KDD) tasks whenever the data is purely, or at least predominantly,
of categorical nature. Indeed, FCA-based association discovery and conceptual
clustering have been applied to knowledge base structuring, ontology learning,
anomaly detection, observation classification, etc. Most real datasets, though,
stray from being purely categorical. FCA thus provides a set of scaling operators
to deal with numerical and otherwise ordered scales. In AI, the majority of
interesting data, such as those compatible with the LOD format, have relational
structure. They can be represented either as graphs (for instance, named graphs
in RDF) or as sets of relational tables. Approaches have been designed for the
former, emphasizing the intra-data object links, e.g. logical FCA [7] and pattern
structures [8], for graph datasets. For the latter, the focus is on inter-object links,
e.g. in datasets structured as a unique RDF graph. In this second trend, more
akin to power-context families [15] and Graph-FCA [6], we focus on the particular
approach of relational concept analysis (RCA). It has already been successfully
applied to a wide range of practical problems such as hydroecology [4], industrial
decision making [12] or biology [1,13]. Rather than in a global graph, RCA shapes
the data as a set of x-tables, complying to the Entity-Relationship framework [2].
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Part of the tables have the classical objects x properties format (entity types,
FCA contexts) while the remainder represent objects X objects relations.

A natural question is whether RCA does extend the reach of FCA, knowing
that for single datasets, whatever the level of complexity of the object descrip-
tions (sequences, trees, graphs), the results of an FCA-based processing on those
descriptions can be brought down to FCA on a context made of suitably-chosen
derived attributes. The question is all the more important as prior studies seem
to imply it does not [3] (though, for a reduced version of RCA). We make the
case here for RCA as a true extension of FCA, in the sense that due to its
multi-relational input and fixed point computation, it detects concepts that are
out of reach for FCA while, in turn, retrieving all concepts that FCA is able to
reveal. To that end, we chose some plausible re-encodings of a simple relational
context family (RCF), the hypothesis being that with more complex datasets,
the phenomenon only amplifies.

The remainder of the paper is as follows: Section 2 provides background on
RCA while Section 3 presents our FCA-vs-RCA comparison. Next, Section 4
discusses the comparison outcome and Section 5 concludes.

2 Background

Formal concept analysis [14] is a mathematical method for eliciting the con-
ceptual structure of “object x attribute” datasets. Data are gathered within a
(formal) context, a triple K = (O, A, I) where O is a set of objects, A is a set of
attributes and I C O x A is the context incidence relation, where (0, a) € I, also
written ola, means that the object o bears the attribute a. A context induces
two derivation operators: one mapping objects to attributes, and the reciprocal.
The object derivation ’ maps a subset X of objects to the set of attributes shared
by all members of X, ' : p(O) — p(A) with’ : X — {a € A | ola Yo € X}.
The dual attribute derivation, also denoted by ’, works the other way around,
" p(A) — p(0) with ' : Y +— {0 € O | ola Va € Y}. Inside a context K, a
(formal) concept is a pair (X,Y) C O x A such that X’ =Y and Y’ = X. The
sets X and Y are called extent and intent of the concept (X,Y), respectively.

FCA extracts conceptual abstractions on objects by factoring out shared at-
tributes. Relational concept analysis [10] extends it by factoring in relational
information, as available in multi-relational datasets [5]. RCA admits multiple
sorts of objects in its input format, each organized as a separate context, plus
a set of binary relations between contexts. The input data structure, called re-
lational context family (RCF), is thus a pair (K,R) where K = {K;};=1...»
is a set of distinct contexts K; = (0;,A4;,1;) and R = {rg}r=1,..m a set
of binary relations 7, € O; x O; where the contexts K; and K; are the do-
main and range contexts of 7y, respectively. Relational tables are also processed
in their own way, as explained below. A cross in the table of relation r for
(domain_object;, range_object;), can be understood as the first order logic
term r(domain_object;, range_object;) being true.
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RCA distills the shared relational information (i.e., inter-object links) using
propositionalization [9]: Tt integrates new attributes into an extended version
of the initial context, say K4y = (Og, Ag,I4), to further refine the conceptual
structure of the underlying object set. To increase shareability, rather than the
individual objects from the target (range) context, say K;, the new attributes
refer to abstractions on them. In its most basic version, RCA exploits the natural
conceptual structure provided by the concepts of each context. Indeed, two links
of relation r : d — t departing from o; and oy from Oy and referring to
two distinct objects 07 and 02 from Oy, respectively, are distinct information.
However, replacing 0; and 02 with a common abstraction, say {01, 02}, makes the
new information shareable. Relational scaling follows a well-known schema from
description logics: Given a relation r, for each concept ¢; from the range context
of r, it produces, for A4, an attribute ¢r : ¢, where ¢ is an operator chosen
before-hand from a set Q. RCA admits, among others, standard description
logics restrictions (Q = {3,V,V3,...}), which behold their respective semantics
(see [10] for details and example 1 for illustration).

Ezxample 1. Assume a RCF made of contexts on people and cars, and an owner-
ship relation, or pos(sesses), which are given in Tables 1, 3 and 2, respectively.
The cars lattice is shown in Figure 1. Now, an 3-scaling of the relation pos using
that lattice will add, for each car concept ¢, a new attribute dpos : ¢ to the
person context, e.g. dpos : cars_4 and dpos : cars_ 3 that can be rewritten as
Jpos : (cp) and Fpos : (el, pw), respectively, using intents as IDs.

’posHtw\tB\zo\f5‘

Fa || x cars_0
La X X
Kplelzlzizi5)e Sh
= % =)= =l X X cars_4| |cars 2| |[cars_1
SIEFE| (% Tr c i
S = P pw el

X
X

Fa Table 2: Relation pos /1' T ‘>< \>< T

7

La X X | X ’ 74 Hel‘pw‘cp‘ch‘ ca:; cars_6 cars_5 cars_3

Sh X X c W 5 z0 13
tw X | X

Tr X | X X | % 3 T %

Table 1: Person Context

zo || X X
5 X | X Fig. 1: Car Lattice

Table 3: Car Context

A scaling step results in the related contexts being extended, which, in turn,
may lead to the emergence of new concepts. Thus, as the set of available ab-
stractions increases, a scaling step with the differential set of concepts would
produce further relational attributes and the whole process would go on cycling.
The resulting iterative context refinement necessarily ends at a fixed point [10],
i.e. a set of lattices whose concepts refer to each other via relational attributes.
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3 What can RCA do for AI (that FCA can’t) ?

Below, we examine two encoding strategies that bring a multi-relational dataset
to a mono-relational one, i.e. aggregate several contexts into a single data table,
so that they can be fed to classical FCA.

3.1 Encoding multiple contexts into a single one

Assume a simple RCF made of two contexts and a relation (see Figure 2). We
use this simple case for our reasoning, knowing that in more complex cases, i.e.
three or more contexts and several relations, it can be extended appropriately.
Moreover, while there could be a wide range of concrete encoding disciplines [11],
the principle behind them admits only two basic cases, i.e. entity-centric and
relation-centric. In our FCA/RCA perspective this boils down to which sort of
RCF element, i.e. context or relation, is put center-stage.

A A Ay P(A2)
Ay O4 As
01 Il 01 r 02 IQ OM 01
Fig. 2: Fictitious RCF
Fig. 3: Semi-join Fig.4: Aggregation

The first encoding principle we examine below emphasizes the object-to-
object relation as a primary construct and pivotal element of the encoding.
Its member pairs become first-class objects which carry the attributes of both
contexts incident to the relation. Technically speaking, the method is akin to
the (semi-)join operation of relational algebra. The overall encoding schema is
illustrated in Figure 3 whereas Section 3.2 proposes a formal definition thereof.
It also provides a detailed comparison of the results from applying RCA to the
RCF from Figure 2 with those of FCA on the semi-join of the two initial contexts.

A bit closer to the RCA propositionalization spirit, a second encoding princi-
ple emphasizes the context as a main construct and driver of the encoding: The
domain context of the relation is extended with some additional attributes that
translate the relation while following a technique akin to relational scaling. The
main difference here is that the context is the one-shot context extension. The
procedure whose details are discussed in Section 3.3, is schematically illustrated
in Figure 4. Moreover, the asymmetric encoding of the relation and the one-
shot extension amount to processing the range context as if it were aggregated
into the domain one. Therefore, we termed the overall encoding principle the
aggregation and the resulting context the aggregated one.

Finally, please notice that in the detailed investigation of each case (see be-
low), our reasoning follows three steps: 1) We pick an arbitrary formal concept
from the FCA output, 2) we show the RCA output comprises a concept with the
same objects, and 3) we establish the link between the intents of both concepts.
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3.2 Semi-join in single relation RCF

We consider here the concurrent case where the FCA is applied on a context
encoding the semi-join of this RCF, as presented in Figure 3. This encoding
consists in creating the objects of Oy as the object pairs (01,02) where 01 €
O1 U{L}, 0o € O3 U{L}, according to the RCF modeling of Oy, Oy Figure 2.
The L object is a fictitious empty object with no attributes used to complete
the semi-join. There are three cases to define the elements of Op:

— If 01 € Oy, 02 € Oy, then (01,02) € Oy if and only if (01,02) € 7

— If o1 = 1, 03 € Oy, then (01, 02) € On if and only if 771(05) = 0), i.e. if there
is no & € Oy such that (x,03) € 7

— If 0; € O1, 02 = L, then (01,02) € Oy if and only if r(01) = @, i.e. if there
is no z € Os such that (01,z) €r

Ezxample 2. As an illustration of the above modeling, assume an RCF made of
contexts for people (Table 1) and for cars (Table 3) plus an ownership relation
(possession, Table 2). In the first context, Farley, Lane, Shana, and Trudy are
described by being senior or adult, male or female, working in IT, and practicing
a lot of sports. Cars —Twingo, Tesla 3, Zoe, and Fiat 500— can be electrical,
powerful, compact or (not exclusive) cheap. The corresponding semi-join context
is presented in Table 4.

K, — l h
> cgngggjgéoepwcpc
SEFE |2
S =
@
(Fa,tw)|x| |x X | x
(La,t3) | x| [x[x| |x]|x
(La,f5)| [x| [x|x X | X
(Shytw)| [x| [x X | X
(Sh,f5)| [x| [x x | x
(Tr, L) | |x|x| [x]|x
(L,z0) X X

Table 4: Semi-join context of Example 2 RCF

To avoid ambiguity, we consider the derivations in the K; and Ky contexts
always denoted ', while the derivation in the join context is denoted xV (and
the double derivation zVV).

We are first interested in describing a formal concept of the joined context.
Let X C Oy be a set of objects. So, for all (01,02) € X we have 0 € O; U {1}
and 0y € Oy U {L}. Thus, by definition, C = (XVV,XV) is a formal concept.
Let us now take the projections on the first and second elements of the pairs of
XVV ie. m = {o1 | Joz, (01,02) € XVV} and mp = {02 | Jo1, (01,02) € XVV}.
We start by defining XVV in terms of these projections.
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Lemma 1 We have XVV = (7 X ) N O

Proof. Let (u,v) € XVV. By definition XVV C Oy, so (u,v) € Ou. Moreover,
by construction u € m; and v € 7o s0 (u,v) € T X 7. Thus, XVV C (71 X m2) N
O

Let (u,v) € (m1 X m2) N Opq. Since (u,v) € (w1 X mg), it exists @& and ¥ s.t.
(u, i) € XVV and (3,v) € XVV. But, by construction {(u, @), (3,v)}V C v/ Uv'.
And, since (u,v) € On we can write (u,v)Y = u Uv’. Thus, by derivation
property we have XVVY C {(u, @), (9,v)}V, by transitivity XVVY C (u,v)V.
Thus, by deriving this expression we obtain (u,v)VY C XVVVV. Finally, as
(u,v) € (u,v)VY and XVVVV = XVV we have (u,v) € XVV. O

We first study the particular cases containing the object | by starting with
the case where this element appears in both projections.

Proposition 1 If L € m; and L € 7y then XY =) and XYV = Oy

Proof. Suppose L € 7, and L € 7 then by definition of 1 we have XVNA; =0
and XV N Ay = () and therefore XV = (). By definition of the derivation we have
)V = Opy therefore XVV = O,,.The second assertion holds by symmetry. O

In the case described by the lemma 1, it is immediate to show that we can
construct (XVV,XV). We show that the same is true when only one of the
components 7, or my contains L by first describing XV then X VYV in the lemmas
2 and 3.

Lemma 2 If L €7y and L ¢ 7o, XN =7h. If L €my and L g my, XV = 7.

Proof. Let us suppose L € 71 and L & 1. We have a € XV iff XVV C aV. Yet,
since L € m; we have construction XV NA; = (. thus, we have a € As.therefore,
we have a € XV iff for all (01,02) € XVV 0y carries the attribute a, i.e. a € mh.
Since we have a € XV iff a € 7}, we have XV = 5. We show the second
assertion symmetrically. O

Lemma 3 If L € and L ¢ mo, XVV = (O U{L} x 1) N Ou. If L € 75 and
1 gﬂ'l, va = (7T1 X 02 U{J_}) QON.

Proof. Let us suppose L € mp and L & mo. Let v € my. Any pair (u,v) € Oy
verifies 75 C (u,v)V. Since, by the lemma 2, we have XV = 7}, we can write
XV C (u,v)V and thus, by derivation (u,v)VV C XVV. Finally, for any u €
O1 U{L}, we have (u,v) € XVV donc XVV = (O U{L} x m2) N Os. We show
the second assertion symmetrically. a

The lemmas 2 and 3 allow us to determine that in cases where only one of
the projections contains 1 we can write a formal concept of K4 only with the
other projection. Let us now study a formal concept based on this projection
determined by RCA.
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Lemma 4 If | € m and L & mo, there exists a concept Cy = (ma, 7)) on K.
If L € o and L & m, there exists a concept Cy = (71, 7)) on Kj.

Proof. Let us suppose L € m; and L & my. Since o C Oa, (7}, 7)) is a concept
son K. It is therefore sufficient to show that 7} = o, or more simply 74 C .
Let o € 7. By construction at least one couple (0,0) € Oy and o' C (0,0)V.
Now, we have o € 7 so by derivation, 75 C o’. Moreover, by the lemma 2, we
have XV = 7. Thus, XV C (5,0)V so by derivation, (6,0) € XVV. Finally, by

definition of the projections o € my. The second assertion holds by symmetry. O

The following proposition gathers the previous lemmas. It emphasizes that,
in the case where only one of the two projections contains |, any concept of
K can be expressed with the other projection. Moreover, there exists a con-
cept generated by RCA, of the same intent and whose extent corresponds to a
projection of the extent of the concept generated by FCA.

Proposition 2 Let C = (XYY, XV). If L €7 and L € m, C = (O U{L} x
m2) N Osq, ) and there exists a corresponding concept Cy = (ma,mh) on Ko.
If L € mpoand L & m, C = ((m x O2 U{L}) N Ox, ) and there exists a
corresponding concept C1 = (my, 7)) on K;.

Proof. Follows from the lemmas 2, 3 and 4. O

There remains a specific case, described by the lemma 5, to complete the
exhaustive description of a formal concept on the join table.

Lemma 5 For any X C O x Oz we have XV =7 Urh and XVV = {(01,02) |
7w C oy Amh Coh}

Proof. Let us show XV = 7} U} by double inclusion.

(i) XV C mj U,

The RCF modeling assures us that A; N Ay = (). Thus, an attribute a € XV
is either in A; or in Ay. If a € XV N Ay, it must be shared by all the elements
of m1; and so a is in 7. Similarly, if a is in XV N Ay, a € w,. We deduce that
XV Crjumd.

(ii) 7 Umh C XV.

On the other hand, if an attribute a is in 7}, then any pair of XVV has a first
component that carries the attribute a. Since this property is true for any pair
of XVV and X C XVV, then any pair of X carries the attribute a. Therefore,
we have a € XV. In the same way, we show that if a € 7}, then a € XV. thus,
we have 77 C XV and 7, C XV. We can therefore affirm that 7} U, C XV.

Finally, by (i) and (ii) we have XV = 7} Un). As XVV describes exactly the
set of couples (01, 02) having the attributes of 7} U 7}, by construction of the
join table we have 7} C o} and 7 C 0}. O
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The cases described by the lemmas 1 and 2 allow for the immediate selection
of concepts from the RCA process corresponding in terms of extent to a concept
in the join table. The proposition 3 relies on the lemma 5 to state the main result
of this subsection, dealing with non-degenerate cases (without L element).

Proposition 3 Let X C Oy x0O4. There exists by RCA on K; a concept (X1,Y7)
such that X1 = 71 and 77 CYq and there exists on Ky a concept (Xs,Y32) such
that XQ = Ty and 7T/2 g YQ.

Proof. As m) C Ay and 75, C Ay, Cy = (7, 7}) and Cy = (7}, 7)) are formal
concepts on their respective contexts computed at step 0 of RCA.

Let us consider the contexts K; and K, after graduation by the operator
3 on the relations r and r~!. We then have the attributes Jr : C in K; and
Ir=! . C; in Ky. We define the sets of attributes Y; = 77 U {3r : Co} and
Yo =7 U{3r~1: C1} as well as the concepts C3 = (Y{,Y{’) and C, = (Y3, Yy")
(it is possible that C7; = C5 or Co = Cy). We have Y] = #{ N {3r : C2}, let us
show that Y7 = m; by double inclusion.

Let o € 71, we have o € 7{. Moreover, by construction, any pair of (0,0) €
XVV verifies (0,0) € r with 6 € 7 and, by hypothesis, 6 # L. Thus, since
mo C 7Y, o carries the attribute 3r : Cy. Thus, we have m; C Y/.

Let 0 € Y{. We have m; U{3r : Co} C o'. Since {Ir : Co} C o, there exists
o € 74 such that (0,0) € r and thus (0,0) € Ow. Moreover, since 0 € 74, we have
7 C &'. Since 4, C &, ) C o' and that by the lemma 5 we have XV = 7 U,
we can affirm XV C (0,0)V. Finally (0,0)VV C XVV and by definition of 7y,
on a o € m (In a completely analogous way, we show mo = Y5).

Finally, we have shown the existence of C5 = (Y{,Y{’) such that Y/ = 7, and
m1 C Y/ as well as of Cy = (Y3,Y3’) such that Y§ = mo and m C V7' O

In conclusion, the propositions 1, 2 and 3 show that for any concept C' =
(XVV.XV) we find on K; a concept (Xi,Y;) such that X; = m; and 7} C Y}
and there exists on Ks a concept (X3,Y2) such that Xo = 79 and 75 C Yo. It
is to note that if L € m (respectively m2) we have m = {z | Jy, (z,y) € O}
(respectively mo = {z | 3z, (x,y) € Ox}). Example 3 illustrates these properties.

Ezxample 3. Let us consider the relational family as well as the semi-join context
defined in the Example 2.

On the joined context, we find the concept C = ({(La, t3), (La, f5)}, {Adult,
Female, IT, pw}). Here, m; = {La} and mo = {t3, f5}. We check that there exists
on Kp a concept (m,7]), namely the concept C; = ({La}, {Adult, Female,
IT}), and on K¢ a concept (ma, h), the concept Co = ({¢3, f5}, {pw}). After an
iteration, RCA extends these concepts’ intents to { Adult, Female, IT, 3Ipos : Ca}
and {pw,Ipos~! : C1}, respectively.

3.3 Aggregation operation in mono-relational case

Assume again the RCF in Figure 2 and let us consider FCA is applied on the
context schematically visualized in Figure 4. Intuitively, this amounts to extend-
ing the domain context of the relation by appending some new attributes. These
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are derived from the range context attributes by a technique akin to relational
scaling, i.e. one basically simulating a one-shot RCA-like context refinement.
Formally speaking, we design the context K. = (O, Ag, I<) where O« =
O1, Ac = A1Up(As), and p(Asz) are the attributes resulting from the application
of the scaling operator p to the attribute concept of a € Ay. We will denote such
an attribute pr: a to avoid confusion with RCA’s own relational attributes. No-
tice that A; N p(A2) = 0 holds. Next, we introduce Constraint(p,r, 0p, (X,Y)),
a predicate verifying whether o, and (X,Y), from the domain and the range of r,
respectively, jointly comply to the semantic of p. Thus, Constraint(¥,r, o,, (X,Y))
is true iff r(o,) C X. The predicate is a compact expression of the incidence I:

— if a, € A; then (0p,ap) € I iff (0p,0a,) € I,
— if a, € p(Az) then (0p,a,) € I< iff Constraint(p,r,0p, (ay,,ay)) is true.

Example 4 illustrates the V3 case (reasoning with other operators is similar).
For the Oy perspective, it is enough to swap K; and K, and replace r by r~!.

Ezample 4. Consider again the RCF in Example 2. We aggregate the family via
V3: For an 0o € Op and a € A¢ s.t. V3pos : a € p(Ac) it holds (o, V3pos : a) € T
iff 1) Joc € O¢ s.t. (0,0¢) € pos and 2) Yoc € O¢, (0,0¢) € pos entails o, € a’
(there is at least one image of o by pos and all such images carry a. Table 5
depicts the resulting aggregated context K.

K —
<%§§§H%}$$$$ K<ma>§>qt—<m|_uu_|mu_|
ElEEE|TSISINIRS N Nl R ko BRI k=Rl R=RI S
S Elo|® =Y ESEIESHIESHIES! 2Bl IS SS
= | =, ®||®||®]||® o= |® 5
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FRIIS allz|sl s
Falx| Ix | < Fa x| |x X | %
La < < »: La X X[ X X X
Shl x| Ix > Sh| |x| [x X | X | X
Tr < = Tr X [ X X | X
Table 5: K for Example 4 Table 6: K. for Example 6

To define a formal concept on the aggregated table, we first identify the
component of the intent on the part p(As). Again, we denote the derivations in
K, and K, by ’, and in the aggregated context by V.

Definition 1. The relational deviation of X C O, denoted 6(X), is the set of
its attributes from p(As), i.e. §(X) = XV N p(Az).

Proposition 4 Given a X C O, §(X) = Noex{pr:a | Constraint(p,r,o,(a’,a”))}.

Proof. Let o € X. By construction, for any pr:a € p(Asz), holds pr=a € oV
iff Constraint(p,r,o0,(a’,a”)). Thus oV N p(Az) = {pr=a | Constraint(p,r,o,
(a/,a")}. As X' = N, cx 0, we have X' N p(Az) = N,ex 0¥ N p(Az), hence
0(X) = Noex{pr=a | Constraint(p,r,o,(a’,a"))}. O
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A formal concept on the aggregated context is then characterized by:

Proposition 5 Let X C O, then the concept C = (XVV,XV) of the aggre-
gated context satisfies XY = X' Ud(X) and XVV = X" N{o| d(X) CoV}.

Proof. By definition, we have A = A; U p(A3) and A; N p(A2) = 0. Thus we
can write XV = (XV N A1) U (XY Np(As)), that is XV = X’ U§(X).

By deriving XV, we determine that XVV = {0 o€ O; AX' CoV A§(X) C
oV}. Now, as X' C Aj, we have X’ C oV iff X’ C oV N Ay, that is X' C o'.
Finally, XVV = X" N{o|§(X) CoV}. O

Now, let us assume we have the result of RCA using the same relational
scaling with p along r on the simple RCF in Figure 2. Let X be the extent of
a concept from K. The set §(X) is well-defined, hence we can denote its i-th
member by prtas; (where as; € Az). As every concept Cy(x); = (aj;, ag,) is
well defined on K, in RCA, K7 will be refined with all the attributes pr : Cj5x)
at the first relational scaling step. Let Y5 = X' Uje1.15(x)| o7 : Cs(x),i» We claim
that C = (XVV, XV) and C5 = (Y{,Y/) have the same extent:

Proposition 6 Y] = XVV.

Proof. Y{ C XVV: Let o € Y{. First, o carries all the attributes of X’, thus
X' C oV. Moreover, for each attribute pr=as,; € §(X) a concept C; = (aj,, a3 ;)
exists such that o carries the attribute pr : C; (for which Constraint(p,r, o, C;)
is true). Since as ; is in the intent of C;, we can verify that pr=as; € oV . Since for
all 4, we have pr:a;; € oV, then we have §(X) C 0V. Finally, since §(X) C oY
and X' C ov7 we have XV C oV. By derivation, we have oVV C XVV, Finally,
Y] C XVV. O

Y/ D XVV: The 1st relational scaling step will necessarily produce pr :
(af;» ag ;) for each pras; € 6(X). Let o € XVV then o carries all the attributes
of X'. Moreover, after the scaling step, o gets incident to each attribute pr = as; €
6(X) (Constraint(p,r,o, (a5, aj ;)) is necessarily satisfied). Thus, we have Y5 C
o' and therefore o” C Yj. Finally, since o € 0’ we conclude that XVV CY/. O

Proposition 6 states that for any concept from the aggregated context, an
RCA concept with the same extent exists. Definition 2 introduces the notion of
relational weakening (illustrated by Example 5) to enable the mapping between
both intents. The latter is given by proposition 7.

Definition 2. Let a concept C' be produced by RCA and let Y, be the set of
relational attributes of the intent of C'. We call relational weakening of C, noted
2(C), the set 2(C) =U,..vvyev, tor v |veV}

Ezxample 5. Assume the contexts of Example 2: Context K¢ gives rise to the
concepts Cy = ({t3},{el,pw}), Co = ({f5}, {pw,ep}), C3 = ({t3, 20}, {el})
and Cy = ({zo, f5},{cp}). After a scaling with 3, Kp yields the concept C =
({La}, {Adult, Female,1.T.,3pos : C1,3pos : Cy,Ipos : C3,3pos : Cy,Ipos :
T}). Then 2(C) = {3pos : el, Ipos : pu, Ipos : cp}.
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Proposition 7 §(X) C 2(Cs)

Proof. Let’s denote by Y, the set of relational attributes in the intent of Cs. Let
prra € §(X), then by scaling and construction of Cs, it holds pr: (a’,a") € Y,
and as a € a”, one concludes §(X) C 2(Cs). O

While we’ve just shown that the extents of C' and Cjy are equal, their intents
might differ: As proposition 7 states, the intent of the aggregate table concept
is a subset of the weakening of the RCA concept with the same extent (see
Example 6 below). In this sense, we see the RCA concept as more informative.

Example 6. Assume the relational family defined by Example 2 with the 3 op-
erator. The aggregated context is presented in table 6. Now, after one iteration,
RCA discovers the concept ({Fa}, {Senior, Male, 3pos : (¢p,ch)}) whereas FCA
finds ({Fa}, {Senior, Male, 3pos : (cp), Ipos : (nd))}). While Ipos : (cp, ch) im-
plies Jpos : (¢p) and Tpos : (ch), the reverse does not hold.

4 Discussion

We’ve shown that for any FCA concept from an encoded context, RCA would
reveal a counterpart concept, or a pair of such, conveying the same semantics
(equal extent). Moreover, the syntactic expression of the RCA concept(s) is
clearer than the FCA one, whatever the encoding. With semi-join, since separate
RCA concepts map to the 1st and 2nd projections of a FCA concept, the clarity
gain is immediate. Indeed, no confusion is ever possible as to which attribute of
the semi-join intent is incident to which object. Moreover, redundancy in FCA
concepts, e.g. shared 1st or 2nd projection, is avoided in RCA.

With aggregation, RCA trivially produces a concept of the same extent, yet
it is more precise: The FCA counterpart is readily obtained by relational weak-
ening. Here, higher-order encoding schemata are conceivable that mimic RCA
iterations by nesting the scaling operators. Yet the maximal depth of these nest-
ings in the resulting (pseudo-)relational attributes must be fixed beforehand.
This is a serous limitation since we know of no simple way to determine the
number of iterations required till the fixed point for a given RCA task, i.e. a
RCF and a vector of scaling operators. This means that, at least in the realistic
cases, RCA will be revealing concepts that FCA —over the aggregated context
with all possible nestings of a depth up till the limit— will miss. A relevant
question here is whether knowing the fixed point contexts in RCA, there is an
equivalent aggregation context that comprises only nested operator attributes
referring exclusively to attribute concepts. This would mean that a static en-
coding, i.e. without the need for explicitly composing RCA concepts popping at
iterations 24, exists. The cost of constructing such an encoding is, though, a
separate concern.
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5 Conclusion

We tackled here the question of whether RCA brings some effective scope ex-
tension to the realm of FCA, given that FCA is at its core. We've examined two
complementary principles of encoding a relation into a single augmented context
and compared FCA output on each of the contexts to the output of RCA on the
original RCF. It was shown that in both cases, RCA is able to find counterpart
concepts (same extent) to those found by FCA, while the RCA intents at its 1st
iteration are at least as expressive as the FCA ones.

A more systematic study should allow us to demonstrate similar results in
the more complex cases of multiple relations in the RCF as well as multiple
relations between the same pair of contexts.
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Abstract. We consider the itemset mining problem in general settings,
e.g., mining association rules and itemset selection. We introduce the
notion of likely-occurring itemsets and propose a greedy approach to
itemset search space discovery that allows for reducing the number of
arbitrary or closed itemsets. This method provides itemsets that are
useful for different objectives and can be used as an additional constraint
to curb the itemset explosion. In experiments, we show that the method
is useful both for compression-based itemset mining and for computing
good-quality association rules.

1 Introduction

A generic objective of itemset mining is to discover a small set of non-redundant
and interesting itemsets that describe together a large portion of data and that
can be easily interpreted [1].

Itemset mining can be summarized into two steps: (i) discovering itemset
search space and (ii) selecting interesting itemsets among the discovered ones.

This paper is devoted to the first step, i.e., the itemset search space discov-
ery. Since the itemset search space contains exponentially many elements, it is
important to discover as few useless itemsets as possible.

There are several approaches to discover the itemset search space: (i) an ex-
haustive enumeration of all itemsets followed by a selection of those satisfying
imposed constraints [19], (ii) a gradual enumeration of some itemsets guided
by an objective (or by constraints) [17], (iii) mining top-k itemsets w.r.t. con-
straints [15], (iv) sampling a subset of itemsets w.r.t. a probability distribution
that conforms to an interestingness measure [6,7]. To reduce redundancy when
enumerating itemsets, the search space can be shrunk to closed itemsets, i.e., the
maximal itemsets among those that are associated with a given set of objects
(support).

The exhaustive enumeration is the most universal way to discover itemset
search space. There exists a lot of very efficient algorithms for its enumeration,
e.g., CBO [12], IN-CLOSE [3], LCM [18], ALPINE [11], and others [13].
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Despite its wide usage and applicability for a large spectrum of interest-
ingness measures, the exhaustive enumerators usually mine itemsets w.r.t. fre-
quency, which results in the following issues: using too high frequency threshold
results in a considerable amount of not interesting itemsets, while too low fre-
quency threshold results in itemset explosion and intractability of itemset mining
methods in practice.

However, considering the itemset mining problem in more general settings,
e.g., mining association rules and implications, the exhaustive enumeration of
frequent itemsets is usually the only (universal) remedy for the pattern explosion
problem.

In this paper, we revisit the notion of likely-occurring itemsets introduced
in [14] and propose a greedy approach to itemset search space discovery that al-
lows for reducing the number of closed itemsets. This method provides itemsets
that are useful for different objectives and can be used as an additional constraint
to curb the itemset explosion. In experiments we show that the method is use-
ful both for compression-based itemset mining and for computing good-quality
association rules.

2 Preliminaries

We deal with binary datasets within the FCA framework [10].

A formal context is a triple K = (G, M, I), where G is a set of objects, M is
a set of attributes and I C G x M is the incidence relation, i.e., (g,m) € I if
object g has attribute m.

Two derivation operators ()" are defined for A C G and B C M as follows:

Al={meM|Vge A:gIm}, BB={geG|Yme B:glm}.

For A C G, B C M, a pair (A, B) such that A’ = B and B’ = A, is called
a formal concept, then A and B are closed sets and called extent and intent (or
closed itemsets), respectively.

The (empirical or observed) probability of an itemset X C M is given by
P(X) = fr(X) = [X'[/|G].

3 Likely-occurring itemsets

To reduce the itemset search space, we propose an additional constraint that
consists in considering only the itemsets whose observed probability is greater
than the estimated one. The estimated probability is computed under the inde-
pendence model. We give the details on the chosen independence model below.

Definition 1. A closed itemset X C M is called likely-occurring closed (LOC)
if there exists m € X and Y C X \ {m}, (YU {m})" = X such that P(X) >
Q- P(Y)- P({m}), and Q > 1.
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Fig. 1: A binary dataset and the execution tree of Algorithm 1 for this dataset

The empty itemset () is considered to be likely-occurring by default. The
parameter ) controls how large the difference between the observed probability
P(X) and the estimated probability P(Y)-P({m}), Y C X\ {m} of the itemset
X may be. The least restrictive constraint, i.e., ) = 1, requires the observed
probability to be greater than the estimated one. The larger values of @) are
more restrictive, i.e., they require the observed probability to be much larger
than the estimated one.

According to the definition above, at most |X| splittings should be enumer-
ated to check whether an itemset X is LOC or not. To make it more tractable
in practice, we propose a relaxation of the LOC itemset and a greedy approach
for its computing, where one needs to check only one splitting per itemset. Let
us proceed to this definition.

Definition 2. Let {my,ma, - ,my} be a set of attributes arranged in order of
decreasing frequency, i.e., fr(m;) > fr(m;) for any ¢ < j. A closed itemset
X s likely-occurring closed (LOC) if there exists a LOC itemset Y C X and
m € X \Y such that fr(m) > minycy fr(m*), X = (Y U{m})” and P(X) >
Q- P(Y)-P({{m}).

Example. Let us consider a running example from Fig. 1a, where the attributes
are arranged by decreasing frequency. Itemset ab is an LOC itemset because a is
an LOC itemset and P(ab) > P(a) - P({b}), the same for abd, namely, abd is an
LOC itemset because ab is an LOC itemset and P(abd) > P(ab) - P({d}), etc.

We propose an algorithm to compute LOC itemsets using Definition 2, its
pseudocode is given in Algorithm 1. This algorithm computes gradually LOC
itemsets by considering one by one attributes of decreasing frequency. Apart from
the threshold @ on the difference in probabilities, the algorithm also supports
threshold F' on frequency. By default, we use minimal restrictions, namely ) = 1
(we require the observed probability to be greater than the estimated one) and
F =0 (we do not impose any frequency constraints).
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Algorithm 1 CompuTELOC
Procedure MERGE (node,candidate)

Input: node, current node
candidate, candidate node

1: I, < node.itemset

2: I. + candidate.itemset

3: if |1, \ I.| > 0 then

4:  extent + (I U I,)" {computing shared objects}

5:  if extent = I, then

6: I, + I, U I {if I, is included into all objects as I, just extend I.}
7. elseif (lwlté‘ml > Q- l\%l‘ %) and |extent| > F then
8: for all child € node.children do

9: merge(child, candidate)
10: end for
11: if candidate ¢ T then
12: node.children.add(candidate)
13: end if
14: end if
15: end if

Input: (G, M, I) formal context
I, frequency threshold
Q, threshold on LOC
Output: 7, a tree composed of LO/LOC-itemsets
1: T « createEmptyTree()
2: root < T .getRoot()
3: M* + sortByDescendingFrequency(M)
4: for allm € M* do
5:  candidate + m"” {for LOC itemsets}
6: for all child € root.children do
7 merge(child, candidate)
8: if candidate ¢ T then
9: root.children.add(candidate)
10: end if
11:  end for
12: end for
13: return T

Example. Let us consider the execution tree of the algorithm for a dataset
from Fig. 1a. The algorithm starts constructing a tree adding the attributes of
decreasing frequency. The order in which itemsets are enumerated is specified in
the corresponding nodes.

4 Likely-occurring itemsets and related notions

Probability-based models are common in itemset and association rule mining.
In this section we consider two widespread approaches to assess itemsets and
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association rules, and discuss how they are related to likely-occurring closed
itemsets.

Independence model and lift. The models based on the comparison of estimated
and observed probabilities of itemsets are quite common in the scientific lit-
erature. The simplest model is the attribute independence model. Under this
model, all items (attributes) are assumed to be independent. Attribute prob-
ability is approximated straightforwardly using the attribute frequency. Then,
the probability of an itemset X is computed as follows:

Ppa(X) =[] Px) = ] fr(@).

reX zeX

Despite its simplicity, this model is widely used in machine learning, e.g., Naive
Bayes classifiers are based on it. A natural extension of the attribute indepen-
dence model is the partition independence model, where some partitions of X
are assumed to be independent. Lift [8] is one of the most common measures to
assess association rules under the partition independence model.

Definition 3. Let X — Y be an association rule, then lift is given by

_ _ P(XY)  fr(XY)
X =) = BE)PY) ~ FrX) (V)

Apart from lift, there is a lot of other measures (indices) based on the
comparison of the antecedent and consequent supports, e.g., redundancy con-
straints [4,22], minimum improvement [5], etc. They are commonly used to select
association rules.

The notion of lift can be also adapted in different ways for itemset assessment.
For example, one may assess the probability of an itemset under the assumption
that any partition of the itemset into two disjoint sets is independent. If the ob-
served probability is greater than all the estimated probabilities obtained under
this model, then the itemset is called productive [21].

The introduced above LOC itemsets, in a certain sense, represent a particular
case of productive itemsets. Instead of considering all possible partitions of X
into two sets of items, we consider only its proper subset Y and attribute m €
X\Y. Reformulating the definition of LOC in terms of lift (for association rules),
LOC itemset X is an itemset that consists of LOC itemset Y and attribute m
such that Y U {m} is the generator of X, and lift(X — m) > @, @ > 1. Since
Y is also LOC, this reasoning can be done recursively.

If it is needed, one may reduce further the size of the discovered LOC itemsets
by putting more tighter constraints, i.e., setting higher values for @ (in line 7 of
the MERGE procedure given in Algorithm 1):

(L U 1)'|
G|

el

Gl 16|

>Q
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The constraint above is equivalent to the constraint on lift of the association
rule I,, — I, i.e.,

P(I,Ul,)

lift(I, — I.) = P(I,,)- P(I.)

> Q.

Moreover, because of the greedy strategy, the constraints hold recursively,
i.e., there exist two disjoint subsets I*, I* C I, such that lift(L} — IF) > Q.
In experiments we consider how the proposed greedy strategy works for mining
association rules on real-world datasets. Since the computing strategy is greedy,
there are no guarantees that all LOC itemsets (see Definitions 1) will be enu-
merated.

Ttemset mining through compression Likely-occurring itemsets may be also useful
for selection of itemsets. We consider the relation between the itemsets selected
by a compression-based itemset miner KrRIMP [20] and LOC itemsets.

In KriMP, and similar methods, the length of the code word corresponding
to an itemset X is given by length(X) = —log P(X). Hence the compression
is achieved by replacing several code words representing the itemsets B with a
single code word, such that length(B) < }_ xcooper(p) length(X). The latter is
equivalent to log P(B) > log([ [ x coper(p) (X)) Thus, we obtain the inequality
P(B) > [Ixecover(p) P(X), which is very similar to one from the definition of
the LOC itemsets.

Intuitively, in both cases, an itemset is considered optimal if its observed
probability is greater than the estimated one. However, there are important dif-
ferences between the models underlying the definition of “itemset optimality”
(for the LOC itemsets and the model used in KRIMP):

1. the both methods use different probability estimates of itemsets, namely,

P(X) = fr(X) (for the LOC estimates) and P(X) = % (for the
op usa

KRIMP-like models), where usage(X) is frequency of X in the coverage, and
P is the set of patterns;

2. the “optimality” of an itemset X in the compression-based model used in
KRiMP is evaluated not only w.r.t. the dataset but also w.r.t. the other
itemsets selected so far.

Thus, LOC itemsets may provide better results than the commonly used fre-
quent closed itemsets, which are used by KriMP. We compare different strategies
for discovering itemset search space on real-world datasets in the next section.
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5 Experiments

We use the discretized datasets from the LUCS-KDD repository [9] and study
LOC itemsets* for two tasks, namely association rule and itemset mining.

Association rule mining. Frequent (closed) itemsets are commonly used to mine
association rules. We study how useful LOC itemsets compared to frequent closed
itemsets. In experiments we use 2 different sets of itemsets to compute rules: fre-
quent closed (FR.CL.) and likely-occurring closed (LOC) itemsets. The itemsets
are evaluated on 10 datasets, their parameters are given in Table 1. The number
of objects and attributes is denoted by |G| and |M]|, respectively. The density of
datasets (the ratio of 1’s) is given in the column “density”. The total number of
closed itemsets is reported in the column “#CL”. The total number of arbitrary
itemset has not been computed.

Table 1: Parameters of datasets and the studied sets of itemsets

name data description closed itemsets time (for itemsets) #rules

‘ |G| |M| density #CL |#LOC #FR.CL. fr.thr.|LOC FR LOC FR.CL
breast 699 14 0.64 360 74 74 0.33 |0.01 0.12 4292 3980
ecoli 327 24 029 424 | 120 120 0.06 |0.02 0.60 4768 2950
glass 214 40 0.22 3211 | 887 955 0.06 |0.10 10.85 55262 18454
heart-dis. | 303 45 0.29 25511| 1928 1973 0.17 | 0.28 1.43 862252 22222
iris 150 16 0.25 106 45 47 0.05 | 0.00 0.03 274 320
led7 3200 14 0.50 1936 | 150 150 0.19 |0.01 0.05 1484 1120
pima 768 36 0.22 1608 | 317 317 0.10 | 0.06 4.57 21294 7528
ticTacToe| 958 27  0.33 42684| 1880 1908 0.03 |0.11 14.90 53816 13016
wine 178 65 0.20 13169| 4914 5647 0.03 | 1.20 520.43 1771852 189378
200 101 35 0.46 4552 | 610 621 0.33 | 0.10 1.14 1609108 24736
average 690 32 0.34 9356 1093 1181 0.14 |0.19 55.41 438440 28370

For each dataset we generate the whole set of LOC itemsets (Q = 1, F' = 0),
the sizes of these sets are indicated in the column “#LOC”.

We chose the frequency threshold for closed itemsets in such a way that
the number of closed itemsets is equal to the number of the LOC itemsets.
The frequency threshold is indicated in the column “fr.thr.” for closed itemsets.
The frequency threshold varies a lot from dataset to dataset. For example, the
smallest threshold is 0.06 for “ecoli” and “glass” datasets and the largest one is
0.33 for “breast” and “zoo” dataset. As we can see from the table, the sizes of
“#LOC” and “#FR.CL. are quite close one to another.

To compute association rules we use a miner from MLXTENT library imple-
mented in Python®. The number of rules generated based on LOC and frequent
closed (FR.CL.) is reported in the column “#rules”.

% The source code for computing LOC itemsets is available at https:
//github.com/makhalova/pattern_mining_tools/blob/master/modules/binary/
likely_occurring_itemsets.py

5 http://rasbt.github.io/mlxtend/

45



The number of rules generated based on the LOC itemsets is higher than the
number of rules generated based on frequent closed itemsets. For example, for
the “ecoli” dataset, the number of rules computed on 120 LOC and 120 frequent
closed itemsets is 4768 and 2950, respectively. It can be explained by the fact
that the size of the LOC itemsets is usually larger than the size of frequent
closed itemsets. Thus, a larger amount of rules can be built on LOC itemsets by
splitting each itemset into an antecedent and consequent.

To evaluate their quality, we consider the most common quality measures for
the association rules, namely support, confidence, lift, leverage, and conviction.
We recall them below.

Let X — Y be an association rule with the antecedent X and the consequent
Y, then the rule support is given by

(XUY)

support(X —Y) = support(X UY) = e

€ [0,1].
Confidence [2] of a rule X — Y is the conditional probability of X UY given
X. Tt is defined as follows:

support(X —=Y)
support(X)

confidence(X —Y) = € [0, 1].

The maximal value is achieved when Y always occurs with X.
Lift [8] was discussed in the previous section. We recall it below. For a rule
X — Y lift is given by

support(X —Y)
support(X) - support(Y)

lift(X = V) = € [0,00).

Leverage [16], like lift, is based on the comparison of the observed probability
(frequency) of the rule and the probability estimated under the assumption that
the antecedent and consequent are independent. Leverage is given as follows:

leverage(X —Y) = support(X —Y) — support(X) - support(Y) € [-1,1].

For independent X and Y leverage is equal to 0.

Let us proceed to the results of the experiments.

For the generated rules we consider mean values of the aforementioned qual-
ity measures as well as the 75th, 90th, and 95th percentiles. Considering the
percentiles allows us to focus on the quality of the best itemsets, which are usu-
ally of interest to analysts. The averaged over 10 dataset values are reported in
Fig. 2.

Since we do not set any frequency threshold for LOC, the support of LOC-
based rules, as expected, is lower than the support of the rules based on frequent
closed itemsets (FR.CL.). The top n% of LOC-based rules have higher values
than the top n% of FR.CL.-based ones. For example, the top 10% values (the
90th percentile) of confidence are at least 0.935 for the LOC-based rules, and
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Fig.2: The averaged quality for 2 types of rules: computed based on frequent
closed (FR.CL.) and LOC itemsets. The quality is measured by support, confi-
dence, lift, and leverage. For each type of rules and each quality measure, the
average values of mean, the 75th, 90th, and 95th percentiles over 10 datasets
from Table 1 are reported

only 0.885 for FR.CL.-based rules, respectively. Thus, considering the top rules,
the LOC-based rules have higher confidence.

Regarding lift, LOC-based rules provide the best results. The difference in
values is especially noticeable for the top 5% of rules (the 95th percentile). Top
5% LOC-rules have the highest values of lift, on average, 91.38. However, the
lift values of the top 5% of rules vary a lot from dataset to dataset (the standard
deviation is shown in plots by horizontal lines). Nevertheless, the quality, mea-
sured by lift, is consistently higher for LOC-based rules than for FR.CL.-based
rules.

The leverage is higher for FR.Cl.-based rules. Despite the fact that lift and
leverage differ only in the mathematical operations they use to compare the
observed and estimated supports of rules and their parts, the analysis of rules
based on these measures may lead to very different results. The high values of
leverage (and low values of lift) for FR.CL.-based rules are caused by a different
order of magnitude of the supports. Very low supports (that is the case of LOC-
based rules) result in high values of lift and low values of leverage.

Thus, the analysis of the generated rules allows us to conclude that rules gen-
erated based on LOC itemsets have better quality than the rules generated using
roughly the same amount of frequent arbitrary and closed itemsets, respectively.

Compression quality. In Section 4 we discussed the relation between LOC item-
sets and the itemsets ensuring good compression in KRIMP.

In this section we study the applicability of LOC itemsets for this task and
compare them with closed itemsets (used in the original version of KrRiMP. We
emphasize that, in the compared approaches, the itemset search space is discov-
ered independently of the itemset mining process.

To evaluate the ability of the itemsets to compress data, we consider how
many itemsets we need to obtain a certain compression ratio. Fig. 3 shows how
the compression ratio changes w.r.t. the number of considered itemsets. The
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Fig. 3: Compression quality of closed (FR.CL.) and LOC itemsets. The lower
values are better

initial state corresponds to the point (0,1), meaning that 0 itemsets have been
used to compress data, and the compression ratio is maximal and equal to 1.
The curves that are closer to the point (0,0) correspond to the best strategies
of itemset search space discovery (i.e., the itemset set allows for compressing
data better with a lower number of itemsets). The experiments show that for
“car evaluation”, “wine” and “nursery” datasets the LOC itemsets do not pro-
vide any benefits over the closed itemsets. For the majority of datasets, the
number of LOC is too small to ensure as good compression as with the whole
set of closed itemsets, e.g., “adult”, “breast”, “led7”, and others. Among some
of these datasets, we may still observe better behavior of LOC itemsets, e.g.,
for “hepatitis”, “mushroom”, “letter recognition”, and “page blocks”. There are
also datasets where with the LOC itemsets we achieve as good compression as
with the closed ones, but use a much lower number of itemsets, e.g., “auto”,
“hepatitis”, “soybean”, “zoo”.

In general, LOC itemsets may be quite useful for itemset selection based on
compression.



6

Conclusion

In this paper we studied likely-occurring closed itemsets in the context of asso-
ciation rule mining and itemset selection. In our experiments we show that the
number of frequent enumerated LOC itemsets is much lower than the number
of frequent closed itemsets. However, with LOC itemsets, we obtain association
rules of better quality. The proposed approach may be useful for compression as
well, however, it does not outperform the methods where itemsets are discovered
towards the direction minimizing the total description length.
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Abstract. Nowadays, retrieval-based dialogue engines witness a significant in-
terest in both industry and academic research. It is an important task to create
an automated question-answering engine that may assist a user in the purchas-
ing procedure. In this work, we describe a concept-based chatbot that utilizes a
knowledge model to navigate a user to a subset of relevant objects. The knowl-
edge model is built with pattern structures and organized to manipulate with both
standard numerical and textual attributes describing the observed products. We
provide an experimental evaluation of the introduced chatbot on the Flintkart e-
commerce dataset and compare its performance with the faceted search approach.

Keywords: Query refinement - Information retrieval - FCA - Pattern structure.

1 Introduction

This paper describes ongoing research on creating an information retrieval (IR) chatbot
that can assist customers in a search of suitable objects in the e-commerce database. IR
chatbots have been an area of intense investigation [21, 24] in many spheres, from web
search to electronic libraries. However, conventional search engines are still severely
restricted. For example, when a user needs to refine his or her initial general request,
a typical systems show either all attributes or the most frequently refined ones which
results in the information overload problem and demands many choices to be made until
the satisfactory result is found. Besides, such systems are not able to simultaneously
operate with different types of data, such as numerical and textual ones.

We base our chatbot on utilizing the knowledge model constructed with the theory
of Formal Concept Analysis (FCA) [22] and pattern structures (PS) [7] as its extension,
therefore, further in the paper, we will refer to the chatbot as the concept-based one.
The usage of the knowledge model allows a system to represent all the objects as hier-
archically organized groups (concepts) and the description common for them. Thus, the
chatbot can navigate a user through this model and following the specification or the
generalization path, introduce only the relevant characteristics of a product.

This paper introduces the main aspects of the designed model, specifically, a method
to combine the numerical and textual descriptions which are widely used to describe
objects in the e-commerce datasets (Section 3). As for textual descriptions, we also
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introduce a new way to define the generalization operation for two textual attributes
that provide a better similarity assessment in comparison to the standard strict match
of the keywords. We describe the bot architecture in Section 4. Finally, experimental
evaluation of the introduced model on the e-commerce dataset is given in Section 5.

2 Related Work

The goal of IR is to find relevant objects that satisfy a user’s request and, probably, refine
it during a search procedure. Nowadays, the most popular IR systems are based on deep
learning (DL) techniques [23,9, 20]. These models encode the information describing
an object with the neural network forming the object embeddings and, then, find the
closest vectors to a query embedding. In most cases, this approach is applied to the text
data. Lately, there have been some works proposing the neural networks for tabular data
as well [6]. Despite the popularity of these methods, they still suffer from insufficient
data representation, as we need to represent both a short query that reflects only partial
information about the desired object and the whole objects described by many attributes
within a vector of the same length.

FCA can serve as a natural mathematical tool for the knowledge-based semantic IR
systems with the ability to effectively sustain data as a set of robust and hierarchically
connected groups of objects and shared attributes. Traditionally, the studies that apply
FCA to IR consider retrieving information from the large collections of unstructured
documents, which is reasonable due to the analogy between the binary object-attribute
and document-term tables [14]. While the standard IR FCA-based methods have been
applied to the binary data which introduce some restrictions for real-life applications
[15], PS allowed this type of models to be extended to more complex data such as
numbers, graphs, or texts [13, 18, 5].

We claim that introducing a concept model to the e-commerce chatbot is benefi-
cial due to its ability to represent both the numerical and textual attributes of objects.
Moreover, the hierarchical organization of similar object groups can help the chatbot to
effectively refine insufficient users’ requests. However, first, we should define the rules
for computing common descriptions for text attributes. Besides, due to the high compu-
tational requirements for building the concept lattice, we need to understand at which
step of data exploration the concept model should be constructed.

3 Concept Model

A concept model is a principal part of the introduced IR chatbot as it is able to provide a
convenient data representation that reflects the relations among the concepts, data, and
entities. We build the model using PS, let us briefly recall its main definitions.

Formally, PS is defined as a triple (G, (D, 1), 8), where G is a set of objects, (D, 1)
is a complete meet-semilattice of descriptions and § — D is mapping of an object to
its description. The Galois connection between the powerset of objects and the ordered
set of descriptions is defined as follows A” = M,c4d (g9), d” = {g € G|d C 6 (g)} for
A C @G, ford € D. A pair (A, d) for which A” = d and d” = A is called a pattern
concept.
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A pattern concept is a pair, where the first element is a set of objects (called pattern
extent) and the second element is the common description (called pattern intent) of
the objects from the set. As in standard FCA, the sub-concept relation is given by the
containment of extents. By defining the specific ' for different types of attributes, we
can apply PS to processing complex heterogeneous data. For the introduced chatbot we
have two main types of attributes: the numerical and textual ones.

Numerical Attributes We start building the knowledge model by distinguishing a
subset of homogeneous objects A, C G, i.e., the set of objects described by the
high rate of similar attributes and construct PS. A semilattice operation M is defined
attribute-wise. The values of numerical attributes are given by intervals. Let v1,v2 C R
be the values of a numerical attribute for two different products. Then, [v1,v;] and
[v2,v9] are their interval representations. The meet of these intervals is defined as
[v1,v1] M [vg, va] = [min(vy,va), maz(vy,ve)]. For nominal attributes, the operation
Mis defined as x My = z if © = y and x My = * otherwise, where * means “any
value”. The navigation model is constructed in the form of pattern concept lattice that
the chatbot can traverse during communication with a user. The example of this model
for the numerical attributes can be found in github?.

input : 7{a1, }, 7{a2:, } — textual descriptions (a set of key words) of ¢; attribute for
two objects a1 and as.

output: 7({a1, }, {a2t, }) — a common description of ¢; attribute for two objects a1
and az.

foreach key rerm kto, of the key terms set T({a1, }) do
foreach key term kta, of the key terms set T({azt, }) do
if kt,, == kt,, then
| 7({a1e, }, {a2e, })-add(kta, );
else
if similarity (emb(kta, ), emb(ktae,)) > threshold then
| 7({a1e, }, {az2e, })-add(kta, );
end

LI S - L T O

end

10 end
11 end

12 return 7({a1¢, }, {a2¢, });
Algorithm 1: Computing the intersection of two textual attributes

Textual Attributes To process text data we, first, need to define its description, in
our case we use simple keywords. Their usage is motivated by the specificity of the
data we analyze. Textual attributes in e-commerce datasets are usually defined by a
phrase or a sentence. Therefore, it is not n